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Abstract

The shape-constrained problems in statistics have attracted much at-
tention in recent decades. One of them is the task of finding the best fit-
ting monotone regression. The problem of constructing monotone regression
(also called isotonic regression) is to find best fitted non-decreasing vector
to a given vector. Convex regression is the extension of monotone regres-
sion to the case of 2-monotonicity (or convexity). Both isotone and convex
regression have applications in many fields, including the non-parametric
mathematical statistics and the empirical data smoothing. The paper pro-
poses an iterative algorithm for constructing a sparse convex regression, i.e.
for finding a convex vector 𝑧 ∈ R𝑛 with the lowest square error of approxi-
mation to a given vector 𝑦 ∈ R𝑛 (not necessarily convex). The problem can
be rewritten in the form of a convex programming problem with linear con-
straints. Using the Karush–Kuhn–Tucker optimality conditions it is proved
that optimal points should lie on a piecewise linear function. It is proved
that the proposed dual active-set algorithm for convex regression has polyno-
mial complexity and obtains the optimal solution (the Karush–Kuhn–Tucker
conditions are fulfilled).

Keywords: dual active set algorithm, pool-adjacent-violators algorithm,
isotonic regression, monotone regression, convex regression.
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Introduction. For a given vector 𝑧 = (𝑧1, . . . , 𝑧𝑛)
⊤ from R𝑛, 𝑛 ∈ N, the

finite difference operator of order 2 is defined as follows

Δ2𝑧𝑖 = Δ1𝑧𝑖+1 −Δ1𝑧𝑖 = 𝑧𝑖+2 − 2𝑧𝑖+1 + 𝑧𝑖, 1 6 𝑖 6 𝑛− 2,

where Δ1𝑧𝑖 = 𝑧𝑖+1 − 𝑧𝑖 is the finite difference operator of order 1 at 𝑧𝑖.
A vector 𝑧 = (𝑧1, . . . , 𝑧𝑛)

⊤ ∈ R𝑛 is said to be convex if and only if Δ2𝑧𝑖 > 0
for each 1 6 𝑖 6 𝑛 − 2. A vector 𝑧 = (𝑧1, . . . , 𝑧𝑛)

⊤ ∈ R𝑛 is called 1-monotone
(or monotone) if 𝑧𝑖+1 − 𝑧𝑖 > 0, 𝑖 = 1, . . . , 𝑛− 1, and convex vectors also may be
called 2-monotone vectors.

The shape-constrained problems in statistics (the task of finding the best
fitting monotone regression is one of them) have attracted much attention in recent
decades [1–6]. One of most examined problems is the problem of constructing
monotone regression (also called isotonic regression) which is to find best fitted
non-decreasing vector to a given vector. One can find the detailed review on
isotone regression in the work of Robertson and Dykstra [7]. The papers of Barlow
and Brunk [8], Dykstra [9], Best and Chakravarti [10], Best [11] consider the
problem of finding monotone regression in quadratic and convex programming
frameworks. Using mathematical programming approach, the works [12–14] have
recently provided some new results on the topic. The papers [15, 16] extend the
problem to particular orders defined by the variables of a multiple regression. The
recent paper [1] proposes and analyzes a dual active-set algorithm for regularized
monotonic regression.

𝑘-monotone regression is the extension of monotone regression to the gen-
eral case of 𝑘-monotonicity [17]. Both isotone and 𝑘-monotone regression have
applications in many fields, including the non-parametric mathematical statis-
tics [3, 18], the empirical data smoothing [19–21], the shape-preserving dynamic
programming [22], the shape-preserving approximation [23–25].

Denote Δ𝑛
2 the set of all vectors from R𝑛, which are convex. The task of

constructing convex regression is to obtain a vector 𝑧 ∈ R𝑛 with the lowest square
error of approximation to the given vector 𝑦 ∈ R𝑛 (not necessarily convex) under
condition of convexity of 𝑧:

(𝑧 − 𝑦)⊤(𝑧 − 𝑦) =

𝑛∑︁
𝑖=1

(𝑧𝑖 − 𝑦𝑖)
2 → min

𝑧∈Δ𝑛
2

. (1)

In this paper using the ideas of [26] we develop a new algorithm (the dual
active set algorithm) for finding sparse convex regression. We prove that the dual
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active set algorithm proposed in this paper is optimal, i.e. the solutions obtaining
by the algorithm are optimal.

1. The dual active set algorithm for convex regression.
Preliminary Analysis. The problem (1) can be rewritten in the form of a

convex programming problem with linear constraints as follows

𝐹 (𝑧) =
1

2
𝑧⊤𝑧 − 𝑦⊤𝑧 → min, (2)

where minimum is taken over all 𝑧 ∈ R𝑛 such that

𝑔𝑖(𝑧) := −(𝑧𝑖+2 − 2𝑧𝑖 + 𝑧𝑖) 6 0, 1 6 𝑖 6 𝑛− 2. (3)

The problem (2)–(3) is a quadratic programming problem and is strictly convex,
and therefore it has a unique solution.

Let 𝑧 be a (unique) global solution of (2)–(3), then there is a Lagrange mul-
tiplier 𝜇 = (𝜇1, . . . , 𝜇

′
𝑛−2)

⊤ ∈ R𝑛−2 such that

∇𝐹 (𝑧) +
𝑛−2∑︁
𝑖=1

𝜇𝑖∇𝑔𝑖(𝑧) = 0, (4)

𝑔𝑖(𝑧) 6 0, 1 6 𝑖 6 𝑛− 2, (5)
𝜇𝑖 > 0, 1 6 𝑖 6 𝑛− 2, (6)

𝜇𝑖𝑔𝑖(𝑧) = 0, 1 6 𝑖 6 𝑛− 2, (7)

where ∇𝑔𝑖 denotes the gradient of 𝑔𝑖. The equations (4)–(7) are the well-known
Karush–Kuhn–Tucker optimality conditions. It follows from (4) that

𝜕

𝜕𝑧𝑖

[︂
1

2

𝑛∑︁
𝑖=1

(𝑧𝑖 − 𝑦𝑖)
2 +

𝑛−2∑︁
𝑖=1

𝜇𝑖(−𝑧𝑖+2 + 2𝑧𝑖+1 − 𝑧𝑖)

]︂
= 0, 1 6 𝑖 6 𝑛− 2,

i.e. ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑧1 − 𝑦1 − 𝜇1 = 0

𝑧2 − 𝑦2 − 𝜇2 + 2𝜇1 = 0

𝑧3 − 𝑦3 − 𝜇3 + 2𝜇2 − 𝜇1 = 0

. . .

