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AnHHOTanNsA

Ha ocnoBe anajm3a TpexMepHBIX ypaBHEHUN Diljiepa UCCIEIYIOTCS CTa-
oHapHbIEe 6€3BUXPEBbIe OAPOTPOITHBIE TEUEHHS ra3a. KpurudeckuMu B cTa-
The Ha3bIBAIOTC TEYEHHs, B KOTOPHIX uncyio Maxa BCIogy MeHbIIe Win pas-
HO €JMHWIE, W IPH 9TOM XOTs OBl B OJHON TOuke umcgo Maxa jgocTuraer
emuuunbl. B 1954 roxy I'miabapr n [lludman mokazaim, 910 €cjau B Kpu-
TUYECKOM TEUYEHHU CyIIECTBYeT BHYTPEHHsisd (He JiexKamiasg Ha 0OTeKaeMOn
HOBEPXHOCTH) 3BYKOBas TOYKA, TO OHA JIEZKUT HA IIOCKON 3BYKOBOIi IIOBEPX-
HOCTH, KOTOPasl BO BCEX CBOUX TOYKAX IMEPIEHINKY/ISPHA BEKTOPY CKOPOCTH
rasa u He MOXKET 3aKAHIMBATHCS BHYTPH MOTOKA (TE€OpeMa O 3ByKOBO TOU-
ke). Ha ocuose atoit Teopembl T'uibapr u ludman mo/iyuin BayXKHbINA 715
3a/1a" MAKCUMH3aIUu KpUTUIecKoro ducsia Maxa BoiBoj. OH cocTouT B TOM,
9TO IPU KPUTHIECKOM OOTEKAHWW JJIsi MIAPOKOTO KJIAcCa OOTEKAeMBbIX TeJI
3BYKOBBIE TOYKH MOTYT PACIOJAraTbCsS TOJHKO HA €r0 MOBEPXHOCTH. DTOT
BBIBOJI, CYIIIECTBEHHBIM OOPA30M HCIOJIL3YETCs MPHU MOCTPoeHnu hopm obTe-
KaeMbIX TeJl ¢ MaKCUMaJIbHBIM 3Ha9€HUEM KPUTUYIECKOI'0 YHucjia Maxa (IIpI/I
38/IAHHBIX M30IIEPUMETPUIECKUX YCIOBHSIX).

B npencrasiisieMoit crarhe paccMaTpuBaeTCs BOIPOC O KPUBU3HE JIMHU
TOKa BO BHYTPEHHUX 3BYKOBBIX TOYKaX KpUTHYECKHX TedeHwuil. [lokasbiBa-
€TCsl, 9TO 9Ta KPUBU3HA paBHA HYJIIO. B pe3ysbrare mosydaeTcs HOBoe HE0O-
XOJIMMOE YCJIOBUE CYIIECTBOBAHUsI BHY TPEHHE! 3BYKOBO# TOUKM (U 3BYKOBOM
nosepxHoctr). OHO COCTOMT B TOM, YTO B TOYKE [EPECEUEHUsT CO 3BYKOBOMH
[TOBEPXHOCTHIO HOPMAJIbHAS KPUBU3HA O0TEKAEMOIl IOBEPXHOCTH B HAIIPAB-
JIEHUU HOPMAaJIX K 3BYKOBOII IIOBEPXHOCTH JOJI2KHA PaBHATHCA HyI0. [Ipuso-
JISITCST IIPUMEPBI 00TeKAeMBIX TeJI, JJIst KOTOPhIX TeopeMa ['minbapra u [lud-
MaHa (0 3BYKOBOIi TOUKE) He JIAeT OTBETA HA BOIIPOC O MECTE PACIIOJIOXKEHUS
3BYKOBBIX TO4YeK. [Ipy 3TOM HOBOE HEOOXOIMMOE YCJIOBUE ITO3BOJISET JTOKA-
3aTbh, YTO CYIIECTBOBAHUE BHYTPEHHUX 3BYKOBBLIX TOYEK MPU KPUTHIECCKOM
00TEeKaHNM ITUX TeJ HEBO3MOXKHO.
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Beeneunmne. /lo3BykoBbIe TeueHUsl, B KaXK 0l TOUKE KOTOPBIX MECTHOE JTHCJIO
Maxa M < 1 u npu 3T0M XOTsI OBI B OIHOI TOUYKe Yncjio Maxa JTOCTUraeT eIuHUIIbI,
Ha3bIBAIOTCA KPUTHICCKUMH TeIeHUIMU. B 3a1a9ax o6TeKaHns OHM COOTBETCTBY-
0T KpuTudeckoMy [nciy Maxa M* maberaoriero moroka, pasrpaHUINBAIONIEMY
YUCTO JO3BYKOBBIE TEUEHUsI U OOTEKAHUsI ¢ MECTHBIMU CBEPX3BYKOBBIMU 30HAMH.
Ecim B Haberatomem noroke 4uciao Maxa My, > M*, To ipu obrekanum Teja Bo3-
HHUKaIOT MECTHBIE CBEPX3BYKOBBIE 30HBI, YTO MOXKET HMPHUBECTH K BO3ZHUKHOBEHHIO
CKa4IKOB yILIOTHEHMSI, KOTOPBIE, B CBOIO OYEPEIb, MOTYT BBISBIBATH OTPBIB ITOTOKA.
M ckauku, m OTPBHIB PE3KO YBEJIUUNBAIOT COMPOTHUBIIeHHE. [loaTOMYy IpakTrdecKn
BasKHON sIBIIsieTcs 3ajada MakcuMmmaarumu M™*, cocrostimast B mocTpoeHun (HopMm
00TeKaeMBbIX TeJl ¢ MAKCUMAJbHBIM 3HadeHneM M* (pu 3a/laHHBIX U30IE€PUMET-
PUYECKUX YCJIOBUSIX ).

