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Abstract
Boundary value problem of the form 𝐿𝑦 = 𝜌2𝑦, 𝑦(0) = 𝑦′(𝜋)+𝑖𝜌𝑦(𝜋) = 0,

where 𝐿 is the Sturm–Liouville operator with constant delay 𝑎 is studied.
The boundary value problem can be considered as a generalization of the
classical Regge problem. The potential 𝑞( · ) is assumed to be a real-valued
function from 𝐿2(0, 𝜋) equal to 0 a.e. on (0, 𝑎). No other restrictions on
the potential are imposed, in particular, we make no additional assumptions
regarding an asymptotical behavior of 𝑞(𝑥) as 𝑥 → 𝜋. In this general case,
the asymptotical expansion of the characteristic function of the boundary
value problem as 𝜌 → ∞ contains no leading term. Therefore, no explicit
asymptotics of the spectrum can be obtained using the standard methods.
We consider the inverse problem of recovering the operator from given sub-
spectrum of the boundary value problem. Inverse problems for differential
operators with deviating argument are essentially more difficult with respect
to the classical inverse problems for differential operators. “Non-local” na-
ture of such operators is insuperable obstacle for classical methods of inverse
problem theory. We consider the inverse problem in case of delay, which is
not less than the half length of the interval and establish that the specifica-
tion of the subspectrum of the boundary value problem determines, under
certain conditions, the potential uniquely. Corresponding subspectra are
characterized in terms of their densities. We also provide a constructive
procedure for solving the inverse problem.
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I g n a t i e v M. Yu.

Introduction. Consider the boundary value problem:

−𝑦′′(𝑥) + 𝑞(𝑥)𝑦(𝑥− 𝑎) = 𝜌2𝑦(𝑥), 0 < 𝑥 < 𝜋, (1)
𝑦(0) = 𝑦′(𝜋) + 𝑖𝜌𝑦(𝜋) = 0, (2)

where 𝑞(·) is a real-valued function (potential), 𝑞(·) ∈ 𝐿2(0, 𝜋) and 𝑞(𝑥) = 0 a.e. on
(0, 𝑎). In the paper, we study the inverse problem of recovering the potential from
given subspectrum of the boundary value problem (1), (2). Inverse spectral prob-
lems consisting in recovering operators from their spectral characteristics often
appear in mathematics, physics, mechanics, geophysics, electronics, meteorology,
etc. The greatest success in the inverse problem theory has been achieved for
the classical Sturm–Liouville operator and afterwards for higher order differential
operators (see [1–4] and references therein). At the same time, the classical meth-
ods of inverse spectral theory, which allow obtaining global solutions of inverse
problems for differential operators, are not applicable for differential operators
with deviating argument as well as for other classes of nonlocal operators such
as integro-differential, integral and other operators [5–7]. Therefore, the gen-
eral inverse spectral theory for differential operators with deviating argument has
not yet been constructed and there are only isolated results in this direction not
forming the general picture [8–11] (see also references therein).

1. Preliminary Information. We note first that the spectrum of the bound-
ary value problem (1), (2) coincides with the set of zeros of the characteristic
function Δ(𝜌) = 𝑆′(𝜋, 𝜌) + 𝑖𝜌𝑆(𝜋, 𝜌), where 𝑆(𝑥, 𝜌) is a solution of (1) under
the initial conditions 𝑆(0, 𝜌) = 0, 𝑆′(0, 𝜌) = 1. If 𝑞(𝑥) = 0 a.e. on (0, 𝜋), then
Δ(𝜌) = Δ0(𝜌) = exp(𝑖𝜌𝜋) and the corresponding spectrum is empty. Converse
proposition is also true.

Theorem 1. If the spectrum of the boundary value problem (1), (2) is empty,
then 𝑞(𝑥) = 0 a.e. on (0, 𝜋).

The proof of the Theorem 1 is actually contained in the proof of the uniqueness
theorem in [5].

Everywhere below we assume that 𝑎 ∈ [𝜋/2, 𝜋). Then for 𝑥 > 𝑎 the following
representations hold:

𝑆(𝑥, 𝜌) =
sin 𝜌𝑥

𝜌
− cos 𝜌(𝑥− 𝑎)

2𝜌2

∫︁ 𝑥

𝑎
𝑞(𝑡) 𝑑𝑡+

1

2𝜌2

∫︁ 𝑥

𝑎
𝑞(𝑡) cos 𝜌(𝑥− 2𝑡+ 𝑎) 𝑑𝑡,

𝑆′(𝑥, 𝜌) = cos 𝜌𝑥+
sin 𝜌(𝑥− 𝑎)

2𝜌

∫︁ 𝑥

𝑎
𝑞(𝑡) 𝑑𝑡− 1

2𝜌

∫︁ 𝑥

𝑎
𝑞(𝑡) sin 𝜌(𝑥− 2𝑡+ 𝑎) 𝑑𝑡.