𝑧𝑗 − 𝑦𝑗 − 𝜇𝑗 + 2𝜇𝑗−1 − 𝜇𝑗−2 = 0

. . .

𝑧𝑛−2 − 𝑦𝑛−2 − 𝜇𝑛−2 + 2𝜇𝑛−3 − 𝜇𝑛−4 = 0

𝑧𝑛−1 − 𝑦𝑛−1 + 2𝜇𝑛−2 − 𝜇𝑛−3 = 0

𝑧𝑛 − 𝑦𝑛 − 𝜇𝑛−2 = 0

(8)

One can ask the natural question: is it possible to reduce the problem of
constructing convex regression for points 𝑦 = (𝑦1, 𝑦2, . . . , 𝑦𝑛) to the problem of
constructing monotone regression for points Δ𝑦 = (𝑦2−𝑦1, 𝑦3−𝑦2, . . . , 𝑦𝑛−𝑦𝑛−1)?
The answer to this question is negative. First of all, the Karush–Kuhn–Tucker
optimality conditions for these problems are not identical. Secondly, we give a
simple example showing that it is not possible to lower the order of monotonicity.
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If we take 𝑦 = (1, 0, 1, 0, 1) then Δ𝑦 = (−1, 1,−1, 1). Optimal monotone
regression for Δ𝑦 is Δ𝑧 =

(︀
−1

3 ,−
1
3 ,−

1
3 , 1

)︀
. The convex regression recovered from

Δ𝑧 is
(︀
1, 23 ,

1
3 , 0, 1

)︀
. The square error of approximation to 𝑦 = (1, 0, 1, 0, 1) is

equal to 0 +
(︀
2
3

)︀2
+

(︀
2
3

)︀2
+ 0 + 0 = 8

9 .
On the other hand, if we take the convex sequence 𝑧 =

(︀
1, 13 ,

1
3 ,

1
3 , 1

)︀
, then

the error of approximation to the given vector 𝑦 = (1, 0, 1, 0, 1) is equal to
0 +

(︀
1
3

)︀2
+
(︀
2
3

)︀2
+

(︀
1
3

)︀2
+ 0 = 5

9 , which is less than the error for the convex re-
gression recovered from monotone regression for Δ𝑦.

If one sums up all equalities in (8) then

𝑛∑︁
𝑖=1

𝑧𝑖 =
𝑛∑︁

𝑖=1

𝑦𝑖. (9)

If we multiply 𝑠-th equality in (8) by 𝑠 and sum up the resulting equalities,
we obtain

𝑛∑︁
𝑖=1

𝑖𝑧𝑖 =
𝑛∑︁

𝑖=1

𝑖𝑦𝑖. (10)

Thus, equalities (9)–(10) are necessary conditions for optimal solution.
Preliminary analysis of (4)–(7) shows that the first order differences of the

optimal solution 𝑧 should be sparse, i.e. the sequence Δ1𝑧𝑖, 1 6 𝑖 6 𝑛 − 2,
should have many zeroes. It follows from the Karush–Kuhn–Tucker conditions
that optimal points should lie on a piecewise linear function. Note that some of
these linear functions may be linear regressions constructed from the points of
corresponding blocks. In this case the necessary conditions (9)–(10) are fulfilled.

A dual active-set algorithm for convex regression. In this subsection
we propose an algorithm such that

– it is with polynomial complexity, i.e. the number of operations required
to complete the algorithm for a given input 𝑦 from R𝑛 is 𝑂(𝑛𝑘) for some
nonnegative integer 𝑘;

– the solution is convex (the reachability analysis will show this);
– the solution is optimal (the Karush–Kuhn–Tucker conditions are fulfilled).
The proposed algorithm uses so called active set. The active set 𝑆 consists

of blocks of the form [𝑙, 𝑟 − 2] ⊂ [1, 𝑛 − 2], such that [𝑙, 𝑟 − 2] ⊂ 𝑆, 𝑙 − 1 /∈ 𝑆,
𝑟 − 1 /∈ 𝑆, and

𝑆 = [𝑙1, 𝑟1] ∪ [𝑙2, 𝑟2] ∪ . . . ∪ [𝑙𝑚−1, 𝑟𝑚−1] ∪ [𝑙𝑚, 𝑟𝑚],

where 𝑙1 > 1, 𝑟𝑚 6 𝑛 − 2, 𝑟𝑖 + 3 6 𝑙𝑖+1, 𝑖 ∈ [1,𝑚 − 1], and 𝑚 is the number of
blocks. If 𝑟𝑖 = 𝑙𝑖 then the 𝑖-th block consists of only one point.

Points 𝑧𝑟𝑖 , 𝑧𝑟𝑖+1, . . . , 𝑧𝑙𝑖 , 𝑧𝑙𝑖+1, 𝑧𝑙𝑖+2 corresponding to the 𝑖-th block (plus two
points from right) lies on a linear line, for each 𝑖.

At each iteration of the algorithm, the active set 𝑆 ⊂ [1, 𝑛− 2] is chosen and
the corresponding optimization problem is solved

1

2

𝑛∑︁
𝑖=1

(𝑧𝑖 − 𝑦𝑖)
2 → min, (11)
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where the minimum is taken over all 𝑧 ∈ R𝑛 satisfying

𝑧𝑖 − 2𝑧𝑖+1 + 𝑧𝑖+2 = 0 ∀ 𝑖 ∈ 𝑆. (12)

Note that there exists a unique solution to the problem (11)–(12). Let us
denote the solution by 𝑧(𝑆).

