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2

AnHoranus

B pmannoit crarbe j1s quddepeHnnaibHoro ypaBHEeHUsI B YACTHBIX IPO-
M3BOJIHBIX BBICOKOI'O HETHOT'O IOPsJKa C onepaTropoM beccesst B mpsiMo-
yTOJIbHUKE COOPMYINPOBAHA HAYAILHO-TDAHNIHAS 3a1a9a. Ha ocHOBe MeTo-
J1a pa3fieIeHns MePEMEHHBIX K ITOCTABJIEHHON 3a/ade MOJIydeHa CIeKTPAIIb-
Has 3aJ1a9a /711 OOBIKHOBEHHOTO M depeHImaabHOr0 ypaBHeHUsT BLICOKOTO
9eTHOrO Topsifika. JlokazaHa CaMOCOIPSIKEHHOCTD IMOCJIEHeH 3a/a9u, OT-
Ky/la CJIe/lyeT CyIIeCTBOBAHUE CHUCTEMBI €e COOCTBEHHBIX (DYHKIUH, a Tak-
2K€ OPTOHOPMHUPOBAHHOCTBH M IOJHOTA ITON cucreMbl. Jlasee mccieoBaHbI
paBHOMEpPHAs CXOIUMOCTb HEKOTOPBIX OWJIMHEWHBIX PSJIOB M TOPSIOK KO-
adpdurmenToB Pypbe, 3aBUCANINX OT HANIEHHBIX COOCTBEHHBIX (DYHKITHIA.
Permenne nzyuaemoii 3a1a4u HaiiieHo B Bujie cyMMbl psajga Pypbe 1o cucre-
Me cOOCTBeHHBIX (DYHKIWIA CIIEKTPaJbHON 3asa4qn. JlokazaHa paBHOMeEpHAs
CXOJIUMOCTD 9TOTO Psifia, & TaKyKe PSJIOB, MOJYUIEHHBIX U3 HErO MOYJIEHHBIM
nuddepenmposanreM. MeTomoM CrieKTPaJILHOTO aHAIN3a JI0KA3aHAa, €/IUH-
CTBEHHOCTBH pelrreHus 3aaa49n. [losryaena oneHKa Jjis PelreHust 3a/1a9m, OT-
Ky/la CJIEJlyeT €ro HEeIpePhIBHAs 3aBUCAMOCTD OT 33J[aHHBIX (DYHKITHIA.

KuaroueBbie cioBa: muddepeHimaibHoe ypaBHEHNE B YACTHBIX TPOU3BO/I-
HBIX YEeTHOI'O IOpsifKa, oreparop becceisi, HadaJbHO-IDAHUYIHAS 33/1a¢4,
CIIEKTPAJIbHBIN MeTos, ¢yHKIus ['puHa, MHTErpajbHOE ypaBHEHUE, CyIle-
CTBOBaHUE, €IMHCTBEHHOCTh M yCTOWIUBOCTD DEIICHMUSI.
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Ipunsarue: 12 mapra 2022 r. / [ly6nukanus onaiia: 23 mas 2022 r.

BBenenwue. zsectno, uro muddepeHimaibuble ypaBHEHN B YaCTHBIX MPO-
M3BOJIHBIX MMEIOT MHOIOYHC/IEHHbIE [IPUJIOXKEHNsI B HayKe n TexHuke |1,2]. B Ha-
CTOdIIee BpeMs 9Ta TeOpUusd pa3BHUBaCTCA 6bICprIMI/I TeMIIaMH1 B Pa3JINYHBIX Ha-
npasjenusx. Ocoboe mecro 3anuMaoT AuddepeHnualIbible YPABHEHHA B 9acT-
HBIX IIPOM3BOIHBIX BBICOKOI'O Y€THOIO HOPAIKa. VIMEIOTCS MHOTOYNCICHHBIC Hay Y-
HbIe pabOTBI, B KOTOPBIX COPMYJINPOBAHbI M M3yYeHbl HAYAILHBIC U HAYAJIBHO-
rpaHuYHble 33Jauu JJIsl Takux ypasHeHuil. Hanpuwmep, B pabore [3] B obsactu
A= {(z,t) : 0 < z < p;0 <t < T} s ypaBHeHUST Uy — Ugper = [(T,1)
HOCTAaBJIeHA U UCCJICOBAHA 3a/a4a C yCAOBUSMU

u(z,0) =u(z,T)=0, 0<x<p,

u(0,t) = ugz(0,t) = u(p,t) = ugz(p,t) =0, 0<t<T, (1)

a B pabore [4] — ¢ ycaoBusivMu
u(z,0) = u(x,T) =0, 0<z<p,

Uz (0,1) = Uggr(0,1) = ug(p,t) = Ugaa(p,t) =0, 0<E LT (2)

B paborax [5,6] B obimactu A anajorudHble 331490 U3yYEHbI JJIs yPABHEHUIT
Uggar — Ut — AU = f(2,1) 1 Upgpe — Uy — c(z,t)u = f(z,t) coorBeTcTBEHHO,
a B paborax [7-9] —misa ypaBHeHUS Uzype + Uy = f(x,t). B pabore [10] ms
ypaBHeHus Uy + 0PUzppe = 0 B BEpXHeil IOJIYIIOCKOCTH H3ydeHa 3ajada Ko-
i, a B paborax [11-13] B obsiacru A ncciieoBaHbl HauaIbHO-TPAHNIHBIE 33/1a49H
JUIST YDABHEHUS Uyt + QA Uy = f(x,t) ¢ HAYATBHBIME yesioBusivu u(z, 0) = o(z),
ug(z,0) = ¥(x), 0 < z < p ¥ pA3INIHBIMYA I'PAHUIHBIME YCJIOBUSIMU, B TOM JHCJIIE
¢ yenousaMu u(0,t) = uz(0,1) = Uzpg (P, t) = Uzza(p, t) = 0, 0 < ¢t < T. Haganbmo-
rpaHuvHas 3aja4a B 06aacTu A Julst YPaBHEHUS Ugygy + Uy + (27 /)uy = f(z, 1),
rae v € (0,1/2) — const, ¢ HavanababiMu u(x,0) = p1(x), %E}I(l) t2uy(z,t) = po(x)

u rpaHngHbIME yeaoBusamu (1), (2) uccaenoBana B paborax [14,15] coorBercrBeH-
HO.

B pabore [16] B obactu A paccmorpena 3aada 00 OIPeJeJIeHIN PelleHus]
yDaBHEHMUsI

0%y 9%
oar ~ g — 100 ®)
YJIOBJIETBOPSIIONIETO YCIIOBUSIM
an 2m
——u(0,1) u(p,t) =0, m=0,k—1, 0<t<T, k=2 (4)

Oz2m = ox2m

U OJIHOU U3 CJEAYIOUX Hap yCJIOBU:
u(z,0) =u(x,T)=0, 0<z<p;
u(z,0) = u(z,T) =0, 0<zx<p; (5)
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u(z,0) = u(z,T), w(z,0)=w(z,T), 0<z<p,
upudeM 3jech noapobHo uccsenosana 3agada (3)—(5). B [16] rakxke nocrasiena
3ajia4a Jyist ypaBaerus (3) ¢ yciaosusmu (5) u
82m+1 82m+1

B pabore [17] ast ypasnenus (3) B obiactu A mccsieioBana 3aatda ¢ ycjo-
BusiMu (4) u
u(z,0) = w(x, 0<z<p.

