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Âîïðîñû êóðñîâîé óñòîé÷èâîñòè äâèæåíèÿ ñåëüñêîõîçÿéñòâåííîãî òðàêòîðíîãî àãðåãàòà ïðèîáðåòàþò íàè-
áîëüøóþ àêòóàëüíîñòü ïðè ïàõîòå, òàê êàê íà ïëóãå (â ñèëó ãåîìåòðèè åãî ðàáî÷èõ ïîâåðõíîñòåé) âîçíèêàåò 
äîïîëíèòåëüíûé ðàçâîðà÷èâàþùèé ìîìåíò, êîòîðûé ìîæåò óâîäèòü òðàêòîð â ñòîðîíó îò ïðÿìîëèíåéíîãî 
äâèæåíèÿ. Òðàêòîðèñòó ïðèõîäèòñÿ ÷àñòî ïîäïðàâëÿòü äâèæåíèå òðàêòîðà, ÷òî ñïîñîáñòâóåò áûñòðîé åãî 
óòîìëÿåìîñòè è, êàê ñëåäñòâèå, ñíèæåíèþ ïðîèçâîäèòåëüíîñòè ðàáîò. Ðàçðàáîòêà ìàòåìàòè÷åñêîé ìîäåëè 
äâèæåíèÿ òðàêòîðà ïîä äåéñòâèåì âíåøíåé âíåöåíòðåííîé íàãðóçêè íà êðþêå ïîçâîëèò îïðåäåëèòü ïðåäåëü-
íîå çíà÷åíèå ñäâèãàþùåé ñèëû. Óâîä òðàêòîðà ïîä äåéñòâèåì âíåøíèõ ñèë (áåç ó÷àñòèÿ ñî ñòîðîíû òðàêòîðè-
ñòà) ïðåäñòàâëÿåò ñîáîé ïàññèâíûé ïîâîðîò, êîòîðîìó â íàñòîÿùåå âðåìÿ â òåîðèè êðèâîëèíåéíîãî äâèæåíèÿ 
ãóñåíè÷íîãî òðàêòîðà óäåëåíî íåäîñòàòî÷íî âíèìàíèÿ, òàê êàê òåîðèÿ ïîâîðîòà íàïðàâëåíà, êàê ïðàâèëî, íà 
èññëåäîâàíèÿ àêòèâíîãî äâèæåíèÿ (ïðè óïðàâëÿþùåì âîçäåéñòâèè òðàêòîðèñòà). Óâîä ïðåäñòàâëÿåò ñîáîé ñî-
âîêóïíîñòü óïðàâëÿåìîãî ïðÿìîëèíåéíîãî äâèæåíèÿ è íåóïðàâëÿåìîãî ñäâèãà ïîä äåéñòâèåì áîêîâîé ñîñòàâ-
ëÿþùåé ñèëû íà êðþêå. Ó÷èòûâàÿ íåâûñîêèå ðàáî÷èå ñêîðîñòè äâèæåíèÿ òðàêòîðà, ìîæíî ñîñòàâèòü êâàçè-
ñòàòè÷åñêóþ ìîäåëü êðèâîëèíåéíîãî äâèæåíèÿ ïðè óâîäå, êîòîðàÿ ñîñòîèò èç äèôôåðåíöèàëüíûõ óðàâíåíèé 
äâèæåíèÿ è óñëîâèé ðàâíîâåñèÿ âíåøíèõ ñèë ïðè ïðåäåëüíîì ñòðàãèâàíèè. Â ðåçóëüòàòå ðåøåíèÿ ñèñòåìû 
ïðåäñòàâëåííûõ óðàâíåíèé ïîëó÷åíû òðàåêòîðèè äâèæåíèÿ òðàêòîðà ïðè ðàçëè÷íîé íàãðóçêå íà êðþêå. Ðàç-
ðàáîòàííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïîçâîëÿåò: èññëåäîâàòü òðàåêòîðèþ äâèæåíèÿ íà ðàçëè÷íûõ ïî÷âåííûõ 
ôîíàõ; íàéòè îïòèìàëüíûå ñîîòíîøåíèÿ âåñà òðàêòîðà è ñèëû ñîïðîòèâëåíèÿ íà êðþêå; èçó÷èòü âëèÿíèå ïà-
ðàìåòðîâ ðàáî÷åãî îðãàíà (òî÷êè êðåïëåíèÿ ïëóãà è óãëà íàêëîíà ëåìåøíîé ïîâåðõíîñòè) íà õàðàêòåðèñòèêè 
äâèæåíèÿ.
Êëþ÷åâûå ñëîâà: ïàññèâíûé ïîâîðîò, óâîä òðàêòîðà, ñòðàãèâàíèå, âíåöåíòðåííàÿ íàãðóçêà, ïðåäåëüíàÿ ñäâè-
ãàþùàÿ ñèëà, íàãðóçêà íà êðþêå. 

