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Abstract

Recently, the author defined and developed a new integral transform
namely the Khalouta transform, which is a generalization of many well-
known integral transforms. The aim of this paper is to extend this new inte-
gral transform to include different fractional derivative operators. The frac-
tional derivatives are described in the sense of Riemann-Liouville, Liouville-
Caputo, Caputo—Fabrizio, Atangana—Baleanu—Riemann—Liouville, and Atan-
gana—Baleanu—Caputo. Theorems dealing with the properties of the Khalouta
transform for solving fractional differential equations using the mentioned
fractional derivative operators are proven. Several examples are presented to
verify the reliability and effectiveness of the proposed technique. The results
show that the Khalouta transform is more efficient and useful in dealing
with fractional differential equations.
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Khalouta A.

1. Introduction. Nowadays, the field of fractional calculus is one of the most
vital fields for many researchers and scientists from all over the world, where frac-
tional calculus plays an important role in modeling and describing many phenom-
ena in many fields including quantum mechanics, plasma physics, chemistry, bi-
ology, psychology, electromagnetic theory and other different fields of science and
engineering, see the papers, [1-5]. Due to the increasing applications of fractional
calculus, there has been great interest in solving fractional differential equations.

Over the past decades, mathematicians and physicists have devoted great
efforts to finding robust and stable methods for solving fractional differential
equations representing real physical problems. Among these methods, the integral
transform method is considered one of the most effective methods to solve this
kind of equations.

There are many integral transforms that are used in different fields of science
such as physics, engineering, astronomy, etc. In particular, for solving fractional
differential equations, integral transforms are widely used and many research
works are carried out on the theory and applications of the Laplace transform,
Fourier transform, and Mellin transform. The most common integral transform
with an exponential-type kernel is the Laplace transform. Laplace transform has
proven its dominancy in engineering and applied science applications. In recent
years, many integral transforms with an exponential type kernel have been in-
troduced. In 1993, Watugula [6] presented the Sumudu transform. The natural
transform was developed by Khan [7] in 2008. In 2011, Elzaki invented the Elzaki
transform [8]. Atangana and Kiligman [9] in 2013, defined the novel transform.
In 2015, Srivastava et al. [10] introduced the M-transform. In 2016, many trans-
forms were proposed, such as the ZZ transform by Zafar [11], Ramadan Group
transform [12], a polynomial transform by Barnes [13], also, a new integral trans-
form was presented by Yang [14]. In 2017, other transforms were introduced, such
as the Aboodh transform [15] and the Rangaig transform [16], while the Shehu
transform [17] was created in 2019, by Maitama and Zhao.

In 2023, the author proposed a new integral transform called the Khalouta
transform [18], which is a new efficient technique to solve differential equations
with real applications in applied physical sciences and engineering. The advantages
of this new integral transform lie in the following;:

1) this transform covers those existing transforms such as Laplace, Aboodh,
Elzaki, Sumudu, natural, Shehu, and ZZ transforms for different values of
the transform variables;

2) this method transforms the differential problem into an algebraic problem
that can be easily solved;

3) the Khalouta transform method finds the solution without any discretiza-
tion, transformation or restrictive assumptions;

4) the Khalouta transform method can be used to solve a large number of
differential equations with minimal computational effort.

The main objective of this paper is to study the relationship between the
Khalouta transform and five different fractional derivative operators and then to
use the results obtained to solve fractional differential equations.

The outline of the paper is as follows. In Sect. 2, we explain some of the basic
concepts and properties of fractional calculus theory. In Sect. 3, we present the
definition of the Khalouta transform and some of its important properties that
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we need in our work. In Sect. 4, we prove the results and examine the relationship
between the Khalouta transform with the Riemann-Liouville fractional deriva-
tive, Liouville-Caputo fractional derivative, Caputo—Fabrizio fractional deriva-
tive, Atangana—Baleanu—-Riemann—Liouville derivative, and Atangana—Baleanu—
Caputo derivative, as well as some new results. In Sect. 5, we provide various
numerical examples to illustrate the precision of the results of the previous sec-
tions. Finally, the conclusion is given in Sect. 6.

2. Preliminary Concepts. In this section, we present some essential con-
cepts of fractional calculus necessary to prove our main results.

DEFINITION 1 [19]. The Riemann-Liouville fractional integral with order o > 0
for a function u € L!(R") is defined by

u(t) = F(la) /O (t — 1) Lu(r)dr, (1)

where I'( - ) is the Euler gamma function.

DEFINITION 2 [19]. The Riemann-Liouville fractional derivative with order
a > 0 for a function u € L'(R*) is defined by

D%u(t) = %anau(t) = F(nla)j;/o (t — T)"faflu(r)dT, 2)

where n — 1 < a < n, n = [a] + 1 with @] being the integer part of a.

DEFINITION 3 [19]. The Liouville-Caputo fractional derivative with order o > 0
for a function u is defined by

o _ n—aﬁu :# ¢ — ) a—1 (n) -
Doult) = P ult) = s [ 4= mir, @)

where n — 1 < a < n, n = [a] + 1 with [o] being the integer part of «.
DEFINITION 4 [19]. The two-parameter Mittag—Leffler function is defined by

)

> z
Eop(z) = Z a3 a, >0, zeC. (4)

If B =1, equation (4) reduced to the one-parameter Mittag—LefHler function as

follows ‘
A

o
z
E = S 0 C.
o(2) ZF(za—i—l) a>0, ze€
Now, for n =1 in equation (3), if transformations happen as follows

alt—1) 1 CF(w)
1—a> R VS S g

t—7)"— exp(—

the new definition of fractional derivative operator is expressed by Caputo and
Fabrizio.
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DEFINITION 5 [20]. The Caputo-Fabrizio fractional derivative with order «
when 0 < a < 1 for a function u € H'(R") is defined by

o,y CF(@) [* a(t —7)
D U/(t) = 1_0[/0 u (T) eXp(—ﬁ)dT,
where CF(«) is a normalization function that satisfies CF(0) = CF(1) = 1.

