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Abstract

This article investigates the inverse problem for time-fractional diffusion
equations with periodic boundary conditions and integral overdetermina-
tion conditions on a rectangular domain. First, the definition of a classical
solution to the problem is introduced. Using the Fourier method, the di-
rect problem is reduced to an equivalent integral equation. The existence
and uniqueness of the solution to the direct problem are established by em-
ploying estimates for the Mittag–Leffler function and generalized singular
Gronwall inequalities.

In the second part of the work, the inverse problem is examined. This
problem is reformulated as an equivalent integral equation, which is then
solved using the contraction mapping principle. Local existence and global
uniqueness of the solution are rigorously proven. Furthermore, a stability
estimate for the solution is derived.

The study contributes to the theory of inverse problems for fractional
differential equations by providing a framework for analyzing problems with
periodic boundary conditions and integral overdetermination. The methods
developed in this work can be applied to a wide range of problems in math-
ematical physics and engineering, where time-fractional diffusion models are
increasingly used to describe complex phenomena.
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1. Introduction. Periodic boundary conditions (PBCs) are a set of boundary
conditions often chosen to approximate a large (infinite) system by using a small
part called a unit cell. PBCs are widely used in computer simulations and math-
ematical models. The topology of two-dimensional PBCs is analogous to that of
a world map in some video games; the geometry of the unit cell satisfies perfect
two-dimensional tiling, and when an object passes through one side of the unit
cell, it reappears on the opposite side with the same velocity (see [1–3]).

PBCs arise in many important applications in heat transfer and life sciences
[4–8]. In these studies, the existence, uniqueness, and continuous dependence of
the solution on the data were proven, and numerical solutions to the diffusion
problem with periodic boundary conditions were developed.

Various formulations of inverse problems for determining thermal coefficients
in the one-dimensional heat equation have been studied in [8–11]. It is impor-
tant to note that in [8, 9], the time-dependent thermal coefficient is determined
from a nonlocal overdetermination condition. Additionally, in [12–14], the coeffi-
cients of the heat equation are determined for cases involving nonlocal boundary
conditions.

The studies [15–19] investigated the inverse problem of finding diffusion co-
efficients in one- and multi-dimensional time-fractional equations. Under certain
assumptions about the data, the existence, uniqueness, and continuous depen-
dence of the solution on the data were established.

The problem of determining the kernel 𝑘(𝑡) of the integral term in an integro-
differential heat equation has been extensively studied in numerous publications
[20–28]. These studies address both one- and multidimensional inverse problems
with classical initial and initial-boundary conditions. Theorems on the existence
and uniqueness of solutions to these inverse problems have been proven.

In the present study, the determination of the coefficient in the time-fractional
diffusion equation is considered under initial and periodic boundary conditions.
The existence and uniqueness of a classical solution to the problem (1)–(4) are
established using the fixed-point principle via the Fourier method.

2. Formulation of the Problem. We consider the following initial-periodic
boundary value problem for the fractional diffusion equation:

𝜕𝛼
𝑡 𝑢− 𝑢𝑥𝑥 + 𝑎(𝑡)𝑢 = 𝑓(𝑥, 𝑡), (𝑥, 𝑡) ∈ 𝐷𝑇 , (1)

𝑢(𝑥, 0) = 𝜙(𝑥), 𝑥 ∈ [0, 𝑙], (2)
𝑢(0, 𝑡) = 𝑢(𝑙, 𝑡), 𝑢𝑥(0, 𝑡) = 𝑢𝑥(𝑙, 𝑡), 𝜙(0) = 𝜙(𝑙), 𝜙′(0) = 𝜙′(𝑙), 𝑡 ∈ [0, 𝑇 ], (3)

where 𝜕𝛼
𝑡 is the Caputo fractional derivative of order 0 < 𝛼 ⩽ 1 in the time

variable (see Definition 2), 𝑎(𝑡), 𝑡 > 0, is the source control term, 𝑓(𝑥, 𝑡) is the
known source term, 𝜙(𝑥) is the initial temperature, 𝑇 is an arbitrary positive
number, and 𝐷𝑇 := {(𝑥, 𝑡) : 0 < 𝑥 < 𝑙, 0 < 𝑡 ⩽ 𝑇}.
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The problem of determining a function 𝑢(𝑥, 𝑡), (𝑥, 𝑡) ∈ 𝐷𝑇 , that satisfies (1)–
(3) with given functions 𝑎(𝑡), 𝑓(𝑥, 𝑡), and 𝜙(𝑥) will be called the direct problem.

In the inverse problem, it is required to determine the coefficient 𝑎(𝑡), 𝑡 > 0, in
(1) using overdetermination conditions about the solution of the direct problem
(1)–(3):

𝑢𝑥(0, 𝑡) = ℎ(𝑡), 𝑥 ∈ [0, 𝑙], (4)

where ℎ(𝑡) is a given function.
Let 𝑢(𝑥, 𝑡) be a classical solution to the problem (1)–(3), and let 𝑓 , 𝜙, and ℎ

be sufficiently smooth functions.
We perform the following transformation of the inverse problem (1)–(4). For

this purpose, denote the second derivative of 𝑢(𝑥, 𝑡) with respect to 𝑥 by 𝜗(𝑥, 𝑡),
i.e., 𝜗(𝑥, 𝑡) := 𝑢𝑥𝑥(𝑥, 𝑡). Differentiating (1) and (2) twice with respect to 𝑥, we
obtain

𝜕𝛼
𝑡 𝜗− 𝜗𝑥𝑥 + 𝑎(𝑡)𝜗(𝑥, 𝑡) = 𝑓𝑥𝑥(𝑥, 𝑡), (𝑥, 𝑡) ∈ 𝐷𝑇 , (5)

and
𝜗(𝑥, 0) = 𝜙′′(𝑥), 𝑥 ∈ [0, 𝑙]. (6)

To obtain boundary conditions for the new function 𝜗(𝑥, 𝑡), we note that the
second term in (1) is 𝜗(𝑥, 𝑡). Assume that 𝑓(0, 𝑡) = 𝑓(𝑙, 𝑡) and 𝑓 ′(0, 𝑡) = 𝑓 ′(𝑙, 𝑡).
Then we have the following boundary conditions:

𝜗(0, 𝑡) = 𝜗(𝑙, 𝑡), 𝜗𝑥(0, 𝑡) = 𝜗𝑥(𝑙, 𝑡). (7)

To obtain an additional condition for the function 𝜗(𝑥, 𝑡), we differentiate equation
(1) with respect to 𝑥 and, using the equality 𝑢𝑥𝑥(𝑥, 𝑡) = 𝜗(𝑥, 𝑡) together with
condition (4), we obtain

𝜗𝑥(0, 𝑡) = 𝑎(𝑡)ℎ(𝑡) + 𝜕𝛼
𝑡 ℎ(𝑡)− 𝑓𝑥(0, 𝑡). (8)

Under the matching condition 𝜙′(0) = ℎ(0), it is straightforward to deduce
from (5)–(8) the equations (1)–(4).

We introduce the spaces

𝐶2,𝛼(𝐷𝑇 ) := {𝑣(𝑥, 𝑡) : 𝑣, 𝑣𝑥, 𝑣𝑥𝑥, 𝜕𝛼
𝑡 𝜗 ∈ 𝐶(𝐷𝑇 )}

and
𝐶1,0(𝐷𝑇 ) := {𝑣(𝑥, 𝑡) : 𝑣, 𝑣𝑥 ∈ 𝐶(𝐷𝑇 )}.

Definition 1. The functions {𝑢(𝑥, 𝑡), 𝑎(𝑡)} from the class 𝐶2,𝛼(𝐷𝑇 )∩𝐶1,0(𝐷𝑇 )×
𝐶[0, 𝑇 ] are said to be a classical solution of problem (1)–(4) if the functions 𝑢(𝑥, 𝑡)
and 𝑎(𝑡) satisfy the following conditions:

(1) The function 𝑢(𝑥, 𝑡) and its derivatives 𝜕𝛼
𝑡 𝑢(𝑥, 𝑡), 𝑢𝑥𝑥(𝑥, 𝑡) are continuous

in the domain 𝐷𝑇 ;
(2) The function 𝑎(𝑡) is continuous on the interval [0, 𝑇 ];
(3) Equation (1) and conditions (2)–(4) are satisfied in the classical sense.

Throughout this article, the functions 𝜙, 𝑓 , and ℎ are assumed to satisfy the
following conditions:
(A1) 𝜙(𝑥) ∈ 𝐶4[0, 1]; 𝜙(5)(𝑥) ∈ 𝐿2(0, 𝑙); 𝜙(0) = 𝜙(𝑙); 𝜙′(0) = 𝜙′(𝑙);

𝜙′′(0) = 𝜙′′(𝑙); 𝜙(3)(0) = 𝜙(3)(𝑙); 𝜙(4)(0) = 𝜙(4)(𝑙);
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(A2) 𝑓(𝑥, 𝑡) ∈ 𝐶4,1
𝑥,𝑡 (𝐷𝑇 ); 𝑓

(5)
𝑥𝑥𝑥𝑥𝑥𝑥(𝑥, 𝑡) ∈ 𝐿2(0, 𝑙); 𝑓(0, 𝑡) = 𝑓(𝑙, 𝑡); 𝑓 ′

𝑥(0, 𝑡) =

= 𝑓 ′
𝑥(𝑙, 𝑡); 𝑓 ′′

𝑥𝑥(0, 𝑡) = 𝑓 ′′
𝑥𝑥(𝑙, 𝑡); 𝑓

(3)
𝑥𝑥𝑥(0, 𝑡) = 𝑓

(3)
𝑥𝑥𝑥(𝑙, 𝑡); 𝑓

(4)
𝑥𝑥𝑥𝑥(0, 𝑡) = 𝑓

(4)
𝑥𝑥𝑥𝑥(𝑙, 𝑡);

(A3) ℎ(𝑡) ∈ 𝐶[0, 𝑇 ] and |ℎ(𝑡)| ⩾ ℎ0 = const > 0, where ℎ0 is a given number, and
𝜙′(0) = ℎ(0).

In the next section, we recall basic definitions and notations from fractional
calculus, which will be used in the subsequent analysis.

3. Preliminaries. Let us introduce the definition of the fractional derivative
of Caputo.

Definition 2 [29, pp. 90–94]. The Caputo time fractional derivative of order
0 < 𝛼 < 1 of the integrable function 𝑢 is defined by

𝜕𝛼
𝑡 𝑢(𝑥, 𝑡) =

1

Γ(1− 𝛼)

∫︁ 𝑡

0
(𝑡− 𝜏)−𝛼𝜕𝑢(𝑥, 𝜏)

𝜕𝜏
𝑑𝜏, 0 < 𝛼 < 1,

𝜕1
𝑡 𝑢(𝑥, 𝑡) =

𝜕𝑢(𝑥, 𝑡)

𝜕𝑡
,

where Γ( · ) is Euler’s Gamma function.
3.1. Two-Parameter Mittag–Leffler Function [29, pp. 40–42]. The two-

parameter Mittag–Leffler function 𝐸𝛼,𝛽(𝑧) is defined by the following series:

𝐸𝛼,𝛽(𝑧) =
∞∑︁
𝑘=0

𝑧𝑘

Γ(𝛼𝑘 + 𝛽)
,

where 𝛼, 𝛽, 𝑧 ∈ C with ℜ(𝛼) > 0, and ℜ(𝛼) denotes the real part of the complex
number 𝛼.

Several important properties of the Mittag–Leffler function, which will be
utilized in subsequent sections, are presented below.

Proposition 1 [29, pp. 40–45]. Let 0 < 𝛼 < 2 and 𝛽 ∈ R be arbitrary.
Suppose that 𝜅 is such that 𝜋𝛼/2 < 𝜅 < min{𝜋, 𝜋𝛼}. Then, there exists a constant
𝐶 = 𝐶(𝛼, 𝛽, 𝜅) > 0 such that

|𝐸𝛼,𝛽(𝑧)| ⩽
𝐶

1 + |𝑧|
, 𝜅 ⩽ | arg(𝑧)| ⩽ 𝜋.