MsBecren sMmnmpuveckuii (pakT, 9TO HPU MEIJIEHHOM IOBBIIIEHUN JI03BYKO-
BOII CKOPOCTH HAOETaoIIero MOTOKa IePBble 3BYKOBbIE TOYKHU, B KOTOPBIX MECTHOE
urcsio Maxa M = 1, nosiBJISIIOTCST IMEHHO Ha [OBEPXHOCTH ObTeKaeMoro resa [1].
N3 sToro smnupuyeckoro ¢akTa BO3HHUKJIO IPEINOIOXKEHUE O TOM, UTO CPEIu
[IEPBBIX 3BYKOBBIX TOUEK 00s13aTEJILHO €CTh TOUKU, KOTOPBIE PACIIOJIOXKEHBI Ha, 10~
BepxHOCTH oOTeKaeMoro reja. [losromy npu moucke M* s pasubix amces Maxa
HabEraroIero MOTOKa BBISICHSIIOT HAJIUYNE 3BYKOBBIX TOYEK HE BO BCEM TEUEHWH,
a TOJIbKO Ha IIOBEPXHOCTH 0OTEKAEMOTO TeJjla. JTO CYIIECTBEHHO YIIPOIIAeT pellre-
HEe 3329 Makcumusanuun M* [2-7].

Teoperuueckue uccIeI0BaHMs ITONO BOIPOCa ObLIN IIPOBeJIeHbI B pabore 2],
rie 6bLIO MOy YEHO HEOOXOINMOE YCJIOBUE CYIIECTBOBAHNS BHY TPEHHUX 3BYKOBDBIX
Touek B Tedennsx ¢ M < 1 (m.e. B Kpurndeckux Tedennsx). Hike 910 HEobxo-
JIIMOe yCJIoBUe OyIeT Ha3bIBATHCS meopemot 0 36yko6otli mouke. COrJIACHO 3TOM
TeopeMe, eC/id B JI03ByKOBOM CTAIlMOHAPHOM 0e3BUXPEBOM OAPOTPOITHOM TEUYCHUU
cylecTByeT BHyTpeHHsisi 3BykoBasi (M = 1) Touka, TO OHa JIEXKUT Ha ILIOCKOMN
3BYKOBOIl MOBEPXHOCTH (B JBYMEPHOM Cjlydae — Ha HPSMOi 3BYKOBOIi JIMHWM),
KOTOpas B KaKJIOW TOYKe IEPIIEHINKYJIAPHA CKOPOCTH Ta3a W HE MOXKET 3aKaH-
YMBATHC BHYTpH TedeHus. B pabore [2] Ha ocHOBe TeopeMbl 0 3BYKOBOH TOUKe
JJIs ITIPOKOTO KJj1acca KoHMUryparuit odTekaeMbixX TeJ1 ObLI CJIe/IaH BBHIBOJ, O TOM,
YTO TEepBble 3BYKOBBIE TOUKHU PACIIOJIATafOTCs TOJBKO Ha IrpaHulle TedeHwus. la-
KM 00pa3oM, npu Makcumusanuun M* B paborax [2-7| ucnonb3oBajicst He TOJIb-
KO SMIIMPUIECKUN, HO U TEOPETHIECKH ODOCHOBAHHBIN (DAKT IOSBJICHHUS ITEPBHIX
3BYKOBBIX TOYEK MMEHHO Ha IOBEPXHOCTH obTekaeMoro Teia. B [2] pacemorpe-
HBI TOJIBKO TakKue KOH(MUI'YpaIuu O00TEKAEMBbIX TeJI, JIJIsi KOTOPBIX JIobasi ILJI0C-
Kasl MOBEPXHOCTD, IMPOXO/ISIasi Iepe3 BHYTPEHHNE TOYKHU TEUEHUSI M, BO3SMOXKHO,
HAMeEIOIIas 'PaHUYHbIE TOYKH Ha IIOBEPXHOCTHU TeJia, JUOO IIPOCTUPAETCs: B OECKO-
HEYHOCTDH (B YACTHOCTHU, 3TO BEPHO JIJIsI JIFOOBIX BBILYKJIBIX TeJI), JIUOO 9Ta MOBEPX-
HOCTB PACIIOJIOXKEHA B yIJIYOJeHNN 0OTEKAaeMOro TeJIa U CO BCEX CTOPOH OrpaHuve-
Ha MOBEPXHOCTHIO Tesa. st cirydas, Korjga IIocKasi IIOBEPXHOCTEH TPOCTUPALTCSI
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B OECKOHEYHOCTh, B [2| ucnosb3oBaiocs cieyoniee paccykaenne. Ecin Bo BceM
tegenun M < 1, a B Haberaromem noroke My, < 1, To cymecTBOBaHIE 3BYKOBOI
MTOBEPXHOCTH, TPOCTUPAIOIIEHCS B HECKOHETHOCTh, HEBO3MOYKHO BCIEICTBUE YCIIO-
BUd 3aTyXaHUA BOSMyH_LeHI/IfI. HOSTO]VIy 3BYKOBbBIE TOYKHU MOI'YyT HaXOJUTHCA TOJIb-
KO Ha TIOBEPXHOCTH Takux Tejl. B [2] Takzke paccMOTpeH cirydaii, Korja MIocKast
3BYKOBasi IIOBEPXHOCTH PACIIOJIOXKEHA B YyIJIyOJIEHUN 00TEKAEMOI'O TeJIa U CO BCEX
CTOPOH OI'PAHIYEHA, [TOBEPXHOCTHIO TeJIa. DTOT CIydail He IPOTUBOPEYUNT YCIOBUIO
M = My, < 1 Ha BECKOHEIHOCTH, ITOCKOJIbKY 3BYKOBasl IIOBEPXHOCTh OrPAHUIEHA.
OmHako B 9TOM CJIydae HAPYIIAJcsad Obl 3aKOH COXPAHEHWsT MacChl JJist 00JIacTH,
OTPAHUYIEHHON 3BYKOBO# MOBEPXHOCTHIO U YACTBIO IOBEPXHOCTH TeJia B KaBEpPHE
(uepe3 3BYKOBYIO IIOBEPXHOCTH MMOCTOSIHHO CO 3BYKOBOII CKOPOCTBIO JIBUTAJICS ObI
ra3, B TO BpeMs KaK OCTABIIAsICA YACTh I'PAHUIBI 00J1aCTU Oblja Obl HEIIPOHUIIAE-
ma). [Tosromy Hasmame yriryOsieHnit He MEHSIET BBIBOJ, O TOM, YTO 3BYKOBBIE TOYKN
MOT'YT HaXO/[UThCsI TOJHKO HA MOBEPXHOCTU TeJI, PACCMOTPEHHBIX B [2].

