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A quantum computer is a computation device operated by means of quantum mechan-
ical phenomena. There are many candidates that are being pursued for physically im-
plementing the quantum computer. The quantum logical gate based on the electron spin
resonance (ESR) was studied in ref. [3]. In this paper, we discuss a construction of
Controlled-Controlled-NOT (CCNOT) gate by using the nonrelativistic formulation of
ESR.
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1. Introduction. In classical computer, there exist inevitable demerits for
discussing logical gates. One of the demerits is an irreversibility of logical gates,
that is the AND and the OR gates. This property causes to the restriction
of computational speed for the classical computer. There are several kinds of
approaches for avoiding these demerits. One of these approaches is proposed by
Feynman [1]. He proved that every logical gates can be constructed by combining
with only two reversible gates, i.e., the NOT and the Controlled-NOT (CNOT)
gates.

There are several approaches for realizing quantum logical gates. One of those
approaches is the study by means of nuclear magnetic resonance (NMR)). Quantum
logical gate based on NMR is performed by controlling the nuclear spin under the
additve magnetic fields from the environments. However, it might be difficulty
to make the logical gate of NMR using a large number of quantum bits (qubits)
because of the weakness of the spin-spin interactions among the nuclears. Our
study uses ESR to construct Feynman gates that has NOT gate and CNOT gate,
CCNOT gate. As quantum logical gate based on NMR, quantum gate based on
ESR is performed by controlling the electron spin under the additive magnetic
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fields from the environments. By employing Ising model, Ohya, Volovich and
Watanabe constructed in [3] both NOT and CNOT gates based on ESR.

In this paper, we construct the CCNOT gate in order to complete Feynman
gates and universal quantum gates based on ESR. In general, any unitary operation
on n qubits can be described by composing single qubit and CNOT gates. Unfortu-
nately, no straightforward method is known to implement all these gates resisting
errors. On the other hand, a discrete set of gates can be used to perform quantum
computation in an error-resistant fashion. To perform fault-tolerant quantum
computation, we consider discrete set of gates which are Feynman gates.

2. NOT gate based on ESR. In this section, we explain the NOT gate based
on ESR. It is one of Feynman gates, which includes CNOT and CCNOT gate,
and has been constructed [2]|. First of all, let us consider one particle case. Let

H be C? with its canonical basis uy = | 1) = < é ) Ju— =1 1) = < (1) ) B(H)
be the set of all bounded operators on H and B(H)s, = {A € B(H); A = A*},
where A* is the adjoint of A defined by

(A*u,v) = (u, Av) for any u,v € H.

. 0 1 0 —z 1 0 .
B(’H)sahasthebaswam:(l 0)’%:(1' 0 )7022(0 e ),Wthh

are called Pauli spin matrices and I = (1] (1) is an identity matrix on H. That

is, 0 = {04,0y,0.} is an orthogonal basis of B(H)s, with the scalar product
1 .
(0i,05) = §traiaj, je{z,y,z}.

Let § = (Sz, Sy, Sz) be a spin (angular momentum) operator of electron,
where S; = %ai is a component of spin operator of electron in the direction of

i-axis (i = x,y, z). We denote unit vectors of x,y, z axis by €, €;, €. and S is the
spin vector given by

—

S = (S.,5,,8.) = Su€i + Sy + .65

Let us consider two magnetic fields By and Bj. By is a static magnetic field given
by
By = Boe:,

in the z direction and B is a rotating magnetic field given by
Bi(t) = By(€, coswt + €y sinwt)

with frequency w in the xy plain, where By and B; are certain constants due to
the magnetic fields. If B(¢) is a magnetic vector defined by

g(t) = gl(t) + 507
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then one has

— = §x é(t) = B1(Sy coswt 4 Sy sinwt) + ByS..

Let | 1) = < (1) > and | |) = ( (1) ) be spin vectors related to spin up and spin

down, respectively. Let us take an initial state ¢(0) = ag| T) + bo| |) = ( Zg ),

then state vector at time ¢ is denoted by
w0 =a1 1)+ 0010 = (57 ).

where a(t), b(t) € C are satisfying |a(t)|? + [b(t)]? = 1.
Let Schrodinger equation in one particle be

0¥ (t)

— = —8§ x B(t)y(t) = —[B1(Sx coswt + 8, sinwt) + ByS.]u(t)

i

where By, B1,w are arbitrary constants, A solution of the Schrédinger equation
is given by
1/1(75) _ efithz6it((w+BO)Sz+Blsz)w(0)

)

which means time evolution. In particular, we see the resonance condition
w~+ By =0,

that is, 1 (t) = e'BotS=¢itB1524),(()). Based on the above results, we reconstruct the
Not gate based on ESR. If we take t = t; such that

Bty B Bt T
2 2 2
then

Y(t) = < ? (1) > T/J(O) = bouy + agu—.

