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Abstract

In this paper, we study the steady creeping convective flow of a viscous
incompressible fluid in the thin infinite layer. The study of the fluid flow
is based on the exact solutions class for the Oberbeck–Boussinesq equations
in the Stokes approximation using. The velocity field is described by the
Hiemenz exact solution. The temperature field and the pressure field linearly
depend on the horizontal (longitudinal) coordinate, it corresponds to the
Ostroumov–Birich exact solutions class. The convective motion of a viscous
incompressible fluid was induced by tangential stresses on the upper perme-
able (porous) boundary and thermal source definition at the lower boundary.
In addition, the heat exchange according to the Newton–Richmann law takes
into account at the upper boundary. The obtained exact solutions describe
counterflows in fluids. The stagnant points number in the fluid layer does
not exceed three. The formation of counterflows in the fluid is accompanied
by sucking and injection of the fluid through the permeable boundary. The
larger number of stagnant points presence forms a cellular structure of the
streamlines. In addition, the velocity field, which obtained in the solution
of the boundary value problem is characterized by localization of the flow
near the boundary of the fluid layer (boundary layer). The exact solutions
obtained in this paper can be used for the nonlinear Oberbeck–Boussinesq
system solving. The Grashof number can take large values, which depends
on the geometric anisotropy index for the linearized Oberbeck–Boussinesq
system.
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Introduction. The system consisting of the Boussinesq approximation of
the Navier–Stokes equations (Oberbeck–Boussinesq equation system) and the
incompressibility equation is one of the most common mathematical systems of
equations which describes convective flows of a viscous incompressible fluid [1–
7]. These equations are extremely useful tools for the modeling of convective
processes in a fluid [1–7]. The complexity of obtaining exact solutions for the
Navier–Stokes equations and their modifications consists in the presence of a sub-
stantial (quadratic) nonlinearity of the equations. This nonlinearity is generated
by the presence of a convective term in the total derivative.

By now, a certain stock of exact solutions to the Oberbeck–Boussinesq equa-
tions has been accumulated [3–18]. Exact solutions describing convective flows
of a viscous incompressible fluid allow the qualitative and quantitative character-
istics of a moving flow to be re-evaluated. With certain assumptions for highly
viscous fluids, the Oberbeck–Boussinesq system can be simplified by neglecting
inertial effects due to the predominance of viscous forces (the Stokes approxima-
tion) [8, 10–19].

The first classes of exact solutions for the natural convection equations were
considered by G. A. Ostroumov [20], R. V. Birich [21], and M. I. Schliomis [22].
Later on, the exact solutions presented in [20–22] were generalized in papers and
monographs [3, 6–12, 18, 19, 23–30].

The classes of the exact solutions, based on the representation of velocities in
the form of linearly dependent functions, were proposed by C. C. Lin for magnetic
hydrodynamics [31]. The most complete list of exact solutions obtained in Lin’s
class for isothermal fluids is found in the review [32].

The Hiemenz exact solution [33] belongs to the class of velocities, linear in part
of the coordinates. It is characterized by the existence of a stagnant point in the
flow of a viscous incompressible fluid. By now, there have appeared Hiemenz exact
solution modifications for isothermal flows [34–36] and convective flows [37–40] of
a viscous incompressible fluid. The proposed generalizations of the Hiemenz exact
solution family allow one to investigate counterflows in a fluid that are induced
by kinematic, dynamic, and thermal perturbations of the fluid flow (boundary
conditions) [8, 9, 11–17, 37–40]. Additionally, papers studying the existence of
stagnant points in the flow and flows near such points are worthy of note.

The assignment of relations between hydrodynamic fields ignoring fluid evapo-
ration and suction predominates among the diversity of boundary conditions on
the free (interphase) boundary of the fluid layer [3, 12, 26–30]. Convective flows
with fluid evaporation from a free surface can be simulated by replacing it with
a permeable non-deformable boundary [7, 37]. This approach is implemented
for the description of convection in magnetic fluids [37–40] and nanofluids with
various properties [37–40] by numerical integration of the Oberbeck–Boussinesq
equations.