0) =
B pa6ore [18]| B obactu D {(z,1t) : O <x <m0 <t<2m} s ypaBHeHus
(3) mpu f(z,t) = 0, k = 2n + 1, n € N nccienoBaHa HEKOPPEKTHAsI 3a/1a4a
C YCJIOBUSIMU

a2m aZm
ameu(O,t):awmu(ﬂ,t):O, m:(),l,,k‘—l,
u(am,t) = f(t), 0<t<2m,
a B [19] 111 KBa3UJIMHEHHOrO ypaBHEHUSsT
0?u 28 u
o2 duk

B obimactn Dy = {(t,x) : 0 <t < T;0 < x < 7} paccMOTpeHa 3a/ia4a ¢ HAUAJb-
HBIMN

= f(t,x,u(tw)), keN

u(0,z) = p(x), w(T,z) =), 0<z<nw

" MIepuoMIeCKUMU YCJIOBUAMU BUJIA

du M
qu _2u =0,1,....2k—1, 0<t<T.
0xd 1z=0 0xd \a=n J

B pabore [20] B obiactu A jist ypaBHeHuUst

0%y 0%u
oot e =10

ncesre1oBanel 3a1a49u ¢ yeaosusamu (4), (5) u (4), u(x,0) = w(x,0) = 0.
B pa6ore [21] n3yuensl Haua bHO-KpaeBble 3a/a4K JIJIs yDABHEHUS BUJIA

uy + A(x, D)u(x,t) = f(z,t),

rae A(x, D) = Z| al<m o, (2) D™ — IPOM3BOJIBHBIN [OJIOKUTEJBHBII (DOpPMaIBHO
CAMOCOTPSI>KEHHBIN IINITHIeCKUI T PepeHInaabHbIi OIepaTop MOPSIIKa M =
= 2l ¢ gocraTouHo raagKuMu Koaddrmenrtamu aq (), rae a = (a1, ag, ..., aN) —
mysnbTausaeke u D = (Dq,Da,...,Dy), Dj = 0/0xj, a B [22] —3amaun ns
ypaBHEHUS
Ou(z,t) + Az, D)u(x, t) = f(z,t),

rje 6p (x,t) — nuddepennuanbubrii oneparop Pumana—/Inysuiis apobHOrO 110-
psinka p € (0,1].

Kpowme npusesennoro Boie, B [23-27| uccienosana 3anada Komn B BepxHeii
HOJIYILJIOCKOCTH JIJII YPaBHEHHMI BBICOKOIO 9EeTHOI'O HMOpSAAKa ¢ omeparopom bec-
cetst.
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1. ITocranoBka 3amauu. McciaenoBanue cneKTpajbHOU 3amauu. B o0-
mactu 2 = {(x,t) : 0 <z < 1;0 < t < T} paccMoTpuM ypaBHEHHE

. kanu
By—1/2u + (_1) m = f(iU,t), (6)

rie v, T —3agannble jeficrBurenbHble dnciaa, upudem 0 < v < 1/2, f(z,t) —
sagannas Gynxmus, a Bl = 0%2/0t + [(1 + 2w)/t)0/0t — oneparop Beccers.
Uccnemyem ciielyionyio Ha4aabHO-TPAHUIHYIO 3a/a4dy.

3agA4A 1. Hatimu gynryuro u(z,t) € Cii_l’o(()) N C’iiz(ﬁ), ydos.aemeo-
parowyro 6 obaacmu ) ypasnenuto (6), a na epanuye obaacmu € caedyrousum

HAYANAOHBIM U 2PDAHUYHDIM YCAOBUAM:

u(z,0) = p1(z), 0<x<l;  lim tPu(x,t) = po(z), 0<z<1; (7)

t—+0
o ak—l
8k ak—i-l 62k—1 (8)

2de p1(x) u pa(x) — 3adannvie HenpepusHble GYHKUUU.

Uccnenyem cymecTBoBanmne, €IMHCTBEHHOCTb U YCTOMIUBOCTD PEIICHUS 38,13~
au 1. HerpuBuaibuble pelieHus OJHOPOIHOTO YPABHEHU ST

% %k u
Ox2k

B _jpu+t(-1) =0,

YZOBJIETBODSIIOIIEro yeaosusM (8), uimem B Bujie u(x, t) = v(z)T'(t). B pesynbrare
orHocuTesbHO dyHKIWN T'(t) mosxyunm ypasHeHHe

B};A/QT(t) +AT(t) =0, 0<t<T,

a OTHOCUTEJIbHO (DYHKIWMHK v (Z) MOJIYIUM CIIEYIOILYIO CIEKTPAJILHYO 3a/1a4y:

Muv = (=) (2) = a(z), 0<z<1, (9)
v(0) =/ (0) = --- = o+ (0) = 0,
v®) (1) = o (1) = ... = R (1) = 0.} (10)

Pacemorpum 3amaay (9), (10). ycrs v(z), w(z) € C*=D[0,1] N CCR)(0,1)
1 v R (z), w®) (z) € C(0,1)NL[0, 1]. Torma HETErPHPOBAHIEM IO TACTSIM HETPY/I-
HO y6eJUTHCsl, 9TO CHPABEJINBO PABEHCTBO

1 1
/ wMuvdx = / vMuwdz + (—1)" [wv(%*l) —w'y Y g

0 0
(=R TR (g (=1) Ly (1) 2k, (k1) =
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Orciona ciefyer, aTo ecau Gynknnn v(x) 1 w () yaoBreTBopsioT yeaosusam (10),

TO IMEET MECTO PaBEHCTBO / wMovdx = / vLw dz, oTKya ciemyer, ITo 3a1a-
0 0
ga Mv = 0, (10) camoconpsizkernast. Tenepb BbIsICHUM, TIpu Kakux A 3a1ada (9),

(10) umeer uerpusnasbuble pemenns. C 3TOM IebIO CHAYATA YMHOKHUM ypaBHe-
uue (9) na dynknuo v(z), a 3aremM npouHTErpUpyeM 1o T Ha orpeske [0, 1]:

1 1
(—1)k/0 v (2)v(z) da::)\/o v (x) d.

