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Abstract

A periodical boundary value problem for a first-order system of ordinary
integro-differential equations with impulsive effects and maxima is investi-
gated. A system of nonlinear functional-integral equations is obtained and
the existence and uniqueness of the solution of the periodic boundary value
problem are reduced to the solvability of the system of nonlinear functional-
integral equations. The method of successive approximations in combination
with the method of compressing mapping is used in the proof of one-valued
solvability of nonlinear functional-integral equations. We define the way with
the aid of which we could prove the existence of periodic solutions of the
given periodical boundary value problem.
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1. Problem Statement

The mathematical models of many problems of modern sciences, technology,
and economics are described by differential and integro-differential equations, the
solutions of which are functions with first-kind discontinuities at fixed or non-fixed
times. Such differential and integro-differential equations are called equations with
impulsive effects. Various publications are appearing on the study of differential
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Periodic solutions for an impulsive system of integro-differential equations with maxima

and integro-differential equations with impulsive effects, describing many natural
and technical processes (see for instance [1-13]).

As is known, in recent years, interest in the study of differential and integro-
differential equations with periodical boundary conditions has increased. In par-
ticular, in the works [14-17], periodic solutions of differential equations with im-
pulsive effects are studied.

In this paper, we investigate a periodical boundary value problem for a system
of first-order integro-differential equations with impulsive effects, nonlinear kernel
depending on construction of maxima. The questions of existence and uniqueness
of the solution to the periodical boundary value problem are investigated. We note
that differential and integro-differential equations with maxima have singularity
in the study of the questions of solvability [18].

On the interval [0,7] for t # t; (i = 1,2,...,p) we consider the questions
of existence and constructive methods of calculating the periodic solutions of
the system of nonlinear ordinary first-order integro-differential equations with
impulsive effects and maxima

a'(t) = f(t,x(t),/_ K(t,s,max{z(r): 7 € [)q(S),Ag(S)]})dS). (1)

We study the integro-differential equation (1) with periodic conditions

{x(t) = (1), te(-00,0], (2)

and nonlinear impulsive effect
o(tf) —a(ty) = F(a(t), i=12....p, (3)

where 0 < t < T, t#t,i=12,....p;0 =1ty <t1 < - <t, <tpp1 =T,

x, y € X; X is the closed bounded domain in the space R™, 0X is its border;

feER"Y —oco < M(t) < N(t) < ¢t p(t) € C((—00,0],R™); ©(07) = z(0);

z(th) = lir(r)lJr z(t; +v), z(t;) = liI(I)l x(t; — v) are the limits of the function on
v— v—0—

the right and left sides z(t) at the point ¢ = ¢;, respectively. The function f is

T-periodic F; = Fip, tiyp =t + T,

t
/ |K(t,s,2)|ds < oc.

—0o0

By C(]0,T],R™) denoted the Banach space, which consists continuous vector
function z(t), defined on the segment [0, 7], with the norm

n

o0l = | 3 g 250

J:
By PC([0,T],R") is denoted the following linear vector space:

PC([0,T),R™) = {z : [0,T] = R"; z(t) € C((t;,tit1],R"), i =1,2,...,p},
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where z(¢]") and z(t;) (i =0,1,...,p) exist and bounded;  (t; ) = « (¢;). Note,
that the linear vector space PC([0,T],R™) is Banach space with the following
norm:

HI’( )HPC - maX{Hx HC’( (ti,tix1])» 1=1,2,... 7p}
FORMULATION OF PROBLEM. Find the T-periodic function x(t) € PC([0,T],R"™),
which for all t € [0,T], t #t; (i = 1,2,...,p) satisfies the system of differential
equations (1), periodic condition (2) and fort =1t; (i=1,2,...,p) 0 <t} <ty <
- < t, < T satisfies the nonlinear limit condition (3) and goes through xy at
t=0.
2. Reduction to Functional-Integral Equation

Let the function x(t) € PC([0,T],R™) be a solution of the periodic boundary
value problem (1)—(3). Then by integration of the equation (1) on the intervals
(0,t1], (t1,t2], ..., (tp, tp+1], we obtain the following:

t1

f(s,z,y)ds = /0 l 2'(s)ds = z(ty) —x(07), te(0,t],

0

to

f(s,z,y)ds = / ’ 2 (s)ds = z(ty) —x(t]), te (t,ta],

t1 t1

lpt1 tp+1,
|7 teads = [T ) ds = alty ) = o)t €ty

P P

where

t

Fs,,y) = f(t,xu), /

— 00

K (t,s,max{z(7) : T € [M(s), Ag(S)]})dS).

