
Vestn. Samar. Gos. Tekhn. Univ., Ser. Fiz.-Mat. Nauki
[J. Samara State Tech. Univ., Ser. Phys. Math. Sci.], 2024, vol. 28, no. 2, pp. 207–222
ISSN: 2310-7081 (online), 1991-8615 (print) https://doi.org/10.14498/vsgtu2063

MSC: 34A08, 26A33, 34K28, 35C10

A new application of Khalouta differential transform
method and convergence analysis to solve nonlinear
fractional Liénard equation

L. Chetioui, A. Khalouta
Université Ferhat Abbas de Sétif 1, Sétif, 19000, Algeria.

Abstract

In this study, we propose a new hybrid numerical method called the
Khalouta differential transform method to solve the nonlinear fractional Lié-
nard equation involving the Caputo fractional derivative. The convergence
theorem of the proposed method is proved under suitable conditions.

The Khalouta differential transform method is a semi-analytical tech-
nique that combines two powerful methods: the Khalouta transform method
and the differential transform method. The main advantage of this approach
is that it provides very fast solutions without requiring linearization, per-
turbation, or any other assumptions. The proposed method is described and
illustrated with two numerical examples. The illustrative examples show
that the numerical results obtained are in very good agreement with the ex-
act solutions. This confirms the accuracy and effectiveness of the proposed
method.

Keywords: fractional Liénard equation, Caputo fractional derivative, Kha-
louta transform method, differential transform method, approximate solu-
tion.

Received: 11th September, 2023 / Revised: 22nd April, 2024 /
Accepted: 13th May, 2024 / First online: 26th August, 2024

Differential Equations and Mathematical Physics
Research Article
© Authors, 2024
© Samara State Technical University, 2024 (Compilation, Design, and Layout)

cb The content is published under the terms of the Creative Commons Attribution 4.0
International License (http://creativecommons.org/licenses/by/4.0/)
Please cite this article in press as:
Ch e t i o u i L., Kh a l o u t a A. A new application of Khalouta differential transform method and
convergence analysis to solve nonlinear fractional Liénard equation, Vestn. Samar. Gos. Tekhn.
Univ., Ser. Fiz.-Mat. Nauki [J. Samara State Tech. Univ., Ser. Phys. Math. Sci.], 2024, vol. 28,
no. 2, pp. 207–222. EDN: ATZKZR. DOI: 10.14498/vsgtu2063.
Authors’ Details:
Lina Chetioui; Lab. of Fundamental Mathematics and Numerical; Dept. of Mathematics; Faculty
of Sciences; e-mail: lina.chetioui@univ-setif.dz
Ali Khalouta https://orcid.org/0000-0003-1370-3189
Lab. of Fundamental Mathematics and Numerical; Dept. of Mathematics; Faculty of Sciences;
e-mail: ali.khalouta@univ-setif.dz

207

http://mi.mathnet.ru/eng/vsgtu2063
http://doi.org/10.14498/vsgtu2063
http://www.mathnet.ru/eng/org7139
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://elibrary.ru/ATZKZR
http://mi.mathnet.ru/eng/vsgtu2063
http://www.mathnet.ru/eng/person207699
mailto:lina.chetioui@univ-setif.dz
http://www.mathnet.ru/eng/person207700
https://orcid.org/0000-0003-1370-3189
https://orcid.org/0000-0003-1370-3189
mailto:ali.khalouta@univ-setif.dz


Ch e t i o u i L., Kh a l o u t a A.

1. Introduction. Since the development of the fractional calculus, many
mathematicians and physicists have been interested in the theory of nonlinear
fractional differential equations, where many nonlinear phenomena in engineer-
ing, physics, fluid mechanics, viscoelasticity, chemistry, biology and various fields
of applied science can be described using these equations [1–9]. Consequently,
considerable attention has been given to the solutions of nonlinear fractional dif-
ferential equations of physical interest. Since many nonlinear fractional differen-
tial equations do not have exact analytical solutions due to the complexity of the
nonlinear terms included, several numerical and analytical methods have been
devloped to solve nonlinear fractional differential equations, such as: Adomian
decomposition method (ADM) [10], homotopy perturbation method [11], homo-
topy analysis method [12], variational iteration transform method [13], natural
reduced differential transform method (NRDTM) [14], general fractional residual
power series method (GFRPSM) [13].

The Liénard equation is a nonlinear second order differential equation pro-
posed by Alfred–Marie Liénard [15] and is given by

𝑢′′(𝑥) + 𝑓(𝑢)𝑢′(𝑥) + 𝑔(𝑢) = ℎ(𝑥), (1)

where 𝑓(𝑢)𝑢′(𝑥) is the damping force, 𝑔(𝑢) is the restoring force, and ℎ(𝑥) is the
external force.

