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ABSTRACT

BACKGROUND: When studying the optimal length of the holes in the lattice bottom of the inclined chamber of a combine
harvester, which ensures preliminary separation of the combed grain heap, the cross section of wheat grain was modeled
in the shape of a separate ball or a cut cylinder. This is due to the fact that the description of the technological process is
significantly simplified with this shape of grain. However, such models of the grain cross-section are very far from the real
shape of the object, since the dorsal side of the grains is convex, and there is a longitudinal groove on the ventral side.
The kind of surface closest to the real shape of the grain is the Pascal’s snail mathematical model. For this model, the centroid
coordinates are determined, and equations are obtained for calculating its cross-sectional area and moments of inertia
for each coordinate axis. Verification of the obtained equations in the KOMPAS-3D software showed that the discrepancy
between the real and theoretically predicted values of the centroid coordinates is about 13%, which reduces the adequacy
of the calculations and requires their refinement.

AIM: Refinement of the mathematical model of the cross-section of wheat grain shaped as the Pascal'’s snail.

METHODS: The object of the study is a cross section of wheat grain shaped as the Pascal’s snail. When determining the centroid
coordinates, methods of theoretical mechanics were used, and the resulting expressions were verified in the KOMPAS-3D
three-dimensional modeling software.

RESULTS: Mathematical expressions for analytical calculation of the centroid coordinates are obtained for different versions
of the Pascal’s snail: a = b (cardioid), @ < b (the Pascal’s shail without an internal loop), a > b (the Pascal's snail with aninternal
loop). Verification of the obtained expressions proves their adequacy, since the convergence of theoretical and experimental
data is 100%.

CONCLUSIONS: The use of refined mathematical models of the cross-section of wheat grain can significantly simplify
the modeling of the separation process of combed heaps, as well as to increase the accuracy of calculations. To simplify
the description of this process, it is advisable to use the KOMPAS-3D three-dimensional modeling software.
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ODVII'VIHaJ'IbHOG nccneaposaHme

MareMaTuuecKkas MoAesib NONEPEeYyHoOro ceyeHus 3epHa
NweHUuLb

B.B. Hukutun, B.H. Oxepenbes, H.B. CuHss

BpsHCKUI rocynapcTBEHHBIN arpapHblid yHuBepceuTeT, bpsHek, Poccuitckas ®epepauvs

AHHOTALMA

06o0cHoBaHue. [py UccneAoBaHUM ONTUMANBHON ANKMHBLI OTBEPCTMIA PELUETYaToro JHULLA HAKIIOHHOW KaMepbl 3epHOYOopoY-
Horo KombaiiHa, obecneuuBaloLLell NpeaBapuTENbHYHO CenapaLmio 04eCaHHOro 3epHOBOI0 BOPOXa, MOMepeyHoe CeYeHne 3ep-
Ha MNLUEeHNLbI MOJENNPYETCS OTAENBHO B3ATHIM LLIAPOM MM KOHEUHBIM LMIUHAPOM. [ocneHee 06cToATeNbCTBO 06yCNOBNEHO
(opMoli 3epHOBKM, KOTOpas CyLLeCTBEHHbIM 06pa3oM yrnpoLLaeT onucaHue TeXHoorMyeckKoro npouecca. OfHako, NoAobHble
MOJEeM NONEPEYHOr0 CEYEHUA 3epHa BECbMA Janeku 0T peasibHoi GopMbl 06bEKTa, NOCKONbKY CMIMHHAs CTOPOHA 3epPHOBOK
BbIMyKNas, a Ha BPIOLIHON CTOPOHe UMeeTCA NpoAonbHas bopo3aka. Hanbonee 6n1M3KoM NOBEPXHOCTBIO K peanbHoii dopMe
3epHOBKM ABNSIETCA MaTeMaTuyecKas Modenb, NpeAcTaBnstowan coboii ynutky Mackans. [lns ykasaHHoi Mofenu onpegene-
Hbl KOOPZMHATHI LIEHTpa TAXECTU QUIYPbI U NOyYeHb YPaBHEHUS ANs pacyeTa MioLaam ee NonepeyHoro Ce4eHUs U MOMEH-
TOB MHEpLMM AS1 KaXaon U3 ocen KoopauHar. lposepka nonyyeHHbIx ypaBHeHuin B nporpamMme «KOMITAC-3D» nokasana,
YTO pacxoXAeHue Mexnay peanbHbIMU W TEOPETUHECKM MPEeACKa3aHHbIMU 3HAYEHUAMM KOOPAMHAT LEHTPA TAKECTU Gurypbl
cocTaBnsiet nopsaaKa 13%, Y4To CHUXKAeT a[ieKBaTHOCTb PacyeToB W TPEBYET UX YTOUHEHMS.