O,ZLHaKO JJIdd HEKOTOPBIX TeJI CyIIeCTBOBaHUE 3BYKOBBIX ILJIOCKOCTEN He IpoTu-
Bopeunt ycsoButo M = My, < 1 Ha GECKOHETHOCTH U 3aKOHY COXPAHEHUSI MACCHI.
DTO UMeeT MeCTO, HAIIPUMED, B KAHAJIAX, [JIe CYIIECTBYIOT IJIOCKHUE TIOBEPXHOCTH,
orpaHUYeHHbIE CTEHKAMH KaHaJja. HeBO3MOXKHOCTH CyIeCTBOBAHUS HEKOTOPBIX
TaKUX 3BYKOBbBIX HOBerHOCTeﬁ BbIT€KaeT U3 TOr'o, YTO B TOYKaX ITOBEPXHOCTHU Te-
Jia, 3BYKOBAasi TIOBEPXHOCTh U KacaTe/bHas K MOBEPXHOCTU TEJIA IIJIOCKOCTH JOJIXK-
HBI OBITh MEPIIEHINKYJISPHBL. DTO yCJIOBHE, KOTOPOE HIXKE JJIsi KPATKOCTH OyaemM
Ha3bIBATH NEPEHLIM 2EOMEMPUYECKUM YCAOBUEM, BBITEKAECT U3 OPTOrOHAJIBHOCTH
CKOPOCTH r'a3a K 3BYKOBOI HMOBEPXHOCTH U U3 TOrO, YTO CKOPOCTH HEBA3KOI'O ra3a
HaIllpaBJIieHa 110 KacaTe/IbHOI K 00TeKaeMOoil TTOBEpXHOCTH.