The dual active-set algorithm for convex regression
begin
· Input 𝑦 ∈ R𝑛;
· Active set 𝑆 = ∅;
· Initial point 𝑧(𝑆) = 𝑦;
· while 𝑧(𝑆) /∈ Δ𝑛

2 do
· set 𝑆 ← 𝑆 ∪ {𝑟𝑖 : 𝑧𝑖(𝑆)− 2𝑧𝑖+1(𝑆) + 𝑧𝑖+2(𝑆) < 0};
· solve (11)–(12) using points from the active set 𝑆;
· update 𝑧(𝑆);

· Return 𝑧(𝑆);
end
The computational complexity of the dual active set algorithm for convex

regression is 𝑂(𝑛3). It follows from two remarks:
– at each iteration of the algorithm, the active set 𝑆 is attaching, at least,

one index from [1 : 𝑛− 2], which means that the number of the while loop
iterations can not be greater that 𝑛− 2.

– the computational complexity of solving the problem (11)–(12) is 𝑂(𝑛2).
2. The convergence analysis of the dual active set algorithm.
Lemmas. The next lemma finds the values of Lagrange multipliers.
Lemma 1. Let 𝑧 be a global solution of (2)–(3). Then the values of the Lagrange

multipliers 𝜇 = (𝜇1, . . . , 𝜇𝑛−2)
⊤ ∈ R𝑛−2 defined in (4)–(7) are

𝜇𝑖 =

𝑖∑︁
𝑗=1

(𝑖− 𝑗 + 1)(𝑧𝑗 − 𝑦𝑗), 1 6 𝑖 6 𝑛− 2. (13)

P r o o f. Lemma can be proved by induction. If 𝑖 = 1 then it follows from (8)
that

𝑧1 − 𝑦1 = 𝜇1. (14)

Then from (8) and (14) we obtain

𝑧2 − 𝑦2 = 𝜇2 − 2𝜇1 = 𝜇2 − 2(𝑧1 − 𝑦1),

and therefore
𝜇2 = (𝑧2 − 𝑦2) + 2(𝑧1 − 𝑦1).

Suppose that (13) is fulfilled for 𝑖 > 2. Then it follows from (8) that

𝑧𝑖+1 − 𝑦𝑖+1 = 𝜇𝑖+1 − 2𝜇𝑖 + 𝜇𝑖−1,

and consequently we have
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𝜇𝑖+1 = (𝑧𝑖+1 − 𝑦𝑖+1) + 2𝜇𝑖 − 𝜇𝑖−1 =

= (𝑧𝑖+1 − 𝑦𝑖+1) + 2
𝑖∑︁

𝑗=1

(𝑖− 𝑗 + 1)(𝑧𝑗 − 𝑦𝑗)−
𝑖−1∑︁
𝑗=1

(𝑖− 𝑗)(𝑧𝑗 − 𝑦𝑗) =

= (𝑧𝑖+1 − 𝑦𝑖+1) + 2(𝑧𝑖 − 𝑦𝑖) +
𝑖−1∑︁
𝑗=1

(︀
2(𝑖− 𝑗 + 1)− (𝑖− 𝑗)

)︀
(𝑧𝑗 − 𝑦𝑗) =

= (𝑧𝑖+1 − 𝑦𝑖+1) + 2(𝑧𝑖 − 𝑦𝑖) +

𝑖−1∑︁
𝑗=1

(𝑖− 𝑗 + 2)(𝑧𝑗 − 𝑦𝑗) =

=

𝑖+1∑︁
𝑗=1

(𝑖− 𝑗 + 2)(𝑧𝑗 − 𝑦𝑗). �

Lemma 2. Let 1 ∈ 𝑆, i.e. Δ2𝑦1 < 0, and assume that 2, 3 /∈ 𝑆. Let 𝑧1, 𝑧2, 𝑧3 be
the values of linear regression constructed for input points (1, 𝑦1), (2, 𝑦2), (3, 𝑦3)
(see Fig. 1(a)). Then the values of corresponding Lagrange multipliers defined in
(13) are non-negative.

P r o o f. We will show that

𝜇1 = 𝑧1 − 𝑦1 > 0,

𝜇2 = 2(𝑧1 − 𝑦1) + (𝑧2 − 𝑦2) = 0,

𝜇3 = 3(𝑧1 − 𝑦1) + 2(𝑧2 − 𝑦2) + (𝑧3 − 𝑦3) = 0.

We have 𝜇1 = 𝑧1 − 𝑦1 > 0, since 𝑦1, 𝑦2, 𝑦3 lie on a concave line. It follows from
(9) and (10) that

3∑︁
𝑖=1

(𝑧𝑖 − 𝑦𝑖) = 0 (15)

and
3∑︁

𝑖=1

𝑖(𝑧𝑖 − 𝑦𝑖) = 0. (16)

1 2 3 4 5

𝑦𝑖
𝑧𝑖

(a)
1 2 3 4 5

𝑦𝑖
𝑧𝑖

(b)

Figure 1. (a) The case 1 ∈ 𝑆, i.e. Δ2𝑦1 < 0, and 2, 3 /∈ 𝑆, 𝑧1, 𝑧2, 𝑧3 are the values of
linear regression constructed for input points (1, 𝑦1), (2, 𝑦2), (3, 𝑦3). (b) The case 1, 3 ∈ 𝑆, i.e.

Δ2𝑦1 < 0, Δ2𝑦3 < 0, and 2, 4, 5 /∈ 𝑆, 𝑧𝑖’s are the solutions to the problem (17)
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If we multiply (15) by 3 and subtract (16), we get 2(𝑧1 − 𝑦1) + (𝑧2 − 𝑦2) = 0,
and therefore 𝜇2 = 0.

If we multiply (15) by 4 and subtract (16), we get 3(𝑧1 − 𝑦1) + 2(𝑧2 − 𝑦2) +
(𝑧3 − 𝑦3) = 0, and therefore 𝜇3 = 0. �

Lemma 3. Let 𝑦1, 𝑦2, 𝑦3, 𝑦4, 𝑦5 be such that 1, 3 ∈ 𝑆, i.e. Δ2𝑦1 < 0, Δ2𝑦3 < 0,
and assume that 2, 4, 5 /∈ 𝑆 (see Fig. 1(b)). Let 𝑧𝑖 be the solutions to the opti-
mization problem

1

2

5∑︁
𝑖=1

(𝑧𝑖 − 𝑦𝑖)
2 → min, (17)

where minimum is taken over all 𝑧 = (𝑧1, . . . , 𝑧5)
⊤ such that Δ2𝑧1 = Δ2𝑧3 = 0.

Then the values of corresponding Lagrange multipliers 𝜇1, . . . , 𝜇5 defined in (13)
are non-negative.