[Tpumenum mpaBm/io HHTEIPUPOBAHUS 10 YacTaAM k pa3 K IepBOMY HHTErpaJy:

1 1
'U2f17.'13: 'U(k)l’QfL’
3 [ @ = [T+

(D[ @)o() — o)l (@) + o+ (DB oD ()]

B cuity yenosus (10) u3 mocsiefHero COOTHONIEHUS CII€LyeT PABEHCTBO
1 1 )
)\/ v (x) dr = / [v(k)(a:)] dzx.
0 0

Orciona ciremyer, uro A = 0.
Paccmorpum ciygaii A = 0. 3necs ypasuenue (9) npuanmaer suy v2F) (z) = 0.
O6r1iee pereHne TOro ypaBHEHHs OIPEIEIsieTCsl PABEHCTBOM

2k—1 $2k_2
T2 or o)

V(@) =g

x 2 x
4 +Czk—2i +C2k;—1ﬂ + Cok,s

e ¢j, j = 1,2k — npoussosbHbIe TOCTOsTHEBIE. [ToauHstst 5Ty bYHKIMIO yCIoBH-
am (10), nomyanm ¢; = 0, j = 1,2k. Torma v(z) =0, z € [0,1].

Crenosarenbho, 3aga4a (9), (10) MozkeT nMeTh HETPUBHAIBHDIE PEIIIEHNST TOIb-
Ko mpu A > 0.

[peamonarass A > 0, upusegem 3azaqy (9), (10) Kk 5KBUBAJIEHTHOMY HHTEr-
pasbHOMY ypasHeHuto. C 310ii nebio nocrponM dyHKIwo ['puna:

G(z,s) =
(_1)k_1$2k_1 + (_1)k_2$2k_28 4ot ﬂ 0<z<s
_ ) @k=1nwo (2k — 2)!1! k-1 5 ’ -
(_1)k7182k71 (_1)k7282k72x sk k=1
kool Tk T ey POt

QOyuxius ['puna (11) 10 nepemenHoit z yaosiaersopsier yciaosusaM (9), ee mpo-
U3BOJIHBIE 110 T JI0 TOpsijika 2k — 2 BKJOYUTEIbHO HenpepbiBHbl npu & € (0, 1),
npousBojHas mopsaka 2k — 1 npu x = s € (0,1) umeer ckadok Bua

82k—1 82k—1 k
2=510 - 81’2k_1 G(.’L’, S) 2—5—0 = (_1) ) (12)
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a mpousBojHas Hopsjika 2k yuosiaersopser ypasuenmio (0%F/0x%F)G(x,s) = 0
upu z # s € (0,1).

[Mone3ysice stumu coiictBamu dyukiwn G(z, s), HETPYIHO yOEIUTHCs, UTO
perterne ypasHenust Mv(z) = g(x), yaoiersopsioriee ycaosusim (10), omnpee-

Jigerca (hopMyJIoit
1
~ [ Glas)gls) s, (13)
0

rie g(x) —3aJaHHas HenpepbIBHAS (DYHKIU.

Hokazkem, uro npu (13) Beinosnasiercst pasencrso Mv(x) = g(z).

B cuny cBoiicts dyukuuu G(x, s) u3 (13) cpasy ciejyer BbIIIOJHEHUE YCIOBUI
(10). Iepenumem (13) B BHUIE

v(x) :/OIG(x,s)g(s) ds+/ G(z,s)g(s) ds.

DTO paBeHCTBO T0CIeA0BaTeLHO Tpouddepentupyem 2k pas. Torua, npuHumast
BO BHUMaHUE HENPEPbIBHOCTD GyHKIMN ¢(x) 1 npon3Boanbix dyuknuu G(z, s) 1o
(2k — 2) mopsifiKa BKIIIOYATEIHHO, IOy IUM

/ G (2, 5)g ds+/ G (2, 5)g(s) ds +
G V(z,x—0) - GV (z,2 4+ 0)]g(z — 0) +
+ [g(:n —0) —g(x+ 0)] Gg(fk’_l)(m, x4+ 0).

Otciona B cuy pasencts (12) u (028 /02%%)G(x,s) = 0, x # s, a TakKe Henpe-
peisrOCTH byEKmIn ¢(z) cuemyer, uro v\?F) (z) = (=1)kg(x), 1. e. Mv(z) = g(z).

U3 jokazannoro Bble caeayet, 9ro 3agada (9), (10) sxkBuBasenTHa ciie/yio-
nieMy UHTETrpaJIbHOMY YPaBHEHUIO:

1
= )\/0 G(z, s)v(s) ds. (14)

Tak kak A > 0 u si71po G, $) CUMMETPUIHO U HENIPEPBIBHO, COIJIACHO TEOPUH
UHTErpaJibHbIX ypaBHenuil [28|, ypasuenue (14) u, ciemoBaresbho, 3amada (9),
(10) umeer cueTHOE YUCIIO COOCTBEHHDIX 3HATEHUI

D<A < <A< <A<, Ay — Fo00,
a COOTBETCTBYIOIINE UM COOCTBEHHBIE (DYHKITIH
vi(z), wva(z), wv3(x), ..., vu(x),
06pa3yoT OPTOHOPMUPOBAHHYIO cucTeMy B IpocTpancTse Lo(0,1); mpu smoM Jiio-
6ast ynknus g(z) € Lo(0,1) pasnaraercsa B cxomsmuiicss B cpegueM psiji Pypoe

10 3ruM coberBeHHbIM byHKImsM. Tak Kak 3amada Mv = 0, (10) camoconpsizkeH-
nast, cucrema dbyukuuit {v,(x)} > nomma B mpocTpamcTee LQ(O 1) [29].
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2. CXOoIMMOCTh OCHOBHBIX OWJIMHENHBIX PAO0B. ChopMmyaupyem u Jio-
KayKeM CJIeIYIONIYIO JIEMMY.

JIEMMA 1. Cuedyrowgue padv, pasromepro cxodamea na [0, 1]:

Z )\ ) ;)\%’ J=12k—-1; nz::l)\% (15)

Jloxazameancmeo. Tak kax sinpo G(x, §) uarerpajibHoro ypasuerus (14)
CUMMETPUYIHO, HEIPEPLIBHO M MOJIOKUTEJBLHO, coracHo Teopeme Mepcepa [28]
CIIPABEJIJINBO PABEHCTBO

+o0
G(z,8) =) Un(m))\:"(s).

n=1
Orcroa B cuity HenpepbiBHOCTH siyipa G, 8) IpU & = § CJIejlyeT HEPABEHCTBO
+o0 2

/\

(16)

/

rae K — HeKOTopoe JeiiCTBATeIbHOE TOJI0KATebHoe 9ucio. ClemIoBaTebHo, Iep-
BBl psizt B (15) cXoauTcesi paBHOMEPHO.
Hasee corsacuo (14) cupaseyiuBblI CJIEYIOIIUE PABEHCTBA:

4 L pi -
) () = = - —
v () = Ay | Da G(z,s)vp(s)ds, j=12k—1
WL .
o () L o
= —_— n 5 = 17 2 - 1
I N G(x,s)vp(s)ds, j k
+oo