TaKI/IM 06pa30M, JJId BBIBOa O ITOZABJICHHUH II€PBBIX 3BYKOBBIX TOY€K TOJIBKO Ha
ITOBEPXHOCTHU TeJIa HET HEOOXOIUMOCTHU MIPEJICTABISTD KAPTUHY TEUEHUsI U yINThI-
BaTh HallpaBJjeHue Haberamero noroka. OTBeT Ha ITOT BOIPOC JJIsT HEKOTOPBIX
00TEKaEeMBIX T€JT MOXKHO IOJyIATL 0e3 CIeNUa/bHbIX 3HAHUN B 00JIACTH a’3po-
guHaMuKd. JlocTaToIHO yOeaUThCsI, UTO MPHU JIIOOOM B3aWMHOM PACIIOJIOKEHUU
IUIOCKOCTU ¥ Tejia JMO0 YacTh IIJIOCKOCTH, HAXOJSIIASICS B TEUYeHUU, [IPOCTUPA-
ercst (xoTst OBl 110 OJIHOI KPUBOi JIMHWUH, JiexKalleil Ha 9TON JacTh IJIOCKOCTH )
B OECKOHEYHOCTh, JTUOO 3TA YaCTh OIPAHUYEHA [TOBEPXHOCTHIO TEJIa, HO B HEll JIOO
HapPYIIEHO [IEPBOE TeOMETPUIECKOEe yCJIOBUE, JIUDO OHA BMECTE € YACTHIO MOBEPX-
HOCTH TeJIa COCTABJISIET 3aMKHYTYIO IOBEPXHOCTD (HADYIIIEHNE 3aKOHA COXPAHEHUST
maccsl). [Ipumepom Test, jjisi KOTOPBIX TAKOM MOJXO0/| JIEFKO IIPUBOJUT K BBIBOLY
O TOSIBJIEHUN TIEPBBIX 3BYKOBBIX TOYEK TOJBKO HA MOBEPXHOCTH TEJIA, SIBJISIFOTCS
BCE BBINYKJIbIE TeJIa, 3arJIyIIeHHbI UJINHJID, TOJIbi KOHYC u T.7. OJHAKO JIJist
HEKOTOPBIX TeJI MOXKHO HAWTH HE HPOCTHPAIOIILYIOCSH B DECKOHEYHOCTH IJIOCKYIO
[TOBEPXHOCTD O, YA0BJIETBOPHAIONLYIO IEPBOMY reoMeTpuYecKomy ycsoBuio. Harpu-
Mep, camoe y3koe ceuenue coruta JlaBass. [lesoe cemeiicTBO TakKuX 1OBEPXHOCTEN
MO2KHO YyKa3aTb /IJjid HUJINH/IPpa C OTKPBITBIMA TOPIAMMU — 3TO IIJIOCKUE IIOBEPX-
HOCTU BHYTPHU IUJINHIPA, MEPIEHIUKYJIsIpHbIE ero creHkaM. OJHa MOBEPXHOCTH
CYIIECTBYET JIJIst TOPA — 9TO «IEPEIOHKa» Ha CAMOMN y3KOH YacTU OTBEPCTUS TOPA
(CM. PHUCYHOK).

OTH pUMepHl MTOKA3BIBAIOT, UTO JJIsi JOCTATOYHO OOIIMPHOIrO KJiacca o0Te-
Ka€MbIX TeJI BOIIPOC O MeCT€ BOSHHUKHOBEHUA IIE€PBLIX 3BYKOBBIX TOYEK OCTaeTCdA
OTKpPBITBIM. LlesIb JTaHHOI cTaThbu — CYy3UTh 9TOT KJtacc. Jjist perenust HEKOTOPhIX
IpobJIeM a3POTUIPOJIMHAMUKN HEJIOCTATOYHO HUCIIOJb30BAHUS MOJIEJIEH Hjieab-
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Pacriotokerue 3ByKOBO# MOBEPXHOCTH HA KPYIJIOH YacTH
MJIOCKOCTU CUMMeTPHUH TOPa yA0BJIETBOPAET IePBOMY I'€O-
MEeTPUYECKOMY YCJIOBUIO

( .

[The location of the sonic surface on the circular part ~

of the plane of symmetry of the torus satisfies the first
geometric condition]

HBIX KHJKOCTU U ra3a (ypaBHeHUsI Diijiepa) u TpeOyercsi yIUTHIBATH BI3KOCTD
u apyrue, 6osee cioxkubie ddexTol. OHAKO, KaK MOKA3bIBAIOT paboThl [8—15],
MTOTEHIIAAJ UCCIETOBAHUST UICATBHBIX YKUJIKOCTH U ra3a JIo CUX MOp HE NCUYEpITaH.
Emme oganM moATBEpKACHIEM 3TOTO OYIEeT Pe3y/bTaT JAHHOW CTATHU, MMOJIYIeH-
HBIIl Ha OCHOBE aHAJIN3a ypaBHEHUIl Ddiiyiepa.

1. BaporponHoe b6e3BuxpeBoe TedyeHme. Paccmorpum craruonapaoe 6e3-
BUXpPEBOe 0apOTPOIHOE TeUeHUE UJIEAJHHOIO Ta3a B OOIIEM ITPOCTPAHCTBEHHOM
ciaydae. Vcmosb3yem oObranbie 0003HadYeHUs: V — CKOPOCTD; ) — IJIOTHOCTD Ta3a;
p = p(p) — IaBieHue, IpUYeM JJIs KazKJI0i MAaKpOYaCTUIbI Ia3a JaBjieHne p(p) sB-
JIIeTCs CTPOro Bo3pactarorieil pyukmnueit p. BymeM cunrarh, 4TO BCe mapaMeTpbl
TedeHus (Kak (QYHKIMU IPOCTPAHCTBEHHBIX KOOPAMHAT) U (GyHKIWMs p(p) UMEIOT
HEOOXO/IUMYIO JIJIsi JIAJIbHERIIIEr0 UCCIIEIOBAHNS [VIAIKOCTh.

B 6aporpornnoM TeueHnn MeCTHasi CKOPOCTDb 3ByKa SBJIAeTCA (DYHKITHEH 110T-

Hoctu ¢ = ¢(p) = /P'(p) > 0. O6ozraIMM

g(p)Z/p,I(f)dﬂ, V=|V].

