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Abstract

In this paper, the conformable fractional derivative of order 𝛼 is de-
fined in complex plane. Regarding to multi-valued function 𝑧1−𝛼, we obtain
fractional Cauchy–Riemann equations which in case of 𝛼 = 1 give classical
Cauchy–Riemann equations. The properties relating to complex conformable
fractional derivative of certain functions in complex plane have been consid-
ered. Then, we discuss about two complex conformable differential equa-
tions and solutions with their Riemann surfaces. For some values of order of
derivative, 𝛼, we compare their plots.
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1. Introduction
The fractional calculus is an area of intensive research and development that

can be historically divided into old and new parts. In [1], the old part of fractional
calculus is referred to during the period 1695–1970. The books [2, 3] are valuable
resources for enthusiasts in detailed historical background. About the starting
point of fractional derivative, it should be said that L’Hopital asked the question
“what does derivative of order 1/2 mean?” namely 𝑑1/2

𝑑𝑥1/2 𝑓 in 1695. Two years
later, in a letter to J. Wallis, Leibniz discussed the infinite product of Wallis for
𝜋 and used the notation 𝑑1/2𝑦 to denote the derivative of order 1/2 [4, 5]. Many
researchers have been trying to generalize the concept of an ordinary derivative
and integral to a fractional derivative and integral. Discussing the inversion of
the integral equation by Grünwald in 1867, and proposing the sum of orders
in the product of fractional derivatives by Letnikov in 1868 opened new ways.
In 1872, Letnikov clarified the generalization of Cauchy’s integral formula and
utilized fractional derivatives to address differential equations. Relative to theory
and applications of fractional calculus these references should be suggested [6–8].

There are many different types of fractional derivatives which have been sug-
gested by famous researchers such as Riemann, Liouville, Riesz, Caputo, etc. The
fractional derivatives of non-integer orders are utilized in the applied sciences to
describe the processes and systems. Most of the fractional derivatives of non-
integer orders form integro-differential operators. We can name them as “integral
based ” fractional derivatives which have a set of non-standard properties [10–14].

On the other hand, in recent years a few types of operators have been proposed
that are attempted to be classified entitled “ limit based ” fractional derivatives. In
2014, Khalil et al. from one side and a few months later Katugampola from the
other side proposed two limit based fractional derivatives as conformable deriva-
tives [11,12]. However, the main idea in these definitions has been originated from
works of Tarasov within the framework of the model of continuous fractal media
in [15] (for instance see Eq. (1.1)) and also works of Li and Ostoja–Starzewski
in [16–19] which is called “fractal derivative”:

𝜕𝑓(𝑥)

𝜕𝑥𝛼
=

|𝑥|1−𝛼

𝛼

𝜕𝑓(𝑥)

𝜕𝑥
.

In this paper, we focus on just the limit based form of fractional derivative,
namely conformable fractional derivative, in complex plane.

Complex functions provide an almost inexhaustible supply of harmonic func-
tions which means that solutions to the two-dimensional Laplace equation. In
modern mathematics, the fractional derivatives of non-integer order have been
introduced by such famous mathematicians as Riemann, Liouville, Riesz, Erdelyi,
Kober and other. Many of definitions for the fractional derivatives are of type an
integral form such as Riemann–Liouville definition and Caputo definition. In gen-
eral, the fractional derivatives of non-integer orders include a set of non-standard
properties [11,13,20,21].

There exists inconsistencies in the existing fractional derivatives (integral
based) as follows [11].

1. All fractional derivatives do not satisfy the known formula of the derivative
of the product of two functions: 𝐷𝛼

𝑎 (𝑓𝑔) = 𝑓𝐷𝛼
𝑎 𝑔 + 𝑔𝐷𝛼

𝑎 𝑓.
2. All fractional derivatives do not satisfy the known formula of the derivative
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𝛼-Differentiable functions in complex plane

of the quotient of two functions:

𝐷𝛼
𝑎

(︁𝑓
𝑔

)︁
=
𝑔𝐷𝛼

𝑎 𝑓 − 𝑓𝐷𝛼
𝑎 𝑔

𝑔2
.

