Vestn. Samar. Gos. Tekhn. Univ., Ser. Fiz.-Mat. Nauki
[J. Samara State Tech. Univ., Ser. Phys. Math. Sci.], 2018, vol. 22, no. 3, pp. 532-548
ISSN: 2310-7081 (online), 1991-8615 (print) d. http://doi.org/10.14498/vsgtul638

MSC: 76F02, 76F45, 76M45, 7T6R05, 76U05

Couette—Hiemenz exact solutions

for the steady creeping convective flow
of a viscous incompressible fluid

with allowance made for heat recovery

V. V. Privalova', E. Yu. Prosviryakov'>>

I Institute of Engineering Science, Urals Branch, Russian Academy of Sciences,
34, Komsomolskaya st., Ekaterinburg, 620049, Russian Federation.

2 Ural Federal University named after the First President of Russia B. N. Yeltsin,
19, Mira st., Ekaterinburg, 620002, Russian Federation.

Abstract

In this paper, we study the steady creeping convective flow of a viscous
incompressible fluid in the thin infinite layer. The study of the fluid flow
is based on the exact solutions class for the Oberbeck—Boussinesq equations
in the Stokes approximation using. The velocity field is described by the
Hiemenz exact solution. The temperature field and the pressure field linearly
depend on the horizontal (longitudinal) coordinate, it corresponds to the
Ostroumov—Birich exact solutions class. The convective motion of a viscous
incompressible fluid was induced by tangential stresses on the upper perme-
able (porous) boundary and thermal source definition at the lower boundary.
In addition, the heat exchange according to the Newton—Richmann law takes
into account at the upper boundary. The obtained exact solutions describe
counterflows in fluids. The stagnant points number in the fluid layer does
not exceed three. The formation of counterflows in the fluid is accompanied
by sucking and injection of the fluid through the permeable boundary. The
larger number of stagnant points presence forms a cellular structure of the
streamlines. In addition, the velocity field, which obtained in the solution
of the boundary value problem is characterized by localization of the flow
near the boundary of the fluid layer (boundary layer). The exact solutions
obtained in this paper can be used for the nonlinear Oberbeck—Boussinesq
system solving. The Grashof number can take large values, which depends
on the geometric anisotropy index for the linearized Oberbeck—Boussinesq
system.
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Introduction. The system consisting of the Boussinesq approximation of
the Navier—Stokes equations (Oberbeck—Boussinesq equation system) and the
incompressibility equation is one of the most common mathematical systems of
equations which describes convective flows of a viscous incompressible fluid [1-
7]. These equations are extremely useful tools for the modeling of convective
processes in a fluid [1-7]. The complexity of obtaining exact solutions for the
Navier—Stokes equations and their modifications consists in the presence of a sub-
stantial (quadratic) nonlinearity of the equations. This nonlinearity is generated
by the presence of a convective term in the total derivative.

By now, a certain stock of exact solutions to the Oberbeck—Boussinesq equa-
tions has been accumulated [3-18]. Exact solutions describing convective flows
of a viscous incompressible fluid allow the qualitative and quantitative character-
istics of a moving flow to be re-evaluated. With certain assumptions for highly
viscous fluids, the Oberbeck-Boussinesq system can be simplified by neglecting
inertial effects due to the predominance of viscous forces (the Stokes approxima-
tion) [8, 10-19].

The first classes of exact solutions for the natural convection equations were
considered by G. A. Ostroumov [20], R. V. Birich [21], and M. I. Schliomis [22].
Later on, the exact solutions presented in [20—22| were generalized in papers and
monographs [3, 6-12, 18, 19, 23-30].

The classes of the exact solutions, based on the representation of velocities in
the form of linearly dependent functions, were proposed by C. C. Lin for magnetic
hydrodynamics [31]. The most complete list of exact solutions obtained in Lin’s
class for isothermal fluids is found in the review [32].

The Hiemenz exact solution [33] belongs to the class of velocities, linear in part
of the coordinates. It is characterized by the existence of a stagnant point in the
flow of a viscous incompressible fluid. By now, there have appeared Hiemenz exact
solution modifications for isothermal flows [34-36] and convective flows [37-40] of
a viscous incompressible fluid. The proposed generalizations of the Hiemenz exact
solution family allow one to investigate counterflows in a fluid that are induced
by kinematic, dynamic, and thermal perturbations of the fluid flow (boundary
conditions) [8, 9, 11-17, 37-40]. Additionally, papers studying the existence of
stagnant points in the flow and flows near such points are worthy of note.