The Liénard equation (1) is a generalization of the damped pendulum equa-
tion or spring-mass system. Since this equation can be applied to describe the
oscillating circuits, therefore, it is used in the development of radio and vacuum-
tube technology. For different choices of the variable coefficients 𝑓(𝑢), 𝑔(𝑢), and
ℎ(𝑥), the Liénard equation is used in several phenomena. For example, the choices
𝑓(𝑢) = 𝜀(𝑢2− 1), 𝑔(𝑢) = 𝑢, and ℎ(𝑥) = 0, this equation becomes the Van der Pol
equation as a nonlinear model of electronic oscillation, see [16,17]

Several researchers have studied the exact solution of particular cases of Lié-
nard equation. For example, Zhaosheng Feng [18] investigated the exact solution
of

𝑢′′(𝑥) + 𝑎𝑢(𝑥) + 𝑏𝑢3(𝑥) + 𝑐𝑢5(𝑥) = 0. (2)

He found that one of the solutions of equation (2), is given by

𝑢(𝑥) =

√︂
−2𝑎

𝑏

(︀
1 + tanh(

√
−𝑎𝑥)

)︀
,

when 𝑏2/4− 4𝑎𝑐/3 = 0, 𝑏 > 0, and 𝑎 < 0.
The objective of the present article is to propose a hybrid numerical method

using Khalouta transform method and differential transform method in order to
solve the nonlinear fractional Liénard equation in the form

𝐷𝛼𝑢(𝑥) + 𝑎𝑢(𝑥) + 𝑏𝑢3(𝑥) + 𝑐𝑢5(𝑥) = 0, 𝑥 > 0, (3)

with the initial conditions

𝑢(0) = 𝑢0, 𝑢′(0) = 𝑢1, (4)

where 𝐷𝛼 is the fractional derivative operator in the sense of the Caputo of order
𝛼 with 1 < 𝛼 6 2, and 𝑎, 𝑏, 𝑐, 𝑢0, and 𝑢1 are constants.
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The organization of this article is as follows. In Sect. 2, we present the basic
definitions and several properties of the theory of fractional calculus, Khalouta
transform and differential transform method that will be used throughout our
article. In Sect. 3, we extend the proposed method to solve the nonlinear fractional
Liénard equation (3) with the initial conditions (4). In Sect. 4, we prove the
convergence theorem of this method under suitable conditions. In Sect. 5, two
numerical examples are proposed to illustrate the capability and effectiveness of
proposed method. In Sect. 6, we discuss our obtained results presented by figures
and tables. The conclusion is given in the final part, Sect. 7.

2. Basic definitions and results. This section presents the basic definitions
and several properties of the fractional calculus theory, Khalouta transform and
differential transform method (DTM) which will be needed in this article.

Definition 1 [3]. The Riemann–Liouville fractional integral of order 𝛼 > 0 of
a function 𝑢 in 𝐶(R+,R) is defined as

𝐼𝛼𝑢(𝑥) =

⎧⎨⎩
1

Γ(𝛼)

∫︁ 𝑥

0
(𝑥− 𝜏)𝛼−1𝑢(𝜏)𝑑𝜏, 𝛼 > 0,

𝑢(𝑥), 𝛼 = 0,
(5)

where
Γ(𝛼) =

∫︁ ∞

0
𝑥𝛼−1𝑒−𝑥𝑑𝑥,

is the Euler gamma function.
Definition 2 [3]. The Caputo fractional derivative of order 𝛼 > 0 of a function

𝑢, is defined as

𝐷𝛼𝑢(𝑥) =

⎧⎨⎩
1

Γ(𝑛− 𝛼)

∫︁ 𝑥

0
(𝑥− 𝜏)𝑛−𝛼−1𝑢(𝑛)(𝜏)𝑑𝜏, 𝑛− 1 < 𝛼 < 𝑛,

𝑢(𝑛)(𝑥), 𝛼 = 𝑛,
(6)

where 𝑛 = [𝛼] + 1 with [𝛼] being the integer part of 𝛼.
Now, we present our results regarding the Khalouta transform of the Riemann–

Liouville fractional integral and the Caputo fractional derivative.
Definition 3 [19]. Let 𝑢(𝑥) be a integrable function defined for 𝑥 > 0. The

Khalouta transform 𝒦(𝑠, 𝛾, 𝜂) of 𝑢(𝑥) is defined by

KH
[︀
𝑢(𝑥)