3. All fractional derivatives do not satisfy: 𝐷𝛼𝐷𝛽𝑓 = 𝐷𝛼+𝛽𝑓 in general.
4. Fractional derivatives do not have a corresponding Rolle’s Theorem.
5. Fractional derivatives do not have a corresponding Mean Value Theorem.
6. All fractional derivatives do not obey the Chain Rule:

𝐷𝛼
𝑎 (𝑓 ∘ 𝑔)(𝑡) = 𝑓 (𝛼)

(︀
𝑔(𝑡)

)︀
𝑔(𝛼)(𝑡).

The conformable fractional derivative has been applied in a variety of meth-
ods introduced to solve fractional differential equations. These methods include
variational iteration method, sub-equation method, functional variable method,
differential transform method.

In [22] different types of fractional-order logistic models in the framework of
Caputo type fractional operators generated by conformable derivatives are dis-
cussed. In [23], R. W. Ibrahim et al. establish new analytic solution collections of
nonlinear conformable time-fractional water wave dynamical equation in a com-
plex domain. A new fractional model for the falling body problem has been sug-
gested in [24], and [25]. The conformable two dimensional wave equation is solved
by using differential transform method [26]. W. Chung [27], in his paper, uses the
conformable fractional derivative and integral to give the fractional Newtonian
mechanics. His model has been applied for fractional harmonic oscillator prob-
lem, the fractional damped oscillator problem, and the forced oscillator problem
in the one-dimensional fractional dynamics. Since the conformable derivative is
theoretically very more comfortable to handle, in [28], the mathematical modeling
method for the fractional Bergman’s model which involves fractional conformable
derivative in Liouville–Caputo sense, and the fractional operators of Attangana–
Baleanu–Caputo fractional derivative, is introduced. In many problems, analytic
and exact solutions of fractional differential equations are not available, and nu-
merical solutions are possible. Problems involving conformable derivative may be
solved via shifted Legendre polynomials [29]. Sometimes the problem is to solve
fractional conformable differential equation with integral boundary condition [30].

In the last few decades physicists, applied scientists and engineers realized that
fractional differential equations provide a natural framework for fractional model-
ing of different processes such as viscoelastic systems, signal processing, diffusion
processes, control processing, etc. [20,31–36]. Several authors have introduced the
fractional derivative of complex functions. M. D. Ortigueira defines a generalized
Caputo derivative for complex functions with respect to a given direction of the
complex plane [37]. Since the Caputo definition is very welcome in applied sci-
ence and engineering, C. Li et. al [38] generalize the Caputo derivative in real
line to that in complex plane and discuss its properties. In [39], S. Owa discusses
how to extend the fractional derivative to analytical functions on the unit circle
𝑈 = {𝑧 ∈ C : |𝑧| < 1}.

In 2014, R. Khalil et al. introduces limit based for fractional derivative which is
called conformable fractional derivative [11] which is not really fractional. T. Ab-
deljawad [40] develops the definitions and the basic concepts in this new simple
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interesting fractional calculus. He proposes and discusses the conformable frac-
tional versions of chain rule, exponential functions, integration by parts, Taylor
power series expansions, Laplace transforms and linear differential systems.

2. Main Results
Many complex functions are not complex differentiable of integer order at a

point or some points. It is possible to define a new complex derivative which can
be 𝛼-complex differentiable, but not differentiable. Let, for instance, 𝛼 = 1/2,
𝑓(𝑧) = 𝑧𝛼|𝛼=1/2 =

√
𝑧 = 𝑧1/2 which is not differentiable at 𝑧 = 0 (𝑓 ′(𝑧)|𝑧=0 does

not exist). Can we define a new derivative which is differentiable at 𝑧 = 0?
Definition 2.1. A complex function 𝑓(𝑧) is conformable fractional differen-

tiable at a point 𝑧 ∈ C if and only if the following limiting difference quotient
exists:

𝑇𝛼(𝑓)(𝑧) = lim
𝜀→0

𝑓(𝑧 + 𝜀𝑧1−𝛼)− 𝑓(𝑧)

𝜀

for all 𝑧, and 𝛼 ∈ (0, 1). If 𝑓 is 𝛼-differentiable in an open set 𝑈, and lim
𝑧→0

𝑓 (𝛼)(𝑧)

exists, then define 𝑓 (𝛼)(0) = lim
𝑧→0

𝑓 (𝛼)(𝑧).