The assignment of relations between hydrodynamic fields ignoring fluid evapo-
ration and suction predominates among the diversity of boundary conditions on
the free (interphase) boundary of the fluid layer [3, 12, 26-30]. Convective flows
with fluid evaporation from a free surface can be simulated by replacing it with
a permeable non-deformable boundary |7, 37]. This approach is implemented
for the description of convection in magnetic fluids [37-40] and nanofluids with
various properties [37-40| by numerical integration of the Oberbeck—Boussinesq
equations.

To eliminate the deficiency of exact solutions for the Oberbeck—Boussinesq
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system, an exact solution for the stationary creeping convective flow of a horizontal
infinite layer of a viscous incompressible fluid is obtained in this paper. Tangential
stresses are given on the upper thermally insulated permeable layer boundary,
constant pressure and the Newton-Richman law of heat exchange being taken
into account at the upper boundary. The no-slip condition is satisfied and the
heat source is given at the lower boundary. The obtained exact solution is studied
in detail for the diagnostics of the stratification of hydrodynamic fields describing
the modification of the Couette—Hiemenz flow [15-17].

1. Problem statement. The plane motion equations of a viscous incom-
pressible fluid in an infinite layer with plane boundaries (Fig. 1), which describe
the effect of temperature on the distribution of hydrodynamic fields, are consid-
ered in the Boussinesq approximation [1, 15-17] as

Ve | Ve | Ve _ _ap+y(82vx . a2v,,:).
ot Y ox 290z Ox Ox? 022 )’
8VZ+V8VZ+V8VZ——8P+V(82VZ+62VZ
Ot Y ox 0z 0z 281‘2 2822
oT oT oT o“T 0T
o Ve, T Vegr = x5 * 52)

Ve OV

Ox oz

Here, V, and V, are velocities parallel to the Ox and Oz Cartesian axes;
P is deviation of pressure from hydrostatic referred to constant average fluid
density p; T is deviation from the average temperature; v, x are the kinematic
viscosity coefficient and the thermal diffusivity coefficient of the fluid, respectively;
g is acceleration of gravity; 8 is the temperature coefficient of the volumetric
expansion of the fluid [1].

The exact solution of the Oberbeck—Boussinesq system (1) is sought for the
nonstationary case [15-17| in the form

Vr (x7 th) = U(Zat) + u(z,t)x;
T (l‘a th) = TO(Za t) + Tl(za t)IE;
P (z,z,t) = Py(z,t) + Pi(z,t)z.

) + 9BT;

I

The solution class (2) generalizes the classical Hiemenz exact solution [3, 8, 11—
17, 23, 31, 35-37]. We substitute expressions (2) into the equations system (1),

z

h

X

—l (0] l
Figure 1. The problem statement
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and we obtain the following equation system:

oUu oOu oUu  Ou 02U  d%u
- _ - e —_P i e .
ot +8tx+(U+wU)u+w(6z+8zm) 1+U<8z2+822$>’
ow ow R 0P 9w '
E—I—w&—— % 0 :Jc—i-uaz2 + 9B (To + Thz);
oT, OTy oTy OTy \  (9*Ty Ty \
Gt et Ut Tk (G0 4 Te) =x (5 + e
u—l—afw
0z

Using the method of undetermined coefficients (linear independence of the func-
tions 1 and x), we write separately the free terms and coefficients for the hori-
zontal (longitudinal) coordinate . We obtain a system of gradient and nonlinear
parabolic equations of the dimension (1 + 1):

U oU 02U
bl -~ __p i
ar TUutwg, LV
Ou 2 Ou_ O
ot v w@z_V8227
ow ow oF 0w
ot "o = " ox Vo T
op,
=1 48T = 0:
0Ty aTO_ 62T0_
o TUT U =X
Ty T, 0*Ty
bt T il .
gy TUlL WL =X
u—I—afw
0z

In what follows, we assume that the solutions are stationary functions, i.e.
that all the unknown functions U, u, w, Py, Pi, Ty and 17 depend only on the
z-coordinate. We denote the partial derivatives with respect to z by a prime.