The questions of the course stability of the movement of the agricultural tractor aggregate acquire the greatest ur-
gency in the plowing, since an additional unfolding moment arises on the plow (due to the geometry of its working 
surfaces), which can lead the tractor aside from rectilinear motion. The tractor driver often has to correct the move-
ment of the tractor, which contributes to its quick fatigue and, as a result, a decrease in the productivity of the work. 
The development of a mathematical model of the tractor's motion under the influence of an external eccentric load 
on the hook will allow to determine the limiting value of the shearing force. The withdrawal of the tractor under the 
influence of external forces (without participation from the tractor driver) is a passive turn, which currently is not 
paid enough attention in the theory of the curvilinear motion of the caterpillar tractor, since the theory of rotation 
is usually directed to the studies of active movement (under the control action of the tractor operator). The drift is a 
set of controlled rectilinear motion and uncontrolled shear under the action of the lateral component of force on the 
hook. Considering the low operating speeds of the tractor, it is possible to compile a quasistatic model of curvilinear 
motion during withdrawal, which consists of differential equations of motion and equilibrium conditions of external 
forces in the event of limiting friction. As a result of solving the system of presented equations, trajectories of the 
tractor's motion are obtained under different load on the hook. The developed mathematical model allows: to study 
the trajectory of motion on various soil backgrounds; find the optimal ratio of the weight of the tractor and the drag 
force on the hook; to study the influence of the parameters of the working element (the attachment point of the plow 
and the angle of inclination of the plow surface) on the characteristics of motion.
Keywords: passive turning, tractor withdrawal, traction, eccentric load, ultimate shearing force, hook load.
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Ââåäåíèå
Ïàõîòà ïî÷âû ÿâëÿåòñÿ íàèáîëåå ýíåðãî-

åìêîé ñåëüñêîõîçÿéñòâåííîé îïåðàöèåé. Ïðè 
ïàõîòå íà ïëóãå âîçíèêàþò ïîïåðå÷íûå ñîñòàâ-
ëÿþùèå ñèëû ñîïðîòèâëåíèÿ, ïðèâîäÿùèå ê 
îòêëîíåíèþ òðàêòîðà îò ïðÿìîëèíåéíîé òðà-
åêòîðèè, êîòîðîå ïîëó÷èëî íàçâàíèå óâîäà [1], 
èëè ïàññèâíîãî ïîâîðîòà [2].

Öåëü èññëåäîâàíèÿ
Öåëüþ èññëåäîâàíèÿ ÿâëÿåòñÿ ðàçðàáîò-

êà ìàòåìàòè÷åñêîé ìîäåëè óâîäà ãóñåíè÷íîãî 
òðàêòîðà ïîä äåéñòâèåì âíåøíåé âíåöåíòðåí-
íîé íàãðóçêè íà êðþêå. 

