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ABSTRACT
BACKGROUND: Currently, combines and tractors, being the most energy-intensive transport and technological 

machines for agricultural purposes, largely determine the possibility of transition to an efficient and environmentally 
friendly agricultural economy, and also provide the technical aspect of the transformation of the agro-industrial complex 
into the leading sector of the country’s industry. One of the sources of dynamic loads in the units and subsystems of tractor 
equipment are self-oscillating modes. 

AIMS: Study of the conditions for the occurrence of self-oscillating processes in the design of wheeled tractor trains 
and development of methods to increase the handling and safety of their movement by means of reducing the galloping and 
yawing of the tractor-tractor when towing heavy loads. 

METHODS: It has been established that due to the coupling of oscillations along the longitudinal displacement of a truck 
tractor and a trailer with oscillations along the vertical displacement of the center of mass and with pitch angle oscillations 
of the truck tractor, when an auto-oscillatory mode occurs in the interaction zone of an elastic wheel with a solid surface, 
the same mode of self-oscillation will occur along the mentioned degrees of freedom. Moreover, it is possible to specify 
the sequence of occurrence of self-oscillating modes in different zones of the tractor train design. 

RESULTS: First, self-oscillations are excited in the contact patch of a wheel with a solid surface when a complete 
slip occurs, then self-oscillations along the pitch angle of a truck tractor body begin and after that self-oscillations along 
the vertical displacement of the center of mass of a truck tractor occur. Folding angle oscillations of a tractor train are 
associated with oscillations of the translational motion of wheel centers, which lead to the emergence of an self-oscillating 
mode, both with partial and full slip in the interaction zone of an elastic tire with a solid surface. Since the self-oscillations 
of each of the wheels occur at random times, the self-oscillations of a truck tractor along the folding angle will be chaotic.

CONCLUSIONS: The practical value of the study lies in the possibility of using the proposed methods to identify the danger 
of self-oscillating processes in the design of promising types of agricultural machinery.
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АННОТАЦИЯ
Обоснование. В настоящее время комбайны и тракторы, являясь наиболее энергоемкими транспортно-тех-

нологическими комплексами сельскохозяйственного назначения, во многом определяют возможность перехода 
к ведению эффективного и экологически чистого агрохозяйства, а также обеспечивают технический аспект преоб-
разования агропромышленного комплекса в передовой сектор промышленности страны. Одним из источников воз-
никновения динамических нагрузок в узлах и агрегатах тракторной техники являются автоколебательные режимы. 

Цель работы — изучение условий возникновения автоколебательных процессов в конструкции тракторных по-
ездов на колесном ходу и разработка методов повышения устойчивости, управляемости и безопасности их движе-
ния за счет снижения галопирования и рыскания трактора-тягача при буксировке тяжелых грузов. 

Материалы и методы. Установлено, что ввиду связанности колебаний по продольным перемещениям трактора- 
тягача и тележки-прицепа с колебаниями по вертикальным перемещениям центра масс и по углу продольно- 
угловых колебаний трактора-тягача при возникновении автоколебательного режима в зоне взаимодействия эла-
стичного колеса с твердым опорным основанием тот же режим автоколебаний возникнет и по указанным степеням 
свободы. Причем можно указать последовательность возникновения автоколебательных режимов в различных 
 зонах конструкции тракторного поезда. 

Результаты. Сначала автоколебания возбуждаются в зоне контакта колеса с опорным основанием при возник-
новении полного скольжения, потом начинаются автоколебания по продольному углу наклона корпуса трактора- 
тягача и после этого начинаются автоколебания по вертикальным перемещениям центра масс трактора-тягача. 
 Колебания по углу складывания тракторного поезда связаны с колебаниями по поступательному движению центров 
колес, что приводит к возникновению автоколебательного режима, как при частичном, так и при полном скольже-
нии в зоне взаимодействия эластичной шины с твердым опорным основанием. Поскольку автоколебания на каждом 
из колес возникают в случайные моменты времени, то автоколебания трактора-тягача по углу складывания будут 
носить хаотичный характер.

Заключение. Практическая ценность исследования заключается в возможности использования предложенных 
методов выявления опасности возникновения автоколебательных процессов при проектировании перспективных 
видов сельскохозяйственной техники.

