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Abstract

The article considers a new iterative algorithm for solving total least
squares problems. A new version of the implicit method of simple iterations
based on singular value decomposition is proposed for solving a biased nor-
mal system of algebraic equations. The use of the implicit method of simple
iterations based on singular value decomposition makes it possible to re-
place an ill-conditioned problem with a sequence of problems with a smaller
condition number. This makes it possible to significantly increase the com-
putational stability of the algorithm and, at the same time, ensures its high
rate of convergence. Test examples shown that the proposed algorithm has a
higher accuracy compared to the solutions obtained by non-regularized to-
tal least squares algorithms, as well as the total least squares solution with
Tikhonov regularization.
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Introduction. Total least squares (TLS) are widely used in solving systems
of linear algebraic equations with inaccurate data on the right and left sides.

Total least squares are widely used in many applied fields [1]. Including for
system identification [2–5], image restoration [6, 7], tomography [8, 9], speech
processing [10,11].

There are many algorithms for solving total least squares problems. The clas-
sical algorithm for solving the total least squares problem based on SVD (singular
value decomposition) [12]. The solution of the total least squares problem based
on augmented systems is considered in [13, 14]. To solve large-scale linear sys-
tems of equations or linear systems of equations with a sparse matrix, iterative
algorithms for total least squares are used: the Newton method [15, 16], Rayleigh
iterations [17], Lanchotz iterations [18].

Various regularization methods are used to solve very ill-conditioned total least
squares problems. Today, there are two main approaches to the regularization of
total least squares problems: based on the truncated SVD [19] and Tikhonov’s
regularization [20], as well as their modifications [21–24].

One way to improve the accuracy of the solution is to use iterative methods
of regularization [25]. In [26], an implicit iterative algorithm for ordinary least
squares based on SVD was proposed.

The condition number for total least squares is always greater than the con-
dition number for ordinary least squares. Tikhonov’s regularization for total least
squares makes it possible to approximate the condition number to the condition
number of ordinary least squares [20].

This article proposes an implicit iterative algorithm to solve total least squares
problems. When using the proposed algorithm, the condition numbers at each iter-
ation turn out to be less than the condition numbers of ordinary least squares. This
makes it possible to find the total least squares solution for very ill-conditioned
problems.

It is proposed to use a restriction on the length of the solution vector as
a stopping criterion for the iterative algorithm. The simulation results showed
the high solution accuracy of the proposed implicit iterative algorithm to solve
regularized total least squares problems.

1. Problem Statement. Let the overdetermined system of equations be
defined as

𝐴𝑥 = 𝑓, (1)
where 𝐴 ∈ R𝑚×𝑛, 𝑓 ∈ R𝑚, 𝑚 > 𝑛.

We will assume that the matrix 𝐴 and vector 𝑓 contain errors

𝐴 = 𝐴+ Ξ, 𝑓 = 𝑓 + 𝜉.

It is required to find a solution for the overdetermined system (1) using per-
turbed data 𝐴 and 𝑓 .

To find an approximate solution vector from the errors data, the total least
squares can be applied [12]. The total least squares approach minimizes the
squares of errors in the values of both dependent and independent variables

min
𝑥

⃦⃦
𝜉 Ξ

⃦⃦
𝐹
, s.t.

(︀
𝐴+ Ξ

)︀
𝑥 = 𝑓 + 𝜉,

where
(︀
𝜉 Ξ

)︀
is the augmented matrix and ‖ · ‖𝐹 is the Frobenius norm.
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The solving of total least squares is reduced to finding the minimum of the
objective function:

min
𝑥∈R𝑛

‖𝐴𝑥− 𝑓‖2

1 + ‖𝑥‖2
, (2)

where ‖ · ‖ = ‖ · ‖2 is the Euclidean norm.
The article proposes an implicit iterative algorithm for the regularized solution

of the system of equations (1) according to the data with errors using the total
least squares.

