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Abstract

Boundary value problem of the form Ly = p?y, y(0) = /(7)+ipy(r) = 0,
where L is the Sturm-Liouville operator with constant delay a is studied.
The boundary value problem can be considered as a generalization of the
classical Regge problem. The potential g( - ) is assumed to be a real-valued
function from L(0,7) equal to 0 a.e. on (0,a). No other restrictions on
the potential are imposed, in particular, we make no additional assumptions
regarding an asymptotical behavior of g(x) as * — m. In this general case,
the asymptotical expansion of the characteristic function of the boundary
value problem as p — oo contains no leading term. Therefore, no explicit
asymptotics of the spectrum can be obtained using the standard methods.
We consider the inverse problem of recovering the operator from given sub-
spectrum of the boundary value problem. Inverse problems for differential
operators with deviating argument are essentially more difficult with respect
to the classical inverse problems for differential operators. “Non-local” na-
ture of such operators is insuperable obstacle for classical methods of inverse
problem theory. We consider the inverse problem in case of delay, which is
not less than the half length of the interval and establish that the specifica-
tion of the subspectrum of the boundary value problem determines, under
certain conditions, the potential uniquely. Corresponding subspectra are
characterized in terms of their densities. We also provide a constructive
procedure for solving the inverse problem.
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Introduction. Consider the boundary value problem:

—y'(x) + q(x)y(x — a) = p*y(z), 0<z<m, (1)
y(0) = ¢/ (7) + ipy(m) = 0, (2)

where ¢(+) is a real-valued function (potential), q(-) € L2(0,7) and g(x) = 0 a.e. on
(0,a). In the paper, we study the inverse problem of recovering the potential from
given subspectrum of the boundary value problem (1), (2). Inverse spectral prob-
lems consisting in recovering operators from their spectral characteristics often
appear in mathematics, physics, mechanics, geophysics, electronics, meteorology,
etc. The greatest success in the inverse problem theory has been achieved for
the classical Sturm—Liouville operator and afterwards for higher order differential
operators (see [1-4] and references therein). At the same time, the classical meth-
ods of inverse spectral theory, which allow obtaining global solutions of inverse
problems for differential operators, are not applicable for differential operators
with deviating argument as well as for other classes of nonlocal operators such
as integro-differential, integral and other operators [5—7|. Therefore, the gen-
eral inverse spectral theory for differential operators with deviating argument has
not yet been constructed and there are only isolated results in this direction not
forming the general picture [8-11] (see also references therein).

1. Preliminary Information. We note first that the spectrum of the bound-
ary value problem (1), (2) coincides with the set of zeros of the characteristic
function A(p) = S'(rm, p) + ipS(m,p), where S(z,p) is a solution of (1) under
the initial conditions S(0,p) = 0, S'(0,p) = 1. If g(z) = 0 a.e. on (0,7), then
A(p) = Ag(p) = exp(ipm) and the corresponding spectrum is empty. Converse
proposition is also true.

THEOREM 1. If the spectrum of the boundary value problem (1), (2) is empty,
then q(z) =0 a.e. on (0, 7).

The proof of the Theorem 1 is actually contained in the proof of the uniqueness
theorem in [5].

Everywhere below we assume that a € [7/2,7). Then for > a the following
representations hold:

sinpr  cosp(x —a

P 22 )/x ()dt+212/x (t) cos p(x — 2t + a) dt,

S/(x,p):cosp:zr—i—sulp(;_@/ dt—/ t)sin p(z — 2t + a) dt.
P a

S(z,p) =

Therefore, we have:

A(p) = explipm) + ;p exp(ip(r — a)) / " () di-

1

% exp(ip(m + a)) /; q(t) exp(—2ipt) dt.

As in the case of the classical Regge problem (see, for instance, [12] and
references therein) the asymptotical expansion of the characteristic function for
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p — 00, Imp > 0 does not contain a leading term and the standard methods do
not allow obtaining the explicit asymptotic formulas for the spectrum without
additional restrictions on ¢( - ).