Proposition 2 [29, pp. 42–45]. For 0 < 𝛼 < 1 and 𝜂 > 0, we have

0 ⩽ 𝐸𝛼,𝛼(−𝜂) ⩽ Γ−1(𝛼).

Moreover, 𝐸𝛼,𝛼(−𝜂) is a monotonic decreasing function for 𝜂 > 0.
We also require the following auxiliary results.
Lemma 1 [30], [31, pp. 188–210]. Let 𝑚(𝑡) ∈ 𝐶[𝑡0, 𝑇 ] (𝑡0 ∈ R+ = [0,∞),

𝑇 ⩽ +∞) and suppose that

𝑚(𝑡) ⩽ 𝑚0 +
𝐿

Γ(𝛾)

∫︁ 𝑡

𝑡0

(𝑡− 𝑠)𝛾−1𝑚(𝑠)𝑑𝑠, 𝑡 ∈ [𝑡0, 𝑇 ].
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Then, we have
𝑚(𝑡) ⩽ 𝑚0𝐸𝛾,1(𝐿(𝑡− 𝑡0)

𝛾), 𝑡 ∈ [𝑡0, 𝑇 ],

where 𝑚0 and 𝐿 are nonnegative constants, and 𝛾 ∈ (0, 1).

Theorem 1 [29, pp. 135–144]. The solution 𝑇 (𝑡) ∈ 𝐴𝐶[0, 𝑇 ] of the linear
nonhomogeneous fractional problem

𝜕𝛼
𝑡 𝑇 (𝑡) + 𝜆𝑇 (𝑡) = 𝑓(𝑡), 𝛼 ∈ (0, 1], 𝑡 ∈ (0, 𝑇 ], 𝜆 > 0,

𝑇 (0) = 𝑐,

where 𝑓 ∈ 𝐿1[0, 𝑇 ], is given by the integral expression

𝑇 (𝑡) = 𝑐𝐸𝛼,1(−𝜆𝑡𝛼) +
∫︁ 𝑡

0
(𝑡− 𝜏)𝛼−1𝐸𝛼,𝛼(−𝜆(𝑡− 𝜏)𝛼)𝑓(𝜏)𝑑𝜏.

These results will be employed throughout the article.

4. Direct Problem. The use of the Fourier method for solving problem
(1)–(3) leads to the spectral problem for the operator given by the differential
expression and boundary conditions

𝑋 ′′
𝑛(𝑥) + 𝜆2𝑋𝑛(𝑥) = 0, 𝑥 ∈ (0, 𝑙),

𝑋𝑛(0) = 𝑋𝑛(𝑙), 𝑋 ′
𝑛(0) = 𝑋 ′

𝑛(𝑙), 𝑛 = 0, 1, 2, . . . .
(9)

It is known [32] that the system of eigenfunctions

1, cos𝜆1𝑥, sin𝜆1𝑥, cos𝜆2𝑥, sin𝜆2𝑥, . . . , cos𝜆𝑛𝑥, sin𝜆𝑛𝑥, . . .

where 𝜆𝑛 = 2𝜋𝑛/𝑙, 𝑛 = 0, 1, . . . , is the solution to the spectral problem (9) and
forms an orthogonal basis of 𝐿2(0, 𝑙). Therefore, we shall seek the classical solution
𝑢(𝑥, 𝑡) of the problem (5)–(7) in the form

𝜗(𝑥, 𝑡) =
∞∑︁
𝑛=0

𝜗1𝑛(𝑡) cos𝜆𝑛𝑥+
∞∑︁
𝑛=1

𝜗2𝑛(𝑡) sin𝜆𝑛𝑥, 𝜆𝑛 =
2𝜋𝑛

𝑙
, (10)

where

𝜗10(𝑡) =
1√
𝑙

∫︁ 𝑙

0
𝜗(𝑥, 𝑡)𝑑𝑥, 𝜗1𝑛(𝑡) =

√︂
2

𝑙

∫︁ 𝑙

0
𝜗(𝑥, 𝑡) cos𝜆𝑛𝑥𝑑𝑥,

𝜗2𝑛(𝑡) =

√︂
2

𝑙

∫︁ 𝑙

0
𝜗(𝑥, 𝑡) sin𝜆𝑛𝑥𝑑𝑥.

Then, applying the formal scheme of the Fourier method for determining the
unknown coefficients 𝜗10(𝑡) and 𝜗𝑖𝑛(𝑡) (𝑖 = 1, 2; 𝑛 = 1, 2, . . . ) of the function
𝜗(𝑥, 𝑡) from (5) and (6), we obtain

𝜕𝛼𝜗10(𝑡) = −𝑎(𝑡)𝜗10(𝑡) + 𝑓10(𝑡), (11)
𝜗10(𝑡)|𝑡=0 = 𝜙10, (12)

𝜕𝛼𝜗𝑖𝑛(𝑡) + 𝜆2
𝑛𝜗𝑖𝑛(𝑡) = −𝑎(𝑡)𝜗𝑖𝑛(𝑡) + 𝑓𝑖𝑛(𝑡), (13)
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𝜗𝑖𝑛(𝑡)|𝑡=0 = 𝜙𝑖𝑛, 𝑖 = 1, 2, 𝑛 = 1, 2, . . . , (14)

where

𝑓10(𝑡) =
1√
𝑙

∫︁ 1

0
𝑓 ′′
𝑥𝑥(𝑥, 𝑡)𝑑𝑥, 𝑓1𝑛(𝑡) =

√︂
2

𝑙

∫︁ 𝑙

0
𝑓 ′′
𝑥𝑥(𝑥, 𝑡) cos𝜆𝑛𝑥𝑑𝑥,

𝑓2𝑛(𝑡) =

√︂
2

𝑙

∫︁ 𝑙

0
𝑓 ′′
𝑥𝑥(𝑥, 𝑡) sin𝜆𝑛𝑥𝑑𝑥,

𝜙10 =
1√
𝑙

∫︁ 𝑙

0
𝜙′′(𝑥)𝑑𝑥, 𝜙1𝑛 =

√︂
2

𝑙

∫︁ 𝑙

0
𝜙′′(𝑥) cos𝜆𝑛𝑥𝑑𝑥,

𝜙2𝑛 =

√︂
2

𝑙

∫︁ 𝑙

0
𝜙′′(𝑥) sin𝜆𝑛𝑥𝑑𝑥.