Let us consider the approximation of system (3) for highly viscous fluids. This
approximation is referred to as the Stokes approximation [1, 2, 5, 12-17, 19]. Thus
we will seek an exact solution neglecting the effect of the convective derivative
in all equations (1) describing the motion of convective flows of a viscous incom-
pressible fluid. We write the equation system of a convective fluid flow (3) for the
Stokes approximation in the order of integration:

u” = 0;
w = —u;
Ty = 0;
vu' = Py — gBTb; (4)
Ty = 0;
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P = gBTy;
VUH == P1 .
The general exact polynomial solution of system (4) has the form
u=Ciz + Cy;

22
w = —C'l? — CQZ + Cg;

To = Cyz + Cs;
22
Py=—v(Crz+Co) +98(Ci5 +Cs2) + Cs (5)
T = Cr; + Cs;

2
V4
P = 95(075 + C'sz> + Co;
4 3 2

0 Hos(ers + i3 + 0] s i

We write the boundary conditions and solve the boundary value problem for
equations system (4). Assume that at the lower boundary (z = 0), the no-slip
condition is satisfied and the temperature change is given by a linear form as

V, (0) = V. (0) = 0;
cﬂ&:Ai%m (6)

On the upper permeable boundary of the fluid layer (z = k), the non-uniform tan-
gential stresses, the pressure change and heat exchange according to the Newton—
Richman law are given as [1]

dV,
—_— =T+ ox;
d,iiTz:h
= —aT (7)
dz lz=h
P(h) =S+ Siz

as
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dTy
HE o = —CLTl(h),
Po(h) = S;
Pu(h) = Sh.

We substitute the boundary conditions (8) into system (5) and obtain the exact
solution of the boundary value problem,

U= 0z;
52
W= —0—;
0'2,
az
T=a(1- ),
0 K+ ah

o aAgBz> B _ AhgB (2K + ah) '
Py = m+z(Ag/3 Vo) 2 (i + ah) + hvo + S; 9)

az aBgBz? BhgpB (2K + ah
= B(l B /<c—|—ah)’ hi= ~ 2(k + ah) + By = 2(/<c(—|—ah) : 51
aBgBz* Bgpz? 22 Bhgp (2k + ah)
:_4!1/(/<3+ah) 3ly 5( e 2 (k + ah) )
(BhQQB (3k + ah) L&)
6v (k + ah) '

The exact solution (9) for the hydrodynamic fields (2) is reduced to the dimen-
sionless form as follows:

-

To—§<1—BiE;ILZ>;
AN (RO LR e s
_Tl:l_Bi[?il )
P1=—2(|;;(11)ZQ+5Z—3$:§13+:%,

U:_4!Bi((5;iZ;+1)+533?3 (62Hg—53(8i5+2)

2
2Gr 4(Bi6+1)>Z+
3 (Ri 52
((5 (I3.|5+3)+Re5 ) Hg)Z‘

6(Bid+1) Gr

Here, Z = z/h is a dimensionless variable; § = h/l is the geometric anisotropy
parameter of the viscous incompressible fluid layer; £ = A/(Bl), ¢ = ol/7, n =
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S/(S11); Bi = al/k, Hg = S113/v?, Gr = gBBI*/v?, and Re = 712 /v are the Bio,
Hagen, Grashof and Reynolds dimensionless numbers, respectively.
2. Velocity field analysis. We investigate the obtained component of

the horizontal velocity U. This function is a homogeneous quartic polynomial;
therefore, it can be written in a multiplicative form as

UZzZ)=2-f(2).
Here, the polynomial is defined by the formula

53

2 3 .
|ZQ+<5 Hg 6% (Bid +2)

2Gr  4(Bid+1)
(Bid+3) 5 Red—¢&*Hg
31(Bid+1) Gr

54
AR

f(Z):_4!Bi(Bi6+1) 3

)Z+

We apply the Cardano formula to the determination of the equation roots. We
write the polynomial f(Z) in the form

f(Z) =123+ aZ? + a3Z + ay = 0, (10)

where the coefficients of the polynomial f(Z) are defined as follows:

5t e
T BB+ 1) 2= )
§2Hg 63 (Bid +2) (Bid+3) 4 Red—d2Hg
a3 = Doy = ) .

2Gr  4(Bid+1)’ 31(Bid+1) Gr
The discriminant of the cubic polynomial is determined up to a sign by the de-
terminant of the following matrix [41]:

1 a9 Qs Qg 0
0 a7 a9 Qa3 (%)
A=13 20&2 (6%} 0 0
0 30&1 20&2 a3 0
0 0 3a1 209 a3

We calculate the determinant of the matrix A and obtain an expression for the
discriminant of the cubic polynomial:

D =detA= —4oz§’oz4 + a%a% — 4aga1 + 181 aoavzary — 27a%ai.

Using the formulas for the coefficients of the polynomial f(Z) (11), we write this
condition in terms of dimensionless numbers as

i(Hg _5(Bi5+2)> (Re—Hg5 B|6~|—3)+
2Gr 4(Bid+1) 27 Gr 6(Bid+1)
1 { (Hg 6(B|6+2))
Bi(Bid+1)L3\2Gr 4(Bid+1)

+
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1(Hg 6(Bi(5+2))<Re—Hg5 6(Bi(5+3))_

T I\2Gr  4(Bio+ 1) G 6B+
3 Re—Hgd 0(Bid+3)\2
_32Bi(Bi5+1)( Gr 6(8i5+1)”>0

The condition for the existence of three real roots of the cubic polynomial f(Z)
is as follows:

D > 0.

