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Abstract
In this paper, we introduce the concept of 𝑇𝛽-contraction for a pair of

commuting self-mappings and prove a common fixed point theorem for this
type. Our results improve and extend many existing results in the literature.
The paper also contains an application for non-linear integral equations.

Keywords: fixed point, 𝑇𝛽-contraction, 𝑇 − 𝛼-admissible, 𝜏 -distance.

Received: 5th July, 2022 / Revised: 23rd March, 2023 /
Accepted: 25th May, 2023 / First online: 20th June, 2023

1. Introduction. The importance of fixed point theories lies in finding solu-
tions for many problems in applied sciences such as physics, variational inequality,
optimization, and many other problems in non-linear analysis.

In 1998, Jungck [1] introduced the concept of weakly compatible pairs of map-
pings, that is, the class of mappings such that they commute at their coincidence
points. In recent years, several authors have obtained common fixed point results
for different classes of mappings on various metric spaces, such as complete metric
spaces.

In 2012, Samet et al. [2] introduced the notion of 𝛼-admissible mappings.
By using this concept, the authors defined 𝛼-𝜓-contractive mappings and proved
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a nice result for such mappings in the setting of metric spaces. Then Abdelja-
wad [3] expanded the notion of 𝛼-admissibility to a pair of functions.

Recently, the authors in [4] established a common fixed point theorem without
using any additional condition on the space. Namely, we assert the following
theorem.

Theorem 1.1 [4]. Let (𝑋, 𝑑) be a bounded complete metric space. Let 𝑓 and 𝑔
be two weakly compatible self-mappings of 𝑋 satisfying the following conditions

i) 𝑔(𝑋) ⊂ 𝑓(𝑋),
ii) inf

�̸�=𝑦∈𝑋
{𝑑(𝑓𝑥, 𝑓𝑦)− 𝑑(𝑔𝑥, 𝑔𝑦)} > 0.

If the range of 𝑓 or 𝑔 is a 𝑆-complete subspace of 𝑋, then 𝑓 and 𝑔 have a
unique common fixed point.

Recent works in this direction can be found in [5–11].
Note that we can find a class of weakly compatible mappings satisfying

inf
𝑥 ̸=𝑦∈𝑋

{𝑑(𝑓𝑥, 𝑓𝑦)− 𝑑(𝑔𝑥, 𝑔𝑦)} = 0,

which have common fixed points, in this case, Theorem 1.1 does not work.
Inspired by the above facts, we prove a common fixed point theorem satisfying

a new condition, named 𝑇𝛽-contraction, which improves Theorem 1.1, and present
an example to illustrate the usability of our result.

Finally, on the basis of our main result, we study the existence of solutions for
a system of differential equations.

2. Preliminaries. The purpose of this section is to explain some notions and
results utilized in the paper.

Let (𝑋, 𝜏) be a topological space and 𝑝 : 𝑋 ×𝑋 → [0,∞) be a function. For
any 𝜀 > 0 and any 𝑥 ∈ 𝑋, let 𝐵𝑝(𝑥, 𝜀) = {𝑦 ∈ 𝑋 : 𝑝(𝑥, 𝑦) < 𝜀}.

Definition 2.1 [12]. The function 𝑝 is said to be 𝜏 -distance if for each 𝑥 ∈ 𝑋
and any neighborhood 𝑉 of 𝑥, there exists 𝜀 > 0 such that 𝐵𝑝(𝑥, 𝜀) ⊂ 𝑉 .

Definition 2.2 [12]. A sequence {𝑥𝑛} in a Hausdorff topological space (𝑋, 𝜏)
is a 𝑝-Cauchy if it satisfies the usual metric condition with respect to 𝑝, in other
words, if lim

𝑛,𝑚→∞
𝑝(𝑥𝑛, 𝑥𝑚) = 0.