According to Theorem 1, the solutions of problems (11), (12) and (13), (14)
satisfy the following integral equations:

𝜗10(𝑡) = 𝜙10 +
1

Γ(𝛼)

∫︁ 𝑡

0
(𝑡− 𝜏)𝛼−1(𝑓10(𝜏)− 𝑎(𝜏)𝜗10(𝜏))𝑑𝜏, (15)

and

𝜗𝑖𝑛(𝑡) = 𝜙𝑖𝑛𝐸𝛼(−𝜆2𝑡𝛼) +

+

∫︁ 𝑡

0
(𝑡− 𝜏)𝛼−1𝐸𝛼,𝛼(−𝜆2(𝑡− 𝜏)𝛼)(𝑓𝑖𝑛(𝜏)− 𝑎(𝜏)𝜗𝑖𝑛(𝜏))𝑑𝜏. (16)

These equations yield that

|𝜗10(𝑡)| ⩽ |𝜙10|+
𝑡𝛼

Γ(𝛼+ 1)
‖𝑓10‖+

‖𝑎‖
Γ(𝛼)

∫︁ 𝑡

0
|𝜗10(𝜏)|(𝑡− 𝜏)𝛼−1𝑑𝜏,

|𝜗𝑖𝑛(𝑡)| ⩽ |𝜙𝑖𝑛|+
𝑡𝛼

Γ(𝛼+ 1)
‖𝑓𝑖𝑛‖+

‖𝑎‖
Γ(𝛼)

∫︁ 𝑡

0
(𝑡−𝜏)𝛼−1𝐸𝛼,𝛼(−𝜆2(𝑡−𝜏)𝛼)|𝜗𝑖𝑛(𝜏)|𝑑𝜏,

where ‖𝑎‖ = max𝑡∈[0,𝑇 ] |𝑎(𝑡)|. Applying Gronwall’s type inequality from Lemma 1
to the last relations leads to the following estimates:

|𝜗10(𝑡)| ⩽
(︁
|𝜙10|+

𝑡𝛼

Γ(𝛼+ 1)
‖𝑓10‖

)︁
𝐸𝛼(‖𝑎‖𝑡𝛼), (17)

|𝜗𝑖𝑛(𝑡)| ⩽
(︁
|𝜙𝑖𝑛|+

𝑡𝛼

Γ(𝛼+ 1)
‖𝑓𝑖𝑛‖

)︁
𝐸𝛼(‖𝑎‖𝑡𝛼). (18)

Using equalities (11), (13) and (17), (18), we obtain estimates for 𝜕𝛼𝜗10(𝑡)
and 𝜕𝛼𝜗𝑖𝑛(𝑡):

|𝜕𝛼𝜗10(𝑡)| ⩽ ‖𝑎‖
(︂
|𝜙10|+

𝑡𝛼

Γ(𝛼+ 1)
‖𝑓10‖

)︂
𝐸𝛼(‖𝑎‖𝑡𝛼) + ‖𝑓10‖,
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|𝜕𝛼𝜗𝑖𝑛(𝑡)| ⩽ (𝜆2 + ‖𝑎‖)
(︂
|𝜙𝑖𝑛|+

𝑡𝛼

Γ(𝛼+ 1)
‖𝑓𝑖𝑛‖

)︂
𝐸𝛼(‖𝑎‖𝑡𝛼) + ‖𝑓𝑖𝑛‖.

Thus, we have proved the following lemma:
Lemma 2. For any 𝑡 ∈ [0, 𝑇 ], the following estimates are valid:

|𝜗10(𝑡)| ⩽
(︁
|𝜙10|+

𝑡𝛼

Γ(𝛼+ 1)
‖𝑓10‖

)︁
𝐸𝛼(‖𝑎‖𝑡𝛼),

|𝜗𝑖𝑛(𝑡)| ⩽
(︁
|𝜙𝑖𝑛|+

𝑇𝛼

Γ(𝛼+ 1)
‖𝑓𝑖𝑛‖

)︁
𝐸𝛼(‖𝑎‖𝑇𝛼),

|𝜕𝛼𝜗10(𝑡)| ⩽ ‖𝑎‖
(︁
|𝜙10|+

𝑇𝛼

Γ(𝛼+ 1)
‖𝑓10‖

)︁
𝐸𝛼(‖𝑎‖𝑇𝛼) + ‖𝑓10‖,

|𝜕𝛼𝜗𝑖𝑛(𝑡)| ⩽ (𝜆2 + ‖𝑎‖)
(︁
|𝜙𝑖𝑛|+

𝑇𝛼

Γ(𝛼+ 1)
‖𝑓𝑖𝑛‖

)︁
𝐸𝛼(‖𝑎‖𝑇𝛼) + ‖𝑓𝑖𝑛‖.

Formally, from (10) by term-by-term differentiation, we compose the series

𝜕𝛼
𝑡,0+𝜗(𝑥, 𝑡) =

∞∑︁
𝑛=0

𝜕𝛼
0+𝜗1𝑛(𝑡) cos𝜆𝑛𝑥+

∞∑︁
𝑛=1

𝜕𝛼
0+𝜗2𝑛(𝑡) sin𝜆𝑛𝑥, (19)

𝜗𝑥𝑥(𝑥, 𝑡) = −
∞∑︁
𝑛=0

𝜆2
𝑛𝜗1𝑛(𝑡) cos𝜆𝑛𝑥−

∞∑︁
𝑛=1

𝜆2
𝑛𝜗2𝑛(𝑡) sin𝜆𝑛𝑥. (20)

In view of Lemma 2, if the following series converges, then the series (10), (19),
and (20) will converge for any (𝑥, 𝑡) ∈ 𝐷𝑇 :