For example, for Bi = —10, Re = 100, and § = 0.01, when the Grashof num-
ber varies within the interval (—1000;1000) and the Hagen number varies within
(—2000; 2000), the root existence region has the form as in Fig. 2. In order that
the obtained roots belong to the interval Z € (0;1), we perform the following
transformation, with the introduction of an auxiliary variable:

Z — Zmin +e
Y = 12
Zmax - Zmin + 257 ( )

where Zin and Zyax are the smallest and largest roots of equation (10), ¢ is any
arbitrarily small positive number.

The graph of the velocity component U with three roots in the interval Z €
(0;1) is shown in Fig. 3 (curve 1).

Similarly to the above arguments, the polynomial f(Z) will have one real
root on the interval Z € (0;1) (and two complex conjugates) under the condition
D < 0 and with the corresponding transformation

_Z—Z1+E

Y ;
2e

(13)

where Z; is the unique real root of equation (10) (Fig. 3, curve 3).

The polynomial f(Z) may have either two coinciding real roots and one dif-
ferent from them, or three matching real roots in the interval Z € (0;1) when the
condition D = 0 is satisfied. After a transformation analogous to (12) and (13),
the obtained roots may be localized on the interval (0;1). Curve 2 in Fig. 3 shows
the two existing roots of the function U on the interval under study.

The streamlines for the obtained flow velocities for a different number of stag-
nant points are shown in Figs. 4-6. The figures show the inflow (Fig. 4) or outflow
(Figs. 5 and 6) of the fluid at the upper boundary and the existence of counter-
flows in the fluid layer. The fluid inflow or outflow at the upper boundary will
depend on the sign of the transverse velocity V.

Fig. 7 shows the form of the kinetic energy for the cases of three, two, and
one real roots of the function U, respectively.

3. Pressure and temperature field analysis. Let us analyze the func-
tion Py. With a certain choice of the flow parameters and the fulfillment of the
condition

[Re¢ (1+Bid) — Gré]* > —2GrBiHgné (14 Bid)

there may be regions of positive and negative pressure in the fluid layer. “Posi-
tive” and “negative” mean the pressure value relative to that preset at the upper

539



Privalova V. V., Prosviryakov E. Yu.

boundary, which is equal to atmospheric pressure. Similarly, the pressure gradi-
ent P, may change the sign on the interval Z € (0;1). The pressure isolines are
shown in Fig. 8.

The temperature study for the boundary value problem is trivial, since both
components of the temperature field depend linearly on the transverse coordi-
nate Z. A qualitative view of the temperature isolines is shown in Fig. 9.

10007

500

Gr 0

—500

—1000
—2000 —1000 0 1000 2000
Hg

Figure 2. The existence domains of the polynomial roots f(Z) for

the defined values of the parameters Bi = —10, Re = 100, § = 0.01
4 L
2
27 1
-9 3
—4 C L L L L L
0 0.2 0.4 0.6 0.8 1.0

Z

Figure 3. The graphs of the function U with three (curve 1), two
(curve 2) and one (curve 3) real roots
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Figure 4. Streamlines for the case of three stagnant points. Inflow

1.0

0.8

0.6

0.4

0.2

0.0

Figure 5. Streamlines for the case of two stagnant points. Fluid
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Figure 6. Streamlines for the case of one stagnant point. Fluid
outflow from the upper boundary

T

T T

L

0 02 04 06 08 1.0
7z

Figure 7. Kinetic energy for the cases of three roots (curve 1), two
roots (curve 2) and one root (curve 3) of the function U
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Figure 8. Pressure isolines
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Figure 9. Temperature isolines

4. Conclusion. In this paper we have obtained an exact solution for the
stationary case of the convective flow of an infinite layer of a viscous incompressible
fluid. The Navier—Stokes equation in the Boussinesq approximation has been
considered. The existence of stagnant points and counterflows in the fluid layer
has been shown for the given values of temperature, pressure, their gradients, and
velocities at the fluid layer boundaries.

The conditions imposed on the dimensionless similarity criteria for the exis-
tence of several stagnant points in the fluid layer have been written for the system
of fluid flow equations reduced to a dimensionless form.

543



Privalova V. V., Prosviryakov E. Yu.

Competing interests. We declare that we have no conflicts of interest in the authorship
and publication of this article.

