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Abstract

The article considers a new iterative algorithm for solving total least
squares problems. A new version of the implicit method of simple iterations
based on singular value decomposition is proposed for solving a biased nor-
mal system of algebraic equations. The use of the implicit method of simple
iterations based on singular value decomposition makes it possible to re-
place an ill-conditioned problem with a sequence of problems with a smaller
condition number. This makes it possible to significantly increase the com-
putational stability of the algorithm and, at the same time, ensures its high
rate of convergence. Test examples shown that the proposed algorithm has a
higher accuracy compared to the solutions obtained by non-regularized to-
tal least squares algorithms, as well as the total least squares solution with
Tikhonov regularization.
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Introduction. Total least squares (TLS) are widely used in solving systems
of linear algebraic equations with inaccurate data on the right and left sides.

Total least squares are widely used in many applied fields [1]. Including for
system identification [2-5|, image restoration [6, 7], tomography [8, 9], speech
processing [10,11].

There are many algorithms for solving total least squares problems. The clas-
sical algorithm for solving the total least squares problem based on SVD (singular
value decomposition) [12]. The solution of the total least squares problem based
on augmented systems is considered in [13, 14]. To solve large-scale linear sys-
tems of equations or linear systems of equations with a sparse matrix, iterative
algorithms for total least squares are used: the Newton method [15, 16|, Rayleigh
iterations [17|, Lanchotz iterations [18].

Various regularization methods are used to solve very ill-conditioned total least
squares problems. Today, there are two main approaches to the regularization of
total least squares problems: based on the truncated SVD [19] and Tikhonov’s
regularization 20|, as well as their modifications [21-24].

One way to improve the accuracy of the solution is to use iterative methods
of regularization [25]. In [26], an implicit iterative algorithm for ordinary least
squares based on SVD was proposed.

The condition number for total least squares is always greater than the con-
dition number for ordinary least squares. Tikhonov’s regularization for total least
squares makes it possible to approximate the condition number to the condition
number of ordinary least squares [20].

This article proposes an implicit iterative algorithm to solve total least squares
problems. When using the proposed algorithm, the condition numbers at each iter-
ation turn out to be less than the condition numbers of ordinary least squares. This
makes it possible to find the total least squares solution for very ill-conditioned
problems.

It is proposed to use a restriction on the length of the solution vector as
a stopping criterion for the iterative algorithm. The simulation results showed
the high solution accuracy of the proposed implicit iterative algorithm to solve
regularized total least squares problems.

1. Problem Statement. Let the overdetermined system of equations be
defined as
Ax = f, (1)

where A € R™*" f € R™, m > n.
We will assume that the matrix A and vector f contain errors

A=A+E, f=]+¢

It is required to find a solution for the overdetermined system (1) using per-
turbed data A and f.

To find an approximate solution vector from the errors data, the total least
squares can be applied [12]. The total least squares approach minimizes the
squares of errors in the values of both dependent and independent variables

H}Tme EHF, s.t. (fl + E)a: =f+¢,
where (¢ E) is the augmented matrix and || - || is the Frobenius norm.
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The solving of total least squares is reduced to finding the minimum of the
objective function:

Az — £
min ——————— 2
TER? 1+ HCL‘H2 ’ ( )
where || - || = || - ||2 is the Euclidean norm.
The article proposes an implicit iterative algorithm for the regularized solution
of the system of equations (1) according to the data with errors using the total
least squares.

2. Iimplicit iterative algorithm for solving regularized TLS problems.
Using the SVD, an arbitrary matrix A can be represented as follows:

A=UxVT, (3)
where U = (u1 un) € R™*" and V = (v1 vn) € R™"™ are orthog-
onal matrices; ¥ = diag(01(4) -+ on(A)); 01(A) = -+ = 0,(A) are singular

numbers of matrix A; u; and v; are respectively left and right singular vectors of
matrix A.
Let the augmented matrix of the system of equations be defined as

A= (4, f).

A solution to the total least squares problem exists and is unique if the fol-
lowing condition is satisfied [27]:

0 =0n+1(4) < o,(A). (4)

When condition (4) is satisfied, the solution to problem (2) can be obtained
from a biased normal system of equations [27]:

(ATA—o’E)z=ATf. (5)

Let p be a positive constant. Equation (5) is equivalent to the following equa-
tion:
pAT Az +x = por+ o+ pA'f. (6)

The implicit iterative algorithm for equation (6) has the following form:
(4 B+ AT A)zpgr = (0" + Dz + AT f. (7)

We write (7) as
_ —1 _
Thi1 = (W B+ ATA) ((0° + p D + AT ),

or
Tpy1 = (I)uxk + 9y, (8)

where @, = (02, +pu (L E, + ATA)fl, gu= (W 1E, + ATA)flATf.
Using the SVD decomposition of the matrix A (3), let us perform the following
transformations:
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By = (0% + (B, ATA) T =

_ /2 -1 -1 —ly,T _ -
=@+ YWE+ T E) VT = (02 202

Thpl
o= (" Byt ATA) AT f =
—VE+ BT VSUTf = V(S + B, )‘1VTV2UTf =

=V(E+uE,) 'SUTf = sz 2+i —uj f.

