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AHHOTaNNA

PaccmarpuBaercs 3amada onTuMaIbHOTO yIPABJICHNS, OMUCHIBAEMAsT CHU-
creMoii nHTErpo-muddepeHInaIbHbIX ypaBHennii Tua Bosbreppa ¢ 3amas-
JIBIBAIOIIIAM apryMEHTOM W MHOIOTOYEYHBIM KpUTEpHeM KadecTBa. [1pu mpe-
[TOJIOYKEHUN OTKPBITOCTH OBJIACTH yIPABJIEHUST BBIUYUCIIEHBI TIEpBasi U BTOPast
Bapualiy KpUTeprs KadecTBa. V13 paBeHCTBa HyJIIO 1IepBOii Bapuamyy OyHK-
[IMOHAJIA KAYeCTBa BJIOJIb OITHMAJIBHOIO IIPOIECCA BBIBEJIEHO HEOOXOIMMOe
yCJIOBHE ONTUMAJIBHOCTH ITEPBOI'0 TOPSIIKA B (POPME aHAJIOTa YPABHEHUS Jii-
sepa. /laee mosiyaeHO HESIBHOE HEOOXOMMMOE YCIOBHE ONMTUMAIHLHOCTH BTO-
POTo MOPSIIKA, C IIOMOIIBI0 KOTOPOTO YCTAHOBJIEHO JTOBOJILHO 00IIee, HO KOH-
CTPYKTUBHO IIPOBEPsieMOe HEOOXOINMOEe YCJIOBHE OITUMAJHLHOCTH BTOPOTO
nopsijika. [losryueHHbIe pe3yJibTaTbl MOI'YT ObITH UCIIOJIb30BAHbI JIJIsI TOCTPO-
€HUsl JIETKO MPOBEPSIEMbIX HEOOXOMMBIX YCJOBUI ONTUMAJIBHOCTH OCOOBIX
B KJIACCUYECKOM CMBICJIE YIIPABJICHUIA.

KuaroueBble cioBa: wHTErpo-auddepennuaaibHoe ypaBHenne Tuna Bosb-
Teppa, OITUMAaJIbHOE ypaBHEHNE, HEOOXOIMMOE YCJIOBHE OIITUMAJIbHOCTH B WH-
TerpaJbHoit hopMe, aHAJIOT ypaBHEHHs Dilgepa, KiiacCudecKas SKCTPEMAJIb,
HEOOXOIMMOE yCJIOBHE OIITUMAJIBHOCTA BTOPOTO MOPSIKA.
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Heobxoaumoe ycroBue OOTHMAJIBHOCTH BTOPOI'O IOPSAKA. . .

Ionyuenue: 27 nekabpsa 2017 r. / Ucnpasnenue: 14 aupess 2018 1. /
punsarue: 11 uons 2018 r. / Ily6iukanus onsaita: 1 uross 2018 r.

BBenenme. Muorue mporecchl m3 MexaHuku, 6modusuku u Apyrux objia-
cTell OIUCHIBAIOTCS MHTErPO-Tud depeHnnaaIbHbIMI yYpaBHEeHUsIMU TUIa Bobrep-
pa (cm., Hapumep, paborer [1-10]).

B paborax [5-8, 1016 u xap.| nccsieioBanbl pasandHble 3a/1a91 OHTUMAIBHOTO
yIIpaBJIeHHUsI, OMUCHIBaeMble MHTErpo-auddepeHnaIbHbIMI YPABHEHUSIMU THUIIA
Bonbreppa. Haiifgerbr HeoOXoauMbie yCIOBUS ONTUMAJILHOCTH IIEPBOTO MOPSIIKA,
JOKA3aHbI TEOPEMBI CYIIECTBOBAHUS ONTUMAJJILHBIX YIIPABJIEHUIN.

B npenaraemoii pabore paccMaTpuBaeTCsI OQHA 3a1a49a OITUMAILHOIO YIIpaB-
JIEHWSI, OIHUCHIBaeMasi CHCTEMOM HHTerpo-InddepeHInaJ bHbIX YPaBHEHUI THUIa
Bosbreppa ¢ zanazapiBanuem. [Ipu npeamoioyKeHun OTKPBITOCTH 00JIACTH YIIPaB-
JIGHUSI TIOJIYYIE€HbI HEOOXOIUMBbIE YCJIOBUS ONTUMAJIBHOCTH IIEPBOIO M BTOPOIO IIO-
PSLIKOB.

