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Solution of systems of linear Caputo fractional
Volterra integro-differential equations
using the Khalouta integral transform method
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Abstract

The Khalouta integral transform is a powerful method for solving vari-
ous types of equations, including integro-differential equations and integral
equations. It can also be applied to initial and boundary value problems
associated with ordinary differential equations and partial differential equa-
tions with constant coefficients. The main objective of this paper is to derive
solutions to systems of linear Caputo fractional Volterra integro-differential
equations using the Khalouta integral transform.

To solve such systems using this technique, it is essential to establish and
define several key properties of the Khalouta integral transform, which are
crucial for deriving the transformation of the Caputo fractional derivative
appearing in the systems. Several numerical examples are presented and
solved by using the Khalouta integral transform method to demonstrate
the applicability of the proposed approach. The results obtained from these
numerical examples confirm that the proposed method is highly efficient
and provides exact solutions for systems of linear fractional Volterra integro-
differential equations in a straightforward manner.
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Kha l o u t a A.

1. Introduction. Fractional integro-differential equations have wide applica-
tions in numerous fields of physics and applied mathematics, including continuum
mechanics, geophysics, potential theory, electromagnetism, optimization, renewal
theory, kinetic theory, quantum mechanics, radiation, optimal control systems,
mathematical economics, communication theory, queuing theory, radiative equi-
librium, acoustics, steady-state heat conduction, fluid mechanics, and fracture me-
chanics. Among these, fractional Volterra integro-differential equations are partic-
ularly significant due to their prevalence in approximation theory, computational
mathematics, and physical mathematics.

Recent research has explored various methods to analyze fractional integro-
differential equations for accurate and reliable solutions. Integral transforms stand
out as a prominent approach for solving such mathematical problems. Several
integral transforms have proven effective for handling different types of fractional
integro-differential equations. For instance:

– In [1], an exact solution for Volterra-type fractional integro-differential equa-
tions was proposed using the Elzaki integral transform.

– The Aboodh integral transform was applied in [2] to study analytical so-
lutions of linear and nonlinear dynamical systems of fractional integro-
differential equations.

– The Mohand integral transform was employed in [3] to analyze fractional
integro-differential equations.

– The Ramadan group integral transform was used in [4] to solve fractional
Fredholm-Volterra integro-differential equations.

– The Laplace integral transform facilitated solutions to fourth-order frac-
tional partial integro-differential equations in [5].

– In [6], the Laplace integral transform yielded analytical solutions for a sys-
tem of Volterra-type integro-fractional differential equations with variable
coefficients and multi-time delay.

The objective of this paper is to investigate the efficacy of a novel integral
transform method, the Khalouta integral transform, for solving systems of linear
fractional Volterra integro-differential equations. The system under consideration
is given by: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝐷𝛼𝑋1(𝑡) = 𝑓1(𝑡) +

𝑛∑︁
𝑗=1

∫︁ 𝑡

0
𝐾1𝑗(𝑡− 𝑠)𝑋𝑗(𝑠)𝑑𝑠,

𝐷𝛼𝑋2(𝑡) = 𝑓2(𝑡) +

𝑛∑︁
𝑗=1

∫︁ 𝑡

0
𝐾2𝑗(𝑡− 𝑠)𝑋𝑗(𝑠)𝑑𝑠,

...

𝐷𝛼𝑋𝑛(𝑡) = 𝑓𝑛(𝑡) +

𝑛∑︁
𝑗=1

∫︁ 𝑡

0
𝐾𝑛𝑗(𝑡− 𝑠)𝑋𝑗(𝑠)𝑑𝑠,

(1)

subject to the initial conditions

𝑋
(𝑘)
1 (0) = 𝐶1𝑘, 𝑋

(𝑘)
2 (0) = 𝐶2𝑘, . . . , 𝑋

(𝑘)
𝑛 (0) = 𝐶𝑛𝑘, 𝑘 = 0, 1, . . . ,𝑚− 1, (2)

where𝑋1(𝑡),𝑋2(𝑡), . . .,𝑋𝑛(𝑡) are unknown functions to be determined,𝐾𝑖𝑗(𝑡, 𝑠) =
𝐾𝑖𝑗(𝑡−𝑠) are difference kernels for 𝑖, 𝑗 = 1, 2, . . . , 𝑛, 𝑓𝑖(𝑡) are real-valued functions
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for 𝑖 = 1, 2, . . . , 𝑛, and 𝐷𝛼 denotes the Caputo fractional derivative of order 𝛼
with 𝑚− 1 < 𝛼 6 𝑚, 𝑚 > 1.

