
Vestn. Samar. Gos. Tekhn. Univ., Ser. Fiz.-Mat. Nauki
[J. Samara State Tech. Univ., Ser. Phys. Math. Sci.], 2024, vol. 28, no. 4, pp. 759–772
ISSN: 2310-7081 (online), 1991-8615 (print) https://doi.org/10.14498/vsgtu2098

MSC: 76D05, 35G20

Exact solution to the velocity field description
for Couette–Poiseulle flows of binary liquids

V. V. Bashurov1,2, N. V. Burmasheva2,3,
E. Yu. Prosviryakov1,2,3

1 Ural State University of Railway Transport,
66, Kolmogorova st., Ekaterinburg, 620034, Russian Federation.

2 Ural Federal University named after the first President of Russia B. N. Yeltsin,
19, Mira st., Ekaterinburg, 620002, Russian Federation.

3 Institute of Engineering Science, Ural Branch of RAS,
34, Komsomolskaya st., Ekaterinburg, 620049, Russian Federation.

Abstract

Exact solution of the Oberbeck–Boussinesq equations for describing
steady flows of binary Poiseuille-type fluids is proposed and studied. The
fluid motion is considered in the infinite horizontal layer. Shear flows are
described by overdetermined system of equations. Nontrivial exact solution
for the Oberbeck–Boussinesq system exists in the class of velocities with
two vector components and depends only on the transverse coordinate. This
structure of the velocity vector coordinates ensures naturally the fulfillment
of the continuity equation as an “extra” equation. The pressure field, the
temperature field, and the concentration field of the dissolved substance are
described by linear functions of horizontal (longitudinal) coordinates with
coefficients that functionally depend on the third coordinate. Fluid layer, as
it is shown, can have two points where the velocity becomes zero. In this
case, the spiral flow is realized (the hodograph of the velocity vector has a
turning point).
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1. Introduction. Theoretical study of convection started with consideration
of the motion of liquids of homogeneous composition [1–9]. It is known, the as-
sumption of liquid homogeneity does not always satisfy accuracy. Sea water and
sugar syrup are the classic examples of non-homogeneous liquids where the dis-
tribution of salt and sugar induces more intense mixing of the medium than the
motion caused by non-uniform temperature distribution [10–13]. Thus, the influ-
ence of dissolved substances in the solution on the structure of convection in a
hydrodynamic thermal diffusion flow must be taken into account while studying
the convective motion of a real liquid [10–12,14].

The cross dissipative effects of Soret and Dufour should be regarded to de-
scribe thermal diffusion in solutions [15–24]. The Soret effect (the influence of
temperature change on the impurity distribution) is traditionally included in so-
lution while studying the flows of binary liquids considering the Dufour effect
(inverse effect) to be negligibly small [19–22].

The study of binary fluid flows is carried out similarly to the study of convec-
tive flows in the Boussinesq approximation. The density dependence on temper-
ature and concentration of the dissolved substance according to the linear law is
considered in the term for the density of the Archimedes force and is neglected
for the inertial forces [1–3,18,22,25–33]. Consequently, the structure of exact so-
lutions of the equations of binary fluid convection coincides with the expressions
of motions generated by heat sources [30].

The exact solution for unidirectional steady convective flows can be presented
as the Ostroumov–Birikh–Shliomis solution type 𝑉𝑥 = 𝑈(𝑧), 𝑃 = 𝑃0(𝑧)+𝑥𝑃1(𝑧),
𝑇 = 𝑇0(𝑧)+𝑥𝑇1(𝑧) [25,26,34–38]. This exact solution describes the superposition
of gravitational convection and fluid motion caused by horizontal temperature
gradients (Marangoni convection) [26, 39–45]. The Ostroumov–Birikh–Shliomis
solution type was used to solve various one-dimensional convective boundary value
problems with subsequent study of ansatzes on hydrodynamic stability for various
classes of disturbances [2,3,27,29]. The application of this type of exact solutions
to unsteady flows was undertaken in several scientific researches [2, 3, 27].

The generalization of the Ostroumov–Birikh–Shliomis solution type was im-
plemented in the papers [18, 19, 21, 22, 32, 46–51] to describe steady-state shear
flows in velocity field 𝑉𝑥 = 𝑈(𝑧), 𝑉𝑦 = 𝑉 (𝑧) with linear two coordinate forms
for the temperature and pressure fields: 𝑇 = 𝑇0(𝑧) + 𝑥𝑇1(𝑧) + 𝑦𝑇2(𝑧) and 𝑃 =
= 𝑃0(𝑧) + 𝑥𝑃1(𝑧) + 𝑦𝑇2(𝑧). This exact solution for description of binary fluids
was announced in [18]. The linear forms of the force fields of pressure, concentra-
tion, and temperature were used to construct classes of exact solutions describing
inhomogeneous shear flows [19,21,32].

After publication of paper [46], the announced exact solution was used to
study shear thermal convective flows. The study of shear flows of binary fluids in
infinite horizontal layer was started with the description of Couette-type flows in
paper [18]. In this paper, the influence of horizontal pressure gradients (Poiseuille
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flow [52–55]) on the structure of hydrodynamic fields of moving solutions with
one dissolved substance is studied.