In this paper, we study the inverse problem in a general case, without any
additional restrictions on ¢( - ). In this case the properties of the spectrum can
be characterized in terms of its angular density. For a set M we denote by nps(t)
the number of elements of M in the circle {|z| < t}. We recall that the first order
countable set M is referred to have an angular density if for all pairs 61 < 6
(with possible exception of some countable set) there exists the limit:

. n(t; 01,0
P00 =y "

where n(t; 61, 62) is the number of elements of M in the sector {z = rexp(if) :
r € (0,t), 0 € (01,«92)}. We say that the angular density of the set M is deter-
mined by the nondecreasing function D(0) if P(61,602) = D(62) — D(61). Suppose
the first order countable set M has the angular density. We call M a properly
distributed set if the series ). _;,(1/2) converges in the principal-value sense, i.e.,
the following limit exists:
. 1
fm o D>

z€M,|z|<r

Our analysis is based on the connection between the properties of the roots of
entire functions and their growth. For reader’s convenience we recall here some
of theorems that we shall use below (see [13,14] for details).

THEOREM 2 (CARTWRIGHT THEOREM). Let {z,} be the set of all nonzero roots
of the entire function of exponential type F(z). If F(2) is bounded on the real azis,
then:

1) F(-) have the complete reqularity of growth and its indicator is given by

the formula:
h(0) = hy|sinf|, +6 € [0,7],

where hy, h_ are real values such that hy +h_ > 0, if, in addition, the set
{zn} is nonempty, then hy + h_ > 0;

2) 2on

3) for any e € (0,7/2) the angular density of the first order sequence {z,} in
each of angles |argz| < e, |7 — argz| < € is equal to (hy + h_)/2m, the
sequence {z,} has at most finite number of terms outside these angles;

4) the series ), i converges in the principal-value sense.

1

THEOREM 3. Suppose the set of roots {zn} of the canonical product
z z
-1~ 2) ()
@ =I10- ) eo(;

s a properly distributed set with the angular density determined by the function
D(-). Then for any z outside some C-set the following asymptotics holds
In|f(rexp(if))| = H®)(r +o(r)), r— oo,
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where

0
H(O) = /(9 (0 — ) sin(@ — ¢ — w)dD () + 19 cos(6 — p),

. 1
T0 exp(leo) = (50 = Z ;

Consider again the boundary value problem (1), (2). One can write the rep-
resentation for its characteristic function as follows:

m™T—a

A(p) = exp(ipm) + / u(t) exp(ipt) dt, (3)

—(7—a)

w=g [ e (@

m+a—t)/2

From representation (3), (4) and the Paley-Wiener theorem it follows that
A( -) is an entire function of exponential type, it has a complete regular growth
and its conjugate diagram is the segment [i(7 4 a—2b), i7], where b := sup supp gq.
Moreover, if g(z) is real-valued, then A(—p) = A(p).

Using the Cartwright theorem we arrive at the following result.

PROPOSITION 1. If q( - ) is not equal to O identically then the problem (1), (2)
has a countable set o of eigenvalues. The set o is a properly distributed set, its
angular density is determined by the function

2b—ard

D) = ===,
2r Lw

where [-] denote the integer part. If q(x) is real-valued, then the set o is symmetric

with respect to the imaginary axis, moreover, the set of pure imaginary eigenvalues

is (at most) finite.

REMARK 1. In formulations of Theorems 2, 3 the roots {z,} are counted
according to their algebraic multiplicities. Similarly, the terms in the spectrum o
are counted according to their algebraic multiplicities.

2. Inverse Problem. For the classical inverse Regge problem, it is known
that the spectrum of the boundary value problem (1), (2) (with a = 0) uniquely
determines the potential. In the case of a > 7/2 it will be found that the spec-
ification of some part of the spectrum uniquely determines the potential. We
characterize the proper subspectra in terms of their densities. Such a method
of characterization of the subspectra was introduced in [15], where the so called
incomplete inverse problems were considered.

PROBLEM 1. Given the symmetric with respect to the imaginary axis subspec-
trum A C o of the boundary value problem (1), (2), find the potential q(x),
x € [a,7].

The set A possibly contains multiple elements but the multiplicity of each
element pg € A is less or equal to the algebraic multiplicity of pg as an eigenvalue
of the boundary value problem (1), (2). For the definiteness we assume 0 ¢ A.

