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Abstract

In this paper, a g-analogue of the Sturm-Liouville problem with dis-
continuity condition on a finite interval is studied. It is proved that the
g-Sturm-Liouville problem with discontinuity conditions is self-adjoint in
Lg(O, 7). The completeness theorem and the sampling theorem are proved.
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1. Introduction
Let us consider a g-analogue of the Sturm—Liouville equation in the form

I(y) == —;Dq_quy(t) Futy(t) = vyt), 0<t<m, veC, (1)

together with the discontinuity conditions at a point a € (0, 7)
y(a+0) = ay(a—O), Dq—ly(a+0) = oz_qu_1y(a—0), (2)
and boundary conditions
y(0) = y(m) =0, (3)
where 0 < ¢ < 1, u(t) € Lg(O,W) is a real function, « is real; a # 1, a > 0.

In [1], it is worth mentioning that this work is based on the g¢-difference op-
erator, which is attributed to Jackson. In recent years, many papers have been
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published subject to boundary value problems consisting of a ¢-Jackson deriva-
tive in the classical Sturm-Liouville problem. In [2—4], the g-analogues of Sturm-—
Liouville problems are investigated, and a space of boundary values of the minimal
operator is created, and all maximal dissipative, self-adjoint, maximal accretive
operators are described, and other extensions of the g-analogue of Sturm-Liouville
operators in terms of boundary conditions are raised. A theorem on completeness
of the system of eigenfunctions and associated functions of dissipative operators
are proved by using the Lidskii’s theorem.

In the current decade, many authors have investigated the g-sampling theory
of signal analysis. [6-8| are the first studies in this subject. In these studies,
the construction of expansions in the g-Fourier series [5] was followed by the
derivation of the g-sampling theorems. The sampling theory associated with g¢-
type of Sturm-Liouville equations is conceived (see [9]). In [10], M. Annaby and
Z. Mansour obtained asymptotic formulae for eigenvalues and eigenfunctions of
g-type of Sturm—Liouville problems.

In [11-13], B. Allahverdiev and H. Tuna investigated the continuous spectrum
of the singular ¢-Sturm-Liouville operators and established some criteria under
which the ¢-Sturm—Liouville equation is of limit-point case at infinity. In [14],
authors established a Parseval equality and an expansion formula in eigenfunctions
for a singular ¢-Sturm-Liouville operator on the entire line. (Also, B. Allahverdiev
and H. Tuna investigated the resolvent operator of a singular g-Dirac system
(see [15])). In [16], the spectral properties of the eigenvalues and the eigenfunctions
of the ¢-Sturm-Liouville boundary value problem are investigated.

Also, there are many physical models involving ¢-difference and their re-
lated problems in [21-23|. In these studies, several physical models involving g-
functions, g-derivatives, g-integrals and their related problems are investigated.
However, to our knowledge, there is no study of the general problem as we do in
the present setting. At this point, it is worth mentioning that this work is based
on the g-difference operator, which is attributed to Jackson and a similar study
of the Stum-Liouville systems generated by the Askey—Wilson derivative.

In [24] and [25], the Sturm-Liouville problems are generalized by a fractional
derivative of order o, 0 < a < 1. The numerical solutions of fractional Sturm-—
Liouville problems were examined.

2. Preliminaries

In this section, we give some of the g-notations and we use these g-notations
throughout the paper. These standard notations are based on [18].

If ¢ € R is fixed, a subset A of C is called g-geometric if gt € A whenever
t € A. Let h be a function, real or complex valued, defined on a g-geometric set A,
q # 1. Let ¢ be a positive number with 0 < ¢ < 1. The g¢-difference operator D,
is defined as

Dyh(t) = W vt e A\ {0}.

The ¢~ '-derivative at zero is defined by

D,-1h(t) = lim hita™™) — O) _ py o).

n——oo tq—"
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When required, we will replace ¢ by ¢~'. We can demonstrate the correctness of
the following facts using the definition and will often use it

Dy-1h(t) = (Dgh)(q~'t),  Dgh(q~'t) = qDg[Dgh(q™"t)] = Dy-1 Dgh(t).

Associated with this operator, there is a non-symmetric formula for the g-diffe-
rentiation of a product of the functions h and ¢ defined in the g-geometric set.

Dq[h(t)g(t)] = h(qt) Dag(t) + g(t) Dgh(t). (4)

The g-integral called Jackson integral is given by
JRCEETD TR
n=0

L2(0,7) is the space of all complex-valued functions defined in (0,7) with the

norm
- 1/2
il = ( / rh<t>|2dqt) < o0

and it is a separable Hilbert space (see [6]) with the inner product

(h,g) = /0 ' h(t)g(t)dgt.

The space C’g (0) is the space of all continuous functions with the g-derivative first
order at the point zero.

