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Abstract

On the space Hy = Lo(H, [0, 1]), where H is a separable Hilbert space, we
study the asymptotic behavior of the eigenvalues of a boundary value prob-
lem for the operator Schrédinger equation for the case when one, and the
same, spectral parameter participates linearly in the equation and quadrat-
ically in the boundary condition. Asymptotic formulae are obtained for the
eigenvalues of the considered boundary value problem.
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Introduction

In this paper, on the space Hy = Lo(H, [0, 1]), where H is a separable Hilbert
space, we study the asymptotics of the eigenvalues of the following boundary value
problem for the operator Schrodinger equation:

2 _ 1
vy

(@) + Au(z) = Mu(z), ze€(0,1), v> % (1)
u(0) =0, /(1) — Nu(1) =0, (2)

"
u'(z) + =

where A is a spectral parameter, A is a self-adjoint, positive-definite operator in
H and the inverse operator A~! is completely continuous in H.

In [1], the discreetness and some other properties of the spectrum are investi-
gated for the Schrodinger operator on the space Hy = Lo(H, [0, 0)).

In the papers [2| and [3], the asymptotic behavior of the eigenvalues of the
following boundary value problem for a second-order elliptic differential operator
equation

—u"(z) + Au(z) = Mu(z), =z € (0,1), (3)

with boundary conditions
u'(0) + Au(0) =0, wu(l)=0 (4)

was studied on the space Hy = La(H, [0, 1]).
In [4], Aliev investigated the eigenvalues of two boundary value problems: (3),
(4) and (3) with boundary conditions

v (0) + Mu(0) =0, /(1) — du(l) =0

and proved that the set of eigenvalues of these problems is discrete and has two
series of eigenvalues: Ay ~ \/fr and Ay, ~ n’m? 4+ up, k,n € N.
In [5], similar problem for equation (4) with boundary conditions of the form

u'(0) + dA?u(0) =0, (1) =0

was studied.
In the paper [6], the author considered the asymptotic behavior of eigenvalues
for the equation (3) with the boundary conditions

u'(0) + A2u(0) =0, /(1) — Au(1) = 0. (5)

It was shown that the problem (3), (5) has three series of eigenvalues, one of
which converges to zero, and the other two asymptotically behave as (2n)272 4 s,
and (2n — 1)%272 + g, where py, = pg, (A) are the eigenvalues of the operator A.

In [7] and [8], a boundary value problem for a second-order ordinary differential
equation is considered in the case when one and the same spectral parameter A
linearly participates in the equation and quadratically in one of the boundary
conditions. The asymptotic behavior of the eigenvalues of the considered boundary
value problem was studied.

In [9], the authors considered a boundary value problem for a second-order
ordinary differential equation, when one and the same, spectral parameter A\
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quadratically participates in the equation, while in the boundary conditions it
appears as a quadratic trinomial (with respect to \) and it is studied the asymp-
totic behavior of eigenvalues of the considered boundary value problem.

In [10], Aslanova studied the asymptotics of the eigenvalues of boundary prob-
lem for the operator Schrédinger equation where spectral parameter participates
linearly in the equation and in the boundary condition. She proved that the
Schrodinger equation (1) with the boundary conditions

w(0) =0, /(1) — hu(l) = Au(1) (6)

has a discrete spectrum and two series of eigenvalues: Ay ~ —h,/p and Ay, g ~
(mm + Lvm — %W)Q + 1.

Problems such as (1), (2) and (1), (6) arise upon separation of variables in
heat or wave equations, where one of the boundary conditions contains a partial
derivative with respect to time. This is why it is so important to study such
problems. Especially, problems with nonlinear boundary conditions are important.

The purpose of this study is to determine the asymptotics of the eigenvalues
of boundary value problem for the operator Schrédinger equation in the case
when one and the same spectral parameter participates linearly in the equation
and quadratically in the boundary condition. We prove that the eigenvalues of
the problem (1), (2) are real and simple. Furthermore, it will be shown that the

eigenvalues asymptotically behave as (%mr + %77 + 7rn)2 + pg or (Jna1)? + fin,

where the numbers j; < jo < j3 < --- < jp < --- are the roots of the equation
Ju(z) =0, and pux = pr(A) are the eigenvalues of the operator A.