Definition 2.3 [12]. Let (𝑋, 𝜏) be a topological space with a 𝜏 -distance 𝑝.
1) 𝑋 is 𝑆-complete if for every 𝑝-Cauchy sequence {𝑥𝑛}, there exists 𝑥 in 𝑋

with lim 𝑝(𝑥, 𝑥𝑛) = 0.
2) 𝑋 is 𝑝-Cauchy complete if for every 𝑝-Cauchy sequence {𝑥𝑛}, there exists

𝑥 in 𝑋 such that lim𝑥𝑛 = 𝑥 with respect to 𝜏 .
3) 𝑋 is said to be 𝑝-bounded if sup{𝑝(𝑥, 𝑦) : 𝑥, 𝑦 ∈ 𝑋} <∞.
Lemma 2.1 [12]. Let (𝑥𝑛) be a sequence in a Hausdorff topological space (𝑋, 𝜏)

with a 𝜏 -distance 𝑝 and 𝑥, 𝑦 ∈ 𝑋, then
1) if {𝛼𝑛} ⊂ R+ a sequence converging to 0 such that 𝑝(𝑥, 𝑥𝑛) 6 𝛼𝑛 for all

𝑛 ∈ N, then {𝑥𝑛} converges to 𝑥 with respect to the topology 𝜏 ;
2) 𝑝(𝑥, 𝑦) = 0 implies 𝑥 = 𝑦;
3) if lim

𝑛→∞
𝑝(𝑥, 𝑥𝑛) = 0 and lim

𝑛→∞
𝑝(𝑦, 𝑥𝑛) = 0, then 𝑥 = 𝑦.

Definition 2.4 [12]. Ψ is the class of all functions 𝜓 : [0,+∞) → [0,+∞)
satisfying:
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i) 𝜓 is nondecreasing;
ii) lim𝜓𝑛(𝑡) = 0, for all 𝑡 ∈ [0,∞).
Definition 2.5 [2]. Let (𝑋, 𝑑) be a metric space, 𝑇 : 𝑋→𝑋 and 𝛼 : 𝑋×𝑋→R+

be two given mappings. Then, 𝑇 is called an 𝛼-admissible mapping if

𝛼(𝑥, 𝑦) > 1 =⇒ 𝛼(𝑇𝑥, 𝑇𝑦) > 1 for all 𝑥, 𝑦 ∈ 𝑋.

Lemma 2.2 [4]. Let (𝑋, 𝑑) be a metric space and 𝑝 : 𝑋×𝑋 → R+ be a function
defined by

𝑝(𝑥, 𝑦) = 𝑒𝑑(𝑥,𝑦) − 1.

Then 𝑝 is a 𝜏𝑑-distance on 𝑋, where 𝜏𝑑 is the metric topology.
Lemma 2.3 [4]. Let (𝑋, 𝑑) be a bounded metric space. Then the function 𝑝

defined in Lemma 2.2 is a bounded 𝜏 -distance.
Lemma 2.4 [4]. Let (𝑋, 𝑑) be a complete metric space. Then the function 𝑝

defined in Lemma 2.2 is a 𝑆-complete 𝜏−distance.
3. Main results. We start our work by introducing the notion of 𝑇 -𝛼-

admissible for a pair of self-mappings 𝑓 and 𝑔 on a metric space 𝑋.
Definition 3.1. Let 𝑓 , 𝑔 be two self-mappings of a bounded metric space (𝑋, 𝑑)

and 𝛼 : 𝑋×𝑋 → R+ be a function. (𝑓, 𝑔) is said to be a pair of 𝑇 -𝛼-admissibility
if 𝑓𝑔 = 𝑔𝑓 and

𝛼(𝑥, 𝑦) > 1 =⇒ 𝛼(𝑔𝑥, 𝑔𝑦) > 1 and 𝛼(𝑓𝑥, 𝑓𝑦) > 1,

for all 𝑥, 𝑦 ∈ 𝑋.
Theorem 3.1. Let (𝑋, 𝜏) be a Hausdorff topological space with a 𝜏 -distance 𝑝.