1. ITocTtanoBKa 3azaun. PaccMOTpUM yIIPaBJIsieMblil TPOIECC, OIUCHIBAEMBbIi

cucTeMoit nHTerpo-auddepeHImanbubIX ypaBuenuit Tuna Boabreppa ¢ 3ama3iab-
BaHUEM

+ /t K(t,T,x(T), a:(h(T)),u(T))dT, teT =ty t1], (1)
C HAYAJIbHBIM YCJIOBHEM
z(t) = a(t), te€ Ey = [h(to), o] (2)

Buecw f(t, z,y,u) (K(t,T,x,y,u)) — 3a1anHas n-MepHas BEKTOP-QyHKIMsI, HEIIPe-
peiBHasg B T X R" X R" x R" (T x T x R™ x R™ x R") BMecTe ¢ YacTHBIME
NPOM3BOJAHBIMU TI0 MEPEMEHHBIM I, ¥, % JO BTOPOrO MOPSIKA BKJIOYUTEIHHO;
h(t) (h(t) < t) —s3amannas HenpepbiBHO Jud depeHnupyeMast cKassipHast BhyHK-
wust, npuaenm h(t) > 0; a(t), t € Fy, — 3a/1aHHas HEIPepLIBHAS HAYAIbLHAS BEK-
Top-yukus; u(t) — r-MepHasi KyCOUHO-HENPEPbIBHAsL (¢ KOHEIHBIM YUCJIOM TO-
YeK paspbiBa [EPBOr0 pPojia) BEKTOP-(YHKIMS YIPABJISIONUX BO3JIEHCTBHN €O
3HAYEHUSIMU U3 3aJaHHOTO HEIYCTOTO, OIPAHNIEHHOTO W OTKPBITOIO MHOMKECTBA

UcCR":
u(t)eUCR", teTl. (3)

Takue yupasistomie QyHKIUE HA30BEM JIOLYCTHMBIMH.

[Tpeamonaraercsi, 9To KazKI0My JOIYCTUMOMY YIIPaBIeHHIO u(t) COOTBETCTBY-
eT exuHCTBEHHOE perienne x(t) (B cMblcie, Hanpumep, [6,8,10]) HauanbHOl 3818491
(1), (2).

Ha pemennsix cucremsrt (1), (2), HOPOXKIEHHBIX BCEBO3ZMOYKHBIMHE JIOITYCTHMbI-
MU yIIPABICHUSIMI, OIPEIEIUM MHOTOTOYEYHbIH (DyHKIMOHAI

S(u) :go(x(Tl),:c(Tg),...,x(Tk)). (4)
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Buecw T; € (to,t1] —3amannbie Toukn, npudeM to < Th <Th < ..., < T < t1, a
o(ay,as,...,,a,) —3amaHHas ABasKIRl HempepbiHo muddepenmupyemas B R
CKaJIApHAas PYHKITUSI.

Pacemorpum 3azady o MunnmyMe dbyuakiuonana (4) npu orparndenusx (1)—(3).

Honycrumoe yupasienue u(t), siBjsiiorieecsi periieHreM IoCTaBJIeHHOMN 3a/1a4H,
HA30BEM OITHMAJILHBIM YIIPABJIEHUEM, & COOTBeTCTBY oMM nporece (u(t), x(t)) —
OIITUMAJIBHBIM IIPOLECCOM.

Kak BujHO, MHOTOTOUCUHBIH (DYHKINOHAT (4) siB/IsieTcst 0000IEHnEM TePMU-
HaJILHOTO (DYHKIMOHAJIA.

IlepeiimeMm K BBIBO/LY HEOOXOIMMBIX YCIOBUM ONTHUMAJIBLHOCTH.

2. Bapunamun GyHKIMOHAIOB U HEOOXOAMMBbIE yCIOBUSI ONTUMAIBHO-
cru. Ilycrs u(t) n u(t) = u(t) + Au(t) — aBa momycTumbIX yupasienus. depe3
x(t) n T(t) = x(t) + Ax(t) obosHauMM COOTBETCTBYOIINE UM periennus 3aaaau (1),
(2) u BBIUKCIUM TpUpaIeHne (PyHKIUOHAIA KaIeCTBA:

AS(u) = S(w) — S(u) =
= (p(f(Tl)af(TZ)v R 7T(Tk)) - So(x(Tl)a x(T2)> R 7x(Tk)) (5)
Brenem dbyuknuo amunsrona—IllorTpsaruna
t1
H(t’ x,y, ¢(t)) = w/(t)f(ta Y, u) + \ ¢/(7—)K(T7 t,x,y, U)dT,

rze npejnoaraercs y(t) = l‘(h(t)) Baeck ¥ = 1(t) — n-mepHasi BeKTOp-hyHK-
IV COIIPSI?KEHHBIX MMEePEMEHHBIX, SIBJISIIONIASICS PEIIeHUeM 3a/1a49u (CONpszKeHHAasT
cHuCTEMA)

k
_ Z o (t) a(z. o(z(Th), z(Tn), ..., x(Tk))+
i=1 !