P r o o f. Since Δ2𝑧1 < 0 we have 𝜇1 = 𝑧1 − 𝑦1 > 0. The Lagrangian for the
constrained optimization problem (17) is

𝐿(𝑧, 𝜆1, 𝜆2) =
1

2

5∑︁
𝑖=1

(𝑧𝑖 − 𝑦𝑖)
2 − 𝜆1(𝑧1 − 2𝑧2 + 𝑧3)− 𝜆3(𝑧3 − 2𝑧4 + 𝑧5),

where multipliers 𝜆1, 𝜆2 satisfy

𝜕𝐿

𝜕𝑧1
= 𝑧1 − 𝑦1 − 𝜆1 = 0,

𝜕𝐿

𝜕𝑧2
= 𝑧2 − 𝑦2 + 2𝜆1 = 0,

𝜕𝐿

𝜕𝑧3
= 𝑧3 − 𝑦3 − 𝜆1 − 𝜆2 = 0,

𝜕𝐿

𝜕𝑧4
= 𝑧4 − 𝑦4 + 2𝜆2 = 0,

𝜕𝐿

𝜕𝑧5
= 𝑧5 − 𝑦5 − 𝜆2 = 0.

Then
𝜇2 = 2(𝑧1 − 𝑦1) + (𝑧2 − 𝑦2) = 2𝜆1 − 2𝜆1 = 0,

𝜇3 = 3(𝑧1 − 𝑦1) + 2(𝑧2 − 𝑦2) + (𝑧3 − 𝑦3) = 3𝜆1 − 4𝜆1 + 𝜆1 + 𝜆2 = 𝜆2,

𝜇4 = 4(𝑧1−𝑦1)+3(𝑧2−𝑦2)+2(𝑧3−𝑦3)+(𝑧4−𝑦4) = 4𝜆1−6𝜆1+2𝜆1+2𝜆2−2𝜆2 = 0,

𝜇5 = 5(𝑧1−𝑦1)+4(𝑧2−𝑦2)+ . . .+(𝑧5−𝑦5) = 5𝜆1−8𝜆1+3𝜆1+3𝜆2−4𝜆2+𝜆2 = 0.

Since Δ2𝑧3 < 0 we have 𝜆2 = 𝑧5 − 𝑦5 > 0, and therefore 𝜇3 > 0. �

If 𝑧2−𝑧1 6 𝑧4−𝑧3 (as it is shown in Fig. 1(b)) then Δ2𝑧𝑖 > 0 for all 𝑖 ∈ [1 : 3],
and the algorithm constructed a convex solution. If 𝑧2 − 𝑧1 > 𝑧4 − 𝑧3 (as it is
in Fig. 2(a)), then the point 2 must be added to the active set 𝑆 = {1, 3} at
the next iteration of the algorithm and the block {1, 2, 3} of the active set 𝑆 will
be formed. The solution to the optimization problem (11)–(12) corresponding
to the block {1, 2, 3} are points lying on linear regression line constructed for
points (1, 𝑧1), . . . , (5, 𝑧5) (see Fig. 2(b)). Note that the same regression will be
constructed for the initial points (1, 𝑦1), . . ., (5, 𝑦5).
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1 2 3 4 5

𝑦𝑖
𝑧𝑖

(a)
1 2 3 4 5

𝑦𝑖

𝑧
(1)
𝑖

(b)

Figure 2. (a) The case 1, 3 ∈ 𝑆, i.e. Δ2𝑦1 < 0, Δ2𝑦3 < 0, and 2, 4, 5 /∈ 𝑆, 𝑧𝑖’s are the solutions
to the problem (17), 𝑧2 − 𝑧1 > 𝑧4 − 𝑧3. (b) The solution to the optimization problem (11)–(12)
corresponding to the block {1, 2, 3} ⊂ 𝑆 are points lying on linear regression line constructed

for points (1, 𝑧1), . . . , (5, 𝑧5)

Lemma 4. Let at an iteration of the algorithm the pairs

𝑌 = {(1, 𝑧1), . . . , (𝑘, 𝑧𝑘+1)}

be such that [1 : 𝑘− 2] ⊂ 𝑆, Δ2𝑧𝑖 < 0 for all 𝑖 ∈ [1 : 𝑘− 2], and 𝑘− 1, 𝑘, 𝑘+1 /∈ 𝑆

(see Fig. 3). Let 𝑧(0)𝑖 , 𝑖 ∈ [1 : 𝑘], be the solution to the optimization problem

1

2

𝑘∑︁
𝑖=1

(𝜁𝑖 − 𝑧𝑖)
2 → min,

where the minimum is taken over all 𝜁 ∈ R𝑘 such that 𝜁𝑖 − 2𝜁𝑖+1 + 𝜁𝑖+2 = 0 for
all 𝑖 ∈ [1 : 𝑘 − 2]. Assume that 𝑧

(0)
𝑘−1 − 2𝑧

(0)
𝑘 + 𝑧𝑘+1 < 0, i.e. the point 𝑘 − 1

should be added to the active set 𝑆 at the next iteration of the algorithm. Let 𝑧(1)𝑖 ,
𝑖 ∈ [1 : 𝑘 + 1], be the solution to the optimization problem

1

2

𝑘+1∑︁
𝑖=1

(𝜁𝑖 − 𝑧𝑖)
2 → min,

1 2 3 4 . . .
𝑘 − 2 𝑘 − 1 𝑘 𝑘 + 1

𝑧𝑖

𝑧
(0)
𝑖

Figure 3. The case 1, 2, . . . , 𝑘 − 2 ∈ 𝑆 and 𝑘 − 1 /∈ 𝑆, 𝑧(0)𝑖 ’s are the values of linear regression
constructed for input points (𝑖, 𝑧𝑖), 𝑖 ∈ [1 : 𝑘]. After the iteration, the point 𝑘−1 must be added

to the block [1 : 𝑘 − 2] since 𝑧
(0)
𝑘−1 − 2𝑧

(0)
𝑘 + 𝑧𝑘+1 < 0
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where the minimum is taken over all 𝜁 ∈ R𝑘+1 satisfying 𝜁𝑖− 2𝜁𝑖+1+ 𝜁𝑖+2 = 0 for
all 𝑖 ∈ [1 : 𝑘 − 1]. Then for every 𝑖 = 1, 2, . . . , 𝑘 we have

𝜇
(1)
𝑖 − 𝜇

(0)
𝑖 > 0,

where 𝜇
(0)
𝑖 , 𝜇

(1)
𝑖 are Lagrange multipliers for 𝑧(0) and 𝑧(1) respectively, and 𝜇

(1)
𝑘 =

𝜇
(1)
𝑘+1 = 0.