Suppose that 𝑋 is 𝑝-bounded and 𝑓(𝑋) is 𝑆-complete. Let 𝑓 and 𝑔 be two self-
mappings of 𝑋 such that

i) 𝑔(𝑋) ⊂ 𝑓(𝑋);
ii) (𝑓, 𝑔) is a pair of 𝑇 -𝛼-admissibility;
iii) 𝛼(𝑥, 𝑔𝑥) > 1 for all 𝑥 ∈ 𝑋;
iv) there exists 𝑥0 ∈ 𝑋 such that 𝛼(𝑥0, 𝑔𝑛𝑥0) > 1 and 𝛼(𝑥, 𝑔𝑛𝑥0) ̸= 0, for all

𝑥 ∈ 𝑋 and 𝑛 ∈ N;
v) 𝛼(𝑥, 𝑦)𝑝(𝑔𝑥, 𝑔𝑦) 6 𝜓(𝑝(𝑓𝑥, 𝑓𝑦)), for all 𝑥, 𝑦 ∈ 𝑋, where 𝜓 ∈ Ψ.
Then 𝑓 and 𝑔 have a common fixed point.
P r o o f. Let 𝑥0 ∈ 𝑋 such that 𝛼(𝑥0, 𝑔𝑛𝑥0) > 1. Since 𝑔(𝑋) ⊂ 𝑓(𝑋), then

there exist 𝑥1, 𝑥2 ∈ 𝑋 such that 𝑔(𝑥0) = 𝑓(𝑥1) = 𝑥2, continuing this process, we
can choose 𝑥𝑛 ∈ 𝑋 such that 𝑥2𝑛+2 = 𝑓𝑥2𝑛+1 = 𝑔𝑥2𝑛 for any 𝑛 ∈ N.

Now, consider the sequences {𝑦𝑛} = {𝑥2𝑛}, {𝑧𝑛} = {𝑥2𝑛+1} and {𝑡𝑛} = {𝑥3𝑛}.
Let 𝑛, 𝑚 ∈ N, since (𝑓, 𝑔) is 𝑇 -𝛼-admissible, we obtain 𝛼(𝑥2𝑛, 𝑥2𝑛+2𝑚) > 1

and we have

𝑝(𝑓𝑧𝑛, 𝑓𝑧𝑛+𝑚) = 𝑝(𝑓𝑥2𝑛+1, 𝑓𝑥2𝑛+2𝑚+1) = 𝑝(𝑔𝑥2𝑛, 𝑔𝑥2𝑛+2𝑚) 6

6 𝛼(𝑥2𝑛, 𝑥2𝑛+2𝑚)𝑝(𝑔𝑥2𝑛, 𝑔𝑥2𝑛+2𝑚) 6

6 𝜓(𝑝(𝑓𝑥2𝑛, 𝑓𝑥2𝑛+2𝑚)) 6
...

6 𝜓2𝑛(𝑝(𝑓2𝑛𝑥0, 𝑓
2𝑛𝑥2𝑚)) 6 𝜓

2𝑛(𝑀),
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where 𝑀 = sup{𝑝(𝑥, 𝑦) : 𝑥, 𝑦 ∈ 𝑋}. As lim𝜓𝑛(𝑀) = 0, so the sequence {𝑓𝑧𝑛}
is a 𝑝-Cauchy sequence. Since 𝑓(𝑋) is 𝑆-complete, there exists 𝑢 ∈ 𝑋 such that
lim 𝑝(𝑓𝑢, 𝑓𝑧𝑛) = 0.

By the same argument, it is easy to prove that {𝑓𝑦𝑛}, {𝑓𝑡𝑛} are 𝑝-Cauchy
sequences, which leads to lim 𝑝(𝑓𝑢, 𝑓𝑧𝑛) = lim 𝑝(𝑓𝑢, 𝑓𝑦𝑛) = lim 𝑝(𝑓𝑢, 𝑓𝑡𝑛).

On the other hand we have

𝛼(𝑢, 𝑦𝑛)𝑝(𝑔𝑢, 𝑓𝑧𝑛) = 𝛼(𝑢, 𝑦𝑛)𝑝(𝑔𝑢, 𝑓𝑥2𝑛+1) =

= 𝛼(𝑢, 𝑥2𝑛)𝑝(𝑔𝑢, 𝑔𝑥2𝑛) <

< 𝑝(𝑓𝑢, 𝑓𝑥2𝑛) = 𝑝(𝑓𝑢, 𝑓𝑦𝑛).

Since 𝛼(𝑢, 𝑦𝑛) = 𝛼(𝑢, 𝑔𝑛𝑥0) ̸= 0, we have

lim 𝑝(𝑔𝑢, 𝑓𝑧𝑛) = lim 𝑝(𝑓𝑢, 𝑓𝑦𝑛) = lim 𝑝(𝑓𝑢, 𝑓𝑧𝑛) = 0.