The above Caputo—Fabrizio fractional derivative was later modified by Jorge
Losada and Juan José Nieto as

DErFINITION 6 [21]. The Caputo-Fabrizio fractional derivative with order «
when 0 < a < 1 for a function u € H(R") is defined by

Dou(t) = (22(?)_63(0‘) /0 o (7) exp(—“)dr (5)

For CF(a) = 2/(2 — ) in equation (5), we have

Doult) = — /O " () exp(—M>dT. (6)

Cl-a 11—«

DEFINITION 7 [21]. The Caputo—Fabrizio fractional derivative with order a+n
when 0 < a < 1 and n > 1 is defined by

D u(t) = DY (D u(t)). (7)
DEFINITION 8 [22]. Let a function u(t) € HY(RT) and n — 1 < a < n, n € N*,

then the Atangana—Baleanu-Riemann-Liouville fractional derivative with order
« is defined by

AB(a) d* [! alt —1)¢
ABRoya
= Eo( -0 )ar,
() = T dtn/o u(r) Ba (-2 ) ar (8)
and the Atangana—Baleanu—Caputo fractional derivative with order « is defined
by
AB(a) [? alt — 1)
ABC qya _ (n) o
() = 100 /0 u () By (U= ar, (9)

where AB(«) represents the normalization function that satisfies the conditions
AB(0) = AB(1) = 1 and E,( ) is the Mittag—Leffler function for one-parameter.

3. Khalouta transform. Recently, the author introduced a new integral
transform, called the Khalouta transform, which is applied to solve ordinary and
partial differential equations. For more details, see [18§].

DEerFINITION 9. The Khalouta transform of the function wu(t) of exponential
order is defined over the set of functions

S ={u(t): I K, 91,92 > 0, |u(t)] < K exp(9,lt]), if t € (—=1)7 x [0, 00) },
by the following integral
s [ st
KHu(t)] = K(s,, :/ exp| —— |u(t)dt, 10
w()] = K(s,3m) = | e Jult) (10)
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where s, v, n > 0 are the Khalouta transform variables.
Some basic properties of the Khalouta transform are given as follows.

ProPERTY 1. The Khalouta transform is a linear operator. That is, if A and p
are non-zero constants, then

H[\u(t) + po(t)] = NKH[u(t)] £ pKHv(#)].

PrOPERTY 2. If u(™(t) is the n-th derivative of the function u(t) € S with
respect to “t” then its Khalouta transform is given by

n n—1 s \n—
BIu(0] =~ K(s.700) - Z(%) *u9)(0).
k=0

PROPERTY 3 (CONVOLUTION PROPERTY). Suppose K1(s,7,n) and Ka(s, 7y, n) are
the Khalouta transforms of w1 (t) and us (), respectively, both defined in the set S.
Then the Khalouta transform of their convolution is given by

KH] (w1 # u2)(1)] = 2 K1 (5,7, 0)Ka(s,7,1),

where 47 * ug is convolution of two functions defined by
t ¢
(ug * ug)(t) = / up(T)ug(t — 7)dr = / uy (t — 7)ua(7r)dr.
0 0

PropPERTY 4. Khalouta transform of some basic functions

KH[] = 1,
KH[] = 27,
S
n,n
[ } - I n=01,2,...,
vina
{ a—i—l} T sa a>-1
S
P = —
KH]exp(at)] p———

4. Main results. In this section, we prove new theorems related to the
Khalouta transform of different fractional deriative operators, namely Riemann—
Liouville fractional derivative, Liouville-Caputo fractional derivative, Caputo—
Fabrizio fractional derivative, Atangana—Baleanu—Riemann—Liouville fractional
derivative, and Atangana—Baleanu—Caputo fractional derivative. Moreover, we
prove a new and important results in solving fractional differential equations.

THEOREM 1. If K(s,v,n) is the Khalouta transform of the function u(t), then
the Khalouta transform of the Riemann—Liouville fractional integral for u(t) with

order «, is given by
A

KH[[%u(t)] = 782 K(s,v:m).
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Proof. Taking the Khalouta transform of both sides of equation (1) and using
Properties 3 and 4, we get

KH[I%u(t)] = KH[I /Ot(t — T)a_lu(T)dT:| -

N
_ KH[L%* su(t)] = WKH[tQ_l | KHfu() =
I'«) s I'(«)
= 732 K(s,v,n)-
The proof is complete. O

THEOREM 2. Let n € N* and o > 0 such that n —1 < o < n and K(s,7,n) is
the Khalouta transform of the function u(t), then the Khalouta transform of the
Riemann—Liouville fractional derivative of u(t) with order o, is given by

a n—1

KH[Du(t)] = ,analc(smn) - Z(%yﬂm_mu(o)-
k=0

Proof. According to the definition of the Riemann—Liouville fractional deriva-
tive (2)

Du(t) = %Hnﬂu(t),
let
v(t) =T1""%u(t), (11)
then "
Du(t) = —o(t) = o™ (¢). (12)

Taking the Khalouta transform of both sides of equation (11) and using The-
orem 1, we get

N—a,,N—x

ron

STL*CM

V(s,v,n) = KH[v(t)] = KH[I"™"u(t)] = K(s,v,m), (13)
where V(s,7,n) is the Khalouta transform of the function v(t).

