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Abstract

The shape-constrained problems in statistics have attracted much at-
tention in recent decades. One of them is the task of finding the best fit-
ting monotone regression. The problem of constructing monotone regression
(also called isotonic regression) is to find best fitted non-decreasing vector
to a given vector. Convex regression is the extension of monotone regres-
sion to the case of 2-monotonicity (or convexity). Both isotone and convex
regression have applications in many fields, including the non-parametric
mathematical statistics and the empirical data smoothing. The paper pro-
poses an iterative algorithm for constructing a sparse convex regression, i.e.
for finding a convex vector z € R™ with the lowest square error of approxi-
mation to a given vector y € R™ (not necessarily convex). The problem can
be rewritten in the form of a convex programming problem with linear con-
straints. Using the Karush—Kuhn—Tucker optimality conditions it is proved
that optimal points should lie on a piecewise linear function. It is proved
that the proposed dual active-set algorithm for convex regression has polyno-
mial complexity and obtains the optimal solution (the Karush—-Kuhn—Tucker
conditions are fulfilled).
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Introduction. For a given vector z = (2z1,...,2,)! from R" n € N, the
finite difference operator of order 2 is defined as follows

2 1 1 ,
A%z = Azip1 — Azy = 2i42 — 22i41 + 2, 1 <i<n—2,

where Alz; = z; .1 — 2; is the finite difference operator of order 1 at z;.

A vector z = (z1,...,2,) " € R™ is said to be convex if and only if A%z > 0
for each 1 <4 < n —2. A vector z = (21,...,2,) € R” is called 1-monotone
(or monotone) if z;41 —2; > 0,4 =1,...,n — 1, and convex vectors also may be

called 2-monotone vectors.

The shape-constrained problems in statistics (the task of finding the best
fitting monotone regression is one of them) have attracted much attention in recent
decades [1-6]. One of most examined problems is the problem of constructing
monotone regression (also called isotonic regression) which is to find best fitted
non-decreasing vector to a given vector. One can find the detailed review on
isotone regression in the work of Robertson and Dykstra [7]. The papers of Barlow
and Brunk [8], Dykstra [9], Best and Chakravarti [10], Best [11] consider the
problem of finding monotone regression in quadratic and convex programming
frameworks. Using mathematical programming approach, the works [12-14] have
recently provided some new results on the topic. The papers [15,16] extend the
problem to particular orders defined by the variables of a multiple regression. The
recent paper [1] proposes and analyzes a dual active-set algorithm for regularized
monotonic regression.

k-monotone regression is the extension of monotone regression to the gen-
eral case of k-monotonicity [17]. Both isotone and k-monotone regression have
applications in many fields, including the non-parametric mathematical statis-
tics [3, 18], the empirical data smoothing [19-21], the shape-preserving dynamic
programming [22], the shape-preserving approximation [23-25].

Denote A% the set of all vectors from R", which are convex. The task of
constructing convex regression is to obtain a vector z € R™ with the lowest square
error of approximation to the given vector y € R™ (not necessarily convex) under
condition of convexity of z:

n

(z—y) (z—y) = Z(zZ —y;)? — min . (1)

ZzEAD
i=1 2

In this paper using the ideas of [26] we develop a new algorithm (the dual
active set algorithm) for finding sparse convex regression. We prove that the dual

Sergei P. Sidorov (2 https://orcid.org/0000-0003-4047-8239
Dr. Phys. & Math. Sci.; Head of Department; Dept. of Functions and Approximations The-
ory; e-mail: sidorovsp@yahoo.com

Sergei V. Tyshkevich © https://orcid.org/0000-0001-5417-6165
Cand. Phys. & Math. Sci.; Associate Professor; Dept. of Functions and Approximations
Theory; e-mail: tyszkiewicz@yandex.ru

114


http://www.mathnet.ru/php/person.phtml?option_lang=eng&personid=22905
https://orcid.org/0000-0003-4047-8239
https://orcid.org/0000-0003-4047-8239
mailto:sidorovsp@yahoo.com
http://www.mathnet.ru/php/person.phtml?option_lang=eng&personid=27643
https://orcid.org/0000-0001-5417-6165
https://orcid.org/0000-0001-5417-6165
mailto:tyszkiewicz@yandex.ru

A dual active set algorithm. . .

active set algorithm proposed in this paper is optimal, i.e. the solutions obtaining
by the algorithm are optimal.
1. The dual active set algorithm for convex regression.