Tak kak {vy, ()}, 2] opTOHOPMUPOBAHHAS CHCTEMA, U3 IIOCJIE/IHETO PABEHCTBA, CJle-

JIyeT, 94TO g )( )/ A siBastiorcst koaddurmentamu Pypbe byHKINT (33/3563 )G(z, s)

o aprymenty s. Torna, yaurbisast, aro (07 /0x9)G(z,s), 7 = 1,2k — 1, Vx € [0,1]
KBa/[PATUIHO CyMMHUPYEMBI, COIVIACHO HEPABEHCTBY Becoess: mveen

f[vﬁﬁ(w)]z . /1 [&G($’S)]2ds cK. joTET
n 0

n=1

riae K — HeKOTOpbIe JefiCTBUTEIbHBIE TI0JI0KHATE/bHbIE Yncia. CiemoBaTesbHo,
BTOpBIE PsiJibl B (15) paBHOMEPHO CXOJSATCSI.
Hanee, yunrbiBasi ypasHenue (9) u nHepasencrso (16), umeem
+o00

+
8

= w(l%)xQ A (=1 *v, (2))2 v ()2
Z[ @)]° = [Pl /)\% ()] :Zl[;)] <K

A3 n

n

3
Il
—

n=1
OTKYy/JIa CJIeJyeT, 4To nocjaeuuii psiz B (15) cxoaurcs paBHOMEPHO. O
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3. Iopsanok koaddbunuentoB @ypove. ChopmyaupyeM U JIOKaKeM CJie-
JIYTOTITHE JIEMMBI.

JIEMMA 2. ITyemo g(x) € CF10,1], ¢ (z) € Ly(0,1) u g(0) = ¢'(0) = ... =
= g=2)(0) = ¢g*=D(0) = 0. Tozda cnpasedruco nepasencmeso

angn < / ) (2)]2dz, (17)

2de gn, — xoappuyuermu. Dypve dynryuu g(x) no cucmeme cobcmeennvix Gyrk-
uuti {vn(2)},57.

lloxasamenwvcmeo. PaccMoTpuM cllegyroiee BhIparkKeHUe:

1 m—1 9
J = / [g(k) () — Z g (a:)] dx > 0.
0 n=1

Nmeror MecTo ciiemyroniye paBeHCTBA:

J = /Ol[g(k)(x)]de—k/ol [mz:l gnvgk)(x)] 2dm—2/1g(k [Z gnvlF ]dm =
= Al[g(k)(fﬂ)]zdfc + /wf [gnop? (2))2dz + 2 Z gngz/ z) dx —

n,l=1
n#l

m—1

[TpuMmensist TpaBUIO UHTETPUPOBAHUS IO IACTIM Kk Pas3, UMeeM

1
/ ol @)o () do = [0 (@)ef ™V (@) = oD (@) (@) +
0
1

o (R )]

1
+ (1) /0 o9 ()0 () d.

Orciona B cuity pasercts (10) n (—1)’“1)7(1%) (x) = Avp(x) cremyer, aTo

1 1
B ()0 (2) do = vp(z)v(x) de = 0. n#l
| @@=, [ @i —{Am (19

n=I.

AHaJIOI‘I/I‘{HO, IpUHUMad BO BHUMaHUE YCJIOBUA JIEMMbI 2, IIOJIyIUM

[ aP@r @ s = [ D @) - gD and @) +

0

—

1
FED g V@) (1 [ o)) de =
0

0

1
= )\n/ g(x)vp(x)de = Apgn, n€N. (20)
0
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YunteiBas paserctsa (19), (20) u J > 0, u3 paBencrsa (18) mosyanm

1 m—1
J= / O @)2dr — 3 Ang2 >0
0 n=1

Tax kak 310 HepaBeHCTBO uMmeeT Mecto Vm € N, cnpasemmso nepasencrso (17).

JEMMA 3. ITyemn g(z) € C?F710,1], ¢®F)(x) € Lo(0, ) g( ) =40
= ... = g*=2(0) = g-=D(0) = 0, g®)(1) = gkt (1) = 2k—

Tozda cnpasedauso nepageHcmeo
+00 1
>Nk < [ 10 @) (21)
n=1 0

loxaszamenvcmeo. llpumenssi TpaBUJI0 MHTEIPUPOBAHUS 10 YaCTAM 2k
pas, mMeeM

/ 9 @)on(z) dz =[5V a)un () — 9% o)l () +
0

1
= (~1)A, /0 9(@)on(@)dz = (~1)*Augn, € N.

Curenosaresbno, (—1)F )\ngn — koaddurmenter Dypoe dyuxiun g2k () 1o cuc-

teme bynkmmit {v, (x)}1. Tax xax g(?%)(x) € Ly(0,1), coracio nepasencTBy
Beccenst cipaseymso HepaBeHCTBo (21). O
JIEMMA 4. ITyemo g(x) € C3k—1[0 1] B (z) € LQ(O, 1) u g(0) = ¢'(0) =
— g 0) — gl D(0) — 0, g(1) = (1) — - - g 0
g (0) = gD (0) = ... = gB*D(0) = 0. oeaa cnpaseaﬂueo HePAGEHCMBO

+oo 1
S a2 < /0 [ (@) de (22)
n=1

Hdoxasamenvcmeo. Dyukuus g2k (x) y/10BI€TBOPSIET YCIIOBUSIM JIEMMBI 2
U, KaK JoKazano sbiie, (—1)%\,g, — ee xoadbdurmentnr Pypne. Tora cornacho
(17) moyvaem crpapeIMBOCTh HepaBeHCTBa (22). O

4. CymiectBoBaHue penteHust 3aga4dm 1. ChopmynupyeM u JOKaXKeM cJie-
JYIONIYI0 TEOPEMY.

TEOPEMA 1. ITycmo dynryuu @1(x) u p2(x) ydosaiemesopsrom yciosuim sem-
moL 4y a pynrkyus f(x,t) ydosaemeopsem Imum Ycao8uAM NO APLYMERMY T PasG-
nomepro no t. Toeda dynryus
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“+00

u(z,t) = Z{ant1/27<]1/27(\/>\nt) + 0t VI (V) +

n=1

[ s At A (2 e ar -

2cosym T

= [t/ mti s (E) ] b 29
0

-
onpedeanem pewenue 3adavu 1, 2de Ny u v, (x) — cobemeenmvie snavenus u coo-
emeennvie pynryuu 3adavu (9), (10);

1(@

=35\

(\/E

)R/ 4 e (1)

y—1/2
) F(1/2_7)902n7 by, =
1 1
Pin = / pr(z)vn(z) dz, 2 = / p2(2)vn() da;
0 0

1
fu(t) :/0 f(z, t)op(z)dx, neN;

Ju(x) — pynryus Beccean nepsozo poda, I'(z) — eamma-dyrxyua Jiaepa.