2. Iimplicit iterative algorithm for solving regularized TLS problems.
Using the SVD, an arbitrary matrix 𝐴 can be represented as follows:

𝐴 = 𝑈Σ𝑉 ⊤, (3)

where 𝑈 =
(︀
𝑢1 · · · 𝑢𝑛

)︀
∈ R𝑚×𝑛 and 𝑉 =

(︀
𝑣1 · · · 𝑣𝑛

)︀
∈ R𝑛×𝑛 are orthog-

onal matrices; Σ = diag
(︀
𝜎1(𝐴) · · · 𝜎𝑛(𝐴)

)︀
; 𝜎1(𝐴) > · · · > 𝜎𝑛(𝐴) are singular

numbers of matrix 𝐴; 𝑢𝑖 and 𝑣𝑖 are respectively left and right singular vectors of
matrix 𝐴.

Let the augmented matrix of the system of equations be defined as

𝐴 = (𝐴, 𝑓).

A solution to the total least squares problem exists and is unique if the fol-
lowing condition is satisfied [27]:

𝜎 = 𝜎𝑛+1(𝐴) < 𝜎𝑛(𝐴). (4)

When condition (4) is satisfied, the solution to problem (2) can be obtained
from a biased normal system of equations [27]:

(𝐴⊤𝐴− 𝜎2𝐸𝑛)𝑥 = 𝐴⊤𝑓. (5)

Let 𝜇 be a positive constant. Equation (5) is equivalent to the following equa-
tion:

𝜇𝐴⊤𝐴𝑥+ 𝑥 = 𝜇𝜎2𝑥+ 𝑥+ 𝜇𝐴⊤𝑓. (6)

The implicit iterative algorithm for equation (6) has the following form:

(𝜇−1𝐸𝑛 +𝐴⊤𝐴)𝑥𝑘+1 = (𝜎2 + 𝜇−1)𝑥𝑘 +𝐴⊤𝑓. (7)

We write (7) as

𝑥𝑘+1 = (𝜇−1𝐸𝑛 +𝐴⊤𝐴)
−1(︀

(𝜎2 + 𝜇−1)𝑥𝑘 +𝐴⊤𝑓
)︀
,

or
𝑥𝑘+1 = Φ𝜇𝑥𝑘 + 𝑔𝜇, (8)

where Φ𝜇 = (𝜎2min + 𝜇−1)(𝜇−1𝐸𝑛 +𝐴⊤𝐴)
−1, 𝑔𝜇 = (𝜇−1𝐸𝑛 +𝐴⊤𝐴)

−1
𝐴⊤𝑓 .

Using the SVD decomposition of the matrix 𝐴 (3), let us perform the following
transformations:
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Φ𝜇 = (𝜎2 + 𝜇−1)(𝜇−1𝐸𝑛 +𝐴⊤𝐴)
−1

=

= (𝜎2 + 𝜇−1)𝑉 (Σ + 𝜇−1𝐸𝑛)
−1
𝑉 ⊤ = (𝜎2 + 𝜇−1)

𝑛∑︁
𝑖=1

𝑣𝑖𝑣
⊤
𝑖

𝜎2𝑖 + 𝜇−1
;

𝑔𝜇 = (𝜇−1𝐸𝑛 +𝐴⊤𝐴)
−1
𝐴⊤𝑓 =

= [𝑉 (Σ + 𝜇−1𝐸𝑛)𝑉
⊤]

−1
𝑉 Σ𝑈⊤𝑓 = 𝑉 (Σ + 𝜇−1𝐸𝑛)

−1
𝑉 ⊤𝑉 Σ𝑈⊤𝑓 =

= 𝑉 (Σ + 𝜇−1𝐸𝑛)
−1

Σ𝑈⊤𝑓 =
𝑛∑︁
𝑖=1

𝑣𝑖
𝜎𝑖

𝜎2𝑖 + 𝜇−1
𝑢⊤𝑖 𝑓.