Preliminary Analysis. The problem (1) can be rewritten in the form of a
convex programming problem with linear constraints as follows

1
F(z) = §ZTZ —y 'z — min, (2)

where minimum is taken over all z € R™ such that
9i(2) == —(ziy2 — 22+ 2) <0, 1<i<n—2. (3)

The problem (2)—(3) is a quadratic programming problem and is strictly convex,
and therefore it has a unique solution.

Let Z be a (unique) global solution of (2)—(3), then there is a Lagrange mul-
tiplier o = (pu1,..., 1), )" € R"2 such that

n—2
VF(z)+ Z 1iVagi(z) =0, (4)
i=1
9i(2) <0, 1<i<n-—2 (5)
wi =0, 1<i<n—2, (6)
pigi(z) =0, 1<i<n—2, (7)

where Vg; denotes the gradient of g;. The equations (4)—(7) are the well-known
Karush-Kuhn—-Tucker optimality conditions. It follows from (4) that

o T n n—2 .
82[2 Z(Zz'_yi)2+ZMi(_Zi+2+22i+1_zi) =0, I<i<n-2,
LT =1 i=1

i.e.

z1—y1—p1 =10

22— Y2 — p2 +2u1 =0

z23 =Yz —p3+2u2 — =0

Zj —Yj — pj + 2151 — prj—2 =0 (8)
Zn—2 = Yn—2 — Pn—2 + 2Un_3 — pp—4 =0

Zn—1— Yn—1+2pn—2 — pin—3 =0
n—Yn — pn—2=0

One can ask the natural question: is it possible to reduce the problem of
constructing convex regression for points y = (y1,¥2,...,Yyn) to the problem of
constructing monotone regression for points Ay = (y2—y1,Y3—Y2, - -, Yn —Yn—1)"
The answer to this question is negative. First of all, the Karush—Kuhn—Tucker
optimality conditions for these problems are not identical. Secondly, we give a
simple example showing that it is not possible to lower the order of monotonicity.
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If we take y = (1,0,1,0,1) then Ay = (—1,1,—1,1). Optimal monotone

regression for Ay is Az = (—g, —%, —%, 1). The convex regression recovered from
Az is (1, g, é,O 1) The square error of approximation to y = (1,0,1,0,1) is
2
equal to 0 + (g) + (%) +0+0= %.
On the other hand, if we take the convex sequence z = (1, é, é, 3 ) then
the error of approximation to the given vector y = (1,0,1,0,1) is equal to

0+ (%)2 + (%)2 + (%)2 +0= 8, which is less than the error for the convex re-
gression recovered from monotone regression for Ay.
If one sums up all equalities in (8) then

i=1 =1

If we multiply s-th equality in (8) by s and sum up the resulting equalities,

we obtain
n n
D im = iy (10)
i=1 i=1

Thus, equalities (9)—(10) are necessary conditions for optimal solution.

Preliminary analysis of (4)—(7) shows that the first order differences of the
optimal solution % should be sparse, i.e. the sequence A%, 1 < i < n — 2,
should have many zeroes. It follows from the Karush-Kuhn—Tucker conditions
that optimal points should lie on a piecewise linear function. Note that some of
these linear functions may be linear regressions constructed from the points of
corresponding blocks. In this case the necessary conditions (9)—(10) are fulfilled.

A dual active-set algorithm for convex regression. In this subsection
we propose an algorithm such that
— it is with polynomial complexity, i.e. the number of operations required
to complete the algorithm for a given input y from R” is O(n*) for some
nonnegative integer k;
— the solution is convex (the reachability analysis will show this);
— the solution is optimal (the Karush-Kuhn-Tucker conditions are fulfilled).
The proposed algorithm uses so called active set. The active set S consists
of blocks of the form [l,r — 2] C [1,n — 2], such that [l,r —2] C S, l—1¢ S,
r—1¢.5, and

S = [11,7“1] @] [lQ,TQ] U...U [lmfl,’r‘mfl] @] [lm,’l“m],

where Iy 2 1, rpy < n—2, r; + 3 < lip1, ¢ € [1,m — 1], and m is the number of
blocks. If r; = 1; then the i-th block consists of only one point.
Points zr;, Zr,+1, - - -, 21,5 21,41, 21;,+2 corresponding to the i-th block (plus two

points from right) lies on a linear line, for each 3.
At each iteration of the algorithm, the active set S C [1,n — 2] is chosen and
the corresponding optimization problem is solved

fz 2 — min, (11)
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where the minimum is taken over all z € R" satisfying
2z — 2241+ 2i42=0 Vies§. (12)

