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Abstract
In the present work, a common fixed point result for self-mappings on

orthogonal complete metric spaces, which are not necessarily complete, is
proved. Furthermore, as an application, we find the existence of solutions to
two differential equations.
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1. Introduction and Preliminary. The pioneering mathematician in the
area of fixed point theory was Banach, who established and proved the first fixed
point theorem is named the Banach contraction theorem [1]. After that, extensions
of this theorem have been obtained either by generalizing the distance properties
of the underlying metric space or by modifying the contractive condition on the
mappings.

In 2017, Eshaghi Gordji et al. [2] defined orthogonal metric spaces as a gen-
eralization of metric spaces, as follows:
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Definition 1 [2]. Let 𝑋 ̸= ∅ and let ⊥⊂ 𝑋 × 𝑋 be a binary relation. If ⊥
satisfies the following hypothesis:

∃𝑥0 : (∀𝑦, 𝑦 ⊥ 𝑥0) or (∀𝑦, 𝑥0 ⊥ 𝑦).

Then (𝑋,⊥) is called an orthogonal set (briefly 𝑂-set).
The triplet (𝑋,⊥, 𝑑) is called an orthogonal metric space if (𝑋, 𝑑) is a metric

space and (𝑋,⊥) is an 𝑂-set, and 𝑥0 is said to be an orthogonal element.
Then, an important extension of the Banach fixed point principal is given, as

follows:
Theorem 1 [2]. Let (𝑋,⊥, 𝑑) be an 𝑂-complete metric space and 𝑇 a self-

mapping on 𝑋 which is ⊥-preserving and ⊥-continuous. If there exists 𝑘 ∈ [0, 1)
such that for all 𝑥, 𝑦 ∈ 𝑋:

𝑥 ⊥ 𝑦 implies 𝑑(𝑇𝑥, 𝑇𝑦) 6 𝑘𝑑(𝑥, 𝑦). (1)

Then, 𝑇 has a unique fixed point.1

Later, many remarkable works in this area can be found in [3–5].
Motivated by [2] and other works concerning the theory of common fixed

points [6–9], in this paper we restrict our studies only to orthogonal elements, to
prove a result of common fixed points in a new setting and under weak conditions.
In other words, we extend condition (1) to two self-mappings 𝑓 , 𝑔 : 𝑋 ↦→ 𝑋, as
follows:

𝑥 ⊥ 𝑦 implies 𝑑(𝑓𝑥, 𝑔𝑦) 6 𝜑(𝑑(𝑥, 𝑦)),

where 𝜑 ∈ Φ, the class of all nondecreasing selfmaps 𝜑 on [0,+∞) satisfying∑︀+∞
𝑛=1 𝜑

𝑛(𝑡) < +∞ for all 𝑡 > 0.
Moreover, an extension of the Banach fixed point theorem is delivered for a

large class of mappings, we call it weakly-⊥-preserving.
In addition, we give an example to support the proven theorem and to show

the usability of this new direction of research.
At the end of the results, an application to the study of the existence of

common solutions for a class of differential equations is presented.
Finally, we assert some definitions that will be needed in the topic:
Definition 2 [2]. Let (𝑋,⊥) be an 𝑂-set. A mapping 𝑇 : 𝑋 → 𝑋 is said to

be ⊥-preserving if 𝑇𝑥 ⊥ 𝑇𝑦 whenever 𝑥 ⊥ 𝑦.
Definition 3 [2]. Let (𝑋,⊥) be an 𝑂-set. A sequence {𝑥𝑛} is called an or-

thogonal sequence (briefly, 𝑂-sequence) if

(∀𝑛, 𝑥𝑛 ⊥ 𝑥𝑛+1) or (∀𝑛, 𝑥𝑛+1 ⊥ 𝑥𝑛).

Definition 4 [2]. Let (𝑋,⊥, 𝑑) be an orthogonal metric space. Then, a map-
ping 𝑇 : 𝑋 → 𝑋 is said to be orthogonally continuous (briefly ⊥-continuous) in
𝑥 ∈ 𝑋, if for each 𝑂-sequence {𝑥𝑛} ⊂ 𝑋 such that 𝑥𝑛 → 𝑥 as 𝑛→ ∞, we obtain
𝑇𝑥𝑛 → 𝑇𝑥 as 𝑛 → ∞. In addition, 𝑇 is said to be ⊥-continuous on 𝑋 if 𝑇 is
⊥-continuous in each 𝑥 ∈ 𝑋.

1In the sequel, we will recall the related basic notions of orthogonality.
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Definition 5 [2]. Let (𝑋,⊥, 𝑑) be an orthogonal metric space. Then, 𝑋 is
said to be orthogonally complete (or ⊥-complete) if every Cauchy 𝑂-sequence is
convergent.