Then the implicit scheme (8) can be written based on the singular value de-
composition in the following form:

n

2 1 ’U-T’UZ' " U,;u.Tvi
= + u- —_t ———f, k=0,1,.... 9
Tpr1 = (0" +p );a§+ul$k+;af+ulf 9)

3. Convergence and conditionality of an implicit iterative algorithm.
The spectral radius of the transition matrix ®,, is

po? +1 _ po? +1
Amin(En + pATA) 1+ po2(A)’

p(®p) = (10 + 1) Amax [ (En + pATA) 7] =

where Amax, Amin are the maximum and minimum eigenvalues of the matrices,
respectively.

The convergence condition of the implicit method of simple iterations (7) can
be written as follows: )
Al
1+ poii(A)

If condition (4) is satisfied and p > 0, condition (10) is always satisfied. This
means that the iterative algorithm (8) converges for all cases where the biased
normal system of equations has a unique solution.

It can be shown that the larger the value p, the higher the rate of convergence
of the algorithm.

Let us show that algorithms (8) and (9) have different values of the condition
numbers. The simple iteration method can be written as follows:

p(Py) = (10)

2

A f
<WE> o (ﬁu ¥ a%k) ,

Formula (11) can be represented in the following form

(11)

Tpy1 = arg min
rER”™

wpr1 = AL fP,
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A f
_ (k) _ At e ; X _
where A4, = (\/FET) JJo = ( T Uka) ; A is a pseudoinverse Moore

Penrose matrix.
Since rank(A,) = n, then A} can be calculated by the formula:

(AT A gy
Ay =(A,A) A,

In this case, the problem corresponds to the classical form of the implicit
method of simple iterations:

—1 _ _ _
et = (A A ALED = (ATA+ p 7 E) T AT f 4 (7 o)),

Max(ATA+p B o +pu!
ATA+p'E,) = = n= L .
HQ( s n) )\min(fél—rlé1 + ,U_IEn) (77% + M_l
For the implicit method based on SVD decomposition, the condition number is
equal to the condition number of the matrix A,:

O.2+u71 1/2
) = ()

4. Stopping rule for an implicit iterative algorithm. There are a large
number of stopping rules for iterative regularized algorithms [28-30]. In this arti-
cle, we will use to stop the algorithm (5) the restriction on the value of the norm
of the solution:

@]l <6, (12)

where § is the maximum allowable value of the FEuclidean norm of the solution
vector.

In contrast to Tikhonov’s total least squares regularization [20], condition (12)
is verified directly without calculating indirect parameters.

5. Simulation results. Regularization Toolbox [31] was used to generate test
cases. A matrix Aoggoxs with singular values o = (5-10~* 10* 10% 107) was
generated.

The true vector is zyye = (1 1 1 1)T.

The vector fis f = AaggoxaU.

Gaussian white noise with zero mean and standard deviation oy = 04 = 1072
was added to the matrix Asggoxs and the vector f.

The algorithm (5) was compared with the classical SVD-based TLS algorithm
[12], the solution based on augmented systems [13], and regularized total least
squares [20]:

(ATA—G6E, +aE,)z=A"f. (13)

The condition number of the matrix AT A — 02E,, + aE,, is

O'% — (02 —a)

2= (0 —a)

Ez(ATA —o’E, + aky) =
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The parameter o was selected from the interval (0,02) with a step 10~ 402
a; =107%¢%, i=0,1,...,10000.

The algorithms were compared by the relative mean square error (RMSE) of

the solution
_ ||£Uk - xtrueH2 .

oxp = ——— = - 100 %.
thrueHQ
The simulation results are presented in Table 1. Figure 1 shows the relative
root mean square error of the solution (8) in the k-th iteration for various values of
the parameter ;i ~!. Figure 2 shows the relative root mean square error of solution
(13) depending on the choice of parameter «;.