To eliminate the deficiency of exact solutions for the Oberbeck–Boussinesq
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system, an exact solution for the stationary creeping convective flow of a horizontal
infinite layer of a viscous incompressible fluid is obtained in this paper. Tangential
stresses are given on the upper thermally insulated permeable layer boundary,
constant pressure and the Newton–Richman law of heat exchange being taken
into account at the upper boundary. The no-slip condition is satisfied and the
heat source is given at the lower boundary. The obtained exact solution is studied
in detail for the diagnostics of the stratification of hydrodynamic fields describing
the modification of the Couette–Hiemenz flow [15–17].

1. Problem statement. The plane motion equations of a viscous incom-
pressible fluid in an infinite layer with plane boundaries (Fig. 1), which describe
the effect of temperature on the distribution of hydrodynamic fields, are consid-
ered in the Boussinesq approximation [1, 15–17] as

𝜕𝑉𝑥

𝜕𝑡
+ 𝑉𝑥

𝜕𝑉𝑥

𝜕𝑥
+ 𝑉𝑧

𝜕𝑉𝑥

𝜕𝑧
= −𝜕𝑃

𝜕𝑥
+ 𝜈

(︁𝜕2𝑉𝑥

𝜕𝑥2
+

𝜕2𝑉𝑥

𝜕𝑧2

)︁
;

𝜕𝑉𝑧

𝜕𝑡
+ 𝑉𝑥

𝜕𝑉𝑧

𝜕𝑥
+ 𝑉𝑧

𝜕𝑉𝑧

𝜕𝑧
= −𝜕𝑃

𝜕𝑧
+ 𝜈

(︁𝜕2𝑉𝑧

𝜕𝑥2
+

𝜕2𝑉𝑧

𝜕𝑧2

)︁
+ 𝑔𝛽𝑇 ;

𝜕𝑇

𝜕𝑡
+ 𝑉𝑥

𝜕𝑇

𝜕𝑥
+ 𝑉𝑧

𝜕𝑇

𝜕𝑧
= 𝜒

(︁𝜕2𝑇

𝜕𝑥2
+

𝜕2𝑇

𝜕𝑧2

)︁
;

𝜕𝑉𝑥

𝜕𝑥
+

𝜕𝑉𝑧

𝜕𝑧
= 0.

(1)

Here, 𝑉𝑥 and 𝑉𝑧 are velocities parallel to the 𝑂𝑥 and 𝑂𝑧 Cartesian axes;
𝑃 is deviation of pressure from hydrostatic referred to constant average fluid
density 𝜌; 𝑇 is deviation from the average temperature; 𝜈, 𝜒 are the kinematic
viscosity coefficient and the thermal diffusivity coefficient of the fluid, respectively;
𝑔 is acceleration of gravity; 𝛽 is the temperature coefficient of the volumetric
expansion of the fluid [1].

The exact solution of the Oberbeck–Boussinesq system (1) is sought for the
nonstationary case [15–17] in the form

𝑉𝑥 (𝑥, 𝑧, 𝑡) = 𝑈(𝑧, 𝑡) + 𝑢(𝑧, 𝑡)𝑥;
𝑉𝑧(𝑧, 𝑡) = 𝑤(𝑧, 𝑡);
𝑇 (𝑥, 𝑧, 𝑡) = 𝑇0(𝑧, 𝑡) + 𝑇1(𝑧, 𝑡)𝑥;
𝑃 (𝑥, 𝑧, 𝑡) = 𝑃0(𝑧, 𝑡) + 𝑃1(𝑧, 𝑡)𝑥.

(2)

The solution class (2) generalizes the classical Hiemenz exact solution [3, 8, 11–
17, 23, 31, 35–37]. We substitute expressions (2) into the equations system (1),

Figure 1. The problem statement
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and we obtain the following equation system:

𝜕𝑈

𝜕𝑡
+

𝜕𝑢

𝜕𝑡
𝑥+ (𝑈 + 𝑢𝑥)𝑢+ 𝑤

(︁𝜕𝑈
𝜕𝑧

+
𝜕𝑢

𝜕𝑧
𝑥
)︁
= −𝑃1 + 𝜈

(︁𝜕2𝑈

𝜕𝑧2
+

𝜕2𝑢

𝜕𝑧2
𝑥
)︁
;