Authors’ contributions and responsibilities. Each author has participated in the
article concept development and in the manuscript writing. The authors are absolutely
responsible for submitting the final manuscript in print. Each author has approved the
final version of manuscript.

Funding. The work was done within the state assignment from FASO Russia, theme

No.

AAAA-A18-118020790140-5.

References

1.

10.

11.

12.

13.

14.

15.

16.

544

Gershuni G. Z., Zhukhovitskii E. M. Conwvective Stability of Incompressible Fluids.
Jerusalem, Keter Publishing House, 1976, vi+330 pp., https://ntrl.ntis.gov/NTRL/
dashboard/searchResults/titleDetail/PB255645.xhtml.

Drazin T. Introduction to Hydrodynamic Stability. Cambridge, Cambridge University Press,
2002, xviii-+258 pp. doi: 10.1017/cbo9780511809064.

Andreev V. K., Gaponenko Ya. A., Goncharova O. N., Pukhnachev V. V. Mathematical
Models of Convection, De Gruyter Studies in Mathematical Physics, vol. 5. Berlin, Boston,
De Gryuter Publ., 2012, xvi+420 pp. doi: 10.1515/9783110258592.

Nepomnyashchy A., Simanovskii 1., Legros J. C. Interfacial Convection in Multilayer Sys-
tem. New York, Springer-Verlag, 2012, xiii4+498 pp. doi: 10.1007/978-0-387-87714-3.
Shtern V. Counterflows. Paradoxical Fluid Mechanics Phenomena. Cambridge, Cambridge
University Press, 2012, xiv+470 pp. doi: 10.1017/CB09781139226516.

Aristov S. N., Shvarts K. G. Vortical Flows of the Advective Nature in a Rotating Fluid
Layer. Perm, Perm State Univ., 2006, 155 pp. (In Russian)

Aristov S. N., Shvarts K. G. Vortical Flows in Thin Fluid Layers. Kirov, Vyatka State Univ.,
2011, 207 pp. (In Russian)

Aristov S. N., Shvarts K. G. Convective heat transfer in a locally heated plane incompressible
fluid layer, Fluid Dyn., 2013, vol. 48, no. 3, pp. 330-335. doi: 10.1134/s001546281303006x.
Aristov S. N., Knyazev D. V. Localized convective flows in a nonuniformly heated liquid
layer, Fluid Dyn., 2014, vol. 49, no. 5, pp. 565-575. doi: 10.1134/50015462814050020.
Ryzhkov 1. 1. Thermodiffusion in Miztures: Equations, Symmetries, Solutions and their
Stability. Novosibirsk, SB RAS Publ., 2013, 199 pp. (In Russian)

Sidorov A. F. Two classes of solutions of the fluid and gas mechanics equations and their
connection to traveling wave theory, J. Appl. Mech. Tech. Phys., 1989, vol. 30, no. 2, pp. 197—
203. doi: 10.1007/bf00852164.

Andreev V. K., Cheremnykh E. N. The joint creeping motion of three viscid liquids in a
plane layer: A priori estimates and convergence to steady flow, J. Appl. Ind. Math., 2016,
vol. 10, no. 1, pp. 7—20. doi: 10.1134/31990478916010026.

Vlasova S. S., Prosviryakov E. Yu. Two-dimensional convection of an incompressible viscous
fluid with the heat exchange on the free border, Vestn. Samar. Gos. Tekh. Univ., Ser.
Fiz.-Mat. Nauki [J. Samara State Tech. Univ., Ser. Phys. Math. Sci.], 2016, vol. 20, no. 3,
pp. 567-577. doi: 10.14498/vsgtul483.

Aristov S. N., Prosviryakov E. Yu. On one class of analytic solutions of the stationary
axisymmetric convection Bénard-Maragoni viscous incompreeible fluid, Vestn. Samar. Gos.
Tekh. Univ., Ser. Fiz.-Mat. Nauki [J. Samara State Tech. Univ., Ser. Phys. Math. Sci.|, 2013,
no. 3(32), pp. 110-118 (In Russian). doi: 10.14498/vsgtu1205.

Aristov S. N., Privalova V. V., Prosviryakov E. Yu. Stationary nonisothermal Couette flow.
Quadratic heating of the upper boundary of the fluid layer, Rus. J. Nonlin. Dyn., 2016,
vol. 12, no. 2, pp. 167-178 (In Russian). doi: 10.20537/nd1602001.