DEFINITION. A function f that is defined on a g-geometric set A, 0 € A, is said
to be g-regular at zero if

lim f(t¢") = f(0), Vte A.

n—oo

If h and g are both ¢-regular at zero, there is a rule of ¢g-integration by parts
given by

/07r 9(t)Dgh(t)dyt = (hg)(m) — (hg)(0) — /07r Dqag(t)h(qt)dqt.
An important special case, we have
| Dabterdst = o - o) )
The g-Wronskian of two functions h and g is defined as
Wy(h, g)(t) = h(t)Dag(t) = g(¢) Dgh(t).
LEMMA 1 (SEE |2|). Let h(-), g( ) in Lg(O,ﬂ) be defined on [0,q 'n]. Then,

for t € (0, 7] we have

n—oo

(Dyf.g) = Ww)glra ) — tuw Wxa"gwa D) + (b —2Dyrg). (O
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1 , . P
<—§Dq71 h,g> = nlg]go h(mg" Yg(mq") — h(mq Y )g(r) + (h, Dyg) . (7)
3. The self-adjoint problem

THEOREM 1. The g-analogue of the Sturm—Liouville eigenvalue problem (1)—(3)
is self-adjoint on CZ(0) N L2(0, ).

Proof. We first prove that (), o(-) in L2(0,7), we have the following
g-Lagrange’s identity

/07r (lﬁ(t)a(t) — K)(t)lo‘(t))dqt = [k, o0)(7r) — lim [&,o](7mq"), (8)

n—o0

where

[k,0](t) := k(t)D,~10(t) — D

q -1 K,(t)ﬁ.

q

Applying (7) with h(t) = Dyk(t) and g(t) = o(t), we obtain the following:

1
<_apq,1pqn<t), a(t)>—
= —(Dg) (g "o (m) + lim (Dgr)(nq" ) (wq") + (Dyr, Dyo) =

= =D 1k(m)o(m) + nh_}rgo Dy-1k(mq")o(mq™) + (Dyk, Dyo) .
Applying (6) to h(t) = k(t), g(t) = Dyo(t), we obtain
(Dgki, Dgo) =

n—oo

- . 1
= k(m)Dyo(ng™1) — lim k(mq")Dgo(mrg"1) + <I€, —fDq_1an> =
q
- - 1
= K(m)Dyro(m) — lim w(mg")Dy-10(mq") + <H, —gqulpqa)
Therefore,

<—;Dq1Dq/<;(t),a(t)> = [r.0)(m) — lim [K,U](ﬂq")+<n,—;Dq1DqU>. ()

The Lagrange’s identity (8) is the result of (9) and the reality of u(t). Letting (- ),
o(-) in C2(0) and assuming that they satisfy (2), (3), we obtain the following:

k(0) =0, o(0)=0. (10)
The continuity of k(- ), o(-) at zero implies that

lim [k, o](mq") = [k, 0](0).

n—oo

Then (9) will be

<_;Dq1DqH, o) = [x.0](r) — [5.0](0) + (. —;Dqlpqa>.

410
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From (10), we have

[k,0](0) = K£(0)Dy-10(0) — Dy-1£(0)o(0) = 0.

q

Similarly,

[k,0](m) = k(m)Dy-10(w) — D

q q

Since u(t) is real valued,

(U(k), o) = <—(1]Dq1Dq/-i(t) Fut)s(t), (1)) =

1
— <—§Dq_1qu(t), U(t)> + (ut)r(t),o(t)) =

1
_ <ﬁ, —quleqa> + k(1) u(t)a (b)) = (k, (o))
i.e. [ is a self-adjoint operator. O

4. Completeness of eigenfunctions

LEMMA 2. Let h and g be g-reqular at zero. The Wronskian Wy (h, g)(t) of the
g-analogue of the Sturm—Liouville problem (1) does not defend on t.

Proof. The proof can be done similarly to [9]. O

Let n(t,v) be the solution of equation (1) with discontinuity conditions (2)
and initial conditions

n(0,v) =0, Dg,1n(0,v) =1, (11)
and £(¢,v) be the solution of (1) with discontinuity conditions (2) and
{(mv) =0, Dyaf(mv)=1

Since the g-Wronskian is independent of ¢, we can evaluate it at ¢ = 0 and use
the above conditions at ¢ in order to write

Wq(n,§)(v) = Wo(v) = =£(0,v). (12)

It follows from condition (3) that W (r) = 0 if and only if v is an eigenvalue of
the g-analogue of the Sturm—Liouville problem (1).
Denote by v, the eigenvalues and by «, the normalized numbers of problem