Applying the Khalouta transform on both sides of equation (12) and using
Property 2, we get

n n—1 n—k

KH[Du(t)] = KHp™ ()] = ——V(s,7,m) = > (—)  v®)(0) =
D u(s)] = KER™ (1)) = V(s 7.m) k(w) (0)
n—1
s" g \ k+1
= Vis,ym) =Y (—) o *F D). (14

S e =3 (30 0. (14

From equation (11), we have
dnfkfl dnfkfl

v F=1)(0) = 1" “u(0) = D**~1y(0).  (15)

dt”_k_l U(O) = dtn—k—l
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Thus, by replacing equations (13) and (15) in equation (14), we obtain

«

KH[D u(t)] = 7;“ina/qs,m) - Z(%)kﬂma“u(oy
k=0

The proof is complete. O

THEOREM 3. Let n € N* and o > 0 such that n —1 < o < n and K(s,7,n) is
the Khalouta transform of the function u(t), then the Khalouta transform of the
Liouville-~Caputo fractional derivative of u(t) with order «, is given by

n—1
e

KH[Du(t)] = ,Yanalc(“’?%??) _ (;7>a_ku(k)(0)_
k=0

Proof We put
o(t) = u™(t). (16)

Then, according to the definition of the Liouville-Caputo fractional derivative
in equation (3), we have

Yu(t) = o t — ey () dr =
Dult) = s [ (0=7) (r)d

_; K _Tn—a—l,UT P n—av
= = L = =, )

Taking the Khalouta transform of both sides of equation (17) and using The-
orem 1, we get

,yn—oz n—o
KH[D%u(t)] = KH[I"™%v(t)] = ———5—V(s,7,n), (18)
where V(s,~,n) is the Khalouta transform of the function v(t).
Applying the Khalouta transform on both sides of equation (16) and using
Property 2, we get

KHv(t)] = KH[u™ (@),
n n-l n—k
V(37 ’ ) - %K(Sv ) )_ i u(k)(o)
7. el SRR k:o<777>

Therefore, equation (18) becomes

-1

KE[D*u(t)] = = ( = K(s,,1) — Z(;])”‘ku<k> (o)> -
k=0

3

Y

The proof is complete. g
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THEOREM 4. Let K(s,v,n) be the Khalouta transform of the function u(t), then
the Khalouta transform of the Caputo—Fabrizio fractional derivative of u(t) with
order a« +n when 0 < a < 1 and n € NU {0}, is given by

S s™ n sk
KH[D*"u ()] = ( K -3 _Hu@m .

s —a(s—yn) \y"n e U

Proof. According to the definition of the Caputo—Fabrizio fractional deriva-
tive in equation (6) and using relation (7), we get

KH[D**"u(t)] = KH[D*(D"u(t))] =

1 o0

s st t alt—71)
— 2 _2r (n+1) =7 —
o exp( 777) (/0 u (T)exp( T a )dT)dt

=1 i a% 000 exp(—jf}) <u("+1)(t) * exp(—%))dt =

1fKH[ (”H)(t) * exp(— 1 (itaﬂ .

Using Properties 2, 3, and 4, we have

KH[Du(t)] = 1ia7577KH[ (n+1) ¢ )]KH[exp(—lat )} _

—

n+1 n n—k+1
_ m 5 s (k) _
K e 0)) =
s(1—a) +ayn <7"+177”+1 (&%) kZ:O<’m> i )>

S g™ n Sn—k
N ( o K(8:7:m) = Zn_kn_k“(k)(o))

s —a(s —yn) \7"n =

The proof is complete. O

Ol

THEOREM 5. Let o, B> 0, a € R, and |a| < ——, then
yen®

g0 B+1n 8101

KH[t? ' E,, 5(—at®)] =
[ a,,B( a )] S+ qryen®

Proof. Taking the Khalouta transform of the function t°~1E, 5(—at®), we
obtain

/-1 « S > st B—1 «
KH[t" " Eq g(—at®)] = — exp(——)t E,p(—at®)dt =
0 m

m
IR VR AW U Gl
_777/0 exp( n)t kzo (k‘a—}—ﬁ)dt_
o - S (_a)k > o
_Z’mf(ka—i-ﬂ)/o exp( 5 )t FB=1dt. (19)
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Now, by integration by parts, we have

/oooeXp< ﬂyf])tak—w tt = (7;7) lka+ B). (20)

Substituting equation (20) into equation (19), we get

KH[t? ™! By (—at®)] = i ° (_“)k) <’Yn>ak+ﬁf(kza +8) =

“ Ika+ 6
ak+p— 1 B—1 2, _qnOnn k
_a)k = ﬂ) (M) _
< S ) a) ( S Z s%
k=0
7n>ﬁ 1 1 _ (’777>5*1 s _
s 1_ (—a;/:na) —\s 5% 4 ayene -
a—B+1.6-1,6-1
s e/ iy ’ <1
The proof is complete. O

THEOREM 6. Let KC(s,7y,n) be the Khalouta transform of the function u(t). Then

the Khalouta transform of the Atangana—Baleanu—Riemann—Liouville fractional
derivative is expressed as

st AB(a)