+/t1Hy(’"(T)ﬂL‘(?"(T)),w(T%U(T(T)),w(T(T)))f(T)dﬂ (6)

rae Y(t) = 0 upu t > t1, at) — xapakrepucruieckast dbyHKIms orpeska [to, T;],
a r(t) — dyukus obparnas K h(t).

[Tpu HEKOTOPBIX HpeAIoIoKeHusx (cM., Hanpumep, [8,10]) MoxkHO JOKa3aTh
CyIIeCTBOBaHUE KyCOYHO-HEIIPEPBIBHOTO perernst 3a1a9u (6).

[Tpupamenue (5) dbyuknuonamsa kadecrsa 1pu momomntu (dopmysbl Teitiopa
[IPEJICTABJISIETCST B BUJIE
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k 2
o ( (S ae@m)) )+
(S atemn))
+/t1¢’(t)A;t(t)dt+/t1H;(t,x(t),y(t),u(t),zp(t))Aa:(t)dt—
-/ " H (1 a(8), (8), u(t), () Ay(t)dt—
= [ a0, ule) 00) Ayt~

_ % /tol [Ax/(t)Hzm (t, x(t), y(t)’ u(t), ¥ t))Al‘(t)—l—

= [ oa(1aa(ol + lAu(ol + |Auo]?)ae. ()

BeinosiHrM HEKOTOpBIE Tpeobpa3oBanus HaJl ciaaraeMbiMu (opmyiibt (7):

/t CH (6 (), (1), u(t), (6) A ((1))d =

h(t1)
= /h(t) Hy (r(t),z(r(t)), z(t), u(r(t), ¥ (r(t)) Az(t)r(t)dt
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k

:/1Zai(t)aiw(x(Tl),a:(Tz),...,w(Tk))Ai(t)dt. (10)

to =1

C yuerom Toxzgects (8)—(10) u3 (7) momywaem, aro ecim 1(t) sBiisieTcst pele-
HIIEM COIIPsI’KEHHOiT cucTeMsl (6), To nmpuparnienue GyHKIMOHATA KAIeCTBA MOKET
OBITH IPEJCTAB/ICHO B BUJIE

AS(u) = —/ 1 H, (t,z(t),y(t), u(t), v (t)) Au(t)dt+

2
+ = ZAQ; 8a18 -o(x(Th), 2(Ty), ..., o(Tk)) Ax(T;)—

’le

t1
-5 | (AT @O0 000, v(0) Ax )+
A () Hy (12(2). y(1), u(t). () A (1) +
A (1) Hay (1, 2(0), (1) u0), (1)) Dy 1)+
o+ A () Hyy (£, (0), (1), u(t), (1)) Ay(t) | di—

A (8) Hay (£ (1), y(8), (), $(1)) Ay (1) di -
5 Au( ) uu(t 'r(t) y(t),u(t),w(t))Au(t)dt_|_771(u; Au)a (11)

rae 0603HAYEHO

(s ) —ol(<ZAnx 1) )= [oa(l1wtol+ 1300+ Suco1)a

[IycTh € — NpOM3BOJIBHOE JIOCTATOYHO MAaJOe 10 abCOJIOTHOI BeJMYHHe YUC-
70, a 0u(t) — Ipou3BOJIbHAS KyCOYHO-HEIIPEpPbIBHASL T-MepHasi BEKTOP-(YHKIHSI
co 3HavYeHusiMu u3 R’ (nonycruMasi Bapuarysi yIpaB/IeHus).

B cuty orkpeiTOCTH 06/IACTH yIPABICHUS CHEIUAJIBHOE TPUPAIIEHUE IOITy-
CTUMOrO yTrpaiieHus u(t) MOXKHO ONPEJIEIUTh 110 (POPMYyJIe

Aug(t) = edu(t), teT. (12)

Yepes Az, (t) obo3HAUMM clienUaIbHOe puparieHne Tpaekropun x(t), oTse-
Jarolree crenuajibHoMy npupaiiennto (12) ynpasiennst u(t).

[Tycts mo onpenenennio us(t) = u(t) + Auc(t), z(t) = x(t) + Axe(t).