Table 1
RMSE of the solution

Algorithm for estimating parameters dx, 100 % Ka
Algorithm (5) with p=! =10"!o 7.53-1072 | 2.02-107
Algorithm (5) with g~ = 10720 0.2045 2.20 - 107
Algorithm (5) with ! = 1070 8.63-1072 | 2.23-107
TLS [12] 49.51 4.75 - 10°
TLS [13] 49.51 6.34 - 10'°
RTLS [20] 17.73 5.32-10'°

06 T T T T

—1
N -==2|
e S N 3
N
~

0.4 %
£ 03

0.2

0.1

0 o
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Figure 1. RMSE of the solution (8) at the kth iteration for various values of the parameter p ™'

1-p'=10"0,2-p ' =10""0; 3 p ' =10"%
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Figure 2. RMSE of the solution (13) for various values of the parameter o;; = 10~ %o

Conclusion. The paper proposes a new implicit iterative algorithm for solving
regularized total least squares problems. The simulation showed that the proposed
algorithm has a higher accuracy compared to the solutions obtained by total
least squares algorithms, as well as the total least squares solution with Tikhonov
regularization.

The proposed implicit iterative algorithm makes it possible to implement a
constraint on the length of the solution vector without solving additional nonlinear
equations.

The condition number of problems solved at each iteration is less than the
condition number of systems with Tikhonov regularization.
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AHHOTaNs

Paccmorpen HOBBIIT UTEpAIMOHHBIN AJITOPUTM JJIsl PEIeHHs 33129 IOJI-
HBIX HAMMEHDLITNX KBaJapaToB. [Ipesioken HOBLIN BapUaHT HESIBHOTO METO-
Ja IIPOCTBLIX UTepaluil Ha OCHOBE CUHI'YIAPHOI'O PA3JIOXKCHUSA JJIS PEIICHU
CMEITEHHON HOPMAJIbHOI cucTeMbl ajrebpanmdeckux ypaBrenunit. [Ipumene-
HHUE HesIBHOI'O METO/Ia IIPOCTBIX UTePAIil Ha OCHOBE CHHTYJISIPHOTO PA3JIOZKe-
HUsl TI03BOJIAET 3aMEHUTH IJIOXO 0OYCJIOBJIEHHYIO 33,189y HA ITOCJIEI0BATE b~
HOCTH 33J1a9 C JIydIeil 00YCIOBIEHHOCTBIO. DTO JAET BO3MOXKHOCTH CYIIEe-
CTBEHHO IIOBBICUTH BBIYUCJIUTE/IbHYIO YCTONYNBOCTL QJITOPUTMa U IIPU 9TOM
obecrieunBaeT BBICOKYIO CKOPOCTh €ro CXOAUMOCTH. 1ecTOBble MIPUMEPHI I10-
Ka3aJI¥, 9TO MIPEJJIOXKEHHBIN aJropuTM 00J1a/1aeT 60J1ee BBICOKOI TOYHOCTHIO
II0 CPABHEHUIO C PEIICHUAMU, IIOJIyICHHBIMU HEPEryJIaPUSUPOBAHHBIMU aJl-
TOPUTMAaMU ITOJIHBIX HAUMEHBIINX KBaJIPATOB, & TaKZKe C PEIIeHUeM ITOJTHBIX
HaMMEHBIIUX KBaJIPATOB C perysispusaruei mo TuxoHoBy.

KiroueBnle cjioBa: HesiBHAs peryndapusanysd, IIOJHbIe HaUMEHbIINEe KBa/l-
paTbl, CUHI'YJIAPDHOE Pa3JI02KEeHUE, I1JI0Xasl O6yCJIOB.HeHHOCTI)7 urepamnuoHHbIC
METO/IbI PEeTyJIApU3alun.

TMosnyuenne: 15 mast 2022 r. / Ucnpasaenne: 6 urons 2022 r. /
punsarue: 7 utons 2022 r. / [y6nukanus omnaitn: 30 urons 2022 r.
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HesiBHbIi HTEepaliHOHHBIH aITOPUTM . . .

Koukypupyiouine nHTepechl. KOHKypUPYIOIUX WHTEPECOB HE NMEEM.

ABTOpCKUIT BKJIAJT 1 OTBETCTBEHHOCTb. Bce aBTOpPHI IPUHUMAJIN yYacTHe B paspa-
OGOTKEe KOHIIENIUK CTAThU ¥ B HAIMCAHUM PYKOIUCH. ABTOPBI HECYT IIOJIHYIO OTBETCTBEH-
HOCTB 3a TPEIOCTABJICHIE OKOHYATETbHON pyKomucu B medarb. OKOHYATE/IbHAST BepCUst
pykorucu ObLIa 000peHa BCEMU aBTOPAMMU.

dunancupoBaume. Pabora BoinoHeHa Tpu mojiepkke PerepasbHOro areHTCTBa, 2Ke-
JIE3HOIOPOXKHOTO TpaHcnopTa (mpoekThl NeNe 122022200429-8, 122022200432-8).

BaarogapHocTb. ABTODBI GJ1ar0JAPHBI PEIIEH3EHTAM 32 TIIATEbHOE TPOYTEHNEe CTaThU
U IeHHbIE IIPEJJIOYKEHNA U KOMMEHTaAPHUU.
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