ABR —
KH[ :Dau(t)] - (80")/n_17]n_1 _ a(sa,-yn—lnn—l _ fya-l—n—lna-l-n—l))K(s’ 7 77)

Proof. Using the definition of the Khalouta transform (10) and the Atangana—
Baleanu-Riemann-Liouville fractional derivative (8), we get

KH[AB%%@)} :KH[AB (o) & / u(r)Es [—M}df].
0

1—a dt? 11—«

Applying the properties of the Khalouta transform 2 and 3, we get

KH[ABRDy(t)] = AB(O‘)KH[ﬁ (u(t) *Ea<— at? m _

11—« dtn l-—a
= A8 (o) Z( ) a0y ) =
B i) -

st AB(a)
( an—1lpn—1 _ an—1l,n—1 _ ~at+n—1pa+n—1 )IC(S,’}/,H).
sy a(s*y"In yoatn=ipatn=t)

The proof is complete. O

THEOREM 7. Let K(s,v,n) be the Khalouta transform of the function u(t). Then

the Khalouta transform of the Atangana—Baleanu—Caputo fractional derivative is
expressed as
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KH[ABCD(t)] =

n—1

s¢ « g1 s \n—k—
- <SO‘ — a(?olcg(_ iogfa)) (,yn—lnn—llc(sv% 77) - kZ:O(W> ¢ lu(k) (0)>

Proof. Using the definition of the Khalouta transform (10) and the Atangana—
Baleanu—Caputo fractional derivative (9), we get

KH[ABCD%(t)] = KH[AB( @) / u<">(T)Ea(M)dT]
0

l—«o l—«o

Applying the properties of the Khalouta transform 2 and 3, we get

KH[*BCD%y(t)] = /1115; (a )KHK RIORNE 10‘_taa>)] _
= P2 (o, (7)) =
_ AB(a) s¢ s o/ 5 \n— k B
Cl-a 5% 4 722 770‘1’77<'y”77”’q kzzo(m) >_
s*AB(«) snt il n—k— 1
(1 — ) + ayen® <7”177 e ) O< ) -
_ s* AB() 5" Tl g \n—k— L
a <8“ — s> — 7"‘n°‘)> (7”‘1?7 S O(Wz> (0))
The proof is complete. O

5. Applications. In this section, we demonstrate the simplicity and applica-
bility of the Khalouta transform with different fractional derivative operators to
solve fractional differential equations.

ExampLE 1. Consider the following Riemann-Liouville fractional differential
equation

DY2u(t) 4 u(t) = 0, (21)
with the initial condition
D~/2u(0) = 2. (22)

Taking the Khalouta transform of both sides of equation (21) and using The-
orem 2, we get

51/2 n—l s \ k+1 o
W’C(Sa%n) - Z(%) D27 E1u(0) + K(s,v,m) = 0. (23)
k=0

Substituting the initial condition (22) into equation (23), we get

1/2 25

S
(W -+ 1)’C(S,’y,7’]) — % = 0.
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So 25y~ 1/2=1/2
K(s,v.m) = S172 4 A1/217

According to Theorem 5, when o« = 1/2, f =1/2, and a = 1, we have

95y~ 1/2=1/2

S i — KH [2t72E) g1 0(—tY?)].  (24)

KH[u(t)] = K(s,v,n) =

Taking the inverse Khalouta transform of both sides of equation (24), to obtain
u(t) = 2’571/2E1/2,1/2(—t1/2)-

This is the exact solution of equations (21) and (22), which is the same result
as obtained using the natural transform [23].
ExaMPLE 2. Consider the following Riemann-Liouville fractional differential
equation
Du(t) — Au(t) = f(t), t>0, n—1<a<n, (25)

with the initial conditions
D F Ly (0) = ap, k=0,1,2,..., (26)

where A and aj are constants.
Taking the Khalouta transform of both sides of equation (25) and using The-
orem 2, we get
a n—1

S

s \ k+1
—K(s,v,n) — — D 1u(0) — MNKC(s,7,n) = F(s,7,n), 27
N CER) ;}(W) (0) = AK(s,7m) = Fls,7,m),  (27)

where F(s,v,n) is the Khalouta transform of the function f(¢).
Substituting the initial conditions (26) into equation (27), we get

s n—1 s \ K+l
_)‘>K S, 7, M) — (7> bk:f877777'
(e~ )l m) ;} - (5,71)
So
—1 k41 0—k—1,a—k—1
7o « sy
K sV =—F—F sV by, =
(s,7,m) e s (5,7,m) + kzz:o s — Ayapa k
_ _ —1 e e
_ ﬂ S’}/a 11704 1 F(S ., ,’7) +”z: Sk-i-l,yoz k 17,,04 k 1b
s s — )\,yana 7 s — )\,yana k-

k=0
According to Theorem 5 and Property 3, we have
KHlu(t)] = K(s,v,n) =
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n—1
= LIKH[t"™ B (M) (s,7,m) + Y bIKH[E ™ By 0 (M) =
k=0

n—1
::H(Eﬂ[[t“1fﬁha(At“)a<f(tﬂ +—§E:bktaklllhak(Ata)}::

00 = n—1
= KH [/ (t=7)* " Baa (At = 7)) f(T)dT +> bkta—k—lEW_k(/\ta)} .
0 k=0

(28)
Taking the inverse Khalouta transform of both sides of equation (28), to obtain

n—1

u(t) = /0 (=€ Ea (At = 7)) F(r)dr + Y bt By o (M),

k=0

This is the exact solution of equations (21) and (22) which is the same result
as obtained using the Sumudu transform [24].