Therefore, we have:

Δ(𝜌) = exp(𝑖𝜌𝜋) +
1

2𝑖𝜌
exp(𝑖𝜌(𝜋 − 𝑎))

∫︁ 𝜋

𝑎
𝑞(𝑡) 𝑑𝑡−

1

2𝑖𝜌
exp(𝑖𝜌(𝜋 + 𝑎))

∫︁ 𝜋

𝑎
𝑞(𝑡) exp(−2𝑖𝜌𝑡) 𝑑𝑡.

As in the case of the classical Regge problem (see, for instance, [12] and
references therein) the asymptotical expansion of the characteristic function for
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𝜌 → ∞, Im𝜌 > 0 does not contain a leading term and the standard methods do
not allow obtaining the explicit asymptotic formulas for the spectrum without
additional restrictions on 𝑞( · ).

In this paper, we study the inverse problem in a general case, without any
additional restrictions on 𝑞( · ). In this case the properties of the spectrum can
be characterized in terms of its angular density. For a set 𝑀 we denote by 𝑛𝑀 (𝑡)
the number of elements of 𝑀 in the circle {|𝑧| < 𝑡}. We recall that the first order
countable set 𝑀 is referred to have an angular density if for all pairs 𝜃1 < 𝜃2
(with possible exception of some countable set) there exists the limit:

𝑃 (𝜃1, 𝜃2) = lim
𝑡→∞

𝑛(𝑡; 𝜃1, 𝜃2)

𝑡
,

where 𝑛(𝑡; 𝜃1, 𝜃2) is the number of elements of 𝑀 in the sector
{︀
𝑧 = 𝑟 exp(𝑖𝜃) :

𝑟 ∈ (0, 𝑡), 𝜃 ∈ (𝜃1, 𝜃2)
}︀
. We say that the angular density of the set 𝑀 is deter-

mined by the nondecreasing function 𝐷(𝜃) if 𝑃 (𝜃1, 𝜃2) = 𝐷(𝜃2)−𝐷(𝜃1). Suppose
the first order countable set 𝑀 has the angular density. We call 𝑀 a properly
distributed set if the series

∑︀
𝑧∈𝑀 (1/𝑧) converges in the principal-value sense, i.e.,

the following limit exists:

lim
𝑟→∞

∑︁
𝑧∈𝑀,|𝑧|<𝑟

1

𝑧
.

Our analysis is based on the connection between the properties of the roots of
entire functions and their growth. For reader’s convenience we recall here some
of theorems that we shall use below (see [13,14] for details).

Theorem 2 (Cartwright theorem). Let {𝑧𝑛} be the set of all nonzero roots
of the entire function of exponential type 𝐹 (𝑧). If 𝐹 (𝑧) is bounded on the real axis,
then:

1) 𝐹 ( · ) have the complete regularity of growth and its indicator is given by
the formula:

ℎ(𝜃) = ℎ±| sin 𝜃|, ±𝜃 ∈ [0, 𝜋],

where ℎ+, ℎ− are real values such that ℎ++ℎ− > 0, if, in addition, the set
{𝑧𝑛} is nonempty, then ℎ+ + ℎ− > 0;

2)
∑︀

𝑛

⃒⃒⃒
Im 1

𝑧𝑛

⃒⃒⃒
<∞;

3) for any 𝜀 ∈ (0, 𝜋/2) the angular density of the first order sequence {𝑧𝑛} in
each of angles | arg 𝑧| < 𝜀, |𝜋 − arg 𝑧| < 𝜀 is equal to (ℎ+ + ℎ−)/2𝜋, the
sequence {𝑧𝑛} has at most finite number of terms outside these angles;

4) the series
∑︀

𝑛
1
𝑧𝑛

converges in the principal-value sense.
Theorem 3. Suppose the set of roots {𝑧𝑛} of the canonical product

