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Abstract

A new version of the simple iterations implicit method based on the
singular value decomposition is proposed. It is shown that this variant of
the simple iterations implicit method can significantly improve the compu-
tational stability of the algorithm and at the same time provides a high
rate of its convergence. The application of the simple iterations implicit
method based on the singular value decomposition for the development of
iterative regularization algorithms is considered. The proposed algorithms
can be effectively used to solve a wide class of ill-posed and ill-conditioned
computational problems.
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Introduction. Iterative methods of regularization play an exceptionally im-
portant role in solving a large class of ill-posed and discrete ill-conditioned prob-
lems [1-6]. They can be used to solve problems encountered in dynamics and
kinetics, mathematical economics, geophysics, potential theory, antenna synthe-
sis, acoustics, automatic processing of physical experiment results, determination
of the shape of a radio pulse emitted by a source, plasma diagnostics, in ground
or air geological prospecting (mathematical processing of measurements), in solv-
ing the inverse kinematic task of seismic, space research (spectroscopy), medicine
(computed tomography), and processing image task.
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Iterative regularizing algorithms are obtained from classical iterative schemes
using special stopping criteria that provide them with regularizing properties. The
regularization effect in these algorithms is achieved due to matching the number
of iterations with initial errors—as a regularization parameter is the number of
iterations of the iterative algorithm (iterative residual principle of Tikhonov). Such
a choice of the regularization parameter is easily realized, especially in iterative
methods, and in most practical problems leads to results on accuracy close to
optimal.

Most of the practically used iterative regularizing algorithms apply explicit or
implicit iterative schemes (methods) of simple iterations [1-3]. In terms of the con-
vergence rate, implicit iterative schemes have significant advantage over explicit
schemes. In this connection, implicit iterative schemes play a more important role
for the methods of iterative regularization.

The computational stability of implicit iterative schemes is important. This
stability strongly depends on the method of solving systems of linear algebraic
equations (SLAE) at each iteration. It is known that the methods of solving
SLAE on the basis of singular decomposition (SVD-methods) have the largest
computational stability [7,8]. These methods allow to solve effectively even SLAE
with ill-determined rank [9,10]. A disadvantage (when solving problems large
dimension) is the fact that the SVD method is poorly implemented on parallel
high-performance platforms. However, in recent years some researches eliminating
this lack have recently appeared [11-15].

In this paper, we propose a variant of the implicit method of simple iterations
based on the use of singular decomposition (SVD-method). The speed and the
numeric stability of this iteration algorithm are studied. The application of the
proposed method for constructing iterative regularization algorithms is considered
here.

1. Problem formulation and implicit method of simple iterations. We
consider the problem of solving systems of linear equations of the form:

Az = b,

where A € R™*" m > n.
The pseudo-solving of the initial SLAE is defined as follows

zy, = ATh,

where A" is a pseudo-inverse Moore-Penrose matrix.
If rank A = n, then AT = (ATA)71AT.
Applying the Gauss symmetrization, the original SLAE lead to:

AT Az = AT

or
ATAz+ax=ATb+ o, a > 0.

For this system, the classical implicit method of simple iterations has the following
form [1,2,16]:
(@B, + AT A)ap = axp + A'b, (1)
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where £ =0,1,....
This algorithm is widely used to obtain iterative regularizing algorithms [1-3].

2. An implicit iteration method based on SVD. Using the singular value
decomposition [7-9], an arbitrary matrix A can be represented as follows:

A=UxVT, (2)
where U = [ug ug -+ u,] € R and V = [vg vg -+ v,] € R™™ are orthogonal
matrixes, ¥ = diag(o1,...,0p), 01 = 02 > ... > 0y, 0; are singular numbers, and

u; and v; are respectively left and right singular vectors of matrix A.
The iterative process (1) can be written as:

Tpp1 = (B, + ATA) Y axy + ATb)

or
ZTrt1 = Paxr + Ga, (3)

where ®,, is the transition matrix,
by =a(ATA+aFE,)™! and go=(ATA+aE,) AT

Using the SVD decomposition (2), let us perform the following transforma-
tions:

o =a(ATA+aBE,) ™ = alV(22+aB,)V | = V(52 + ok, )‘1VT _

o= (ATA+aE,) TATb=[V(22 + B,V IVEU b=
=V +aFE,) " WVsUTb=V(X2 4 oF )*12UTb =

_ZUO' +ai

i=1

Therefore, the iterative process (3) (implicit method of simple iterations) can
be described on the basis of the singular decomposition in the form of:

L
Tp41 = & Z 21 Vi + Ja, (4)
i=1 7
where
-
oiu; b
o = 22 ! (%R (5)
— 0+«
=1
k=0,1,...; a >0, xg is an arbitrary initial condition.
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If x9 = 0, then z; = g, and, respectively,

- v;—xk
Tht1 :a202+avi+ga, (6)

i=1 "1
where Kk =1,2,....

3. Algorithm convergence and conditionality. The necessary and suf-
ficient condition for convergence of the simple iterations implicit method (3) is
determined by the spectral radius of the transition matrix ®4:

1 1

D) = Amax | (Bn +a TATA)7L = = .
P(Pa) = Amax |(En + ) Main(Bn +a—1ATA) ~ 1+ a-102(A)

Since rank A = n, then o, > 0 and, therefore, the convergence condition of
the simple iterations implicit method can be written as follows

1

= <1 7
1+72<’ ()

p(®a)

where v = 0, /1/a.

It follows directly from (7) that the smaller « is, the smaller the spectral radius
of the transition matrix of the iterative process (3) is and, accordingly, the higher
the rate of its convergence is.

However, the parameter « has the opposite effect on the computational condi-
tionality of the simple iterations implicit method (3)—the smaller the parameter
« is, the greater the number of the algorithm is.

We show that for the same parameter « of the condition number of the classical
simple iterations implicit method (2) and simple iterations implicit method (4)—
(6) on the basis of SVD are essentially different.

In general, the simple iterations implicit method can be written as follows:

(v )= (i )

Different variants of implementing the simple iterations implicit method differ
only in the method of solving the least squares problem at each iteration:

2
ZTp+1 = argmin (8)
T€R™

2

. A (b ? ©
min |\ vas, )T\ vaw )|, )
Let )
A b
z - = || Aoz — 0|13,
VaFE Vaxy
" 2

then (8) can be presented in the following way:
Lh+1 = A;‘Cb&k),
where Al is a Moore—Penrose pseudoinverse matrix.
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Since rankA, = n, then A can be calculated by the formula:
Al = (A Aa) A,

In this case, the expression (9) will correspond to the classical form of the simple
iterations implicit method, i.e.

) LT b
et = (AT AT ATOD = (AT A+ aBp)~ [(AT;\/aEn)( o )} _
= (ATA + aEn)*l(ATb + axyg).

Thus, the spectral condition number of the problem at each k iteration for the
classical simple iterations implicit method (1) is equal to

condg(ATA +aFE,) = H(ATA + aEn)HgH(ATA + aEn)*1||2 =
)\maX(ATA + aFEy,) 0% +«

C din(ATA+aE,) o2 +a

The implicit SVD-based simple iteration method is applied directly to the
problem (9) and hence the condition number for this algorithm is determined by
the matrix condition number

h= ().

Thus, the spectral condition number for the algorithm (4) is equal to

O’%+OK>1/Q

d = | Aall2 - |1 AT
conds(4a) = [l 4812 = (2

This means that the SVD-based algorithm (4) has a significant advantage over
the classical algorithm (1) in solving ill-conditioned problems.

4. Regularizing iterative algorithms. Let us take approximate values

(A, b) instead of the exact source data (A,b), where [|b — b|| < 4.
Then the regularized variant of the simple iterations implicit method based

on SVD (4), (5) will have the following form

nowT
Tyl = az 21 vl + Jas (10)
Z

where _
o, b
022 + «

ga =
i=1

V3,

k=0,1,...,ks; @ > 0, ¢ is arbitrary initial condition, and
ks = min{k € N : || Az}, — b|| < 76}, (11)
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7 > 1 is some parameter. Often chosen in practice 7 = 1 + €pach, Where €pach is
machine Epsilon.