P r o o f. Note that 𝑧(0)𝑖 are the values of the linear regression which uses input
data points {(1, 𝑧1), . . . , (𝑘, 𝑧𝑘)}, obtained at points 𝑖 ∈ [1 : 𝑘]. By the same
reason, 𝑧

(1)
𝑖 are the values of linear regression which uses input data points 𝑌

points 𝑖 ∈ [1 : 𝑘 + 1].
It follows from (13) that

𝜇
(0)
𝑖 =

𝑖∑︁
𝑗=1

(𝑖+ 1− 𝑗)(𝑧
(0)
𝑗 − 𝑧𝑗), 𝜇

(1)
𝑖 =

𝑖∑︁
𝑗=1

(𝑖+ 1− 𝑗)(𝑧
(1)
𝑗 − 𝑧𝑗)

for all 𝑖 ∈ [1 : 𝑘], and therefore, we have

𝜇
(1)
𝑖 − 𝜇

(0)
𝑖 =

𝑖∑︁
𝑗=1

(𝑖+ 1− 𝑗)(𝑧
(1)
𝑗 − 𝑧

(0)
𝑗 ). (18)

Without the loss of generality we will assume that points 𝑧
(0)
𝑖 , 𝑖 ∈ [1 : 𝑘] , lie on

a straight line passing through the origin and with a slope 𝑎, where −1 < 𝑎 < 1,
i.e.

𝑧
(0)
𝑗 = 𝑎𝑗, 𝑗 = 1, . . . , 𝑘. (19)

Since 𝑧
(0)
𝑘−1−2𝑧

(0)
𝑘 +𝑧𝑘+1 < 0, there exists 𝑑 > 0 such that 𝑧𝑘+1 = 𝑎(𝑘+1)−𝑑.

In this case the points 𝑧
(1)
𝑖 , 𝑖 = 1, . . . , 𝑘 + 1, lie on a straight line with a slope

𝑎− 6𝑑
(𝑘+1)(𝑘+2) and intercept 2𝑑

𝑘+1 , i.e.

𝑧
(1)
𝑗 = 𝑗

(︁
𝑎− 6𝑑

(𝑘 + 1)(𝑘 + 2)

)︁
+

2𝑑

𝑘 + 1
, 𝑗 = 1, . . . , 𝑘 + 1. (20)

It follows from (18), (19) and (20) that

𝜇
(1)
𝑖 − 𝜇

(0)
𝑖 =

𝑖∑︁
𝑗=1

(𝑖+ 1− 𝑗)

(︂
𝑗
(︁
𝑎− 6𝑑

(𝑘 + 1)(𝑘 + 2)

)︁
+

2𝑑

𝑘 + 1
− 𝑎𝑗

)︂
=

=

𝑖∑︁
𝑗=1

(𝑖+ 1− 𝑗)
(︁
−𝑗 6𝑑

(𝑘 + 1)(𝑘 + 2)
+

2𝑑

𝑘 + 1

)︁
=

= −(𝑖+ 1)
6𝑑

(𝑘 + 1)(𝑘 + 2)

𝑖∑︁
𝑗=1

𝑗 + (𝑖+ 1)
2𝑑

𝑘 + 1

𝑖∑︁
𝑗=1

1+
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+
6𝑑

(𝑘 + 1)(𝑘 + 2)

𝑖∑︁
𝑗=1

𝑗2 − 2𝑑

𝑘 + 1

𝑖∑︁
𝑗=1

𝑗 =

= −(𝑖+ 1)
6𝑑

(𝑘 + 1)(𝑘 + 2)

𝑖(𝑖+ 1)

2
+ (𝑖+ 1)

2𝑑

𝑘 + 1
𝑖+

+
6𝑑

(𝑘 + 1)(𝑘 + 2)

𝑖(𝑖+ 1)(2𝑖+ 1)

6
− 2𝑑

𝑘 + 1

𝑖(𝑖+ 1)

2
=

=
𝑑𝑖(𝑖+ 1)

(𝑘 + 1)

(︁
−3(𝑖+ 1)

𝑘 + 2
+ 2 +

2𝑖+ 1

𝑘 + 2
− 1

)︁
=

𝑑𝑖(𝑖+ 1)(𝑘 − 𝑖)

(𝑘 + 1)(𝑘 + 2)
> 0. �

Remark. It follows from Lemmas 2 and 4 that the values of Lagrange mul-
tipliers are increasing when adding a point to an existing block from right hand
side.

Lemma 5. Suppose that before an iteration of the algorithm the pairs

𝑌 = {(1, 𝑧1), . . . , (𝑘, 𝑧𝑘)}

are such that [2 : 𝑘− 2] ⊂ 𝑆, i.e. Δ2𝑧𝑖 = 0 for all 𝑖 ∈ [2 : 𝑘− 2], and 𝑘− 1, 𝑘 /∈ 𝑆.
If the inequality 𝑧1 − 2𝑧2 + 𝑧3 < 0 holds (see Fig. 4), i.e. 1 must be added
to the block [2 : 𝑘 − 2] ⊂ 𝑆 at the iteration, then we obtain 𝜇𝑖 > 0 for every
𝑖 ∈ [1 : 𝑘], where 𝜇𝑖, 𝑖 ∈ [1 : 𝑘], corresponds to the solutions 𝑧

(1)
𝑖 , 𝑖 ∈ [1 : 𝑘], of the

optimization problem

1

2

𝑘∑︁
𝑖=1

(𝜁𝑖 − 𝑧𝑖)
2 → min,

where the minimum is taken over all 𝜁 ∈ R𝑘 such that Δ2𝜁𝑖 = 0 for all 𝑖 ∈ [1 :
𝑘 − 2].