ExampPLE 3. Consider the following Liouville-Caputo fractional differential
equation
D%(t) =u(t)+1, 0<a<l, (29)
with the initial condition
u(0) = 0. (30)

Taking the Khalouta transform of both sides of equation (29) and using The-

orem 3, we get
(6

s
,yoznoclc(s’fy’n) = K(&’Yﬂ?) +1.
So o
7
K(s,v,n) = o oo’
§& =71
According to Theorem 5, when 8 = a + 1, and a = —1, we have
7
KH[u(t)] = K(s,7v,n) = e KH[t* Ea a41(t%)]- (31)

Taking the inverse Khalouta transform of both sides of equation (31), to obtain
u(t) = t“Eg a1 ().

This is the exact solution of equations (29) and (30) which is the same result
as obtained using the Aboodh transform [25].

ExamPLE 4. Consider the following Liouville-Caputo fractional Bagley—Torvik
equation
u"(t) + D¥2u(t) + u(t) = 1+, (32)

with the initial conditions
u(0) = u/(0) = 1. (33)
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Taking the Khalouta transform of both sides of equation (32) and using Prop-
erties 2, 4 and Theorem 3, we get

2 52 $3/2

S s
,YQUQIC(577377) - WU(O) - %U (0) + W’C(Sv% n) —

P a0) = = o)+ K 1+ (34
—WU()—WU()‘F (s,7.m) = T (34)

Substituting the initial conditions (33) into equation (34), we get

&2 $3/2
(72772 + ~3/273/2 + 1)K(377a n) =

2 3/2 1/2

B m s 5 s s

=1+ + 22 o + EYERCY + YEIYER (35)
Then, equation (35) becomes

2 $3/2 N $3/2
(72772 + ~320372 T 1>IC(S’%77) - (1 + ?) (72772 + ~37273/2 T 1)'
So n
KE[u(t)] = K(s..m) = 1+ 22, (36)

Taking the inverse Khalouta transform of both sides of equation (36), to obtain
u(t) =1+t.
This is the exact solution of equations (32) and (33), which is the same result

as obtained using the Shehu transform [26].

ExamPLE 5. Consider the following Caputo—Fabrizio fractional differential
equation
Du(t) =t, 0<a<l, (37)

with the initial condition

u(0)=¢, ceR (38)

Taking the Khalouta transform of both sides of equation (37) and using The-
orem 4, we get

1
m[ﬂc(sa v,n) — su(0)] = KH[t], (39)

Substituting the initial condition (38) into equation (39) and using Property 4,
we get

s - M
m[’c(&%ﬁ) ] s
So
KHu(t)] = K(s,7,7) = 215~ “(88_2 mlres _ —a) +oﬂz;72. (40)
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Taking the inverse Khalouta transform of both sides of equation (40), we get

u(t) =c+ (1 —a)t+at22. (41)

Note that, when o = 1 in equation (41), we obtain
2
t) = —.
u(t) =c+ 5
This is the exact solution of equations (37) and (38) which is the same result
as that obtained using the Laplace transform [27].
ExampPLE 6. Consider the following Caputo—Fabrizio fractional differential
equation
D(t) +u(t) =0, 0<a<l, (42)

with the initial condition
u(0) = 1. (43)

Taking the Khalouta transform of both sides of equation (42) and using The-
orem 4, we get

1

m[s’c(& v,m) — su(0)] + K(s,v,m) = 0. (44)

Substituting the initial condition (43) into equation (44), we get

s_a(i_w)[S’C(&% n) — 5]+ K(s,7.n) = 0.
So
s 1 s
KHu(t)] = K(s,7,1) = 2-a)s+ay 2-a (5 T 2304777) (45)

Taking the inverse Khalouta transform of both sides of equation (45), we get

1

u(t) = 2_aexp(—2fat>. (46)

Note that, when a = 1 in equation (46), we obtain

u(t) = exp(—t).

This is the exact solution of equations (42) and (43), which is the same result
as that obtained using the Sumudu transform [28].

ExaMmpLE 7. Consider the following Atangana—Baleanu—Riemann—Liouville frac-
tional differential equation

ABR@@u(t) +u(t) = f(t), 0<a<l, (47)

with the initial condition
u(0) = 0. (48)
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Taking the Khalouta transform of both sides of equation (47) and using The-
orem 6, we get

( s*AB(«)

s Oé(Sa _ ,Yoznoz)

)EAs,7:m) + K(s,7,m) = KEF (1), (49)

Simplifying equation (49), then we have

s — a(sa . ,yana)
s AB(a) + s* — as* — yon®

K(s,v,n) = ( )>f(s,w?)- (50)

Taking the inverse Khalouta transform of both sides of equation (50), we get

s — Ot(Sa _ ,yanoa)
sCAB(a) + s* — as* — yon®)

u(t) = KH™ [( )f(&% 77)]

If f(t) = sin(t), then equation (47) becomes
ABED (1) + u(t) =sin(t), 0<a <1,
and the exact solution is

g% — Oé(Sa _ ,yana) s (51)
s®AB(a) + 5% — as* —yo1*) s* + 427}

u(t) = KH*[

Note that, when o = 1 in equation (51), we obtain

u(t :KH—l[ S }:
®) s +n s 4+ 212
1 s 1 52 1 sy
_ -1 _
= KH [5 T 942 22+§2 22}_
s+ $% +v°n 8%+ y°n

_ %(exp(—t) — cos(t) + sin(t)).