Remark 1 [2]. Every complete metric space (continuous mapping) is𝑂-complete
metric space (⊥-continuous mapping) and the converse is not true.

Example 1 [2]. Let 𝑋 = 𝑍. Define the binary relation ⊥ in 𝑋 by 𝑚 ⊥ 𝑛 if
there exists 𝑘 ∈ Z such that 𝑚 = 𝑘𝑛. It is easy to see that 0 ⊥ 𝑛 for all 𝑛 ∈ Z.
Hence, (𝑋,⊥) is an 𝑂-set.

2. Main results. The main result of this article is the following:
Theorem 2. Let (𝑋,⊥, 𝑑) be an 𝑂-complete metric space and 𝑓, 𝑔 : 𝑋 → 𝑋

be ⊥-continuous mappings such that:
1) 𝑥 ⊥ 𝑦 =⇒ (𝑓𝑥 ⊥ 𝑔𝑦 or 𝑔𝑦 ⊥ 𝑓𝑥) and (𝑔𝑥 ⊥ 𝑓𝑦 or 𝑓𝑦 ⊥ 𝑔𝑥);
2) 𝑥 ⊥ 𝑦 =⇒ 𝑑(𝑔𝑥, 𝑓𝑦) 6 𝜑(𝑑(𝑥, 𝑦)), for all 𝑥, 𝑦 ∈ 𝑋, where 𝜑 ∈ Φ.
Then, 𝑓, 𝑔 have a common fixed point.
P r o o f. Since 𝑋 is an 𝑂-set, there exists at least 𝑥0 ∈ 𝑋 such that

∀𝑦 ∈ 𝑋, 𝑥0 ⊥ 𝑦 or ∀𝑦 ∈ 𝑋, 𝑦 ⊥ 𝑥0.

So, in particular we have 𝑥0 ⊥ 𝑓𝑥0 or 𝑓𝑥0 ⊥ 𝑥0. We can choose a sequence {𝑥𝑛}
defined by 𝑥2𝑛+1 = 𝑓𝑥2𝑛 and 𝑥2𝑛+2 = 𝑔𝑥2𝑛+1 for all 𝑛 ∈ N*. The condition 1)
implies

∀𝑛 ∈ N*, 𝑥𝑛 ⊥ 𝑥𝑛+1 or ∀𝑛 ∈ N*, 𝑥𝑛+1 ⊥ 𝑥𝑛.

Then, {𝑥𝑛} is an 𝑂-sequence.
Hence, we have

𝑑(𝑥2𝑛+1, 𝑥2𝑛+2) = 𝑑(𝑓𝑥2𝑛, 𝑔𝑥2𝑛+1) 6 𝜑(𝑑(𝑥2𝑛, 𝑥2𝑛+1)).

Similarly, we have

𝑑(𝑥2𝑛+2, 𝑥2𝑛+3) = 𝑑(𝑓𝑥2𝑛+2, 𝑔𝑥2𝑛+1) 6 𝜑(𝑑(𝑥2𝑛+1, 𝑥2𝑛+2)).

Therefore,

𝑑(𝑥𝑛, 𝑥𝑛+1) 6 𝜑(𝑑(𝑥𝑛−1, 𝑥𝑛)) 6 𝜑
2(𝑑(𝑥𝑛−2, 𝑥𝑛−1)) 6 · · · 6 𝜑𝑛(𝑑(𝑥0, 𝑥1)),

for all 𝑛 ∈ N. Let 𝑛, 𝑚 ∈ N*, we have

𝑑(𝑥𝑛, 𝑥𝑛+𝑚) 6
𝑘=𝑛+𝑚−1∑︁

𝑘=𝑛

𝑑(𝑥𝑘, 𝑥𝑘+1) 6
𝑘=𝑛+𝑚−1∑︁

𝑘=𝑛

𝜑𝑘(𝑑(𝑥𝑘, 𝑥𝑘+1)). (2)

Letting 𝑛, 𝑚→ ∞ in (2), we deduce that {𝑥𝑛} is an Cauchy 𝑂-sequence. Since
𝑋 is an 𝑂-complete space there exists 𝑢 ∈ 𝑋 such that lim

𝑛→∞
𝑥𝑛 = 𝑢. On the other

side, the orthogonal continuity of 𝑓 , 𝑔 implies lim
𝑛→∞

𝑓𝑥𝑛 = 𝑓𝑢 and lim
𝑛→∞

𝑔𝑥𝑛 = 𝑔𝑢,
which leads to 𝑢 = 𝑓𝑢 = 𝑔𝑢. �

Example 2. Let 𝑋 = Q and 𝑑(𝑥, 𝑦) = |𝑥 − 𝑦| for all 𝑥, 𝑦 ∈ 𝑋 is the usual
metric on 𝑋.
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Define a binary relation on 𝑋 by

𝑥 ⊥ 𝑦 ⇐⇒ 𝑥 = 0 or 𝑦 = 0.