Some properties of eigenvalues

LEMMA 1. The eigenvalues of the boundary value problem (1), (2) are real
numbers.

Proof Let puy < po < -+ < pin < --- be the eigenvalues and {ey}32, be the
corresponding eigenvectors of the operator A. The set {e,}7°, forms a complete
orthonormal basis in the space H, and each vector-function u(z) can be expanded
as u(z) = > o (u(x), ek)H - ej,. For the Fourier coefficients ug(z) = (u(z), ek)H,
we get the following spectral problem
2 1

2 4Uk:(x) + :ukuk’(x) = Auk(x)a T € (07 1)7 vz

up(0) =0, (1) — Mup(1) = 0. (8)

14
—uy(x) +

N | —

The study of the eigenvalue problem (1), (2) is reduced to the study of eigen-
values of the problem (7), (8) for different natural k. The spectrum of the problem
(1), (2) consists of the union of eigenvalues of the problem (7), (8) for all natural k.

Let A be an eigenvalue of the problem (7), (8) and ug(z) be the corresponding
eigenfunction. Multiplying both sides of equality (7) by the function ug(x, A) and
integrating the identity with respect to z from 0 to 1; we have
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1 1 1,2 1
— [ st Nl e g [ e e [ e e =
0 0 0

1
= )\/ ’uk(x,)\)}de 9)
0
Calculating the first integral and using the boundary conditions (8), we get
1 - S | 1 -
— [ e Nl N = o Vo V| [ i o N
0 0
o o 1
= up (1, \ug (1, A) — u) (0, Nug (0, \) — / ‘u%(m,A)’ng: =
0
2 ! 2
= )\Q‘Uk(l,)\)} - / |uj, (z, )\)| dx.
0

Consequently, from (9), it follows that

1 1
)\2}uk(1,/\)\2+)\/ }uk(az,A)Pda:—/ (22, ) 2dar—
0 0

1,2 1 ) 1 ,
"/ﬁ 22 4\Uk(ka)\<tr-—/ikjﬁ |ur(z,A)|"dz = 0. (10)

Denote .
ar (V) = [un(LA), by(N) = / g, V)|,
0

1 1,2 1 1
ck(A) = —/ ‘uﬁg(:c,)\)fdx —/ 3 4 !uk(x,)\)‘2da: — ,u,k/ ‘uk(x,)\)‘de.
0 0 0
From (10), it follows that the eigenvalue \ is a root of the equation
ar(N) 22+ br(N)z + e (\) =0,

for every k.

Since ag(A) = 0, bg(N) > 0, cx(A) < 0 for any k € N, then
b2(\) — 4dap(N)ep(N\) > 0.
Consequently, for every k, the problem (7), (8) has only real roots. Lemma 1 is
proved. O
LEMMA 2. The number A\ = 0 is not an eigenvalue of the boundary value
problem (1), (2).
Proof. It is sufficient to prove that the boundary value problem (7), (8) for
A =0, i.e., the problem
2 _ 1

v
_ulkt($) + 22 1 uk(x) + Mkuk(‘r) =0, ze€ (07 1)7 vz
wp(0) =0, (1) =0 (12)

has only a trivial solution for every natural k.

N |
—~
—
—
SN—
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Denote by Ly the differential operator acting in the space L2(0,1) generated
by the differential expression

2 1

lolu] = —u"(x) + 5~ u(z) + pyu(x)

and boundary conditions
w(0) =0, /(1)=0.

Consider the scalar product (Lou,u). We have:

21 7 1 _
—ul@u(e)de + e | ul@yu()de =

(Lou,u) = — /0 1u”(x)@dx+ /0 1

o 1,21 1 o
=—u (x)u(a:)‘o—i-/o u (x)u’(x)daz—i—/o = L u(x)u(z)dep, ; w(z)u(z)dx.