By Lemma 2.1, we conclude that 𝑓𝑢 = 𝑔𝑢.
Suppose that 𝑝(𝑔𝑢, 𝑔𝑔𝑢) ̸= 0, the assumption that 𝛼(𝑢, 𝑔𝑢) > 1 implies

𝑝(𝑔𝑢, 𝑔𝑔𝑢) 6 𝛼(𝑢, 𝑔𝑢)𝑝(𝑔𝑢, 𝑔𝑔𝑢) 6

6 𝜓(𝑝(𝑓𝑢, 𝑔𝑔𝑢)) < 𝑝(𝑔𝑢, 𝑔𝑔𝑢)

which is a contradiction.
Hence 𝑔𝑔𝑢 = 𝑔𝑢 and 𝑓𝑔𝑢 = 𝑔𝑓𝑢 = 𝑔𝑔𝑢 = 𝑔𝑢, it follows that that 𝑔𝑢 is a

common fixed point of 𝑓 and 𝑔. �

For 𝑓 = 𝐼𝑑𝑋 , 𝛼(𝑥, 𝑦) = 1 and 𝜓(𝑡) = 𝑘𝑡, where 𝑘 ∈ [0, 1) in Theorem 3.1, we
get.

Corollary 3.1 [12]. Let (𝑋, 𝜏) be a Hausdorff topological space with a 𝜏 -dis-
tance 𝑝. Suppose that 𝑋 is 𝑝-bounded and 𝑆-complete. Let 𝑔 be a self-mapping of
𝑋, if there exist 𝑘 ∈ [0, 1) such that

𝑝(𝑔𝑥, 𝑔𝑦) 6 𝑘𝑝(𝑥, 𝑦),

for all 𝑥, 𝑦 ∈ 𝑋. Then 𝑔 has a fixed point.
Now, we introduce the notion of pair of 𝑇𝛽-contraction.
Definition 3.2. Let 𝑓 , 𝑔 be two self-mappings of a bounded metric space

(𝑋, 𝑑), (𝑓, 𝑔) is said to be a pair of 𝑇𝛽-contraction if 𝑓𝑔 = 𝑔𝑓 , 𝛽(𝑥, 𝑔𝑥) 6 0 and

inf
𝑥 ̸=𝑦∈𝑋

{︀
𝑑(𝑓𝑥, 𝑓𝑦)− 𝑑(𝑔𝑥, 𝑔𝑦) + 𝛽(𝑥, 𝑦)

}︀
> 0,

where 𝛽 : 𝑋×𝑋 → R is a function satisfying

𝛽(𝑥, 𝑦) 6 0 =⇒ 𝛽(𝑔𝑥, 𝑔𝑦) 6 0 and 𝛽(𝑓𝑥, 𝑓𝑦) 6 0,

for all 𝑥, 𝑦 ∈ 𝑋.
Our first result is the following.
Theorem 3.2. Let (𝑓, 𝑔) be a pair of 𝑇𝛽-contraction of a bounded complete

metric space (𝑋, 𝑑) such that
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i) 𝑔(𝑋) ⊂ 𝑓(𝑋);
ii) there exists 𝑥0 ∈ 𝑋 such that 𝛽(𝑥0, 𝑔𝑛𝑥0) 6 0, for all 𝑛 ∈ N;
iii) 𝛽(𝑎, 𝑏) 6 inf

𝑥 ̸=𝑦∈𝑋

{︀
𝑑(𝑓𝑥, 𝑓𝑦)− 𝑑(𝑔𝑥, 𝑔𝑦) + 𝛽(𝑥, 𝑦)

}︀
, for all 𝑎, 𝑏 ∈ 𝑋.

Then 𝑓 and 𝑔 have a common fixed point.
P r o o f. Since (𝑓, 𝑔) is a pair of 𝑇𝛽-contraction, so there exists a function

𝛽 : 𝑋×𝑋 → R such that

inf
𝑥 ̸=𝑦∈𝑋

{︀
𝑑(𝑓𝑥, 𝑓𝑦)− 𝑑(𝑔𝑥, 𝑔𝑦) + 𝛽(𝑥, 𝑦)

}︀
> 0.