]︀
= 𝒦(𝑠, 𝛾, 𝜂) = 𝑠

𝛾𝜂

∫︁ ∞

0
exp

(︁
− 𝑠𝑥
𝛾𝜂

)︁
𝑢(𝑥)𝑑𝑥,

where 𝑠, 𝛾, 𝜂 > 0 are the Khalouta transform variables.
Some basic properties of the Khalouta transform are given as follows [19].
Property 1. Let 𝒦1(𝑠, 𝛾, 𝜂) and 𝒦2(𝑠, 𝛾, 𝜂) be the Khalouta transforms of

𝑢1(𝑥) and 𝑢2(𝑥), respectively. For each constants of 𝑐1 and 𝑐2, then

KH
[︀
𝑐1𝑢1(𝑥) + 𝑐2𝑢2(𝑥)

]︀
= 𝑐1KH

[︀
𝑢1(𝑥)

]︀
+ 𝑐2KH [𝑢2(𝑥)] =

= 𝑐1𝒦1(𝑠, 𝛾, 𝜂) + 𝑐2𝒦2(𝑠, 𝛾, 𝜂).
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Property 2. Let 𝒦(𝑠, 𝛾, 𝜂) be the Khalouta transform of 𝑢(𝑥). Then

KH
[︀
𝑢(𝑛)(𝑥)

]︀
=

𝑠𝑛

𝛾𝑛𝜂𝑛
𝒦(𝑠, 𝛾, 𝜂)−

𝑛−1∑︁
𝑘=0

(︁ 𝑠

𝛾𝜂

)︁𝑛−𝑘
𝑢(𝑘)(0), 𝑛 > 1.

Property 3. Let 𝒦1(𝑠, 𝛾, 𝜂) and 𝒦2(𝑠, 𝛾, 𝜂) be the Khalouta transforms of
𝑢1(𝑥) and 𝑢2(𝑥), respectively. Then the Khalouta transform of the convolution of
𝑢1(𝑥) and 𝑢2(𝑥) is given by

KH
[︀
(𝑢1 * 𝑢2)(𝑡)

]︀
=

∫︁ ∞

0
𝑢1(𝑥)𝑢2(𝑥− 𝜏)𝑑𝜏 =

𝛾𝜂

𝑠
𝒦1(𝑠, 𝛾, 𝜂)𝒦2(𝑠, 𝛾, 𝜂).

Property 4. The Khalouta transforms for some basic functions:

KH[1] = 1,

KH[𝑥] =
𝛾𝜂

𝑠
,

KH
[︁𝑥𝑛
𝑛!

]︁
=
𝛾𝑛𝜂𝑛

𝑠𝑛
, 𝑛 = 0, 1, 2, . . . ,

KH
[︁ 𝑥𝛼

Γ (𝛼+ 1)

]︁
=
𝛾𝛼𝜂𝛼

𝑠𝛼
, 𝛼 > −1,

Theorem 1. If 𝒦(𝑠, 𝛾, 𝜂) is the Khalouta transform of the function 𝑢(𝑥), then
the Khalouta transform of Riemann–Liouville fractional integral of order 𝛼 > 0,
is given by

KH
[︀
𝐼𝛼𝑢(𝑥)

]︀
=
𝛾𝛼𝜂𝛼

𝑠𝛼
𝒦(𝑠, 𝛾, 𝜂).

P r o o f. Applying the Khalouta transform to both sides of the equation (5),
we get

KH
[︀
𝐼𝛼𝑢(𝑥)

]︀
= KH

[︂
1

Γ(𝛼)

∫︁ 𝑥

0
(𝑥− 𝜏)𝛼−1 𝑢(𝜏)𝑑𝜏

]︂
= KH

[︁ 1

Γ(𝛼)
𝑥𝛼−1 * 𝑢(𝑥)

]︁
.

Then, using Properties 3 and 4, we get

KH
[︀
𝐼𝛼𝑢(𝑥)

]︀
=
𝛾𝜂

𝑠
KH

[︁𝑥𝛼−1

Γ(𝛼)

]︁
KH

[︀
𝑢(𝑥)

]︀
=

=
𝛾𝜂

𝑠

𝛾𝛼−1𝜂𝛼−1

𝑠𝛼−1
𝒦(𝑠, 𝛾, 𝜂) = 𝛾𝛼𝜂𝛼

𝑠𝛼
𝒦(𝑠, 𝛾, 𝜂).