The Khalouta integral transform is a novel integral transform recently intro-
duced by the author, generalizing several well-known integral transforms including
the Laplace transform [7], Sumudu transform [8], ZZ transform [9], ZMA trans-
form [10], Elzaki transform [11], Aboodh transform [12], natural transform [13],
and Shehu transform [14]. The Khalouta integral transform offers several key ad-
vantages:

– Unit Preservation: It enables direct problem-solving without frequency-do-
main conversion, particularly valuable in physical sciences where dimen-
sional consistency is crucial;

– Linear Operator Properties: As a linear operator preserving linear functions,
it maintains units and dimensions without modification;

– Handling of Initial Conditions and Singularities: The transform is specifi-
cally designed to address initial conditions and singularities commonly en-
countered in practical engineering models;

– Simplified Inversion: The inverse Khalouta transform avoids complex con-
tour integration, offering a more straightforward solution methodology.

This paper is organized as follows. Section 1 presents the introduction. Sec-
tion 2 provides essential definitions, properties, theorems, and foundational results
on fractional calculus and the Khalouta integral transform, which are utilized
throughout subsequent sections. Section 3 develops the solution methodology for
systems of linear fractional Volterra integro-differential equations (1) with initial
conditions (2) using the Khalouta transform. Section 4 demonstrates numerical
applications, and Section 5 concludes the paper.

2. Fundamental Definitions and Theorems. This section presents the es-
sential definitions and theorems of fractional calculus and the Khalouta transform,
along with their key properties.

Definition 1 [15]. Let 𝑋(𝑡) be a continuous function on the interval [0, 𝑇 ],
where 𝑇 > 0. The Riemann–Liouville fractional integral operator of order 𝛼 > 0
is defined as

𝐼𝛼𝑋(𝑡) =

⎧⎨⎩
1

Γ(𝛼)

∫︁ 𝑡

0
(𝑡− 𝜉)𝛼−1𝑋(𝜉)𝑑𝜉, 𝛼 > 0,

𝑋(𝑡), 𝛼 = 0,

where Γ( · ) denotes the Gamma function.
Definition 2 [15]. Let 𝑋(𝑡) be a continuous function on [0, 𝑇 ], 𝑇 > 0. The

Caputo fractional derivative operator of order 𝛼 > 0 is defined as

𝐷𝛼𝑋(𝑡) =

{︃
𝐼𝑚−𝛼𝑋(𝑚)(𝑡), 𝑚− 1 < 𝛼 < 𝑚,

𝑋(𝑚)(𝑡), 𝛼 = 𝑚,

where 𝑚 = [𝛼] ∈ N.
An important relationship between these operators is given by:

𝐼𝛼𝐷𝛼𝑋(𝑡) = 𝑋(𝑡)−
𝑛−1∑︁
𝑘=0

𝑋(𝑘)(0+)
𝑡𝑘

𝑘!
, 𝑡 > 0.
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Kha l o u t a A.