𝑓(𝑧) =
∏︁
𝑛

(︁
1− 𝑧

𝑧𝑛

)︁
exp
(︁ 𝑧
𝑧𝑛

)︁
is a properly distributed set with the angular density determined by the function
𝐷( · ). Then for any 𝑧 outside some 𝐶0-set the following asymptotics holds

ln
⃒⃒
𝑓
(︀
𝑟 exp(𝑖𝜃)

)︀⃒⃒
= 𝐻(𝜃)

(︀
𝑟 + 𝑜(𝑟)

)︀
, 𝑟 → ∞,
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where

𝐻(𝜃) =

∫︁ 𝜃

𝜃−2𝜋
(𝜃 − 𝜓) sin(𝜃 − 𝜓 − 𝜋)𝑑𝐷(𝜓) + 𝜏0 cos(𝜃 − 𝜃0),

𝜏0 exp(𝑖𝜃0) = 𝛿0 :=
∑︁
𝑛

1

𝑧𝑛
.

Consider again the boundary value problem (1), (2). One can write the rep-
resentation for its characteristic function as follows:

Δ(𝜌) = exp(𝑖𝜌𝜋) +

∫︁ 𝜋−𝑎

−(𝜋−𝑎)
𝑢(𝑡) exp(𝑖𝜌𝑡) 𝑑𝑡, (3)

𝑢(𝑡) =
1

2

∫︁ 𝜋

(𝜋+𝑎−𝑡)/2
𝑞(𝜉) 𝑑𝜉. (4)

From representation (3), (4) and the Paley–Wiener theorem it follows that
Δ( · ) is an entire function of exponential type, it has a complete regular growth
and its conjugate diagram is the segment [𝑖(𝜋+𝑎−2𝑏), 𝑖𝜋], where 𝑏 := sup supp 𝑞.
Moreover, if 𝑞(𝑥) is real-valued, then Δ(−𝜌) = Δ(𝜌).

Using the Cartwright theorem we arrive at the following result.
Proposition 1. If 𝑞( · ) is not equal to 0 identically then the problem (1), (2)

has a countable set 𝜎 of eigenvalues. The set 𝜎 is a properly distributed set, its
angular density is determined by the function

𝐷(𝜃) =
2𝑏− 𝑎

2𝜋

[︁ 𝜃
𝜋

]︁
,

where [ · ] denote the integer part. If 𝑞(𝑥) is real-valued, then the set 𝜎 is symmetric
with respect to the imaginary axis, moreover, the set of pure imaginary eigenvalues
is (at most) finite.

Remark 1. In formulations of Theorems 2, 3 the roots {𝑧𝑛} are counted
according to their algebraic multiplicities. Similarly, the terms in the spectrum 𝜎
are counted according to their algebraic multiplicities.

2. Inverse Problem. For the classical inverse Regge problem, it is known
that the spectrum of the boundary value problem (1), (2) (with 𝑎 = 0) uniquely
determines the potential. In the case of 𝑎 > 𝜋/2 it will be found that the spec-
ification of some part of the spectrum uniquely determines the potential. We
characterize the proper subspectra in terms of their densities. Such a method
of characterization of the subspectra was introduced in [15], where the so called
incomplete inverse problems were considered.

Problem 1. Given the symmetric with respect to the imaginary axis subspec-
trum Λ ⊂ 𝜎 of the boundary value problem (1), (2), find the potential 𝑞(𝑥),
𝑥 ∈ [𝑎, 𝜋].

The set Λ possibly contains multiple elements but the multiplicity of each
element 𝜌0 ∈ Λ is less or equal to the algebraic multiplicity of 𝜌0 as an eigenvalue
of the boundary value problem (1), (2). For the definiteness we assume 0 /∈ Λ.

We establish first the uniqueness result for the solution of the Problem 1.
We agree that if a certain symbol 𝜉 denotes an object related to the boundary
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value problem (1), (2) with the potential 𝑞( · ), then 𝜉 will denote the analogous
object related to the boundary value problem (1), (2) with the potential 𝑞( · ),
and 𝜉 := 𝜉 − 𝜉.

Theorem 4. Suppose there exists (and is given) the limit

lim
𝑟→∞

𝑛Λ(𝑟)

𝑛𝜎(𝑟)
= 𝐾.

Suppose that

𝐾 >
2𝜋 − 2𝑎

2𝜋 − 𝑎
.