lloxasamenvcmeo. Pemmenne 3amadu 1 uiem B Bujie

u(@,t) =Y un(t)va(z), (25)

e Uy, (t) — HeusBecTHBIE (DYHKIMN, KOTOPBIE MOJJIEXKAT OIIPEJIICHI0. Pa3ioKumM

byukmmio f(z,t) B pax o cucreme {vy, ()}

+oo
flat) =" falt)on(x). (26)
n=1

IMoxcrasus (25) u (26) B ypasuenue (6), a (25) — B ycuosue (7), umeem

+00 +oo
S =D un 0o (@) + By jgun(®)vn(@)] = falt)on(),
n=1 n=1

t—+0

+oo o
lim Z Un (t)vp () = Z ©1nUn(T),
n=1 n=1

+oo +oo
lim ¢27 Z ul, (t)vy(z) = Z VanUn ().
n=1 n=1

t—40
N3 srux —1)k (2k) _ A
PAaBEHCTB, yuInuThIBas paBeHcTBa (—1)"vy = Apvp U OPTOHOPMEUPO-
BAHHOCTH cucTeMbl GyHkuuii {vy,(x) :g, OTHOCUTE/IbHO HEM3BECTHLIX (DYHKIIHI

un(t), n € N, mosyunm cireyrontyo 3a1ady:
Bftyfl/2un(t) + )‘nun(t) = fn(t)v te (O,T), n € N; (27)
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un(0) = 1, Hm £ (8) = @20, nEN. (28)

[Tpumensis meron Jlarpanzka, Jjierko ybeauThbest, 94To pernenue 3agadan (27),
(28) cymecTByeT, €IMHCTBEHHO U OIPEJIETISACTCS PABEHCTBOM

Un(t) =a t1/2_7J1/2 \/ t + b tl/Q_VJ,y_l/Q \/ t
o o 1/2=y
ZCos’Wr/ T2y (VAat) Ty (VAT < > 7fn(7)dr —

T / 12Vt Ty (A (& )I/an(f)df, neN, (29)

2cosym

rje a, u b, — nocTosiHHbIE, Onpe/iesenHble pasencrBamu (24). Tloacrasiss (29)
B (25), mosyunm dopmabHoe pertenne 3axa4u 1 B Buge (23).

Joxazewm, uto psy (23) u pagsr (02F /0x?F)u, t27(0/0t)u, Bg_l/Qu, noJ1y er-
Hble u3 (23) noutenubM juddepernupoBanneM, cxojsitest pasaoMepto B (). [Tpu
3TOM BOCIOJIb3yeMCH CJIeAYIONIeil JeMMO.

JIEMMA 5. Jlas dynruut uy(t), onpedessemovir pasencmeamu (29), cnpaseo-
AUGHL HEPAGEHCTNEA

T2 2 \F
[un®] < le1nl + 775 !s%\ ”fn()HLg(O,T)7 neN. (30)

Hoxaszamenwvcmeso. Pynxruu (29) ¢ nomomnipio dbynkimu Beccens—Koud-
dbopua Jy(2) = T(w + 1)(2/2) "% Jyw(2) nepernmiem B BUjIE

an 1-2v )\n 2) 1/2—y B 2 1/2
un(t) = ! (;\ﬂﬁ_/ ; J172—+( (VAnt) + r—{l)/2) Jy—1a( (VAnt) +

/J1/27\/7t 1/2\/7T<>12AY fo(T)dr —
! /O Ty 12V Aat) T ja (N AnT)T fu(7) dT, 1 €N,

_1—27

Orcrona, npunumas Bo saumManue |J,(x)| < 1 npu v > —1/2, nonyanm

B2/ YT (22
R I L ORI Vs R

=2t 1 t
7N fu(T)|dT + /TfnT dr, nmeN.
| el = [ el

|un(t)] < lan]

_|_

1

Temepn, yautniBag 0 < 7 < t < T u npumensis HepaBeHcTBo Komu—bByws-
KOBCKOTI'O, UM€EM

(TVA/2)V2 (/2772
R L I Y v
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2T /T /T 2 >1/2
+ dr - Jn(T)dT <
1—27<0 0 ™

T2\, /2)Y/ 27 VA /22 o/ T
< Jan) Y20 /2) o WA/ VT o, mEN.
I'(3/2—-7) F(y+1/2)  1-2y

Orcroza, npuanMasi Bo BHUManue (24), noxyuum HepaseHcTsa (30).
JlemMma 5 mokazama. ]

[Tepexomnm K JTOKa3aTeIBCTBY PABHOMEPHOI CXOIMMOCTH PAIOB (23) u

(07 /07 u(z, t) = Zun(t)v,gj)(x), j=12k—1,

(82’“/895% Zu 2k) (31)

+o0
tPuy(z, 1) :th'yu;l(t)vn(x), Bt _1pu(T,t) ZB _1joUn(t)vn(z).

n=1

Pacemorpum psij (31). Cormacuo (30), uz (31) ciemyer, 4To jijist JOKa3aTe b
CTBa PABHOMEDHON CXOIUMOCTH 3TOrO Psijia JOCTATOUHO JOKA3aTh abOCOIOTHYIO
1 PABHOMEPHYIO CXOJMMOCTH PsIJIOB

+oo +oo 1/2
Z Qplnvmk Z ©2nUp, 2k) </ f2 dT) (2k)( )
n=1

K kaxkaoMy n3 3Tux psjaoB MpuMeHsieM HepaBeHCTBO Komu—bByHnakosckoro:

+o00 o +o00 o +oo ,ng) (m)
> ot < L el @) < |V Aion 0| <

+<>o[ (2k)(m)}2r/2 ;

+0o0
[ZAnsojnZUn)\g :T
n=1 n

n=1

+00 T 1/2 +o00 T 12

;</o f,%(T)dT) Uy(fk)(x)g; </O fﬁ(f)df) o9 ()] <
400

T 1/207(1%) .
<Y <Ai/0 fﬁ(f)d7> A(g)’ <

n=1 n

T 1+ +oo  (2k) 2\ 1/2
[vn ()]
<</0 ;Agfg(r)df-zv A; > .

n=1

[\)

)

Psnpl, crosiiue B IpaBbIX YacTAX 3TUX HEPABEHCTB, B CHJIY YCJIOBUI TeOpeMbl 1
corytacHO JieMMaM 1 u 4 paBHOMepPHO cxoasaTcst. CJie10BaTeIbHO, PSIAbI, CTOSIIIE
B JIEBBIX YaCTAX, CXOJIATCA abCOIIOTHO U PABHOMEPHO B ).
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Anasiornyro JoKa3biBaeTcs abCOIOTHAS U PABHOMEpHAsi CXOJAUMOCTb B ) u
OCTAJIbHBIX DsIJIOB.

N3 10Ka3aHHOrO BBIIIE CJIELYET, YTO BCE PsAJbI, COOTBETCTBYIOIIME KAXK/IBIM
waeHaM ypasHernus (6) u ycaosusm (7), (8), cxogsarcst abCOMIOTHO U PABHOMEPHO
B . Torma cymMma 9THX DPsJIOB yIOBiIeTBOpsieT ypasHenuio (6) u yciosusim (7),
(8). CiemoBarenbio, cymma psifia (23) sBisieTcs pereHneM 3a1a9u 1. O

5. EnxuncrBeHHOCTh perienus 3azadu. ChHopMyIupyeM u J0KaKeM CJie-
JyIOIINe TeOPeMBI.

TEOPEMA 2. 3adaua (6)—(8) ne moorcem umemv 6oaee 001020 pewerus.