2. Motion equations and exact solution. We consider steady-state shear
flow of binary viscous incompressible fluid in extended horizontal layer with
boundaries formed by a pair of non-deformable parallel planes spaced apart by
a distance ℎ. We will also assume that the lower plane is absolutely rigid and
motionless, and the upper plane is free. The assumption of negligible deformation
of the upper boundary does not allow us to consider fluid motions comparable in
scale to the thickness of the studied layer, for example, gravitational, thermos-
capillary and other types of surface waves [1–3, 6]. We introduce Cartesian coor-
dinate system 𝑂𝑥𝑦𝑧 where the 𝑂𝑥𝑦 plane coincides with the lower boundary of
the layer, and the 𝑂𝑧 axis is directed perpendicular to this boundary toward the
upper plane (boundary), spaced by a distance ℎ (Fig. 1).

We use the system of thermal diffusion equations regarding the Boussinesq
hypothesis of the density dependence to describe the steady-state liquid [1,18,30]:

𝑉𝑥
𝜕𝑉𝑥
𝜕𝑥

+ 𝑉𝑦
𝜕𝑉𝑥
𝜕𝑦

= −𝜕𝑃
𝜕𝑥

+ 𝜈
(︁𝜕2𝑉𝑥
𝜕𝑥2

+
𝜕2𝑉𝑥
𝜕𝑦2

+
𝜕2𝑉𝑥
𝜕𝑧2

)︁
,

𝑉𝑥
𝜕𝑉𝑦
𝜕𝑥

+ 𝑉𝑦
𝜕𝑉𝑦
𝜕𝑦

= −𝜕𝑃
𝜕𝑦

+ 𝜈
(︁𝜕2𝑉𝑦
𝜕𝑥2

+
𝜕2𝑉𝑦
𝜕𝑦2

+
𝜕2𝑉𝑦
𝜕𝑧2

)︁
,

𝜕𝑃

𝜕𝑧
= 𝑔(𝛽1𝑇 + 𝛽2𝐶), (1)

𝑉𝑥
𝜕𝑇

𝜕𝑥
+ 𝑉𝑦

𝜕𝑇

𝜕𝑦
= (𝜒+ 𝛼2𝑑𝑛)

(︁𝜕2𝑇
𝜕𝑥2

+
𝜕2𝑇

𝜕𝑦2
+
𝜕2𝑇

𝜕𝑧2

)︁
+ 𝛼𝑑𝑛

(︁𝜕2𝐶
𝜕𝑥2

+
𝜕2𝐶

𝜕𝑦2
+
𝜕2𝐶

𝜕𝑧2

)︁
,

𝑉𝑥
𝜕𝐶

𝜕𝑥
+ 𝑉𝑦

𝜕𝐶

𝜕𝑦
= 𝛼

(︁𝜕2𝐶
𝜕𝑥2

+
𝜕2𝐶

𝜕𝑦2
+
𝜕2𝐶

𝜕𝑧2

)︁
+ 𝛼𝑑

(︁𝜕2𝑇
𝜕𝑥2

+
𝜕2𝑇

𝜕𝑦2
+
𝜕2𝑇

𝜕𝑧2

)︁
,

𝜕𝑉𝑥
𝜕𝑥

+
𝜕𝑉𝑦
𝜕𝑦

= 0.

Figure 1. Liquid flow diagram (the 𝑂𝑥 and 𝑂𝑦 axes are “glued” together in figure; in reality
the space is considered as three-dimensional)
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We use the following designations in system (1): 𝑉𝑥, 𝑉𝑦 are the components of the
velocity vector; 𝑃 is the pressure normalized to the constant average density of
the liquid 𝜌; 𝜈 is the kinematic (molecular) viscosity of the mixture; 𝐶, 𝑇 are the
concentration of the light component and the temperature of the liquid, respec-
tively, measured from the equilibrium value; 𝑔 is the gravity acceleration; 𝜒, 𝑑, 𝛼
are the coefficients of thermal diffusivity, diffusion, thermal diffusion, respectively;
𝛽1 and 𝛽2 are the coefficients of temperature and concentration volume expansion
of the liquid, respectively; 𝑛 =

[︀
𝑇
𝑐𝑝

(︀ 𝜕𝜇
𝜕𝐶

)︀
𝑇,𝑃

]︀
0

is the thermodynamic parameter.
The main feature of system (1) (in addition to its nonlinearity) is its overde-

termination: there are six equations to determine the five unknown functions that
describe the behavior of the velocity, pressure, temperature, and concentration
fields. We assume the relationship between the hydrodynamic fields that allows
us to restore the balance between the number of unknown functions and the
number of their relations solving the system (1) [30, 49–51]. We consider such
relationship as following:

𝑉𝑥 = 𝑈(𝑧), 𝑉𝑦 = 𝑉 (𝑧),

𝑇 = 𝑇0(𝑧) + 𝑥𝑇1(𝑧) + 𝑦𝑇2(𝑧), 𝑃 = 𝑃0(𝑧) + 𝑥𝑃1(𝑧) + 𝑦𝑇2(𝑧), (2)

𝐶 = 𝐶0(𝑧) + 𝑥𝐶1(𝑧) + 𝑦𝐶2(𝑧).

The velocity field of the form (2) describes many classical flows, for exam-
ple, the Couette flow [56], the Poiseuille flow [52–55], the Birikh–Ostroumov
flow [25, 26] and many others. The use of the class of exact solutions (2) gen-
eralizes the well-known exact Ostroumov–Birikh solution for describing unidirec-
tional convective flows. In [46], it was shown how the exact solution was modified
for two-dimensional flows in velocities. Such flows cannot be reduced to unidi-
rectional ones [46]. In the articles [18,48,49] similar solutions of shear flows were
constructed. The exact solution (2) allows to linearize the equation for the transfer
of angular momentum, but this is not an artificial postulation of linear approxi-
mation of the Oberbeck–Boussinesq equations (1). It is an opportunity to study
the transverse structure of the flow, in which direct calculations of the flow char-
acteristics are impossible. This solution exactly allows to study the structure of
horizontal and vertical convection of binary fluid for the boundary value prob-
lem announced below for infinite horizontal layer. The exact solution (2) is the
simplest solution for the overdetermined system (1) and is necessary for studying
flows with non-uniform velocities.