The theorem is proved. �
Theorem 2. If 𝒦(𝑠, 𝛾, 𝜂) is the Khalouta transform of the function 𝑢(𝑥), then

the Khalouta transform of the Caputo fractional derivative of order 𝑛−1 < 𝛼 6 𝑛,
𝑛 ∈ Z+, is given by

KH[𝐷𝛼𝑢(𝑥)] =
𝑠𝛼

𝛾𝛼𝜂𝛼
𝒦(𝑠, 𝛾, 𝜂)−

𝑛−1∑︁
𝑘=0

(︁ 𝑠

𝛾𝜂

)︁𝛼−𝑘
𝑢(𝑘)(0).
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P r o o f. First, we take
𝑣(𝑥) = 𝑢(𝑛)(𝑥). (7)

Thus, equation (6), can be written as follows

𝐷𝛼𝑢(𝑥) =
1

Γ(𝑛− 𝛼)

∫︁ 𝑥

0
(𝑥− 𝜏)𝑛−𝛼−1𝑢(𝑛)(𝜏)𝑑𝜏 =

=
1

Γ(𝑛− 𝛼)

∫︁ 𝑥

0
(𝑥− 𝜏)𝑛−𝛼−1𝑣(𝜏)𝑑𝜏 = 𝐼𝑛−𝛼𝑣(𝑥). (8)

Applying the Khalouta transform on both sides of equation (8) and using
Theorem 1, we get

KH
[︀
𝐷𝛼𝑢(𝑥)

]︀
= KH

[︀
𝐼𝑛−𝛼𝑣(𝑥)

]︀
=
𝛾𝑛−𝛼𝜂𝑛−𝛼

𝑠𝑛−𝛼
𝒱(𝑠, 𝛾, 𝜂), (9)

where 𝒱(𝑠, 𝛾, 𝜂) is the Khalouta transform of the function 𝑣(𝑥).
Applying the Khalouta transform on both sides of equation (7) and using

Property 2, we get

KH
[︀
𝑣(𝑥)

]︀
= KH

[︀
𝑢(𝑛)(𝑥)

]︀
,

𝒱(𝑠, 𝛾, 𝜂) = 𝑠𝑛

𝛾𝑛𝜂𝑛
𝒦(𝑠, 𝛾, 𝜂)−

𝑛−1∑︁
𝑘=0

(︁ 𝑠

𝛾𝜂

)︁𝑛−𝑘
𝑢(𝑘)(0). (10)

Substituting equation (10) into equation (9), we get

KH
[︀
𝐷𝛼𝑢(𝑥)

]︀
=
𝛾𝑛−𝛼𝜂𝑛−𝛼

𝑠𝑛−𝛼

(︂
𝑠𝑛

𝛾𝑛𝜂𝑛
𝒦(𝑠, 𝛾, 𝜂)−

𝑛−1∑︁
𝑘=0

(︁ 𝑠

𝛾𝜂

)︁𝑛−𝑘
𝑢(𝑘)(0)

)︂
=

=
𝑠𝛼

𝛾𝛼𝜂𝛼
𝒦(𝑠, 𝛾, 𝜂)−

𝑛−1∑︁
𝑘=0

(︁ 𝑠

𝛾𝜂

)︁𝛼−𝑘
𝑢(𝑘)(0).

The theorem is proved. �

Now, we consider a function 𝑢(𝑥) which is analytic in a domain 𝑇 and let
𝑥 = 𝑥0 represent any point in 𝑇 . The function 𝑢(𝑥) is then represented by a
power series whose centre is located at 𝑥0 [20, 21].

Definition 4. The differential transform of the function 𝑢(𝑥) is defined as

𝑈(𝑘) =

∞∑︁
𝑘=0

1

𝑘!

[︁ 𝑑𝑘
𝑑𝑥𝑘

𝑢(𝑥)
]︁
𝑥=𝑥0

, (11)

where 𝑢(𝑥) is the original function and 𝑈(𝑘) the transformed function.
Definition 5. The inverse differential transform of 𝑈(𝑘) is defined as

𝑢(𝑥) =

∞∑︁
𝑘=0

𝑈(𝑘)(𝑥− 𝑥0)𝑘. (12)
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Combining equations (11) and (12), we get

𝑢(𝑥) =
∞∑︁
𝑘=0

1

𝑘!

[︁ 𝑑𝑘
𝑑𝑥𝑘

𝑢(𝑥)
]︁
𝑥=𝑥0

(𝑥− 𝑥0)𝑘. (13)

In particular, for 𝑥0 = 0, equation (13) becomes

𝑢(𝑥) =

∞∑︁
𝑘=0

1

𝑘!

[︁ 𝑑𝑘
𝑑𝑥𝑘

𝑢(𝑥)
]︁
𝑥=0

𝑥𝑘.

From the above definitions, the fundamental operations of the DTM are given
by the following theorem.