Hoxaszameanncmso. lpeanonoxum, aro 3anada (6)—(8) umeer jBa perie-
nust: up(z,t) u ug(zx,t). Beegem obosnadenune

ui(z,t) —ug(z,t) = up(x, t). (32)

Torna dyukus ug(z,t) sBIsIETCs PEIIeHUeM OJHOPOIHON 3aJa9u, COOTBET-
cTByIONIEeit 3aa4de 1.
Paccmorpum caemyromue dyHKIUI:

1
wn () = /0 wo(z, )on(z) dv, neN, (33)

rJie vy, (z) — coberBennnie dynknnu 3a1aan (9), (10).
Cortacno (33) BBegeM yHKIHN

1—e
Wne(t) = / uo(x, t)vy(x)de, neN, (34)

rae (e,1 —¢) # (). OueBngno, uro lin(l) Wne(t) = wp(t).
E—
Beramcsimm niepsble 1 BTOpbIe Ipou3Bo/iHble dbyHKImii (34):
, 1—¢ ) " 1—¢ 82
wy, () = / guo(x,t)vn(x) dz, w, (1) = / ~5Uo(T,t)vn () dr, ne€N.
; E t ’ . Ot
N3 3tux paBeHCTB CJIE/LYET, 9TO

1—-¢
ny_l/an@(t) = ny_l/2u0(a:,t)vn(x) dr, neN
3

B cuiy ny_l/zuo(x,t) = (=1)**1(9% /02 )ug(z, t) mocaeHEE PABEHCTBO TIEpe-
[HCHIBACTCS B BH/IE

1—¢ 82k
Bajponclt) = (0 [ ot un(a)do, n€ R

£

OTCIO,ZLa, IIPpUMEHssA [IPpaBUJIO MHTEIPUPOBaHUA IO YaCTAM 2k pa3, umeeM

. ol 62k71 821972 ,
Bl jpwone(t) = (-1 | T o) — 2 uole, 0] (@) +
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o4 (1) 187 (2, t)o* D (z )+(_1)k£
Uolx Ork—1

Oxk
g, @] 0P [ o, 0029 @)

UO(xa t)vgk) (.Z') +
l1—¢

£

B sToM paBencTBe mepeiinem K mnpenery npu £ — 0. B pe3synpraTe, yunThIBasd
yecaosust (8) u (10), a rakxke ypasuenue (9) u oboznadenue (33), mosyanm

Bi—l/zwn(t) + AMwn(t) =0, neN. (35)

CorytacHO OTHOPOJHBIM HAYAJIBHBIM YCJIOBUSIM, COOTBeTCTBYIOmUM (7), u3 (33)
HaXOIUM

wn(0) =0, lim t2w! (t) = 0. (36)
Ob6miee perienne ypaprenusi (35) corsiacao dbopmyiie (29) umeer Buy

wn(t) = it T s (V) + aont 2T, 1 e(VARt), meN,  (37)

IJie (vjn, — IPOU3BOJIBHBIE IIOCTOsIHEbIE, § = 1,2, n € N.
Hoxunnsist dbyukipu (37) yeaosusm (36), naxoqum ajn, =0, j = 1,2, n € N,
Crenosarennno, wy(t) =0, n € N. Torna u3 (33) cienyer, 1ro

1
/ uo(x,t)vp(z)de =0, neN.
0

Tak kax cucrema dynkuuit {v,(x)}2] noma B L2(0,1), u3 nocseanero pasen-
crBa crenyer, uro ug(x,t) = 0, (x,t) € Q. Torga na ocnopanuu (32) ui(xz,t) =
= ug(z,t), (x,t) € Q.

TEOPEMA 3. [Tycmv dynkuyuu ¢1(x) u p2(x) ydosaemeopaom ycio6uim Aem-
moL 4, a pynrkyus f(x,t) ydosaemsopaem amum ycaos8uim no T pasHomepHo no t.

Tozda das pewenus 3adawu 1 cnpasediusa oueHKa

(e, 12,00 < Ko [lor@ao) + 2@ 12000 + 1@ Ol200)] (38)

2de K() — Hexomopoe deticmsumenbroe nNoAOHCUMEALHOE YUCAO.

Jloxasameancmeo. Tak xax {v,(z)}.12] — opronopmuposannas cucrema,

3 (23) corytacuo obo3naveHusiM (29) u orenkam (30) ciieyeT Takoe HepaBEHCTBO:

(e, O, 0y = /[Zu Jon(a ]dx—
A TUEEIED SO ERE P

n,k=1
n#k
+oo » “+oo )
= un(t) K Y [lel + le2al + 1 fa(®llLa0m]” <
=1 n=1
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+oo
<K [lowl + ool + 1 all o0 +

n=1

+ 2/@1nl - [2n] + 2l - [ fall Lo,y + 2l020] - 1 fallLaom)]

rne K = sup{1, T'"27/(1 — 2y), 27%/2/(1 — 2y)}. Bamenss nocieaHme TPU Ca-
raemMbIX 10 HepaBeHCTBY a” + b® > 2ab, a 3arem npuMeHsis HepaBeHCTBO Beccers
u obozuavasg 3K wepes Ky, mosyamm

+00
Ju(z, t)HLz 0,1) S KO(HW( )||%2(0,1) + H%Ol(x)||%2(o,1) +Z ”fn(t)||i2(0,T)>' (39)
n=1

Omnennm nocsesnee craraeMoe npasoii qactu (39).
[IpunuMast BO BHEMaHUE IEpBOe U3 PaBeHCTB (26) M OPTOHOPMUPOBAHHOCTD

cucremsr {vy, ()}, Haxommm

1 (@ 7,0 = (Fl@,0), f@,1) [, =

- (f‘j fn<t>vn<x>,+ffn<t>vn<x>) -

La ()

T pl+
ST -
0 0 n=1
400 LT +oo
_ Zl / a2t = 3" N £all? 0

CrenoBare/bHO,
+oo
> 1Ol 7o) = 1@ D7 ,0)- (40)
IMoacrasnsst (40) B (39), momyunm (38). O

Sakirouenue. B ngannoit pabore B mpsAMOYTroJIbHON 00/JaCTH pacCMOTpPEHA
HavaJbHO-TPpAHUYHAsT 3aada s AudhepeHnnaJbHOr0 YPABHEHUSI B YACTHBIX
IIPOU3BOJIHBIX BBICOKOT'O YE€THOI'O TOPsiKa ¢ orepaTopoM beccesisi. Merogom pas-
JIeJIeHUST TIEPEMEHHBIX HANIEHO PellieHne 3a/1a9i B BUJIE Psiia, KOTOPBIA CXOIUTCST
abCOTIOTHO W PABHOMEPHO B 3aMBIKAHUU O0JIACTU PACCMOTpPeHust ypasHeHusi. o-
Ka3aHbl €/IMHCTBEHHOCTDL DPEIIeHUA 3a/Ja91 WU HEIIPpEePbIBHAsdA 3aBHUCUMOCTL €ro OT
3aJAHHBIX (DYHKIIHIA.