W3 ypaBHeHuii Diyiepa cjejyer, 9TO, MOCKOIbKYy rot V. = 0, Besmumsa hy =

2
= g(p) + VT HOCTOsIHHA BO BCeM Tojie Tedenus: (3akoH Bepuysum). Tak kak
HEOIIpeIeJIEHHBI NHTErpaJjl OIPEIeIsIeTCa ¢ TOTYHOCTHIO 10 KOHCTAHThI, Oe3 orpa-
HUYeHusT OOIMHOCTH OyAeM CIUTaTh, 9TO mocrosianas hg > 0. JlaBmenne, mo npe-

HOJIOKEHUI0, pacTer ¢ pocroM morHoctu. CienoBaresbho, ¢'(p) = %}p) > 0,
u obpaTnas GyHKIMA ¢~ oaHO3HAUHO onpe/esena. 1109ToMy ILIOTHOCTD, a BMe-
cTe ¢ Heil U CKOPOCTHb 3BYKa, SIBJISIIOTCS OHO3HAYHBIMU (DYHKIUSIMU CKOPOCTH
raza—c = ¢(p(V)). IIpu 9TOM ILIOTHOCTH CTPOrO MOHOTOHHO YOBIBAET C POCTOM
V', aro ciiemyeT u3 BhIpayKeHUs sl TOCTOsAHHOM hg. Bo Bcex Toukax 1m03ByKOBOIO
redenusi V < ¢(p(V)), a B 3BykoBbIX TOoukax V = ¢(p(V)).

B obrmiem ciryuae 3 6apoTpOIHOCTH U MOHOTOHHOCTH P = p(p) He cieyer Mo-
HOTOHHOCTD ¢ = ¢(p). [losromy ypasnenne V = ¢(p(V')) MOkKeT HMETH HECKOILKO
perrenuit. OHAKO €CJIN JOMOJHUTEIBHO IPEIHOIOKUTE, 9TO CKOPOCTH 3ByKa BO3-
pacraer ¢ pocToM IoTHOCTH, perienne ypasaenust V = ¢(p(V')) 6yzaer equncTBeH-
ueiM. U1 Torya, eciim Bo Bcem Tedenun M < 1, 3ByKoBble TOUKH GyJIyT HE TOJBKO
TouKaMu MakcuMyma duciaa Maxa M, HO U TOYKaMU MaKCHMyMa CKOPOCTH Ta-
3a V (1 ToukaMu MakcuMyMma Ge3pa3MepHOro mapamerpa JamabruHa T = \/2LTO)’
T.€. MOXKHO OYJIET CUUTATh, YTO BO BCEM KPUTHIECKOM TE€YEHUM CKOPOCTb ra3a He
IPEBOCXOJIUT CKOPOCTh B 3BYKOBOIT TOUKE.

[Tpenosnozkenre 0 TOM, 9TO B KPUTHYECKOM TE€YEHUH CKOPOCTH Ta3a He IIpe-
BOCXOJIUT CKOPOCTH B 3BYKOBOH TOYKE, CYIIECTBEHHBIM 0OPa30M HCIIOIH30BAIOCH

B pabote [2|. Onnako st o61iero ciaydasi 6apoOTPOIHBIX T€UEHUT OHO He CJiejyer
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u3 chopMyImpoBaHHOrO B [2]| mpemosioxkenust 0 Bospactanuu GyHkuuu p = p(p).
[TosToMy B mamHO# paboTe peiaraeTcs IPUHATh (PU3TIECCKH 0O0CHOBAHHOE 10~
[TOJTHUTEJIBHOE TIPEJITIOJIOKEHIE O POCTE CKOPOCTH 3BYKa ¢ POCTOM IjioTHOCTH. Jla-
Jiee, UCIOJb3ysl B (POPMYIUPOBKAX TEPMUH «OAPOTPOITHOCTHY, OYIEM Io/Ipa3yMe-
BaTh He TOJIbKO TpeboBanue pocra dyukiuuun p = p(p), HO u TpeboBaHUE POCTA
dbyukuun ¢ = ¢(p) ¢ pocrom p.

OtrmeruM, 9TO 3TH TPeDOBAHUS BBIIOJHEHbI, HAIPUMED, IIPU U303HTPOINYIE-
CKOM TEUYCHUH COBEPIIEHHOTO rasa (HMOoIduHsIonerocst ypasaenuio MennereeBa—
Kramneiipona), misg KOTOporo 6apoTporHOCTb O3HAYAET P = sop®, e k > 1—
rokasaresib aanadaThl, Sg — SHTPONUiHAS PYHKITHS.

2. KpuBu3Ha JUHUU TOKA BO BHYTpPeHHeil 3ByKoBoii Touke. [lockosib-
Ky HCCJIEIYIOTCSI CBO¥CTBa TedeHuii BOJIM3M 3BYKOBBIX TOUEK, 0€3 OrpaHUICHUS
obmHoCTH OyeM cuuTaTh, YTO BesqudmHa ckopocru Vo = |V| owmimuna or Hy-
JI, M1 TIO3TOMY B KaXKJIOfl TOYKe CYIIEeCTBYET €JIMHUYHbIII BEKTOP, KacaTeJbHbII

Kk quann Toka € = V /V. Kpome toro, mapamerp Yarmasiruna 7 = \/% TaK>Ke
0

Oy/ieT OTJIMYEH OT HyJIsI B OKPECTHOCTH 3ByKOBOiT ToUukHU. IIpeacTaBuM BbIpaskeHHe

st hg B BUIE
/
(1 - r2)ho = /pi)p) dp.