The structure of correlation (2) for the velocity field allows identical satisfac-
tion of the incompressibility equation in system (1). And substitution of correla-
tion (2) into the remaining equations of system (1) leads (due to the independence
of the coordinates of the selected Cartesian system) to the system of eleven ordi-
nary differential equations to define eleven unknown functions:

(𝜒+ 𝛼2𝑑𝑛)𝑇 ′′
1 + 𝛼𝑑𝑛𝐶 ′′

1 = 0, (𝜒+ 𝛼2𝑑𝑛)𝑇 ′′
2 + 𝛼𝑑𝑛𝐶 ′′

2 = 0;

𝐶 ′′
1 + 𝑑𝑇 ′′

1 = 0, 𝛼𝐶 ′′
2 + 𝛼𝑑𝑇 ′′

2 = 0;

𝑃 ′
1 = 𝑔𝛽1𝑇1 + 𝑔𝛽2𝐶1, 𝑃 ′

2 = 𝑔𝛽1𝑇2 + 𝑔𝛽2𝐶2, (3)

𝜈𝑈 ′′ = 𝑃1, 𝜈𝑉 ′′ = 𝑃2;
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𝑈𝑇1 + 𝑉 𝑇2 = (𝜒+ 𝛼2𝑑𝑛)𝑇 ′′
0 + 𝛼𝑑𝑛𝐶 ′′

0 , 𝑈𝐶1 + 𝑉 𝐶2 = 𝛼𝐶 ′′
0 + 𝛼𝑑𝑇 ′′

0 ;

𝑃 ′
0 = 𝑔𝛽1𝑇0 + 𝑔𝛽2𝐶0.

Here the prime denotes the derivative with respect to the vertical coordinate 𝑧.
The coincidence of the number of equations and the number of unknown functions
in the system (3) indicates that the selected class of solutions (2) removes the
overdetermination of the original Oberbeck–Boussinesq system (1).

The second derivatives of the gradients of the temperature and concentration
fields are shown in [18] to be only zero values:

𝑇 ′′
1 = 0, 𝑇 ′′

2 = 0, 𝐶 ′′
1 = 0, 𝐶 ′′

2 = 0. (4)

The constant coefficients in the linear forms (4) are determined from the
boundary conditions. Based on expressions (4), one can obtain exact solution
for the horizontal pressure gradients and expression for the components of the
velocity vector:

𝑃1 = 𝑔𝛽1

(︁
𝑐1
𝑧2

2
+ 𝑐2𝑧

)︁
+ 𝑔𝛽2

(︁
𝑐5
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2
+ 𝑐6𝑧

)︁
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24
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6
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𝜈
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24
+ 𝑐6

𝑧3

6
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2
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𝑉 =
𝑔𝛽1
𝜈

(︁
𝑐3
𝑧4

24
+ 𝑐4

𝑧3

6

)︁
+
𝑔𝛽2
𝜈

(︁
𝑐7
𝑧4
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+ 𝑐8
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6
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+ 𝑐10

𝑧2

2
+ 𝑐13𝑧 + 𝑐14.

(5)

The final integration of the equation system (3) needs in definition of exact
solution for uniform (background) components of pressure, temperature and con-
centration fields. The revealed view of these bulky relations are not shown but
can be easily obtained on the base of above written relations. The background
temperature 𝑇0 and background concentration 𝐶0 are presented as seventh power
polynomials upon the 𝑧 variable. The background pressure 𝑃0 is eighth power
polynomials upon the 𝑧 variable. The exact solution for velocity field is studied
in details in this paper.

3. Boundary value problem. The coefficients appeared from the integration
of some equations of system (3), as mentioned above, must be determined from
the boundary conditions. We formulate them.

We assume that the no-slip condition is satisfied at the lower boundary (bot-
tom):

𝑉𝑥(0) = 𝑉𝑦(0) = 0.

At the upper boundary 𝑧 = ℎ we assume given uniform distribution of veloc-
ities, which corresponds to the motion of the upper boundary as a solid surface:

𝑉𝑥(ℎ) =𝑊 cos𝜑, 𝑉𝑦(ℎ) =𝑊 sin𝜑.

Here 𝑊 is the value of the velocity at the upper boundary, 𝜓 is the angle the
velocity vector forms with the abscissa axis 𝑂𝑥. In other words, the movement
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of the solid boundary (plate) kinematically causes steady convective flow of the
binary liquid.

The boundary condition for pressure is presented as

𝑃 (ℎ) = 𝑆0 + 𝑆1𝑥+ 𝑆2𝑦,

where 𝑆0 is the atmospheric pressure on the free surface. The condition of im-
permeability and ideal heat exchange is established for the concentration and
temperature at the boundary 𝑧 = 0, respectively:

𝜕𝐶

𝜕𝑧
= 0,

𝜕𝑇

𝜕𝑧
= 0.

In addition, we assume that the temperature and concentration are determined
by the following linear forms at the upper boundary of the layer:

𝑇 (ℎ) = 𝑎𝑥+ 𝑏𝑦, 𝐶(ℎ) = 𝑚𝑥+ 𝑛𝑦.