Theorem 3. Let 𝑈(𝑘), 𝑉 (𝑘) and 𝑊 (𝑘) be the differential transforms of the
functions 𝑢(𝑥), 𝑣(𝑥) and 𝑤(𝑥) respectively, then

(1) if
𝑤(𝑥) = 𝜆𝑢(𝑥) + 𝜇𝑣(𝑥),

then
𝑊 (𝑘) = 𝜆𝑈(𝑘) + 𝜇𝑉 (𝑘), 𝜆, 𝜇 ∈ R;

(2) if
𝑤(𝑥) = 𝑢(𝑥)𝑣(𝑥),

then

𝑊 (𝑘) =
𝑘∑︁

𝑟=0

𝑈(𝑟)𝑉 (𝑘 − 𝑟);

(3) if
𝑤(𝑥) = 𝑢1(𝑥)𝑢2(𝑥) · · ·𝑢𝑛−1(𝑥)𝑢𝑛(𝑥),

then

𝑊 (𝑘) =

𝑘∑︁
𝑘𝑛−1=0

𝑘𝑛−1∑︁
𝑘𝑛−2=0

· · ·
𝑘3∑︁

𝑘2=0

𝑘2∑︁
𝑘1=0

𝑈1(𝑘1)𝑈2(𝑘2 − 𝑘1)× · · · ×

× 𝑈𝑛−1(𝑘𝑛−1 − 𝑘𝑛−2)𝑈𝑛(𝑘 − 𝑘𝑛−1).

3. Analysis of the Khalouta differential transform method (KHDTM).
Theorem 4. Consider the following nonlinear fractional Liénard equation (3)

with the initial conditions (4). The KHDTM gives the solution of (3) and (4) in
the form of infinite series that rapidly converge to the exact solution as follows

𝑢(𝑥) =

∞∑︁
𝑟=0

𝑈(𝑟),

where 𝑈(𝑟) is the differential transformed function of 𝑢(𝑥).
P r o o f. Consider the nonlinear fractional Liénard equation (3) with the initial

conditions (4).
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Computing the Khalouta transform to equation (1) and the use of the linearity
property of Khalouta transform, we get

KH
[︀
𝐷𝛼𝑢(𝑥)

]︀
+ 𝑎KH

[︀
𝑢(𝑥)

]︀
+ 𝑏KH

[︀
𝑢3(𝑥)

]︀
+ 𝑐KH

[︀
𝑢5(𝑥)

]︀
= 0.

Using Theorem 2, this gives

KH
[︀
𝑢(𝑥)

]︀
= 𝑢(0) +

𝛾𝜂

𝑠
𝑢′(0)− 𝛾𝛼𝜂𝛼

𝑠𝛼
KH

[︀
𝑎𝑢(𝑥) + 𝑏𝑢3(𝑥) + 𝑐𝑢5(𝑥)

]︀
. (14)

Substituting the initial conditions of equation (4) into equation (14), we get

KH
[︀
𝑢(𝑥)

]︀
= 𝑢0 +

𝛾𝜂

𝑠
𝑢1 −

𝛾𝛼𝜂𝛼

𝑠𝛼
KH

[︀
𝑎𝑢(𝑥) + 𝑏𝑢3(𝑥) + 𝑐𝑢5(𝑥)

]︀
. (15)

By inverting equation (15), we obtain

𝑢(𝑥) = 𝑢0 + 𝑢1𝑥−KH−1
(︁𝛾𝛼𝜂𝛼
𝑠𝛼

KH
[︀
𝑎𝑢(𝑥) + 𝑏𝑢3(𝑥) + 𝑐𝑢5(𝑥)

]︀)︁
. (16)

Now, by applying the differential transforms method to equation (16), we get

𝑈(0) = 𝑢0,
𝑈(1) = 𝑢1𝑥,

𝑈(𝑘 + 2) = −KH−1
(︁𝛾𝛼𝜂𝛼
𝑠𝛼

KH
[︀
𝑎𝑈(𝑘) + 𝑏𝐴(𝑘) + 𝑐𝐵(𝑘)

]︀)︁
, 𝑘 > 0,

(17)

where 𝐴(𝑘) and 𝐵(𝑘) are the differential transform of the nonlinear terms 𝑢3(𝑥)
and 𝑢5(𝑥), respectively.

The first few nonlinear terms are given by

𝐴(0) = 𝑈3(0),

𝐴(1) = 3𝑈2(0)𝑈(1),

𝐴(2) = 3𝑈2(0)𝑈(2) + 3𝑈(0)𝑈2(1),

and

𝐵(0) = 𝑈5(0),

𝐵(1) = 5𝑈4(0)𝑈(1),

𝐵(2) = 5𝑈4(0)𝑈(2) + 10𝑈3(0)𝑈2(1).