Then the implicit scheme (8) can be written based on the singular value de-
composition in the following form:

𝑥𝑘+1 = (𝜎2 + 𝜇−1)
𝑛∑︁
𝑖=1

𝑣⊤𝑖 𝑣𝑖
𝜎2𝑖 + 𝜇−1

𝑥𝑘 +
𝑛∑︁
𝑖=1

𝜎𝑖𝑢
⊤
𝑖 𝑣𝑖

𝜎2𝑖 + 𝜇−1
𝑓, 𝑘 = 0, 1, . . . . (9)

3. Convergence and conditionality of an implicit iterative algorithm.
The spectral radius of the transition matrix Φ𝜇 is

𝜌(Φ𝜇) = (𝜇𝜎2 + 1)𝜆max

[︀
(𝐸𝑛 + 𝜇𝐴𝑇𝐴)−1

]︀
=

𝜇𝜎2 + 1

𝜆min(𝐸𝑛 + 𝜇𝐴⊤𝐴)
=

𝜇𝜎2 + 1

1 + 𝜇𝜎2𝑛(𝐴)
,

where 𝜆max, 𝜆min are the maximum and minimum eigenvalues of the matrices,
respectively.

The convergence condition of the implicit method of simple iterations (7) can
be written as follows:

𝜌(Φ𝜇) =
𝜇𝜎2 + 1

1 + 𝜇𝜎2𝑛(𝐴)
< 1. (10)

If condition (4) is satisfied and 𝜇 > 0, condition (10) is always satisfied. This
means that the iterative algorithm (8) converges for all cases where the biased
normal system of equations has a unique solution.

It can be shown that the larger the value 𝜇, the higher the rate of convergence
of the algorithm.

Let us show that algorithms (8) and (9) have different values of the condition
numbers. The simple iteration method can be written as follows:

𝑥𝑘+1 = argmin
𝑥∈R𝑛

⃦⃦⃦⃦
⃦
(︃

𝐴√︀
𝜇−1𝐸𝑛

)︃
𝑥−

(︃
𝑓√︀

𝜇−1 + 𝜎2𝑥𝑘

)︃⃦⃦⃦⃦
⃦
2

2

. (11)

Formula (11) can be represented in the following form

𝑥𝑘+1 = 𝐴+
𝜇 𝑓

(𝑘)
𝜇 ,
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where 𝐴𝜇 =

(︃
𝐴√︀
𝜇−1𝐸𝑛

)︃
, 𝑓 (𝑘)𝜇 =

(︃
𝑓√︀

𝜇−1 + 𝜎2𝑥𝑘

)︃
; 𝐴+

𝜇 is a pseudoinverse Moore–

Penrose matrix.
Since rank(𝐴𝜇) = 𝑛, then 𝐴+

𝜇 can be calculated by the formula:

𝐴+
𝜇 = (𝐴⊤

𝜇𝐴𝜇)
−1
𝐴⊤
𝜇 .

In this case, the problem corresponds to the classical form of the implicit
method of simple iterations:

𝑥𝑘+1 = (𝐴⊤
𝜇𝐴𝜇)

−1
𝐴⊤
𝜇 𝑓

(𝑘)
𝜇 = (𝐴⊤𝐴+ 𝜇−1𝐸𝑛)

−1
(︀
𝐴⊤𝑓 + (𝜇−1 + 𝜎2)𝑥𝑘

)︀
,

𝜅2(𝐴
⊤𝐴+ 𝜇−1𝐸𝑛) =

𝜆max(𝐴
⊤𝐴+ 𝜇−1𝐸𝑛)

𝜆min(𝐴⊤𝐴+ 𝜇−1𝐸𝑛)
=
𝜎21 + 𝜇−1

𝜎2𝑛 + 𝜇−1
.

For the implicit method based on SVD decomposition, the condition number is
equal to the condition number of the matrix 𝐴𝜇:

𝜅2(𝐴𝜇) =
(︁𝜎21 + 𝜇−1

𝜎2𝑛 + 𝜇−1

)︁1/2
.

4. Stopping rule for an implicit iterative algorithm. There are a large
number of stopping rules for iterative regularized algorithms [28–30]. In this arti-
cle, we will use to stop the algorithm (5) the restriction on the value of the norm
of the solution:

‖𝑥𝑘+1‖ 6 𝛿, (12)

where 𝛿 is the maximum allowable value of the Euclidean norm of the solution
vector.

In contrast to Tikhonov’s total least squares regularization [20], condition (12)
is verified directly without calculating indirect parameters.

5. Simulation results. Regularization Toolbox [31] was used to generate test
cases. A matrix 𝐴2000×4 with singular values 𝜎 = (5 · 10−4 104 106 107) was
generated.

The true vector is 𝑥true = (1 1 1 1)
⊤.

