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Abstract

In this paper, we prove a novel common fixed-point theorem for two
commuting mappings. This assertion is proved using the measure of non-
compactness in Banach spaces. Moreover, an application is given to demon-
strate the usability of the obtained results.
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1. Introduction. One of the most widely used techniques for proving that a
certain system of equations has a solution is to reformulate the problem as a com-
mon fixed point problem and see if the latter can be solved using this approach.
Measures of non-compactness play an important role in fixed point theory and
have many applications in various branches of nonlinear analysis, including dif-
ferential equations, optimization, variational inequalities, etc. We refer the reader
to [1-10].
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A common fixed-point result via a supplemental function with an application

As a very important result in fixed point theory, the Darbo fixed-point theorem
[11] has novel applications in both linear and nonlinear models and generalizes
both the classical Schauder fixed point principle [12] and a special type of Banach
contraction principle [13].

In 1998, Jungck [14] introduced the concept of weakly compatible pairs of
mappings, which are mappings that commute at their coincidence points. In a
recent paper [15], the authors proved a common fixed point result for this type of
mappings in a bounded metric space (X, d), without assuming compactness, and
satisfying the condition:

x;?r}gX{d(fx, fy) —d(gz, gy)} > 0.

For more information, see [16-21|. Similarly, the authors in [22| showed a result
for a class of condensing mappings without using the regularity of the measure p,
under the condition:

inf{p(Q) — p(T(Q)) : @ C X, u(2) >0} >0. (1)

Our main purpose in this work is to extend condition (1) to a pair of mappings
S and T under the condition:

inf{p(Q) — w(ST(Q)) + B(Q) : @ C X, u(Q) >0} >0, (2)

without using the regularity ofu, where 5 is an auxiliary function to ensure the
extension in the same direction (i.e., without regularity).

In this paper, we introduce the concept of a T-contractive mapping in Banach
spaces and thus a new common fixed point theorem for the new type mentioned
in (2).

Finally, in the last section, we provide an existence result for a class of systems

of the type:
x(t) = k(t, (1)),
z(t) = k(t, Tx(t)),
where x € X = C([0, 7], R) is the space of all continuous functions from [0, 7] into
R, with 7 > 0.

2. Preliminary. Here, we recall some facts that will be used in our main
result. Let X be a real Banach space. Furthermore, we suppose that B and Co(B)
denote the closure and convex hull of B, respectively. Moreover, let us denote
by Mx the family of all nonempty and bounded subsets of X, and by Ny its
subfamily consisting of all relatively compact sets.

DEFINITION 1 [23]. A map pu : My — [0,+00) is called a measure of non-
compactness defined on X if it satisfies the following properties:
(i) The family ker p = {B € Mx : u(B) = 0} is nonempty and ker u C Nx;

of X with lim pu(B,,) = 0, then Bo, = N, By, # 0.
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We distinguish important classes of measures of non-compactness.

DEFINITION 2 [23]. Let 1 be a measure of non-compactness in a Banach space
X . The measure y is homogeneous if ©(AA) = |A|u(A) for all A € R. If the measure
u satisfied the condition pu(A + B) < pu(A) + p(B), it is called subadditive. A
measure 4 that is both homogeneous and subadditive is said to be sublinear.

DEFINITION 3 [23]. We say that a measure of non-compactness p has the max-
imum property if u(AU B) = max{u(A), u(B)}.

DEFINITION 4 [23]. A sublinear measure of non-compactness ;1 that has the
maximum property and ker u = Nx is called a regular measure.

THEOREM 1 [12]. Let C be a closed, convex subset of a Banach space X. Then
every compact, continuous map 7T : C' — C has at least one fixed point.

THEOREM 2 (DARBO’S THEOREM) [11]|. Let C be a nonempty, bounded, closed
and convex subset of a Banach space X, and let T : C — C be a continuous
mapping. Assume that there exists a constant k € [0, 1) such that:

(T () < kp()

for any subset (2 of C. Then, T has at least one fixed point. Here, i is an arbitrary
measure of non-compactness.

LEmMMA 1 [22]. If i is a measure of non-compactness, then v = e# — 1 is a
measure of non-compactness.

We present generalizations of Darbo’s theorem.

THEOREM 3 [24]. Suppose that C' is a nonempty, bounded, closed, and convex
subset of a Banach space X and T : C' — C a continuous mapping. If for any
nonempty subset  of C' with p(2) > 0 we have:

(T (€)) < p(€).

Then, T has at least one fixed point in C'. Here, y is a regular measure of non-
compactness in X.

THEOREM 4 [25]. Let X be a Hausdorff complete and locally convex space,
whose topology is defined by a family of semi-norms P. Let C' be a convex closed
bounded subset of X, let I be a set of indices, and let {T;},c; and S be two
continuous functions from C' into C' such that:

(i) For any i € I, T; commutes with S;
(ii) For anyQCCandzEI we have T;(Co(Q2)) C
(ili) There exists k € (0, 1) such that for any Q C C

u(S(92))(p) < ksupu( i()(p), peP;

Co(T());

(iv) For any ¢ € I, T; is a commuting family.
Then, T; and S have a common fixed point.