Note that there exists a unique solution to the problem (11)—(12). Let us

denote the solution by z(S).
THE DUAL ACTIVE-SET ALGORITHM FOR CONVEX REGRESSION
begin

- Input y € R";

- Active set S = @;

- Initial point z(S) = y;

- while z(S) ¢ A} do
cset S+ SU{r;: 2(5) —2241(S) + 2zi12(S) < 0};
- solve (11)—(12) using points from the active set .S;
- update z(95);

- Return z(5);

end

The computational complexity of the dual active set algorithm for convex

regression is O(n3). It follows from two remarks:

— at each iteration of the algorithm, the active set S is attaching, at least,
one index from [1 : n — 2|, which means that the number of the while loop
iterations can not be greater that n — 2.

— the computational complexity of solving the problem (11)-(12) is O(n?).

2. The convergence analysis of the dual active set algorithm.

Lemmas. The next lemma finds the values of Lagrange multipliers.

LEMMA 1. Let z be a global solution of (2)—(3). Then the values of the Lagrange

multipliers = (1, ..., pn_2)" € R"™2 defined in (4)(7) are
i
pi=3 (i—j+1)(z—y), 1<i<n-—2 (13)
j=1

Proof. Lemma can be proved by induction. If ¢ = 1 then it follows from (8)
that

21— Y1 = - (14)
Then from (8) and (14) we obtain

2o — Yo = fo — 21 = p2 — 2(21 — Y1),

and therefore
p2 = (22 — y2) +2(21 — y1)-

Suppose that (13) is fulfilled for ¢ > 2. Then it follows from (8) that
Zitl = Yirl = Hit1 — 205 + pi—1,

and consequently we have
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piv1 = (Zig1 — Yiv1) + 205 — pi—1 =

i—1
= (Zi+1 — Yit1) +2ZZ—]+1 Zz—J —yj) =
7j=1 j=1
i—1
= (Ziy1 — Yir1) +2(z —yi) + Z 20 —5+1) = (—7)(z—y) =
j=1
i—1
= (zip1 — i) + 20z —y) + Y (i — 5 +2)(z —yy) =
j=1
i+1
= (i —j+2)(z — ) N
j=1

LEMMA 2. Let1 € S, ice. A%y; <0, and assume that 2,3 ¢ S. Let 21, 29, 23 be
the values of linear regression constructed for input points (1,y1), (2,v2), (3,y3)
(see Fig. 1(a)). Then the values of corresponding Lagrange multipliers defined in
(13) are non-negative.

Proof. We will show that
H1 =21 — Y1 2 07
po = 2(z1 —y1) + (22 —y2) =0,
p3 = 3(z1 —y1) +2(22 —y2) + (23 —y3) = 0.

We have p; = 21 — y1 > 0, since y1,y2,y3 lie on a concave line. It follows from

(9) and (10) that

3
Z(Zi —yi) =0 (15)
=1
and
3
> iz — i) = 0. (16)
=1
® Yi o Yi
1|® =i 1|® 2
1 2 3 4 5 1 2 3 4 5
(a) (b)

Figure 1. (a) The case 1 € S, ie. A%y < 0, and 2,3 ¢ S, 21, 22, 23 are the values of
linear regression constructed for input points (1,y1), (2,y2), (3,y3). (b) The case 1,3 € S, i.e.
A%y <0, A%ys <0, and 2,4,5 ¢ S, z;’s are the solutions to the problem (17)
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If we multiply (15) by 3 and subtract (16), we get 2(21 —y1) + (22 — y2) =0,
and therefore s = 0.

If we multiply (15) by 4 and subtract (16), we get 3(z1 — y1) + 2(22 — y2) +
(23 — y3) = 0, and therefore uz = 0. O

LEMMA 3. Let y1,y2, Y3, Y4, ys be such that 1,3 € S, i.e. Ay, <0, A2y3 <0,
and assume that 2,4,5 ¢ S (see Fig. 1(b)). Let z; be the solutions to the opti-
mization problem

5
1 .
B > (2 = y;)* = min, (17)
i=1
where minimum is taken over all z = (z1,..., 25)T such that Az = A2z3 = 0.

Then the values of corresponding Lagrange multipliers py, ..., us defined in (13)
are non-negative.