According to representation (2) for hydrodynamic fields, the formulated bound-
ary conditions are reduced to the following conditions:

𝑈 = 𝑉 = 0,
𝑑𝑇0
𝑑𝑧

= 0,
𝑑𝑇1
𝑑𝑧

=
𝑑𝑇2
𝑑𝑧

= 0,
𝑑𝐶0

𝑑𝑧
= 0,

𝑑𝐶1

𝑑𝑧
=
𝑑𝐶2

𝑑𝑧
= 0 (6)

at the lower boundary;

𝑈 =𝑊 cos𝜑, 𝑉 =𝑊 sin𝜑, 𝑇0 = 0, 𝑇1 = 𝑎, 𝑇2 = 𝑏,

𝑃0 = 𝑆0, 𝑃1 = 𝑆1, 𝑃2 = 𝑆2, 𝐶0 = 0, 𝐶1 = 𝑚, 𝐶2 = 𝑛
(7)

at the upper boundary of the studied layer.

4. Solution of the boundary value problem. The fulfilment of the bound-
ary conditions (6) and (7) in expressions (4) and (5) leads to the following exact
solution:

𝑉𝑥 = 𝑈(𝑧) =
𝑍

6𝜈

[︀
6𝑊𝜈 cos𝜙+ ℎ2(−1 + 𝑍)

(︀
3𝜈(𝑆1 − 𝑔ℎ𝐸) + 𝑔ℎ𝐸(1 + 𝑍)

)︀]︀
,

𝑉𝑦 = 𝑉 (𝑧) =
𝑍

6𝜈

[︀
6𝑊𝜈 sin𝜙+ ℎ2(−1 + 𝑍)

(︀
3𝜈(𝑆2 − 𝑔ℎ𝐹 ) + 𝑔ℎ𝐹 (1 + 𝑍)

)︀]︀
.

(8)

𝑍 = 𝑧/ℎ ∈ [0, 1] is the normalized vertical coordinate in expressions (8), and the
following notations are introduced for the coefficients:

𝐸 = (𝑎𝛽1 +𝑚𝛽2), 𝐹 = (𝑏𝛽1 + 𝑛𝛽2).

As was already mentioned above (constructing the general solution (5)), the
main focus of the article is concentrated on the study of the velocity field, therefore
the exact solutions for the temperature, concentration and pressure fields are
bulky and are not given here. We will only note that they have the following
structure:

𝑇 = 𝑇0(𝑧) + 𝑎𝑥+ 𝑏𝑦, 𝐶 = 𝐶0(𝑧) +𝑚𝑥+ 𝑛𝑦,
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𝑃 = 𝑃0(𝑧) + 𝑃1(𝑧)𝑥+ 𝑃 (𝑧)𝑦.

In other words, the gradients of the temperature field and the concentration field
are constant values determined by the boundary conditions (7). Contrarily the
pressure gradients in the studied problem can vary across the layer:

𝑃1 = 𝑆1 + 𝐸𝑔ℎ(−1 + 𝑍), 𝑃2 = 𝑆2 + 𝐹𝑔ℎ(−1 + 𝑍).

Moreover, these components of the pressure field can change sign for a certain
correlation of values specified at the boundary of the flow region, i.e. the pressure
can either increase or decrease across the layer.

The expressions (8) for both components of the velocity field have the same
structure and can be obtained from each other by simultaneous replacement
cos𝜑 → sin𝜑, 𝑆1 → 𝑆2 and 𝐸 → 𝐹 . This is the reason that we will study in
detail the properties of one component (e.g., the velocity 𝑈) and extend the ob-
tained conclusions to the behavior of the second component (the velocity 𝑉 ). For
a uniform form of notation, we do not assume that sin𝜑 = 0, which, generally
speaking, we have the right to do without loss of generality, since the orientation
of the axes 𝑂𝑥, 𝑂𝑦 has not been specified anywhere above.

So, the velocity profile 𝑈 is determined, in particular, by the number of its
zero points. And we begin with analysis of their number and position.

First of all, we note that if the condition 𝐸 = 𝑆1 = 0 is fulfilled (i.e. the
influence of thermal diffusion factors and pressure is ignored), then the solution (8)
degenerates into a linear dependence

𝑈
⃒⃒
𝑆1=𝐸=0

=𝑊 cos𝜙𝜈𝑍.

In other words, the velocity profile is described by exact Couette-type solution [56],
which means that the counter-flows in the direction of the 𝑂𝑥 axis are not possible.
Therefore the counter-flows are induced by the superposition of the temperature
and concentration fields in combination with the non-uniformity of the pressure
distribution.

Obviously, some point 𝑍* ∈ (0, 1) is zero if it is zero solution of the function

𝑓(𝑧) = 6𝑊𝜈 cos𝜙+ ℎ2(−1 + 𝑍)
(︀
3𝜈(𝑆1 − 𝑔ℎ𝐸) + 𝑔ℎ𝐸(1 + 𝑍)

)︀
=

= 𝑔ℎ3𝐸(𝑧2 − 1) + 3𝜈(𝑆1 − 𝑔ℎ𝐸)ℎ2(−1 + 𝑍) + 6𝑊𝜈 cos𝜙 =

= 𝑔ℎ3𝐸𝑧2 + 3𝜈(𝑆1 − 𝑔ℎ𝐸)ℎ2𝑍 +
(︀
6𝑊𝜈 cos𝜙− 𝑔ℎ3𝐸 − 3𝜈(𝑆1 − 𝑔ℎ𝐸)ℎ2

)︀
.

