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Abstract

In this paper, we introduce the concept of T3-contraction for a pair of
commuting self-mappings and prove a common fixed point theorem for this
type. Our results improve and extend many existing results in the literature.
The paper also contains an application for non-linear integral equations.
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1. Introduction. The importance of fixed point theories lies in finding solu-
tions for many problems in applied sciences such as physics, variational inequality,
optimization, and many other problems in non-linear analysis.

In 1998, Jungck [1] introduced the concept of weakly compatible pairs of map-
pings, that is, the class of mappings such that they commute at their coincidence
points. In recent years, several authors have obtained common fixed point results
for different classes of mappings on various metric spaces, such as complete metric
spaces.

In 2012, Samet et al. [2]| introduced the notion of a-admissible mappings.
By using this concept, the authors defined a-t-contractive mappings and proved
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a nice result for such mappings in the setting of metric spaces. Then Abdelja-
wad [3]| expanded the notion of a-admissibility to a pair of functions.

Recently, the authors in [4] established a common fixed point theorem without
using any additional condition on the space. Namely, we assert the following
theorem.

THEOREM 1.1 [4]. Let (X, d) be a bounded complete metric space. Let f and g
be two weakly compatible self-mappings of X satisfying the following conditions
i) 9(X) C f(X),
r£yeX

If the range of f or g is a S-complete subspace of X, then f and g have a
unique common fized point.

Recent works in this direction can be found in [5-11].
Note that we can find a class of weakly compatible mappings satisfying

x;?r}éX{d<fxa fy) - d(g.’E, gy)} =0,

which have common fixed points, in this case, Theorem 1.1 does not work.
Inspired by the above facts, we prove a common fixed point theorem satisfying
a new condition, named Tg-contraction, which improves Theorem 1.1, and present
an example to illustrate the usability of our result.
Finally, on the basis of our main result, we study the existence of solutions for
a system of differential equations.

2. Preliminaries. The purpose of this section is to explain some notions and
results utilized in the paper.

Let (X, 7) be a topological space and p : X x X — [0,00) be a function. For
any € > 0 and any z € X, let By(z,¢) ={y € X : p(z,y) < e}

DEFINITION 2.1 [12]. The function p is said to be 7-distance if for each x € X
and any neighborhood V' of z, there exists ¢ > 0 such that By(z,e) C V.

DEFINITION 2.2 [12]. A sequence {z,} in a Hausdorff topological space (X, )
is a p-Cauchy if it satisfies the usual metric condition with respect to p, in other

words, if lim p(x,,zm,) = 0.
,M—00

DEFINITION 2.3 [12]. Let (X, 7) be a topological space with a 7-distance p.

1) X is S-complete if for every p-Cauchy sequence {z,}, there exists z in X
with lim p(z, x,) = 0.

2) X is p-Cauchy complete if for every p-Cauchy sequence {x,}, there exists
x in X such that lim z,, = x with respect to 7.

3) X is said to be p-bounded if sup{p(z,y) : z,y € X} < 0.

LEMMA 2.1 [12]. Let (zy,) be a sequence in a Hausdorff topological space (X, T)
with a T-distance p and x,y € X, then
1) if {an} C RY a sequence converging to 0 such that p(z,z,) < ay for all
n € N, then {x,} converges to = with respect to the topology T;
2) p(z,y) = 0 implies © = y;
3) if lim p(x,x,) =0 and lim p(y,z,) =0, then x = y.

DEFINITION 2.4 [12]. ¥ is the class of all functions ¢ : [0,400) — [0, +00)
satisfying:
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i) 1 is nondecreasing;
i) lim™(t) = 0, for all ¢ € [0, o).
DEFINITION 2.5 [2]. Let (X, d) be a metric space, T : X = X and o : XxX - R*
be two given mappings. Then, T is called an a-admissible mapping if

alz,y) 21 = a(Tz,Ty) > 1forall z,y € X.

LEMMA 2.2 [4]. Let (X,d) be a metric space and p : X xX — R be a function
defined by

pla,y) = eV — 1.

Then p is a T4-distance on X, where 74 is the metric topology.