Proof Since A%z < 0 we have u; = 2 — 31 > 0. The Lagrangian for the
constrained optimization problem (17) is

5

Z(Zl — yi)2 — )\1(2’1 — 229 + 23) — /\3(23 —2z4 + 2’5),
=1

L(z,A1,A\2) =

N | —

where multipliers A1, Ao satisfy

oL oL
7221—y1—)\1:0, —:22—y2+2)\1:0,
021 029
oL OL
S =23—Y3— A1 — A2 =0, A = 24— Ys+2X =0,
0z3 024
oL
87:2'5—215—)\2:0-
25

Then
U = 2(21 — yl) + (22 - yg) =2\ — 2\ =0,

w3 =3(z1 —y1) +2(z2 — y2) + (23 — y3) = 3\ —4A1 + A1 + A2 = Ao,
pa = 4(z1—y1)+3(22—y2) +2(23 —y3) + (24— ya) = 4\ —6 A1+ 21 +2X2—2X2 = 0,
s =5(z1—y1)+4(z2—y2)+. ..+ (25 —y5) = BA1 —8A1 +3A1 +3 2 —4Xa+ A2 = 0.
Since A%z3 < 0 we have Ay = 25 — y5 > 0, and therefore pg > 0. O

If 29 — 21 < 24— 23 (as it is shown in Fig. 1(b)) then A2%z; > 0 for alli € [1 : 3],
and the algorithm constructed a convex solution. If 29 — 21 > z4 — 23 (as it is
in Fig. 2(a)), then the point 2 must be added to the active set S = {1,3} at
the next iteration of the algorithm and the block {1,2,3} of the active set S will
be formed. The solution to the optimization problem (11)—(12) corresponding
to the block {1,2,3} are points lying on linear regression line constructed for
points (1,z1), ..., (5,25) (see Fig. 2(b)). Note that the same regression will be
constructed for the initial points (1,41), ..., (5,ys5).

119



Gudkov A. A.,, Mironov S. V., Sidorov S. P., Tyshkevich S. V.

o Vi ° Yi
| [ ] z(l)

(a) (b)

Figure 2. (a) The case 1,3 € S, i.e. A%y; <0, A%ys <0, and 2,4,5 ¢ S, z;’s are the solutions

to the problem (17), z2 — z1 > z4 — z3. (b) The solution to the optimization problem (11)-(12)

corresponding to the block {1,2,3} C S are points lying on linear regression line constructed
for points (1, z1),..., (5, 25)

LEMMA 4. Let at an iteration of the algorithm the pairs

Y ={(1,21),...,(k,zg+1)}
be such that [1: k—2] C S, A%z; <0 foralli € [1:k—2], andk—1,k,k+1¢ S
(see Fig. 3). Let zi(o), i € [1: k], be the solution to the optimization problem

k
1 .
B > (G — 2)* = min,

i=1

where the minimum is taken over all ¢ € R* such that ¢; — 2Cip1 + Civo = 0 for
all i € [1 : k —2]. Assume that z,(;)_)l — 22’,(60) + zk11 < 0, d.e. the point k — 1
should be added to the active set S at the next iteration of the algorithm. Let zzm,
i € [1:k+1], be the solution to the optimization problem

k+1
1

= (¢ — 2)* — min,
i=1

1 2 3 4 k-2 k-1 k k+1

Figure 3. The case 1,2,...,k—2¢€ Sand k—1¢ S, zgo)’s are the values of linear regression
constructed for input points (¢, z;), ¢ € [1 : k]. After the iteration, the point £ — 1 must be added

to the block [1 : k — 2] since 20, — 22! + 2,11 <0
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where the minimum is taken over all ¢ € R¥1 satisfying ¢ — 2Ci1 + Gy = 0 for
alli € [1:k—1]. Then for everyi=1,2,...,k we have

1 0
where ,ugo), ,ugl) are Lagrange multipliers for 20 and (Y respectively, and u,(:) =
O _p
Hpyr = Y-

Proof. Note that zi(o) are the values of the linear regression which uses input
data points {(1,z21),...,(k, 2x)}, obtained at points ¢ € [1 : k]. By the same
reason, zi(l) are the values of linear regression which uses input data points Y
points ¢ € [1: k+1].