𝐶4

∞∑︁
𝑛=1

(𝜆2
𝑛|𝜙𝑖𝑛|+ 𝜆2

𝑛‖𝑓𝑖𝑛‖), (21)

where the constant 𝐶4 depends only on 𝑇 , 𝛼, and ‖𝑎‖.
We now state the following auxiliary lemma:
Lemma 3. If conditions (A1) and (A2) are valid, then the following equalities

hold:
𝜙𝑖𝑛 =

1

𝜆3
𝑛

𝜙
(3)
𝑖𝑛 , 𝑓𝑖𝑛(𝑡) =

1

𝜆3
𝑛

𝑓
(3)
𝑖𝑛 , 𝑖 = 1, 2, (22)

where

𝜙
(3)
1𝑛 =

√︂
2

𝑙

∫︁ 𝑙

0
𝜙(5)(𝑥) sin𝜆𝑛𝑥𝑑𝑥, 𝜙

(3)
2𝑛 =

√︂
2

𝑙

∫︁ 𝑙

0
𝜙(5)(𝑥) cos𝜆𝑛𝑥𝑑𝑥,

𝑓
(3)
1𝑛 (𝑡) =

√︂
2

𝑙

∫︁ 𝑙

0
𝑓 (5)
𝑥𝑥𝑥𝑥𝑥(𝑥, 𝑡) sin𝜆𝑛𝑥𝑑𝑥, 𝑓

(3)
2𝑛 (𝑡) =

√︂
2

𝑙

∫︁ 𝑙

0
𝑓 (5)
𝑥𝑥𝑥𝑥𝑥(𝑥, 𝑡) cos𝜆𝑛𝑥𝑑𝑥,

with the following estimate:

∞∑︁
𝑛=1

|𝜙(3)
𝑖𝑛 |

2 ⩽ ‖𝜙(3)‖2𝐿2(0,𝑙)
,

∞∑︁
𝑛=1

|𝑓 (3)
𝑖𝑛 (𝑡)|2 ⩽ ‖𝑓 (3)

𝑥𝑥𝑥‖2𝐿2(0,𝑙)×𝐶[0,𝑇 ], 𝑖 = 1, 2. (23)
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If the functions 𝜙(𝑥) and 𝑓(𝑥, 𝑡) satisfy the conditions of Lemma 3, then due
to representations (22) and (23), the series (10), (19), and (20) converge uniformly
in the rectangle 𝐷𝑇 . Therefore, the function 𝜗(𝑥, 𝑡) satisfies relations (5)-(7).

Using the above results, we obtain the following assertion:
Lemma 4. Let 𝑎(𝑡) ∈ 𝐶[0, 𝑇 ], and suppose that conditions (A1) and (A2) are

satisfied. Then, there exists a unique solution to the direct problem (5)–(7) such
that 𝜗(𝑥, 𝑡) ∈ 𝐶2,𝛼(𝐷𝑇 ) ∩ 𝐶1,0(𝐷𝑇 ).

Let us derive an estimate for the norm of the difference between the solution
of the original integral equations (15), (16) and the solution of these equations
with perturbed functions ̃︀𝑎, ̃︀𝜙𝑖𝑛, and ̃︀𝑓𝑖𝑛. Let ̃︀𝜗𝑖𝑛(𝑡) (𝑖 = 0, 1, 2) be solutions of
the integral equation (15), (16) corresponding to the functions ̃︀𝑎, ̃︀𝜙𝑖𝑛, and ̃︀𝑓𝑖𝑛;
i.e., ̃︀𝜗10(𝑡) = ̃︀𝜙10 +

1

Γ(𝛼)

∫︁ 𝑡

0
(𝑡− 𝜏)𝛼−1( ̃︀𝑓10(𝜏)− ̃︀𝑎(𝜏)̃︀𝜗10(𝜏))𝑑𝜏, (24)

̃︀𝜗𝑖𝑛(𝑡) = ̃︀𝜙𝑖𝑛𝐸𝛼(−𝜆2𝑡𝛼) +

+

∫︁ 𝑡

0
(𝑡− 𝜏)𝛼−1𝐸𝛼,𝛼(−𝜆2(𝑡− 𝜏)𝛼)(̃︀𝑎(𝜏)̃︀𝜗𝑖𝑛(𝜏) + ̃︀𝑓𝑖𝑛(𝜏))𝑑𝜏. (25)

Composing the difference 𝜗𝑖𝑛 − ̃︀𝜗𝑖𝑛 with the help of equations (15), (24),
(16), and (25), and introducing the notations 𝜗𝑖𝑛 − ̃︀𝜗𝑖𝑛 = 𝜗𝑖𝑛, 𝑎 − ̃︀𝑎 = 𝑎, and
𝑓𝑖𝑛 − ̃︀𝑓𝑖𝑛 = 𝑓 𝑖𝑛, we obtain the integral equation

𝜗10(𝑡) = 𝜙10 +
1

Γ(𝛼)

∫︁ 𝑡

0
(𝑡− 𝜏)𝛼−1𝑓10(𝜏)𝑑𝜏 −

− 1

Γ(𝛼)

∫︁ 𝑡

0
(𝑡− 𝜏)𝛼−1

(︀
𝑎(𝜏)𝜗10(𝜏) + ̃︀𝑎(𝜏)𝜗10(𝜏)

)︀
𝑑𝜏 ;

𝜗𝑖𝑛(𝑡) = 𝜙𝑛𝐸𝛼,1(−𝜆2
𝑛𝑡

𝛼) +

∫︁ 𝑡

0
(𝑡− 𝜏)𝛼−1𝐸𝛼,𝛼

(︀
−𝜆2

𝑛(𝑡− 𝜏)𝛼
)︀
𝑓 𝑖𝑛(𝜏)𝑑𝜏 −

−
∫︁ 𝑡

0
(𝑡− 𝜏)𝛼−1𝐸𝛼,𝛼

(︀
−𝜆2

𝑛(𝑡− 𝜏)𝛼
)︀
𝑎(𝜏)𝜗𝑖𝑛(𝜏)𝑑𝜏 −

−
∫︁ 𝑡

0
(𝑡− 𝜏)𝛼−1𝐸𝛼,𝛼

(︀
−𝜆2

𝑛(𝑡− 𝜏)𝛼
)︀̃︀𝑎(𝜏)𝜗𝑖𝑛(𝜏)𝑑𝜏.