Hence, taking 2(07) = x(0), z(t, ;) = x(t) into account, on the interval [0, T] we
have
/ f(s,@,y)ds = [o(t1) — 2(07)] + [a(t2) — x(t])] + -+ + [2(t) — 2(t))] =
—2(0) — [x(t]) — @(ty)] — [2(t3) —x(t2)] =+ = [2(t,) — x(tp)] + (t).
Taking into account the condition (3), we rewrite the last equality as
/ f(s,z,y)ds + Z (4)
0<t;<t

We subordinate the function z(t) € PC([0,T],R™) in (4) to satisfy the periodic
condition (2):

/fsa:yds—i— Z

0<t; <T
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Periodic solutions for an impulsive system of integro-differential equations with maxima

Hence, taking the condition (2) into account, we obtain the following:

/fs:cyd5+ Y F

0<t;<T

Consequently, the integro-differential equation (1) can be written as

a'(t) = f(t,x(t), /_; K (t,s,max{z(r) : 7 € [\i(s), AQ(S)]})dS) _
_;/OTf<t,:1:(t),/_tooK(t,s,maX{x(T):7'6 [Al(s),Az(s)]})ds)dt_

1
~ 2 EGw). )
i=1
Then by integration of equation (5) into the intervals (0, 1], (t1,%2], ..., (tp, tpt1]

instead of (4) we obtain the following system of equations:

x(t) =z + /Ot [f (s,x(s),/s K(s,0, max{z(r): 7 € [)q(@),)q(@)}})d&) —

— 00

T 0
_ ;/0 f(@,:c(Q),/ K(9,& max{z(r) : 7 € [/\1(5)7)\2(5)]})d§>d9 .
_;ZFi(x(ti))] ds + Z Fi(z(t;)). (6)

o<t; <t

3. Preliminaries
LEMMA 1. For the equation (6) the following estimate is true:

T
lz(¢) = @ollpc < Mi5; + 2Mop, (7)

where
My =|f(t,2(®),y@)ll, Mz= max ||F;(t x(t))]

1<i<p

Proof. We rewrite the equation (6) as follows:
t
xMMZAP@M%MM
1 [T
- T/o £(0,2(0),y(0))do — — ZF ]ds + ) Fiz(t) =

0<t; <t

:/Otf(s,x(s) s—/fsx (s))ds —
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t (T t &
_T/t f(syir(S),y(S))dS—T;Fi(w(ti)H > Fi(a(t)).

o<t; <t

Hence, this implies that the following estimate is true:
l(t) = zollpe < a(®)lIF(t 2(2), y(O)I] + 2p max |[Fi(t, (1)), (8)

where a(t) = 2t(1 —t/T). It is easy to check that from (8) follows (7). Lemma 1
is proved. [

REMARK. T-periodic solution z,) = 9(t) of the system (1) with the initial
value function ¢(t) in the initial set (—oo, 0] is defined by the initial value function
©(t), which is a periodic continuation of the solution () in the initial set (—oo, 0].

LEMMA 2. For the difference of two functions with mazxima, we have the follo-
wing estimate:

| max{a(r) : 7 € P (t), Aa(®)]} — max{y(r) s 7 € (), MO} <
< Jt) — (o) + 28] o fte) — (1)

, (9)

where

h= s () = e(®)]

—oo<t<T

Proof. We use obvious true relations:

max{z(7) : 7 € [M(2), A2(t)]} = max{[z(7) —y(7)+y(7)] : 7 € [A1(£), A2 ()]} <
S max{[z(7) —y(7)] : 7 € [Ai(t), Ao ()]} + max{y(7) : 7 € [Ai(t), A2 (D)]}-
Hence, we obtain the following:
max{z(7) : 7 € [A1(t), A\2(t)]} — max{x(7) : T € [A1(£), A2(t)]} <
< max{[z(7) —y(7)] : 7 € [M(t), A2(2)]}. (10)

We denote by t; and ta the points of the interval [Ai(¢), A2(t)], on which the
maximums of the functions z(t) and y(t) are reached:

max {z(7) |7 € [A1(t), (D)) } = (1), max {y(7) |7 € \(t), Ao(t)] } = y(t),
max {[z(7) —y(7)][7 € [A(t), Aa(8)]} = 2(t2) — y(t2).