It follows from (13) that

u =31 ET —z), W =S+ 1- Y - 2)

j=1 j=1
for all ¢ € [1: k], and therefore, we have

i
1 0 . N (1 0
i =1 =371 ) - 20, (18)
j=1
Without the loss of generality we will assume that points zi(o), i€[l:k], lieon
a straight line passing through the origin and with a slope a, where —1 < a < 1,

i.e.
AV =aj, j=1,... k. (19)

Since z,(g(i)l — 2z,(€0) + 241 < 0, there exists d > 0 such that zp41 = a(k+1) —d.
(1)
i

and intercept

In this case the points z
6d
T (kD) (R+2)

,t=1,...,k+ 1, lie on a straight line with a slope
2d

=+10 l.e.

a

2
() 6d ) d i ksl (20)

j :‘7<a_ Gr0k+2) TErU
It follows from (18), (19) and (20) that

7

Nz(‘l) 7MZ(0) :Z(ilefj) <j(a (k+1§((ik+2)> + kQ_f_il Clj> =

J=1

= o 6d 2d
:;(”1_3)(_3(“1)(%2) “in)

6d

i i ,
(i+ >(k+1)(k+2)j:13+<2+ )k+1; +
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7

6d . ‘
M ==Ip Ik ‘mz«“

. 60 ili+1) 24
I Veery 2 O
60 i(i+1)2i+1)  2d i(i+1)
TR DH+2) 6 TErL 2
Cdi(i+1) 3(i+1) %41 N dili+1)(k—1)
BRUES) <_ 2 it e _1>* ktD(k+2) = .

REMARK. [t follows from Lemmas 2 and 4 that the values of Lagrange mul-
tipliers are increasing when adding a point to an existing block from right hand
side.

LEMMA 5. Suppose that before an iteration of the algorithm the pairs

Y ={(1,21),...,(k,2)}

are such that [2:k—2] C S, i.e. A%z; =0 foralli€[2:k—2], and k—1,k ¢ S.
If the inequality z1 — 229 + z3 < 0 holds (see Fig. 4), i.e. 1 must be added
to the block [2 : k — 2] C S at the iteration, then we obtain p; > 0 for every

€ [1: k], where u;, i € [1: k|, corresponds to the solutions zi(l), i €[1: k], of the
optimization problem
k
1
5 Z —> mln

where the minimum is taken over all ¢ € R¥ such that A*¢; = 0 for all i € [1
k—2].

Proof. If we take S = {1}, then it follows from Lemma 2 that u{” > 0,

ug)) = ,uéo) = 0. Now let us consider the sequence of the basic operations of

adding one point to a block from the right hand side:
- 8§ ={1,2}, then we have ugl),ugl) >0, ,ugl) = ,u,fll) = 0 by Remark.

o Zi
.z(l)
1 2 3 4 k—2 k-1 k

Figure 4. The case [2:k—2] C S,ie. A’z =0foralli€[2:k—2],and k— 1,k ¢ S. After
the iteration, the point k¥ — 1 must be added to the block [1 : k — 2] since z; — 222 + 23 < 0.

Points Z@( ), i € [1: k], are the solutions to the optimization problem (5).
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- S5 ={1,2,3}, then we have ,ugz),,ug),,uz(f) >0, Mf) = ,u?) = 0 (by Remark).

- S={1,2,...,k— 2}, then ugkfg),...,u;k_}g) >0, u,(clg_z?’) = ,u,(ﬁkfg) =0 (by
Remark).
At each step we add a point to an existing block of the active set from the right
hand side, and therefore the values of Lagrange multipliers are increasing, i.e.
they are remaining non-negative. [

LEMMA 6. Suppose that before an iteration of the algorithm the pairs
Y1 :{(1,21),...,(k—3,2k_3)}, YQ:{(kazk)a---v(szp)}a 4<l€<p,

are such that [1 : k—3] C S, [k:p—2]C S, k—2k—1¢& S, ie. A2z =0 for
alli € [1:k—3], A%z; =0 foralli € [k:p—2], andp—1,p ¢ S. Assume that
one of the following conditions is fulfilled:
— (the case 1) the inequality zi_o — 2zk_1 + zx < 0 holds (see Fig. 5), i.e.
k — 2 must be added to S at the iteration;
— (the case 2) the inequality z, — 2241 + 2k+2 < 0 holds (see Fig. 6), i.e. k
must be added to S at the iteration.
Let zil , 1 € [1:p], be the solutions to the optimization problem

5 DG — =) = min, (21)

where the minimum is taken over all ( € RP satisfying (; — 2(j41 + Giv2 = 0 for
alli e [1:p—2]\{k—1}. Then for everyi=1,2,...,p we have

ut >0,

where ,u(-l)

z-(l), ie€[l:p].