Lienb uccnepoBaHuit — yTOUHEHWe MaTeMaTUYECKOH MOAENM NONEPEYHOro CeYEHUs 3epHa NLUEHMLbI, YYUTHIBAIOLLEN reo-
MeTPUYECKUe CBOMCTBA yNnTKY [lackans.

Martepuans! n MetToabl. 06BEKTOM UCCNEA0BaHNSA ABNSETCA NONEPEYHOE CEYEHUE 3epHA MLUIEHWLbI, MOLENPYEMOE YIIUTKOM
Mackans. Mpu onpegeneHU KOOpAMHAT LIEHTPa TAXECTU GUIypbl MCNONb30BaNN METOAbI TEOPETUHECKOA MEXaHWKH, a Npo-
BEPKY MOJTyYeHHbIX BbIPAXEHWUN OCYLLECTBNANM B cucTeMe TpexmepHoro MogenupoBaiust «KOMITAC-3D».

PesynbTatbl. MonydeHbl MaTeMaTMyecKUe BbIPAKEHUA ANA aHANIMTUHECKOTO HAXOXAEHWA KOOPAMHAT LEHTPOB TAMECTU
ANS PasnnyHbIX BapuaHToB YiuTkM Mackans: a = b (kapanonaa), a < b (ynutka lNackans 6e3 BHyTpeHHel netim), a > b
(ynutka [Mackans cogepuT BHYTpeHHIoW netsio). [lpoBepKa nonyyeHHbIX BbIpaXKeHU CBUAETENbCTBYET 00 MX afeKBaTHOCTY,
MOCKOJIbKY CXOAMMOCTb TEOPETUHECKUX M 3KCMEPUMEHTaNbHBIX AaHHbIX cocTaBnseT 100%.

3akntouenue. Mcnonb3oBaHWe YTOUHEHHBIX MaTEMaTUYECKUX MOAENEN NOMEPEYHOro CeYeHWs 3epHa MLUEHULbI NO3BOASET
CYLLLeCTBEHHbIM 00pa3oM yNpocTUTL MOJENUPOBaHUE MPOLIECcca cenapaLuy 04ecaHHOro BOPOXa, a TaKKe MOBLICUTb TOYHOCTb
pacueToB. [lns ynpoLueHus onucaHus atoro npouecca LienecoobpasHo UCMosb30BaTb CMCTEMY TPEXMEPHOT0 MOAeMPOBaHNA
«KOMMAC-3D».

KnioueBble cnosa: nonepeyHoe ce4yeHue 3epHa NLIEHULUbI; YIUTKa Mackans; Kapaouounpa; KoopAanHaTthl LEeHTpa TAXeCTH;
njaowanb nonepevyHoro ce4eHMa 3epHa.
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TEOPUA, KOHCTPYNPOBAHVE, CTTBITAHA

BACKGROUND

The requirement for the implementation of new
progressive technologies in the harvesting process
in the Russian Federation is driven by the constant
increase in the production of grain crops in the country.
For example, the Ministry of Agriculture predicts that
Russia will maintain its leadership in wheat production
in 2024 and increase exports to 50 million tons of grain.
However, addressing the challenges of reducing labor
intensity and energy costs and improving the quality of
grain and seeds to the required parameters is currently
impossible using traditional combine technologies [1, 2].
The high consumption of fuels and lubricants
(up to 7 liters per ton of harvested grain), the rising cost
of production (up to 12,000 rubles per ton of grain), and
direct and indirect grain losses of up to 30%-50% [3, 4]
of the entire harvest require the adoption of modern
farming methods.