From these, we derive the following linear integral inequalities for |𝜗10(𝑡)| and
|𝜗𝑖𝑛(𝑡)|:

|𝜗10(𝑡)| ⩽ |𝜙10|+
𝑡𝛼‖𝑓10‖
Γ(𝛼+ 1)

+
‖𝑎‖𝑡𝛼

Γ(𝛼+ 1)

(︁
|𝜙10|+

𝑡𝛼

Γ(𝛼+ 1)
‖𝑓10‖

)︁
𝐸𝛼(‖𝑎‖𝑡𝛼) +

+
‖̃︀𝑎‖
Γ(𝛼)

∫︁ 𝑡

0
(𝑡− 𝜏)𝛼−1|𝜗10(𝜏)|𝑑𝜏,
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|𝜗𝑖𝑛(𝑡)| ⩽ |𝜙𝑖𝑛|+
𝑡𝛼‖𝑓 𝑖𝑛‖
Γ(𝛼+ 1)

+
‖𝑎‖𝑡𝛼

Γ(𝛼+ 1)

(︁
|𝜙𝑖𝑛|+

𝑡𝛼

Γ(𝛼+ 1)
‖𝑓𝑖𝑛‖

)︁
𝐸𝛼(‖𝑎‖𝑡𝛼) +

+
‖̃︀𝑎‖
Γ(𝛼)

∫︁ 𝑡

0
(𝑡− 𝜏)𝛼−1|𝜗𝑖𝑛(𝜏)|𝑑𝜏.

Using Lemma 1 from the last inequalities, we arrive at the following estimates:

|𝜗10(𝑡)| ⩽
{︁
|𝜙10|+

𝑡𝛼‖𝑓10‖
Γ(𝛼+ 1)

+

+
‖𝑎‖𝑡𝛼

Γ(𝛼+ 1)

(︁
|𝜙10|+

𝑡𝛼

Γ(𝛼+ 1)
‖𝑓10‖

)︁
𝐸𝛼(‖𝑎‖𝑡𝛼)

}︁
𝐸𝛼(‖̃︀𝑎‖𝑡𝛼), (26)

|𝜗𝑖𝑛(𝑡)| ⩽
{︁
|𝜙𝑖𝑛|+

𝑡𝛼‖𝑓 𝑖𝑛‖
Γ(𝛼+ 1)

+

+
‖𝑎‖𝑡𝛼

Γ(𝛼+ 1)

(︁
|𝜙𝑖𝑛|+

𝑡𝛼

Γ(𝛼+ 1)
‖𝑓𝑖𝑛‖

)︁
𝐸𝛼(‖𝑎‖𝑡𝛼)

}︁
𝐸𝛼(‖̃︀𝑎‖𝑡𝛼). (27)

In the next section, we study the inverse problem, which involves determining
the function 𝑎(𝑡) from relations (5)–(8) using the contraction mapping principle.

5. Solvability of the Inverse Problem. First, by differentiating (10) with
respect to 𝑥, we obtain the following equality:

𝜗𝑥(𝑥, 𝑡) = −
∞∑︁
𝑛=0

𝜆𝑛𝜗1𝑛(𝑡) sin𝜆𝑛𝑥+

∞∑︁
𝑛=1

𝜆𝑛𝜗2𝑛(𝑡) cos𝜆𝑛𝑥. (28)

Setting 𝑥 = 0 in (28) and using the additional condition (8), after straightforward
manipulations, we obtain the following integral equation for determining 𝑎(𝑡):

𝑎(𝑡) = 𝑎0(𝑡) +
1

ℎ(𝑡)

∞∑︁
𝑛=1

𝜆𝑛𝜗2𝑛(𝑡; 𝑎), (29)

where
𝑎0(𝑡) =

1

ℎ(𝑡)

(︀
𝑓𝑥(0, 𝑡)− 𝜕𝛼ℎ(𝑡)

)︀
,

and 𝜗2𝑛(𝑡; 𝑎) denotes that the solution of the integral equation (16) depends on
𝑎(𝑡).

The main result of this study is presented as follows:
Theorem 2. Let conditions (A1)–(A3) be satisfied. Then, there exists a number

𝑇 * ∈ (0, 𝑇 ) such that the inverse problem (5)–(8) has a unique solution 𝑎(𝑡).

P r o o f. We consider the operator equation

𝑔 = Λ[𝑔], (30)

where 𝑔 := 𝑎(𝑡) is the unknown function, and Λ is defined by the right-hand side of (29):

Λ[𝑔](𝑡) = 𝑔01(𝑡)−
1

ℎ(𝑡)

∞∑︁
𝑛=1

𝜆2𝑛𝜗2𝑛(𝑡; 𝑔), (31)
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where
𝑔01(𝑡) =

1

ℎ(𝑡)

(︀
𝑓𝑥(0, 𝑡)− 𝜕𝛼ℎ(𝑡)

)︀
.

Consider the functional space of vector functions 𝑔 ∈ 𝐶[0, 𝑇 ] with the norm given by

‖𝑔‖ = max
𝑡∈[0,𝑇 ]

|𝑔(𝑡)|.

Fix a number 𝜌 > 0 and consider the ball

Φ𝑇 (𝑔0, 𝜌) := {𝑔 : ‖𝑔 − 𝑔0‖𝐶[0,𝑇 ] ⩽ 𝜌}.