U3 (1), (2) crenyer, aro Az, (t) sBiseTcst penenneM Ce/IyIoneii JuHeapu30-
BAHHOW 3a/1a4u:

Aio(t) = fo(t,z(t), z(h(t)), u(t)) Az (t)+
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+ fy (2 (), x(h(t)), u(t)) Aye (t)+
+ fu(t,x(t),m(h(t)),u(t))AuE(t)—l-
—|—/t [Kx(t,'T,.T(T),$(h(T)),U(T))A$5(T)+
+ K, (t, T, x(T), x(h(T)) , u(T))AyE(T)—f—
+ Kyt 7,2(7), 2 (h(7)) u(r)) Aue (r) | dr+
+ 03 ([[Aze ()| + | Aye ()| + | Aus(T)]]) +
+ / 1 o1 ([|Az(7)[| + |Aye ()| + [[Auc(7) ) dr, (13)
to
rie
A.’Bg(t) =0, te Eto- (14)

C npumenennem (13), (14) nokassiBaercs
JIEMMA. Jlas Ax.(t) cnpasedauso caedyrowee pazaoorcenue:

Axe(t) = edz(t) + o(e; t), (15)

2de dz(t) (sapuayua mpaexkmopuu) AGAAEMCA PEUEHUEM 3604 4U
02=(t) = fo(t, 2(t), 2(h(t)), u(t)) oz (t) + fy (t, (1), z(h(t)), u(t)) Sy (t)+
—i—/t [Kz(t,T,J}(T),x(h(T)),U(T))(sx(T)—|—Ky(t,7',$(7’),I‘(h(T)),u(T))(Sy(T)}dT—i—

t

—I—fu(t,:c(t),x(h(t)),u(t))éu(t)—l—/ Ku(t,T,m(T),x(h(7’)),u(7’))5u(r)d7’, (16)

0

I~

ede
dze(t) =0, teE,. (17)

VYpasuenue (16) Haz0oBEM ypaBHEHHEM B BapHAIlUsX JJIsi PACCMATPUBAEMOI
3a/a40.

YuureBas (12), (15), uz dopmynsr npupammenus (11) nosxygaem crnpasein-
BOCTb PA3JI0KEHUS

AS (u) = S(u+edu) — S(u) =

_ . /t CH (8, 2(t), 2 (h(1)), u(t), $(8))Su(t)di+

82 5?2
D) {Z 6a'(T, 8@,8 “o(2(Th),2(Ta), - . ., o(T}) ) 0 (T;) —

7,7=1

- /t 50 (0) o (1. 2(0), (). w(0) () (1)
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N3 pazmoxenust (18) B CUJIy OIIpeJiesIeHns IIePBOIl 1 BTOPOU Bapualyuil 1pons-
BOJIHOIT (B KJTaccuvyeckoM cMblcie) dbyHKImoHaaa (cM., Hapumep, [7,12,13,18,19])
CJIeJIyeT, 9TO

618 (u; du) = —/t 1 H, (t,z(t),z(h(t)), u(t), ¥(t))du(t)dt,

+ 6w’ (t) Hyu (t, 2(t), 2 (R(2)), u(t), w(t))éu(t)} dt.

WsBecrHo (cM., Harpumep, [17,18]), uro B ciydae OTKPBITOCTH 0GJIACTH YIIPAB-
JICHHsI BJIOJIb ONTHMAJILHOTO MIPOIECCa, JJIs BCEX JOMYyCTUMBIX BapUALUil yIrpasie-
HUs TepBas Bapualys (pyHKIMOHAIA KadeCTBa paBHa HyJIO, a BTOpas — HEOTPH-
nareabHa;

618 (u; du) = —/t 1 H, (t,z(t),z(h(t)), u(t), ¥(t))du(t)dt = 0, (19)

k 2
628 (u; du) = Z o' ( ’)aa 8aj¢(x(T1),x(T2), ,x(Ty))6x(T;)—
ij=1 t
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Jutsi Beex ou(t) € Rt € T, rye 0x(t) — pernenne ypasuenust B Bapuarusix (16), (17).
[Tpu nomomnm Toxkaecrsa (19) no cxeme us [17| mokaswiBaercst

TEOPEMA (AHAJIOT YPABHEHUS DUIEPA). JlAA onmumaibrocmu 0onycmumo-
20 ynpasaerua u(t) 6 sadave (1)—(4) neobxodumo, wmobu, coommowerue

H, (60, 2(6), 2 (h(9)), u(0), 4:(0)) =0, (21)

BHNOAHANOCH 0ad 6cex O € [tg,t1).

Baecy u nanee 0 € [to,t1), 0 # T; — npon3BoJibHAs TOYKA HEIPEPHIBHOCTH
yupasjienus u(t).

Kazxoe omycrumvoe yipasiienne, yI0BIeTBOPSIONIee ypaBHeHIIo Dittepa (21),
HA30BEM KJIACCHYECKOli sKcTpeMasbio B 3amade (1)—(4). fcno, uro onrumasbHoe
ylpasjeHue (€Cau OHO CYIIECTBYET) HAXOJUTCS CPEIN KJIACCHYIECKHX SKCTPeMa-
neit. ITosromy Bo3HHKaeT HEOOXOIMMOCTH B CY?KEHUH MHOXKECTBA KJIACCHYECKUX
9KCTpeMaJIeil, a JIs 9TOr0 HaJI0 MMETh HeOOXO/MMbIEe YCIOBHS ONTHMAILHOCTH
BTOPOIO TOPSIJIKA.