We establish first the uniqueness result for the solution of the Problem 1.
We agree that if a certain symbol £ denotes an object related to the boundary
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value problem (1), (2) with the potential ¢( - ), then £ will denote the analogous
object related to the boundary value problem (1), (2) with the potential g( - ),
and £ :=¢ — €.
THEOREM 4. Suppose there exists (and is given) the limit
tim A0 _ g

=00 Ty (r)

Suppose that
21 — 2a

ot —a

K >

Then the specification of the subspectrum A determines the potential uniquely.
Namely, if A C o, A C 6 and

S

lim na(r) = lim A(r) =K > 2m — 20
r—00 na(r) r—00 Tl&(T‘) 2T —a

)

then q(x) = ¢(x) a.e. on [a,].
Proof. We note first that the specification of K determines uniquely the
density of the spectrum o via the relation:

tim ") gt gy A,

r—00 'S r—00 'S
By virtue of Proposition 1 this means that the specification of K determines
uniquely the value of b that can be calculated by the formulas:

K
po O TR e et gy () (5)

2 ’ r—00 r
In what follows we assume b to be known.
Suppose A = {pn}n>1. Without loss of generality we assume that multiple
elements of A are neighboring. We define the functions e, (x) as follows. If p,, #

pn—1 (or n = 1), then e, (z) := exp(ippz). If pr = pp—1 ="+ = pn—v # Pr—v—1,
then
dV
en(a) i= o (explipm))|

Let o, & be the spectra of the boundary value problems (1), (2) with the potentials
q and ¢ respectively. We assume (see the discussion above) that supsupp ¢ =
supsupp ¢ = b. By virtue of (3), (4) A C o imply the relations:

dv b—a

— (exp(ipﬂ) + exp(ip(m — b)) / v(t) exp(ipt)dt) =0, n=1,2,...,

dp —(b—a) p=pn
where

v(t) =u(t +m —b)

and, as above, for each n v is such that p, = pn_1 = -+ = pn—v # Prn—v—1-
Similarly, we have:

dv b—a

— | exp(ipm) + exp(ip(m — b)) / 0(t) exp(ipt)dt =0, n=1,2,

dp¥ —(b—a) p=pn
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Therefore, one can write:
b—a
/ O(t)en(t)dt =0, n=1,2,.... (6)
—(b—a)

Let us show that the system {e, () }n>1 is complete in Ly(a — b,b — a). By virtue
of the Levinson theorem [13,14], it is sufficient to prove that

2(b—a)

s

I(A) := Tim (NA(R) -

R—o0

1
R+ 510gR> > —00. (7)

Here

R
NA(R) = /0 nalr) o

r

Given arbitrary € > 0, for r > rg(e) we have:

2b—a
o 1 - 9
ne(r) > ( €) - T
27 — 2a 2b —
na(r) > (1 — &) Kno(r) > (1 — e)?(1+ f) L2420~ 4,
2r—a w
where 8 > 0. Therefore,
na(r) Y 2b —2a2m —2a 2b—a
r > (1 —e)(1+5) T 27T—a2b—2a_'A

Under the conditions of the theorem, by choosing >0 such that (1—¢)?(1 + 3)>1
and taking into account that

2m — 2a 2b—a S
2t —a 2b—2a =

we obtain o5 _ 9
Yy

T

Then for all sufficiently large R > 0 one has:

2(b—a)

NA(R) 2 A(R = o) > =—

R

and condition (7) is fulfilled.
Since the system {ey () }n>1 is complete, from (6) it follows that o(x) = 0 a.e.
on (a —b,b— a), therefore u(x) = u(z), q¢(z) = ¢(x). O
Our next goal is to provide a constructive procedure for solving Problem 1.
Suppose that the subspectrum A = {p;,},>1 is given and the conditions of The-
orem 4 are satisfied. This means, in particular, that we can assume the value of

b = sup supp ¢ to be also given.
We choose ¢ = 0. Then:

b—a

A(p) = /W_a u(t) exp(ipt) dt = exp(ip(m — b)) / v(t) exp(ipt) dt, (8)

—(7—a) —(b—a)
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v(t) =u(t + 7 —b). 9)

Let us note that under the conditions of Theorem 4 A is a properly distributed
set with the angular density determined by the function:

b0 - %2 ]

Indeed, to show this we actually need only to prove the existence of the limit:

. .