Then the specification of the subspectrum Λ determines the potential uniquely.
Namely, if Λ ⊂ 𝜎, Λ ⊂ �̃� and

lim
𝑟→∞

𝑛Λ(𝑟)

𝑛𝜎(𝑟)
= lim

𝑟→∞

𝑛Λ(𝑟)

𝑛�̃�(𝑟)
= 𝐾 >

2𝜋 − 2𝑎

2𝜋 − 𝑎
,

then 𝑞(𝑥) = 𝑞(𝑥) a.e. on [𝑎, 𝜋].

Proof. We note first that the specification of 𝐾 determines uniquely the
density of the spectrum 𝜎 via the relation:

lim
𝑟→∞

𝑛𝜎(𝑟)

𝑟
= 𝐾−1 · lim

𝑟→∞

𝑛Λ(𝑟)

𝑟
.

By virtue of Proposition 1 this means that the specification of 𝐾 determines
uniquely the value of 𝑏 that can be calculated by the formulas:

𝑏 =
𝑎+ 𝜋𝐾1

2
, 𝐾1 = 𝐾−1 · lim

𝑟→∞

𝑛Λ(𝑟)

𝑟
. (5)

In what follows we assume 𝑏 to be known.
Suppose Λ = {𝜌𝑛}𝑛>1. Without loss of generality we assume that multiple

elements of Λ are neighboring. We define the functions 𝑒𝑛(𝑥) as follows. If 𝜌𝑛 ̸=
𝜌𝑛−1 (or 𝑛 = 1), then 𝑒𝑛(𝑥) := exp(𝑖𝜌𝑛𝑥). If 𝜌𝑛 = 𝜌𝑛−1 = · · · = 𝜌𝑛−𝜈 ̸= 𝜌𝑛−𝜈−1,
then

𝑒𝑛(𝑥) :=
𝑑𝜈

𝑑𝜌𝜈
(︀
exp(𝑖𝜌𝑥)

)︀⃒⃒⃒
𝜌=𝜌𝑛

.

Let 𝜎, �̃� be the spectra of the boundary value problems (1), (2) with the potentials
𝑞 and 𝑞 respectively. We assume (see the discussion above) that sup supp 𝑞 =
sup supp 𝑞 = 𝑏. By virtue of (3), (4) Λ ⊂ 𝜎 imply the relations:

𝑑𝜈

𝑑𝜌𝜈

(︂
exp(𝑖𝜌𝜋) + exp

(︀
𝑖𝜌(𝜋 − 𝑏)

)︀ ∫︁ 𝑏−𝑎

−(𝑏−𝑎)
𝑣(𝑡) exp(𝑖𝜌𝑡)𝑑𝑡

)︂⃒⃒⃒⃒
𝜌=𝜌𝑛

= 0, 𝑛 = 1, 2, . . . ,

where
𝑣(𝑡) = 𝑢(𝑡+ 𝜋 − 𝑏)

and, as above, for each 𝑛 𝜈 is such that 𝜌𝑛 = 𝜌𝑛−1 = · · · = 𝜌𝑛−𝜈 ̸= 𝜌𝑛−𝜈−1.
Similarly, we have:

𝑑𝜈

𝑑𝜌𝜈

(︂
exp(𝑖𝜌𝜋) + exp

(︀
𝑖𝜌(𝜋 − 𝑏)

)︀ ∫︁ 𝑏−𝑎

−(𝑏−𝑎)
𝑣(𝑡) exp(𝑖𝜌𝑡)𝑑𝑡

)︂⃒⃒⃒⃒
𝜌=𝜌𝑛

= 0, 𝑛 = 1, 2, . . . .
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Therefore, one can write:∫︁ 𝑏−𝑎

−(𝑏−𝑎)
𝑣(𝑡)𝑒𝑛(𝑡)𝑑𝑡 = 0, 𝑛 = 1, 2, . . . . (6)

Let us show that the system {𝑒𝑛(·)}𝑛>1 is complete in 𝐿2(𝑎− 𝑏, 𝑏− 𝑎). By virtue
of the Levinson theorem [13,14], it is sufficient to prove that

𝑙(Λ) := lim
𝑅→∞

(︁
𝑁Λ(𝑅)−

2(𝑏− 𝑎)

𝜋
𝑅+

1

2
log𝑅

)︁
> −∞. (7)

Here

𝑁Λ(𝑅) =

∫︁ 𝑅

0

𝑛Λ(𝑟)

𝑟
𝑑𝑟.