[TpousBoHAsI 10 HAIIPABJIEHUIO € OT 06enX JacTell STOro PaBeHCTBaA JIAeT
P (p) 2 2
—2ho7(e:V71)="—=(e:Vp), wm —2hyt*(e-Vin7t)=c"(e-Vinp).
p

Ornomenne 2ho7? / ¢? ecTb KBajpaT MecTHOro uncyaa Maxa M. ITostomy
~M?(e-Vin7) = (e-Vlnp). (1)
YpaBHEHUE HEPA3PBIBHOCTH
div(pV) = div(pr/2hge) = 0
[IPEJICTABJISIETCS B BHUJIE

dive + (e:V)In{prv/2ho} =0

un, ¢ yaerom (1),
dive + (1 - M?*)(e:ViIn7) = 0.

I'pajimeHT 3TOrO paBEHCTBA C UCIOJB30BAaHUEM U3BECTHOH (DOPMYJIBI BEKTOPHOTO
aHaJIn3a
V divb =rotrotb 4+ Ab

(rme A — omneparop Jlamiaca) IpUBOJUT K YPaBHEHUIO
rotrote + Ae+ (1 - M)V (e-Vin7) + (eVIn7)V(1 - M*) =0. (2)
[Mosyaum BeIpazkenue jist rot rot € U3 yc/IoBUsl OTCYTCTBHS 3aBUXPEHHOCTU
rot(~/2hgre) = 0,
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KOTOPOE, KaK 3aMe4eHO B [12], pABHOCHIILHO paBeHCTBY
rote=[e x Vinr]. (3)

Borancsisisi porop or obenx [acteii (3) u ncrnosb3yst hOpMyITy st pOTOpa BeK-
TOPHOI'O IIPOU3BE/ICHUSA, TIOJIyYUM

rotrote = (VIn7-V)e — (e- V)VInt +eAln7 — (dive)VinT. (4)

PaccmoTrpuM BHYTpEHHIOIO 3BYKOBYIO Touky A B Kpuruueckom (M < 1) reve-
nuu. Kak 3ameueno B pasgene 1, B 3Toii Touke napaMerp JallIbICuHa T IPUHIMA-
eT MaKCHMAaJIbHOE 3HAYeHUe U, CJIEJOBATEILHO, BBIIOIHEHO HEOOXOIUMOE YCIOBIE
MaKCHMYyMa,

Vinr=0.

[Tostomy B 3ByKOBOii (M = 1) Touke A ypasuenusi (2) u (4) ynpormatorest u npu-
HUMAIOT COOTBETCTBEHHO BH/I

rotrote+ Ae=0 u rotrote=—(e-V)Vint+eAlnr.

Nckmiounm BekTOp rot rot e n3 3Tux ypaBHEHUN, & Pe3YJIHTAT YMHOYKIM CKAJISIPHO
Ha BEKTOp €:

AlnT — (e:((e:V)VIn7)) = —(e:Ae). (5)

BoibepeM psiMOYTOJIBHYIO JIEKAPTOBY CUCTEMY KOOPAUHAT AX1ToX3 Tak, 9TOOBI
och Ax3 coBIajasia ¢ HallpaB/IeHneM BeKTopa € B Touke A. B aroil cucreme Ko-
opauHaT ypaBHeHue (5) IpUHUMAET BUJ

PZlnt  lnr
ox? O3

= —(e-Ae). (6)

Yepes e1, €3, €3 0603HAYIUM KOODIUMHATHI BEKTOPA € B CHUCTEME KOODIMHAT
Az xows. Vcnomnp3yst KOOpAMHATHYIO 3anuchk oneparopoB A u V, mouaydaeM (mo-
JIpOOHBIE BBIK/IAJIKM MOYXKHO HaiiTu B [12])

A2 +e2+e2) =2(Ver)® +2(Ver)® +2(Ves)? + 2e1Aeg + 2eaey + 2e3Aes,

nJjin

Ale + e+ e2) =2(Ver)? +2(Vep)? 4 2(Ves)? + 2(e-Ae).
U3 mocietaero pasencTsa ¢ ydaeroMm Toro, ato A(ef +e3 +e2) = A(1) = 0, mmeem
(e:Ae) = —(Ve1)* — (Vey)? — (Ves)?,
u ypastenue (6) IpUHEMAET BUJ

?Int  0%Ilnt
Ox? 2

= (Ve1)? + (Vea)? + (Ves)?. (7)

Bo BHyTpeHHeﬁ Touke A BBIIOJIHEHDI HeO6XO,HI/IMbIe yc/10BUsdA MaKCUMyMa:

?Inr Inr
or? T oxk
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B cuity (7) 970 BO3MOXKHO TOJIBKO B CJIydae
(Ver)? 4+ (Vea)® 4 (Vez)? = 0.

Takum obpazoM, TOKa3aHO CJIeIyIOIIee

YTBEPXKAEHUE. [lycmv 6 paccmampusaemom mevenuy 2a3a M < 1 u ecmo
eHympennas 3eyxosas mouka A. Toeda 6 mouxe A mpocmparcmeentvie NPous-
600nvie 6cex Komnonenm eexmopa € = V [V pasnv nyaro. B wacmmnocmu, smo
03HAYMAEM, YMO KPUBUSHA AUHUL TMOKA 60 6HYympennel 36yKkogol movke pacHa
HYAO0.