LEMMA 2.3 [4]. Let (X,d) be a bounded metric space. Then the function p
defined in Lemma 2.2 is a bounded T-distance.

LEMMA 2.4 [4]. Let (X,d) be a complete metric space. Then the function p
defined in Lemma 2.2 is a S-complete T—distance.

3. Main results. We start our work by introducing the notion of T-a-
admissible for a pair of self-mappings f and ¢g on a metric space X.

DEFINITION 3.1. Let f, g be two self-mappings of a bounded metric space (X, d)
and o : XxX — RT be a function. (f,g) is said to be a pair of T-a-admissibility

if fg=gf and
a(z,y) =21 = a(gzr,gy) > 1 and a(fz, fy) > 1

for all x,y € X.

THEOREM 3.1. Let (X, ) be a Hausdorff topological space with a T-distance p.
Suppose that X is p-bounded and f(X) is S-complete. Let f and g be two self-
mappings of X such that

i) g(X) C F(X);

it) (f,q) is a pair of T-a-admissibility;

i) (a: gx) =1 forallz € X
i) there exists xg € X such that a(zo, g"xo) = 1 and afz, g"xo) # 0, for all
r € X andn € N;

v) oz, y)p(gz, gy) < Y(p(fx, fy)), for all v,y € X, where ¢ € V.

Then f and g have a common fized point.

Proof. Let xyp € X such that a(zg,¢"z9) > 1. Since g(X) C f(X), then
there exist z1, 9 € X such that g(z¢) = f(x1) = x2, continuing this process, we
can choose x,, € X such that xo,1+9 = fronr1 = gra, for any n € N.

Now, consider the sequences {y,} = {x2n}, {zn} = {zon+1} and {t,.} = {3, }.

Let n, m € N, since (f,g) is T-a-admissible, we obtain a(za,, Tontom) = 1
and we have

p(on, oner) = p(f$2n+1a fx2n+2m+1) = p(9$2na g$2n+2m) <

(T2n, Tan+2m)P(9%2n, §Tontom) <

<«
< w( (fonv fx2n+2m)) <

G (p(f* w0, [P w2m)) < WMD),

N
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where M = sup{p(z,y) : z,y € X}. As lim¢"(M) = 0, so the sequence {fz,}
is a p-Cauchy sequence. Since f(X) is S-complete, there exists u € X such that
lim p( fu, fn) = 0.

By the same argument, it is easy to prove that {fy,}, {ft,} are p-Cauchy
sequences, which leads to lim p(fu, fz,) = lim p(fu, fy,) = lim p(fu, ft,).

On the other hand we have

a(u, yn)p(gua fzn) = a(u, yn)p(gu7 f$2n+1) =
= a(u, T2n)p(gu, gran) <

< p(f%fl“m) :p(fU, fyn)

Since a(u, yn) = a(u, g"xo) # 0, we have

lim p(gu, fzn) = limp(fu, fyn) = limp(fu, fz,) = 0.

By Lemma 2.1, we conclude that fu = gu.
Suppose that p(gu, ggu) # 0, the assumption that a(u, gu) > 1 implies

p(gu, ggu) < au, gu)p(gu, ggu) <
< Y(p(fu, ggu)) < p(gu, ggu)
which is a contradiction.

Hence ggu = gu and fgu = gfu = ggu = gu, it follows that that gu is a
common fixed point of f and g. 0

For f = Idx, a(z,y) = 1 and ¥(t) = kt, where k € [0,1) in Theorem 3.1, we
get.

COROLLARY 3.1 [12]. Let (X, 7) be a Hausdorff topological space with a T-dis-
tance p. Suppose that X is p-bounded and S-complete. Let g be a self-mapping of
X, if there exist k € [0,1) such that

p(gz, gy) < kp(z,y),

for all x,y € X. Then g has a fized point.
Now, we introduce the notion of pair of Ts-contraction.

DErFINITION 3.2. Let f, g be two self-mappings of a bounded metric space
(X,d), (f,9g) is said to be a pair of Tg-contraction if fg = gf, f(z,gzr) <0 and

x?igéx{d(fx7 fy) - d(gaz,gy) + ﬁ(CC, y)} > 0’

where 8 : X xX — R is a function satisfying

B(z,y) <0 = B(gzr,gy) <0 and B(fz, fy) <0,

for all x,y € X.
Our first result is the following.