𝜕𝑤

𝜕𝑡
+ 𝑤

𝜕𝑤

𝜕𝑧
= −𝜕𝑃0

𝜕𝑧
− 𝜕𝑃1

𝜕𝑧
𝑥+ 𝜈

𝜕2𝑤

𝜕𝑧2
+ 𝑔𝛽 (𝑇0 + 𝑇1𝑥) ;

𝜕𝑇0

𝜕𝑡
+

𝜕𝑇1

𝜕𝑡
𝑥+ (𝑈 + 𝑢𝑥)𝑇1 + 𝑤

(︁𝜕𝑇0

𝜕𝑧
+

𝜕𝑇1

𝜕𝑧
𝑥
)︁
= 𝜒

(︁𝜕2𝑇0

𝜕𝑧2
+

𝜕2𝑇1

𝜕𝑧2
𝑥
)︁
;

𝑢+
𝜕𝑤

𝜕𝑧
.

Using the method of undetermined coefficients (linear independence of the func-
tions 1 and 𝑥), we write separately the free terms and coefficients for the hori-
zontal (longitudinal) coordinate 𝑥. We obtain a system of gradient and nonlinear
parabolic equations of the dimension (1 + 1):

𝜕𝑈

𝜕𝑡
+ 𝑈𝑢+ 𝑤

𝜕𝑈

𝜕𝑧
= −𝑃1 + 𝜈

𝜕2𝑈

𝜕𝑧2
;

𝜕𝑢

𝜕𝑡
+ 𝑢2 + 𝑤

𝜕𝑢

𝜕𝑧
= 𝜈

𝜕2𝑢

𝜕𝑧2
;

𝜕𝑤

𝜕𝑡
+ 𝑤

𝜕𝑤

𝜕𝑧
= −𝜕𝑃0

𝜕𝑧
+ 𝜈

𝜕2𝑤

𝜕𝑧2
+ 𝑔𝛽𝑇0;

𝜕𝑃1

𝜕𝑧
− 𝑔𝛽𝑇1 = 0; (3)

𝜕𝑇0

𝜕𝑡
+ 𝑈𝑇1 + 𝑤

𝜕𝑇0

𝜕𝑧
= 𝜒

𝜕2𝑇0

𝜕𝑧2
;

𝜕𝑇1

𝜕𝑡
+ 𝑢𝑇1 + 𝑤

𝜕𝑇1

𝜕𝑧
= 𝜒

𝜕2𝑇1

𝜕𝑧2
;

𝑢+
𝜕𝑤

𝜕𝑧
.

In what follows, we assume that the solutions are stationary functions, i.e.
that all the unknown functions 𝑈 , 𝑢, 𝑤, 𝑃0, 𝑃1, 𝑇0 and 𝑇1 depend only on the
𝑧-coordinate. We denote the partial derivatives with respect to 𝑧 by a prime.

Let us consider the approximation of system (3) for highly viscous fluids. This
approximation is referred to as the Stokes approximation [1, 2, 5, 12–17, 19]. Thus
we will seek an exact solution neglecting the effect of the convective derivative
in all equations (1) describing the motion of convective flows of a viscous incom-
pressible fluid. We write the equation system of a convective fluid flow (3) for the
Stokes approximation in the order of integration:

𝑢′′ = 0;

𝑤′ = −𝑢;

𝑇 ′′
0 = 0;

𝜈𝑤′′ = 𝑃 ′
0 − 𝑔𝛽𝑇0; (4)

𝑇 ′′
1 = 0;
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𝑃 ′
1 = 𝑔𝛽𝑇1;

𝜈𝑈 ′′ = 𝑃1.