For 𝑥 > 0 and 0 < 𝛼 < 1 the function 𝑥1−𝛼 = 𝑒(1−𝛼) log 𝑥 is perfectly well
defined and ready to handle. However, in the above definition the complex power
function 𝑧1−𝛼 = 𝑒(1−𝛼) log 𝑧 in general is multiple valued. For a multiple valued
function we can not talk about its derivatives unless we restrict ourselves to a
single valued branch of logarithm, like principal value branch.

Theorem 2.1. If a function 𝑓(𝑧) is 𝛼-differentiable at 𝑧0 and 𝛼 ∈ (0, 1], then
𝑓 is continuous at 𝑧0.

Let 𝑧 ∈ C, 𝑟 = |𝑧|, and 𝜃 = arg 𝑧 then for all 𝑛 ∈ N De Moivre’s formula is

𝑧𝑛 = 𝑟𝑛[cos(𝑛𝜃) + 𝑖 sin(𝑛𝜃)].

Let 𝑤 ∈ C, 𝑤 ̸= 0 with 𝑤 = 𝜌(cos𝜙+ 𝑖 sin𝜙) then for 𝑛-th roots of 𝑤 = 𝑧𝑛 there
exist the number of 𝑛 by the following formula

𝑛
√
𝑧 =

𝑛
√
𝑟𝑒𝑖𝜃 = 𝑟1/𝑛(𝑒𝑖𝜃)1/𝑛 = 𝑟1/𝑛

[︁
cos

(︁2𝑘𝜋 + 𝜃

𝑛

)︁
+ 𝑖 sin

(︁2𝑘𝜋 + 𝜃

𝑛

)︁]︁
.

When one takes conformable fractional derivative of function 𝑓(𝑧) the follow-
ing things can happen.

Remark 1. Before derivation the function 𝑓(𝑧) = 𝑧1/𝑛 at 𝑧 = 𝑧0 has “𝑛” roots
while after derivation 𝑇𝛼𝑓(𝑧) at 𝑧 = 𝑧0 has “𝑚” roots.

Example 2.1. Let 𝑛 = 2, 𝛼 = 1/3, so 𝑚 = 6

𝑇𝛼𝑧
1/𝑛|𝑛=2,𝛼=1/3 = 𝑇1/3𝑧

1/2 = (1/2)𝑧1/2−1/3 = (1/2)𝑧1/6.

Remark 2. Before derivation the function 𝑓(𝑧) is holomorphic on C (entire
function) while after conformable fractional derivation, the function 𝑇𝛼𝑓(𝑧) is not
entire function (but holomorphic on C ∖ {𝑧0}).
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Example 2.2. Let 𝑓(𝑧) = 𝑧 (holomorphic on C), 𝛼 = 1/3, so

𝑇𝛼𝑓(𝑧)|𝛼=1/3 = 𝑇1/3𝑓(𝑧) = 𝑧2/3 (holomorphic on C ∖ {0}).

Remark 3. Before derivation the function 𝑓(𝑧) is holomorphic on C∖{𝑧0} while
after conformable fractional derivation, the function 𝑇𝛼𝑓(𝑧) is entire function
(holomorphic on C).

Example 2.3. Let 𝑓(𝑧) = 𝑧1/2, 𝛼 = 1/2, so

𝑇𝛼𝑓(𝑧)|𝛼=1/2 = 𝑇1/2𝑓(𝑧) = 1/2.

Theorem 2.2. Let 𝛼 ∈ (0, 1], and 𝑓(𝑧), 𝑔(𝑧) be 𝛼-differentiable at a point 𝑧0.
Then

1. 𝑇𝛼
(︀
𝑐1𝑓(𝑧) + 𝑐2𝑔(𝑧)

)︀
= 𝑐1𝑇𝛼𝑓(𝑧) + 𝑐2𝑇𝛼𝑔(𝑧) for all 𝑐1, 𝑐2 ∈ C.

2. 𝑇𝛼(𝑧𝑐) = 𝑐𝑧𝑐−𝛼 for all 𝑐 ∈ C.
3. 𝑇𝛼(𝜇) = 0 for all constant functions 𝑓(𝑧) = 𝜇.
4. 𝑇𝛼

(︀
𝑓(𝑧)𝑔(𝑧)

)︀
= 𝑓(𝑧)𝑇𝛼𝑔(𝑧) + 𝑔(𝑧)𝑇𝛼𝑓(𝑧).