Hepasencrso (20) siBjsieTcsi HeSIBHBIM HEOOXOMMBIM YCIOBHEM OHTHMAJIbHO-
ctu BTOpOro mopsiaka. Ho, omupasich Ha HEro, MOXKHO IOJIyYIUTb HEOOXOIUMbIE
YCJIOBHUSI ONITHMAJIBHOCTH, BBIPA’KEHHBIE HEIIOCPEICTBEHHO Yepe3 MapaMeTphbl 3a-
naan (1)—(4).

B pasbreiimeM Jyist IPOCTOTHI H3JI0KEHHsT OY/IEM HCIIOIb30BaTH 0003HAYCHNUST
CJIC/IYIOIIErO THIIA:

Hy(t) = Hy (t, z(t), y(t), u(t), (1)), Hy(t) = Hy(t, x(t),y(t), u(t), v(t)),
ny<t) = $y(t x( ), ( )7u( )7w(t))’ Hﬂ?l’(t) = wa(tvx(t)vy(t)vu(t)aw<t))v
Hy(t) = Hy(t, (1), y(t), u(t), (1)), Hyu(t) = Huu(t, 2(t), (1), u(t), (1)),
fo(t) = fw(t (t), z(h(t)), u(t)), fy @) = fy (8, 2(t), 2(h(1)), (1)),

fu(t) = fult,z(t), 2(h(1)), u(t)), Ko(t,7) = K (t, 7, 2(7), 2 (h(1)), u(T)),
K, (t,7) = K, (t,T x(T),x(h(T)),u(T)), K, (t,7)= Ky(t,T,$(T),x(h(7')),u(7'))

Ypasuenne (16) siBasieTcst THNHEHHBIM HEOIHOPOIHBIM HHTETrpoO-inud depentiu-
aJbHBIM ypaBHeHumeM tuna Bosabreppa. Ha ocHoBe dopmysbl 06 mHTErpaabHOM
[IPEJICTABJIEHUN DPeIeHnil JIMHEeHHBIX HEOJHOPOJHBIX WHTErpo-Tud depeHinaib-
HBIX ypaBHeHnuil Tuna Bosibreppa (cMm., Hanpumep, [9]) umeem

S (t) = /t tF(t,s) [fu(s)éu(s)+ SKU(S,T)au(T)dT}ds:

0 to

ﬁgﬂwm@w@“ﬁg[

/ts F(t,s)Ky(s, T)éu(T)dT] ds =

0
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_ /tt [F(t,s)fu(s)—ir / R () Ko (r 8)dr | u(s)ds. (22)

Baech F(t,7) — (nxn)-marpuunas byHKIUs, ABISAIONIASACS PEIIEHUEM CJIeLyTOIIe-
ro uaTerpo-guddepeHnnaabHOro ypaBaenus tuma Bosbreppa:

Fy(t,7) = fo(t,z(t), z(h(t)), u(t)) F(t,7)+
+fy(f7$(t) l’(h(f)) u(t))F(h(t)), 7)+

—|—/t Kx(t,T,x(T),ﬂZ(h(T)),U(T))F(t,T)dT—l-
+ K, (t, T,x(T),:U(h(T)),u(T))F(h(t),T)dT,

to

e
F(r,7)=E, F(t,7)=0, 7>t (23)

B npemnonoxenun

t
Q(t,s) = F(t,s)fu(s) + / F(t,7)K,(t,s)dr

upejicraBienne (22) 3aliCbIBAETCS B BUJIE

t

o) = [ Q(t)outs)ds. (24)

Orciona 1 cuty (23)
dx(h(t)) = t: Q(h(t), s)ou(s)ds, (25)
52(1) = [ asln QT s, (26)

rje, Kak u BbIIe, «;(t) — xapakrepucrudeckasi GyHKIWs oTpeska [to, T7].
Ucronesyst dbopmysst (24)—(26), npeobpasyeM OT/e/IbHBIE CIaraeMble B Hepa-
Bercrse (20):

5u( VH o (t)02(t)dt = / 1 { t ou' () Hue (1) Q(t, 8)5u(s)ds] dt, (27)

ooty = [ | [ o0, 0@00, 90005 ar2s)

2
z'( T e T 0x(T;) =
Z 5! 5 90 ¢(2(Th), z(T>) (Tk))0x(T;)

i,7=1
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/”/“ 0 ()00 (V) (T 7)