(1), 2 )
an:/ 02 (t, vy)dyt. (13)
0

The numbers {v,, a,} are said to be the spectral date of the problem (1)-(3).
A and ¥ are eigenvalues and normalized numbers, respectively, in the case of
u(t) = 0 in the equation (1), where u(t) is a potential function. Then there exists
a sequence 3, such that

1) g(t7 VTL) = Bnn(ta UTL)? Bn 7& _07

2) Bnay = —Wy(vy), where Wy (v) = D,W,(v) (respect to v),
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\F\F{en}elg,an:/f €[t An)dat, (see [20]),

On
N
LemMA 3. The eigenvalues and eigenfunctions of the g-analogue of the Sturm—
Liouville problem (1)—(3) have the following properties:
i) the eigenvalues are real;
i1) eigenfunctions that belong to different eigenvalues are orthogonal,
ii1) all eigenvalues are simple.

Proof.
i) Let 1y be an eigenvalue with an eigenfunction ng( - ). Then

(U(n0)smo) = (no,1(mo)) -

(vo — ) /0 o) 2dy

Since no( - ) is non-trivial then vy = 7, which proves 7).
i1) Let v, u be two distinct eigenvalues with the corresponding eigenfunctions
n(-), &(-), respectively. Then

4)

Since I(n9) = vono then

w=n) [ neE@dt o

Since v = p then n( - ) and £( - ) are orthogonal.

i7i) Let vy be an eigenvalue with two eigenfunctions 71 (-) and n2(+). From |2, Co-
rollary 2.15] we can prove that the functions {ni( - ),n2(-)} are linearly
dependent by proving that their ¢-Wronskian vanishes at ¢ = 0. Indeed,

Wa(m1,12)(0) = 11(0) Dgn2(0) — 12(0) Dy (0) =
= 1(0)Dy-112(0) — 12(0)Dy-111(0) = 0,
since both 7, and 72 satisfy (3).
g

THEOREM 1. The system of eigenfunctions {n(t,vy) tn>0 of the problem (1)—(3)
is complete in Lg(O,ﬂ').
Proof. Denote

Glt.rv) =~ {n(m)g(m), <

and consider the function

Y(t,v) = /Oﬂ G(t, 7, v)h(T)d,T =
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1

-~ [5@, V) /0 " )Ry + 1t ) /t "¢, u)h(f)dqf} .

The function G(t, T, v) is called the ¢-type Green function for the g-analogue of the
Sturm-Liouville problem (1)-(3). G(¢,7,v) is the kernel of the inverse operator
for the g-analogue of the Sturm-Liouville problem, i.e. Y (¢,v) is the solution of
the problem

—;Dq_lpqy(t) v+ u®}Y () = ht), telox], veC, —(14)

satisfies the discontinuity condition (2) and the boundary condition (3). Further-
more, taking into account (13), we get the following:

l/li%s Y(t,y):
1 t .
T W) [f(t’”")/o wrn (), + (e [ € u@hmw} _
_ 671 5 i o - o i ) T . ] ]
=~ om) [ ntrmpinider = Laten) [ atmsntyir. 15

Let the function h(t) € L2(0,7) be such that

/ n(1,vp)h(T)dyT =0, n=1,2,...
0

Then in view of (15), Res Y (¢,v) = 0 and consequently for each fixed t € [0, 7],

v=vn,
the function Y (¢,v) is entire in v. Furthermore, for p € G5 = {p : |[p — pro| = 0,
k=41,42,...} and |p| > p* for sufficiently large p* = p*(d), where v = p?, pro
are the zeros of the function

sin pm sin p(2a —
Wo(p) = o™ T 4 am il )
p p
§ is a fixed positive number, a® = %(a + é) (see [17]), p* is rather large, the

inequality

C
(Wy(v)| > ﬁe“mf"”,
P

and consequently the inequality

c .
Y (t,v)| < ﬁ, p€Gs, |pl=p"

are fulfilled (see [17]). Using the maximum principle and Liouville’s theorem, we
conclude that Y (¢,v) = 0. From this and (14) it follows that h(t) = 0 a.e. on
(0, 7). Thus, the theorem is proved. O
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5. The g-sampling theory

THEOREM 2. Let n(t,v) and &(t,v) be the solutions of (1) selected as above.
Then all functions h of the form

s
ho) = [ uln(ev)dt, ue L20.m), (16)
0
can be written as the Lagrange-type sampling expansion:

h(v) =3 h(va) Wolv)
n—=0 Wo(vn) (v — vn)
where Wy (v) is the q-Wronskian of the functions n(t,v) and &(t,v).

Proof. We multiply equation (1) with (¢, v,,). Then we again consider equa-
tion (1), but replace v by 1, and multiply this last equation by 7(t, v). Subtracting
the two results yields

(v — va)n(t, v)n(t,va) = Din(q~ " t,vn)n(t,v) — Din(g~"t,v)n(t, vn).