Since A is symmetric with respect to the imaginary axis, we have:
1
Z Re— =0,
pul<r "

therefore there exists the limit:

pEC p
and therefore the series
(@)
1
Sl
= Pn

converges absolutely.
Define the function:

w(p) := exp(ikp) ﬁ (1 - pﬁn) exp<£>, (10)

Pn

n=

where the real number k will be chosen below. By virtue of Theorem 3 under the
conditions of Theorem 4 w( - ) is an entire function of exponential type and its
indicator is:

H,(0)=(b—a/2)K|sinf| + (19 — k) sin 6,

=1
T0 = Zlmf.
n=1 P

Now let us choose k such that the conjugate diagram of the function w( -) will
strictly contain the segment [i(7 + a — 2b),i(m — a)], that is, by virtue of (8), the
conjugate diagram of the function A(-). Note that such a value of k exists since

Hy,(—7/2)+ Hy,(7/2) = (2b — a) K > 2b — 2a = Hx(—7/2) + Hx(7/2)

where
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for any k. By virtue of the Paley-Wienner theorem and Theorems 2, 3 one has
H,(0) > Hy(0) for all 6. Moreover, by virtue of Theorem 3, for p — oo outside

some C%-set we have:

log w(p)| = Ha(6)(r +o(r). p = rexp(if). (11)

Since all the circles that do not contain the points of A can be excluded from the
CY-set [13], asymptotics (11) holds for p — oo, p € Gs := {p : dist(p, A) > §} with
arbitrary § > 0. For all sufficiently small § > 0 one can choose the subsequence
of the circles {|p| = Ry}, Ry — oo lying in G5. Our construction yields:

>

(p)) —0. (12)

lim max ‘w(p)

N0 |p|=Ry

From (12) it follows that:

lim / Alw) dp _
N—o00
|u|=RN

and the residue theorem yields:

M_ " ﬂ = lim es _ Al
- ZOR (W(,u)(p—u))' ]\LoouoeAZo(N)“R“AW(M (P—M)>’ (13)

where Ay is the set with no multiple elements containing all the (different) ele-
ments of A, Ag(N) := Ao N {|p| < Ry}
Define the functions:

1 (M — pn)y
W (p) =5 TN N d/% pE C \ A07 (14)
" 2mi |p—pn|=0 (P - M)W(M)
where v is such that p, = -+ = pp—p # pp—v—1 (v = 01if p, # pp—1 or n = 1)
and 0 € (0,|p — pnl) is such that the circle {y : | — pn| < 0} does not contain the
points of Ag different from p,. Then for any o = pp = -+ = Pntm.—1 # Pntmn, s

1o # pn—1 We have:

~

Ay R~ AVn)
Eff()(m) = Z 7'Wn+u(/))‘ (15)

Furthermore, since p,, is an eigenvalue of the boundary value problem (1), (2) and
its algebraic multiplicity is not less than m,, we have AW (pn) =0,v=0,m, — 1.
By virtue of (3) this yields:

AW (py) 1 &

V!  vldpr

(explipm)| _ =t B (16)
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Then (15) can be written as:

mp—1
Res

AL=%(W) Z Brtvwn+v(p)-

Substituting this into (13) we obtain:

() Zﬂnwn

w(p

<ls

~—

where the series in the right-hand side converges in the principal-value sense:

[e's)
g = lim g
N—oo

Finally, by multiplying both sides of the relation by w(p), we obtain the following
reconstruction formula for the function A(-):

= w(p) Y Buoalp). (a7)

Now we use representations (8), (9) to complete our procedure of solving Prob-
lem 1. Thus, we arrive at the following result.

THEOREM 5. Under the conditions of Theorem 4 the potential q(x), x € [a, 7]
can be recovered by making the following steps:
1. Find b by formula (5).
2. Construct the function w( -) by formula (10).
3. Calculate {5y} and construct the functions {wy(-)} using (16) and (14)
respectively.
4. Recover the function A(-) via (17).