Konkypupyiomuime nHTepechl. Mbl He nMeeM KOHKYPUPYIOIIIX HHTEPECOB.

ABTOpPCKUIT BKJIAJT 1 OTBETCTBEHHOCTb. Bce aBTOpPHI IpUHUMAJIN yYacTHe B paspa-
OGOTKEe KOHIIENIUY CTAThU ¥ B HAIIMCAHUY PYKOIUCH. ABTOPBI HECYT IIOJIHYIO OTBETCTBEH-
HOCTB 3a TPEIOCTABJICHIE OKOHUYATETbHON pyKomucu B medarb. OKOHYATE/bHAST BepCUst
pykormucu ObLIa 000peHa BCEMU aBTOPAMMU.

dunancupoBauue. VcciieioBanne BBIMOIHAIOCH 0e3 (GDUHAHCUPOBAHUSI.
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Abstract

In present paper, an initial-boundary value problem is formulated in a
rectangle for a higher even order partial differential equation with the Bessel
operator. Applying the method of separation of variables to the considered
problem a spectral problem is obtained for an ordinary differential equa-
tion of higher even order. The self-adjointness of the last problem is proved,
which implies the existence of the system of its eigenfunctions, as well as the
orthonormality and completeness of this system. The uniform convergence
of some bilinear series and the order of the Fourier coefficients, depending
on the found eigenfunctions, is investigated. The solution of the considered
problem is found as the sum of the Fourier series with respect to the system
of eigenfunctions of the spectral problem. The absolute and uniform con-
vergence of this series, as well as the series obtained by its differentiating,
have been proved. The uniqueness of the solution of the problem is proved
by the method of spectral analysis. An estimate is obtained for the solution
of the problem which implies the continuous dependence of the solution on
the given functions.

Keywords: even order partial differential equation, Bessel operator, initial-
boundary value problem, spectral method, Green’s function, integral equa-
tion, existence, uniqueness and stability of the solution.

Received: 29'" October, 2021 / Revised: 9*" March, 2022 /
Accepted: 12*% March, 2022 / First online: 23*¢ May, 2022

Differential Equations and Mathematical Physics
Research Article
© Authors, 2022
© Samara State Technical University, 2022 (Compilation, Design, and Layout)

@@ The content is published under the terms of the Creative Commons Attribution 4.0
International License (http://creativecommons.org/licenses/by/4.0/)
Please cite this article in press as:
Urinov A. K., Azizov M. S. An initial boundary value problem for a partial differential
equation of higher even order with a Bessel operator, Vestn. Samar. Gos. Tekhn. Univ., Ser.
Fiz.-Mat. Nauki [J. Samara State Tech. Univ., Ser. Phys. Math. Sci.], 2022, vol. 26, no. 2,
pp. 273-292. EDN: LKMGUE. DOI: 10.14498/vsgtul893 (In Russian).
Authors’ Details:

Akhmadjon K. Urinov © https://orcid.org/0000-0002-9586-1799
Dr. Phys. & Math. Sci.; Professor; Dept. of Mathematical Analysis and Differential Equa-
tions'; Leading Researcher?; e-mail: urinovak@mail.ru

Muzaffar S. Azizov® © https://orcid.org/0000-0002-2091-9300
Dept. of Mathematical Analysis and Differential Equations’;
e-mail:muzaffar.azizov.19880@mail.ru

290


http://mi.mathnet.ru/eng/vsgtu1893
http://www.mathnet.ru/eng/org4710
http://www.mathnet.ru/eng/org4710
http://www.mathnet.ru/eng/org9834
http://www.mathnet.ru/eng/org9834
http://www.mathnet.ru/eng/org9834
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://elibrary.ru/LKMGUE
http://mi.mathnet.ru/eng/vsgtu1893
http://www.mathnet.ru/eng/person30024
https://orcid.org/0000-0002-9586-1799
https://orcid.org/0000-0002-9586-1799
mailto:urinovak@mail.ru
http://www.mathnet.ru/eng/person182906
https://orcid.org/0000-0002-2091-9300
https://orcid.org/0000-0002-2091-9300
mailto:muzaffar.azizov.1988@mail.ru

An initial boundary value problem for a partial differential equation

Competing interests. We have no competing interests.

Authors’ contributions and responsibilities. Each author has participated in the
article concept development and in the manuscript writing. The authors are absolutely
responsible for submit the final manuscript to print. Each author has approved the final
version of manuscript.

Funding. Not applicable.

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

Tikhonov A. N., Samarskiy A. A. Uravneniia matematicheskoi fiziki [Equations of Mathe-
matical Physics]. Moscow, Nauka, 1972, 736 pp. (In Russian)

Nakhushev A. M. Uravneniia matematicheskoi biologii [Equations of Mathematical Biology].
Moscow, Vyssh. shk., 1995, 301 pp. (In Russian). EDN: PDBBNB.

Salakhitdinov M. S.; Amanov D. Solvability and spectral properties of a selfadjoint problem
for a fourth-order equation, Uzbek. Mat. Zh., 2005, no. 3, pp. 72-77 (In Russian).

Amanov D., Yuldasheva A. V. Solvability and spectral properties of a selfadjoint problem
for a fourth-order equation, Uzbek. Mat. Zh., 2007, no. 4, pp. 3-8 (In Russian).

Amanov D., Murzambetova M. B. Boundary value problems for a fourth order equation
with a spectral parameter, Uzbek. Mat. Zh., 2012, no. 3, pp. 22-30 (In Russian).

Amanov D., Murzambetova M. B. A boundary value problem for a fourth order partial dif-
ferential equation with the lowest term, Vestn. Udmurtsk. Univ. Mat. Mekh. Komp. Nauki,
2013, no. 1, pp. 3-10 (In Russian). EDN: PXPCOF.

Otarova Zh. A. The solvability and spectral properties of selfadjoint problems for a fourth-
order equation, Uzbek. Mat. Zh., 2008, no. 2, pp. 74-80 (In Russian).

Otarova Zh. A. Solvability and spectral properties of a selfadjoint problem for a fourth-order
equation, Dokl. AN RUz., 2008, no. 1, pp. 10-14 (In Russian).

Otarova Zh. A. Volterra boundary value problem for a fourth order equation, Dokl. AN
RUz., 2008, no. 6, pp. 18-22 (In Russian).