There are no more than two such zeros, since the function 𝑓 defines a quadratic
dependence on the vertical coordinate. There is only one zero point in the layer
(near which a zone with reverse flow appears), if the function 𝑓 takes values of
different signs at the ends of the interval (0, 1):

𝑓(0)𝑓(1) = 6𝑊𝜈 cos𝜙
(︀
6𝑊𝜈 cos𝜙− 𝑔ℎ3𝐸 − 3𝜈(𝑆1 − 𝑔ℎ𝐸)ℎ2

)︀
< 0.

The values of the function 𝑓 at the boundaries of the interval (0, 1) must
coincide in sign for the existence of two points of velocity stratification 𝑈 :

𝑓(0)𝑓(1) = 6𝑊𝜈 cos𝜙
(︀
6𝑊𝜈 cos𝜙− 𝑔ℎ3𝐸 − 3𝜈(𝑆1 − 𝑔ℎ𝐸)ℎ2

)︀
> 0.
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This condition is necessary, but not sufficient. Additionally, it is necessary to
require that the values of the function 𝑓 at its extremum point and at any end
of the interval (0, 1) should be of different signs (the values at the ends coincide
in sign due to the necessary condition, so, for simplicity, we will take the point
𝑍 = 1):

𝑓(1)𝑓(𝑍𝑒𝑥𝑡𝑟) < 0.

Regarding the structure of the function 𝑓 , this condition takes an equivalent form:

𝑊 cos𝜙
(︀
−ℎ
(︀
−3𝑆1𝜈 + 𝐸𝑔ℎ(−2 + 3𝜈)

)︀2
+ 24𝑊𝐸𝑔𝜈 cos𝜙

)︀
𝐸−1 < 0.

The coefficient 𝐸 is naturally assumed to be non-zero when we consider the
presence of two zero points for the velocity 𝑈 , since this parameter is a multiplier
in the coefficient at the highest (second) power of the polynomial 𝑈 .

Figure 2 shows the velocity 𝑈 profiles with and without countercurrents. The
velocity profile 𝑈 is not monotonic in all cases shown in Fig. 2. Nonlinear depen-
dence of expressions (8) on the normalized vertical coordinate 𝑍 explains this ef-
fect. Constructing the profiles (Fig. 2), the values of the parameters specified at the
boundaries of the fluid layer were varied. The values of the angle, layer thickness
ℎ, and kinematic viscosity 𝜈 were taken constant (𝜈 = 1.006 ·10−6 m2/s, ℎ = 1 m,
𝜑 = 𝜋/3). The mentioned conclusions about the number of counter-current zones
are also applicable to the velocity 𝑉 due to the structure of expressions (8).

Figure 3 shows the hodograph of the velocity vector in the case where the
velocity 𝑈 has two zero points in the layer, and the velocity 𝑉 has one zero point.

The solution of the boundary value problem is locally spiral flow with the
illustrations in Fig. 3. This effect (the formation of a loop on the hodograph) is
characteristic of the classical Ekman flow, which describes the rotation of liquid.
But there is no explicit rotation, only the vorticity is present:

Ω = rot𝑉 =

⃒⃒⃒⃒
⃒⃒ 𝑖 𝑗 𝑘
𝜕
𝜕𝑥

𝜕
𝜕𝑦

𝜕
𝜕𝑧

𝑉𝑥 𝑉𝑦 0

⃒⃒⃒⃒
⃒⃒ = −𝑉 ′𝑖+ 𝑈 ′𝑗.

Figure 2. Velocity 𝑈 profiles with countercurrents (solid heavy line and dash heavy line) and
without countercurrents (solid thin line)
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Figure 3. Hodograph of the velocity vector

The considered velocity vector field can be locally potential if the first derivatives
of both velocities 𝑈 , 𝑉 are simultaneously zero, for some value of the normalized
vertical coordinate 𝑍 within the interval. In other words, we indicate only on the
extremum points of the functions 𝑈 , 𝑉 , and these points must coincide.

5. Conclusion. The paper presents a new exact solution describing steady-
state thermos-diffusion flows of the Couette type. The solution is obtained in
the class of linear functions of the coordinates with nonlinear dependence of the
coefficients on remaining coordinates. The presented solution structure, with its
formal external simplicity, allows to mark nonlinear effects observed in liquid
during its flow and to study the methods of control of these effects. The main
attention in the article is focused on the analysis of the number of zero points
of the velocity field components and constructing zones with reverse flow. It is
shown that the velocity field under certain conditions can be stratified into three
zones, in each of which the flow has its own direction. Characteristic flow profiles
are given. The local helicity of the flow is illustrated.
Competing interests. The authors declare that they have no competing interests.
Authors’ contributions and responsibilities. Each author participated in the article
concept development; the authors contributed equally to this article. The authors are
absolutely responsible for submitting the final manuscript for print. Each author has
approved the final version of the manuscript.
Funding. This research did not receive any funding.

References

1. Gershuni G. Z., Zhukhovitskii E. M. Convective Stability of Incompressible Fluids, Israel
Program for Scientific Translations. Jerusalem, Keter Publishing House, 1976, 330 pp.

2. Aristov S.N., Schwartz K.G. Vikhrevye techeniia advektivnoi prirody vo vrashchaiushchemsia
sloe zhidkosti [Vortical Flows of Advective Nature in a Rotating Fluid Layer]. Perm, Perm
State Univ., 2006, 153 pp. (In Russian)

3. Aristov S.N., Schwartz K.G. Vikhrevye techeniia v tonkikh sloiakh zhidkosti [Vortical Flows
in Thin Fluid Layers]. Kirov, Vyatka State Univ. Publ., 2011, 207 pp. (In Russian)

767



Ba s h u r o v V. V., B u rma s h e v a N. V., P r o s v i r y a k o v E. Yu.