(2

are the values of Lagrange multipliers corresponding to the solutions

y

-

1 2 k-2 k-1 k  k+1 kE4+2 7 p—1 P

Figure 5. The case 1 of merging two blocks
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. o

1 2 k-2 k-1 k  k+1 kE+2 7 p—1 P

ozz_m

Figure 6. The case 2 of merging two blocks

Proof. The case 1. If 21(1)7 i € [1 : p|, are the optimal solutions to the
problem (21) then there exists a point z; such that
— Zp_9 —2zp_1+ Z;: <0,

- zgl) , @ € [1 : k], are lying on the regression line constructed by points
(1, Zl), ey (k‘ — 1, Zk—1)7 (k‘, ZZ)
It follows from Lemma 1 that py, pa, ..., pre—1 = 0, pp—1 = 0.
There exists a point 2, ; such that
~ the inequality z, 1 — 2z, + 2,,; < 0 is fulfilled,
(1)

— points z; ’, i € [k : p], are lying on the regression line constructed by points

(k7 Zk)a (k + 1a Zk+1)> ceey (pa Zp)7 (p + 17 Z]/;H—l)'
Then it follows from Lemma 1 that pg, pes1,. .., 1p = 0, ppy1 = 0.

The case 2. If zi(l), i € [1: p|, are the optimal solutions to the problem (21)
then there exists a point zj such that

— the inequality 25 — 221 + 22 < 0 holds,
(1)

— points z; 7, i € [1 : k], are lying on the regression line constructed by points
0,25),(1,21),...,(k—=1,2,_1), (k, 2).
It follows from Lemma 5 that py, pa, ..., tk—1 = 0, pp_1 = 0.
There exists a point zj, such that
— the inequality z; — 2241 + 2k42 < 0 is fulfilled,
(1)

— points z;, i € [k : p], are lying on the regression line constructed by points

(k’ leg)v (k +1, Zk+1)7 ceey (p, Zp))'
Then it follows from Lemma 5 that g, pp41,. .., pp—1 =0, pp = 0. O

Availability and optimality analysis. When the algorithm is completed,
the output vector has the form

(Zh' <3 Rris RAritls s o5 Brgs s ey B q 1y - - 7Zn)7
~~
A1 times Ao times Am times

where
— m is the number of segments;
— Aj is the number of points at jth segment, Ay = mq, ma = A1 + Ao, ...,
M1 :)\1+/\2+...+)\i, n:)\l—i-)\g—f—...)\m.
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All points z; of each segment [r;+1,...,7;41] lie on a straight line. A segment
can consists of one point.

The solution obtained as a result of the algorithm is convex, by design of the
algorithm. It remains to show that the solution is optimal, i.e. it is necessary to
show that the Karush-Kuhn—Tucker conditions are fulfilled.

The algorithm starts with any active set such that S C S*, where S* is the
active set corresponding the optimal solution. At he first iteration we can always
take S = () for simplicity.

THEOREM. For any initial S C S*, the Algorithm converges to the optimal
solution of the problem (1) in, at most, n — 1 — |S| iterations.

Proof. At each while loop of the algorithm, the active set S is expanded
by attaching at least one index point from [1,7n — 2], which is previously not
belonged to the set S. The Algorithm terminates when z(S) becomes convex. If
S =[1,n — 2], then the number of blocks is equal to 1 and, therefore, there is no
violation of the convexity. If |S| < n — 2 then the number of iterations must be
less than n — |S|, where |S| is the number of indices in the initial active set S.

The optimality of the solution follows from Lemmas 2—-6.

At each iteration of the algorithm, the points at which the convexity is violated
are attached to the active set S. If one of such points ¢ with a negative value of the
second order finite difference A2z; is isolated (i.e. i —2,i—1,i+1,i+2 ¢ S), then
the algorithm replaces z;, z;11, 2,412 With the values of linear regression constructed
by the points (i, 2;), (i + 1, zi+1), (1 + 2, z;+2). Lemma 2 states that the values of
the corresponding Lagrange multipliers will be non-negative.