P r o o f. If we take 𝑆 = {1}, then it follows from Lemma 2 that 𝜇
(0)
1 > 0,

𝜇
(0)
2 = 𝜇

(0)
3 = 0. Now let us consider the sequence of the basic operations of

adding one point to a block from the right hand side:
– 𝑆 = {1, 2}, then we have 𝜇

(1)
1 , 𝜇

(1)
2 > 0, 𝜇(1)

3 = 𝜇
(1)
4 = 0 by Remark.

1 2 3 4 . . .
𝑘 − 2 𝑘 − 1 𝑘

𝑧𝑖

𝑧
(1)
𝑖

Figure 4. The case [2 : 𝑘 − 2] ⊂ 𝑆, i.e. Δ2𝑧𝑖 = 0 for all 𝑖 ∈ [2 : 𝑘 − 2], and 𝑘 − 1, 𝑘 /∈ 𝑆. After
the iteration, the point 𝑘 − 1 must be added to the block [1 : 𝑘 − 2] since 𝑧1 − 2𝑧2 + 𝑧3 < 0.

Points 𝑧
(1)
𝑖 , 𝑖 ∈ [1 : 𝑘], are the solutions to the optimization problem (5).
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– 𝑆 = {1, 2, 3}, then we have 𝜇
(2)
1 , 𝜇

(2)
2 , 𝜇

(2)
3 > 0, 𝜇(2)

4 = 𝜇
(2)
5 = 0 (by Remark).

– . . .
– 𝑆 = {1, 2, . . . , 𝑘 − 2}, then 𝜇

(𝑘−3)
1 , . . . , 𝜇

(𝑘−3)
𝑘−2 > 0, 𝜇(𝑘−3)

𝑘−1 = 𝜇
(𝑘−3)
𝑘 = 0 (by

Remark).
At each step we add a point to an existing block of the active set from the right
hand side, and therefore the values of Lagrange multipliers are increasing, i.e.
they are remaining non-negative. �

Lemma 6. Suppose that before an iteration of the algorithm the pairs

𝑌1 = {(1, 𝑧1), . . . , (𝑘 − 3, 𝑧𝑘−3)}, 𝑌2 = {(𝑘, 𝑧𝑘), . . . , (𝑠, 𝑧𝑝)}, 4 6 𝑘 6 𝑝,

are such that [1 : 𝑘 − 3] ⊂ 𝑆, [𝑘 : 𝑝 − 2] ⊂ 𝑆, 𝑘 − 2, 𝑘 − 1 /∈ 𝑆, i.e. Δ2𝑧𝑖 = 0 for
all 𝑖 ∈ [1 : 𝑘 − 3], Δ2𝑧𝑖 = 0 for all 𝑖 ∈ [𝑘 : 𝑝 − 2], and 𝑝 − 1, 𝑝 /∈ 𝑆. Assume that
one of the following conditions is fulfilled :

– (the case 1) the inequality 𝑧𝑘−2 − 2𝑧𝑘−1 + 𝑧𝑘 < 0 holds (see Fig. 5), i.e.
𝑘 − 2 must be added to 𝑆 at the iteration;

– (the case 2) the inequality 𝑧𝑘 − 2𝑧𝑘+1 + 𝑧𝑘+2 < 0 holds (see Fig. 6), i.e. 𝑘
must be added to 𝑆 at the iteration.

Let 𝑧(1)𝑖 , 𝑖 ∈ [1 : 𝑝], be the solutions to the optimization problem

1

2

𝑝∑︁
𝑖=1

(𝜁𝑖 − 𝑧𝑖)
2 → min, (21)

where the minimum is taken over all 𝜁 ∈ R𝑝 satisfying 𝜁𝑖 − 2𝜁𝑖+1 + 𝜁𝑖+2 = 0 for
all 𝑖 ∈ [1 : 𝑝− 2] ∖ {𝑘 − 1}. Then for every 𝑖 = 1, 2, . . . , 𝑝 we have

𝜇
(1)
𝑖 > 0,

where 𝜇
(1)
𝑖 are the values of Lagrange multipliers corresponding to the solutions

𝑧
(1)
𝑖 , 𝑖 ∈ [1 : 𝑝].

1 2 . . .
𝑘 − 2 𝑘 − 1 𝑘 𝑘 + 1 𝑘 + 2

. . .
𝑝− 1 𝑝

𝑧𝑖

𝑧
(1)
𝑖

Figure 5. The case 1 of merging two blocks
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1 2 . . .
𝑘 − 2 𝑘 − 1 𝑘 𝑘 + 1 𝑘 + 2

. . .
𝑝− 1 𝑝

𝑧𝑖

𝑧
(1)
𝑖

Figure 6. The case 2 of merging two blocks

P r o o f. The case 1. If 𝑧
(1)
𝑖 , 𝑖 ∈ [1 : 𝑝], are the optimal solutions to the

problem (21) then there exists a point 𝑧*𝑘 such that
– 𝑧𝑘−2 − 2𝑧𝑘−1 + 𝑧*𝑘 < 0,
– 𝑧

(1)
𝑖 , 𝑖 ∈ [1 : 𝑘], are lying on the regression line constructed by points
(1, 𝑧1), . . . , (𝑘 − 1, 𝑧𝑘−1), (𝑘, 𝑧

*
𝑘).

It follows from Lemma 1 that 𝜇1, 𝜇2, . . . , 𝜇𝑘−1 > 0, 𝜇𝑘−1 = 0.
There exists a point 𝑧′𝑝+1 such that
– the inequality 𝑧𝑝−1 − 2𝑧𝑝 + 𝑧′𝑝+1 < 0 is fulfilled,
– points 𝑧(1)𝑖 , 𝑖 ∈ [𝑘 : 𝑝], are lying on the regression line constructed by points
(𝑘, 𝑧𝑘), (𝑘 + 1, 𝑧𝑘+1), . . . , (𝑝, 𝑧𝑝), (𝑝+ 1, 𝑧′𝑝+1).

Then it follows from Lemma 1 that 𝜇𝑘, 𝜇𝑘+1, . . . , 𝜇𝑝 > 0, 𝜇𝑝+1 = 0.
The case 2. If 𝑧(1)𝑖 , 𝑖 ∈ [1 : 𝑝], are the optimal solutions to the problem (21)

then there exists a point 𝑧*0 such that
– the inequality 𝑧*0 − 2𝑧1 + 𝑧2 < 0 holds,
– points 𝑧(1)𝑖 , 𝑖 ∈ [1 : 𝑘], are lying on the regression line constructed by points
(0, 𝑧*0), (1, 𝑧1), . . . , (𝑘 − 1, 𝑧𝑘−1), (𝑘, 𝑧𝑘).