This is the exact solution of equations (47) and (48), which is the same result
as obtained using the Shehu transform [29].

ExaMmpLE 8. Consider the following Atangana—Baleanu—Caputo fractional dif-

ferential equation
ABCay(t)y = u(t), 0<a<l, (52)

with the initial condition
u(0) = 1. (53)
Taking the Khalouta transform of both sides of equation (52) and using The-
orem 7, we get
s*AB(«)
sl — a) + ayen®

(]C(57’Y777) - ’LL(O)) = K:(Saf)/?n)‘ (54)

Substituting the initial condition (53) into equation (54), we get

s*AB(a)
s9(1 — a) + ayn®

(K(vaa 77) - 1) = IC(S7’Y777)'
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So
AB(«)
K(s;v,m) = el 55
(s:7.m) AB(a) —=1+a—all (55)
Equation (55) can be rewritten as
_ _ AB(a) B ! Yn*\ 1
KHpu(o)] = Ko 1) = (AB(a)—l—I—a)< @ —Tra ) -

Taking the inverse Khalouta transform of both sides of equation (56) and using
Property 4, we get

AB(«)

) = iBla) — 1+ a) a(AB(a) 1+ 2t):

(57)

Note that, when o = 1 in equation (57), we obtain
u(t) = Ex(t) = exp(t).

This is the exact solution of equations (52) and (53), which is the same result
as obtained using the ZZ transform [30].

6. Conclusion. In this paper, we have studied the application of the Khalouta
transform method to obtain exact solutions of homogeneous and inhomogeneous
linear fractional differential equations using different fractional derivative opera-
tors. Various examples have been used to illustrate the effectiveness of this tech-
nique. The results obtained have shown that the Khalouta transform is a powerful
tool and an efficient method for solving initial value problems in the fields of ap-
plied mathematics and engineering. In the future, we hope to extend the Khalouta
transform method to solve initial value problems by considering other fractional-
order differential equations that have not yet been solved analytically.

Competing interests. I have no competing interests.

Authors’ contributions and responsibilities. I take full responsibility for submitting
the final version of the manuscript for publication. The final version of the manuscript
has been approved by me.

Funding. The research was conducted without financial support.

References

1. Chen Y., Moore K. L. Analytical stability bound for a class of delayed fractional-order
dynamic systems, Nonlinear Dyn., 2002, vol. 29, pp. 191-200. DOI: https://doi.org/10.
1023/A:1016591006562.

2. Friedrich C. Relaxation and retardation functions of the Maxwell model with frac-
tional derivatives, Rheol. Acta, 1991, vol. 30, pp. 151-158. DOI: https://doi.org/10.1007/
BF01134604.

3. Khalouta A. The existence and uniqueness of solution for fractional Newel-Whitehead—Segel
equation within Caputo—Fabrizio fractional operator, Appl. Appl. Math., 2021, vol. 16, no. 2,
pp- 894-909. https://digitalcommons.pvamu.edu/aam/voll6/iss2/7/.

4. Khalouta A. A novel representation of numerical solution for fractional Bratu-type equation,
Adv. Stud.: Euro-Tbil. Math. J., 2022, vol. 15, no.1, pp. 93-109. DOI: https://doi.org/
10.32513/asetmj/19322008207.

422


https://doi.org/10.1023/A:1016591006562
https://doi.org/10.1023/A:1016591006562
https://doi.org/10.1007/BF01134604
https://doi.org/10.1007/BF01134604
https://digitalcommons.pvamu.edu/aam/vol16/iss2/7/
https://doi.org/10.32513/asetmj/19322008207
https://doi.org/10.32513/asetmj/19322008207

Khalouta transform via different fractional derivative operators

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Magin R. L., Ingo C., Colon-Perez L., et al. Characterization of anomalous diffusion in
porous biological tissues using fractional order derivatives and entropy, Microporous Meso-
porous Mater., 2013, vol. 178, pp. 39-43. DOI: https://doi.org/10.1016/j .micromeso.
2013.02.054.

Watugula G. K. Sumudu transform: A new integral transform to solve differential equations
and control engineering problems, Int. J. Math. Educ. Sci. Technol., 1993, vol. 24, no. 1,
pp- 35-43. DOI: https://doi.org/10.1080/0020739930240105.

Khan Z. H., Khan W. A. N-transform — properties and applications, NUST J. Eng. Sci,
2008, vol. 1, no. 1, pp. 127-133.

Elzaki T. M. The new integral transform “Elzaki transform”, Glob. J. Pure Appl. Math.,
2011, vol.7, no.1, pp. 57-64. https://www.ripublication.com/gjpamv7/gjpamv7nl_7.
pdf.

Atangana A., Kiligman A. A novel integral operator transform and its application to
some FODE and FPDE with some kind of singularities, Math. Probl. Eng., 2013, 531984.
DOI: https://doi.org/10.11565/2013/531984.

Srivastava H. M., Luo M., Raina R. K. A new integral transform and its applications, Acta
Math. Sci., Ser. B, Engl. Ed., 2015, vol. 35, no. 6, pp. 1386-1400. DOI: https://doi.org/
10.1016/S0252-9602(15)30061-8.