01]1

Q(T}, s)p(x(Th), x(T), ..., x(Ty))du(s)dsdr. (29)

8ai8aj
Hanee 1o cxeme u3 [19-21] umeem

[ [0 0 Ha050(0) + 52/ () Hay ()50(0) + 80/ 1)y ()50 e =

to

:lﬁ h&””{/h Q' (6,7 oo (DQ(,8) + @ (h(1), ) Hyo(DQ(E, )+

to max(T,s)

+ Q'(t,5)Hoy(1)Q(h(t), s) + Q' (h(t),7) Hyy ()Q (R (1), s)} dt}&t(s)dsdr (30)

ITonoxkum
M(t,s) =
k 52
== ai(r)a;(s)Q’ (ﬂ,s)mgo(x(Tl),x(Tg), e 2(Th)) Q(Ty, 8)+
i,j=1 i
+/ | ( )[Q’<th>Hm<t>Q<t 8) + Q' (h(t), ) Hys ()Q(t, 5)+

Q1) ey (DQ(R(1), ) + @ (h(0), 7) Hyy (NQ((1) 8) |t (31)

C yuerom Toxkects (27)—(30) u obosnatenus (31) nepaserncrso (20) 3amucs-
BAeTCs B BUJIE

t1 t1
/ Su' ()M (7, s)ou(s)dsdr+
to

) +9 /t:l [ / t 5u'(t)Hux(t)Q(t,T)(Su(T)dT] di+

to

+/t:l[ tau’(t)Huy(t)Q(h(t)7S)éu(s)ds] it

to

5u( VHyu(t)ou(t)dt < 0. (32)
to

CdopmMympyeM MOy I€HHBIN Pe3yJIbTAT.

TEOPEMA. /lasa onmumanrvrocmu kaaccuveckoli sxempemany u(t) 6 sadaue
(1)—(4) neobxodumo, wmobv nepaserncmeo (32) evnoanaroce das écex du(t) € R”,
teT.

Hepagencrso (32) siisiercst KBaIpaTHIHBIM HHTEIPAJIBLHBIM HEOOXOINMBIM YC-
JIOBHEM OLTHMAJILHOCTH BTOPOTO MOpsifiKa. VI3 HEro MOXKHO IOJIy9NTH PsiJi OTHO-

CUTEIbHO JIETKO MMPOBEPAEMbIX HEOOXOIMMBIX YCJIOBHI ONTUMAJbHOCTH U B 9aCT-
HocTH — aHaJior ycjiosus Jlexannapa—Kebinra 1 MHOTOTOYEYHBIE HEOOXOIMMBbIE
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YCJIOBHsI OIITUMAJIBHOCTH OCOOBIX B KJaccmueckoM cmbicsie [17,19, 21| ynpasie-
HUI.

3AMEYAHUE. KBaznocobble yrpaBieHus B 3a/1a49axX ONTUMAILHOTO YIIPABICHUS
cucreMaMu WHTerpo-auddepeHnnaabHbIX ypaBHeHn Tuila BobTeppa nucc/emno-
BaHbl B padore [13].

3akirouenue. [Ipn momomu MomuduKAIINT METOIA IIPUPAITEHUI BEIYNCIEHBI
IepBas U BTOpas Bapuanuu pyHKIIMOHAIA KAIeCTBA U C UX ITOMOIIBIO YCTaHOB/IE-
HbBI HesIBHbIE HEOOXOUMBbIE YCJIOBHS OITHMAJILHOCTH IIEPBOIO K BTOPOIO ITOPSIIKOB,
[TO3BOJISIIONINE TIOJIYYUTh HEOOXOAUMBIE YCJIOBHS ONTHMAJILHOCTH, BBIPparKeHHDIE
HEIOCPEICTBEHHO dYepe3 IapaMeTpPhbl pacCMaTPpUBAEMON 3a a4,

Konkypupytomime nHTepechl. Mbl He nMeeM KOHKYPUPYIONIUX NHTEPECOB.

ABTOpCKUT BKJIAJ U1 OTBETCTBEHHOCTDb. Bce aBTOpPHI NpUHUMAJIN yYacTHe B pa3pa-
6OTKe KOHIIEIUU CTAThU U B HAIMCAHUHN PYKOIMUCH. ABTOPBI HECYT MOJIHYIO OTBETCTBEH-
HOCTH 3a IIPEJIOCTABJIEHNe OKOHYATEJIbHOM pyKonucy B medarh. OKOHYATEbHAS BEpCHUs
pykomucu 6bL1a 0;100peHa BceMu aBTOPaMU.
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Abstract

We consider the optimal control problem that is described by the system
of integro-differential equations of the Volterra type with delay and mul-
tipoint performance criterion. The first and the second variations of the
performance criterion are calculated under the hypothesis that the control
domain is open. The necessary condition of the first order optimality in
the form analogous to the Euler equations is deduced from the equality of
the first variation of performance criterion and zero along the optimal pro-
cess. Next, the implicit necessary condition of the second order optimality is
obtained, which helps to establish rather general but constructively verified
necessary condition for the second order optimality. The obtained results are
applicable for constructing easy-verifying necessary conditions of optimality
for the singular (in the usual sense) controls.