If the second-order differences are negative at several consecutive k > 1 neigh-
boring points, e.g. z;, Zj+1,. .., 2+ are such that Azzj <0,7=1,...,i+k, and
A%z 9, A%z 1, A% 341, A%2 4602 = 0, then the algorithm replaces
Ziy Zid1, - - - 5 Zitkro With the values of a linear regression constructed by the points
(1,2:), (1 + 1, 2i41), (1 + k +2, z;4k12). Lemma 4 states that the values of the cor-
responding Lagrange multipliers will be non-negative.

When the algorithm works on subsequent iterations, it may turn out that a
point with a negative second-order finite difference is not isolated. In this case
the point where the violation of convexity takes place will be attached to the one
of the neighboring blocks of the active set S as follows:

—Letr<ri<r<...<rs<p—2besuchthat r+1 <ri,ri+1<

ro,...,rj+1<rjp1,...,7s+ 1 < p—2. Suppose that [r:p—2] C S and
T1,72,...,7s & S at the previous iteration of the algorithm. If p — 1 must
be added to the active set S at the current iteration of the algorithm, i.e.
2p—1—22p+2p41 < 0 for the current solution z, then it follows from Lemma 1
that the values of the corresponding Lagrange multipliers will increase, and
therefore they will remain non-negative.

—Letr<r <r<...<rg<p—2besuchthat r+1 < ry,r1 +1<

re,...,rj+1 < rjf1,...,7s +1 < p—2. Suppose that [r : p—2] C S
and r1,79,...,7s ¢ S at the previous iteration of the algorithm. If r —1
must be added to the active set S at the current iteration of the algorithm,
i.e. A%z._; < 0 for the current solution z, then it follows from Lemma 5
that the values of the corresponding Lagrange multipliers will increase, and
therefore they will remain non-negative.

—Letr<ri<rg<...<rs<p—2besuchthat r+1 < ri,ri +1<

125



Gudkov A. A., Mironov S. V., Sidorov S. P., Tyshkevich S. V.

re,...,m; +1 < rjy1,...,7s +1 < p—2. Suppose that [r : p—2] C S
and r1,79,...,7s ¢ S at the previous iteration of the algorithm. If p must
be added to the active set S at the current iteration of the algorithm, i.e.
2p—22p41+2pt2 < 0 for the current solution z, then it follows from Lemma 6
that the values of the corresponding Lagrange multipliers will increase, and
therefore they will remain non-negative.
—Letr<ri <r<...<rs<p—2besuchthat r+1 < r;,ri+1<
ro,...,rj+1 < rjf1,...,7s +1 < p—2. Suppose that [r : p—2] C S
and r1,79,...,7s ¢ S at the previous iteration of the algorithm. If r — 2
must be added to the active set S at the current iteration of the algorithm,
ie. A%z._5 < 0 for the current solution z, then it follows from Lemma 6
that the values of the corresponding Lagrange multipliers will increase, and
therefore they will remain non-negative.
The remaining cases of mergers for two or more adjacent blocks and isolated
points can be represented as sequences of these basic cases. [J

Conclusion. In this paper using the ideas of [26] we develop a new algorithm
(the dual active set algorithm) for finding sparse convex regression. At each iter-
ation of the algorithm, it first determines the active set and then solve a standard
least-squares subproblem on the active set with small size, which exhibits a local
superlinear convergence. Therefore, the algorithm is very efficient when coupled
with a parallel execution. The classical optimization algorithms for nonconvex
problems (e.g. coordinate descent or proximal gradient descent) only possess sub-
linear convergence in general or linear convergence under certain conditions [27].

On the other hand, k-FWA and k-PAVA examined in [17] are not optimal.
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JIBOIICTBEHHBII aJITOPUTM HA OCHOBE aKTMBHOI'O MHOXKECTBa
JJ1s1 TIOCTPOEHNSI ONTUMAJIbHOI pa3peyKeHHOI BBIILYKJIO
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Annoranus