Ó÷èòûâàÿ, ÷òî òðàåêòîðèÿ óâîäà òðàêòîðà, 
êàê ïðàâèëî, ïðåäñòàâëÿåò ñîáîé íåêóþ êðè-
âîëèíåéíóþ òðàåêòîðèþ [3], ìàòåìàòè÷åñêàÿ 
ìîäåëü äîëæíà îïèñûâàòü êðèâîëèíåéíîå äâè-
æåíèå òðàêòîðíîãî àãðåãàòà. Ñóùåñòâóþùàÿ 
òåîðèÿ ïîâîðîòà ãóñåíè÷íîãî òðàêòîðà íàïðàâ-
ëåíà, êàê ïðàâèëî, íà èññëåäîâàíèÿ àêòèâíîãî 
ïîâîðîòà. Îäíàêî ïàññèâíûé óâîä èìååò íå 
ìåíåå âàæíîå ïðàêòè÷åñêîå çíà÷åíèå, îñîáåí-
íî äëÿ òðàêòîðîâ ñåëüñêîõîçÿéñòâåííîãî íà-
çíà÷åíèÿ [4–7].

Ìåòîäèêà èññëåäîâàíèÿ
Ïðåäñòàâèì óâîä êàê ñîâîêóïíîñòü àêòèâ-

íîãî ïðÿìîëèíåéíîãî äâèæåíèÿ ïîä óïðàâëå-
íèåì òðàêòîðèñòà è ïàññèâíûé âðàùàòåëüíûé 
ñäâèã ìàøèíû ïîä äåéñòâèåì âíåøíåãî óñèëèÿ 
íà ïëóãå [8, 9]. 

Ìîäåëü óïðàâëÿåìîãî äâèæåíèÿ ãóñåíè÷-
íîãî òðàêòîðà ïðåäñòàâëÿåò ñîáîé äèôôåðåí-
öèàëüíûå óðàâíåíèÿ, ïîçâîëÿþùèå ïîñòðîèòü 
òðàåêòîðèþ åãî äâèæåíèÿ. 

Ïàññèâíûé ñäâèã – ýòî íà÷àëî (èëè êîíåö) 
âðàùàòåëüíîãî äâèæåíèÿ ïî óñëîâèÿì ïðåäåëü-
íîãî òðåíèÿ [8]. Ïðè ðàçðàáîòêå ìàòåìàòè÷åñêîé 
ìîäåëè áîêîâîãî óâîäà ãóñåíè÷íîãî òðàêòîðà èñ-
ïîëüçóåì òåîðèþ òðåíèÿ Ô.À. Îïåéêî [10, 11]. 

Ðåçóëüòàòû èññëåäîâàíèÿ 
è èõ îáñóæäåíèå
Ïðè ðàçðàáîòêå ìàòåìàòè÷åñêîé ìîäåëè 

ðàññìîòðèì ñåëüñêîõîçÿéñòâåííûé òðàêòîð 
îáùåãî íàçíà÷åíèÿ íà îïåðàöèè âñïàøêè 
ïî÷âû. Îñîáåííîñòüþ äâèæåíèÿ ñåëüñêîõî-
çÿéñòâåííîãî òðàêòîðà ÿâëÿåòñÿ ìàëàÿ, ïî÷òè 
ïîñòîÿííàÿ ðàáî÷àÿ ñêîðîñòü ïðè ïàõîòå. Ýòî 
äåëàåò ïðàâîìåðíûì ïðèíÿòèå äîïóùåíèÿ îá 
îòñóòñòâèè êàñàòåëüíîãî 0a   è íîðìàëüíîãî 

0na   óñêîðåíèé, äåéñòâóþùèõ íà òðàêòîð.

Òîãäà óðàâíåíèÿ äâèæåíèÿ öåíòðà ìàññ 
òðàêòîðà â äåêàðòîâîé ñèñòåìå êîîðäèíàò 
èìåþò âèä:

0 cos  ñ

S

X X dS    è 0 sin   ,ñ

S

Y Y dS  

ãäå X
c
 = 0 è Y

c
 = 0 – íà÷àëüíûå êîîðäèíàòû êðè-

âîëèíåéíîé òðàåêòîðèè;  – óãîë êàñàòåëüíîé 
ê êðèâîé â òî÷êå ñ îñüþ X (ðèñ. 1); dS  – äèôôå-
ðåíöèàë äóãè êðèâîé â òî÷êå. 