Numerous studies and production experiences have
indicated the possibility of increasing the productivity
and energy efficiency of combine harvesters and
reducing direct and indirect grain losses through
combine combing. A comparative study indicated that
using a stripper header instead of a straight-flow header
resulted in notable fuel savings (up to 40%) per hectare
and an increase in productivity by a factor of 1.3 [5].
However, one of the challenges of this harvesting
technology is that the combed heap contains up to 85%
free grain, which, when entering the threshing gap,
leads to increased crushing (up to 8%) by the working
parts of the threshing drum and a decrease in quality
indicators [6].

To avoid this issue, it is advisable to perform
preliminary separation of the combed heap to remove
free grain and directly send the latter for cleaning,
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bypassing the threshing device. With the current design
of a combine harvester, an additional separating device
can be placed in the inclined chamber [7, 8]. Theoretical
studies exploring the optimal length of the holes in
the lattice bottom of a combine harvester’s inclined
chamber, designed to aid in the preliminary separation
of the combed grain heap, modeled the cross section of
the wheat grain either as a separate ball or a truncated
cylinder [9-11]. This representation of caryopsides
considerably simplifies the description of the separation
process. However, these models are quite far from
the real shape of the grain, as the dorsal side of the
caryopsides is convex, and there is a longitudinal groove
on the ventral side. Consequently, the difference in the
rate of separation of free grain between theoretical and
experimental data was found as ~30% [12].

The surface closest to the actual cross-sectional
shape of the grain is represented by the mathematical
model developed by I.A. Mayatskaya, which is Pascal’s
snail (Fig. 1) [13, 14]. For these models, the author
determined the coordinates of the center of gravity
of the figure and derived equations for calculating its
cross-sectional area and moments of inertia for each
coordinate axis.

Models of the grain cross section were constructed
in the KOMPAS-3D program, and the discrepancy
between the real and theoretically predicted values
of the coordinates of the figure center of gravity was
~13% [12], which reduces the accuracy of the calculations
and necessitates further refinement.

STUDY AIM

The study aimed to present the mathematical model
of the cross section of a wheat grain, represented
in the form of Pascal'’s snail.

2]

(NS Ja N
—
»
>-____b=a__ \a—

T 0\5”/ wa
”
\0’ b

b

Fig. 1. Special cases of the cross-section of wheat grain shaped as the Pascal’s snail: @) a = b (cardioid); b) a < b (the Pascal’s snail
without an internal loop); ¢) a > b (the Pascal’s snail with an internal loop).

Puc. 1. YacTHble ciyyau nonepeyHoro ceyeHuUs 3epHa MiLeHWLbl BbINONHEHHO B BUAe ynuTkK Mackans: a) a = b (kapanounpa); b) a <b
(ynuTKa Mackans 6e3 BHYTpeHHeN NeTn); ¢) a > b (ynuTKa MacKana cOLepKUT BHYTPEHHIOW NETII).
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MATERIALS AND METHODS .
x=pcos@; y=psing; dxdy=pdpdo;
The study focused on a cross section of a wheat grain _n<o<m 0<p<a(l+coso) (6)
represented in the form of Pascal'’s snail. The coordinates T T '
of the figure center of gravity were determined using Then
methods from theoretical mechanics, and the resulting
equations were validated in the three-dimensional M, =”xdxdy :ﬂpcos(p.pdpd(pz
modeling system KOMPAS-3D. s s
T a(l+cos ) T 1 a(l+cos)
= Icos<pd<p p’dp= jcos¢d<p-—p3 =
RESULTS AND DISCUSSION J ) 4 3|,
3anuwweM ypaBHeHue ynuTKM lackans B NpsAMoYrob- P X 5t s
HOW cucTeMe KoopauHaTax B obuwem suae [7] =3 f (1+cos ) COS(Pd(P=Ta :
(4 —aeaf b (P +y)=0, () g
According to Eqg. (4) and Eg. (7), from Eq. (3) we obtain:
where a and b are the geometric parameters of the figure 5
(Fig. 1), and x and y are Cartesian coordinates. X, = ga . ®)

If @ = b, then Pascal’s snail becomes a cardioid.
The Pascal’s snail equation in polar coordinates (¢; 7)
(- < @ < m) can be represented as follows:

r=a-(1+cosq), (2)

where ¢ is the polar angle of the radius vector of the
current point of the curve..