Note that (𝑋,⊥, 𝑑) is not a complete metric space, but is an 𝑂-complete metric
space.

Consider the mappings 𝑓 , 𝑔 : 𝑋 → 𝑋 defined by

𝑓(𝑥) =

{︃
1, if 𝑥 = 1,

𝑥/3, if 𝑥 ̸= 1,

and

𝑔(𝑥) =

{︃
1, if 𝑥 = 1,

𝑥/2, if 𝑥 ̸= 1.

Without loss of generality, let 𝑥𝑛 ⊥ 𝑥𝑛+1 for each 𝑛 ∈ N. Then we have 𝑥𝑛 = 0,
which leads to 𝑓𝑥𝑛 = 𝑥𝑛/3 = 0 = 𝑓0 and 𝑔𝑢𝑛 = 𝑥𝑛/2 = 0 = 𝑔0. Therefore 𝑓 , 𝑔
are ⊥-continuous mappings.

Clearly, the mappings 𝑓, 𝑔 satisfy the condition 1) of Theorem 2.
On the other hand, let 𝜑 be a function defined by 𝜑(𝑡) = 3𝑡/4, for all 𝑡 > 0.

Let 𝑥, 𝑦 ∈ 𝑋 such that 𝑥 ⊥ 𝑦, we obtain 𝑥 = 0 or 𝑦 = 0.
Case 1: If 𝑥 = 0, we have

𝑑(𝑓0, 𝑔𝑦) =
|𝑦|
2
6

3

4
𝑑(0, 𝑦) 6 𝜑(𝑑(0, 𝑦)).

Case 2: If 𝑦 = 0, we have

𝑑(𝑓𝑥, 𝑔0) =
|𝑥|
3
6

3

4
𝑑(𝑥, 0) 6 𝜑(𝑑(𝑥, 0)).

Then, all assumptions of Theorem 2 are satisfied and 1 = 𝑓1 = 𝑔1 is the
common fixed point.

Now, we introduce a new definition named weakly-⊥-preserving self-mapping:
Definition 6. Let (𝑋,⊥) be an 𝑂-set. A mapping 𝑇 : 𝑋 → 𝑋 is said to be

weakly-⊥-preserving if 𝑇𝑥 ⊥ 𝑇𝑦 or 𝑇𝑦 ⊥ 𝑇𝑥 whenever 𝑥 ⊥ 𝑦.
Remark 2. It is clear that a ⊥-preserving mapping is a weakly-⊥-preserving

mapping, but in general the converse is not true.
Example 3. Let 𝑋 = [0, 1], define the function 𝑇𝑥 = 1 − 𝑥, 𝑥 ∈ 𝑋. Define a

binary relation ⊥⊂ 𝑋 ×𝑋 by

𝑥 ⊥ 𝑦 ⇐⇒ 𝑥 6 𝑦.

Therefore, (𝑋,⊥) is an 𝑂-set with the orthogonal element 𝑥0 = 0.
We have 0 ⊥ 1, 𝑇0 = 1 and 𝑇1 = 0, thus 𝑇1 ⊥ 𝑇0 but 𝑇0 ⊥ 𝑇1 does not

hold.
Thus, the mapping 𝑇 is weakly-⊥-preserving, but not ⊥-preserving.
By taking 𝑔 = 𝑓 in our main theorem, we obtain a new generalization of

Theorem 1.
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Theorem 3. Let (𝑋,⊥, 𝑑) be an 𝑂-complete metric space and 𝑇 be a self-
mapping on 𝑋 which is weakly-⊥-preserving and ⊥-continuous. If there exists
𝜑 ∈ Φ such that for all 𝑥, 𝑦 ∈ 𝑋, we have

𝑥 ⊥ 𝑦 implies 𝑑(𝑇𝑥, 𝑇𝑦) 6 𝜑(𝑑(𝑥, 𝑦)).

Then, 𝑇 has a unique fixed point.

3. Application. In this section, we will prove the existence of a common
solution for the two differential equations:{︃

𝑥′(𝑡) = 𝑘(𝑡, 𝑥(𝑡)), 𝑡 ∈ 𝐼 = [0, 𝜃], 𝜃 ∈ (1,+∞);

𝑥(1) = 𝑎, 𝑎 > 2,
(3)

and ⎧⎨⎩𝑥′(𝑡) = 𝑘

(︂
𝑡, 𝑎+

∫︁ 𝑡

1
𝑘(𝑢, 𝑥(𝑢)𝑑𝑢

)︂
, 𝑡 ∈ 𝐼 = [0, 𝜃], 𝜃 ∈ (1,+∞);

𝑥(1) = 𝑎, 𝑎 > 2,

(4)

where 𝑥 ∈ 𝒞(𝐼), the space of all continuous functions from 𝐼 into R and 𝑘 : 𝐼×R →
R is a continuous mapping.