It means that this gate is performed as the NOT gate based on ESR. Let Unor(t) =
¢'BotS: ¢iB1tSs he g unitary operator expressing the NOT gate based on ESR.
Quantum channel denoting the NOT gate based on ESR is defined by

Avore () = Unor(t)(-)Unor(t).

For the initial state [1(0))((0)| at time 0, the output state of ANor(t,) is obtained
by
Anore) ([9(0) (@ (0)]) = [ (t)) (¢ (t1)]

3. CNOT gate based on ESR. In this section, we introduce the CNOT gate
based on ESR. Let us consider N particle systems to treat the Controlled Not
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—

gate. Let €7, €3, €3 be unit vectors of x, y, z axis, respectively, and let S, ..., SIV)
be spin vectors of N electrons such as

SO = (59,59, 50y = §Wei + 55 + 553

The spin operators satisfy the following commutation relations
(9) :
5P, Sﬁq | = ibpq Z eaﬂvsﬂ(yq)7
y=1

+1
-1
operator for N particle systems given by

N N N ‘
Hovy = Bs (D 587) + B (D st) )+ 3 Jys @ 55,
=1 =1 )

t,j=1

where €,3, = and 0, is a certain constant. Let us consider a Hamiltonian

where f(t) is a certain function, for example f(t) = coswt and J;; is a coupling

constant with respect to i-th spin and j-th spin. S,(:) is embedding Sj into i-th

position of N tensor product.
SO —Te. 08 -l (k=1,23).
Let us take a Hamiltonian Hyy as a Ising type interaction, that is
S G0 L N gl o gl)
Hivy = B (D 887) + 3 7y @55,
i=1 ij=1
If N = 2 then one can denote
He) = B3(S3@ I +1® S3) + J(S3® S3) + Bo(I ® I),

where By, Bs and J are determined by a certain phase parameter w.
Let us take uy,u_,vy,v_ as

1 0 0 1
0 0 1 0
UL QUL = o |- UL RU_ = 1 , U_Quy = o |- U_RQU_ = 0
0 0 0 1
Let 1(0) be an initial state vector given by
P(0) = agus @ vt + bout @ v— + cou— @ vy + dou— ® v_
aop
= b0 (ap, by, co,do € C)
co 0, bo, co, do .
do
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For the initial state vector 1(0), if J = 2w, B3 = —wandBy = %w are hold, then
the state vector at time t is expressed by

Y(t) = e ()

o~ it(Bs(S3@I+1®S3)+J(S3053)+Bo(I®1 ))w(O)

eiwt(53®1)eiwt(l®§3)672wt(53®§3)ef%wt(l®1)w(0).

If we take ¢t = ¢ such that 2wt = 7 (§pulse) then one can denote the matrix form
Us(t1) of eiwt(Sg@I)eiwt(I®Sg)672wt(53®53)6—%wt(1®]) by

100 0
010 0
Ust)=1 0o 0 1 o0
000 —1

Next we construct a unitary operator Uy (t) related to a Hadamard transformation
based on ESR. Let us define Ug(t) by

UH(t) — €_iw2t(l®§2),
where ws is a certain phase parameter. Then we have

7750.)225([@572)

e cos( 5 )(I®I)—2zsm( 5 )(I®Sg)

For the initial state vector 1(0), the state vector at time ¢ is expressed by

W(t) = U (£)(0) = e~ =210E52))(0).
If we take ¢ = t9 such that

wgt_w (7r lse)
- 4 2pu )

then one can denote the matrix form Up (t2) of e~w2t2(/®S2)

w=(42)o (1 1)

Thus unitary operator Uonor(t1 +2t2) related to the CNOT gate can be reconst-
ructed by the combination of Ug(t1) and Ug(t2) as

Ucnor(t + 2t2)
= Un(t2)"Us(t1)Un(t2)
6iw2t2([®§2)€iwh (S3®1) eiwt1 (I®§3)672iwt1 (Sg@gg)eféiwh (1®I)67iw2t2(1®§2) )

It means that this unitary operator Ucnor(t1 + 2t2) is performed as CNOT
(Controlled-NOT) gate based on ESR. Quantum channel denoting the CNOT
gate based on ESR is defined by

Aonor42t2)( ) = Uenor(ts + 2t2) (- )Ulnor(t + 2t2).
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For the initial state |¢(0))(x(0)| at time O , the output state of A’éNOT(
obtained by

ti+2t) 18

AoNoT(t+2t2) [P0 (0)]) = [(t1 + 2t2)) (P(E1 + 2t2)]-

4. CCNOT gate based on ESR. This section shows how to construct CCNOT
gate, which is our main result, based on ESR. Let us consider some gates to treat
the CCNOT gate. First of all, we construct Controlled-phase gate based on ESR.
If Hamiltonian H(y) has N = 3 then one can denote

H(3) = B3(S§1) + S§2) + S§3)) + J(1,2)(S3 029 53 ®I)+ J(2’3)(I &® 53 & 53)
+By(I®I®]I),

where By, B3, andJ(; 2, J(2,3) are determined by a certain phase parameter w. Let
1(0) be an initial state vector given by

P(0) = apuy @us @ ut +bpu— @ utp @ ug + oy @ U @ Uy
+dou— @ u_ @ uq +
et Q@ Uy Qu_ + fou_ @ uy @ u_ + gour Q@ u_ Q@ u_
+hou— @ Uu_ + Qu_.