4. Chandrasekhar S. Hydrodynamic and Hydromagnetic Stability, International Series of Mono-
graphs on Physics. Oxford, Clarendon Press, 1961, xix+652 pp.

5. Pedlosky J. Geophysical Fluid Dynamics. New York, Heidelberg, Berlin, Springer-Verlag,
1979, xii+624 pp.

6. Polyanin A. D., Kutepov A. M., Kazenin D. A., Vyazmin A. V. Hydrodynamics, Mass and
Heat Transfer in Chemical Engineering. London, CRC Pres, 2001, 408 pp. DOI: https://
doi.org/10.1201/9781420024517.

7. Shliomis M.I. Convective instability of a ferrofluid, Fluid Dyn., 1973, vol. 8, no. 6, pp. 957–
961. DOI: https://doi.org/10.1007/BF01014273.

8. Drazin P. G., Reid W. H. Hydrodynamic Stability. Cambridge, Cambridge Univ., 2004,
xx+605 pp. DOI: https://doi.org/10.1017/CBO9780511616938.

9. Dikii L. A. Hydrodynamical Stability and Dynamics of Atmosphere. Leningrad, Gidrome-
teoizdat, 1976, 110 pp.

10. Bulatov V. V., Vladimirov Yu. V. Volny v stratifitsirovannykh sredakh [Waves in Stratified
Medium]. Moscow, Nauka, 2015, 735 pp. (In Russian)

11. Bulgakov S. N., Korotaev G. K. Analytical model of jet circulation in confined water bodies,
Morsk. Gidrofiz. Zh., 1987, no. 3, pp. 434–446.

12. Aristov S. N., Shvarts K. G. On the influence of salinity exchange on the circulation of a fluid
in an enclosed basin, Sov. J. Phys. Ocean., 1991, vol. 2, no. 4, pp. 293–298. DOI: https://
doi.org/10.1007/BF02346081.

13. Antontsev S. N., Kazhikhov A. V., Monakhov V. N. Boundary Value Problems in Me-
chanics of Nonhomogeneous Fluids, Studies in Mathematics and Its Applications, vol. 22.
Amsterdam, North-Holland, 1990, xii+309 pp.

14. de Groot S. R., Mazur P. Non-equilibrium Thermodynamics, Series in Physics. Amsterdam,
North-Holland, 1962, x+510 pp.

15. Dufour L. Über die Diffusion der Gase durch poröse Wände und die sie begleitenden Tem-
peraturveränderungen, Ann. Phys., 1873, vol. 224, no. 3, pp. 490–492. DOI: https://doi.
org/10.1002/andp.18732240311.

16. Soret Ch. Sur l’état d’équilibre que prend, au point de vue de sa concentration, une dis-
solution saline primitivement homogène dont deux parties sont portées à des températures
différentes, C. R. Arch. Sci. Phys. Natur., Genève, 1879, vol. 2, pp. 48–61.

17. Kovalenko A. V., Uzdenova A. M., Ovsyannikova A. V., et al. Mathematical modeling of the
effect of spacers on mass transfer in electromembrane systems, Vestn. Samar. Gos. Tekhn.
Univ., Ser. Fiz.-Mat. Nauki [J. Samara State Tech. Univ., Ser. Phys. Math. Sci.], 2022,
vol. 26, no. 3, pp. 520–543 (In Russian). DOI: https://doi.org/10.14498/vsgtu1944.

18. Bashurov V. V., Prosviryakov E. Yu. Steady thermo-diffusive shear Couette flow of in-
compressible fluid. Velocity field analysis, Vestn. Samar. Gos. Tekhn. Univ., Ser. Fiz.-Mat.
Nauki [J. Samara State Tech. Univ., Ser. Phys. Math. Sci.], 2021, vol. 25, no. 4, pp. 763–775.
DOI: https://doi.org/10.14498/vsgtu1878.

19. Burmasheva N. V., Prosviryakov E. Yu. Exact solutions to the Oberbeck–Boussinesq equa-
tions for shear flows of a viscous binary fluid with allowance made for the Soret effect,
Bulletin of Irkutsk State Univ., Ser. Mathematics, 2021, vol. 37, pp. 17–30. DOI: https://
doi.org/10.26516/1997-7670.2021.37.17.

20. Burmasheva N. V., Prosviryakov E. Yu. Influence of the Dufour effect on shear thermal
diffusion flows, Dynamics, 2022, vol. 2, no. 4, pp. 367–379. DOI: https://doi.org/10.3390/
dynamics2040021.

21. Ershkov S. V., Burmasheva N. V., Leshchenko D. D., Prosviryakov E. Yu. Exact solu-
tions of the Oberbeck–Boussinesq equations for the description of shear thermal diffu-
sion of newtonian fluid flows, Symmetry, 2023, vol. 15, no. 9, 1730. DOI: https://doi.org/
10.3390/sym15091730.

22. Ershkov S. V., Prosviryakov E. Yu., Burmasheva N. V, Christianto V. Solving the hydrody-
namical system of equations of inhomogeneous fluid flows with thermal diffusion: A review,
Symmetry, 2023, vol. 15, no. 10, 1825. DOI: https://doi.org/10.3390/sym15101825.