We put
𝛾 = inf

𝑥 ̸=𝑦∈𝑋

{︀
𝑑(𝑓𝑥, 𝑓𝑦)− 𝑑(𝑔𝑥, 𝑔𝑦) + 𝛽(𝑥, 𝑦)

}︀
,

which implies that for all 𝑥 ̸= 𝑦 ∈ 𝑋, we have

𝑑(𝑔𝑥, 𝑔𝑦)− 𝛽(𝑥, 𝑦) 6 𝑑(𝑓𝑥, 𝑓𝑦)− 𝛾.

Thus
𝛼(𝑥, 𝑦)𝑒𝑑(𝑔𝑥,𝑔𝑦) 6 𝑘𝑒𝑑(𝑓𝑥,𝑓𝑦),

where 𝑘 = 𝑒−𝛾 < 1 and 𝛼(𝑥, 𝑦) = 𝑒−𝛽(𝑥,𝑦). Then, it follows from (iii) that

𝛼(𝑥, 𝑦)𝑝(𝑔𝑥, 𝑔𝑦) 6 𝑘𝑝(𝑓𝑥, 𝑓𝑦),

for all 𝑥, 𝑦 ∈ 𝑋, with 𝑝(𝑥, 𝑦) = 𝑒𝑑(𝑥,𝑦)− 1 is the 𝜏 -distance defined in Lemma 2.2.
Finally, we deduce from Lemmas 2.2, 2.3, 2.4 and Theorem 3.1 that 𝑓 and 𝑔

have a common fixed point. �

Corollary 3.2 [5]. Let 𝑔 : 𝑋 → 𝑋 be a mapping of a bounded complete metric
space (𝑋, 𝑑) such that

inf
𝑥 ̸=𝑦∈𝑋

{𝑑(𝑥, 𝑦)− 𝑑(𝑔𝑥, 𝑔𝑦)} > 0.

Then 𝑔 has a fixed point.
Example. Let 𝑋 = {0, 1, 2} endowed with the discrete metric

𝑑(𝑥, 𝑦) =

{︂
0, if 𝑥 = 𝑦,
1, if 𝑥 ̸= 𝑦.

Define self-mappings 𝑔 and 𝑓 on 𝑋 by

𝑔0 = 𝑔1 = 𝑔2 = 2, 𝑓0 = 𝑓1 = 0, 𝑓2 = 2,

and a function 𝛽 : 𝑋 ×𝑋 → R by

𝛽(𝑥, 𝑦) =

{︂
1, if 𝑥, 𝑦 ∈ {0, 1},
0, otherwise.

It is clear that

𝛽(𝑥, 𝑦) 6 0 =⇒ 𝛽(𝑔𝑥, 𝑔𝑦) 6 0 and 𝛽(𝑓𝑥, 𝑓𝑦) 6 0,
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and
𝑓𝑔𝑥 = 𝑔𝑓𝑥 = 2,

for all 𝑥, 𝑦 ∈ 𝑋.
Also,

𝑔(𝑋) = {2} ⊂ 𝑓(𝑋) = {0, 2},

𝛽(𝑥, 𝑔𝑥) 6 0, 𝛽(2, 𝑔𝑛2) 6 0,

for all 𝑥 ∈ 𝑋 and 𝑛 ∈ N,

𝑑(𝑓𝑥, 𝑓𝑦)− 𝑑(𝑔𝑥, 𝑔𝑦) + 𝛽(𝑥, 𝑦) = 1,

for all 𝑥 ̸= 𝑦 ∈ 𝑋.
Then 𝑔 and 𝑓 satisfy all conditions of Theorem 3.2 and have the common fixed

point 2.
Remark. Note that, in the class of commuting mappings, Theorem 3.2 is a real

extension of Theorem 1.1, indeed:

𝑑(𝑓0, 𝑓1)− 𝑑(𝑔0, 𝑔1) = 0.