Ключевые слова: тракторный поезд; автоколебания; рыскание; галопирование; повышение устойчивости 
и управляемости; безопасность движения.
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BACKGROUND
Presently, combines and tractors, being the most 

energy-intensive transport and technological agricultural 
complexes (TTACs), largely determine the possibility of 
transition to an efficient and environmentally friendly 
agricultural economy and provide the technical aspect of 
the agro-industrial complex (AIC) transformation into the 
country’s advanced industrial sector [1–3].

For a long time, the main direction of improving the 
TTACs was to increase productivity and reduce initial cost 
and operational costs, which resulted in the formation of 
approaches for designing new machines through force–
torque and mass–dimensional scaling of field-proven 
subsystem modules. In increasing labor productivity in the 
AIC, the extensive form of the development of structures 
has led to an increase in the weight of objects manufactured 
to 35 tons or more [4–6]; this has considerably deteriorated 
the environmental safety of the technological process, 
owing to soil overconsolidation by movers and the 
intensification of the generated force disturbances, which 
prevents the creation of normal working conditions for 
the operator [7–9]. The problem of reducing the structure 
weight and the structure loading requires a two-pronged 
solution, which consists of reducing the existing kinematic 
disturbances from the supporting surface and force 
disturbances from technological sources. However, the 
selected class of ground-based nonsuspension vehicles 
features several design and functional aspects that prevent 
the implementation of technical solutions used in transport 
engineering, which favors the reduction of the dynamic 
loads of TTACs.

One of the sources of dynamic loads in the units 
and assemblies of tractor equipment is self-oscillating 
modes.

The preventive recognition of the initiation of this 
process is of particular interest, as it enables active safety 
systems (for example, dynamic stabilization systems) 
to react at an early stage and prevent the development 
of the buckling process or, at least, minimize its 
consequences [10–16].

This work [17] describes the effect of a significant 
and sharp loss of the average traction force during the 
acceleration of a wheel-mounted towing tractor with 
asymmetric or asynchronous oscillations of the drive 
wheels. The oscillatory modes lead to both partial and 
almost complete loss of the average thrust force. This can 
be dangerous when driving on public roads. However, the 
methods of combating the occurrence of self-oscillatory 
modes in vehicle design are not considered in this work.

AIM
This work aims to analyze the conditions for the 

occurrence of self-oscillating processes in the design 

of wheel-mounted tractor–trailer trains and to develop 
methods for increasing the stability, controllability, 
and safety of their movement by reducing the galloping 
and yawing of the towing tractor when hauling heavy 
loads.

MATERIALS AND METHODS
To identify the conditions for the emergence of a 

self-oscillating regime in a certain area  2∈U R , where 
the behavior of an object is described by a system 
of differential equations with a nonlinear right-hand side,
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we use the Bendixson criterion [18]. According to this 
criterion, for our conditions, if the equation  
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does not change the sign and does not vanish identically, 
the system of Eq. (1) cannot have limiting cycles and closed 
phase trajectories in this region (i.e., self-oscillatory modes 
cannot arise). We distinguish between cases of “hard” 
and “soft” excitations of self-oscillations, as presented 
in [19].

The design scheme for the movement of a wheel-
mounted tractor–trailer train on a solid support base is 
presented in Fig. 1, where 1 — mass of MT of the sprung 
parts of the tractor; 2 — mass m1 of the tractor wheel; 
3 — radial stiffness Cz of the tractor tire; 4 — tangential 
stiffness Cх of the tractor tire; 5 — support base; 6 — 
rotating tractor wheel; 7 — radial damping kд of the tractor 
tire; 8 — towing device with stiffness Csc and damping 
ksc; 9 — mass Мpr of the sprung parts of the trailer; 10 — 
mass m2 of the trailer wheel; 11 — tangential rigidity Cхpr 
of the trailer tire; 12 — rotating trailer wheel; 13 — fixed 
support; x1, x2 — longitudinal displacements of masses 
2; xT, xpr — the longitudinal displacements of masses 
1 and 9, respectively; x3 — longitudinal displacements 
of mass 10; F1 and F2 — friction forces in the zone of 
interaction between the wheels of the front and rear 
axles of the tractor; F3 — the reduced friction force in 
the zone of interaction of the trailer wheels; ωк1т, ωк2т — 
angular speeds of rotation of the wheels of the tractor 
front and rear axles, respectively; ωкpr — angular speed 
of rotation of the trailer wheel; rkT, rkpr — the radii of the 
tractor and trailer wheels, respectively; Т1, Т2 — torques 
applied to the tractor wheels; Тс — the reduced moment 
of rolling resistance on the trailer wheels; ХC, YC — 
coordinate axes connected with the center of gravity of 
the tractor body; φ — the angle of longitudinal inclination 
of the tractor body; l1, l2 — the distances from the center 
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of gravity of the tractor body to the front and rear axles 
of the tractor, respectively, in the associated coordinate 
system; and zsc — the distance from the center of gravity 
of the tractor body to the attachment point of the towing 
device in the associated coordinate system.