Keywords: integro-differential equation of Volterra type, optimal equation,
necessary optimality condition in integral form, analog of Euler’s equation,
classical extreme, necessary second-order optimality condition.

Received: 27" December, 2017 / Revised: 14" April, 2018 /
Accepted: 11*" June, 2018 / First online: 1 July, 2018

Research Article

@@ The content is published under the terms of the Creative Commons Attribution 4.0
International License (http://creativecommons.org/licenses/by/4.0/)
Please cite this article in press as:
Mardanov M. J., Mansimov K. B.,, Abdullayeva N. H. Integral necessary condition of
optimality of the second order for control problems described by system of integro-differential
equations with delay, Vestn. Samar. Gos. Tekhn. Univ., Ser. Fiz.-Mat. Nauki [J. Samara State
Tech. Univ., Ser. Phys. Math. Sci.], 2018, vol. 22, no. 2, pp. 254-268. doi: 10.14498/vsgtul597
(In Russian).

Authors’ Details:
Misir J. Mardanov 2 http://orcid.org/0000-0003-3901-0719

Dr. Phys. &. Math. Sci., Professor, Corresponding Members of the Azerbaijan National
Academy of Sciences; Director of the Institute'; e-mail: misir.mardanove@imm.az

Kamil B. Mansimov® ® http://orcid.org/0000-0002-1518-2279
Dr. Phys. &. Math. Sci., Professor; Head of Dept.; Dept. of Mathematical Cybernetics?; Head
of Lab.; Lab. of Control in Complex Dynamic Systems®; e-mail: kamilbmansimov@gmail . com

Nisa H. Abdullayeva © http://orcid.org/0000-0002-8834-5278
Postgraduate Student; Lab. of Control in Complex Dynamic Systems®;
e-mail: kmansimov@mail.ru

266


http://mi.mathnet.ru/eng/vsgtu1597
http://www.mathnet.ru/php/organisation.phtml?orgid=3063&option_lang=eng
http://www.mathnet.ru/php/organisation.phtml?orgid=3063&option_lang=eng
http://www.mathnet.ru/php/organisation.phtml?orgid=1366&option_lang=rus
http://www.mathnet.ru/php/organisation.phtml?orgid=1366&option_lang=rus
http://www.mathnet.ru/php/organisation.phtml?orgid=10133&option_lang=rus
http://www.mathnet.ru/php/organisation.phtml?orgid=10133&option_lang=rus
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://mi.mathnet.ru/eng/vsgtu1597
http://www.mathnet.ru/php/person.phtml?option_lang=eng&personid=21841
http://orcid.org/0000-0003-3901-0719
http://orcid.org/0000-0003-3901-0719
mailto:misir.mardanov@imm.az
http://www.mathnet.ru/php/person.phtml?option_lang=eng&personid=66217
http://orcid.org/0000-0002-1518-2279
http://orcid.org/0000-0002-1518-2279
mailto:kamilbmansimov@gmail.com
http://www.mathnet.ru/php/person.phtml?option_lang=rus&personid=140762
http://orcid.org/0000-0002-8834-5278
http://orcid.org/0000-0002-8834-5278
mailto:kmansimov@mail.ru

Integral necessary condition of optimality. ..

Competing interests. We have no competing interests.

Authors’ contributions and responsibilities. Each author has participated in the
article concept development and in the manuscript writing. The authors are absolutely
responsible for submitting the final manuscript in print. Each author has approved the
final version of manuscript.

Funding. The research has not had any funding.

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

Alekseev V. M., Tikhomirov V. M., Fomin S. V. Optimal Control, Contemporary Soviet
Mathematics. Boston, Springer, 1987, xiii+309 pp. doi: 10.1007/978-1-4615-7551-1.
Appell J. M., Kalitvin A. S., Zabrejko P. P. Partial integral operators and integro-differential
equations, Pure and Applied Mathematics. New York, CRC Press, 2000, x+578 pp. doi: 10.
1201/9781482270402.

Volterra V. Theory of functionals and of integral and integro-differential equations. London,
Blackie & Son, 1930, xiv+226 pp.