For the initial state vector ¢(0), if By = %, B3 = 5* and J(19) = Jo3) = w are
hold, then operator Ug related to the state vector at time ¢ is expressed by

Us(t) = 12 (S5 458 +85Y) —iwt(S3 0830 [+1©8308) it (IRIR])

If we take t1,t2 such that wt; = —F, wota = 5 then operator Us of Controlled-
phase is denoted by

US(tl + 2t2) — U<I> (tl) —iwztz(S3®53®I)6i2w2t2(53®]®1)

@

0 0
0 0
0 1

0
1
0
0

o OO

Second, we reconstruct a CNOT gate of three particles, employing Ising model.
We denote unitary operator U yp related to a CNOT gate of three particles by
use of operator Ug(t) of time evolution. Let us define U2 yor by

] 2 - 2 3 . 3) . 2
Ulnor(t) = e~ istS) )Uq>(t)612w5t(55 .58 giwst S iwstSED
If we take t3,14,t5 such that wst3 = §, wty = 7, wsts = 7, then one has

. (2) ; (2) o)y _. (3) (2)
UgNOT(2t3+t4+2t5) —e ’Lw3t352 U‘b(t4)612w5t5(53 53 )6 Zw5t553 elw3t352 )

Then one can denote the matrix form U(?}NOT(Ztg +t4+ 2t5) by

® 1.

0

3 0
UCNOT(2t3 + t4 + 2t5) - 0
1

O~ OO

10
01
0 0
00
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Next we denote operator U2 y o7 (t) of CNOT gate that the role of control and

target are changed. Let us define U2, o1 (t) by
U3 nop(t) = o—iwstSs) Us (t)ei2w5t(S§2)-S§3))€—iwst5§3) piwstSS)

If we take t3,14,15 such that w3ty = 5, wty = 7, wsts = 5, then one has

UgNOT(th + 4+ 2t5)
its5 g (557 5 o) i)

and the matrix form of Ug Nor(2ts +t4 + 2t5) is obtained by
1000
00 0 1
Unor(ts +tta+2ts)=| o o 1 o |®L
01 0 0

It means that this unitary operator Ug’NOT(Zt?’ + t4 + 2t5) is performed as CNOT
gate of three particles.

Third, we construct a SWAP gate based on ESR. The SWAP gate swaps two
qubits. Let us define a unitary operator Ugw ap(t) by

Uswap(6ts + 3ty +6t5) = Udnor(2ts + ta + 2t5) U nor(2ts + ta + 2t5)

xUSnor(2t3 + ty + 2t5)

1 000
0
0
1

[N
O = O
OO =

Thus the unitary operator Ugw ap(6ts + 3t4 + 6t5) related to the SWAP gate
can be reconstructed by the combination of U(?} yor- It means that this unitary
operator is performed as SWAP gate based on ESR.

We reconstruct the CCNOT gate based on ESR using by Controlled-phase
and SWAP gate.

|q0)

lq1) * * *
22 Sﬁ%@@

Fig. CCNOT

IfU ;’I is operator related to a Hadamard gate of three particles then it is

; (3) .
denoted by e~ wst3S”  The unitary operator Uconor related to the CCNOT
gate can be reconstructed by the combination of Ug ~or Us , U;’I and Ugw ap as

Uccenor(3ty + 6t + 14t3 + 6t4 + 12t5)
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= Usgswap(6ts + 3ty + 6t5) U3 (t3)(I @ Us(t; + 2t3))
Ucnor(2ts + ta + 2t5)2 U2 vor (2t + ta + 2t5)
(I @ Us(ty + 2t2))\Uonor (2t + tg + 2t5)3
(I ® Us(ty + 2t2)) U3 (t3)

and the matrix form of UcoNOT (3t +6t2+14t3+6t4+12t5) 1S Obtained by

10000000
01000000
00 1000U00
00010000
Uccenor(3t1 + 6ty + 14tz + 6t + 12t5) = 000071000
00000100
0000O0TO0TO 01
0000O0O0T1O0

This unitary operator Uoonor is performed as CCNOT gate based on ESR.
Quantum channel denoting the CCNOT gate based on ESR is defined by

Atenor()
= Ucconor(3t1+6ta+14t3+6t4+12t5)( )
x Ut onor (3t +6ty+14t3+6t4+12t5).

For the initial state [1(0))(x(0)| at time 0, the output state of

" : )
ACCNOT(3t1+6t2+14t3+6t4+12t5) is obtained by

Acenor(1¥(0))(¥(0)])
= |i(3t1 + 6ty + 14t3 + 6ty + 12t5)) ((3t1 + 6ty + 14t5 + 6t4 + 12t5)].
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