4. Application. In this section, we will prove the existence of a common
solution for two nonlinear integral equations

𝑥(𝑡) =

∫︁ 𝑡

0
𝑘

(︂
𝑠,

∫︁ 𝑠

0
𝑘(𝑢, 𝑥(𝑢)

)︂
𝑑𝑢)𝑑𝑠, 𝑡 ∈ [0, 𝜏 ], (1)

𝑥(𝑡) =

∫︁ 𝑡

0
𝑘(𝑠, 𝑥(𝑠))𝑑𝑠, 𝑡 ∈ [0, 𝜏 ], (2)

where 𝑥 ∈ 𝒞[0, 𝜏 ], the space of all continuous functions from [0, 𝜏 ] into R, with
𝜏 > 0. 𝐾 : [0, 𝜏 ]×R → R is a continuous mapping.

Let 𝑋 = 𝒞[0, 𝜏 ] be endowed by the metric

𝑑(𝑥, 𝑦) = sup
𝑡∈[0,𝜏 ]

|𝑥(𝑡)− 𝑦(𝑡)|.

Define the mappings 𝑓, 𝑔 : 𝑋 → 𝑋 as follows

𝑔𝑥(𝑡) =

∫︁ 𝑡

0
𝑘

(︂
𝑠,

∫︁ 𝑠

0
𝑘(𝑢, 𝑥(𝑢))𝑑𝑢

)︂
𝑑𝑠, 𝑡 ∈ [0, 𝜏 ], (3)

𝑓𝑥(𝑡) =

∫︁ 𝑡

0
𝑘(𝑠, 𝑥(𝑠))𝑑𝑠, 𝑡 ∈ [0, 𝜏 ]. (4)

Hence, equations (1) and (2) have a common solution if and only if the mappings
𝑓 and 𝑔 have a common fixed point.

Theorem 4.1. Let 𝑔, 𝑓 : 𝑋 → 𝑋 be the mappings defined by (3) and (4) and
assume the following condition is satisfied.
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There exist 𝑀 > 0 and a function 𝜃 : 𝑋×𝑋 → R such that for all 𝑥, 𝑦 ∈ 𝑋
with 𝑥 ̸= 𝑦, we have:

𝜃(𝑥, 𝑦) > 0 =⇒
⃒⃒
𝑘(𝑡, 𝑥(𝑡))− 𝑘(𝑡, 𝑦(𝑡))

⃒⃒
6

1

𝜏

(︀
|𝑥(𝑡)− 𝑦(𝑡)| −𝑀

)︀
,

𝜃(𝑥, 𝑦) < 0 =⇒
⃒⃒
𝑘(𝑡, 𝑥(𝑡))− 𝑘(𝑡, 𝑦(𝑡))

⃒⃒
6

1

𝜏

⃒⃒
𝑥(𝑡)− 𝑦(𝑡)

⃒⃒ (5)

and
– for all 𝑥, 𝑦 ∈ 𝑋, 𝜃(𝑥, 𝑦) > 0 implies 𝜃(𝑔𝑥, 𝑔𝑦) > 0 and 𝜃(𝑓𝑥, 𝑓𝑦) > 0,
– there exists 𝑥0 ∈ 𝑋 such that 𝜃(𝑥0, 𝑔𝑛𝑥0) > 0 for all 𝑛 ∈ N,
– 𝜃(𝑥, 𝑔𝑥) > 0 for all 𝑥 ∈ 𝑋.

Then the functional equations (1) and (2) have a common solution.

P r o o f. It is easy to see that 𝑓𝑔(𝑥) = 𝑔𝑓(𝑥) for all 𝑥 ∈ 𝑋 and 𝑔(𝑋) ⊂ 𝑓(𝑋).
Let 𝑥 ̸= 𝑦 ∈ 𝑋 and 𝑡 ∈ [0, 𝜏 ]. We discuss two cases.
Case 1. If 𝜃(𝑥, 𝑦) > 0, we have

|𝑔𝑥(𝑡)− 𝑔𝑥(𝑡)| =
⃒⃒⃒⃒∫︁ 𝑡

0
𝑘

(︂
𝑠,

∫︁ 𝑠

0
𝑘(𝑢, 𝑥(𝑢))𝑑𝑢

)︂
𝑑𝑠−

∫︁ 𝑡

0
𝑘

(︂
𝑠,

∫︁ 𝑠

0
𝑘(𝑢, 𝑦(𝑢))𝑑𝑢

)︂
𝑑𝑠

⃒⃒⃒⃒
6

6
1

𝜏

∫︁ 𝜏

0

(︂⃒⃒⃒⃒∫︁ 𝑡

0
𝑘(𝑢, 𝑥(𝑢))𝑑𝑢−

∫︁ 𝑡

0
𝑘(𝑢, 𝑦(𝑢))𝑑𝑢

⃒⃒⃒⃒
−𝑀

)︂
𝑑𝑠 6

6 𝑑(𝑓𝑥, 𝑓𝑦)−𝑀.