Zafar Z. U. A. ZZ transform method, Int. J. Adv. Eng. Glob. Technol., 2016, vol. 4, no. 1,
pp. 1605-1611.

Ramadan M., Raslan K. R., El-Danaf T., Hadhoud A. On a new general integral transform:
Some properties and remarks, J. Math. Comput. Sci., 2016, vol. 6, no. 1, pp. 103-109. https:
//scik.org/index.php/jmcs/article/view/2392.

Barnes B. Polynomial integral transform for solving differential equations, Fur. J. Pure
Appl. Math., 2016, vol.9, no.2, pp. 140-151. http://www.ejpam.com/index.php/ejpam/
article/view/2531.

Yang X. J. A new integral transform method for solving steady heat-transfer problem,
Thermal Science, 2016, vol. 20 (Suppl. 3), pp. S639-S642. DOI: https://doi.org/10.2298/
TSCI16S3639Y.

Aboodh K. S.; Abdullahi I.;, Nuruddeen R. I. On the Aboodh transform connections with
some famous integral transforms, Int. J. Eng. Inf. Syst., 2017, vol. 1, no.9, pp. 143-151.
http://ijeais.org/wp-content/uploads/2017/11/IJEAIS171116.pdf.

Rangaig N., Minor N., Penonal G., et al. On another type of transform called Rangaig
transform, Int. J. Partial Differ. Equ. Appl., 2017, vol. 5, no. 1, pp. 42-48. DOI: https://
doi.org/10.12691/ijpdea-5-1-6.

Maitama S., Zhao W. New integral transform: Shehu transform a generalization of
Sumudu and Laplace transform for solving differential equations, Int. J. Anal. Appl.,
2019, vol.17, no.2, pp. 167-190, arXiv:1904.11370 [math.GM]. DOI: https://doi.org/
10.28924/2291-8639-17-2019-167.

Khalouta A. A new exponential type kernel integral transform: Khalouta transform and its
applications, Math. Montisnigri, 2023, vol. 57, pp. 5-23. DOI: https://doi.org/10.20948/
mathmontis-2023-57-1.

Kilbas A. A., Srivastava H. M., Trujillo J. J. Theory and Applications of Fractional Diffe-
rential Equations, North Holland Mathematics Studies, vol. 204. Amsterdam, Elsevier, 2006,
xv+523 pp. DOI: https://doi.org/10.1016/s0304-0208(06)x8001-5. EDN: YZECAT.
Caputo M., Fabrizio M. A new definition of fractional derivative without singu-
lar kernel, Progr. Fract. Differ. Appl., 2015, vol.1, no.2, pp. 73-85. https://www.
naturalspublishing.com/files/published/0gb83k287mo759.pdf.

Losada J., Nieto J. J. Properties of a new fractional derivative without singular kernel, Progr.
Fract. Differ. Appl., 2015, vol. 1, no. 2, pp. 87-92. https://www.naturalspublishing.com/
files/published/2j1ns3h802s789.pdf.

Atangana A., Baleanu D. New fractional derivatives with non-local and non-singular
kernel: Theory and application to heat transfer model, Thermal Science, 2016,

423


https://doi.org/10.1016/j.micromeso.2013.02.054
https://doi.org/10.1016/j.micromeso.2013.02.054
https://doi.org/10.1080/0020739930240105
https://www.ripublication.com/gjpamv7/gjpamv7n1_7.pdf
https://www.ripublication.com/gjpamv7/gjpamv7n1_7.pdf
https://doi.org/10.1155/2013/531984
https://doi.org/10.1016/S0252-9602(15)30061-8
https://doi.org/10.1016/S0252-9602(15)30061-8
https://scik.org/index.php/jmcs/article/view/2392
https://scik.org/index.php/jmcs/article/view/2392
http://www.ejpam.com/index.php/ejpam/article/view/2531
http://www.ejpam.com/index.php/ejpam/article/view/2531
https://doi.org/10.2298/TSCI16S3639Y
https://doi.org/10.2298/TSCI16S3639Y
http://ijeais.org/wp-content/uploads/2017/11/IJEAIS171116.pdf
https://doi.org/10.12691/ijpdea-5-1-6
https://doi.org/10.12691/ijpdea-5-1-6
https://arxiv.org/abs/1904.11370
https://doi.org/10.28924/2291-8639-17-2019-167
https://doi.org/10.28924/2291-8639-17-2019-167
https://doi.org/10.20948/mathmontis-2023-57-1
https://doi.org/10.20948/mathmontis-2023-57-1
https://doi.org/10.1016/s0304-0208(06)x8001-5
https://elibrary.ru/YZECAT
https://www.naturalspublishing.com/files/published/0gb83k287mo759.pdf
https://www.naturalspublishing.com/files/published/0gb83k287mo759.pdf
https://www.naturalspublishing.com/files/published/2j1ns3h8o2s789.pdf
https://www.naturalspublishing.com/files/published/2j1ns3h8o2s789.pdf

Khalouta A.

23.

24.

25.

26.

27.

28.

29.

30.

424

vol. 20, no. 2, pp. 763-769, arXiv: 1602.03408 [math.GM]. DOI: https://doi.org/10.2298/
TSCI160111018A.

Rawashdeh M. S.; Al-Jammal H. Theories and applications of the inverse fractional natural
transform method, Adv. Differ. Equ., 2018, vol. 2018, 222. DOI: https://doi.org/10.1186/
513662-018-1673-0.