Privalova V. V., Prosviryakov E. Yu. Exact solutions for a Couette—Hiemenz creeping con-
vective flow with linear temperature distribution on the upper boundary, Diagnostics, Re-


https://ntrl.ntis.gov/NTRL/dashboard/searchResults/titleDetail/PB255645.xhtml
https://ntrl.ntis.gov/NTRL/dashboard/searchResults/titleDetail/PB255645.xhtml
https://doi.org/10.1017/cbo9780511809064 
https://doi.org/10.1515/9783110258592
https://doi.org/10.1007/978-0-387-87714-3
https://doi.org/10.1017/CBO9781139226516
https://doi.org/10.1134/s001546281303006x
https://doi.org/10.1134/S0015462814050020
https://doi.org/10.1007/bf00852164
https://doi.org/10.1134/S1990478916010026
https://doi.org/10.14498/vsgtu1483
https://doi.org/10.14498/vsgtu1205
https://doi.org/10.20537/nd1602001

Couette-Hiemenz Exact Solutions

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

source and Mechanics of Materials and Structures, 2018, no.2, pp. 92-109 (In Russian).
doi: 10.17804/2410-9908.2018.2.092-109.

Privalova V. V., Prosviryakov E. Yu. Steady convective Coutte flow for quadratic heating
of the lower boundary fluid layer, Rus. J. Nonlin. Dyn., 2018, vol. 14, no. 1, pp. 69-79 (In
Russian). doi: 10.20537/nd1801007.

Aristov S. N., Prosviryakov E. Yu. Nonuniform convective Couette flow, Fluid Dyn., 2016,
vol. 51, no. 5, pp. 581-587. doi: 10.1134/S001546281605001X.

Deryabina M. S.; Martynov S. I. Periodic flow of a viscous fluid with a predetermined
pressure and temperature gradient, Rus. J. Nonlin. Dyn., 2018, vol. 14, no. 1, pp. 81-97 (In
Russian). doi: 10.20537/nd1801008.

Ostroumov G. A. Free convection under the condition of the internal problem, NASA Tech-
nical Memorandum 1407. Washington, National Advisory Committee for Aeronautics, 1958.
Birikh R. V. Thermocapillary convection in a horizontal layer of liquid, J. Appl. Mech. Tech.
Phys., 1966, no. 7, pp. 43—44. doi: 10.1007/b£00914697.

Shliomis M. I., Yakushin V. I. The Convection in a Two-layer Binary System with Evapo-
ration, Hydrodynamics, 1972, no. 4, pp. 129-140 (In Russian).

Aristov S. N., Prosviryakov E. Yu. A new class of exact solutions for three-dimensional
thermal diffusion equations, Theor. Found. of Chem. Engin., 2016, vol. 50, no. 3, pp. 286—
293. doi: 10.1134/S0040579516030027.

Pukhnachev V. V. Non-stationary analogues of the Birikh solution, Izv. Alt. Gos. Univ.,
2011, no. 1-2, pp. 62-69 (In Russian).

Pukhnachev V. V. Exact solutions of the hydrodynamic equations derived from partially
invariant solutions, J. Appl. Mech. Tech. Phys., 2003, vol. 44, no. 3, pp. 317-323. doi: 10.
1023/A:1023472921305.

Aristov S. N., Prosviryakov E. Yu., Spevak L. F. Nonstationary laminar thermal and solutal
Marangoni convection of a viscous fluid, Comp. Cont. Mech., 2015, vol. 8, no. 4, pp. 445-456
(In Russian). doi: 10.7242/1999-6691/2015.8.4.38.

Goncharova O. N. Exact solution of linearized equations of convection of a weakly com-
pressible fluid, J. Appl. Mech. Tech. Phys, 2005, vol. 46, no. 2, pp. 191-201. doi: 10.1007/
s10808-005-0032-6.

Bratsun D. A., Vyatkin V. A., Mukhamatullin A. R. On exact nonstationary solutions of
equations of vibrational convection, Comp. Cont. Mech., 2017, vol. 10, no. 4, pp. 433-444
(In Russian). doi: 10.7242/1999-6691/2017.10.4.35.

Burmasheva N. V., Prosviryakov E. Yu. A large-scale layered stationary convection of an
incompressible viscous fluid under the action of shear stresses at the upper boundary. Ve-
locity field investigation, Vestn. Samar. Gos. Tekh. Univ., Ser. Fiz.-Mat. Nauki [J. Samara
State Tech. Univ., Ser. Phys. Math. Sci.], 2017, vol. 21, no. 1, pp. 180-196 (In Russian).
doi: 10.14498/vsgtulb27.