Ïðåäñòàâèì äóãó S ÷åðåç ðàäèóñ êðèâèç-
íû   è óãîë êàñàòåëüíîé   ñîîòíîøåíèåì 

  .dS d    Ó÷èòûâàÿ, ÷òî ðàäèóñ êðèâèçíû 
    è óãîë     ÿâëÿþòñÿ ïåðåìåííûìè 

ôóíêöèÿìè âðåìåíè, ò.å. 

 V d    è   ,
V

d


  
 

òî óðàâíåíèÿ òðàåêòîðèè äâèæåíèÿ öåíòðà 
ìàññ òðàêòîðà ïðèìóò âèä: 

0 0

 cos      
T t

ñ

V
X V d dt

 
    
  è

 0 0

   sin     ,
T t

ñ

V
Y V d dt

 
    
 

 
(1)

ãäå t, T – òåêóùåå âðåìÿ è âðåìÿ âñåãî ïðîöåñ-
ñà âñïàøêè ñîîòâåòñòâåííî.

Â ðåçóëüòàòå, âåëè÷èíà óâîäà (áîêîâîãî îò-
êëîíåíèÿ îò ïðÿìîëèíåéíîãî äâèæåíèÿ) ñY  
ïîëíîñòüþ îïðåäåëÿåòñÿ ðàäèóñîì êðèâèçíû 
òðàåêòîðèè  , êîòîðûé â ñâîþ î÷åðåäü çàâèñèò 
îò âíåøíåãî ñäâèãàþùåãî âîçäåéñòâèÿ P  ñî 
ñòîðîíû ïëóãà. 

Ïîñêîëüêó êðèâîëèíåéíîå äâèæåíèå ãóñå-
íè÷íîãî òðàêòîðà íà ïàõîòå ïî÷âû ïðîèñõîäèò 
íà ìàëûõ ñêîðîñòÿõ, òî óñëîâèå ðàâíîâåñèÿ 
ïðîèçâîëüíîé ïëîñêîé ñèñòåìû ñèë èìåþò âèä: 

Ðèñ. 1. Ñõåìà óâîäà ãóñåíè÷íîãî òðàêòîðà
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 sin 0;
 cos 0;

   sin    cos     0,

x

y

y x y x

P F

P F

l P l P x F y F M







 
  

    
  

 (2)

ãäå Ð – âíåøíÿÿ êðþêîâàÿ íàãðóçêà, äåéñòâó-
þùàÿ íà ïëóã;   – óãîë ìåæäó êðþêîâîé íà-
ãðóçêîé è ïðîäîëüíîé îñüþ òðàêòîðà (îïðåäå-
ëÿåòñÿ êîíôèãóðàöèåé ïëóãà); xl ,  yl – ïëå÷è 
ñîñòàâëÿþùèõ êðþêîâîé ñèëû Ð îòíîñèòåëü-
íî öåíòðà ìàññ; õ, ó – íåèçâåñòíûå êîîðäèíà-
òû öåíòðà ñêîëüæåíèÿ ãóñåíèö îòíîñèòåëüíî 
öåíòðà ìàññ; xF , yF  – ïðîåêöèè ðåçóëüòèðóþ-
ùåé ðåöèè ñî ñòîðîíû ãðóíòà íà òðàêòîð; M – 
ðåçóëüòèðóþùèé ìîìåíò òðåíèÿ â êîíòàêòå 
ãóñåíèö ñ ïî÷âîé (ìîìåíò ñîïðîòèâëåíèÿ ïîâî-
ðîòó).

Èç àíàëèçà óðàâíåíèé ðàâíîâåñèÿ (2) ñëåäó-
åò, ÷òî ñäâèã (ñëåäîâàòåëüíî, è óâîä) íàñòóïàåò 
òîëüêî â ñëó÷àå, êîãäà ñèëà Ð äîñòèãàåò ïðå-
äåëüíîãî çíà÷åíèÿ ðåàêöèé ñî ñòîðîíû ãðóíòà 
( ,xF ,  )yF M , êîòîðûå â ñâîþ î÷åðåäü îãðàíè÷å-
íû òðåíèåì ñöåïëåíèÿ. 