Body 1 has mass МТ and represents the mass of the 
sprung parts of the towing tractor, while body 9 has 
mass Мpr and represents the mass of the sprung parts 
of the trailer. Bodies 2 with mass m1 function as the 
sliding wheels of a towing tractor. Bodies 1 and 2 are 
interconnected by a spring 4 with stiffness Cх. To consider 
the longitudinal–angular oscillations of body 1 along 
angle, φ we consider the radial rigidity of the towing 
tractor tire Cz (springs 3) and the radial damping (7) kд 
of the tractor tire.

The wheels 2 slide relative to the support base 
5, while frictional forces F1 and F2, work upon them, 
depending on the speed of the wheels sliding relative 
to the support base. The support base 5 is represented 
as an inextensible and weightless tape. The wheels 6 and 
the tape of the support base 5 interact without relative 
sliding. Then, the sliding velocity is ,= −ω =isk i kiT kTV V r i
1,2, where iV  is the linear velocity of body 2 in the fixed 
coordinate system.

The movement of body 2 is progressive. Let us introduce 
coordinates for the displacement of the bodies. Let x1 be 
the displacement of the front wheel of the towing tractor 
in the fixed coordinate system, and x2 be the displacement 
of the rear wheel of the towing tractor in the fixed coordinate 
system. We assume that at x1 = x2 = 0, the springs 4 are 

undeformed, and there is no sliding of the mass 2 relative 
to the support base 5, while F(Visk) = 0.

The calculation scheme for the trailer comprises the 
sprung mass 9 and a simplified model of the reduced 
wheel, consisting of the body 10 and rotation element 13. 
The trailer wheel moves in the driven mode, and the 
reduced rolling resistance moment Tc is applied to it. The 
sliding velocity for the trailer wheel can be determined by 
the equation

= −ωsk pr pr kpr kprV V r , 

where prV  is the linear velocity of body 10 in a fixed 
coordinate system.

The developed calculation scheme for the interaction 
of an elastic wheel with a solid support base enables us 
to study the processes occurring in the interaction zone 
in traction, driven, and braking modes.

As the scheme is based on a Coulomb dry friction 
model, when the static friction force exceeds the sliding 
friction force, we take the model proposed in [19].

RESULTS AND DISCUSSION
To study the process under consideration, we present 

the differential equations of motion of a tractor–trailer 
train and its main links. According to the theorems 
on the conservation of momentum and the moment 
of momentum, we present the following differential 
equations for the front wheel of a towing tractor:

Fig. 1. Analytical model of interaction of an elastic wheel with a solid surface.
Рис. 1. Расчетная схема взаимодействия эластичного колеса с твердым опорным основанием.
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where JkT is the moment of inertia of the towing tractor 
wheel relative to its axis of rotation.

Similarly, for the rear wheel of the towing tractor, we 
obtain the following:
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For the translational movement of the towing tractor’s 
center of gravity, we obtain the following:
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For vertical oscillations of the towing tractor center 
of gravity:
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For longitudinal–angular oscillations of a towing tractor:
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where JT is the main moment of inertia of the towing 
tractor about the transverse axis, passing through its center 
of mass.

The differential equations for the reduced trailer wheel 
are the follows:
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where Jkpr is the moment of inertia of the trailer wheel 
about its axis of rotation.

For the translational movement of the center of gravity 
of the trailer:
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The conditions for the occurrence of self-oscillating 
processes in the zone of a wheel interaction with a solid 
support base are detailed in [19].

Owing to the connection of oscillations in phase 
coordinates x1, x2 with the coordinates of xT in the system 
of Eqs. (2), zT in the system of Eqs (3), and φ in the 
system of Eqs (4), when a self-oscillating mode occurs 
in the interaction zone of an elastic wheel with a solid 
support base, the same mode of self-oscillations also 
arises in the indicated degrees of freedom. Moreover, 
the sequence of occurrence of self-oscillating modes 
in various zones of the tractor–trailer train structure 
can be identified. First, self-oscillations are excited in 
the contact zone of the wheel with the support base 
during total sliding, then self-oscillations occur along 
the longitudinal angle φ of the inclination of the towing 
tractor body, and after that, self-oscillations occur along 
the vertical displacements zT  of the center of mass of the 
towing tractor.