Note that the recurrence formula (17) to the iterative terms of equations (3)
and (4) is denoted KHDTM, and the 𝑘th order solution for equations (3) and (4)
is given as

𝑆𝑘 =
𝑘∑︁

𝑟=0

𝑈(𝑟). (18)

Thus, in the following theorem, we prove that the series solution (18) which
is obtained by KHDTM converges to the exact solution if 𝑘 →∞, that is,

𝑢(𝑥) = lim
𝑘→∞

𝑆𝑘 =
∞∑︁
𝑟=0

𝑈(𝑟). (19)

�
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4. Convergence of the KHDTM. The main objective of this section is to
study the convergence of the KHDTM, when it is used in equations (3) and (4).

Suppose that ℬ = (𝐶(R+), ‖ . ‖) is the Banach space of all continuous functions
on R+ with the norm

‖𝑢(𝑥)‖ℬ = sup
𝑥∈R+

|𝑢(𝑥)|.

Theorem 5. Let 𝑈(𝑟) and 𝑢(𝑥) be defined in Banach space ℬ, then the series

solution
+∞∑︀
𝑟=0

𝑈(𝑟) stated in equation (19) converges uniquely to the exact solution

𝑢(𝑥) of the nonlinear fractional Liénard equation (3), if there exists 0 < 𝜃 < 1
such that ‖𝑈(𝑟)‖ 6 𝜃‖𝑈(𝑟 − 1)‖, ∀𝑟 ∈ N∪{0}.

P r o o f. Let 𝑆𝑘 be the sequence of partial sums of the series given by the
recurrence formula (17), as

𝑆𝑘 =
𝑘∑︁

𝑟=0

𝑈(𝑟).

We need to show that {𝑆𝑘}∞𝑘=0 is a Cauchy sequence in Banach space ℬ.
For this purpose, we consider

‖𝑆𝑘+1−𝑆𝑘‖ 6 ‖𝑈(𝑟+1)‖ 6 𝜃‖𝑈(𝑟)‖ 6 𝜃2‖𝑈(𝑟− 1)‖ 6 · · · 6 𝜃𝑛+1‖𝑈(0)‖. (20)

For every, 𝑛, 𝑚 ∈ N, 𝑛 > 𝑚, by using (20) and triangle inequality successively,
we have

‖𝑆𝑛 − 𝑆𝑚‖ = ‖𝑆𝑛 − 𝑆𝑛−1 + 𝑆𝑛−1 − 𝑆𝑛−2 + · · ·+ 𝑆𝑚+1 − 𝑆𝑚‖ 6
6 ‖𝑆𝑛 − 𝑆𝑛−1‖+ ‖𝑆𝑛−1 − 𝑆𝑛−2‖+ · · ·+ ‖𝑆𝑚+1 − 𝑆𝑚‖ 6
6 𝜃𝑛‖𝑈(0)‖+ 𝜃𝑛−1‖𝑈(0)‖+ · · ·+ 𝜃𝑚+1‖𝑈(0)‖ =

= 𝜃𝑚+1
(︀
1 + 𝜃 + · · ·+ 𝜃𝑛−𝑚−1

)︀
‖𝑈(0)‖ 6

6 𝜃𝑚+1
(︁1− 𝜃𝑛−𝑚

1− 𝜃

)︁
‖𝑈(0)‖.

Since 0 < 𝜃 < 1, we have 1− 𝜃𝑛−𝑚 < 1, then

‖𝑆𝑛 − 𝑆𝑚‖ 6
𝜃𝑚+1

1− 𝜃
‖𝑈(0)‖. (21)

So ‖𝑆𝑛 − 𝑆𝑚‖ → 0 as 𝑛, 𝑚→∞ as 𝑈(0) is bounded.
Thus {𝑆𝑘}∞𝑘=0 is a Cauchy sequence in Banach space and consequently it is

converges to 𝑢(𝑥) ∈ ℬ such that

lim
𝑘→∞

𝑆𝑘 =
∞∑︁
𝑟=0

𝑈(𝑟) = 𝑢(𝑥).

Now, suppose that the sequence {𝑆𝑘}𝑘>0 converges to two functions of 𝑢1(𝑥),
𝑢2(𝑥) ∈ ℬ, that is,

lim
𝑘→∞

𝑆𝑘 = 𝑢1(𝑥) and lim
𝑘→∞

𝑆𝑘 = 𝑢2(𝑥). (22)
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Using the triangle inequality with (22), we get

‖𝑢1(𝑥)− 𝑢2(𝑥)‖ 6 ‖𝑢1(𝑥)− 𝑆𝑘‖+ ‖𝑆𝑘 − 𝑢2(𝑥)‖ = 0 as 𝑘 →∞.