768

https://doi.org/10.1201/9781420024517
https://doi.org/10.1201/9781420024517
https://doi.org/10.1007/BF01014273
https://doi.org/10.1017/CBO9780511616938
https://doi.org/10.1007/BF02346081
https://doi.org/10.1007/BF02346081
https://doi.org/10.1002/andp.18732240311
https://doi.org/10.1002/andp.18732240311
https://doi.org/10.14498/vsgtu1944
https://doi.org/10.14498/vsgtu1878
https://doi.org/10.26516/1997-7670.2021.37.17
https://doi.org/10.26516/1997-7670.2021.37.17
https://doi.org/10.3390/dynamics2040021
https://doi.org/10.3390/dynamics2040021
https://doi.org/10.3390/sym15091730
https://doi.org/10.3390/sym15091730
https://doi.org/10.3390/sym15101825


Exact solution to the velocity field description for Couette–Poiseulle flows of binary liquids

23. Shliomis M. I., Smorodin B. L. Onset of convection in colloids stratified by gravity, Phys.
Rev. E, 2005, vol. 71, 036312. DOI: https://doi.org/10.1103/PhysRevE.71.036312.

24. Siva Ramana N., Sivagnana Prabhua K. K., Kandasamyb R. Soret and dufour effects on
MHD free convective heat and mass transfer with thermophoresis and chemical reaction
over a porous stretching surface: Group theory transformation, J. Appl. Mech. Tech. Phys.,
2012, vol. 53, no. 6, pp. 78–87. DOI: https://doi.org/10.1134/S0021894412060090.

25. Ostroumov G. A. Free Convection under the Condition of the Internal problem, NACA
Technical Memorandum 1407. Washington, NACA, 1958, 239 pp https://ntrs.nasa.gov/
citations/20030068786.

26. Birikh R. V. Thermocapillary convection in a horizontal layer of liquid, J. Appl. Mech. Tech.
Phys., 1966, vol. 7, no. 3, pp. 43–44. DOI: https://doi.org/10.1007/BF00914697.

27. Pukhnachev V. V. Non-stationary analogues of the Birikh solution, Izv. Alt. Gos. Univ.,
2011, no. 1–2, pp. 62–69 (In Russian). EDN: OKHJMH.

28. Prigogine I., Defay R. Chemical Thermodynamics. London, New York, Toronto, Longmans,
Green and Co., 1954, 584 pp.

29. Andreev V. K. Birikh solutions to convection equations and some of its extensions, The
ICM SB RAS Preprint no. 1–10. Krasnoyarsk, 2010, 68 pp. (In Russian)

30. Aristov S. N., Prosviryakov E. Yu. A new class of exact solutions for three-dimensional
thermal diffusion equations, Theor. Found. Chem. Eng., 2016, vol. 50, no. 3, pp. 286–293.
DOI: https://doi.org/10.1134/S0040579516030027.

31. Andreev V. K., Gaponenko Ya. A., Goncharova O. N., Pukhnachev V. V. Mathematical
models of convection, De Gruyter Studies in Mathematical Physics, vol. 5. Berlin, Boston,
De Gryuter, 2012, xv+417 pp. DOI: https://doi.org/10.1515/9783110258592.

32. Burmasheva N. V., Prosviryakov E. Yu. Exact solutions for steady convective layered
flows with a spatial acceleration, Russian Math. (Iz. VUZ), 2021, vol. 65, no. 7, pp. 8–16.
DOI: https://doi.org/10.3103/S1066369X21070021.

33. Chernatynskii V. I., Shliomis M. I. Convection near critical Rayleigh numbers with an almost
vertical temperature gradient, Fluid Dyn., 1973, vol. 8, no. 1, pp. 55–61. DOI: https://doi.
org/10.1007/BF01017637.

34. Shliomis M. I., Yakushin V. I. Convection in a two-layer binary system with evapora-
tion, Uch. Zap. Permsk. Gos. Univ., Ser. Gidrodinamika, 4. Perm, Perm State Univ., 1972,
pp. 129–141 (In Russian).

35. Smorodin B. L., Cherepanov I. N., Myznikova B. I., Shliomis M. I. Traveling-wave convection
in colloids stratified by gravity, Phys. Rev. E, 2011, vol. 84, no. 2, 026305. DOI: https://
doi.org/10.1103/PhysRevE.84.026305.

36. Shliomis M. I. Magnetic fluids, Sov. Phys. Usp., 1974, vol. 17, no. 2, pp. 153–269.
DOI: https://doi.org/10.1070/PU1974v017n02ABEH004332.

37. Smith M. K., Davis S. H. Instabilities of dynamic thermocapillary liquid layers. Part 1.
Convective instabilities, J. Fluid Mech., 1983, vol. 132, pp. 119–144. DOI: https://doi.
org/10.1017/S0022112083001512.

38. Ortiz-Pérez A. S., Dávalos-Orozco L. A. Convection in a horizontal fluid layer under an
inclined temperature gradient, Phys. Fluids, 2011, vol. 28, no. 3, 23. DOI: https://doi.org/
10.1063/1.3626009.

39. Burmasheva N. V., Prosviryakov E. Yu. Convective layered flows of a vertically whirling
viscous incompressible fluid. Temperature field investigation, Vestn. Samar. Gos. Tekhn.
Univ., Ser. Fiz.-Mat. Nauki [J. Samara State Tech. Univ., Ser. Phys. Math. Sci.], 2020,
vol. 24, no. 3, pp. 528–541. DOI: https://doi.org/10.14498/vsgtu1770.

40. Schwarz K. G. Stability of thermocapillary advective flow in a slowly rotating liquid layer
under microgravity conditions, Fluid Dyn., 2012, vol. 47, no. 1, pp. 37–49. DOI: https://
doi.org/10.1134/S001546281201005X.