Bodkhe D. S., Panchal S. K. On Sumudu transform of fractional derivatives and its appli-
cations to fractional differential equations, Asian J. Math. Comp. Res., 2016, vol. 11, no. 1,
pp. 69-77. https://ikprress.org/index.php/AJOMCOR/article/view/380.

Aruldoss R., Devi R. A. Aboodh transform for solving fractional differential equations, Glob.
J. Pure Appl. Math., 2020, vol. 16, no. 2, pp. 145-153. https://www.ripublication.com/
gjpam20/gjpamvi6én2_01.pdf.

Belgacem R., Baleanu D., Bokhari A. Shehu transform and applications to Caputo—
Fractional differential equations, Int. J. Anal. Appl., 2019, vol.17, no.6, pp. 917-927.
DOI: https://doi.org/10.28924/2291-8639-17-2019-917.

Toprakseven 3. The existence and uniqueness of initial-boundary value problems of the
fractional Caputo—Fabrizio differential equations, Univers. J. Math. Appl., 2019, vol. 2, no. 2,
pp. 100-106. DOI: https://doi.org/10.32323/ujma.549942.

Akgul A., Ozturk G. Application of the Sumudu transform to some equations with fractional
derivatives, Sigma J. Eng. Nat. Sci., 2023, vol. 41, no. 6, pp. 1132-1143. DOI: https://doi.
org/10.14744/sigma.2023.00137.

Bokhari A., Baleanub D., Belgacem R. Application of Shehu transform to Atangana-
Baleanu derivatives, J. Math. Comput. Sci., 2020, vol. 20, no. 2, pp. 101-107. DOI: https://
doi.org/10.22436/jmcs.020.02.03.

Jena R. M., Chakraverty S., Baleanu D., Alqurashi M. M. New aspects of ZZ trans-
form to fractional operators with Mittag—Leffler kernel, Front. Phys., 2020, vol.8, 352.
DOI: https://doi.org/10.3389/£phy.2020.00352.


https://arxiv.org/abs/1602.03408
https://doi.org/10.2298/TSCI160111018A
https://doi.org/10.2298/TSCI160111018A
https://doi.org/10.1186/s13662-018-1673-0
https://doi.org/10.1186/s13662-018-1673-0
https://ikprress.org/index.php/AJOMCOR/article/view/380
https://www.ripublication.com/gjpam20/gjpamv16n2_01.pdf
https://www.ripublication.com/gjpam20/gjpamv16n2_01.pdf
https://doi.org/10.28924/2291-8639-17-2019-917
https://doi.org/10.32323/ujma.549942
https://doi.org/10.14744/sigma.2023.00137
https://doi.org/10.14744/sigma.2023.00137
https://doi.org/10.22436/jmcs.020.02.03
https://doi.org/10.22436/jmcs.020.02.03
https://doi.org/10.3389/fphy.2020.00352

Bectn. Cam. roc. texH. yH-ta. Cep. ®us.-mat. Hayku. 2024. T. 28, Ne 3. C.407-425
ISSN: 2310-7081 (online), 1991-8615 (print) d  https://doi.org/10.14498/vsgtu2082
EDN: QNZQSC

YIK 519.642.2
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AnHOTaMSA

Hemasro aBTOpOM OBIIO BBEIEHO M Pa3pabOTAHO HOBOE MHTEIPAJIBHOE
peobpazoBaHue, KOTOpoe 0000IAeT MHOYKECTBO U3BECTHBIX MHTEIPAJIbHBIX
npeobpazoBanuit. [lenb 3T0it pabOTh — pacIIupeHne JaHHOTO HHTErPaIbHO-
ro npeobpaszoBanus (npeobpazoBanue XaJyThl) PA3/IMIHBIMU OIIEPATOPAMU
JipobHOit Tpon3BoHOi. PaccMmaTpuBaiorcs ApoOHbIE TPOU3BO/IHBIE B CMBICTIE
Pumvmana—/Inysunng, Tnysuna—Kamnyro, Kanyro—®abpumnmo, Aranransi—ba-
neany-Pumana—JInysumas u Aranransi-Bameany—Kamyro. /Tokasansr Teo-
PEMBI, KaCAIOIHecss CBOMCTB peodpa3oBaHusl XaJlyThl JJIs PEIIeHus 1poo-
HBIX JuddepeHnaIbHbIX YPABHEHNH C UCIIOIb30BAHIEM YKA3aHHBIX Oll€Pa-
TOPOB JPOOHOMI Tpom3BO/IHOM. [IpuBeIeHO HECKOJBKO MPUMEPOB IJIs IIPO-
BEPKH HaJIe?KHOCTH U 3(P(HEKTUBHOCTU IIPEJIOZKEHHON TeXHUKH. Pe3ysbra-
TBI TIOKA3BIBAIOT, ITO TPEOOPA30BAHNE XATYThI ABIIETCT 3DDEKTUBHBIM UH-
CTPYMEHTOM Iipu paboTe ¢ ApobHbIME MM dEPEHITNATLHBIMI YPABHEHUSIMU.

KuroueBbie ciioBa: npobubie muddepeHimaibHble ypaBHEHU ], TPeodpa3o-
BaHue XaJiyThl, Ipou3BoHast Pumana—JluyBusiist, npousBoHast JIunyBuiiis—
Kanyro, npoussonnas Kanyro—Pabpuimo, npoussoatas Aranraasi—baJjiea-
ny—-Pumana—/Inysusis, npoussonnas Aranransi-baseany—Kamyro, Tounoe
pelleHue.
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