Ñëåäîâàòåëüíî, äëÿ êàæäîé òî÷êè ïðèëî-
æåíèÿ è íàïðàâëåíèÿ ñäâèãàþùåé ñèëû ñóùå-
ñòâóåò òîëüêî îäíî åå ïðåäåëüíîå çíà÷åíèå, 
ïîñëå êîòîðîãî èìååò ìåñòî ñäâèã è óâîä, ÷òî 
ïîäòâåðæäåíî ýêñïåðèìåíòàëüíûìè èññëåäî-
âàíèÿìè [12]. 

Ñîãëàñíî òåîðèè òðåíèÿ Ô.À. Îïåéêî [10, 11], 
ñèëîâûå ôàêòîðû â êîíòàêòå ñ ãðóíòîì ( ,xF  

,  )yF M
 

òîæå ÿâëÿþòñÿ ôóíêöèÿìè íåèçâåñò-
íûõ êîîðäèíàò öåíòðà ñêîëüæåíèÿ (õ, ó). 

Â ñëó÷àå ïðèâåäåíèÿ âñåõ ýëåìåíòàðíûõ 
ñèë ñî ñòîðîíû ïî÷âû ê öåíòðó ñêîëüæåíèÿ Ñ 
(ðèñ. 1) ñèëîâûå ôàêòîðû ðåàêöèé ( , ,  ) x yF F M
èìåþò âèä: 

 

   

   

   

2 2

2 2

2 2

      ;

      ;

        ,

x

y

y
F q d d

x y

x
F q d d

x y

M q x y d d







  
   

     


     
     

         


  (3)

ãäå q  – íîðìàëüíîå äàâëåíèå ãóñåíèöû íà 
ïî÷âó;  – êîýôôèöèåíò òðåíèÿ-ñöåïëåíèÿ 
ãóñåíèöû ñ ïî÷âîé; ,  – òåêóùèå êîîðäèíà-
òû òî÷åê êîíòàêòà ãóñåíèö ñ ãðóíòîì. Â ñâÿçè 
ñ íåçíà÷èòåëüíîé, ïî ñðàâíåíèþ ñ äëèíîé, 
øèðèíîé ãóñåíèöû ïîñëåäíåé ìîæíî ïðåíå-

áðå÷ü, ÷òî ïîçâîëèò çàìåíèòü äâóìåðíûå èí-
òåãðàëû (3) îäíîìåðíûìè ïîãðåøíîñòüþ íå 
áîëåå 2 % [13]. 

Ââåäåíèå ïåðåìåííîãî êîýôôèöèåíòà òðå-
íèÿ-ñöåïëåíèÿ  ïîçâîëèò ó÷åñòü äåôîðìà-
òèâíûå ñâîéñòâà ïî÷âû. Â òåîðèè àêòèâíîãî 
ïîâîðîòà ãóñåíè÷íûõ ìàøèí äëÿ îïèñàíèÿ 
ïåðåìåííîãî êîýôôèöèåíòà  èñïîëüçóþò çà-
âèñèìîñòü, ïðåäñòàâëåííóþ â ðàáîòå Â.Â. Êà-
öûãèíà [14].

Îñîáåííîñòüþ óâîäà òðàêòîðà ÿâëÿþòñÿ 
ìàëûå áîêîâûå ñìåùåíèÿ S òî÷åê ãóñåíèöû (íà 
ïîðÿäîê ìåíüøå, ÷åì ïðè àêòèâíîì ïîâîðîòå). 
Ñëåäîâàòåëüíî, áîêîâàÿ äåôîðìàöèÿ ïî÷âû íà-
õîäèòñÿ â îáëàñòè óïðóãîé äåôîðìàöèè, ÷òî 
ïîçâîëÿåò èñïîëüçîâàòü çàâèñèìîñòü: 

 
max

max

,



    (4)

ãäå max   0,8 0,95   – ìàêñèìàëüíîå çíà÷åíèå 
êîýôôèöèåíòà ñöåïëåíèÿ ãóñåíè÷íîãî äâèæè-
òåëÿ ñ îïðåäåëåííûì òèïîì ãðóíòà; max  0,5   – 
çíà÷åíèå áóêñîâàíèÿ, êîãäà êîýôôèöèåíò ñöå-
ïëåíèÿ äîñòèãàåò ñâîåãî ìàêñèìàëüíîãî çíà÷å-
íèÿ;  /x x     – òåêóùåå çíà÷åíèå áóêñî-
âàíèÿ â òî÷êå ãóñåíèöû, çàâèñÿùåå îò ðàäèóñà 
êðèâèçíû . 