The general exact polynomial solution of system (4) has the form

𝑢 = 𝐶1𝑧 + 𝐶2;

𝑤 = −𝐶1
𝑧2

2
− 𝐶2𝑧 + 𝐶3;

𝑇0 = 𝐶4𝑧 + 𝐶5;

𝑃0 = −𝜈 (𝐶1𝑧 + 𝐶2) + 𝑔𝛽
(︁
𝐶4

𝑧2

2
+ 𝐶5𝑧

)︁
+ 𝐶6; (5)

𝑇1 = 𝐶7 + 𝐶8;

𝑃1 = 𝑔𝛽
(︁
𝐶7

𝑧2

2
+ 𝐶8𝑧

)︁
+ 𝐶9;

𝑈 =
1

𝜈

[︁
𝑔𝛽

(︁
𝐶7

𝑧4

4!
+ 𝐶8

𝑧3

3!

)︁
+ 𝐶9

𝑧2

2!

]︁
+ 𝐶10𝑧 + 𝐶11.

We write the boundary conditions and solve the boundary value problem for
equations system (4). Assume that at the lower boundary (𝑧 = 0), the no-slip
condition is satisfied and the temperature change is given by a linear form as

𝑉𝑥 (0) = 𝑉𝑧 (0) = 0;
𝑇 (0) = 𝐴+𝐵𝑥.

(6)

On the upper permeable boundary of the fluid layer (𝑧 = ℎ), the non-uniform tan-
gential stresses, the pressure change and heat exchange according to the Newton–
Richman law are given as [1]

𝑑𝑉𝑥

𝑑𝑧

⃒⃒⃒
𝑧=ℎ

= 𝜏 + 𝜎𝑥;

𝜅
𝑑𝑇

𝑑𝑧

⃒⃒⃒
𝑧=ℎ

= −𝑎𝑇 ;

𝑃 (ℎ) = 𝑆 + 𝑆1𝑥.

(7)

The boundary conditions (6), (7) are written in view of the form of solutions (2)
as

𝑈 (0) = 𝑢 (0) = 𝑤 (0) = 0;

𝑇0 (0) = 𝐴;

𝑇1 (0) = 𝐵;

𝑑𝑈

𝑑𝑧

⃒⃒⃒
𝑧=ℎ

= 𝜏 ;

𝑑𝑢

𝑑𝑧

⃒⃒⃒
𝑧=ℎ

= 𝜎; (8)

𝜅
𝑑𝑇0

𝑑𝑧

⃒⃒⃒
𝑧=ℎ

= −𝑎𝑇0(ℎ);
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𝜅
𝑑𝑇1

𝑑𝑧

⃒⃒⃒
𝑧=ℎ

= −𝑎𝑇1(ℎ);

𝑃0(ℎ) = 𝑆;

𝑃1(ℎ) = 𝑆1.

We substitute the boundary conditions (8) into system (5) and obtain the exact
solution of the boundary value problem,

𝑢 = 𝜎𝑧;

𝑤 = −𝜎
𝑧2

2
;

𝑇0 = 𝐴
(︁
1− 𝑎𝑧

𝜅+ 𝑎ℎ

)︁
;

𝑃0 = − 𝑎𝐴𝑔𝛽𝑧2

2 (𝜅+ 𝑎ℎ)
+ 𝑧 (𝐴𝑔𝛽 − 𝜈𝜎)− 𝐴ℎ𝑔𝛽 (2𝜅+ 𝑎ℎ)

2 (𝜅+ 𝑎ℎ)
+ ℎ𝜈𝜎 + 𝑆; (9)

𝑇1 = 𝐵
(︁
1− 𝑎𝑧

𝜅+ 𝑎ℎ

)︁
, 𝑃1 = − 𝑎𝐵𝑔𝛽𝑧2

2 (𝜅+ 𝑎ℎ)
+𝐵𝑔𝛽𝑧 − 𝐵ℎ𝑔𝛽 (2𝜅+ 𝑎ℎ)

2 (𝜅+ 𝑎ℎ)
+ 𝑆1;

𝑈 = − 𝑎𝐵𝑔𝛽𝑧4

4!𝜈 (𝜅+ 𝑎ℎ)
+

𝐵𝑔𝛽𝑧3

3!𝜈
+

𝑧2

2𝜈

(︁
𝑆1 −

𝐵ℎ𝑔𝛽 (2𝜅+ 𝑎ℎ)

2 (𝜅+ 𝑎ℎ)

)︁
+

+𝑧
(︁𝐵ℎ2𝑔𝛽 (3𝜅+ 𝑎ℎ)

6𝜈 (𝜅+ 𝑎ℎ)
+ 𝜏 +

ℎ𝑆1

𝜈

)︁
.