Burmasheva N. V., Prosviryakov E. Yu. A large-scale layered stationary convection of a
incompressible viscous fluid under the action of shear stresses at the upper boundary. Tem-
perature and presure field investigation, Vestn. Samar. Gos. Tekh. Univ., Ser. Fiz.-Mat.
Nauki [J. Samara State Tech. Univ., Ser. Phys. Math. Sci.], 2017, vol. 21, no. 4, pp. 736-751
(In Russian). doi: 10.14498/vsgtul568.

Lin C. C. Note on a class of exact solutions in magneto-hydrodynamics, Arch. Rational
Mech. Anal., 1957, vol. 1, no. 1, pp. 391-395. doi: 10.1007/b£00298016; . doi: 10.1142/
9789814415651 _0022.

Aristov S. N., Knyazev D. V., Polyanin A. D. Exact solutions of the Navier-Stokes equations
with the linear dependence of velocity components on two space variables, Theor. Found.
Chem. Eng., 2009, vol. 43, no. 5, pp. 642-662. doi: 10.1134/s0040579509050066.

Hiemenz K. Die Grenzschicht an einem in den gleichférmigen Fliissigkeit-sstrom einge-
tauchten geraden Kreiszylinder, Dingler’s Politech. J., 1911, vol. 326, pp. 321-324.
Pukhnachev V. V. Group properties of the Navier—Stokes equations in the plane case,
J. Appl. Math. Tech. Phys., 1960, no. 1, pp. 83—90.

545


https://doi.org/10.17804/2410-9908.2018.2.092-109
https://doi.org/10.20537/nd1801007
https://doi.org/10.1134/S001546281605001X
https://doi.org/10.20537/nd1801008
https://doi.org/10.1007/bf00914697
https://doi.org/10.1134/S0040579516030027
https://doi.org/10.1023/A:1023472921305
https://doi.org/10.1023/A:1023472921305
https://doi.org/10.7242/1999-6691/2015.8.4.38
https://doi.org/10.1007/s10808-005-0032-6
https://doi.org/10.1007/s10808-005-0032-6
https://doi.org/10.7242/1999-6691/2017.10.4.35
https://doi.org/10.14498/vsgtu1527
https://doi.org/10.14498/vsgtu1568
https://doi.org/10.1007/bf00298016
https://doi.org/10.1142/9789814415651_0022
https://doi.org/10.1142/9789814415651_0022
https://doi.org/10.1134/s0040579509050066

Privalova V. V., Prosviryakov E. Yu.

35.

36.

37.

38.

39.

40.

41.

546

Aristov S. N., Knyazev D. V. Viscous fluid flow between moving parallel plates, Fluid Dyn.,
2012, vol. 47, no. 4, pp. 476-61. doi: 10.1134/s0015462812040060.

Petrov A. G. Exact solution of the Navier—Stokes equations in a fluid layer between the
moving parallel plates, J. Appl. Math. Tech. Phys., 2012, vol. 53, no. 5, pp. 642—-646. doi: 10.
1134/50021894412050021.

Tsai R., Huang J. S. Heat and mass transfer for Soret and Dufour’s effects on Hiemenz flow
through porous medium onto a stretching surface, Int. J. Heat Mass Trans., 2009, vol. 52,
no. 9-10, pp. 2399-2406. doi: 10.1016/j.ijheatmasstransfer.2008.10.017.

Afify A. A. Similarity solution in MHD: effects of thermal diffusion and diffusion thermo
effects on free convective heat and mass transfer over a stretching surface considering suction
or injection, Commun. Nonlinear Sci. Numer. Simul., 2009, vol. 14, no.5, pp. 2202—2214.
doi: 10.1016/j.cnsns.2008.07.001.

Beg O. A., Bakier A. Y., Prasad V. R. Numerical study of free convection magneto-
hydrodynamic heat and mass transfer from a stretching surface to a saturated porous
medium with Soret and Dufour effects, Comput. Mater. Sci., 2009, vol. 46, no. 1, pp. 57-65.
doi: 10.1016/j.commatsci.2009.02.004.

Osalusi E., Side J., Harris R. Thermal-diffusion and diffusion-thermo effects on combined
heat and mass transfer of a steady MHD convective and slip flow due to a rotating disk
with viscous dissipation and Ohmic heating, Int. Commun. Heat Mass Trans., 2008, vol. 35,
no. 8, pp. 908-915. doi: 10.1016/j.icheatmasstransfer.2008.04.011.