5. 𝑇𝛼
(︁𝑓(𝑧)
𝑔(𝑧)

)︁
=
𝑔(𝑧)𝑇𝛼𝑓(𝑧)− 𝑓(𝑧)𝑇𝛼𝑔(𝑧)

𝑔2(𝑧)
.

6. If, in addition, 𝑓 is analytic, then 𝑇𝛼𝑓(𝑧)
⃒⃒
𝑧=𝑧0

= 𝑧1−𝛼
0

𝑑
𝑑𝑧𝑓(𝑧0).

Complex conformable fractional derivative of certain complex functions are as
follows:

– 𝑇𝛼(𝑧
𝑐) = 𝑐𝑧𝑐−𝛼 for all 𝑐 ∈ C;

– 𝑇𝛼(1) = 0;
– 𝑇𝛼(𝑒

𝑐𝑧) = 𝑐𝑧1−𝛼𝑒𝑐𝑧, 𝑐 ∈ C;
– 𝑇𝛼(sin 𝑐𝑧) = 𝑐𝑧1−𝛼 cos 𝑐𝑧, 𝑐 ∈ C;
– 𝑇𝛼(cos 𝑐𝑧) = 𝑐𝑧1−𝛼 sin 𝑐𝑧, 𝑐 ∈ C;
– 𝑇𝛼(𝛼

−1𝑧𝛼) = 1.
Unlike the real line where there are only two directions to access a limiting

point, in complex plane, there are an infinite variety of directions to access the
point 𝑧. 𝜀 = 𝜆+ 𝑖𝜔 accesses 0 through points in the plane not along the real axis
or any line. The definition 2.1 requires that all of these “directional derivatives”
must agree such that this requirement imposes severe restrictions on complex
conformable fractional derivatives.

If the function 𝑓(𝑧) = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦) is analytic, then its first derivative is
𝑓 ′(𝑧) or 𝑑

𝑑𝑧𝑓(𝑧), and we have Cauchy–Riemann equations for 𝑢(𝑥, 𝑦) and 𝑣(𝑥, 𝑦).
However, if instead of 𝑓 ′(𝑧) we have conformable fractional derivative of the func-
tion 𝑓(𝑧), namely 𝑇𝛼𝑓(𝑧) = 𝑧1−𝛼 𝑑𝑓

𝑑𝑧 (𝑧), then we can verify its real and imaginary
parts for the generalized Cauchy–Rieman equations. So we give the following the-
orem as the necessary condition.

Theorem 2.3. A complex function 𝑓(𝑧) = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦) depending on
𝑧 = 𝑥 + 𝑖𝑦 has 𝛼-conformable fractional derivative of 𝑓(𝑧) of order 𝛼 if and
only if its real and imaginary parts are continuously differentiable and satisfy the
following “conformable Cauchy–Riemann” equations:

Re(𝑧1−𝛼)
𝜕𝑢

𝜕𝑥
− Im(𝑧1−𝛼)

𝜕𝑣

𝜕𝑥
= Re(𝑧1−𝛼)

𝜕𝑣

𝜕𝑦
+ Im(𝑧1−𝛼)

𝜕𝑢

𝜕𝑦
;
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Im(𝑧1−𝛼)
𝜕𝑢

𝜕𝑥
+Re(𝑧1−𝛼)

𝜕𝑣

𝜕𝑥
= Im(𝑧1−𝛼)

𝜕𝑣

𝜕𝑦
− Re(𝑧1−𝛼)

𝜕𝑢

𝜕𝑦
.

P r o o f. As in classical approach, we first choose 𝜀 = 𝜆 (namely 𝜔 = 0) for
which we have

𝑇𝛼𝑓(𝑧)
⃒⃒
𝜀=𝜆

=
[︀
Re(𝑧1−𝛼) + 𝑖 Im(𝑧1−𝛼)

]︀𝑑𝑓(𝑧)
𝑑𝑧

⃒⃒⃒
𝜀=𝜆

=

=
[︀
Re(𝑧1−𝛼) + 𝑖 Im(𝑧1−𝛼)

]︀[︁𝜕𝑢
𝜕𝑥

+ 𝑖
𝜕𝑣

𝜕𝑥

]︁
.