Definition 3 [16]. Let 𝑋(𝑡) be a continuous function of exponential order on
[0, 𝑇 ], 𝑇 > 0. The Khalouta integral transform of 𝑋(𝑡) is defined as

KH[𝑋(𝑡)] = 𝒦(𝑠, 𝛾, 𝜂) =
𝑠

𝛾𝜂

∫︁ ∞

0
exp

(︁
− 𝑠𝑡

𝛾𝜂

)︁
𝑋(𝑡)𝑑𝑡,

where 𝑠, 𝛾, 𝜂 > 0 are real or complex parameters independent of 𝑡.
The inverse Khalouta transform is given by:

𝑋(𝑡) = KH−1[𝒦(𝑠, 𝜂, 𝛾)] =
1

2𝜋𝑖

∫︁ 𝜙+𝑖∞

𝜙−𝑖∞

1

𝑠
exp

(︁ 𝑠𝑡
𝛾𝜂

)︁
𝒦(𝑠, 𝜂, 𝛾)𝑑𝑠, (3)

where 𝜙 is a real constant and the integral in (3) is evaluated along 𝑠 = 𝜙 in the
complex plane 𝑠 = 𝑥+ 𝑖𝑦.

The Khalouta integral transform possesses the following fundamental proper-
ties.

1. Linearity Property:

KH[𝜆𝑋(𝑡)± 𝜇𝑌 (𝑡)] = 𝜆KH[𝑋(𝑡)]± 𝜇KH[𝑌 (𝑡)],

where 𝜆 and 𝜇 are nonzero constants.
2. Differentiation Property:

KH[𝑋(𝑚)(𝑡)] =
(︁ 𝑠

𝛾𝜂

)︁𝑚
KH[𝑋(𝑡)]−

𝑚−1∑︁
𝑘=0

(︁ 𝑠

𝛾𝜂

)︁𝑚−𝑘
𝑋(𝑘)(0),

where 𝑋(𝑚)(𝑡) denotes the 𝑚-th derivative of 𝑋(𝑡) with respect to 𝑡 for 𝑚 =
0, 1, 2, . . .

3. Convolution Property:

KH[(𝑋 * 𝑌 )(𝑡)] =
𝛾𝜂

𝑠
KH[𝑋(𝑡)]KH[𝑌 (𝑡)].

4. Inverse Transform of Elementary Functions:

KH−1[1] = 1,

KH−1
[︁𝛾𝜂
𝑠

]︁
= 𝑡,

KH−1
[︁(︁𝛾𝜂

𝑠

)︁𝑛]︁
=
𝑡𝑛

𝑛!
, 𝑛 = 0, 1, 2, . . . ,

KH−1
[︁(︁𝛾𝜂

𝑠

)︁𝛼]︁
=

𝑡𝛼

Γ(𝛼+ 1)
, 𝛼 > −1,

KH−1
[︁ 𝑠

𝑠− 𝑎𝛾𝜂

]︁
= exp(𝑎𝑡),

KH−1
[︁ 𝑎𝑠𝛾𝜂

𝑠2 + 𝑎2𝛾2𝜂2

]︁
= sin(𝑎𝑡),

KH−1
[︁ 𝑠2

𝑠2 + 𝑎2𝛾2𝜂2

]︁
= cos(𝑎𝑡),
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where 𝑎 is a constant.
Theorem 1 [17]. The Khalouta integral transform of the Caputo fractional

derivative is given by:

KH[𝐷𝛼𝑋(𝑡)] =
(︁ 𝑠

𝛾𝜂

)︁𝛼
KH[𝑋(𝑡)]−

𝑚−1∑︁
𝑘=0

(︁ 𝑠

𝛾𝜂

)︁𝛼−𝑘
𝑋(𝑘)(0), 𝑚− 1 < 𝛼 6 𝑚.

Remark 1. The Khalouta integral transform generalizes several well-known
integral transforms through appropriate parameter choices:

1) For 𝛾 = 𝜂 = 1, we recover the Laplace–Carson transform of the Caputo
fractional derivative [18]:

LC[𝐷𝛼𝑋(𝑡)] = 𝑠𝛼LC[𝑋(𝑡)]−
𝑚−1∑︁
𝑘=0

𝑠𝛼−𝑘𝑋(𝑘)(0), 𝑚− 1 < 𝛼 6 𝑚;

2) For 𝑠 = 𝛾 = 1, we obtain the Sumudu transform of the Caputo fractional
derivative [19]:

S[𝐷𝛼𝑋(𝑡)] =
1

𝜂𝛼
S[𝑋(𝑡)]−

𝑚−1∑︁
𝑘=0

1

𝜂𝛼−𝑘
𝑋(𝑘)(0), 𝑚− 1 < 𝛼 6 𝑚;

3) For 𝛾 = 1, we derive the ZZ transform of the Caputo fractional deriva-
tive [20]:

Z[𝐷𝛼𝑋(𝑡)] =
(︁ 𝑠
𝜂

)︁𝛼
Z[𝑋(𝑡)]−

𝑚−1∑︁
𝑘=0

(︁ 𝑠
𝜂

)︁𝛼−𝑘
𝑋(𝑘)(0), 𝑚− 1 < 𝛼 6 𝑚;

4) For 𝑠 = 1, we obtain the ZMA transform of the Caputo fractional deriva-
tive [10]:

Z𝑀𝐴[𝐷
𝛼𝑋(𝑡)] =

1

(𝛾𝜂)𝛼
Z𝑀𝐴[𝑋(𝑡)]−

𝑚−1∑︁
𝑘=0

1

(𝛾𝜂)𝛼−𝑘
𝑋(𝑘)(0), 𝑚−1 < 𝛼 6 𝑚.
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Kha l o u t a A.

3. Procedure of Khalouta Integral Transform Method. This section
presents the methodology for solving systems of linear fractional Volterra integro-
differential equations using the Khalouta integral transform.

Consider the general system of linear fractional Volterra integro-differential
equations (1), subject to the initial conditions (2).

Applying the Khalouta integral transform to system (1) and using the convo-
lution property yields:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

KH[𝐷𝛼𝑋1(𝑡)] = KH[𝑓1(𝑡)] +

𝑛∑︁
𝑗=1

𝛾𝜂

𝑠
KH[𝐾1𝑗(𝑡)]KH[𝑋𝑗(𝑡)],

KH[𝐷𝛼𝑋2(𝑡)] = KH[𝑓2(𝑡)] +
𝑛∑︁

𝑗=1

𝛾𝜂

𝑠
KH[𝐾2𝑗(𝑡)]KH[𝑋𝑗(𝑡)],

...

KH[𝐷𝛼𝑋𝑛(𝑡)] = KH[𝑓𝑛(𝑡)] +

𝑛∑︁
𝑗=1

𝛾𝜂

𝑠
KH[𝐾𝑛𝑗(𝑡)]KH[𝑋𝑗(𝑡)].

(4)

Applying Theorem 1 to the first term of system (4) yields:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︁ 𝑠

𝛾𝜂

)︁𝛼
KH[𝑋1(𝑡)]−

𝑚−1∑︁
𝑘=0

(︁ 𝑠

𝛾𝜂

)︁𝛼−𝑘
𝑋

(𝑘)
1 (0) =

= KH[𝑓1(𝑡)] +

𝑛∑︁
𝑗=1

𝛾𝜂

𝑠
KH[𝐾1𝑗(𝑡)]KH[𝑋𝑗(𝑡)],

(︁ 𝑠

𝛾𝜂

)︁𝛼
KH[𝑋2(𝑡)]−

𝑚−1∑︁
𝑘=0

(︁ 𝑠

𝛾𝜂

)︁𝛼−𝑘
𝑋

(𝑘)
2 (0) =

= KH[𝑓2(𝑡)] +
𝑛∑︁

𝑗=1

𝛾𝜂

𝑠
KH[𝐾2𝑗(𝑡)]KH[𝑋𝑗(𝑡)],

...(︁ 𝑠

𝛾𝜂

)︁𝛼
KH[𝑋𝑛(𝑡)]−

𝑚−1∑︁
𝑘=0

(︁ 𝑠

𝛾𝜂

)︁𝛼−𝑘
𝑋(𝑘)

𝑛 (0) =

= KH[𝑓𝑛(𝑡)] +

𝑛∑︁
𝑗=1

𝛾𝜂

𝑠
KH[𝐾𝑛𝑗(𝑡)]KH[𝑋𝑗(𝑡)].