Prasolov V. V. Polynomials, Algorithms and Computation in Mathematics, vol. 11. Berlin,
Springer-Verlag, 2004, xiv+301 pp. doi: 10.1007/978-3-642-03980-5.


https://doi.org/10.1134/s0015462812040060
https://doi.org/10.1134/S0021894412050021
https://doi.org/10.1134/S0021894412050021
https://doi.org/10.1016/j.ijheatmasstransfer.2008.10.017
https://doi.org/10.1016/j.cnsns.2008.07.001
https://doi.org/10.1016/j.commatsci.2009.02.004
https://doi.org/10.1016/j.icheatmasstransfer.2008.04.011
https://doi.org/10.1007/978-3-642-03980-5

Becrn. Cam. roc. texs. yH-ra. Cep. Pus.-mar. Hayku. 2018. T. 22, Ne 3. C.532-548
ISSN: 2310-7081 (online), 1991-8615 (print) d  http://doi.org/10.14498/vsgtul638

VK 532.51; 517.958:531.3—324

Tounbie pemennsa Kysrra—XumMmeHna AJjsl ONMUCaHUS
YCTAHOBUBHIETOCS MOJI3YyHIET0 KOHBEKTUBHOI'O TE€YEHUS
BSA3KOII HEC2KMMAaEMOii >KUJIKOCTU C yYeTOM TeIliooOMeHa
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I WUncruryr mammuosenenus YpO PAH,

Poccus, 620049, Exatepunbypr, yi. Komcomosbekast, 34.
Vpanbckuit deepasbHbIil YHUBEPCUTET

uM. niepsoro [Ipesuaenta Poccun B. H. Enbnuna,

Poccus, 620002, Exarepunbypr, yia. Mupa, 19.

Annoranus

N3syuaercs ycranoBuBIIeecs MOJI3yIee KOHBEKTHUBHOE TEUEHUE BI3KOM
HEC2KIMAEMOHT KUJIKOCTH B TOHKOM OeckoHevyHOM ciioe. VccieoBanne Tede-
HUs KHAJIKOCTH OCHOBAHO HA HCIIOJIb30BAHUU KJIACCA TOYHBIX DENIEeHUil JJIst
ypaeHenuit Ob6epbeka—byccunecka B npubsmkenun Crokca. Ilosie ckopo-
cTell ONMMCHIBAETCS TOYHBIM pertenneM XumeHta. [lose Temmepatrypsl u mose
JlaBJICHUE JIMHEHHO 3aBUCIT OT FOPU30OHTAJIBHON ([IPOIOJILHOM) KOODAMHATEI,
YTO COOTBETCTBYET KJjaccy TodHbIX permenuit OcrpoymoBa—bBupnxa. Kon-
BEKTUBHOE [IBIKEHIE BA3KON HEC2KMMAEMO XKUIKOCTH HHYIIUPOBAJIOCH Ka-
caTeJIbHBIMY HAIIPSI’KEHUsIMU HA BepxHEH npoHunaemMoii (mopucroii) rpaHu-
Ile U 33J[aHUEM TeIJIOBOTO MCTOYHUKA Ha, HIUXKHEH rpanure. Kpome Toro, Ha
BepxHeil 'paHnIle YIUTHIBAJICS TEeII000MeH 110 3aKoHy Hbrorona—Puxmana.
ITosmygyennbie TOYHBIE PEIIEHUs OMMUCHIBAIOT IPOTUBOTEYEHUS B KUJIKOCTH,
y KOTOPBIX KOJUIECTBO 3aCTONHBIX TOYEK He IpeBbimmaeT Tpex. Dopmuposa-
HIE€ [IPOTUBOTEYEHNIT B JKUKOCTH COIPOBOXK AaeTcs orcocoM (sucking) u Biy-
BoM (injection) »KuzjkocTn Uepe3 NpoHUIAeMyIo rpanuily. Hammane Gosbiie-
IO YHCJIa 3aCTOMHBIX TOYEK (DOPMUPYET STUEUCTYIO CTPYKTYPY JIMHUI TOKA.
Kpowme Toro, mose ckopocTeil, MOJIydeHHOE TTPU PEIIeHNN KPaeBoil 33/1adH,
XapaKTepPU3yeTcs JIOKAJIM3AIMel TedeHns BOJIM3U TPAHUI CJIOS KUIKOCTH
(nmorpanuunbiit cioii). Ilosydennbie B crarbe TOYHBIE PENIEHHs MOLYT HC-
TOJIb30BATHCSl JIJIsT pelieHust HejuHeitnoi cucrembr Obepbeka—byccnnecka.
ITokazano, yro upu JuHeapusanuu cucrembl Ob6epbeka—byccunecka 4uciio
I'pacroda mozkeT TpUHUMATE HOJIBIITNE 3HAYEHUSI, 3aBUCSIIAE OT [TOKA3aTeIsl
reOMETPUIECKON AHU30TPOITHH.
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