The center of gravity of the figure bounded by the
cardioids, denoted as point C (x.; y,) (cm. puc. 1, a).),
is determined (Fig. 1a). Owing to the symmetry of the
cardioid, y, = 0, only x, as the abscissa of point C needs
to be determined:

X =—, 3)

where S is the area bounded by the cardioid, and M,
is the static moment of the body bounded by the cardioid
relative to the y-axis.

The square S of the figure bounded by the cardioid is
determined as follows:

1 2m 2
s=2[, r(@do=
@)

3-w-a’
2

= %J‘O}n[a -(1+cos (p)]zd(p =

According to its definition, the static moment
of a figure is as follows [15]:

M, =”xdxdy. (5)

The static moment is calculated by transitioning
to polar coordinates for the points (x, y) of the indicated
figure

DOl https://doiorg/10.17816/0321-4443-622847

Consider an example in which the diameter
of the initial circle @ is 20 mm. Then, according
to Eq. (8), the center of gravity of the cardioid is located
at a distance x, of 16.67 mm from the origin.

To validate the theoretical studies, a cardioid was
constructed using the KOMPAS-3D program (Fig. 2), and
the abscissa of the center of gravity of the figure was
determined as x, = 16.67 mm, with its cross-sectional
area S = 1884.95 mmZ The construction results
demonstrate the accuracy of the derived equations (4)
and (8), as there is 100% agreement between theoretical
and experimental data.

By analogy with the cardioid, we determine the
position of the center of gravity of the figure bounded
by Pascal’s snail for the case when 0 < a < b (Fig. 1b).

The Pascal's snail equation in polar coordinates
(p; ) (-t < @ < =) has the following form [7]:

r=a-cosQ+b. 9
The area S bounded by Pascal’s snail is as follows:

_1 2 5 _
S_Ejo r(@)do=

) (10)
na +7-b?

Z%Lz'“w-coswb)z do=

The static moment of the figure is calculated
by transitioning to polar coordinates for the points (x, y)
of the specified figure.

x=pcosp; y=psing; dxdy=pdpdo;
0<p<a-cosp+b.

(1)
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Fig. 2. Screenshot of the working window of the KOMPAS-3D software when determining the centroid of the cardioid (@ = 5 = 20 mm).
Puc. 2. CkpuHwoT paboyero okHa nporpammbl «<KOMIAC-3D» npu onpeaeneHumn LeHTpa TAXeCTU Kapamonabl a = b = 20 MM.

Then
n a-cos@+b n 1 a-cosQ+b
M, =”xdxdy=”pcoscp-pdpd(p= J.coscpd(p J. p’dp = J.coscpdcp-gp3 =
N N -n 0 2 -n i 0 (12)
17§ ; n-a-(a’+4-b%)
3:[[((1 cos@+b)’ cosodo 2 .
According to Eq. (10) and Eq. (11), from Eqg. (3) we The Pascal’s snail equation is presented in polar
obtain the following: coordinates (o; 7) [7]:
0+ 4B X=r-cosQ, y=r-sinQ. (14)
Yo = 2-(a*+2-b%) (13) Then Eq. (1) takes the form:
Consider an example in which the studied version (rF —a-r-cosq) —b 1> =0, =
of Pascal’s snail has the initial parameters of ¢ = 20 ’ (15)
mm, b = 30 mm. Then, according to Eq. (13), the center = r=a-cosptb.
of gravity of the figure is located at a distance from the
origin of coordinates x, = 18.18 mm. This equation is analyzed for different signs in front of 4.
With the same data, Pascal’s snail was constructed With the (-) sign we obtain the following:
using the KOMPAS-3D program, and the actual coordinate
of the figure center of gravity was determined as r=a-cosg—b. (16)
x, = 18.18 mm (Fig. 3). The construction results affirm
the accuracy of the derived equation (13), with 100% With the condition » > 0, we obtain the following:
agreement between theoretical and experimental data. b
Consider the special case 3, where 0 < b < a, and a-cos¢-b20 = cospz2— =
Pascal's snail contains an internal loop as illustrated 4 (17)
in Fig. 4. = -—-o<¢@<oa, IIe o=arccos—.

a
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Fig. 3. Screenshot of the working window of the KOMPAS-3D software when determining the centroid of the Pascal’s snail at ¢ = 20 mm
and » = 30 mm.

Puc. 3. CkpuHwort paboyero okHa nporpammbl «<KOMITAC-3D» npu onpeneneHuu LeHTpa TskecTu ynuTku Mackana npu @ = 20 MM
nb =30 mm.