Therefore,

1 ) 1,2_1 ) 1 )
(Lou,u) :/ |/ ()| dac—i—/ Tﬂu(w)‘ d:):—l—uk/ |u(z)|"da. (13)
0 0 0

From (13), it follows that (Lou,u) > 0, when u(z) # 0; and Lou = 0, when
u(z) = 0. Hence, for every natural k, the problem (11),(12) has only a trivial
solution. This proves the Lemma 2. O

LEMMA 3. The eigenvalues of the boundary value problem (1), (2) are simple.

Proof. The problem (1), (2) is reduced to the study of problem (7), (8), for
every k.
To prove the lemma, it suffices to establish that the equation

uf(1,0) — Nug(1,)) =0 (14)

has only simple roots. We will prove this assertion by the method proposed in
[9]. Let ug(z,\) be a solution to the equation (11) with the initial condition
ur(0,A) = 0. Then, if A\ = A\* is a multiple root of equation (14), then the following
equalities hold:

u?c(lv )‘) - )‘Quk(lv )‘) =0, (15)
oup(1,\) o Oup(1,A)

Since ug(x, A) is a solution of the equation (11), we have

o Lo AV () = () 2, )] = (02 = 42, N, ).

Integrating this equality in the interval [0, 1], and taking ug(0,A) = 0, we
obtain:

A—p

1
— (At p) /0 (2, Nug (2, p)de,
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where A # u. By taking the limit when g — A in the last equality and putting

A = \*, we have:

Oug(1,\%)
oA

Oup (1, \*

1
uf (1, \%) — ug(1,\") B3\ )—2)\*/0 ‘uk(w,/\*)Fdx. (17)

Equalities (15) and (16), respectively, imply the equalities
wp (1, %) = (A\)2ug(1, A%),

oup (1, X%)
O\
Using these equalities in (17), we obtain

2auk(1> )‘*)

= 2\ w1, M) + (V)P

Oug(1,\*) Oug (1, \*)
*\2 * kL N * * * *\2 K\, o
N (1, V) 22 — g (1,4 (20 (L, 47) + (V)P0 ) =
1
- 2)\*/ ‘uk(a:,)\* )|2dx,
0
or )
2" <ui(l,)\*) +2/\*/ |uk(x,)\*)‘2dx) =0. (18)
0

Lemma 2 implies that A\* # 0. On the other hand,
1
up (1, \*) + 2)\*/ ‘uk(a:,)\*)}2d$ > 0.
0

Therefore, equality (18) cannot hold. Thus, Lemma 3 is proved. U

Asymptotic formulae for eigenvalues

THEOREM 1. Let A be a self-adjoint, positive-definite operator in a separable
Hilbert space H and A™' be completely continuous in H. Then the following
asymptotic expression holds for the eigenvalues of the boundary value problem

(1), (2):
1 3 2 . 2
Aen ~ [ + <§V7r + Zﬂ + 7TTL) = Uk + (jn+1) ,
where the numbers j1 < jo < j3 < --- < jp < --- are the roots of the equa-

tion J,(z) = 0, and pp = pp(A) — oo (as k — oo) are the eigenvalues of the
operator A.

Proof. The general solution of the differential equations (7) is of the form

ug(z, ) = kiV2z - Jl,(\/)\ — Mkl") + koV/2x - Y,,(\//\ — ukx),

where ki and kg are arbitrary constants; .J,,(z) and Y, (z) are the Bessel functions
of the first and second kinds, respectively. From the first boundary condition
ug(0,\) = 0 it follows that ko = 0. Therefore,

wp(z,\) = k1 V2 - Jy (VA — ).
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From the second condition of (8) we get

W (1,2) = A2ug(1,0) = (\}5 V) (VA )+

+ V2 — ) Jo—1 (VA — ) = V2220, (VA — ) =0,

or

(T =20 —2X%) - T, (VA — ) + 2/ A — - Jo1 (VA — i) = 0. (19)

Denote /X — iy = y. Hence, A = up + 9%, A2 = (up + y?)? and y — oo as
A — 00. Then equation (19) takes the form

(1—2v—2(uk + ) - Ju(y) + 2y - Ju1(y) = 0.