(5)
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Substituting the initial conditions (2) into system (5) gives:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︁ 𝑠

𝛾𝜂

)︁𝛼
KH[𝑋1(𝑡)]−

𝑚−1∑︁
𝑘=0

(︁ 𝑠

𝛾𝜂

)︁𝛼−𝑘
𝐶1𝑘 =

= KH[𝑓1(𝑡)] +
𝛾𝜂

𝑠

𝑛∑︁
𝑗=1

KH[𝐾1𝑗(𝑡)]KH[𝑋𝑗(𝑡)],

(︁ 𝑠

𝛾𝜂

)︁𝛼
KH[𝑋2(𝑡)]−

𝑚−1∑︁
𝑘=0

(︁ 𝑠

𝛾𝜂

)︁𝛼−𝑘
𝐶2𝑘 =

= KH[𝑓2(𝑡)] +
𝑛∑︁

𝑗=1

𝛾𝜂

𝑠
KH[𝐾2𝑗(𝑡)]KH[𝑋𝑗(𝑡)],

...(︁ 𝑠

𝛾𝜂

)︁𝛼
KH[𝑋𝑛(𝑡)]−

𝑚−1∑︁
𝑘=0

(︁ 𝑠

𝛾𝜂

)︁𝛼−𝑘
𝐶𝑛𝑘 =

= KH[𝑓𝑛(𝑡)] +
𝑛∑︁

𝑗=1

𝛾𝜂

𝑠
KH[𝐾𝑛𝑗(𝑡)]KH[𝑋𝑗(𝑡)].

(6)

Simplifying system (6) results in:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︁(︁ 𝑠

𝛾𝜂

)︁𝛼
− 𝛾𝜂

𝑠
KH[𝐾11(𝑡)]

)︁
KH[𝑋1(𝑡)]−

𝑛∑︁
𝑗=2

𝛾𝜂

𝑠
KH[𝐾1𝑗(𝑡)]KH[𝑋𝑗(𝑡)] =

= KH[𝑓1(𝑡)] +
𝑚−1∑︁
𝑘=0

(︁ 𝑠

𝛾𝜂

)︁𝛼−𝑘
𝐶1𝑘,(︁(︁ 𝑠

𝛾𝜂

)︁𝛼
− 𝛾𝜂

𝑠
KH[𝐾22(𝑡)]

)︁
KH[𝑋2(𝑡)]−

𝑛∑︁
𝑗=1
𝑗 ̸=2

𝛾𝜂

𝑠
KH[𝐾2𝑗(𝑡)]KH[𝑋𝑗(𝑡)] =

= KH[𝑓2(𝑡)] +

𝑚−1∑︁
𝑘=0

(︁ 𝑠

𝛾𝜂

)︁𝛼−𝑘
𝐶2𝑘,

...(︁(︁ 𝑠

𝛾𝜂

)︁𝛼
− 𝛾𝜂

𝑠
KH[𝐾𝑛𝑛(𝑡)]

)︁
KH[𝑋𝑛(𝑡)]−

𝑛−1∑︁
𝑗=1

𝛾𝜂

𝑠
KH[𝐾𝑛𝑗(𝑡)]KH [𝑋𝑗(𝑡)] =

= KH[𝑓𝑛(𝑡)] +
𝑚−1∑︁
𝑘=0

(︁ 𝑠

𝛾𝜂

)︁𝛼−𝑘
𝐶𝑛𝑘.

(7)
The solution of system (7) is obtained through Cramer’s rule as follows:

KH[𝑋𝑖(𝑡)] =
Δ𝑖

Δ
, 𝑖 = 1, 2, . . . , 𝑛,
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where Δ is the determinant of the coefficient matrix:

Δ =

⃒⃒⃒⃒
⃒⃒⃒⃒ 𝑎11 𝑎12 · · · 𝑎1𝑛
𝑎21 𝑎22 · · · 𝑎2𝑛
...