Given arbitrary 𝜀 > 0, for 𝑟 > 𝑟0(𝜀) we have:

𝑛𝜎(𝑟) > (1− 𝜀)
2𝑏− 𝑎

𝜋
𝑟,

𝑛Λ(𝑟) > (1− 𝜀)𝐾𝑛𝜎(𝑟) > (1− 𝜀)2(1 + 𝛽)
2𝜋 − 2𝑎

2𝜋 − 𝑎

2𝑏− 𝑎

𝜋
𝑟,

where 𝛽 > 0. Therefore,

𝑛Λ(𝑟)

𝑟
> (1− 𝜀)2(1 + 𝛽)

2𝑏− 2𝑎

𝜋

2𝜋 − 2𝑎

2𝜋 − 𝑎

2𝑏− 𝑎

2𝑏− 2𝑎
=: 𝐴.

Under the conditions of the theorem, by choosing 𝜀>0 such that (1−𝜀)2(1 + 𝛽)>1
and taking into account that

2𝜋 − 2𝑎

2𝜋 − 𝑎

2𝑏− 𝑎

2𝑏− 2𝑎
> 1

we obtain
𝐴 >

2𝑏− 2𝑎

𝜋
.

Then for all sufficiently large 𝑅 > 0 one has:

𝑁Λ(𝑅) > 𝐴(𝑅− 𝑟0) >
2(𝑏− 𝑎)

𝜋
𝑅

and condition (7) is fulfilled.
Since the system {𝑒𝑛(·)}𝑛>1 is complete, from (6) it follows that 𝑣(𝑥) = 0 a.e.

on (𝑎− 𝑏, 𝑏− 𝑎), therefore 𝑢(𝑥) = �̃�(𝑥), 𝑞(𝑥) = 𝑞(𝑥). 2
Our next goal is to provide a constructive procedure for solving Problem 1.

Suppose that the subspectrum Λ = {𝜌𝑛}𝑛>1 is given and the conditions of The-
orem 4 are satisfied. This means, in particular, that we can assume the value of
𝑏 = sup supp 𝑞 to be also given.

We choose 𝑞 = 0. Then:

Δ̂(𝜌) =

∫︁ 𝜋−𝑎

−(𝜋−𝑎)
𝑢(𝑡) exp(𝑖𝜌𝑡) 𝑑𝑡 = exp

(︀
𝑖𝜌(𝜋 − 𝑏)

)︀ ∫︁ 𝑏−𝑎

−(𝑏−𝑎)
𝑣(𝑡) exp(𝑖𝜌𝑡) 𝑑𝑡, (8)
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𝑣(𝑡) = 𝑢(𝑡+ 𝜋 − 𝑏). (9)

Let us note that under the conditions of Theorem 4 Λ is a properly distributed
set with the angular density determined by the function:

𝐷(𝜃) = 𝐾
2𝑏− 𝑎

2𝜋

[︁ 𝜃
𝜋

]︁
.

Indeed, to show this we actually need only to prove the existence of the limit:

lim
𝑟→∞

∑︁
|𝜌𝑛|<𝑟

1

𝜌𝑛
.

Since Λ is symmetric with respect to the imaginary axis, we have:∑︁
|𝜌𝑛|<𝑟

Re
1

𝜌𝑛
= 0,

therefore there exists the limit:

lim
𝑟→∞

∑︁
|𝜌𝑛|<𝑟

Re
1

𝜌𝑛
= 0.

Furthermore, by virtue of the Cartwright theorem one has:∑︁
𝜌∈𝜎

⃒⃒⃒
Im

1

𝜌

⃒⃒⃒
<∞,

and therefore the series
∞∑︁
𝑛=1

Im
1

𝜌𝑛

converges absolutely.
Define the function:

𝜔(𝜌) := exp(𝑖𝜅𝜌)

∞∏︁
𝑛=1

(︁
1− 𝜌

𝜌𝑛

)︁
exp
(︁ 𝜌
𝜌𝑛

)︁
, (10)

where the real number 𝜅 will be chosen below. By virtue of Theorem 3 under the
conditions of Theorem 4 𝜔( · ) is an entire function of exponential type and its
indicator is:

𝐻𝜔(𝜃) = (𝑏− 𝑎/2)𝐾| sin 𝜃|+ (𝜏0 − 𝜅) sin 𝜃,

where

𝜏0 =
∞∑︁
𝑛=1

Im
1

𝜌𝑛
.