Then, taking (10) and last equalities, we have

[max{z(7) : 7 € [Ai(t), Aa(t)]} —max{y(7) : 7 € [Ai(t), Ao ()]} —2(t) +y(D)]] <
< z(t) —y(®)] = [w(tr) — y (@) + [[[x(t2) — y(t2)] = [(t1) —y(E)]]. (11)

From another side, it is obvious that the estimate is valid:

(12)

Ife®) — (0] — (o ®) — y@ < 1| S 1oe7) — 9] < 1| S lte) — w0
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where £, T € [\ (t), \2(t)], t* € (£,1). From the estimates (11) and (12) we come
to the following estimate:

[ max{z(r) : 7 € [A1(2), A2()]} —max{y(7) : 7 € [M(t), 2 (O)]} —2(t) +y(t)]| <
d
<21 L ato) -0
Sl(t) — y(0)
Therefore, it is easy to check that the inequality (9) and we complete the proof

of Lemma 2. O

4. Main Results

THEOREM 1. Assume that for allt € [0,T),t #t; (i =1,2,...,p) the following
conditions are satisfied:
) £ @), y )N < My < oo, max | Fy(t, z(1))]] < Mz < o003

2) | f(tz1,91) = f(t 22, 92) || < La[ller — @2l + [lyn — y2\|];
|K(t,s,21) — K(t,s,22)|| < La(s)|lx1 — 22|, 0 < s&p/ Lo(s)ds < oo;

)
3)
;r i(t,21) — Fi(t,22)]l < Lalas — wall h
)

the radius of the inscribed ball in X is greater than M1T /2 + 2Mop;

4
5
6) p <1, where

l),QLlMg(T+ 1h}.

T

If the system (1) has a solution for allt € [0,T], t #t; (i =1,2,...,p), then this
solution can be founded by the system of nonlinear functional-integral equations

T
p= maX{Ll(l + Ms3) (1 + 5) + pLs (2 +

x(t,xo) = xo +

+/0t [f<5,x(s,x0),/s K (s,0, max{a(r, z0) : 7 € [/\1(0),)\2(0)]})cw> -

— o0

T 0
_ ;/0 f<9,93(0,:60),/_ K (0,¢ max{z(r,z0) : T € [A1(§)7)\2(§)]})d§> do —

H \

Z sltsan))ds+ 3 Flattiao)). (13

0<t; <t
Proof. The theorem we proof by the method of successive approximations,
defining the iteration process as

iL'o(t, iL'()) = X, Th4+1 (t, xo) = xo-i-

+ /O t [f(s,xk(s,xo), / " K(s,0, max{ax(r.20) : 7 € [Al(e),AQ(e)]})cw) _

—00

T 0
_;/0 f(@,xk(e,ﬁfo),/_mK(G,ﬁ,maX{xk(T,xo) iTE [/\l(f),)\Q(g)]})dé‘)dg_

_;ZFi(l‘k(ti,xo))]dS-l- Z Fi(l‘k(ti,xo)). (14)

=1 0<t; <t
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We will show that the right-hand side of the system of equations (13) as an
operator maps a ball with radius M;7/2 + 2Msp into itself and is a contraction
operator. So, according to Lemma 1, from (7) and (14) we have

T
k412, @0) = zollpc < Mi5 + 2Map. (15)

From the system of integro-differential equations

t

2 (t, 20) = f<t,a:(t,x0),/

—0o0

K (t,s,max{z(7,20) : T € [M(s), Ag(s)]})d:s) —

_ % /OT f(t,m(t, o), /_too K (t, s, max{z(7,20) : T € [M(s), /\2(8)]})ds> dt —

we obtain the following;:
p
1741 (. 20)l| Pe < 2My + 5 M. (17)

We consider a difference 41 (t, z¢) — 2% (t, xo) of two approximations, where the
functions xyy1(t, x0) and zx(t,xz0) are defined from the approximations of the
system of equations (14). By the conditions of the theorem, from (14) we have

t
k41 (t, 20) — 2k(t, 20) || < Ll/ { | zx (s, 20) — T—1(s,20) || +
0

+ /_S Lo(0)||max{zy(r, o) : 7 € [A1(6), A2(6)]} —

—max{xg_1(7,20) : T € [A1(0), Ag(@)]}HdG +

1 T
+ T/ [ka(‘g,xo) —x—1(0,20)|| +
0

6
+ [ Ba(© I max{m(rian) 7 € D@ 2e(O)]} -

—0o0

—max{z,_1(7,20) : T € [)\1(6),/\2(6)]}”6%] d9}d8+

p
+2) " Lallwg(ti, 20) — 2x—1(ti, z0)|| <
i=1

< a(O)La[(1+ My) e (b, 20) — axa (t,20) pe +
+ 2hMs]|) (¢, z0) — )1 (t, z0) || Pc] + 2pLsl|zk(t, 20) — 2k—1(t, 20) | Pc <
T
< (L2 + Ma) G+ 2pLa) e (t, 20) = i (t,20) [ e +
+ 2Ly M5Thla} (£, z0) — 2}y (£.70) [P (18)
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where

t
M3 = sup/ La(s)ds < oo.