Sabitov K. B. Cauchy problem for the beam vibration equation, Differ. Equ., 2017, vol. 53,
no. 5, pp. 658-664. EDN: XNIRNN. DOI: https://doi.org/10.1134/50012266117050093.
Sabitov K. B. Fluctuations of a beam with clamped ends, Vestn. Samar. Gos. Tekhn. Univ.,
Ser. Fiz.-Mat. Nauki [J. Samara State Tech. Univ., Ser. Phys. Math. Sci.|, 2015, vol. 19, no. 2,
pp- 311-324 (In Russian). EDN: UGXNZR. DOI: https://doi.org/10.14498/vsgtul406.
Sabitov K. B. A remark on the theory of initial-boundary value problems for the equation
of rods and beams, Differ. Equ., 2017, vol. 53, no. 1, pp. 86-98. EDN: YVJCOJ. DOI: https://
doi.org/10.1134/50012266117010086.

Sabitov K. B., Fadeeva O. V. Initial-boundary value problem for the equation of forced
vibrations of a cantilever beam, Vestn. Samar. Gos. Tekhn. Univ., Ser. Fiz.-Mat. Nauki
[J. Samara State Tech. Univ., Ser. Phys. Math. Sci.], 2021, vol. 25, no.1, pp. 51-66 (In
Russian). EDN: SXRWIP. DOI: https://doi.org/10.14498/vsgtul845.

Azizov M. S. A boundary problem for the fourth order equation with a singular coefficient in
a rectangular region, Lobachevskii J. Math., 2020, vol. 41, no. 6, pp. 1043—-1050. EDN: HDCKMU.
DOI: https://doi.org/10.1134/5S1995080220060050.

Azizov M. S. A mixed problem for a fourth-order nonhomogeneous equation with singular
coefficients in a rectangular, Bul. Inst. Math., 2020, no. 4, pp. 50-59 (In Russian).
Amanov D.; Yuldasheva A. V. Solvability and spectral properties of boundary value prob-
lems for equations of even order, Malays. J. Math. Sci., 2009, vol.3, no.2, pp. 227-248.
https://mjms.upm.edu.my/lihatmakalah.php?kod=2009/July/3/2/227-248.

Amanov D. About correctness of boundary value problems for equation of even order, Uzbek
Math. J., 2011, no. 4, pp. 20-35.

Yuldasheva A. V. On one proble for higher-order equation, Bulletin KRASEC.
Phys. Math. Sci., 2014, vol.9, no.2, pp. 18-22. DOI: https://doi.org/10.18454/
2313-0156-2014-9-2-18-22.

291


https://elibrary.ru/PDBBNB
https://elibrary.ru/PXPCOF
https://elibrary.ru/XNIRNN
https://doi.org/10.1134/S0012266117050093
https://elibrary.ru/UGXNZR
https://doi.org/10.14498/vsgtu1406
https://elibrary.ru/YVJCOJ
https://doi.org/10.1134/S0012266117010086
https://doi.org/10.1134/S0012266117010086
https://elibrary.ru/SXRWIP
https://doi.org/10.14498/vsgtu1845
https://elibrary.ru/HDCKMU
https://doi.org/10.1134/S1995080220060050
https://mjms.upm.edu.my/lihatmakalah.php?kod=2009/July/3/2/227-248
https://doi.org/10.18454/2313-0156-2014-9-2-18-22
https://doi.org/10.18454/2313-0156-2014-9-2-18-22

Urinov A. K., Azizov M. S.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.
29.

292

Yuldasheva A. V. On a problem for a quasi-linear equation of even order, J. Math. Sci.,
2019, vol. 241, no. 4, pp. 423-429. DOI: https://doi.org/10.1007/s10958-019-04434-3.
Amanov D., Ashyralyev A. Well-posedness of boundary value problems for partial diff-
ferential equations of even order, AIP Conference Proceedings, 2012, vol. 1470, no.1, 3.
DOI: https://doi.org/10.1063/1.4747625.

Ashurov R. R., Muhiddinova O. T. Initial-boundary value problem for hyperbolic equa-
tions with an arbitrary order elliptic operator, Vestnik KRAUNC. Fiz.-Mat. Nauki,
2020, vol. 30, no. 1, pp. 8-19 (In Russian). EDN: UDRGAX. DOI: https://doi.org/10.26117/
2079-6641-2020-30-1-8-19.

Ashurov R. R., Muhiddinova O. T. Initial-boundary value problem for a time-
fractional subdiffusion equation with an arbitrary elliptic differential operator, Lobachevskii
J. Math., 2021, vol. 42, no. 2, pp. 517-525. EDN: WSMCML. DOI: https://doi.org/10.1134/
S51995080221030070.

Karimov Sh. T. Method of solving the Cauchy problem for one-dimensional polywave equa-
tion with singular Bessel operator, Russian Math. (Iz. VUZ), 2017, vol. 61, no. 8, pp. 22-35.
EDN: XNXGZY. DOI: https://doi.org/10.3103/S1066369X17080035.

Karimov Sh. T. On some generalizations of properties of the Lowndes operator and their
applications to partial differential equations of high order, Filomat, 2018, vol. 32, no. 3,
pp. 873-883. EDN: YBVBZJ. DOI: https://doi.org/10.2298/FIL1803873K.

Karimov Sh. T. The Cauchy problem for the degenerated partial differential equation
of the high even order, Sib. Elektron. Mat. Izv., 2018, no. 15, pp. 853-862. EDN: VUTMHO.
DOI: https://doi.org/10.17377/semi.2018.15.073.

Karimov Sh. T., Urinov A. K. Solution of the Cauchy problem for the four-dimensional
hyperbolic equation with Bessel operator, Viadikavkaz. Mat. Zh., 2018, vol. 20, no. 3, pp. 57—
68 (In Russian). EDN: VKJWUR. DOI: https://doi.org/10.23671/VNC.2018.3.17991.
Urinov A. K., Karimov Sh. T. On the Cauchy problem for the iterated generalized two-
axially symmetric equation of hyperbolic type, Lobachevskii J. Math., 2020, vol.41, no. 1,
pp. 102-110. EDN: FNVWZQ. DOI: https://doi.org/10.1134/5S199508022001014X.

Mikhlin S. G. Linear Integral Equations. Mineola, NY, Dover Publ., 2020, xv+223 pp.
Naimark M. A. Lineinye differentsial’nye operatory [Linear Differential Operators|. Moscow,
Fizmatlit, 1969, 528 pp. (In Russian)


https://doi.org/10.1007/s10958-019-04434-3
https://doi.org/10.1063/1.4747625
https://elibrary.ru/UDRGAX
https://doi.org/10.26117/2079-6641-2020-30-1-8-19
https://doi.org/10.26117/2079-6641-2020-30-1-8-19
https://elibrary.ru/WSMCML
https://doi.org/10.1134/S1995080221030070
https://doi.org/10.1134/S1995080221030070
https://elibrary.ru/XNXGZY
https://doi.org/10.3103/S1066369X17080035
https://elibrary.ru/YBVBZJ
https://doi.org/10.2298/FIL1803873K
https://elibrary.ru/VUTMHO
https://doi.org/10.17377/semi.2018.15.073
https://elibrary.ru/VKJWUR
https://doi.org/10.23671/VNC.2018.3.17991
https://elibrary.ru/FNVWZQ
https://doi.org/10.1134/S199508022001014X