3AMEYAHUE. HoBu3Ha MOy IEeHHOTO PE3y/IbTaTa OTHOCUTCI TOJBKO K ODIeMy
TpexMepHOMY cjydaro. Jljis maockonapasiieIbHbIX Oe3BUXPEBBIX TEUYEHUIl JTABHO
u3BecTHO |16], 4T0 KpUBU3HA JIMHUK TOKA PaBHA HYJIIO B TOUKE Ha 3BYKOBOIi JIMHIH,
B KOTOPOIl BEKTOpP CKOPOCTH IEPHEHUKY/IAPEH JaHHOW 3BYKOBOI JIMHUM (Takast
TouKa B |16] Ha3BIBAETCS IIEHTPOM OKOJIO3BYKOBOI'O TEYEHUS ).

3. Bropoe reomerpuveckoe ycjioBue. B cuiy HenmpepbIBHOCTH Ha 3BYKOBOM
IIOBEPXHOCTH KPUBU3HA, JIMHUI TOKA PaBHA HYJIIO HE TOJIHKO BO BHYTPEHHUX TOYKaX
TeYeHUs], HO U B Te€X TOYKaX, KOTOPbIE JIe’KaT Ha IIepecedYeHnH 3BYKOBOU IOBEPX-
HOCTH € TIOBEPXHOCTBIO 00TEKaeMoro reja. Takum o6pa3oM, 8 mouke nepeceterus
€O 38YK060U NOBEPTHOCTNDIO HOPMANDHAA KPUSUSHA 00MEKAEMOT NOBEPTHOCTNU 6
HANPABAECHUU HOPMAAU K 36YKOBOT NOBEPTHOCTIU JOAHCHA DABHAMDCA HYA0. ITO
HEOOXOIMMOE yCJIOBUE CYIIECTBOBAHUS 3BYKOBOW ITOBEPXHOCTH SIBJISIETCS OCHOB-
HBIM pe3yJIbTATOM JIAHHOW paboThl. ABTODBI IIPEJIaraoT HA3BIBATH €I0 61MOPbIM
2E0MEMPUYECKUM YCAOBUEM.

Wcnonb30Banne BTOPOro reOMeTPUIECKOr0 YCJIOBHS PACIIAPSIET KJIACC 00TeKa-
€MBIX TeJI, JJjld KOTOPBIX II0gBJICHUE II€PBBIX 3BYKOBBIX TOYEK TOJILKO Ha II0BEpX-
HOCTHU TeJjia cTporo obocHoBano. Tak, HAIIPUMED, 9TO YCJIOBUE HAPYIIEHO JJIs 10-
BEPXHOCTH, M300parKeHHOM Ha pucyHke. [loaromy 1pu obrekannu Topa (¢ Jar060ro
HAIIPABJICHHUsI ) TIEPBbIE 3BYKOBbIE TOUKH OY/IyT MOSIBJISITHCS HA TIOBEPXHOCTH TOPA,
a He BO BHYTPEHHUX TOUKaxX TedueHUsd. B ciydae comsa JlaBams cymiecTBoBaHme
3BYKOBBIX IIOBEPXHOCTEH, JIOXOJAIINX JO CTEHOK B CyzKaloIleiics U B paclIupAIo-
melicsd JacTax KaHaJia, IPOTUBOPEUHUT MIEPBOMY Me€OMETPUIECKOMY YCJIOBUIO. UTO
KacaeTcs caMoll y3Koit yactu coruia JlaBaJis, rie nepBoe reoMeTpuIecKoe yCIOBUE
BBIIIOJIHEHO, TO CYIIIECTBOBAHUE 3BYKOBOI ITOBEPXHOCTU HEBO3MOXKHO, €CJIM CTEH-
KM COILJIa UMEIOT B caMOl y3KOil 4acTU HEHYJIEBYI0 HOPDMAaJIbHYIO KPUBU3HY B Ha-
npasJienun ocu coria. CiieloBaTeIbHo, B TAKOM collie JlaBaJis mepBble 3ByKOBbIE
TOYKHU OyIyT HOSIBJIATHCS HA CTEHKAX, a He BO BHYTPEHHUX TOYKAX TEUEHUsI. DTU
IIPUMEPBHI TOKA3BIBAIOT JIEMCTBEHHOCTh TOJIYYE€HHOI'O BBIIIE BTOPOT'O r'eOMeTpIie-
CKOT'O yCJIOBHUSI.