...
. . .

...
𝑎𝑛1 𝑎𝑛2 · · · 𝑎𝑛𝑛

⃒⃒⃒⃒
⃒⃒⃒⃒ ,

with matrix elements

𝑎𝑖𝑗 =

⎧⎪⎨⎪⎩
(︁ 𝑠

𝛾𝜂

)︁𝛼
− 𝛾𝜂

𝑠
KH[𝐾𝑖𝑖(𝑡)], 𝑖 = 𝑗,

−𝛾𝜂
𝑠
KH[𝐾𝑖𝑗(𝑡)], 𝑖 ̸= 𝑗,

and Δ𝑖 are the determinants formed by replacing the 𝑖-th column of Δ with the
column vector ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

KH[𝑓1(𝑡)] +

𝑚−1∑︁
𝑘=0

(︁ 𝑠

𝛾𝜂

)︁𝛼−𝑘
𝐶1𝑘

KH[𝑓2(𝑡)] +
𝑚−1∑︀
𝑘=0

(︁
𝑠
𝛾𝜂

)︁𝛼−𝑘
𝐶2𝑘

...

KH[𝑓𝑛(𝑡)] +
𝑚−1∑︀
𝑘=0

(︁
𝑠
𝛾𝜂

)︁𝛼−𝑘
𝐶𝑛𝑘

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Applying the inverse Khalouta transform to KH[𝑋𝑖(𝑡)] yields the final solution
for each 𝑋𝑖(𝑡), 𝑖 = 1, 2, . . . , 𝑛.

4. Numerical Applications. This section demonstrates the Khalouta inte-
gral transform method through a concrete example of fractional integro-differential
equations.

Example 1. Consider the system of linear Caputo fractional Volterra integro-
differential equations:⎧⎪⎪⎨⎪⎪⎩

𝐷𝛼𝑋1(𝑡) = 2𝑡2 +

∫︁ 𝑡

0
(𝑡− 𝑠)𝑋1(𝑠)𝑑𝑠+

∫︁ 𝑡

0
(𝑡− 𝑠)𝑋2(𝑠)𝑑𝑠,

𝐷𝛼𝑋2(𝑡) = −3𝑡2 − 1

10
𝑡5 +

∫︁ 𝑡

0
(𝑡− 𝑠)𝑋1(𝑠)𝑑𝑠−

∫︁ 𝑡

0
(𝑡− 𝑠)𝑋2(𝑠)𝑑𝑠,

(8)

where 0 < 𝛼 6 1, with initial conditions

𝑋1(0) = 1, 𝑋2(0) = 1.

Applying the Khalouta transform yields:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(︁ 𝑠

𝛾𝜂

)︁𝛼
KH[𝑋1(𝑡)]−

(︁ 𝑠

𝛾𝜂

)︁𝛼
= 4

(︁𝛾𝜂
𝑠

)︁2
+
(︁𝛾𝜂
𝑠

)︁2
KH[𝑋1(𝑡)] +

(︁𝛾𝜂
𝑠

)︁2
KH[𝑋2(𝑡)],(︁ 𝑠

𝛾𝜂

)︁𝛼
KH[𝑋2(𝑡)]−

(︁ 𝑠

𝛾𝜂

)︁𝛼
=

= −6
(︁𝛾𝜂
𝑠

)︁2
− 12

(︁𝛾𝜂
𝑠

)︁5
+
(︁𝛾𝜂
𝑠

)︁2
KH[𝑋1(𝑡)]−

(︁𝛾𝜂
𝑠

)︁2
KH[𝑋2(𝑡)].
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Solving the last system gives:

𝑋1(𝑡) = 1 + 6
𝑡𝛼+2

Γ(𝛼+ 3)
, 𝑋2(𝑡) = 1− 6

𝑡𝛼+2

Γ(𝛼+ 3)
.