Then 𝑑(𝑔𝑥, 𝑔𝑦) 6 𝑑(𝑓𝑥, 𝑓𝑦)−𝑀.

Case 2. If 𝜃(𝑥, 𝑦) < 0, we have

|𝑔𝑥(𝑡)− 𝑔𝑥(𝑡)| =
⃒⃒⃒⃒∫︁ 𝑡

0
𝑘

(︂
𝑠,

∫︁ 𝑠

0
𝑘(𝑢, 𝑥(𝑢))𝑑𝑢

)︂
𝑑𝑠−

∫︁ 𝑡

0
𝑘

(︂
𝑠,

∫︁ 𝑠

0
𝑘(𝑢, 𝑦(𝑢))𝑑𝑢

)︂
𝑑𝑠

⃒⃒⃒⃒
6

6
1

𝜏

∫︁ 𝜏

0

(︂⃒⃒⃒⃒∫︁ 𝑡

0
𝑘(𝑢, 𝑥(𝑢))𝑑𝑢−

∫︁ 𝑡

0
𝑘(𝑢, 𝑦(𝑢))𝑑𝑢

⃒⃒⃒⃒)︂
𝑑𝑠 6 𝑑(𝑓𝑥, 𝑓𝑦).

So 𝑑(𝑔𝑥, 𝑔𝑦) 6 𝑑(𝑓𝑥, 𝑓𝑦).
Now, define 𝛽 : 𝑋×𝑋 → R by

𝛽(𝑥, 𝑦) =

{︂
0, if 𝜃(𝑥, 𝑦) > 0,
𝑀, otherwise.

Then, by (5) we have

inf
𝑥 ̸=𝑦∈𝑋

{︀
𝑑(𝑓𝑥, 𝑓𝑦)− 𝑑(𝑔𝑥, 𝑔𝑦) + 𝛽(𝑥, 𝑦)

}︀
> 0.

If we have 𝛽(𝑥, 𝑦) 6 0, from the definition of 𝛽 we obtain that 𝛽(𝑔𝑥, 𝑔𝑦) 6 0 and
𝛽(𝑓𝑥, 𝑓𝑦) 6 0, and 𝛽(𝑥0, 𝑔𝑛𝑥0) 6 0 for all 𝑛 ∈ N.

Also, we have 𝛽(𝑥, 𝑔𝑥) 6 0 for all 𝑥 ∈ 𝑋, so the pair (𝑓, 𝑔) is a 𝑇𝛽-contraction.
Moreover, we have for all 𝑎, 𝑏 ∈ 𝑋

𝛽(𝑎, 𝑏) 6 inf
𝑥 ̸=𝑦∈𝑋

{︀
𝑑(𝑓𝑥, 𝑓𝑦)− 𝑑(𝑔𝑥, 𝑔𝑦) + 𝛽(𝑥, 𝑦)

}︀
.
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Finally, we conclude by Theorem 3.2 that the functional equations (1) and (2)
have a common solution. �
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Замечание об общих теоремах о неподвижной точке
в ограниченном метрическом пространстве

Y. Touail, A. Jaid, D. El Moutawakil
Университет Султана Мулая Слимана,
Бени-Меллаль, 23000, Марокко.

Аннотация
Вводится концепция 𝑇𝛽-сжатия для пары коммутирующих самопре-

образований и доказывается общая теорема о неподвижной точке для
этого типа. Полученные результаты улучшают и обобщают многие из-
вестные в литературе результаты. В качестве приложения полученных
результатов приводится доказательство существования общего решения
для двух нелинейных интегральных уравнений.

Ключевые слова: неподвижная точка, 𝑇𝛽-сжатие, 𝑇−𝛼-допустимость,
𝜏 -расстояние.
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