The vector 𝑓 is 𝑓 = 𝐴2000×4𝑢.
Gaussian white noise with zero mean and standard deviation 𝜎𝑓 = 𝜎𝐴 = 10−2

was added to the matrix 𝐴2000×4 and the vector 𝑓 .
The algorithm (5) was compared with the classical SVD-based TLS algorithm

[12], the solution based on augmented systems [13], and regularized total least
squares [20]:

(𝐴⊤𝐴− 𝜎2𝐸𝑛 + 𝛼𝐸𝑛)𝑥 = 𝐴⊤𝑓. (13)

The condition number of the matrix 𝐴⊤𝐴− 𝜎2𝐸𝑛 + 𝛼𝐸𝑛 is

𝜅2(𝐴
⊤𝐴− 𝜎2𝐸𝑛 + 𝛼𝐸𝑛) =

𝜎21 − (𝜎2 − 𝛼)

𝜎2𝑛 − (𝜎2 − 𝛼)
.
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The parameter 𝛼 was selected from the interval (0, 𝜎2) with a step 10−4𝜎2:

𝛼𝑖 = 10−4𝜎2𝑖, 𝑖 = 0, 1, . . . , 10000.

The algorithms were compared by the relative mean square error (RMSE) of
the solution

𝛿𝑥𝑘 =
‖𝑥𝑘 − 𝑥true‖2

‖𝑥true‖2
· 100%.

The simulation results are presented in Table 1. Figure 1 shows the relative
root mean square error of the solution (8) in the 𝑘-th iteration for various values of
the parameter 𝜇−1. Figure 2 shows the relative root mean square error of solution
(13) depending on the choice of parameter 𝛼𝑖.

Table 1
RMSE of the solution

Algorithm for estimating parameters 𝛿𝑥, 100 % 𝜅2

Algorithm (5) with 𝜇−1 = 10−1𝜎 7.53 · 10−2 2.02 · 107
Algorithm (5) with 𝜇−1 = 10−2𝜎 0.2045 2.20 · 107
Algorithm (5) with 𝜇−1 = 10−5𝜎 8.63 · 10−2 2.23 · 107
TLS [12] 49.51 4.75 · 109
TLS [13] 49.51 6.34 · 1010
RTLS [20] 17.73 5.32 · 1016

Figure 1. RMSE of the solution (8) at the kth iteration for various values of the parameter 𝜇−1:
1 – 𝜇−1 = 10−5𝜎, 2 – 𝜇−1 = 10−1𝜎; 3 – 𝜇−1 = 10−2𝜎
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Figure 2. RMSE of the solution (13) for various values of the parameter 𝛼𝑖 = 10−4𝜎2𝑖

Conclusion. The paper proposes a new implicit iterative algorithm for solving
regularized total least squares problems. The simulation showed that the proposed
algorithm has a higher accuracy compared to the solutions obtained by total
least squares algorithms, as well as the total least squares solution with Tikhonov
regularization.

The proposed implicit iterative algorithm makes it possible to implement a
constraint on the length of the solution vector without solving additional nonlinear
equations.

The condition number of problems solved at each iteration is less than the
condition number of systems with Tikhonov regularization.
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Аннотация

Рассмотрен новый итерационный алгоритм для решения задач пол-
ных наименьших квадратов. Предложен новый вариант неявного мето-
да простых итераций на основе сингулярного разложения для решения
смещенной нормальной системы алгебраических уравнений. Примене-
ние неявного метода простых итераций на основе сингулярного разложе-
ния позволяет заменить плохо обусловленную задачу на последователь-
ность задач с лучшей обусловленностью. Это дает возможность суще-
ственно повысить вычислительную устойчивость алгоритма и при этом
обеспечивает высокую скорость его сходимости. Тестовые примеры по-
казали, что предложенный алгоритм обладает более высокой точностью
по сравнению с решениями, полученными нерегуляризированными ал-
горитмами полных наименьших квадратов, а также с решением полных
наименьших квадратов с регуляризацией по Тихонову.

Ключевые слова: неявная регуляризация, полные наименьшие квад-
раты, сингулярное разложение, плохая обусловленность, итерационные
методы регуляризации.
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