We will prove that for sufficiently small 𝑇 > 0, the operator Λ maps the ball Φ𝑇 (𝑔0, 𝜌)
into itself. Using the estimates (17) and (18) for 𝜗1𝑛 and 𝜗2𝑛, we obtain the following
estimates:

‖Λ[𝑔](𝑡)− 𝑔01(𝑡)‖ ⩽
1

ℎ0

⃒⃒⃒⃒
⃒
∞∑︁

𝑛=1

𝜆𝑛𝜗2𝑛(𝑇 ; 𝑔1)

⃒⃒⃒⃒
⃒ ⩽

⩽
1

ℎ0
𝐸𝛼(‖𝑔‖𝑇𝛼)

∞∑︁
𝑛=1

𝜆𝑛

(︁
|𝜙2𝑛|+

𝑇𝛼

Γ(𝛼+ 1)
‖𝑓2𝑛‖

)︁
.

According to Lemmas 1 and 2, the above series is convergent. Note that the functions
occurring on the right-hand side of these inequalities are monotonically increasing with
respect to 𝑇 , and the fact that the function 𝑔(𝑡) belongs to the ball Φ𝑇 (𝑔0, 𝜌) implies the
inequality

‖𝑔‖ ⩽ 𝜌+ ‖𝑔0‖. (32)

Therefore, we only strengthen the inequality if we replace ‖𝑔‖ in these inequalities with
𝜌+ ‖𝑔0‖. Performing these replacements, we obtain the estimate

‖Λ1[𝑔](𝑡)− 𝑔01(𝑡)‖ ⩽
1

ℎ0
𝐸𝛼((𝜌+ ‖𝑔0‖)𝑇𝛼)

∞∑︁
𝑛=1

𝜆𝑛

(︁
|𝜙2𝑛|+

𝑇𝛼

Γ(𝛼+ 1)
‖𝑓2𝑛‖

)︁
.

Let 𝑇1 be a positive root of the equation

𝑚1(𝑇 ) =
1

ℎ0
𝐸𝛼,1((𝜌+ ‖𝑞0‖)𝑇𝛼)

∞∑︁
𝑛=1

𝜆𝑛

(︁
|𝜙2𝑛|+

𝑇𝛼‖𝑓2𝑛‖
𝛼Γ(𝛼)

)︁
= 𝜌.

Then, for 𝑇 ∈ [0, 𝑇1], we have Λ[𝑔](𝑡) ∈ Φ𝑇 (𝑔0, 𝜌).
Now consider two functions 𝑔(𝑡) and ̃︀𝑔(𝑡) belonging to Φ𝑇 (𝑔0, 𝜌) and estimate the

distance between their images Λ[𝑔](𝑡) and Λ[̃︀𝑔](𝑡) in the space 𝐶[0, 𝑇 ]. The functioñ︀𝜗𝑖𝑛(𝑡) corresponding to ̃︀𝑔(𝑡) satisfies the integral equation (24), (25) with the functions
𝜙2𝑛 = ̃︀𝜙2𝑛 and 𝑓2𝑛 = ̃︀𝑓2𝑛. Composing the difference Λ[𝑔](𝑡) − Λ[̃︀𝑔](𝑡) with the help of
equations (15), (16), (24), and (25), and then estimating its norm, we obtain

‖Λ[𝑔](𝑡)− Λ[̃︀𝑔](𝑡)‖ ⩽ 1

ℎ0

∞∑︁
𝑛=0

𝜆𝑛‖𝜗2𝑛(𝑇 ; 𝑔)‖ ⩽

⩽
1

ℎ0
𝐸𝛼(‖̃︀𝑔‖𝑡𝛼) ∞∑︁

𝑛=0

𝜆𝑛

{︁
|𝜙2𝑛|+

𝑡𝛼‖𝑓2𝑛‖
Γ(𝛼+ 1)

+

+
‖𝑔‖𝑡𝛼

Γ(𝛼+ 1)

(︁
|𝜙2𝑛|+

𝑡𝛼

Γ(𝛼+ 1)
‖𝑓2𝑛‖

)︁
𝐸𝛼(‖𝑔‖𝑡𝛼)

}︁
.
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Using inequalities (17), (18), and the estimate (26) with 𝜙2𝑛 = ̃︀𝜙2𝑛 and 𝑓𝑛 = ̃︀𝑓𝑛, we
continue the previous inequality as follows:

‖Λ[𝑔](𝑡)− Λ[̃︀𝑔](𝑡)‖ ⩽ 1

ℎ0

∞∑︁
𝑛=0

𝜆𝑛‖𝜗2𝑛(𝑇 ; 𝑔)‖ ⩽

⩽
1

ℎ0
𝐸𝛼(‖̃︀𝑔‖𝑡𝛼) ∞∑︁

𝑛=0

𝜆𝑛
‖𝑔‖𝑡𝛼

Γ(𝛼+ 1)

(︁
|𝜙2𝑛|+

𝑡𝛼

Γ(𝛼+ 1)
‖𝑓2𝑛‖

)︁
𝐸𝛼(‖𝑔‖𝑡𝛼).

Since 𝑔(𝑡) and ̃︀𝑔(𝑡) belong to the ball Φ𝑇 (𝑔0, 𝜌), the inequality (32) holds for these
functions. Note that the functions on the right-hand side of inequality (30) are monoton-
ically increasing with respect to ‖𝑔‖, ‖̃︀𝑔‖, and 𝑇 . Consequently, replacing ‖𝑔‖ and ‖̃︀𝑔‖ in
inequality (30) with 𝜌+ ‖𝑔0‖ will only strengthen the inequality. Thus, we obtain

‖Λ[𝑔](𝑡)− Λ[̃︀𝑔](𝑡)‖ ⩽ 1

ℎ0

∞∑︁
𝑛=0

𝜆𝑛‖𝜗2𝑛(𝑇 ; 𝑔)‖ ⩽

⩽
1

ℎ0

(︀
𝐸𝛼

(︀
(𝜌+ ‖𝑔0‖)𝑡𝛼

)︀)︀2 ∞∑︁
𝑛=0

𝜆𝑛
𝑡𝛼

Γ(𝛼+ 1)

(︁
|𝜙2𝑛|+

𝑡𝛼

Γ(𝛼+ 1)
‖𝑓2𝑛‖

)︁
‖𝑔‖ ⩽

⩽ 𝑚2(𝑇 )‖𝑔‖.

