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Abstract

The paper presents a new class of exact solutions for the Navier–Stokes
equations. These solutions describe unsteady three-dimensional in velocities
and two-dimensional in coordinates for a viscous incompressible fluid flow.
The procedure for constructing an exact solution generalizes Trkal’s method
proposed for studying screw flows. The new class of exact solutions allows
to describe non-hecical flows (the velocity vector forms a nonzero angle with
the vorticity vector) and fluid flows existing in a finite time.
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Introduction. The study of the properties of Navier–Stokes equation solu-
tions and continuity equation solutions is known to be based on different ap-
proaches, which can be divided into two big groups: analytical research and nu-
merical integration. Analytical research, in turn, is divided into the study of the
general properties of flows (one of the latest results were obtained in [1–3]) and
the integration of the equations of motion of a viscous incompressible fluid. The
mathematical tool for the analytical integration of the equations of motion of a
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A new class of non-helical exact solutions of the Navier–Stokes equations

viscous incompressible fluid for replication of exact solutions is based on group
(symmetry) analysis. However, the study of the invariant properties and finding
various symmetries of equations gives no way of obtaining all the exact solutions
to the Navier–Stokes equations [4]. An important problem of the theory of inte-
gration of the equations of fluid motion is constructing classes of exact solutions,
which is often heuristic [5–15]. The fact is that classes of exact solutions are known
that have yet to be classified in terms of the invariance theory [5–7, 14, 15]. There-
fore, it is very important to know how methods for “reproducing” exact solutions
can be developed using known flows as examples. This approach was discussed
in [5, 9, 12,13].

It has been shown in recent papers that there are generalizations of the well-
known Trkal method [16] which allow exact solutions to the Navier–Stokes equa-
tions to be constructed [17,18]. Most of nonstationary three-dimensional exact so-
lutions to the Navier–Stokes equations were obtained by the Trkal method which
is an extension of the Taylor–Caldonazzo approach to helical flows [18].

The method is based on the fact that with a constant coefficient 𝑘 relating
velocity vector to vorticity one, velocity vector and vorticity rotor one will also be
related by a constant coefficient 𝑘2. This paper proposes a family of non-helical
exact solutions in which the velocity vector and the vorticity one are even non-
collinear. However, the velocity and vorticity rotor vectors prove to be related by a
constant coefficient, and this eventually enables us to obtain nonstationary exact
solutions to the Navier–Stokes equations from stationary exact solutions to the
Euler equations. Thus, the here-proposed method can be viewed as an extension
of the Trkal method to non-helical flows.

1. Notation and equations of motion. In dimensionless variables, the
flow of a viscous incompressible fluid in a potential field of body forces obeys the
Navier–Stokes equation system and the continuity equation

𝜕

𝜕𝑡
V +Ω×V = − 1

Re
∇×Ω−∇

(︁
𝑝+

V2

2
+𝐺

)︁
, (1)

divV = 0, (2)

where V is velocity, Ω = ∇ ×V is vorticity, 𝑝 is pressure related to density, Re
is the Reynolds number, ∇ is the two-dimensional Hamilton operator, 𝐺 is the
potential of body forces.

2. The family of exact solutions. Consider an arbitrary solution to the
equation with respect to the (twice continuously differentiable) function of two
variables 𝜓 = 𝜓(𝑥, 𝑦) in a rectangular Cartesian coordinate system 𝑂𝑥𝑦𝑧:

Δ𝜓 = 𝜆𝜓, (3)

where 𝜆 is an arbitrary constant, Δ = 𝜕2

𝜕𝑥2 + 𝜕2

𝜕𝑦2
is the two-dimensional Laplace

operator. Examples of such solutions (which are the eigenfunctions of the Laplace
operator) can be found e.g. in [4, 17,18].

For any solution 𝜓 = 𝜓(𝑥, 𝑦) of equation (3), we assume that

V = (𝑉𝑥, 𝑉𝑦, 𝑉𝑧) = exp
(︁ 𝑡𝜆
Re

)︁(︁ 𝜕

𝜕𝑦
𝜓, − 𝜕

𝜕𝑥
𝜓, 𝜆𝜓

)︁
. (4)
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It can easily be seen that this representation of velocity provides the inherent
(identical) fulfillment of the continuity equation (2). It remains to verify that
there exists a pressure field 𝑝 > 0 that, together with the velocity represented
by equation (4), satisfies equation (1). To do this, we rewrite the Navier–Stokes
equation (1) as

𝜕

𝜕𝑡
V +

1

Re
∇×Ω+Ω×V = −∇

(︁
𝑝+

V2

2
+𝐺

)︁
, (5)

and compute the terms in the left-hand side of (5).
The first term in equation (5) is transformed as follows:

𝜕

𝜕𝑡
V =

𝜆

Re
exp

(︁ 𝑡𝜆
Re

)︁(︁ 𝜕

𝜕𝑦
𝜓, − 𝜕

𝜕𝑥
𝜓, 𝜆𝜓

)︁
=

𝜆

Re
V. (6)

Taking into account (3), we obtain the following expressions for the vorticity
vector:

Ω = 𝜆 exp
(︁ 𝑡𝜆
Re

)︁(︁ 𝜕

𝜕𝑦
𝜓, − 𝜕

𝜕𝑥
𝜓, −𝜓

)︁
. (7)

Note that the second term in the left-hand side of (5) coincides up to sign
with the first term in equation (6):

1

Re
∇×Ω =

𝜆

Re
exp

(︁ 𝑡𝜆
Re

)︁(︁
− 𝜕

𝜕𝑦
𝜓,

𝜕

𝜕𝑥
𝜓, −𝜆𝜓

)︁
= − 𝜆

Re
V. (8)

Finally, we compute the third term:

Ω×V = 𝜆 exp
(︁2𝑡𝜆
Re

)︁(︁
−(𝜆+ 1)𝜓

𝜕

𝜕𝑥
𝜓, −(𝜆+ 1)𝜓

𝜕

𝜕𝑦
𝜓, 0

)︁
=

= −∇
(︁𝜆(𝜆+ 1)

2
𝜓2 exp

(︁2𝑡𝜆
Re

)︁)︁
. (9)

Substituting expressions (6), (8), and (9) into formula (5), we arrive at the
fluid motion equation:

−∇
(︁𝜆(𝜆+ 1)

2
𝜓2 exp

(︁2𝑡𝜆
Re

)︁)︁
= −∇

(︁
𝑝+

V2

2
+𝐺

)︁
. (10)

For the velocity field V set by formula (4), the solution of equation (10), and
hence equation (1) with respect to the pressure field 𝑝 > 0 does exist and it is
determined to an arbitrary constant 𝑝0 ensuring the positivity of the pressure in
the region under study as

𝑝 = 𝑝0 −𝐺+
1

2

{︁
𝜆𝜓2 −

(︁ 𝜕

𝜕𝑥
𝜓
)︁2

−
(︁ 𝜕

𝜕𝑦
𝜓
)︁2}︁

exp
(︁2𝑡𝜆
Re

)︁
. (11)

Thus, for any solution 𝜓 = 𝜓(𝑥, 𝑦) of equation (3) and any field of body forces
𝐺, formulaes (4) and (11) specify the velocity and pressure fields of an exact
solution to the Navier–Stokes equations.
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3. The analysis of the obtained solution family. The projection of the
velocity (4) onto the plane 𝑂𝑥𝑦 coincides with the velocities of plane exact so-
lutions obtained in [17]. A comprehensive analysis of these exact solutions was
performed in [17]; therefore, in [17], one can become familiar with the projections
of the velocities and streamlines of solution (4) for various values of 𝜆 and for
various corresponding functions 𝜓.

It follows from the analysis of the formulaes for the velocity vector (4) and
the vorticity vector (7) that they are parallel when 𝜆 = −1. Thus, it is only in
the case 𝜆 = −1 that the found exact solution is helical [16–18].

Note that when 𝜆 = −1, one of the solutions to equation (3) is a stream
function of the form

𝜓 = − cos(𝑥/
√
2) cos(𝑦/

√
2).

The corresponding velocity field (4) coincides with the known exact Berker
solution [19]:

𝑉𝑥 = − cos(𝑘𝑥/
√
2) sin(𝑘𝑦/

√
2)/

√
2,

𝑉𝑦 = sin(𝑘𝑥/
√
2) cos(𝑘𝑦/

√
2)/

√
2,

𝑉𝑧 = cos(𝑘𝑥/
√
2) cos(𝑘𝑦/

√
2).

If 𝑘 = 1, this exact solution describes the flow of an ideal fluid in an infinite square
cross-section pipe (0 6 𝑥 6

√
2𝜋, 0 6 𝑦 6

√
2𝜋).

The construction of the exact solution (4) for the equations of motion of
a viscous incompressible fluid (1), (2) is based on finding eigenfunctions of the
Laplace equation (3). Recall that this approach was first proposed by Trkal [16].
When the classical Trkal method is applied, the velocity always decreases with
time since the exponent is −𝑡𝑘2/Re. In the family of the here-obtained solutions,
the velocity can increase with time. This is possible if the function 𝜓 corresponds
to the positive value of 𝜆. Such a stream function can be exemplified the formula

𝜓 = exp(2𝑥) cos 𝑦.

The substitution of this function to into formula (11) yields the following
pressure distribution in the fluid:

𝑝 = 𝑝0 −𝐺+
exp(2𝑥)

2

{︀
(𝜆− 4)(cos 𝑦)2 − (sin 𝑦)2

}︀
exp

(︁2𝑡𝜆
Re

)︁
. (12)

We assume that 𝜆 = 3 in (12), then the expression in the curly brackets proves
to be negative ((3 − 4)(cos 𝑦)2 − (sin 𝑦)2 = −1). Therefore, the corresponding
solution is time-bounded since, with any choice of 𝑝0, there exists such a point
in time that the pressure at some points reaches zero, and there appear caverns
(cavities) whose presence prevents from using the Navier–Stokes equations in the
entire region under study. The study of such flows is not the subject matter of this
paper; yet, the proposed class of exact solutions of the Navier–Stokes equations
allows us to describe blow-up flows.

4. Conclusion.The paper has presented a procedure for constructing a new
class of exact solutions to the Navier–Stokes equations for a viscous incompressible
fluid. The obtaining of the new family of exact solutions is based on the modified
Trkal method. The announced solutions of the Navier–Stokes equations have a
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number of interesting properties. We have shown that it is possible to describe
not only helical flows, exponentially damped with time, by the Trkal method.
We have found examples of non-helical flows of a viscous incompressible fluid
existing in finite time. In other words, they simulate fluid motions characterized
by blow-up regimes.
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and publication of this article.
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Новый класс невинтовых точных решений
уравнений Навье–Стокса
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Аннотация

Приведен новый класс точных решений уравнений Навье–Стокса.
Эти решения описывают нестационарные трехмерные по скоростям
и двумерные по координатам течения вязкой несжимаемой жидкости.
Процедура построения точного решения обобщает метод Тркала, пред-
ложенный для изучения винтовых течений. Новый класс точных реше-
ний позволяет описывать невинтовые течения (вектор скорости образует
ненулевой угол с вектором завихренности) и течения жидкости, суще-
ствующие конечное время.

Ключевые слова: уравнение Навье–Стокса, точное решение, метод
Тркала, собственные функции оператора Лапласа, невинтовые течения,
режимы с обострением.
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