It follows from Lemma 5 that 𝜇1, 𝜇2, . . . , 𝜇𝑘−1 > 0, 𝜇𝑘−1 = 0.
There exists a point 𝑧′𝑘 such that
– the inequality 𝑧′𝑘 − 2𝑧𝑘+1 + 𝑧𝑘+2 < 0 is fulfilled,
– points 𝑧(1)𝑖 , 𝑖 ∈ [𝑘 : 𝑝], are lying on the regression line constructed by points
(𝑘, 𝑧′𝑘), (𝑘 + 1, 𝑧𝑘+1), . . . , (𝑝, 𝑧𝑝)).

Then it follows from Lemma 5 that 𝜇𝑘, 𝜇𝑘+1, . . . , 𝜇𝑝−1 > 0, 𝜇𝑝 = 0. �

Availability and optimality analysis. When the algorithm is completed,
the output vector has the form

(𝑧1, . . . , 𝑧𝑟1⏟  ⏞  
𝜆1 times

, 𝑧𝑟1+1, . . . , 𝑧𝑟2⏟  ⏞  
𝜆2 times

, . . . , 𝑧𝑟𝑚−1+1, . . . , 𝑧𝑛⏟  ⏞  
𝜆𝑚 times

),

where
– 𝑚 is the number of segments;
– 𝜆𝑗 is the number of points at 𝑗th segment, 𝜆1 = 𝑚1, 𝑚2 = 𝜆1 + 𝜆2, . . . ,
𝑚𝑖+1 = 𝜆1 + 𝜆2 + . . .+ 𝜆𝑖, 𝑛 = 𝜆1 + 𝜆2 + . . . 𝜆𝑚.
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All points 𝑧𝑗 of each segment [𝑟𝑖+1, . . . , 𝑟𝑖+1] lie on a straight line. A segment
can consists of one point.

The solution obtained as a result of the algorithm is convex, by design of the
algorithm. It remains to show that the solution is optimal, i.e. it is necessary to
show that the Karush–Kuhn–Tucker conditions are fulfilled.

The algorithm starts with any active set such that 𝑆 ⊂ 𝑆*, where 𝑆* is the
active set corresponding the optimal solution. At he first iteration we can always
take 𝑆 = ∅ for simplicity.

Theorem. For any initial 𝑆 ⊂ 𝑆*, the Algorithm converges to the optimal
solution of the problem (1) in, at most, 𝑛− 1− |𝑆| iterations.

P r o o f. At each while loop of the algorithm, the active set 𝑆 is expanded
by attaching at least one index point from [1, 𝑛 − 2], which is previously not
belonged to the set 𝑆. The Algorithm terminates when 𝑧(𝑆) becomes convex. If
𝑆 = [1, 𝑛− 2], then the number of blocks is equal to 1 and, therefore, there is no
violation of the convexity. If |𝑆| < 𝑛 − 2 then the number of iterations must be
less than 𝑛− |𝑆|, where |𝑆| is the number of indices in the initial active set 𝑆.

The optimality of the solution follows from Lemmas 2–6.
At each iteration of the algorithm, the points at which the convexity is violated

are attached to the active set 𝑆. If one of such points 𝑖 with a negative value of the
second order finite difference Δ2𝑧𝑖 is isolated (i.e. 𝑖−2, 𝑖−1, 𝑖+1, 𝑖+2 /∈ 𝑆), then
the algorithm replaces 𝑧𝑖, 𝑧𝑖+1, 𝑧𝑖+2 with the values of linear regression constructed
by the points (𝑖, 𝑧𝑖), (𝑖+ 1, 𝑧𝑖+1), (𝑖+ 2, 𝑧𝑖+2). Lemma 2 states that the values of
the corresponding Lagrange multipliers will be non-negative.

If the second-order differences are negative at several consecutive 𝑘 > 1 neigh-
boring points, e.g. 𝑧𝑖, 𝑧𝑖+1, . . . , 𝑧𝑖+𝑘 are such that Δ2𝑧𝑗 < 0, 𝑗 = 𝑖, . . . , 𝑖+ 𝑘, and
Δ2𝑧𝑖−2,Δ

2𝑧𝑖−1,Δ
2𝑧𝑖+𝑘+1,Δ

2𝑧𝑖+𝑘+2 > 0, then the algorithm replaces
𝑧𝑖, 𝑧𝑖+1, . . . , 𝑧𝑖+𝑘+2 with the values of a linear regression constructed by the points
(𝑖, 𝑧𝑖), (𝑖+1, 𝑧𝑖+1), (𝑖+ 𝑘+2, 𝑧𝑖+𝑘+2). Lemma 4 states that the values of the cor-
responding Lagrange multipliers will be non-negative.

When the algorithm works on subsequent iterations, it may turn out that a
point with a negative second-order finite difference is not isolated. In this case
the point where the violation of convexity takes place will be attached to the one
of the neighboring blocks of the active set 𝑆 as follows:

– Let 𝑟 < 𝑟1 < 𝑟2 < . . . < 𝑟𝑠 < 𝑝 − 2 be such that 𝑟 + 1 < 𝑟1, 𝑟1 + 1 <
𝑟2, . . . , 𝑟𝑗 + 1 < 𝑟𝑗+1, . . . , 𝑟𝑠 + 1 < 𝑝 − 2. Suppose that [𝑟 : 𝑝 − 2] ⊂ 𝑆 and
𝑟1, 𝑟2, . . . , 𝑟𝑠 /∈ 𝑆 at the previous iteration of the algorithm. If 𝑝 − 1 must
be added to the active set 𝑆 at the current iteration of the algorithm, i.e.
𝑧𝑝−1−2𝑧𝑝+𝑧𝑝+1 < 0 for the current solution 𝑧, then it follows from Lemma 1
that the values of the corresponding Lagrange multipliers will increase, and
therefore they will remain non-negative.