Vasil’eva A. B., Tikhonov A. N. Integral’nye uravneniia [Integral Equations]. Moscow, Fiz-
matlit, 2002, 160 pp. (In Russian)

Warga J. Optimal control of differential and functional equations. New York, London, Aca-
demic Press, 1972, xiii+531 pp. doi: 10.1016/c2013-0-11669-8.

Vasil’ev F. P. Optimality conditions for some classes of systems not solved with respect to
the derivative, Sov. Math., Dokl., 1969, vol. 10, pp. 224-227.

Vasil’ev F. P. Concerning conditions of existence of a saddle point in determinate games
for integro-differential systems with a neutral type delay, Avtomat. i Telemekh., 1972, no. 2,
pp- 40-50 (In Russian).

Vasil’ev F. P. Conditions for a saddle-point to exist in determinate integro-differential games
involving delay and parameters, U.S.S.R. Comput. Math. Math. Phys., 1970, vol. 10, no. 1,
pp. 17-30. doi: 10.1016/0041-5553(70)90067-4.

Ved’ Yu. A., Pahyrov Z. The boundedness and stability of the solutions of integro-differential
equations with retarded argument, Differ. Uravn., 1969, vol.5, no. 11, pp. 2050-2061 (In
Russian).

Gabasov R., Kirillova F. M. Printsip maksimuma v teorii optimal’nogo upravleniia [Max-
imum Principle in Optimal Control Theory]. Minsk, Nauka i tekhnika, 1974, 272 pp. (In
Russian)

Gabasov R., Kirillova F. The Qualitative Theory of Optimal Processes, Control and Systems
Theory, vol. 3. New York, Basel, Marcel Dekker, 1976, xlvi4+640 pp.

Mardanov M. J., Gasanov K. K. Optimality conditions for systems of delay integro-
differential equations, Izv. Akad. Nauk Az. SSR, Ser. Fiz.-Tekh. Mat. Nauk, 1972, no. 3,
pp- 114-119 (In Russian).

Mardanov M. J., Mansimov K. B. Necessary optimality conditions of quasi-singular controls
in optimal control, Proc. Inst. Math. Mech. of Azerbaijan. Ser. Phys.-Tech. Math. Sci., 2015,
vol. 41, no. 1, pp. 113-122, Retrieved from http://proc.imm.az/volumes/41-1/41-01-12.
pdf (December 27, 2017).

Melikov T. K. Investigation of special processes of some optimal systems, Thesis of Disser-
tation (Cand. Phys. & Math. Sci.). Baku, Inst. Math. Mech., 1976, 17 pp. (In Russian)
Mardanov M. J. Some issues of theory of optimal controls in the systems of integro-
differential equations, Thesis of Dissertation (Cand. Phys. & Math. Sci.). Baku, Inst. Math.
Mech., 1976, 21 pp. (In Russian)

Melikov T. K., Abbasova S. S. An analogue of the Legendre-Clebsch condition in optimal
systems of integro-differential equations of neutral type, Preprint, Azerbaijan Research In-
stitute of Scientific and Technical Information, no. 2222-Az 94, 1994 (In Russian).
Gabasov R., Kirillova F. M. Osobye optimal’nye upravleniia [Singular Optimal Controls]|.
Moscow, Nauka, 1973, 256 pp. (In Russian)

267


http://dx.doi.org/10.1007/978-1-4615-7551-1
http://dx.doi.org/10.1201/9781482270402
http://dx.doi.org/10.1201/9781482270402
http://dx.doi.org/10.1016/c2013-0-11669-8
http://dx.doi.org/10.1016/0041-5553(70)90067-4
http://proc.imm.az/volumes/41-1/41-01-12.pdf
http://proc.imm.az/volumes/41-1/41-01-12.pdf

Mardanov M. J., Mansimov K. B., Abdullayeva N. H.

18.

19.

20.

21.

268

Dem’ianov V. F. Usloviia ekstremuma i variatsionnoe ischislenie [Extremum Conditions
and Calculus of Variations]. Moscow, Vyssh. shk., 2005, 335 pp. (In Russian)

Mansimov K. B. Osobye upravleniia v sistemakh s zapazdyvaniem [Singular Controls in
Delay Systems|. Baku, Elm, 1999, 174 pp. (In Russian)

Mansimov K. B., Mardanov M. D. Kachestvennaia teoriia optimal’nogo upravleniia sis-
temami Gursa—Darbu [Qualitative Theory of Optimal Control for Goursat—Darboux Sys-
tems]. Baku, Elm, 2010, 360 pp. (In Russian)

Mansimov K. B. Multipoint necessary conditions for optimality of controls that are singular
in the classical sense in systems with delay, Differ. Uravn., 1985, vol. 21, no. 3, pp. 527-530
(In Russian).