3. The main theorem. In this section, we prove our main theorem. To this
end, we introduce a definition and establish a lemma.

DerFINITION 5. Let X be a bounded Banach space and T' : X — X be a
mapping. T is called T-contractive if:

inf{p(Q) — w(T(Q)) + B(Q) : @ C X, u(Q) >0} > 0.
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Where 8 : Mx — R is an arbitrary function.

LeEmMA 2. Let X be a bounded Banach space and S, T : X — X be two
continuous commuting mappings. Suppose that there exists a function oo : Mx —
[0,400) such that:

(i) There exists a nonempty set Qg C X such that «(Qg) = 1;
(ii) T is a linear mapping;
(iii) There exists k € (0, 1) such that for any 2 C X we have

a(@)u(ST(R)) < ku(9).

Then, S and T have at least one common fixed point. Where u is a sublinear
measure of non-compactness.

Proof. Let ) # Q C X. Consider the operator Aq defined on X by
Aq(z) = ka(Q)ST(z) + (1 — k)T'(x).

It is clear that the operator Ag commutes with 7. By using sublinearity of p and
hypothesis (iii), we obtain:

1(Aa(Q)) < ka(Qu(ST(Q) + (1 - k)u(T(Q)) <
<K p(Q) + (1 - F)p(T(Q)) <
< (K% + 1 — k) sup{p(Q), p(T(Q))}.

Since k € (0,1), we have k* < k = k*+1—k < k+1—k = 1. It follows by
applying Theorem 4 that F = {x € X : Ag(z) = T(z) = x} # 0 for all Q.

Now, let x € F, we have Aq(z) = ka(Q)ST(z) + (1 — k)T (z) = T(z) = =,
which leads to a(Q2)S(x) = z = T'(z) for all Q. Since a (o) = 1, we deduce that
S and T have at least one common fixed point. O

REMARKS. We present some remarks about Lemma 2:
— For a(Q) =1 for all Q and T' = Idx, we obtain a new extension of Darbo’s
theorem (Theorem 2).
— It is well known that if the operator ST has a fixed point, then S and T
do not necessarily have a fixed point or a common fixed point. In compar-
ison, our lemma ensures the existence of common fixed points of S and T
whenever ST has a fixed point.
Now, we are ready to prove the main theorem of this paper, which can be
considered as a real extension of [22, Theorem 3.2].
THEOREM 5 (MAIN THEOREM). Let X be a bounded Banach space, and let S,
T : X — X be two continuous commuting mappings such that:
(i) There exists a nonempty set Qo C X such that 5(2) = 0;
(ii) 7T is a linear mapping;
(iii) ST is a T-contractive operator;
(iv) B(B) <inf{u(Q) — u(ST(Q)) + B(Q) : @ C X, u() > 0} for all B C X.
Then, S and T have at least one common fixed point. Here, p is a sublinear
measure of non-compactness.

Proof Letting:
M =inf{pu(Q) — p(ST(Q)) + B() : @ C X, u(Q) > 0}.
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So, we have:

p(ST(Q)) = Q) < p(Q) = M,

for all @ C X, with u(Q2) > 0.
Hence,
a(0)e ST < ke,

where
k=e™ <1 and a(Q) =P,

Thus, by using (iv), we get:
(W (ST(Q)) < kv(9),

where v is the measure of non-compactness proved in Lemma 1.
According to Lemma 2, we deduce that S and T have at least one common
fixed point. O

ExaMpLE. Let X = R and C' = [-1,1] C X endowed with the usual metric
d(z,y) = |z — y|. Define two self-mappings S, T' on C by:

Sr=z/3 and Tx=uz/2.
We have:
STr=x/6=TSx.

Consider the measure of non-compactness of the norm [23|, defined on X by:

1(€2) = sup ||z ||.
z€Q

It is clear that p is a sublinear measure of non-compactness and not regular,
because:

ker p = {0} # Nx.
Let 8 be the function defined by:

B(Q) = { 1—5]||/6, otherwise.

Let ©Q C X such that p(Q2) > 0. We have:
u(©) — W(ST(9) + B() = 1.
Then,
inf{u(©) — u(ST(Q)) + AQ) - 2 C X, u(@) > 0} > A(B),

for all B C X.
Hence, all assumptions of Theorem 5 are satisfied, and 0 = S0 = T0.

REMARK. The operators S, T' defined in the above example are such that
w(ST(Q)) < p($2). Thus, our result guarantees the existence of a class of contrac-
tions of this type without using regularity.
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COROLLARY [22]. Let X be a bounded Banach space, and let T': X — X be a
continuous mapping such that:

inf {p(Q) — w(T()) : @ C X, u(2) >0} > 0.