Here, the stop number of ks plays the role of the regularization parameter,
and the parameter « is the convergence rate controller (10). Expression (11) is
the iteration discrepancy Tikhonov’s principle.

If x9 = 0, then z; = g, and, respectively,

n T
Tkl = & E 702—1—04%4_9&’
i=1 ¢

where K =0,1,...,ks.

Conclusion. In this report, a new variant of the simple iterations implicit
method based on the singular value decomposition (SVD method) is proposed.
The iterative regularization algorithms obtained on the basis of the proposed
implicit iteration schemes are considered. The main advantage of the proposed
implicit singular value iteration schemes is to increase the computational stability
of the implicit simple iteration method. This fact is especially important in solving
poorly conditioned computational problems.
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HesiBHbIe nTepaimoHHbIE CXEMbI HA OCHOBE CHUHTYJISIPHOIO
Pa3JIOXKEHUS U PeryJispu3upyloniue ajrOpuTMbl

A. 1. 2Kdaros

Camapckuil rocyJapCTBEHHBIH TEXHUYECKUN YHUBEPCUTET,
Poccus, 443100, Camapa, yin. Mosogorsapaeiickasi, 244.

AHHOTaNSA

IIpenyoxken HOBBIIT BApUAHT HESIBHOI'O METO/Ia IIPOCTBIX UTEPAIuil Ha OC-
HOBE CHHIYJIIPHOT'O pa3joxkeHus. [lokaszaHo, 4TO IaHHBII BapuaHT HESBHO-
IO METOJIa IPOCTBIX HUTEePAINil MO3BOJISIET CYIIECTBEHHO IOBBICHTDH BBIYHC-
JINTEJIbHYIO YCTOMYUBOCTD AJrOPUTMa W IIPH TOM 0DECIIeYnBaeT BLICOKYIO
CKOPOCTbD €I'0 CXO/IMMOCTH. PaccMoTpeno rnpuMeHenne HesiBHOIO MeTO/1a IIPo-
CTBIX UTepAaINii HA OCHOBE CHHTYJISIDHOT'O PA3JI02KEHUSI JIJIsT Pa3pabOTKU UTe-
PAIMOHHBIX DeryJsipU3UPYIONUX ajaropuTMoB. lIpearaemble ajaropuTMbl
MOIyT OBITH 3(DPEKTUBHO HCIIOIB30BAHBI JJIs PEIIeHns IIMPOKOro KJiacca
HEKOPPEKTHBIX U IJIOXO OOYCJIOBJIEHHBIX BBIMACIUTEIHHBIX 33141,

KuroueBbie ciioBa: HesiBHbIE NTEPAIMOHHBIE CXEMBI, CUHTYJISIDHOE Pa3JIo-
JKEHHe, BBIYUCIUTEbHAS YyCTONYNBOCTD UTEPAIIMOHHBIX CXEM, CKOPOCTh CXO-
JIUMOCTHU, UTEPAIMOHHBIE METO/Ibl PErYJISAPU3AIIAHN.

Iouyuenue: 20 nexabpsa 2017 r. / Ucnpasienue: 22 asrycra 2018 1. /
Ipunsarue: 3 cenrabps 2018 r. / ITyGuukarus onsaiin: 9 nosbps 2018 r.

Konkypupytonine nHTepechl. KOHKYypUDYIOINX NHTEPECOB HE UMEIO.

ABTOpCKUT BKJIA 1 OTBETCTBEHHOCTh. ¢ HECY IIOJIHYIO OTBETCTBEHHOCTD 33, ITPEJI0-
CcTaBJ/IeHUE OKOHYATE/IFHON BEPCUU PYKOIUCH B rteuaTh. OKOHYaTeIbHAS BEPCUs PYKOIUCH
MHOIO 0700peHa.

dunancupoBanue. VcciieioBanne BBIMOIHAIOCH 0e3 (DUHAHCUPOBAHUSI.
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