Let 𝑋 = {𝑥 ∈ 𝒞(𝐼)/𝑥(𝑡) > 1} endowed by the metric

𝑑(𝑥, 𝑦) = sup
𝑡∈𝐼

|𝑥(𝑡)− 𝑦(𝑡)|.

Define the mappings 𝑓 , 𝑔 : 𝑋 → 𝑋, as follows:

𝑓𝑥(𝑡) = 𝑎+

∫︁ 𝑡

1
𝑘(𝑠, 𝑥(𝑠))𝑑𝑠, (5)

and

𝑔𝑥(𝑡) = 𝑎+

∫︁ 𝑡

1
𝑘

(︂
𝑠, 𝑎+

∫︁ 𝑠

1
𝑘(𝑢, 𝑥(𝑢))𝑑𝑢

)︂
𝑑𝑠, (6)

for all 𝑡 ∈ 𝐼.
Hence, equations (3) and (4) have a common solution if and only if the map-

pings 𝑓 and 𝑔 have a common fixed point.
Theorem 4. Let 𝑓, 𝑔 : 𝑋 → 𝑋 be the mappings defined by (5) and (6).

Assuming that the following conditions are satisfied:
1) 𝑘(𝑡, 𝑥) > 0 for all 𝑥 > 0 and 𝑡 ∈ 𝐼;
2) there exists ℎ < 1 such that for all 𝑥, 𝑦 ∈ 𝑋,

we have
|𝑘( · , 𝑓𝑥)− 𝑘( · , 𝑦)| 6 ℎ

𝜃 − 1
|𝑥− 𝑦|, (7)

for any 𝑥, 𝑦 ∈ 𝒞(𝐼), with 𝑥𝑦 > 𝑦 or 𝑥𝑦 > 𝑥.
Then, the differential equations (3) and (4) have a positive common solution.
P r o o f. Let 𝑥, 𝑦 ∈ 𝑋. Define an orthogonal relation ⊥ on 𝑋 by

𝑥 ⊥ 𝑦 ⇐⇒ 𝑥(𝑡)𝑦(𝑡) > 𝑦(𝑡) or 𝑥(𝑡)𝑦(𝑡) > 𝑥(𝑡), for all 𝑡 ∈ 𝐼. (8)
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It is clear that (𝑋,⊥, 𝑑) is a 𝑂-complete metric space.
Let 𝑥, 𝑦 ∈ 𝒞(𝐼) be such that 𝑥 ⊥ 𝑦, since 𝑓𝑥(𝑡), 𝑔𝑦(𝑡) > 2, then 𝑓𝑥(𝑡)𝑔𝑦(𝑡) >

𝑔𝑦(𝑡) and 𝑔𝑥(𝑡)𝑓𝑦(𝑡) > 𝑓𝑦(𝑡), which means that condition 1) of Theorem 2 holds.
Also, from the definitions of 𝑓 and 𝑔, we see that 𝑓 , 𝑔 are ⊥-continuous.

On the other hand, we will show that the contraction 2) of Theorem 2 is
satisfied.

By considering (7) and (8), we obtain

|𝑔𝑥(𝑡)− 𝑓𝑦(𝑡)| 6
∫︁ 𝑡

1
|𝑘(𝑠, 𝑓𝑥(𝑠))− 𝑘(𝑠, 𝑦(𝑠))|𝑑𝑠 6

6
∫︁ 𝜃

1

ℎ

𝜃 − 1
|𝑥(𝑠)− 𝑦(𝑠)|𝑑𝑠 6 ℎ𝑑(𝑥, 𝑦).

So
𝑑(𝑔𝑥, 𝑓𝑦) 6 𝜑(𝑑(𝑥, 𝑦)).

where 𝜑(𝑡) = ℎ𝑡, with ℎ < 1.
Finally, we conclude by Theorem 2 that the differential equations (3) and (4)

have a positive common solution. �

Remark 3. In the above theorem, the function 𝑥0(𝑡) = 2 for all 𝑡 ∈ 𝐼 is an
orthogonal element.
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Аннотация
Доказывается общий результат о неподвижной точке для самоотоб-

ражений на ортогональных полных метрических пространствах, кото-
рые не обязательно полны. В качестве приложения полученного резуль-
тата найдено существование решений двух дифференциальных уравне-
ний.
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