Hence we conclude that 𝑢1(𝑥) = 𝑢2(𝑥).
The theorem is proved. �
Theorem 6. The maximum absolute truncation error of the series solution

given by the recurrence formula (17) is estimated to be⃦⃦⃦⃦
𝑢(𝑥)−

𝑁∑︁
𝑙=0

𝑈(𝑙)

⃦⃦⃦⃦
6
𝜃𝑁+1

1− 𝜃
‖𝑈(0)‖.

P r o o f. From Theorem 5 and (21), we have

‖𝑆𝑘 − 𝑆𝑁‖ 6
𝜃𝑁+1

1− 𝜃
‖𝑈(0)‖. (23)

But we assume that 𝑆𝑘 =
𝑘∑︀

𝑙=0

𝑈(𝑙) and since 𝑘 → +∞, we obtain 𝑆𝑘 → 𝑢(𝑥),

so (23) can be rewritten as

‖𝑢(𝑥)− 𝑆𝑁‖ =
⃦⃦⃦⃦
𝑢(𝑥)−

𝑁∑︁
𝑙=0

𝑈(𝑙)

⃦⃦⃦⃦
6
𝜃𝑁+1

1− 𝜃
‖𝑈(0)‖.

The theorem is proved. �

Corollary 1. If the series
∞∑︀
𝑟=0

𝑈(𝑟) converges then it is an exact solution of

the nonlinear fractional Liénard equation (3) with the initial conditions (4).

5. Illustrative examples. This section provides two numerical examples of
nonlinear fractional Liénard equations to assess the applicability, accuracy and
efficiency of the KHDTM. MATLAB R2016a is utilized to generate the numerical
results.

Example 1. Consider the nonlinear fractional Liénard equation

𝐷𝛼𝑢(𝑥)− 𝑢(𝑥) + 4𝑢3(𝑥)− 3𝑢5(𝑥) = 0, 1 < 𝛼 6 2, 𝑥 > 0, (24)

with the initial conditions

𝑢(0) = 1/
√
2, 𝑢′(0) = 1/

√
8. (25)

If 𝛼 = 2, equation (24) becomes the classical Liénard equation and its exact
solution is of the form

𝑢(𝑥) =

√︂
1 + tanh(𝑥)

2
.

According the description of the KHDTM presented in Sect. 3, we have

𝑢(𝑥) =
∞∑︁
𝑟=0

𝑈(𝑟),
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and

𝑈(0) =
1√
2
,

𝑈(1) =
1√
8
𝑥,

𝑈(2) = − 1

4
√
2

𝑥𝛼

Γ(𝛼+ 1)
,

𝑈(3) = − 5

4
√
8

𝑥𝛼+1

Γ(𝛼+ 2)
, . . .

and so on.
Hence, the approximate series solution of equations (24) and (25), is given as

𝑢(𝑥) = 𝑈(0) + 𝑈(1) + 𝑈(2) + 𝑈(3) + · · · =

=
1√
2

(︁
1 +

1

2
𝑥− 1

4

𝑥𝛼

Γ(𝛼+ 1)
− 5

8

𝑥𝛼+1

Γ(𝛼+ 2)
+ · · ·

)︁
. (26)

When 𝛼 = 2, the equation (26) becomes

𝑢(𝑥) =
1√
2

(︁
1 +

1

2
𝑥− 1

8
𝑥2 − 5

48
𝑥3 + · · ·

)︁
=

√︂
1 + tanh(𝑥)

2
,

which is the same exact solution as obtained using MFTSM [22].
Example 2. Consider the nonlinear fractional Liénard equation

𝐷𝛼𝑢(𝑥)− 𝑢(𝑥) + 4𝑢3(𝑥) + 3𝑢5(𝑥) = 0, 1 < 𝛼 6 2, 𝑥 > 0, (27)

with the initial conditions

𝑢(0) =
1√︀

1 +
√
2
, 𝑢′(0) = 0. (28)

If 𝛼 = 2, equation (27) becomes the classical Liénard equation and its exact
solution is of the form

𝑢(𝑥) =

√︃
sech2(𝑥)

2
√
2 + (1−

√
2) sech2(𝑥)

.