t J-
Similarly, by the assumptions of Thoe(z)orem 1, from (16) we have the following;:
2% 11 (, 20) — 2 (t, @0) | e <
< (La(1+ Ma) + Lo ) an(t, w0) — o (b o) o +
+ 2Ly M3hl|z},(t, z0) — x)_1(t, 20)|| pc.  (19)
Adding both sides of (19) to (18), we obtain
| yk+1(E, 20) = yi(t, 20) || pe < pllyk(t, zo) — yr—1(t, z0)ll e, (20)

where

yk+1(t, 20) — yr(t, 20)|| = [|rs1(t, o) — 2 (t, o) || + || 41 (¢, o) — 23 (L, o) ||,

T 1
p= max{L1(1 + Ms) (1 + 5) +pLy (2 + T),ZLlMg(T + 1)h}.
According to the last condition of Theorem 1, p < 1. Since

ki1 (t, x0) — zx(t, z0) || < lYk+1(t, z0) — yr(t, o)l

from the estimate (20) we deduce that the operator on right-hand side of (13) is
compressing. From the estimates (15), (17) and (20) implies that there exists a
unique fixed point x (¢, z¢). Theorem 1 is proved. O

From the estimate (20) it is easy to see that for zg, Zg € X holds
w0 — o
1—p
Now we will show the existence of periodic solutions of the system of impulsive
integro-differential equations (1). We introduce the following designations:

lz(t, z0) — x(t, Zo)| BD <

A(:C()) = %ZFz‘(woo(ti?xO)) +

=1
1 T t
r /0 f(t,a:ooa, 20), / K {t s max(ans(r,00) i 7 € [A1<s>,xg<s>1})ds)d(t, |
21

p

Ag(xg) = %ZFi($k(tiax0)) +

i=1
1 T t
+ T/ f<t,a:k(t, J:o)j/ K (t,s,max{zy(7,20) : T € [M1(s), Ag(s)]})ds> dt,
0 —00
(22)
where z(t,z9) = klim xi(t, o) = Too(t, o) is the solution of the non-linear sys-
—00

tem (13). Therefore, (¢, x¢) is the solution of the system of impulsive integro-
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differential equations (1) for A(zg) = 0 through zp at ¢ = 0. Consequently,
the questions of the existence of a solution of the system of impulsive integro-
differential equations (1) were reduced to the questions of the existence of zeros
of the function A(zg) and we solve this problem by finding zeros of the function
Ag(xo).
THEOREM 2. Assume that
1) all the conditions of Theorem 1 are fulfilled,
2) there is a natural number k such that the function Ay(xo) has an isolated
stngular point ZL‘8 that Ak(wg) = 0 and the index of isolated singular point
CL’8 1S MONzero;
3) there is a closed convez region Xog C X, containing a single singular point
such that on its border 0Xq is an estimate fulfilled:

Mpk:-i-l
inf ||A > . 2
it 1A > (23)

Then the system of impulsive integro-differential equations (1) has a periodic so-
lution for allt € [0, T, t #t; (i =1,2,...,p) that x(0) € Xp.

Proof. By definition, the index of an isolated singular point z§ of continuous
mapping Ag(zg) is equal to the characteristic of the vector field, generated by
mapping Ag(zp) on a sufficiently small sphere S™ with the center in wg. Since
in Xy there is no other singular point, which will be different from 938 and Xg
is homeomorphic to the unit ball £”, then the characteristic of the vector field
A (xp) on the sphere S™ is equal to the characteristic of this vector field on 9.Xj.
The fields Ag(xo) and A(xg) are homotopic on 0Xj. Let us consider families of
everywhere continuous on 90X vector fields

V(o,z0) = Ag(xo) + 0(A(xo) — Ak(z0)),
which connect the fields

V(0,20) = Ag(zo), V(L xo) = Alzo).
We note that the estimate is true:

Mpk+1
1A(20) — Ax(zo)|| < — (24)

Therefore, the vector field V (o, z) does not vanish anywhere on 0Xj. Indeed,
from (23) and (24) implies that