5. Find the u(-) as the inverse Fourier transform of the function A(-). Recover
q(-) by the formula q(z) = 4u' (7 4+ a — 2x).
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O6 obpatHoii 3agadye Pemxke 11 omeparopa
IHItypma—J/InyBmnijis ¢ OTKJIOHSIOMIMMCSI apryMeHTOM

M. FO. Hznamuves

Caparosckuii rocynapcrsennbiii yausepcurer uM. H. I'. HepublueBckoro
(HAIMOHAILHBIN MCCIIEI0BATENILCKUI YHUBEPCUTET ),
Poccus, 410012, Caparos, yn. Acrpaxanckas, 83.

Annoranus

Uccrenyercs Kpaesas 3a1ada suga Ly = p2y, y(0) = v/ (7) +ipy(r) = 0,
rine L —oneparop Illrypma—JIuyBusjis ¢ IOCTOSIHHBIM 3ala3/IbIBAHUEM .
JlarHas KpaeBast 3aJada sBJIsgeTcsS 0000IeHneM Kaaccudeckoit 3amaqu Pe-
ke, Ioreniman ¢( - ) ecTb BelecTBeHHO3HAYHASL (DYHKIMS U3 IIPOCTPAH-
crBa Lo (0, 7), obpamaromasics B 0 nouru seroay Ha (0, a). Hukakux apyrux
OTpAHUYIEHUI Ha MOTEHITHAJ He HAJIATAETCS, B YACTHOCTH, HE IIPEJIIoIaraeT-
Csl HUKAKUX JIONOJIHATEJNbHBIX YCJIOBHUHA OTHOCHTEJIBHO HOBejaeHus ¢(x) upu
x — m. Ilpu cTosib 00X PEITOIOXKEHUSIX ACUMIITOTUIECKOE PA3JIOXKEHNE
XapaKTePUCTHIECKOI (DYHKIIMN KPaeBoil 3a/1a9u 1IpU p — 00 He COJIEPIKUT
raBHOrO WwieHa. Kak ciie/icTBre, CTaHIAPTHBIE METObl HE MO3BOJISAIOT TI0-
JIyIUTh B sIBHOM BHJI€ aCHMIITOTHKY CIeKTpa. B pabore paccMarpuBaercs
obpaTHast 33/1a9a BOCCTAHOBJIEHHS OIIEPATOPA 10 33/IAHHOMY ITOIMHOYKECTBY
criekTpa KpaeBoit 3agaun. ObpaTHblie 3ama9n i qudhepeHnnaabHbIX OTe-
PaTOpPOB C OTKJIOHSIFOIIUMCSI apryMEHTOM CYIIECTBEHHO CJIOXKHee II0 CpaB-
HEHWIO C KJACCHIECKUMU OOPATHBIMU 3ajadaMu i quddepeHnnaabHbIX
orepaTropoB. «HemoKkaabHOCTE» TaKUX OMEPATOPOB SIBJISIETCS] HEIPEO0JII-
MBIM IIPENATCTBUEM JIJjisl IIPUMEHEHNs KJIACCHIECKUX METOIOB TeOpU: 00-
paTHBIX 3a7ad. MbI paccMaTpuBaeM OOpATHYIO 33/ady B CIIydae 3ala3/ibl-
BaHUs, OOJIBIIEr0 WK PABHOTO TIOJOBUHE JIJTMHBI HHTEPBAJIA, U MIOKA3BIBAEM,
9TO 3aJ[aHKE IOJMHOXKECTBa CIIEKTPa KPAEBOH 3aJadd IIPU OIpeeIeHHbIX
YCJIOBHSX OJIHO3HAYHO OIpejiesisieT moTeHuast. COOTBETCTBYIONIME TIOIMHO-
JKECTBa CIIEKTPA OMUCHIBAIOTCS B TEPMUHAX UX IUIOTHOCTH. B pabore Takke
IIpeJICTaBIeHa KOHCTPYKTUBHASL IIPOIEypa PelleHusi OOpaTHOM 3a/1a49u.

Kuaro4deBble cioBa: qudpepeHnpaibHbIe OepaTopbl, OTKJIOHSIONTUIACST ap-
I'yMEHT, IIOCTOSIHHOE 3alla3/bIBaHne, OOpaTHbIE CIIEKTPAJIbHBIE 33/1a9H, 3813~
qa Pemxke.
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