THEOREM 3.2. Let (f,g) be a pair of Tg-contraction of a bounded complete
metric space (X,d) such that
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i) 9(X) C f(X);
it) there exists xg € X such that B(zo,g"xo) < 0, for alln € N;
i) 5(a,t) < inf {d(fa. fy) ~ digz,gy) + Bla.)}, for all a,b € X.
a#y

Then f and g have a common fized point.

Proof. Since (f,g) is a pair of Tg-contraction, so there exists a function
B : XxX — R such that

it {d(fz. fy) = d(gz. gy) + B(a,y)} > 0.

We put

v = x;géx{d(fx, fy) — d(gz, gy) + B(z,y)},

which implies that for all x # y € X, we have

d(gz,gy) — B(x,y) < d(fz, fy) — .

Thus
oz, y)ed92:9Y) L fedlfofy)

where k = ¢ < 1 and a(z,y) = e #@¥). Then, it follows from (iii) that
a(z,y)p(gx, gy) < kp(fz, fy),

for all z, y € X, with p(z,y) = e“®¥) —1 is the 7-distance defined in Lemma 2.2.
Finally, we deduce from Lemmas 2.2, 2.3, 2.4 and Theorem 3.1 that f and g
have a common fixed point. O

COROLLARY 3.2 [5]. Let g : X — X be a mapping of a bounded complete metric
space (X, d) such that

inf {d —d > 0.
r;gex{ (z,y) —d(9x, gy)}

Then g has a fized point.
ExampLE. Let X = {0, 1,2} endowed with the discrete metric

dwn={ iy
Define self-mappings g and f on X by
g0=gl=9¢g2=2, fO=f1=0, f2=2,
and a function 8 : X x X — R by

1, if z,y e {0,1},
Bla,y) _{ 0, otherwise.

It is clear that

B(x,y) <0 = B(gz,g9y) <0 and B(fz, fy) <O,
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and
fgxr =gfx =2,

for all z,y € X.
Also,

9(X) = {2} C f(X) ={0,2},
Bz, gx) <0, B(2,9"2) <0,
forall z € X and n € N,
d(fz, fy) — d(gz, gy) + B(z,y) = 1,

for all x £y € X.
Then g and f satisfy all conditions of Theorem 3.2 and have the common fixed
point 2.

REMARK. Note that, in the class of commuting mappings, Theorem 3.2 is a real
extension of Theorem 1.1, indeed:

4. Application. In this section, we will prove the existence of a common
solution for two nonlinear integral equations

:v(t)—/Otk<s,/osk(u,m(u)>du)ds, te 0,7, (1)
:v(t):/otk(s,x(s))ds, te 0,7, @)

where z € C[0, 7], the space of all continuous functions from [0, 7] into R, with
7>0. K:[0,7]xR — R is a continuous mapping.
Let X = C|0, 7] be endowed by the metric

d(z,y) = tshl)p} |z (t) — y(t)|.
c|0,7

Define the mappings f,g: X — X as follows

ga:(t):/Otk<s,/osk(u,m(u))du>ds, te o7, (3)
Falt) = /Otk:(s,:c(s))ds, te [0, 7]. (@)

Hence, equations (1) and (2) have a common solution if and only if the mappings
f and g have a common fixed point.

THEOREM 4.1. Let g, f : X — X be the mappings defined by (3) and (4) and
assume the following condition is satisfied.
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There exist M > 0 and a function 6 : XXX — R such that for all z,y € X
with x # y, we have:

r,y) >0 = [K(t,2(0)) — k(t, ()] < = (le(t) — y(0)] — M), 5
Or,y) <0 = [k(t, (1)) — K(t,y(1)] < [art) — y(0)]

and
— forallz, y € X, 0(z,y) = 0 implies 0(gx, gy) = 0 and 6(fx, fy) >
— there exists xg € X such that 0(xg,g"xo) = 0 for all n € N,
- 0(x,g9x) >0 for all z € X.

Then the functional equations (1) and (2) have a common solution.