Using the asymptotic expression for J,(y) at y — oo we obtain
1 1 c c 1
242 1 2
12 ) [y~ e 1)1 5 5 4 0(3)-
. 1 1 2 -1 ¢ 1
= sin(y = g = 7 ( Sy P +0(;))}—
1 1 1
— 2y {sin(y — 5T = 177) <1 + O(;))—i—

+cos(y — vm— iw)(‘w;y—l +o(y13))} o,

where c1, cs and c3 are some positive real constants.
Denote y — %mr — iﬂ = z. After some processing we get

cos(2) {(1 =20 = 2(p +%)%) (1 - % " % " O<y16>) + 41/24_ 1 +O<i2)}_

- sin(z)[(l —2v — 2(u +y2)2)< ;y - C%, +O(y15>> +2+ O(gl/ﬂ

Equation (20) takes the form

(1—2v =20 +9*)?) - (1 g + 3 + O()) + 257 + 0(5)

Y
(1—2v—2(m +2)?) - (%2 — S+ 0(55) + 25+ O(})

tan(z) =

When y — oo,

(1—2V—2(Nk+y2)2)(1+0(y%)) 8y O(1>.
Yy

t = = +
M a2 (R o)

Equation tan(z) = 4,/82@/_1 + O(%) has roots z; = yi — %mr — iﬁ ~ 5 + 7k,
k € Z" when y — oo.
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From here: yp = /A — pp = %I/Tr + %71' + 7wk or

1 3 2
Nk ~ i + (51/% + i + 7T7”L> . (21)
Let numbers j; < jo < j3 < -+ < jp < --- satisfy the equality J,(j,) = 0 for
n=1,2,3,...
Taking into account the asymptotics of the numbers j,, i.e. j, ~ %mr—iw—i—wn,
for n — oo, from (21) we obtain the following evaluation:

)\k,n ~ g + (jn+1)2'

Theorem 1 is proved. g
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AcumnToruKa cOOCTBEHHBIX 3HAYEHUU KpaeBOM 3aga4u
nJis oriepatopHoro ypaBHeHusi IIIpenunrepa

C TPAHUYHBIMH yCJIOBUSIMU HEJIMHEWHO 3aBUCSIIAMU
OT COEeKTPaJIbHOTO mapaMeTrpa

. &. l'vwumos!

Kapabrokckuil yHuBepcurer,
78050, Kapabrok, Typiusi.

Annoranus

B upocrpanctee Hy = Lo(H,[0,1]), tne H — cenapabesbHOe TriIbOep-
TOBO IPOCTPAHCTBO, U3YYAETCsS ACUMIITOTUYIECKOE ITOBEJIEHUE COOCTBEHHBIX
3HAYEHU KpaeBoil 3a1a9n JJIs onepaTopHoro ypasHeHus IlIpenurarepa ajis
cJIydas, KOrJla OJIMH M TOT K€ CHEKTPAaJbHbBINA TapaMeTp Yy4acTBYeT B ypaBHe-
HUU JINHEIHO, & B TPAHMYIHOM yCJIoBUU — KBaaparudHo. [lomydensr acumirro-
TuvIeckne OPMYJIbI JIJIsT COOCTBEHHBIX 3HAMEHNN pacCMaTPpUBAEMOi KpaeBoit
3a/la9n.

KuroueBbie cioBa: oneparopro-muddepeHInaibable ypaBHEHN, CIIEKTD,
cOOCTBEHHOE 3HAYEHNE, ACUMIITOTIIEeCKasT (POpMYyJTa, THIHLOEPTOBO TPOCTPAH-
CTBO.
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pungarue: 21 nexabpsa 2021 r. / Ilybaukanus onnaita: 28 nekabps 2021 1.
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