For the integer case (𝛼 = 1), we recover the exact solution:

𝑋1(𝑡) = 1 + 𝑡3, 𝑋2(𝑡) = 1− 𝑡3,

which agrees with known results obtained via Laplace transform methods [21].
Example 2. Consider the following system of linear Caputo fractional Volterra

integro-differential equations:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝐷𝛼𝑋1(𝑡) = −𝑡3 − 𝑡4 + 3

∫︁ 𝑡

0
𝑋2(𝑠)𝑑𝑠+ 4

∫︁ 𝑡

0
𝑋3(𝑠)𝑑𝑠,

𝐷𝛼𝑋2(𝑡) = 2 + 𝑡2 − 𝑡4 − 2

∫︁ 𝑡

0
𝑋1(𝑠)𝑑𝑠+ 4

∫︁ 𝑡

0
𝑋3(𝑠)𝑑𝑠,

𝐷𝛼𝑋3(𝑡) = 6𝑡− 𝑡2 + 𝑡3 + 2

∫︁ 𝑡

0
𝑋1(𝑠)𝑑𝑠− 3

∫︁ 𝑡

0
𝑋2(𝑠)𝑑𝑠,

(9)

where 1 < 𝛼 6 2, subject to the initial conditions

𝑋1(0) = 0, 𝑋 ′
1(0) = 1; 𝑋2(0) = 𝑋 ′

2(0) = 0; 𝑋3(0) = 𝑋 ′
3(0) = 0.

Applying the Khalouta integral transform to system (9) yields:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

KH[𝐷𝛼𝑋1(𝑡)] = KH[−𝑡3 − 𝑡4] +
𝛾𝜂

𝑠
KH[3]KH[𝑋2(𝑡)] +

𝛾𝜂

𝑠
KH[4]KH[𝑋3(𝑡)],

KH[𝐷𝛼𝑋2(𝑡)] = KH[2 + 𝑡2 − 𝑡4]− 𝛾𝜂

𝑠
KH[2]KH[𝑋1(𝑡)] +

𝛾𝜂

𝑠
KH[4]KH[𝑋3(𝑡)],

KH[𝐷𝛼𝑋3(𝑡)] = KH[6𝑡− 𝑡2 + 𝑡3] +
𝛾𝜂

𝑠
KH[2]KH[𝑋1(𝑡)]−

𝛾𝜂

𝑠
KH[3]KH[𝑋2(𝑡)].

(10)
Using Theorem 1, we transform system (10) to⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︁ 𝑠

𝛾𝜂

)︁𝛼
KH[𝑋1(𝑡)]−

(︁ 𝑠

𝛾𝜂

)︁𝛼−1
=

= −6
(︁𝛾𝜂
𝑠

)︁3
− 12

(︁𝛾𝜂
𝑠

)︁4
+ 3

𝛾𝜂

𝑠
KH[𝑋2(𝑡)] + 4

𝛾𝜂

𝑠
KH[𝑋3(𝑡)],(︁ 𝑠

𝛾𝜂

)︁𝛼
KH[𝑋2(𝑡)] =

= 2 + 2
(︁𝛾𝜂
𝑠

)︁2
− 12

(︁𝛾𝜂
𝑠

)︁4
− 2

𝛾𝜂

𝑠
KH[𝑋1(𝑡)] + 4

𝛾𝜂

𝑠
KH[𝑋3(𝑡)],(︁ 𝑠

𝛾𝜂

)︁𝛼
KH[𝑋3(𝑡)] =

= 6
𝛾𝜂

𝑠
− 2

(︁𝛾𝜂
𝑠

)︁2
+ 6

(︁𝛾𝜂
𝑠

)︁3
+ 2

𝛾𝜂

𝑠
KH[𝑋1(𝑡)]− 3

𝛾𝜂

𝑠
KH[𝑋2(𝑡)].