1V (e, z0) || = [ Ak(zo)ll = [[A(2z0) — Ak(zo)]| > 0. (25)

The fields Ag(zo) and A(xg) are homotopic on 0X and the rotations of the
homotopic fields in the compact are equal. Therefore, taking into account (25),
we conclude that the rotation of the field A(xg) on the 90X is equal to the index
of the singular point xg of the field Ag(xp) and nonzero. Consequently, the vector
field A(zp) on Xo has a singular point zg, for which A(zg) = 0. Therefore, the
system of impulsive integro-differential equations (1) has a periodic solution for
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allt € [0,T],t#t; (i=1,2,...,p) that (0) € Xo. In addition, we note that for
x0, Top € X from (21) and (22) we have
p _ To— T
IAGao)lee < 2(1+2), AG) - Awo)lep < B2
Theorem 2 is proved. g
Conclusion

The theory of differential and integro-differential equations plays an important
role in solving many applied problems. Especially, local and nonlocal periodical
boundary value problems for differential and integro-differential equations with
impulsive actions have many applications in mathematical physics, mechanics
and technology, in particular in nanotechnology. In this paper, we investigate the
system of first-order integro-differential equations (1) with periodical boundary
value condition (2), with nonlinear kernel and with nonlinear condition (3) of
impulsive effects for ¢t =¢;, ¢ =1,2,...,p, 0 <t; <ty <--- <t, <T.The non-
linear right-hand side of this equation consists of the construction of maxima.
The questions of the existence and uniqueness of the T-periodic solution of the
boundary value problem (1)—(3) are studied. If the system (1) has a solution for
all t € [0,T], t # t;, i = 1,2,...,p, then this solution can be proven to be based
on the system of nonlinear functional-integral equations (13). The questions of
the existence of a solution of the system of impulsive differential equations (1) we
reduce to the questions of the existence of zeros of function A(xp) in (21) and we
solve this problem by finding zeros of function Ag(zp) in (22).

The results obtained in this work will allow us in the future to investigate
other kind of periodical boundary value problem for the heat equation and the
wave equation with impulsive actions.
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Ilepuomuyeckue pereHns CUCTEMbI
nHTerpo-auddepeHnnaIbHbIX YpaBHEHU N
C UMIYJbCHBIMU BO3JIEICTBUSMU M MAKCUMyMaMM

T K. IOadawes

Hanunonasbuerit yausepcurer Ys6ekucrana uM. M. Yiayr6eka,
V3b6ekucran, 100174, Tamkent, Bysroponok, yi. YHauBepcurerckast, 4.

AnHOTaMSA

Uccnenyercss xkpaeBas 3ajada JJjisi CUCTEMBbI OOBIKHOBEHHBIX WHTETPO-
uddepeHInaIbHbIX YPAaBHEHU IEPBOT0 MOPSIIKA ¢ UMILYJILCHBIMU b deK-
TaMu U MakcuMmymamu. Ilosydena cucrema HEJIMHEHHBIX (DYHKIMOHATILHO-
MHTErPAJIBHBIX YPABHEHUIT 1, TAKUM 00pa3oM, CYIIeCTBOBAHNE U €IUHCTBEH-
HOCTB PeIleHus] IePUO/INYIecKoil KpaeBoil 3aJa9i CBOJISTCI K Pa3periuMo-
CTHU CACTEMbI HEJTHHEHHDBIX (DYHKIIMOHAJILHO-UHTETPAJIbHBIX ypaBHenuit. Me-
TOJI, TIOCJIJIOBATEJILHBIX TPUOJIMKEHNH B COUETAHUU C METOJIOM CXKUMAFOIITUX
0TOOpaXKeHUH UCIIOJIb3YeTCs IIPU JI0KA3aTE/IbCTBE OTHO3HATHON PA3PEITIMO-
CTH HEJUHEHHBIX (PYyHKIIMOHAILHO-UHTErPAJIbHBIX ypaBHenuit. Ompemennm
CIT0C00, € TTOMOIIHI0 KOTOPOT'O MOYKHO OYIET MOKA3aTh CYIECTBOBAHUE TIEPH-
OJIMYECKUX PEIIeHUN JIAaHHON IIePpUOJNYICCKOA KpaeBoi 3aJa4u.

KuroueBbie cioBa: naTerpo-auddepeHnuaibHble yPABHEHUST C UMITYJIbC-
HBIMU BO3JEHCTBUAMHU, IEPUOINUECKOE KPaeBoe yCJIOBHUE, HEJIUHEITHOe SIPO,
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CKOI'O pelleHnd.
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