The exact solution (9) for the hydrodynamic fields (2) is reduced to the dimen-
sionless form as follows:

𝑢 =
𝜁 Re 𝛿

Gr
𝑍;

𝑤 = −𝜁 Re 𝛿2

2Gr
𝑍2;

𝑇0 = 𝜉
(︁
1− Bi 𝛿

Bi 𝛿 + 1
𝑍
)︁
;

𝑃0 = − Bi 𝛿2

2 (Bi 𝛿 + 1)
𝑍 +

(︁
𝛿 − 𝜁 Re 𝛿

Gr 𝜉

)︁
𝑍 − 𝛿 (Bi 𝛿 + 2)

2 (Bi 𝛿 + 1)
+

𝜁 Re 𝛿 + 𝜂Hg

Gr 𝜉
;

𝑇1 = 1− Bi 𝛿

Bi 𝛿 + 1
𝑍;

𝑃1 = − Bi 𝛿

2 (Bi 𝛿 + 1)
𝑍2 + 𝛿𝑍 − 𝛿 (Bi 𝛿 + 2)

2 (Bi 𝛿 + 1)
+

Hg

Gr
;

𝑈 = − 𝛿4𝑍4

4!Bi (Bi 𝛿 + 1)
+

𝛿3𝑍3

3!
+
(︁𝛿2Hg

2Gr
− 𝛿3 (Bi 𝛿 + 2)

4 (Bi 𝛿 + 1)

)︁
𝑍2+

+
(︁𝛿3 (Bi 𝛿 + 3)

6 (Bi 𝛿 + 1)
+

Re 𝛿 − 𝛿2Hg

Gr

)︁
𝑍.

Here, 𝑍 = 𝑧/ℎ is a dimensionless variable; 𝛿 = ℎ/𝑙 is the geometric anisotropy
parameter of the viscous incompressible fluid layer; 𝜉 = 𝐴/(𝐵𝑙), 𝜁 = 𝜎𝑙/𝜏 , 𝜂 =
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𝑆/(𝑆1𝑙); Bi = 𝑎𝑙/𝜅, Hg = 𝑆1𝑙
3/𝜈2, Gr = 𝑔𝛽𝐵𝑙4/𝜈2, and Re = 𝜏 𝑙2/𝜈 are the Bio,

Hagen, Grashof and Reynolds dimensionless numbers, respectively.

2. Velocity field analysis. We investigate the obtained component of
the horizontal velocity 𝑈 . This function is a homogeneous quartic polynomial;
therefore, it can be written in a multiplicative form as

𝑈(𝑍) = 𝑍 · 𝑓(𝑍).

Here, the polynomial is defined by the formula

𝑓(𝑍) = − 𝛿4

4!Bi (Bi 𝛿 + 1)
𝑍3 +

𝛿3

3!
𝑍2 +

(︁𝛿2Hg
2Gr

− 𝛿3 (Bi 𝛿 + 2)

4 (Bi 𝛿 + 1)

)︁
𝑍+

+
(Bi 𝛿 + 3)

3! (Bi 𝛿 + 1)
𝛿3 +

Re 𝛿 − 𝛿2Hg

Gr
.

We apply the Cardano formula to the determination of the equation roots. We
write the polynomial 𝑓(𝑍) in the form

𝑓(𝑍) = 𝛼1𝑍
3 + 𝛼2𝑍

2 + 𝛼3𝑍 + 𝛼4 = 0, (10)

where the coefficients of the polynomial 𝑓(𝑍) are defined as follows:

𝛼1 = − 𝛿4

4!Bi (Bi 𝛿 + 1)
; 𝛼2 =

𝛿3

3!
;

𝛼3 =
𝛿2Hg

2Gr
− 𝛿3 (Bi 𝛿 + 2)

4 (Bi 𝛿 + 1)
; 𝛼4 =

(Bi 𝛿 + 3)

3! (Bi 𝛿 + 1)
𝛿3 +

Re 𝛿 − 𝛿2Hg

Gr
.