Proof. It is easy to see that fg(z) = gf(z) for all x € X and ¢g(X) C f(X).

Let z # y € X and t € [0, 7]. We discuss two cases.
Case 1. If (x,y) > 0, we have

lg2(t) — ga(t)] = /Otk:<s,/08k(u,x(u))du>ds—/Dtk<s,/osk(u,y(u))du>ds

< i/0< /Otk(u,m(u))du—/Otk(u,y(u))du —M)ds <
<

Then d(gz, gy) < d(fz, fy) — M.
Case 2. If O(x,y) < 0, we have

( /k:u.r du)ds—/tk(s,/osk'(u,y(u))du>ds <
ié(%k@(»m—ém i )as < d(. ).

So d(gx,gy) < d(fz, fy).
Now, define 5 : XxX — R by

<

lgz(t) — gz (t)]

N

_ [0, if6(z,y) >0,
Bla,y) = { M,  otherwise.

Then, by (5) we have

f 1d( > 0.
ot {d(fz, fy) = d(ge, gy) + ()}
If we have f(z,y) < 0, from the definition of 8 we obtain that S(gz, gy) < 0 and
B(fz, fy) <0, and B(xg, g"xo) < 0 for all n € N.
Also, we have (z, gx) < 0 for all z € X, so the pair (f, g) is a Ts-contraction.
Moreover, we have for all a, b € X

Bla,b) < inf {d(fw, fy) — d(gx, gy) + B(z.v)}.

rz#yeX
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Finally, we conclude by Theorem 3.2 that the functional equations (1) and (2)
have a common solution. O
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3amMmeudaHue 06 OOIIUX TeopeMax O HEMOABUXKHOI TOYKe
B OIPAHUYEHHOM METPUYIECKOM ITPOCTPAHCTBE

Y. Touail, A. Jaid, D. El Moutawaksil

Vuusepcurer Cynrana Mynas Ciaumana,
Benu-Mesnans, 23000, Mapokko.

AHHOTaNSA

Bsoaurcsa xonnennus Tg-cxkaTus JJId apbl KOMMYTHPYIOMIAX CaMOIIpe-
o0pa3oBaHMil U IOKa3bIBaeTCs OD0Iasi TeopeMa O HEIOJBUXKHON TOUKe JJIst
sroro tuna. [lojryueHHbIe Pe3y/IbTaThl YIIydIIaloT U 0000IAI0T MHOTHE W3-
BECTHBIE B JIUTEPATYPE PE3yJbTaThbl. B KadecTBE TPUIIOKEHUS IOy IeHHBIX
PEe3yJIbTATOB IIPUBOIUTCS JTOKA3ATEIHCTBO CYIIECTBOBAHUS OOIIEro PeIeHust
JJ1d IByX HeJIMHEHHBbIX MHTeTrPaJIbHBIX ypPaBHEHUN.

KnroueBble ciioBa: HENOIBIMKHAS TOUKA, 1 g-cxKaTHe, 1 — a-TOIMyCTIMOCTS,
T-PacCTosHue.

Monyuenue: 5 monga 2022 r. / Vcnpasnenne: 23 mapra 2023 1. /
Ipunsitue: 25 mast 2023 1. / Iy6uukanus onaiin: 20 nronst 2023 1.

Konkypupymomime nHTepecbl. OT nUMeHH BCeX aBTOPOB aBTOP-KOPPECIOHJIEHT 3asiB-
JisieT 00 OTCYTCTBUU KOH(MDJINKTA UHTEPECOB.

ABTOpCKUIT BKJIaJ 1 OTBETCTBEHHOCTBb. Bce aBTOpHI IpUHUMAJIN yYacTHe B pa3pa-
060TKe KOHITEIIIINY CTATHU; BCE aBTOPHI CEIAIN SKBUBAJEHTHBIN BKJIA B TTOJITOTOBKY I1y0-
JiMKanuu. ABTOPBI HECYT IOJIHYIO OTBETCTBEHHOCTH 3a IIPEIOCTaBJIEHNE OKOHYATEHHON
pykormucu B iedarb. OKOHUATEIbHAS BEPCUS PYKOINCH ObLIa 0J00peHa BCEMU ABTOPAMU.
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