4
This results in the following: l
b
r=a-cosqp—>b [—(XS([)SOL; on—arccoséj. (18) &
a
The equation of the loop in polar coordinates (i.e., &
Eq. 18) corresponds to Fig. 4.
With the (+) sign in Eq. (15), we obtain (again, subject a 3 /7\\0‘\[\ \
tor > 0) ‘ d -— ¥
- iy \\/ f bea
o -0
r=a-cos@+b (—(n—o)<p<m—oa). (19) \/ /
7b /®
Equation (19) represents the external line of Pascal's ,@
snail in polar coordinates. |-
According to Egs. (18) and (19), we determine a0 b _

the center of gravity of Pascal’s snail. For this purpose,
we calculate the area bounded by the figure in the absence  Fig. 4. The Pascal’s snail with an internal loop.

of an internal loop: Puc. 4. Ynutka MacKans c BHYTpeHHel netnen.
S= J‘TH1 d(pj.a'cowbpdp = lJ.H( (a-cosQ+b) do= Inia(a -cos@+h)’ dop=|o= arccosé =
—(n-a) 0 2 Jd—(n-a) 0 a
2 3 (20)
=(%+b2]-(n—a)+?b-\/a2 —b.
The static moment is calculated by converting to polar coordinates for the points (x, y) of the given figure:
x=pcosQ;, y=psing; drxdy=pdpdp, —n<o<m 0<p<a-cose+b. (21)
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a-cosQ+b -0 a-cosQ+b

My:.[.[XdXdy:ijcos‘depd(Pz _[ cospde _[ p’dp= I coscpdcp-%p3 -
N S 0

—(n—a)

o = arcCcos—
a

wlt\)

J. a-cos@+b)’ cospdp =
0

=%'a(a2 +4-b2)(n—(x)+é

e ’ (22)
2 2
a—b.b.(lg.a2+2.b2).

a

According to Eq. (20) and Eq. (22), from Eg. (3) we obtain:

i-a(a2 +4-b2)(n—oc)+é-

7_192-19-(13-az+2-b2)

2
a

4 (23)

X =

c

Consider an example in which the studied version
of Pascal’s snail has the initial parameters of @ = 20 mm,
b = 15 mm. According to Equation (23), the center of gravity
of the figure is positioned at a distance of x, = 15,38 mm
from the origin of the coordinates.

The same version of Pascal’s snail is constructed.
Using the application package in the KOMPAS-3D three-
dimensional modeling system, the actual value of the
coordinate of the figure center of gravity was determined
as x, = 15.38 mm (Fig. 5). The construction results

2
["2+b2)(n—a)+;b-\/a2—b2

indicate the accuracy of the derived Eq. (23), with 100%
agreement between theoretical and experimental data.

Thus, the utilization of refined mathematical
models of the cross section of wheat grain enables
increased accuracy in calculating the process of
separating combed heaps on the lattice bottom of the
inclined chamber of a combine harvester. Moreover,
to simplify the description of this process, employing
the KOMPAS-3D three-dimensional modeling system is
recommended.
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Fig. 5. Screenshot of the working window of the KOMPAS-3D software when determining the centroid of the Pascal’s snail at ¢ = 20 mm

and 5 = 15 mm.

Puc. 5. CkpuHwort paboyero okHa nporpammbl «<KOMIAC-3D» npu onpegeneHun ueHTpa TaxecTv ynuTkm Mackana npu a = 20 MM

nb =15 mm.
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CONCLUSIONS

1. During theoretical studies on separation, it is
advisable to model the cross section of a wheat grain
in the form of Pascal'’s snail.

2. Mathematical equations are derived for analytically
determining the coordinates of the center of gravity
for different versions of Pascal’s snail: @ = b (cardioid),
a < b (Pascal’s snail without an internal loop), and a > b
(Pascal’s snail contains an internal loop). The accuracy
of the derived equations is demonstrated by the 100%
agreement between theoretical and experimental data.

3. The utilization of refined mathematical models of
the cross section of wheat grain enables increased
accuracy in calculating the separation process of the
combed heap on the lattice bottom of a grain combine
harvester's inclined chamber. The KOMPAS-3D three-
dimensional modeling system should be employed
to simplify the description of this process.
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