Solving the last system gives:

𝑋1(𝑡) =
𝑡𝛼−1

Γ(𝛼)
, 𝑋2(𝑡) = 2

𝑡𝛼

Γ(𝛼+ 1)
, 𝑋3(𝑡) = 6

𝑡𝛼+1

Γ(𝛼+ 2)
.
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Figure 1. Behavior of 𝑋1(𝑡) for different
fractional orders 𝛼 compared to the exact

solution (𝛼 = 1)

Figure 2. Behavior of 𝑋2(𝑡) for different
fractional orders 𝛼 compared to the exact

solution (𝛼 = 1)

Figure 3. Behavior of 𝑋1(𝑡) for different
fractional orders 𝛼 compared to the exact

solution (𝛼 = 2)

Figure 4. Behavior of 𝑋2(𝑡) for different
fractional orders 𝛼 compared to the exact

solution (𝛼 = 2)

Figure 5. Behavior of 𝑋3(𝑡) for dif-
ferent fractional orders 𝛼 compared to

the exact solution (𝛼 = 2)
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For 𝛼 = 2, we obtain the exact solution:

𝑋1(𝑡) = 𝑡, 𝑋2(𝑡) = 𝑡2, 𝑋3(𝑡) = 𝑡3,

which matches the known solution obtained via Laplace transform methods [21].
Remark 2. Figures 1–5 demonstrate the behavior of the obtained solutions for

different values of the fractional order 𝛼, comparing them with exact solutions in
two applications of linear Caputo fractional Volterra integro-differential equation
systems solved via the Khalouta integral transform method. Numerical simula-
tions confirm that the fractional solutions converge precisely to the exact solutions
when 𝛼 approaches 1 for system (8) and 2 for system (9). All computations were
performed using MATLAB R2016a for symbolic computation.

5. Conclusion. This study has demonstrated the successful application of
the Khalouta integral transform method for solving systems of linear Caputo
fractional Volterra integro-differential equations. The numerical applications and
accompanying graphical representations have validated both the accuracy and
effectiveness of the proposed approach. Our results establish the Khalouta trans-
form as a powerful tool for obtaining solutions to systems of linear fractional
integro-differential equations, making a significant contribution to this field of
research.

The presented findings not only advance current theoretical understanding
but also create new opportunities for applications across various scientific and
mathematical disciplines. Future research directions will focus on extending this
methodology to nonlinear Caputo–Volterra–Fredholm integro-differential equa-
tions with complex kernels, potentially combining the Khalouta integral trans-
form with established techniques such as the Adomian decomposition method,
the homotopy perturbation method, the variational iteration method, or the dif-
ferential transform method to develop more robust solution frameworks for these
challenging problems.
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УДК 519.642.2

Решение систем линейных интегро-дифференциальных
уравнений Вольтерра дробного порядка с производной
Капуто методом интегрального преобразования Халаута

A. Khalouta
Université Ferhat Abbas de Sétif 1, Sétif, 19000, Algeria.

Аннотация

Интегральное преобразование Халуты представляет собой мощный
метод решения различных типов уравнений, включая интегро-диффе-
ренциальные уравнения и интегральные уравнения. Оно также может
быть применено к начальным и краевым задачам для обыкновенных
дифференциальных уравнений и уравнений в частных производных с по-
стоянными коэффициентами. Основная цель данной работы — получе-
ние решений систем линейных интегро-дифференциальных уравнений
Вольтерра дробного порядка с производной Капуто с использованием
интегрального преобразования Халуты.

Для решения таких систем данным методом необходимо установить
и определить ключевые свойства интегрального преобразования Халу-
ты, которые играют важнейшую роль при выводе преобразования для
дробной производной Капуто, входящей в системы. В работе представ-
лены и решены несколько численных примеров с применением мето-
да интегрального преобразования Халуты, демонстрирующие примени-
мость предложенного подхода. Полученные результаты подтверждают,
что данный метод обладает высокой эффективностью и позволяет на-
ходить точные решения систем линейных интегро-дифференциальных
уравнений Вольтерра дробного порядка прямым способом.

Ключевые слова: интегральное преобразование Халуты, интегро-диф-
ференциальные уравнения Вольтерра, дробная производная Капуто, точ-
ное решение.
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