Now, choosing 𝜀 = 𝑖𝜔 (namely 𝜆 = 0) gives us

𝑇𝛼𝑓(𝑧)
⃒⃒
𝜀=𝑖𝜔

=
[︀
Re(𝑧1−𝛼) + 𝑖 Im(𝑧1−𝛼)

]︀𝑑𝑓(𝑧)
𝑑𝑧

⃒⃒⃒
𝜀=𝑖𝜔

=

=
[︀
Re(𝑧1−𝛼) + 𝑖 Im(𝑧1−𝛼)

]︀[︁𝜕𝑢
𝜕𝑦

+ 𝑖
𝜕𝑣

𝜕𝑦

]︁
. �

Remark 4. For the value of 𝛼 = 1, it gives

Re(𝑧1−𝛼) =
[︀
(𝑥2 + 𝑦2)(1−𝛼)/2 cos[(1− 𝛼) arg(𝑥+ 𝑖𝑦)]

]︀
, lim

𝛼→1
Re(𝑧1−𝛼) = 1;

Im(𝑧1−𝛼) =
[︀
(𝑥2 + 𝑦2)(1−𝛼)/2 sin[(1− 𝛼) arg(𝑥+ 𝑖𝑦)]

]︀
, lim

𝛼→1
Im(𝑧1−𝛼) = 0.

So we obtain classical Cauchy–Riemann equations from their fractional coun-
terpart.

3. Complex Conformable Differential Equations
Let 𝑇𝛼(𝑧𝑐) = 𝑐𝑧𝑐−𝛼 for all 𝑐 ∈ C. Multiplying both sides by the coefficient 𝑐−1

gives
𝑇𝛼(𝑐

−1𝑧𝑐) = 𝑧𝑐−𝛼 for all 𝑐 ∈ C.

Example 3.1. If 𝑐 = 𝛼 we obtain the simplest complex conformable differential
equation:

𝑇𝛼𝑓(𝑧)− 1 = 0,

where its solution is 𝑓(𝑧) = 𝛼−1𝑧𝛼.

In Fig. 1 vertical axis shows the real part of 𝑓(𝑧) = 2
√
𝑧 while he imaginary

part of 𝑓(𝑧) = 2
√
𝑧 has been represented by the coloration of the points.

Example 3.2. Now let is calculate 𝑇𝛼(𝑒𝛼
−1𝑧𝛼) which gives us 𝑒𝛼−1𝑧𝛼 . So we

deduce another complex conformable differential equation:

𝑇𝛼𝑔(𝑧)− 𝑔(𝑧) = 0,

where its solution is 𝑔(𝑧) = 𝑒𝛼
−1𝑧𝛼 .
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Figure 1. Riemann surface for the function
𝑓(𝑧) = 2

√
𝑧 for which 𝛼 = 1/2

Figure 2. Riemann surface for the function
𝑔(𝑧) = 𝑒2

√
𝑧 for which 𝛼 = 1/2

Figure 3. Mapping of lines by 𝑧1/2, 𝑧1/3, 𝑧1/4, 𝑧1/5 for 𝑥 ∈ [−1, 1]

Figure 4. Real and imaginary parts of functions 𝑧1/2, 𝑧1/3, 𝑧1/4, 𝑧1/5
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Similarly, in Fig. 2 vertical axis shows the real part of 𝑔(𝑧) = 𝑒2
√
𝑧 while he

imaginary part of 𝑔(𝑧) = 𝑒2
√
𝑧 has been represented by the coloration of the points.

To solve boundary value problems for the Laplace equation, the study of ana-
lytic maps is very important. Comparing the plots with different values of 𝛼 has
been shown in Fig. 3 and Fig. 4.
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𝛼-Дифференцируемые функции
в комплексной плоскости
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Аннотация
В комплексной плоскости вводится взвешенная дробная производная

порядка 𝛼. Относительно многозначной функции 𝑧1−𝛼 получены дроб-
ные уравнения Коши–Римана, которые при 𝛼 = 1 совпадают с класси-
ческими уравнениями Коши–Римана. Для некоторых функций в ком-
плексной плоскости рассмотрены свойства, относящиеся к комплексной
взвешенной дробной производной. Обсуждаются два комплексных диф-
ференциальных уравнения специальной формы. Для некоторых значе-
ний 𝛼 приводятся римановы поверхности их решений и сравниваются
их графики.
Ключевые слова: взвешенная дробная производная, уравнения Коши–
Римана, предельная дробная производная.
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