Now let us choose 𝜅 such that the conjugate diagram of the function 𝜔( · ) will
strictly contain the segment [𝑖(𝜋 + 𝑎− 2𝑏), 𝑖(𝜋 − 𝑎)], that is, by virtue of (8), the
conjugate diagram of the function Δ̂( · ). Note that such a value of 𝜅 exists since

𝐻𝜔(−𝜋/2) +𝐻𝜔(𝜋/2) = (2𝑏− 𝑎)𝐾 > 2𝑏− 2𝑎 = 𝐻Δ̂(−𝜋/2) +𝐻Δ̂(𝜋/2)
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for any 𝜅. By virtue of the Paley–Wienner theorem and Theorems 2, 3 one has
𝐻𝜔(𝜃) > 𝐻Δ̂(𝜃) for all 𝜃. Moreover, by virtue of Theorem 3, for 𝜌 → ∞ outside
some 𝐶0-set we have:

log |𝜔(𝜌)| = 𝐻𝜔(𝜃)
(︀
𝑟 + 𝑜(𝑟)

)︀
, 𝜌 = 𝑟 exp(𝑖𝜃). (11)

Since all the circles that do not contain the points of Λ can be excluded from the
𝐶0-set [13], asymptotics (11) holds for 𝜌→ ∞, 𝜌 ∈ 𝐺𝛿 := {𝜌 : dist(𝜌,Λ) > 𝛿} with
arbitrary 𝛿 > 0. For all sufficiently small 𝛿 > 0 one can choose the subsequence
of the circles {|𝜌| = 𝑅𝑁}, 𝑅𝑁 → ∞ lying in 𝐺𝛿. Our construction yields:

lim
𝑁→∞

max
|𝜌|=𝑅𝑁

⃒⃒⃒Δ̂(𝜌)

𝜔(𝜌)

⃒⃒⃒
= 0. (12)

From (12) it follows that:

lim
𝑁→∞

∫︁
|𝜇|=𝑅𝑁

Δ̂(𝜇)

𝜔(𝜇)

𝑑𝜇

𝜌− 𝜇
= 0,

and the residue theorem yields:

Δ̂(𝜌)

𝜔(𝜌)
=
∑︁
𝜇0∈Λ0

Res
𝜇=𝜇0

(︁ Δ̂(𝜇)

𝜔(𝜇)(𝜌− 𝜇)

)︁
:= lim

𝑁→∞

∑︁
𝜇0∈Λ0(𝑁)

Res
𝜇=𝜇0

(︁ Δ̂(𝜇)

𝜔(𝜇)(𝜌− 𝜇)

)︁
, (13)

where Λ0 is the set with no multiple elements containing all the (different) ele-
ments of Λ, Λ0(𝑁) := Λ0 ∩ {|𝜇| < 𝑅𝑁}.

Define the functions:

𝜔𝑛(𝜌) =
1

2𝜋𝑖

∫︁
|𝜇−𝜌𝑛|=𝛿

(𝜇− 𝜌𝑛)
𝜈

(𝜌− 𝜇)𝜔(𝜇)
𝑑𝜇, 𝜌 ∈ C ∖ Λ0, (14)

where 𝜈 is such that 𝜌𝑛 = · · · = 𝜌𝑛−𝜈 ̸= 𝜌𝑛−𝜈−1 (𝜈 = 0 if 𝜌𝑛 ̸= 𝜌𝑛−1 or 𝑛 = 1)
and 𝛿 ∈ (0, |𝜌− 𝜌𝑛|) is such that the circle {𝜇 : |𝜇− 𝜌𝑛| 6 𝛿} does not contain the
points of Λ0 different from 𝜌𝑛. Then for any 𝜇0 = 𝜌𝑛 = · · · = 𝜌𝑛+𝑚𝑛−1 ̸= 𝜌𝑛+𝑚𝑛 ,
𝜇0 ̸= 𝜌𝑛−1 we have:

Res
𝜇=𝜇0

(︁ Δ̂(𝜇)

𝜔(𝜇)(𝜌− 𝜇)

)︁
=

𝑚𝑛−1∑︁
𝜈=0

Δ̂(𝜈)(𝜌𝑛)

𝜈!
𝜔𝑛+𝜈(𝜌). (15)

Furthermore, since 𝜌𝑛 is an eigenvalue of the boundary value problem (1), (2) and
its algebraic multiplicity is not less than 𝑚𝑛 we have Δ(𝜈)(𝜌𝑛) = 0, 𝜈 = 0,𝑚𝑛 − 1.
By virtue of (3) this yields:

Δ̂(𝜈)(𝜌𝑛)

𝜈!
= − 1

𝜈!