3akiarouenue. B ob1emM mpocTpaHCTBEHHOM CIydae Ha OCHOBE aHAJIM3a, OJI-
HBIX ypaBHEHHS Jiljepa MCCJIEIOBAH BOIPOC O MECTE PACIIOJIOXKEHHS 3BYKOBBIX
TOYEK IPU KPUTUIECKOM OOTEKaHNM Teja. PaccMoTpeHbI 6apoTpOITHbIe Oe3BUXpe-
BbIe cTallmoOHApHBIE TeueHus: ¢ ducjioMm Maxa M < 1. Yemosue M < 1 coorset-
CTByeT IIOABJICHUIO ITEPBBIX 3BYKOBLIX TOYEK IIpU MEJIJICHHOM IIOBBIIIEHNU CKOPO-
cTH Haberaromero moroka. Panee ObLIO M3BECTHO, 9TO €CJIM B T€YEHUHU CYIIECTBYET
BHYTPEHHSISI 3BYKOBas TOYKA, TO CYIIECTBYET U ILIOCKas 3BYKOBasl IOBEPXHOCTD,
Ha KOTOPOW JIEXKUT 3Ta TOYKa. [[j10CcKast 3ByKOBasi IOBEPXHOCTH COCTOUT U3 3BY-
KOBBLIX TOYEK, U OHA B KarKJIOH CBOEH TOYKE HEPIEeHINKY/IsIPHA CKOPOCTH ra3a u
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HE MOXKET 3aKaHYMBATbCs BHYTPH MMOTOKA. Takke ObLIO M3BECTHO, UYTO B TOYKAX
MIOBEPXHOCTHU TeJIa 3BYKOBad ITOBEPXHOCTH M KaCATE/bHAA K IOBEPXHOCTH TeEJIa
[JIOCKOCTD JIOJIZKHBI OBbITh NePIEeHIUKYJISPHbI (IIePBOe MeOMETPUIECKOe YCIIOBHE).
B nannoit pabore 1oy4eHO BTOPOE I'€OMETPHUYECKOEe YCJIOBHE — B TOYKeE Iiepece-
YeHUs CO 3BYKOBOI IOBEPXHOCTHIO HOPMAaJIbHAd KPUBU3HA OOTEKAEeMON IMOBEPX-
HOCTH B HAIIPABJIEHUU HOPMAJIU K 3BYKOBO# IOBEPXHOCTU JOJ2KHA OBITH DaBHA
HYJII0. DTO BTOPOE YCJIOBHE PACIIUPSET KJIACC TeJI, JJIsi KOTOPBIX IOSBJIEHUE I1ep-
BBIX 3BYKOBBIX TOYEK TOJILKO Ha IIOBEPXHOCTH TeJjia CTPOro 0OOCHOBAHO.

PesysnbraThl MOTyT OBITH TPUMEHEHBI JIjIs KA9€CTBEHHOI'O aHAJIN3a TEUYeHU,
a TakKe IMPU IMOCTPOEHUU MPOCTPAHCTBEHHLIX KOHMUIYPAIUil ¢ MAKCUMAJILHBIM
KpuUTHIecKuM quciaom Maxa.

Konkypupytonime nHTepechl. KOHKYpPUDYIOINX NHTEPECOB HE NMEEM.

ABTOpCKUT BKJIAJ U OTBETCTBEHHOCTDb. Bce aBTOpHI MpUHUMAJIN yIaCTHE B pa3pa-
6GOTKE KOHIIEIINHN CTATHI; BCE ABTOPHI CAE/IAIN SKBUBAJCHTHBIN BKJIAJI B IIOJATOTOBKY IIy0-
JIIKauu. ABTOPBI HECYT MOJTHYIO OTBETCTBEHHOCTDH 3a IIPEJIOCTABJIEHNE OKOHYATEHHOM
pykomcu B redarh. OKOHUIATEIbHAST BEPCHUs PYKOIHCH ObLIa 0/[00pEHA BCEMU ABTOPAMH.

®dunancupoBanue. llccienoBanue BbITOIHSIIOCH 663 (DUHAHCUDOBAHMSI.

BaarogapHocTb. ABTODHI GJ1ar0JAPHBI PEIIEH3EHTAM 33 TIIATEHbHOE TPOYTEHNEe CTaThU
U I[EHHbIE [IPEeJJIOKEHIST U KOMMEHTAPHH.
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Abstract

Stationary irrotational barotropic gas flows are investigated on the basis
of the analysis of three-dimensional Euler equations. Critical flows in the
article are those in which the Mach number is everywhere less than or equal
to one, and at least at one point the Mach number reaches one. In 1954,
D. Gilbarg and M. Shiffman showed that if an internal (not lying on the
streamlined surface) sonic point exists in a critical flow, then it lies on a
flat sonic surface, which at all its points is perpendicular to the gas veloc-
ity vector and cannot end inside the flow (theorem about the sonic point).
Using this theorem, D. Gilbarg and M. Shiffman obtained a conclusion that is
important for the problems of maximizing the critical Mach number. It con-
sists in the fact that in a critical flow for a wide class of bodies in flow, sonic
points can be located only on its surface. This conclusion is essentially used
in constructing the shapes of streamlined bodies with the maximum value
of the critical Mach number (for given isoperimetric conditions).

In this paper, the question of the curvature of streamlines at the internal
sonic points of critical flows is considered. It is shown that this curvature is
zero. The result is a new necessary condition for the existence of an inte-
rior sonic point (and sonic surface). It consists in the fact that at the point
of intersection with the sonic surface, the normal curvature of the stream-
lined surface in the direction normal to the sonic surface should be equal
to zero. Examples of streamlined bodies are given for which the theorem
by D. Gilbarg and M. Shiffman (on the sonic point) does not answer the
question of the location of the sonic points, at the same time a new neces-
sary condition makes it possible to prove that the existence of internal sonic
points in a critical flow around these bodies is impossible.

Keywords: Euler’s equations, subsonic maximum principle, critical flow,
sonic point, first sonic point, sonic line, sonic plane.
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