(11)

The discriminant of the cubic polynomial is determined up to a sign by the de-
terminant of the following matrix [41]:

𝐴 =

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒
1 𝛼2 𝛼3 𝛼4 0
0 𝛼1 𝛼2 𝛼3 𝛼4

3 2𝛼2 𝛼3 0 0
0 3𝛼1 2𝛼2 𝛼3 0
0 0 3𝛼1 2𝛼2 𝛼3

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒ .

We calculate the determinant of the matrix 𝐴 and obtain an expression for the
discriminant of the cubic polynomial:

𝐷 = det𝐴 = −4𝛼3
2𝛼4 + 𝛼2

2𝛼
2
3 − 4𝛼3

3𝛼1 + 18𝛼1𝛼2𝛼3𝛼4 − 27𝛼2
1𝛼

2
4.

Using the formulas for the coefficients of the polynomial 𝑓(𝑍) (11), we write this
condition in terms of dimensionless numbers as

1

18

(︁ Hg

2Gr
− 𝛿 (Bi 𝛿 + 2)

4 (Bi 𝛿 + 1)

)︁2
− 1

27

(︁Re−Hg 𝛿

Gr
+

𝛿 (Bi 𝛿 + 3)

6 (Bi 𝛿 + 1)

)︁
+

+
1

Bi (Bi 𝛿 + 1)

[︁1
3

(︁ Hg

2Gr
− 𝛿 (Bi 𝛿 + 2)

4 (Bi 𝛿 + 1)

)︁3
−
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− 1

4

(︁ Hg

2Gr
− 𝛿 (Bi 𝛿 + 2)

4 (Bi 𝛿 + 1)

)︁(︁Re−Hg 𝛿

Gr
+

𝛿 (Bi 𝛿 + 3)

6 (Bi 𝛿 + 1)

)︁
−

− 3

32Bi (Bi 𝛿 + 1)

(︁Re−Hg 𝛿

Gr
+

𝛿 (Bi 𝛿 + 3)

6 (Bi 𝛿 + 1)

)︁2]︁
> 0.

The condition for the existence of three real roots of the cubic polynomial 𝑓(𝑍)
is as follows:

𝐷 > 0.

For example, for Bi = −10, Re = 100, and 𝛿 = 0.01, when the Grashof num-
ber varies within the interval (−1000; 1000) and the Hagen number varies within
(−2000; 2000), the root existence region has the form as in Fig. 2. In order that
the obtained roots belong to the interval 𝑍 ∈ (0; 1), we perform the following
transformation, with the introduction of an auxiliary variable:

𝑌 =
𝑍 − 𝑍min + 𝜀

𝑍max − 𝑍min + 2𝜀
, (12)

where 𝑍min and 𝑍max are the smallest and largest roots of equation (10), 𝜀 is any
arbitrarily small positive number.

The graph of the velocity component 𝑈 with three roots in the interval 𝑍 ∈
(0; 1) is shown in Fig. 3 (curve 1).

Similarly to the above arguments, the polynomial 𝑓(𝑍) will have one real
root on the interval 𝑍 ∈ (0; 1) (and two complex conjugates) under the condition
𝐷 < 0 and with the corresponding transformation

𝑌 =
𝑍 − 𝑍1 + 𝜀

2𝜀
, (13)

where 𝑍1 is the unique real root of equation (10) (Fig. 3, curve 3).
The polynomial 𝑓(𝑍) may have either two coinciding real roots and one dif-

ferent from them, or three matching real roots in the interval 𝑍 ∈ (0; 1) when the
condition 𝐷 = 0 is satisfied. After a transformation analogous to (12) and (13),
the obtained roots may be localized on the interval (0; 1). Curve 2 in Fig. 3 shows
the two existing roots of the function 𝑈 on the interval under study.

The streamlines for the obtained flow velocities for a different number of stag-
nant points are shown in Figs. 4–6. The figures show the inflow (Fig. 4) or outflow
(Figs. 5 and 6) of the fluid at the upper boundary and the existence of counter-
flows in the fluid layer. The fluid inflow or outflow at the upper boundary will
depend on the sign of the transverse velocity 𝑉𝑧.