B mocieinee BpeMst 3aJiaun CTATUCTUKH C OTPAHMYCHUSIMU Ha (POPMY
JIAHHBIX [TPUBJIEKAIOT OBBINIeHHOEe BHUMaHue. OIHOM W3 TAKUX 33189 SBJIsI-
ercs 3ajada MOWCKA ONTHUMAJIBHOW MOHOTOHHOU perpeccuu. [Ipobiema mo-
CTPOEHMs] MOHOTOHHOIN perpeccuu (KOTOpasi TaKKe HA3BbIBAETCs M30TOHHON
perpeccueil) COCTOUT B TOM, 4TOObI JJIsl JAHHOIO BEKTOPa (He 06s3aTesbHO
MOHOTOHHOT'O) HAfiTH HEYOBIBAIONIMI BEKTOD ¢ HaMMeHbINell ommubKoi mpu-
OJIMKEHUsI K JJAHHOMY. BBIIyKJiast perpeccusi €CTh Pa3BUTHE ITOHSITUSI MOHO-
TOHHOI PErPecCru JJist CIydas 2-MOHOTOHHOCTH (T.€. BBILyKJIOCTH). Kak u3o-
TOHHAsI, TAK U BBIMYKJIas PECPECCHUs HAXOIAT IIPUMEHEHIEe BO MHOTUX 00J1a-
CTsIX, BKJIIOYAS HEAPAMETPUIECKYIO0 MATEMATHIECKYIO CTATUCTUKY U CIJIa-
JKABAaHUE SMIUPUIECKUX NAHHBIX. B MaHHON cTarhe IpeijiaraeTcs HTepa-
I[IMOHHBIA aJIrOPUTM IIOCTPOCHUSA Pa3PE’KCHHOI BBIIIYKJION perpeccuu, T.e.
JUIS HAXOXKJIEHHUsSI BBIIYKJIOTO BeKTopa 2z € R™ ¢ HamMeHbIIell KBajpaTud-
HOIl ommOKoii npub/MKeHnst K JaHHOMY BeKTOpy y € R™ (me obs3aresib-
HO SBJISIIOIIEMYCsl BBIMYKJIBIM). 3a/iada MOXKeT ObIThb IPEJCTABJIEHA B BUE
3aJ1a9¥ BBITYKJIOTO IIPOTPAMMUPOBAHUS C JTUHEIHBIMEU OrpaHuderusymu. Vc-
TOJIb3ysl yesioBust ontuMaabHocTu Kapyma—Kymna—Takkepa, moka3aHo, 910
ONTUMAJIbHbIE TOYKH JOJI?KHBI JIEXKATh Ha KyCcOuHO-IuHeiiHON dyuknun. Jlo-
Ka3aHO, UTO MPEJJIOKEHHDBIN JBONCTBEHHDIN aJTOPUTM Ha OCHOBE aKTUBHOT'O
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MHOKECTBa I/ TOCTPOEHNA ONTUMAJIBHON pa3pe’KeHHOI BBIIYKJION perpec-
CAM UMeeT IOJIMHOMHUAIBHYIO CJIO?KHOCTb U I103BOJIeT HANTH ONTHMaJIbHOE
perierne (Jj1s1 KOTOPOTO BBIIOIHEHBI yeaoust Kapyma—Kyna—Takkepa).

KurouyeBbie ciioBa: [ABOCTBEHHBIN aJrOpUTM, aKTHBHOE MHOXKECTBO, U30-
TOHHAS PErpeccusi, MOHOTOHHAS PErPecCHs, BLIITYKJIasl PErPECCHs.

IMonyuenue: 22 ausapsa 2019 r. / Ucnpasienue: 2 mapra 2019 r. /
pungarue: 4 mapra 2019 1. / [y6nukanus omnaitn: 5 mapra 2019 r.

Koukypupyroiiiue nHTepechl. Mbl 3agB/sieM, 9TO y HAC HET KOHMJINKTa WHTEPECOB B
aBTOPCTBE U IyOJIMKAIIMKN 9TON CTaThU.

ABTOpCKUT BKJIAJ U OTBETCTBEHHOCTb. Bce aBTOpPHI MPpUHUMAJIN yYaCcTHe B pa3pa-
6OTKe KOHIIEIIUU CTAThU U B HAIMCAHUY PYKOIUCH. ABTOPBI HECYT MTOJIHYIO OTBETCTBEH-
HOCTH 3a IIPEJIOCTABJIEHNe OKOHYATEJIbHOM pyKonucH B mmedarh. OKoOHYATETbHAS BEpCHUsT
pykomucu 6bL1a 0;100peHa BceMu aBTOPaMU.

dunaHcupoBaHue. Pabora BhIoHEHA TpU moiep:kke Poccuiickoro dbonma dyHaa-
MEHTaJbHBIX nccsrenoBannii (mpoekt Ne 18-37-00060).

BaarogapHocTb. ABTOPBI OJIar0MaPHBI PEIEH3EHTY 3a TIIATEJbHOE MPOYTEHNEe CTAThU
U CJeJAHHBIE UM KOHCTPYKTUBHBIE 3aMEUAHUSI.
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