– Let 𝑟 < 𝑟1 < 𝑟2 < . . . < 𝑟𝑠 < 𝑝 − 2 be such that 𝑟 + 1 < 𝑟1, 𝑟1 + 1 <
𝑟2, . . . , 𝑟𝑗 + 1 < 𝑟𝑗+1, . . . , 𝑟𝑠 + 1 < 𝑝 − 2. Suppose that [𝑟 : 𝑝 − 2] ⊂ 𝑆
and 𝑟1, 𝑟2, . . . , 𝑟𝑠 /∈ 𝑆 at the previous iteration of the algorithm. If 𝑟 − 1
must be added to the active set 𝑆 at the current iteration of the algorithm,
i.e. Δ2𝑧𝑟−1 < 0 for the current solution 𝑧, then it follows from Lemma 5
that the values of the corresponding Lagrange multipliers will increase, and
therefore they will remain non-negative.

– Let 𝑟 < 𝑟1 < 𝑟2 < . . . < 𝑟𝑠 < 𝑝 − 2 be such that 𝑟 + 1 < 𝑟1, 𝑟1 + 1 <
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𝑟2, . . . , 𝑟𝑗 + 1 < 𝑟𝑗+1, . . . , 𝑟𝑠 + 1 < 𝑝 − 2. Suppose that [𝑟 : 𝑝 − 2] ⊂ 𝑆
and 𝑟1, 𝑟2, . . . , 𝑟𝑠 /∈ 𝑆 at the previous iteration of the algorithm. If 𝑝 must
be added to the active set 𝑆 at the current iteration of the algorithm, i.e.
𝑧𝑝−2𝑧𝑝+1+𝑧𝑝+2 < 0 for the current solution 𝑧, then it follows from Lemma 6
that the values of the corresponding Lagrange multipliers will increase, and
therefore they will remain non-negative.

– Let 𝑟 < 𝑟1 < 𝑟2 < . . . < 𝑟𝑠 < 𝑝 − 2 be such that 𝑟 + 1 < 𝑟1, 𝑟1 + 1 <
𝑟2, . . . , 𝑟𝑗 + 1 < 𝑟𝑗+1, . . . , 𝑟𝑠 + 1 < 𝑝 − 2. Suppose that [𝑟 : 𝑝 − 2] ⊂ 𝑆
and 𝑟1, 𝑟2, . . . , 𝑟𝑠 /∈ 𝑆 at the previous iteration of the algorithm. If 𝑟 − 2
must be added to the active set 𝑆 at the current iteration of the algorithm,
i.e. Δ2𝑧𝑟−2 < 0 for the current solution 𝑧, then it follows from Lemma 6
that the values of the corresponding Lagrange multipliers will increase, and
therefore they will remain non-negative.

The remaining cases of mergers for two or more adjacent blocks and isolated
points can be represented as sequences of these basic cases. �

Conclusion. In this paper using the ideas of [26] we develop a new algorithm
(the dual active set algorithm) for finding sparse convex regression. At each iter-
ation of the algorithm, it first determines the active set and then solve a standard
least-squares subproblem on the active set with small size, which exhibits a local
superlinear convergence. Therefore, the algorithm is very efficient when coupled
with a parallel execution. The classical optimization algorithms for nonconvex
problems (e.g. coordinate descent or proximal gradient descent) only possess sub-
linear convergence in general or linear convergence under certain conditions [27].
On the other hand, 𝑘-FWA and 𝑘-PAVA examined in [17] are not optimal.
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Двойственный алгоритм на основе активного множества
для построения оптимальной разреженной выпуклой
регрессии

А. А. Гудков, С. В. Миронов, С. П. Сидоров, С. В. Тышкевич
Саратовский государственный университет им. Н. Г. Чернышевского
(национальный исследовательский университет),
Россия, 410012, Саратов, ул. Астраханская, 83.

Аннотация

В последнее время задачи статистики с ограничениями на форму
данных привлекают повышенное внимание. Одной из таких задач явля-
ется задача поиска оптимальной монотонной регрессии. Проблема по-
строения монотонной регрессии (которая также называется изотонной
регрессией) состоит в том, чтобы для данного вектора (не обязательно
монотонного) найти неубывающий вектор с наименьшей ошибкой при-
ближения к данному. Выпуклая регрессия есть развитие понятия моно-
тонной регрессии для случая 2-монотонности (т.е. выпуклости). Как изо-
тонная, так и выпуклая регрессия находят применение во многих обла-
стях, включая непараметрическую математическую статистику и сгла-
живание эмпирических данных. В данной статье предлагается итера-
ционный алгоритм построения разреженной выпуклой регрессии, т.е.
для нахождения выпуклого вектора 𝑧 ∈ R𝑛 с наименьшей квадратич-
ной ошибкой приближения к данному вектору 𝑦 ∈ R𝑛 (не обязатель-
но являющемуся выпуклым). Задача может быть представлена в виде
задачи выпуклого программирования с линейными ограничениями. Ис-
пользуя условия оптимальности Каруша—Куна—Таккера, доказано, что
оптимальные точки должны лежать на кусочно-линейной функции. До-
казано, что предложенный двойственный алгоритм на основе активного
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множества для построения оптимальной разреженной выпуклой регрес-
сии имеет полиномиальную сложность и позволяет найти оптимальное
решение (для которого выполнены условия Каруша—Куна—Таккера).

Ключевые слова: двойственный алгоритм, активное множество, изо-
тонная регрессия, монотонная регрессия, выпуклая регрессия.

Получение: 22 января 2019 г. / Исправление: 2 марта 2019 г. /
Принятие: 4 марта 2019 г. / Публикация онлайн: 5 марта 2019 г.

Конкурирующие интересы. Мы заявляем, что у нас нет конфликта интересов в
авторстве и публикации этой статьи.
Авторский вклад и ответственность. Все авторы принимали участие в разра-
ботке концепции статьи и в написании рукописи. Авторы несут полную ответствен-
ность за предоставление окончательной рукописи в печать. Окончательная версия
рукописи была одобрена всеми авторами.
Финансирование. Работа выполнена при поддержке Российского фонда фунда-
ментальных исследований (проект № 18–37–00060).
Благодарность. Авторы благодарны рецензенту за тщательное прочтение статьи
и сделанные им конструктивные замечания.

130


	Гудков А. A., Миронов С. В., Сидоров С. П., Тышкевич С. В.  ``Двойственный алгоритм на основе активного множества для построения оптимальной разреженной выпуклой регрессии''