Fig. 7 shows the form of the kinetic energy for the cases of three, two, and
one real roots of the function 𝑈 , respectively.

3. Pressure and temperature field analysis. Let us analyze the func-
tion 𝑃0. With a certain choice of the flow parameters and the fulfillment of the
condition

[Re 𝜁 (1 + Bi 𝛿)− Gr 𝜉]2 > −2Gr BiHg 𝜂𝜉 (1 + Bi 𝛿)

there may be regions of positive and negative pressure in the fluid layer. “Posi-
tive” and “negative” mean the pressure value relative to that preset at the upper
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boundary, which is equal to atmospheric pressure. Similarly, the pressure gradi-
ent 𝑃1 may change the sign on the interval 𝑍 ∈ (0; 1). The pressure isolines are
shown in Fig. 8.

The temperature study for the boundary value problem is trivial, since both
components of the temperature field depend linearly on the transverse coordi-
nate 𝑍. A qualitative view of the temperature isolines is shown in Fig. 9.

Figure 2. The existence domains of the polynomial roots 𝑓(𝑍) for
the defined values of the parameters Bi = −10, Re = 100, 𝛿 = 0.01

Figure 3. The graphs of the function 𝑈 with three (curve 1), two
(curve 2) and one (curve 3) real roots
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Figure 4. Streamlines for the case of three stagnant points. Inflow
of fluid to the upper boundary

Figure 5. Streamlines for the case of two stagnant points. Fluid
outflow from the upper boundary
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Figure 6. Streamlines for the case of one stagnant point. Fluid
outflow from the upper boundary

Figure 7. Kinetic energy for the cases of three roots (curve 1), two
roots (curve 2) and one root (curve 3) of the function 𝑈
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Figure 8. Pressure isolines

Figure 9. Temperature isolines

4. Conclusion. In this paper we have obtained an exact solution for the
stationary case of the convective flow of an infinite layer of a viscous incompressible
fluid. The Navier–Stokes equation in the Boussinesq approximation has been
considered. The existence of stagnant points and counterflows in the fluid layer
has been shown for the given values of temperature, pressure, their gradients, and
velocities at the fluid layer boundaries.

The conditions imposed on the dimensionless similarity criteria for the exis-
tence of several stagnant points in the fluid layer have been written for the system
of fluid flow equations reduced to a dimensionless form.
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Точные решения Куэтта–Хименца для описания
установившегося ползущего конвективного течения
вязкой несжимаемой жидкости с учетом теплообмена

В. В. Привалова1, Е. Ю. Просвиряков1,2

1 Институт машиноведения УрО РАН,
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Аннотация
Изучается установившееся ползущее конвективное течение вязкой

несжимаемой жидкости в тонком бесконечном слое. Исследование тече-
ния жидкости основано на использовании класса точных решений для
уравнений Обербека—Буссинеска в приближении Стокса. Поле скоро-
стей описывается точным решением Хименца. Поле температуры и поле
давление линейно зависят от горизонтальной (продольной) координаты,
что соответствует классу точных решений Остроумова—Бириха. Кон-
вективное движение вязкой несжимаемой жидкости индуцировалось ка-
сательными напряжениями на верхней проницаемой (пористой) грани-
це и заданием теплового источника на нижней границе. Кроме того, на
верхней границе учитывался теплообмен по закону Ньютона—Рихмана.
Полученные точные решения описывают противотечения в жидкости,
у которых количество застойных точек не превышает трех. Формирова-
ние противотечений в жидкости сопровождается отсосом (sucking) и вду-
вом (injection) жидкости через проницаемую границу. Наличие больше-
го числа застойных точек формирует ячеистую структуру линий тока.
Кроме того, поле скоростей, полученное при решении краевой задачи,
характеризуется локализацией течения вблизи границ слоя жидкости
(пограничный слой). Полученные в статье точные решения могут ис-
пользоваться для решения нелинейной системы Обербека—Буссинеска.
Показано, что при линеаризации системы Обербека—Буссинеска число
Грасгофа может принимать большие значения, зависящие от показателя
геометрической анизотропии.
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