From the rule for the g-differentiation of a product (4), we can write

(v = va)n(t, v)n(t, va) = Dy [Dan(q ™"t vn)n(t,v) — Dgn(q~"t, v)n(t, va)] -

If we apply a g-integration by means of (5) we obtain

(v~ v) /0 "t )t vn)dgt =

= /0 Dq [an(qilt) Vn)n(t’ V) - an(qilt’ V)T](tv Vn)] dqt =

= Dyn(q ™ m,va)n(m,v) — Dgn(a™'m,v)n(m, va) —
— (an(qflO, vp)n(0,v) — an(qflo, v)n(0, Vn))

From conditions (3) and (11) we get the following:

(v — 1) /0 "t vt vn)dgt =
1

= Dyn(q~ "m0, vn)n(m,v) — Dgn(q—'m, v)n(m,vn) =
= 77(777 V)quln(ﬂ—7 Vn) - n(ﬂ-a Vn)quln(ﬂ-a V)'

From (12), we have the following:
(v — I/n)/ n(t, vIn(t,vn)dgx = Wo(v)Dy-1n(m,vn) — Wo(vn) Dyg-1n(m, v).
0
From v, eigenvalues being zeros of the characteristic function W, (v) of the g-ana-

logue of the Sturm-Liouville problem (1)-(3), we obtain Wy (v,,) = 0. Then, we
have

(v~ v) /0 "t )t v )dgt = Wo() Dy-ri(m, vn).
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As a result,

/7r n(t, v)n(t, vy)dgt =
0

and taking the limit a v — v, gives

/0 0t o) Pdgt = W) Dy 1, v).

Therefore, we can apply Kramer’s lemma (see [19]) and write an integral transform
of the form (16) as

' Wy(v) .
Wo(vn) (v — vn)

h(v) = Z h(vy,)
n=0

ExampLE. Consider the following ¢-Sturm—Liouville problem:

1
—ququy(t) =vy(t), 0<t<m wveC,
together with the discontinuity conditions at a point a € (0,7)
y(a+0) = ay(a—O), Dq—ly(a+0) = oz_qu_ly(a—O),

and boundary conditions
y(0) = y(m) =0,

where 0 < ¢ < 1, a is real; a # 1, @ > 0. The system of functions {no(t,v2)}>,,
where v = p?

sin pt
Pl iy 0<t<a,
_ P
no(t,v) = in pt inp(2a — t
o SinP +Ofsmp( a )7 o<t<m
p p
where a* = %(a + é)7 is complete in the space L?](O, ).

6. Conclusion

In this paper, a g-analogue of the Sturm—Liouville problem with discontinuity
condition on a finite interval is studied. It is shown that the eigenfunctions of
this problem are in the form of a complete system. A sampling theorem is proved
for integral transforms whose kernels are basic functions and the integral is of
Jackson’s type. Finally, it is proved that the g-analogue of the Sturm-Liouville
problem with discontinuity conditions is self-adjoint in L2(0, ).

In future studies, the main equation for the g-analogue of the Sturm—Liouville
problem can be obtained. The Weyl solution and the Weyl function can be defined
for the g-analogue of the Sturm—Liouville problem. Uniqueness theorems for the
solution of the inverse problem according to the Weyl function and spectral date
can be proved.
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Annoranus

Uccnenyercsa g-anasor 3amaun [Itypma—JIuyBunis ¢ ycoBueMm paspbi-
Ba Ha KOHEYHOM mHTepBaJje. /lokazano, uro ¢-3amada IlIrypma—Jluysuiis
C YCJIOBUSIMH DPa3pbIBa BJISIETCS CAMOCOIIPS?KEHHON B Lg (0, 7). Hokazanb
TeopeMa O [TOJTHOTE U TeopeMa O BbiOOpKe. [IpuBoguTcs mpumep, WLIIOCTPU-
PYIOIIHI IOTyYeHHbIE PE3YJIbTATHI.

Kuarouessie ciioBa: g-omeparop Illtypma—/Iuysuis, mosmHOTAa COOCTBEH-
HBIX (DYHKIIWIA, CAMOCOIIPSI?)KEHHBIN OIIEPATOP.
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Konkypupyiomiye naTepecshl. ¢ 3asBiis10, 9T0 KOHKYPUPYIOIIINX HHTEPECOB HE UMEIO.

ABTOpCKas OTBETCTBEHHOCTD. $I HECy IOJHYIO OTBETCTBEHHOCTD 3a IPEJOCTABICHHIE
OKOHYATEJJbHOI BepCun DPYKOIIMCHU B IIe49aTb. OKOH‘IaTe.HbHaH BepCus PYKOIIMCU MHOIO
omobpeHa.
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