Let 𝑇2 be a positive root of the equation

1

ℎ0

(︀
𝐸𝛼

(︀
(𝜌+ ‖𝑔0‖)𝑡𝛼

)︀)︀2 ∞∑︁
𝑛=0

𝜆𝑛
𝑡𝛼

Γ(𝛼+ 1)

(︁
|𝜙2𝑛|+

𝑡𝛼

Γ(𝛼+ 1)
‖𝑓2𝑛‖

)︁
= 1.

Then, for 𝑇 ∈ [0, 𝑇2), the operator Λ contracts the distance between the elements 𝑔(𝑡)
and ̃︀𝑔(𝑡) ∈ Φ𝑇 (𝑔0, 𝜌). Consequently, if we choose 𝑇 * < min(𝑇1, 𝑇2), then the operator
Λ is a contraction in the ball Φ𝑇 (𝑔0, 𝜌). According to the Banach fixed-point theorem
(see [33, p. 87–97]), the operator Λ has a unique fixed point in the ball Φ𝑇 (𝑔0, 𝜌); that
is, there exists a unique solution to equation (31). □

Let 𝑇 , 𝑙 be fixed positive numbers. Consider the set Ω(𝜒0) (where 𝜒0 > 0 is a fixed
number) of given functions (𝜙, 𝑓 , ℎ) for which all conditions (A1)–(A3) are fulfilled, and

max
{︁
‖𝜙‖𝐶4[0,𝑇 ], ‖ℎ‖𝐶1[0,𝑇 ], ‖ℎ−1‖𝐶[0,𝑇 ], ‖𝑓‖𝐶4,1(𝐷𝑇 )

}︁
⩽ 𝜒0.

We denote by 𝑄(𝜒1) the set of functions 𝑎(𝑡) that, for some 𝑇 > 0 and 𝑙 > 0, satisfy the
following condition:

‖𝑎‖𝐶[0,𝑇 ] ⩽ 𝜒1, 𝜒1 > 0.

Theorem 3. Let (𝜙, 𝑓, ℎ) ∈ Ω(𝜒0), (̃︀𝜙, ̃︀𝑓,̃︀ℎ) ∈ Ω(𝜒0), and 𝑎 ∈ 𝑄(𝜒1), ̃︀𝑎 ∈ 𝑄(𝜒1).
Then, for the solution of the inverse problem (1)–(4), the following stability estimate
holds:

‖𝑎− ̃︀𝑎‖𝐶[0,𝑇 ] ⩽ 𝑑
(︀
‖𝜙− ̃︀𝜙‖𝐶4[0,𝑙] + ‖𝑓 − 𝑓‖𝐶4,1(𝐷𝑇 ) + ‖ℎ− ̃︀ℎ‖𝐶1[0,𝑇 ]

)︀
, (33)

where the constant 𝑑 depends only on 𝑇, 𝑙, 𝜒0, 𝜒1.

P r o o f. To prove this theorem, using (29), we write down the equations for ̃︀𝑎(𝑡) and
compose the difference 𝑎(𝑡) = 𝑎(𝑡)−̃︀𝑎(𝑡). Then, after evaluating this expression and using
estimates (18) and (27), we obtain the following estimate:

‖𝑎(𝑡)− ̃︀𝑎(𝑡)‖ ⩽ 𝑑0
(︀
‖𝑓‖+ ‖𝜙‖+ ‖ℎ‖

)︀
+ 𝑑1

∫︁ 𝑡

0

(𝑡− 𝜏)𝛼−1‖𝑎(𝜏)− ̃︀𝑎(𝜏)‖𝑑𝜏, 𝑡 ∈ [0, 𝑇 ],
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where 𝑑0 and 𝑑1 depend only on 𝜒0, 𝜒1, 𝑇 , 𝛼, Γ(𝛼). From (21), using Lemma 1, we obtain
the estimate

‖𝑎(𝑡)− ̃︀𝑎(𝑡)‖ ⩽ 𝑑0
(︀
‖𝑓‖+ ‖𝜙‖+ ‖ℎ‖

)︀
𝐸𝛼,1(𝑑1Γ(𝛼)𝑡

𝛼), 𝑡 ∈ [0, 𝑇 ].

This inequality implies the estimate (33) if we set 𝑑 = 𝑑0𝐸𝛼,1(𝑑1Γ(𝛼)𝑡
𝛼). □

Theorem 3 also implies the following assertion on the uniqueness of the solution to
the inverse problem.

Theorem 4. Let the functions 𝜙, 𝑓, ℎ and ̃︀𝜙, ̃︀𝑓, ̃︀ℎ have the same meaning as in
Theorem 3, and let conditions (A1)–(A3) be satisfied. Moreover, if 𝜙 = ̃︀𝜙, 𝑓 = ̃︀𝑓, and
ℎ = ̃︀ℎ for 𝑡 ∈ [0, 𝑇 ], then 𝑎(𝑡) = ̃︀𝑎(𝑡) for 𝑡 ∈ [0, 𝑇 ].
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в дробно-временном уравнении диффузии
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Аннотация

Исследуется обратная задача для уравнений дробно-временной диф-
фузии с периодическими граничными условиями и интегральными усло-
виями переопределения на прямоугольной области. Сначала вводится
определение классического решения задачи. Затем с использованием ме-
тода Фурье прямая задача сводится к эквивалентному интегральному
уравнению. Существование и единственность решения прямой задачи
устанавливаются с помощью оценок для функции Миттаг–Леффлера и
обобщенных сингулярных неравенств Гронвалля.

Во второй части работы рассматривается обратная задача, которая
переформулируется в виде эквивалентного интегрального уравнения,
а затем решается с использованием принципа сжимающих отображе-
ний. Строго доказываются локальное существование и глобальная един-
ственность решения. Кроме того, получена оценка устойчивости реше-
ния.

Данное исследование вносит вклад в теорию обратных задач для
дробных дифференциальных уравнений, предоставляя основу для ана-
лиза задач с периодическими граничными условиями и интегральными
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условиями переопределения. Разработанные методы могут быть приме-
нены к широкому кругу задач в математической физике и инженерии,
где дробно-временные модели диффузии все чаще используются для
описания сложных явлений.
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