41. Knutova N. S., Schwarz K. G. A study of behavior and stability of an advective thermocap-
illary flow in a weakly rotating liquid layer under microgravity, Fluid Dyn., 2015, vol. 50,
no. 3, pp. 340–350. DOI: https://doi.org/10.1134/S0015462815030047.

769

https://doi.org/10.1103/PhysRevE.71.036312
https://doi.org/10.1134/S0021894412060090
https://ntrs.nasa.gov/citations/20030068786
https://ntrs.nasa.gov/citations/20030068786
https://doi.org/10.1007/BF00914697
https://elibrary.ru/OKHJMH
https://doi.org/10.1134/S0040579516030027
https://doi.org/10.1515/9783110258592
https://doi.org/10.3103/S1066369X21070021
https://doi.org/10.1007/BF01017637
https://doi.org/10.1007/BF01017637
https://doi.org/10.1103/PhysRevE.84.026305
https://doi.org/10.1103/PhysRevE.84.026305
https://doi.org/10.1070/PU1974v017n02ABEH004332
https://doi.org/10.1017/S0022112083001512
https://doi.org/10.1017/S0022112083001512
https://doi.org/10.1063/1.3626009
https://doi.org/10.1063/1.3626009
https://doi.org/10.14498/vsgtu1770
https://doi.org/10.1134/S001546281201005X
https://doi.org/10.1134/S001546281201005X
https://doi.org/10.1134/S0015462815030047


Ba s h u r o v V. V., B u rma s h e v a N. V., P r o s v i r y a k o v E. Yu.

42. Napolitano L. G. Plane Marangoni–Poiseulle flow of two immiscible fluids, Acta Astronaut.,
1980, vol. 7, no. 4–5, pp. 461–478. DOI: https://doi.org/10.1016/0094-5765(80)90036-3.

43. Bénard H. Les tourbillons cellulaires dans une nappe liquide propageant de la chaleur par
convection, en régime permanent. Paris, Gauthier-Villars, 1901, 88 pp https://archive.
org/details/lestourbillonsce00bena.

44. Bénard H. Étude expérimentale des courants de convection dans une nappe liquide. – Régime
permanent: tourbillons cellulaires, J. Phys. Theor. Appl., 1900, vol. 9, no. 1, pp. 513–524.
DOI: https://doi.org/10.1051/jphystap:019000090051300.

45. Bénard H. Les tourbillons cellulaires dans une nappe liquide. – Méthodes optiques
d’observation et d’enregistrement, J. Phys. Theor. Appl., 1901, vol. 10, no. 1, pp. 254–266.
DOI: https://doi.org/10.1051/jphystap:0190100100025400.

46. Aristov S. N., Prosviryakov E. Yu. On laminar flows of planar free convection, Rus. J.
Nonlin. Dyn., 2013, vol. 9, no. 4, pp. 651–657. DOI: https://doi.org/10.20537/nd1304004.

47. Burmasheva N. V., Prosviryakov E. Yu. A large-scale layered stationary convection of a
incompressible viscous fluid under the action of shear stresses at the upper boundary. Tem-
perature and presure field investigation, Vestn. Samar. Gos. Tekhn. Univ., Ser. Fiz.-Mat.
Nauki [J. Samara State Tech. Univ., Ser. Phys. Math. Sci.], 2017, vol. 21, no. 4, pp. 736–751
(In Russian). DOI: https://doi.org/10.14498/vsgtu1568.

48. Burmasheva N. V., Prosviryakov E. Yu. Thermocapillary convection of a vertical swirling
liquid, Theor. Found. Chem. Eng., 2020, vol. 54, no. 1, pp. 230–239. DOI: https://doi.org/
10.1134/S004057951906.

49. Burmasheva N. V., Prosviryakov E. Yu. Exact solution for Couette-type steady convec-
tive concentration flows, J. Appl. Mech. Techn. Phys., 2021, vol. 62, no. 7, pp. 1199-1210.
DOI: https://doi.org/10.1134/S0021894421070051.

50. Burmasheva N. V., Prosviryakov E. Yu. On Marangoni shear convective flows of inhomo-
geneous viscous incompressible fluids in view of the Soret effect, J. King Saud Univ. Sci.,
2020, vol. 32, no. 8, pp. 3364–3371. DOI: https://doi.org/10.1016/j.jksus.2020.09.023.

51. Burmasheva N. V., Privalova V. V., Prosviryakov E. Yu. Layered Marangoni convection
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Аннотация
Предложено и изучено точное решение уравнений Обербека–Бусси-

неска для описания установившихся течений бинарных жидкостей типа
Пуазейля. Движение жидкости рассматривается в бесконечном горизон-
тальном слое. Сдвиговые течения описываются переопределенной систе-
мой уравнений. Нетривиальное точное решение для системы Обербека–
Буссинеска существует в классе скоростей (две компоненты вектора), за-
висящих только от поперечной координаты. Данная структура коорди-
нат вектора скорости обеспечивает автоматическое выполнение уравне-
ния неразрывности («лишнего» уравнения). Поле давления, поле темпе-
ратуры и поле концентрации растворенного вещества описываются ли-
нейными формами от горизонтальных (продольных) координат с коэф-
фициентами, функционально зависящими от третьей координаты. По-
казано, что в слое жидкости могут существовать две точки, где скорость
обращается в нуль. В этом случае реализуется спиралевидное течение
(годограф вектора скорости имеет точку поворота).

Математическое моделирование, численные методы и комплексы программ
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