𝑑𝜈

𝑑𝜌𝜈
(︀
exp(𝑖𝜌𝜋)

)︀⃒⃒⃒
𝜌=𝜌𝑛

=: 𝛽𝑛+𝜈 . (16)
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Then (15) can be written as:

Res
𝜇=𝜇0

(︁ Δ̂(𝜇)

𝜔(𝜇)(𝜌− 𝜇)

)︁
=

𝑚𝑛−1∑︁
𝜈=0

𝛽𝑛+𝜈𝜔𝑛+𝜈(𝜌).

Substituting this into (13) we obtain:

Δ̂(𝜌)

𝜔(𝜌)
=

∞∑︁
𝑛=1

𝛽𝑛𝜔𝑛(𝜌),

where the series in the right-hand side converges in the principal-value sense:

∞∑︁
𝑛=1

:= lim
𝑁→∞

∑︁
|𝜌𝑛|<𝑅𝑁

.

Finally, by multiplying both sides of the relation by 𝜔(𝜌), we obtain the following
reconstruction formula for the function Δ̂( · ):

Δ̂(𝜌) = 𝜔(𝜌)
∞∑︁
𝑛=1

𝛽𝑛𝜔𝑛(𝜌). (17)

Now we use representations (8), (9) to complete our procedure of solving Prob-
lem 1. Thus, we arrive at the following result.

Theorem 5. Under the conditions of Theorem 4 the potential 𝑞(𝑥), 𝑥 ∈ [𝑎, 𝜋]
can be recovered by making the following steps:

1. Find 𝑏 by formula (5).
2. Construct the function 𝜔( · ) by formula (10).
3. Calculate {𝛽𝑛} and construct the functions {𝜔𝑛( · )} using (16) and (14)

respectively.
4. Recover the function Δ̂( · ) via (17).
5. Find the 𝑢(·) as the inverse Fourier transform of the function Δ̂(·). Recover
𝑞( · ) by the formula 𝑞(𝑥) = 4𝑢′(𝜋 + 𝑎− 2𝑥).
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Об обратной задаче Редже для оператора
Штурма–Лиувилля с отклоняющимся аргументом

М. Ю. Игнатьев
Саратовский государственный университет им. Н. Г. Чернышевского
(национальный исследовательский университет),
Россия, 410012, Саратов, ул. Астраханская, 83.

Аннотация
Исследуется краевая задача вида 𝐿𝑦 = 𝜌2𝑦, 𝑦(0) = 𝑦′(𝜋)+ 𝑖𝜌𝑦(𝜋) = 0,

где 𝐿— оператор Штурма–Лиувилля с постоянным запаздыванием 𝑎.
Данная краевая задача является обобщением классической задачи Ре-
дже. Потенциал 𝑞( · ) есть вещественнозначная функция из простран-
ства 𝐿2(0, 𝜋), обращающаяся в 0 почти всюду на (0, 𝑎). Никаких других
ограничений на потенциал не налагается, в частности, не предполагает-
ся никаких дополнительных условий относительно поведения 𝑞(𝑥) при
𝑥→ 𝜋. При столь общих предположениях асимптотическое разложение
характеристической функции краевой задачи при 𝜌 → ∞ не содержит
главного члена. Как следствие, стандартные методы не позволяют по-
лучить в явном виде асимптотику спектра. В работе рассматривается
обратная задача восстановления оператора по заданному подмножеству
спектра краевой задачи. Обратные задачи для дифференциальных опе-
раторов с отклоняющимся аргументом существенно сложнее по срав-
нению с классическими обратными задачами для дифференциальных
операторов. «Нелокальность» таких операторов является непреодоли-
мым препятствием для применения классических методов теории об-
ратных задач. Мы рассматриваем обратную задачу в случае запазды-
вания, большего или равного половине длины интервала, и показываем,
что задание подмножества спектра краевой задачи при определенных
условиях однозначно определяет потенциал. Соответствующие подмно-
жества спектра описываются в терминах их плотности. В работе также
представлена конструктивная процедура решения обратной задачи.

Ключевые слова: дифференциальные операторы, отклоняющийся ар-
гумент, постоянное запаздывание, обратные спектральные задачи, зада-
ча Редже.
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