According the description of the KHDTM presented in Sect. 3, we have

𝑢(𝑥) =

∞∑︁
𝑟=0

𝑈(𝑟),

and

𝑈(0) =
1√︀

1 +
√
2
,
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𝑈(1) = 0,

𝑈(2) = −
(︁ 4 + 2

√
2

(3 + 2
√
2)
√︀
1 +
√
2

)︁ 𝑥𝛼

Γ(𝛼+ 1)
,

𝑈(3) = 0, . . .

and so on.
Hence, the approximate series solution of equations (27) and (28) is given as

𝑢(𝑥) = 𝑈(0) + 𝑈(1) + 𝑈(2) + 𝑈(3) + · · · =

=
1√︀

1 +
√
2

(︁
1− 4 + 2

√
2

3 + 2
√
2

𝑥𝛼

Γ(𝛼+ 1)
+ · · ·

)︁
. (29)

When 𝛼 = 2, the equation (29) becomes

𝑢(𝑥) =
1√︀

1 +
√
2

(︁
1− 2 +

√
2

3 + 2
√
2
𝑥2 + · · ·

)︁
=

√︃
sech2(𝑥)

2
√
2 + (1−

√
2) sech2(𝑥)

,

which is the same exact solution as obtained using MFTSM [22].
6. Numerical results and discussion. Figures 1 and 2 presents the graphs

of the exact solutions and approximate solutions obtained by the KHDTM with
different values of 𝛼 (𝛼 = 1.7, 1.8, 1.9, 2) for Examples 1 and 2, respectively. From
these figures, we see that when 𝛼 approaches to 1, the solutions obtained by
the proposed method approaches to the exact solutions. Therefore, the KHDTM
produces a convergent series with few terms. If we increase the number of terms,
we will get more accurate solutions. Tables 1 and 2 presents the numerical values
of the approximate solutions by the KHDTM at 𝛼 = 1 and exact solutions for
Examples 1 and 2, respectively. From these tables, it can be seen that the solutions
obtained by the proposed method are nearly identical to the exact solutions.

Figure 1. The graph of the exact solution and approximate solu-
tions for Example 1
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Figure 2. The graph of the exact solution and approximate solu-
tions for Example 2

Table 1
Numerical values of the approximate solution and exact solu-

tion for Example 1
𝛼 = 2 Absolute error

𝑥
𝑢KHDTM

𝑢exact |𝑢exact − 𝑢KHDTM|

0.00 0.70711 0.70711 0
0.02 0.71414 0.71414 5.0793 · 10−9

0.04 0.72110 0.72110 8.2374 · 10−8

0.06 0.72799 0.72799 4.2249 · 10−7

0.08 0.73479 0.73479 1.3522 · 10−6

0.1 0.74151 0.74151 3.3415 · 10−6

Table 2
Numerical values of the approximate solution and exact solu-

tion for Example 2
𝛼 = 2 Absolute error

𝑥
𝑢KHDTM

𝑢exact |𝑢exact − 𝑢KHDTM|

0.00 0.64359 0.64359 0
0.02 0.64344 0.64344 3.2888 · 10−8

0.04 0.64299 0.64299 5.2585 · 10−7

0.06 0.64224 0.64224 2.6590 · 10−6

0.08 0.64118 0.64119 8.3902 · 10−6

0.1 0.63982 0.63984 2.0441 · 10−5

7. Conclusions. In this article, a new hybrid method called Khalouta differ-
ential transform method (KHDTM) has been proposed to find the solution of the
nonlinear fractional Liénard equation involving the Caputo fractional derivative.
The method is described and illustrated by two numerical examples. The results
were compared with those available in the literature. The obtained results reveal
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that the proposed method is a very effective and simple tool to solve this type
of equations. Therefore, we can conclude that this method can be used to ob-
tain fast convergent series solutions for the different types of nonlinear fractional
differential equations.
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УДК 519.642.2

Новое применение метода дифференциального
преобразования Халуты и анализ сходимости для
решения нелинейного дробного уравнения Льенара

L. Chetioui, A. Khalouta
Université Ferhat Abbas de Sétif 1, Sétif, 19000, Algeria.

Аннотация

Предлагается новый гибридный численный метод с использовани-
ем производной Капуто для решения нелинейного дробного уравнения
Льенара — метод дифференциального преобразования Халуты. Доказа-
на теорема сходимости данного метода при определенных условиях.

Метод дифференциального преобразования Халуты представляет со-
бой полуаналитическую технику, объединяющую два мощных подхода:
метод преобразования Халуты и метод дифференциального преобразо-
вания. Основное преимущество этого метода заключается в том, что он
позволяет очень быстро находить решения и не требует линеаризации,
возмущения или каких-либо других предположений. Предложенный ме-
тод подробно описан, а его эффективность продемонстрирована на двух
числовых примерах. Результаты вычислений хорошо согласуются с точ-
ными решениями, что подтверждает надежность и эффективность пред-
ложенного подхода.

Ключевые слова: дробное уравнение Льенара, дробная производная
Капуто, метод преобразования Халуты, метод дифференциального пре-
образования, приближенное решение.
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