Ïðåíåáðåãàÿ øèðèíîé ãóñåíèöû è ó÷èòûâàÿ 
óïðóãîñòü ïî÷âû, ïîñðåäñòâîì ïåðåìåííîãî 
êîýôôèöèåíòà òðåíèÿ-ñöåïëåíèÿ (4), äâîéíûå 
èíòåãðàëû ñèëîâûõ ôàêòîðîâ (3) óïðîùàþòñÿ:

 

 

   

/2

2
/2 2

/2

2
/2 2

2/2
2

/2

( )
        ;

( )
2

( )
2        ;

( )
2

        ,
2

L
max

x

maxL

L
max

y

maxL

L
max

maxL

x y
F q d

B
x y

B
x x

F q d
B

x y

B
M q x x y d







    
          


     

        


              








 

ãäå L, B – áàçà è êîëåÿ ãóñåíè÷íîãî òðàêòîðà 
ñîîòâåòñòâåííî.

Òàêèì îáðàçîì, ñèëîâûå ôàêòîðû, âîçíèêà-
þùèå â êîíòàêòå ãóñåíèöû ñ ãðóíòîì, ÿâëÿþò-
ñÿ ôóíêöèÿìè íåèçâåñòíîãî ðàäèóñà  êðèâèç-
íû òðàåêòîðèè, çíà÷åíèå êîòîðîãî âû÷èñëÿåòñÿ 
ïóòåì ðåøåíèÿ ñèñòåìû óðàâíåíèé (2). Äàëåå 
ïî çàêîíàì äâèæåíèÿ (1) ñòðîèòñÿ òðàåêòîðèÿ 
òðàêòîðà âî âðåìåíè.
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Ñ èñïîëüçîâàíèåì ðàçðàáîòàííîé ìàòå-
ìàòè÷åñêîé ìîäåëè áûë ïðîâåäåí ÷èñëåííûé 
ýêñïåðèìåíò. Äëÿ ïðèìåðà ïðîâåäåíû ðàñ÷å-
òû òðàåêòîðèè äâèæåíèÿ ãóñåíè÷íîãî òðàê-
òîðà Ò-10 ñ ïëóãîì ïðè ðàçëè÷íîé êðþêîâîé 
íàãðóçêå. 

Ðåçóëüòàòû ðàñ÷åòîâ ïðåäñòàâëåíû íà ðèñ. 2.

Çàêëþ÷åíèå
Ðàçðàáîòàíà ìàòåìàòè÷åñêàÿ ìîäåëü óâîäà 

ãóñåíè÷íîãî òðàêòîðà ïðè ïàõîòå, ïîçâîëÿþ-
ùàÿ èññëåäîâàòü: 

• òðàåêòîðèè äâèæåíèÿ íà ðàçëè÷íûõ 
òèïàõ ïî÷âû;

• îöåíèòü âëèÿíèå çíà÷åíèÿ âíåöåíòðåí-
íîé êðþêîâîé íàãðóçêè íà òðàåêòîðèþ 
äâèæåíèÿ;

• èçó÷èòü âëèÿíèå ïàðàìåòðîâ ðàáî÷åãî 
îðãàíà (òî÷êè êðåïëåíèÿ ïëóãà è óãëà íà-
êëîíà ëåìåøíîé ïîâåðõíîñòè) íà õàðàê-
òåðèñòèêè äâèæåíèÿ;

• íàéòè îïòèìàëüíûå ñîîòíîøåíèÿ âåñà 
òðàêòîðà è ñèë ñîïðîòèâëåíèÿ íà êðþêå.
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