We study the conditions for the occurrence of self-
oscillatory processes in terms of the folding angle of the 
tractor–trailer train relative to the coupling point S for 
the “bicycle” scheme presented in Fig. 2, in which 1 ― 
towing tractor; 2 ― trailer; 3 ― front wheel; 4 ― rear 
wheel; γ ― angle of rotation of the longitudinal axis of 
the towing tractor relative to the longitudinal axis of the 
trailer; ωтs ― the angular velocity of rotation of the towing 
tractor relative to the vertical axis passing through the 
coupling point S; L1, L2 ― distances from point S to the 
front and rear axles of the towing tractor, respectively; and 
Fy1, Fy2 ― frictional forces at the total wheel sliding in the 
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zone of the interaction between the front and rear wheels, 
respectively.

Differential equations for the rotational motion of 
a towing tractor relative to the vertical axis passing through 
the coupling point S for the design scheme presented 
in Fig. 2 are stated as follows:

1 1 2 2

;
1 ,
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  ω = − + 






TS

TS y y
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where Js is the moment of inertia of the towing tractor 
relative to the vertical axis passing through the coupling 
point S.

We use the friction model of Eqs. (4) and (7), because 
the study of the occurrence of a self-oscillating process 
along the folding angle γ before the start of total sliding in 
the interaction zone of the wheels with the support base is 
the most interesting.

The sliding s in this case is calculated as follows:

2 2 2
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Substituting Eqs. (2), (5), and (7) into the system 
of Eq. (6), we finally obtain the following:

1
2 2 2 2

1 1
1 1 2 2

1
2 2 2

1 1

2
2 2 2 2

2 2
2 2 2 2

2
2 2 2

1 2

;

1

2 .
1

γ = ω


 ω  +   + ω   +   ω  +  + ω     ω = − µ   ω   +   + ω   +    ω +  + ω     





TS

TS

p TS
z

TS

TS
TS p p

z TS

p TS
z

TS

TS

L
s V L

R L
L

V L
s

J L
s V L

R L
L

V L

 (8)

As shown in the system of Eq. (8), oscillations in angle 
γ are associated with oscillations in the phase coordinates 
x1, x2. As shown above, during the translational motion 
of the tractor–trailer train wheels along the phase 
coordinates x1, x2, a self-oscillating mode may occur, 
both with partial and total sliding in the zone of the 
interaction of an elastic tire with a solid support base. 
Because self-oscillations on each of the wheels occur at 
random times, the self-oscillations of the towing tractor 
along the folding angle γ will be chaotic.

CONCLUSIONS
1. The emergence of a self-oscillating mode in the zone 

of interaction of an elastic tire with a solid support 
base is a useful diagnostic attribute that allows for 
recognizing the development of the process of loss of 
adhesion between the wheel and the support base.

2. Through analytical studies, it has been established 
that owing to the connection of oscillations along 
the longitudinal displacements of the towing tractor 
and the trailing bogie oscillations along the vertical 
displacements of the center of mass and along the 
angle of longitudinal–angular oscillations of the 
towing tractor, when a self-oscillating mode occurs 
in the zone of interaction of an elastic wheel with a 
solid support base, the same mode of self-oscillations 
will also occur in the indicated degrees of freedom. 
Moreover, the sequence of occurrence of self-
oscillating modes in various zones of the tractor–
trailer train structure can be identified. First, self-
oscillations are excited in the zone of contact of the 
wheel with the support base during total sliding; then, 
self-oscillations occur along the longitudinal angle of 
inclination of the towing tractor body, and after that, 
self-oscillations start along the vertical displacements 
of the center of mass of the towing tractor.

3. Through analytical studies, it has been established that 
fluctuations along the folding angle are associated 
with oscillations in the translational movement of the 
centers of wheels, which leads to the emergence of 

Fig. 2. Analytical model of a truck tractor in turn relatively 
to the vertical axis through the S coupling point.
Рис. 2. Расчетная схема поворота трактора-тягача относитель-
но вертикальной оси, проходящей через точку сцепки S.
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a self-oscillating mode, both with partial and total 
sliding in the zone of the interaction of an elastic tire 
with a solid support base. Because self-oscillations on 
each wheel occur at random times, the self-oscillations 
of the towing tractor in terms of the folding angle are 
chaotic.
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