Then, T has at least one fixed point.

4. Application. In this section, we investigate the existence of solutions for

the system of equations:
2(t) = k(t, (1)), ,
{ 2(t) = k(t, Ta(t)), ®)
where = € C([0,7],R) is the space of all continuous functions from [0, 7] into R,
with 7> 0.

The function k : [0,7] x R — R is continuous, and 7' : X — X is a linear

continuous mapping.
Let X = C([0,7],R) be equipped with the norm || - || : X — R" defined by:

[z]| = sup |z(t)].
te(0,7]

Let us now consider the mapping S : X — X defined as follows:
Sx(t) = k(t,z(t)),

for all x € X.
Therefore, (3) has a solution if and only if S and T have a common fixed point.
Under the above assumptions, we have the following theorem.
THEOREM 6. Assume that there exist M > 0 and a function 6 : [0, 7] x R -+ R
such that for any ¢ € [0, 7] and = € X, we have:

o(t,z(t) = 0 = k(t, T(x(t))) < z(t) — M,
o(t,z(t)) < 0 = k(t,T(z(t))) <z

and
T(k(t,x(t)) = k(t,T(x(t))), (4)

for any (¢t,z) € [0,7] x X.
Then, S and T have at least one common fixed point.

Proof. Note that (4) implies that S and T" are commuting mappings.
Now, let ¢t € [0, 7], Q@ C X, and x € Q. We discuss two cases:
Case 1: If (¢, z(t)) > 0, we have:

ST(x)(t) = k(t, Tx(t)) < w(t) — M < [lzf - M < sup ]l — M.

Case 2: If (¢, z(t)) < 0, we have:
ST(z)(t) = k(t, Tz(t)) < 2(8) < [l]| < sup [l=].
Tre
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By considering:
[ M, if0(t,z(t) <0,
B(92) —{ 0, if6(t,z(t)) >0,

we obtain:
inf{||Q] — ST + B(Q) : @ € X, [|]] > 0} > B(B),
for all B C X, where || - || is the measure of non-compactness of the norm [23].
By applying Theorem 5, we deduce that S and T have a common fixed point.
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PesyabraT 06 00111€ii HEMOABU>KHOII TOYKeE, IOJIyYeHHBI
4epe3 BCIIOMOraTeJIbHYI0 (PyHKIWIO, U €r0 IpUMEHEeHe

Y. Touail', A. Jaid?, D. El Moutawakil®

L Vumsepcurer Cumu Moxamena 6en AGxeminr, Pec, Mapokxo.
2 Vuusepcurer Cynrana Mynas Cramvana, Bern-Mesmamns, Mapokko.
Vausepcurer Ilyaiiba Lykkamu, Diab- xanuna, Mapokko.

AnHOTaUSA

[Ipencrasmena HOBas Teopema 00 OOIEl HEMOABUKHON TOUKE I IBYX
oToOpazkeHuit, 001 IAI0IX CBOCTBOM KOMMYTaTUBHOCTH. [[J1s1 mOKa3aTe b
CTBa TEOPEMbI UCIIOJIb3yeTCsl MEPa HEKOMIIAKTHOCTU B DAHAXOBBIX ITPOCTPAH-
cTBax. B 3aK/II09NTE/IBHON YacTU IPUBOANTCS IIPUMED IPAKTUIECKOTO [IPU-
MEHEHUsI TIOJTyYeHHON TEeOPEMBI.

KiroueBbie cjioBa: HEMOJIBUXKHAST TOYKA, MEPa HEKOMITAKTHOCTH, T -CoKU-
Maroree 0TobpazkeHue.

IMonyuenue: 1 okrsabpsa 2023 1. / Ucnpasienue: 23 okrabps 2024 r. /
Ipunsarue: 16 nexabps 2024 r. / Ilybaukanus onnaita: 25 nekabps 2024 1.

Koukypupyroriue narepecbl. OT UMEHH BCEX aBTOPOB aBTOP-KOPPECIIOHJIEHT 3as1B-
JisieT 00 OTCYTCTBUU KOH(MJINKTA UHTEPECOB.

ABTOpCKUIT BKJIAJ 1 OTBETCTBEHHOCTDb. Bce aBTOpPHI MpUHUMAJIN yIaCTHE B pa3pa-
OGOTKE KOHIIEIINH CTaThI; BCE aBTOPBI CAe/IAIN SKBUBAJEHTHBIN BKJIAJI B IOJATOTOBKY IIy0-
JiuKauu. ABTOPBI HECYT IOJIHYIO OTBETCTBEHHOCTDH 3a IIPEIOCTABIEHNE OKOHYATEJHHOM
pykomucu B redarh. OKOHUIATEIbHAST BEPCHUS DYKOIHCH ObLIa 0J00pEHA BCEMU ABTOPAMH.

HoctynHocTs ganubix. Hukakme qaHmble HE NCIOIB30BAINCH B 9TOM UCCICIOBAHUM.
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