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Hnddepennuanbable ypaBHEHNS
1 MaTeMaTuJdecKasl (pusnka

VK 517.95

Bropas kpaeBas 3aza4ya aJ1 000DIIIEHHOTO ypaBHEHUS
BJj1aroriepeHoca Asnepa—JIbikoBa

M. A. Kepegos', C. X. I'exrxuesa®

1 Kabapauso-Bankapckuii rocyaapcTBeHHblil yrusepcuTer uM. X. M. Bepbekosa
Poccus, 360004, Hampunk, yiu. Yepubiesckoro, 173.

MucturyT npukiaaaoit maremaTuku u apromarusanuu KBHIL PAH,
Poccus, 360000, Hampuuk, yia. [llopranosa, 89 a.

AHHOTaNA

IIpr MaTeMaTHIeCKOM MOJIETMPOBAHNN CIUIOITHBIX CPEJT C TIAMSTHIO BO3-
HUKAIOT YpaBHEHWsl, OMUCHIBAIOIINE HOBBII THUII BOJHOBOTO JIBUXKEHUs, 3a-
HUMAIOIIEro MIPOMEXKYTOYHOE IOJIOXKEHNE MeXKJly OObIuHO# nudysueir u
KJIaccnaeckuMu BojtHaMu. ViMerorest B Buty auddepeHnuaabHbe YpaBHEHU s
JPOOHOTO TOPSIZIKA, KOTOPBIE SABJISIIOTCS OCHOBOI OOJIBIITUHCTBA MATEMATHIE-
CKUX MOJIeJIell, ONMUCHIBAIOMINX TUPOKAN KJIACC (DU3NIECKUX U XUMUIECKUAX
MIPOIECCOB B cpefax ¢ dppaKTaJbHON reomerpueii. B pabore mpeacrasieno
KaJYeCTBEHHO HOBOE YDABHEHHE BJIATOIIEPEHOCA, SIBJISIONIEECs: 000OIeHeM
ypapHeHnus Ajiepa—JIbIKOBa, MOCPEJICTBOM BBEJIEHUsI TOHATHS (DPAKTaJIb-
HOl CKOPOCTHU M3MEHEHUs BJIaYKHOCTH, KOTOPast OObSICHSIET HAJIMINE TIOTOKOB
IIPOTUB MOTEHINAJIA BJIAXKHOCTHA. PaccMoTpeHa Bropasi KpaeBast 3a1a49a, JJist
ypasuenus Ajepa—JIbikoBa ¢ apoGHOi mpousBognoit Pumana—J/InyBuiis.
Cy1recTBoBaHMe peleHnst 3a/1a49u JIoKaszano merogom Pypoe. st mokaza-
TEJbCTBA €JINHCTBEHHOCTU PEIIEHUs] METOIOM SHEPreTUIeCKUX HEPABEHCTB
[TOJIyYeHa allpUOPHAasi OIEHKa B TePMUHAX JPOOHOI mponsBogHOl Pumana—
JImyBuins.

KiroueBbie ciioBa: Bropasi KpaeBas 3ajiada, ypasaenue Ajepa—J/IbikoBa,
Metos, Pypbe, onepaTop JApoObHOro nHTErpo-mauddepennnposanns Pumana—
JImyBUIISI, METO, SHEPTETUIECKUX HEPABEHCTB.

Iouyuenue: 5 anpess 2019 r. / Ucupasiaenue: 22 asrycra 2019 r. /
Ipunsarue: 11 woadpsa 2019 r. / Ilybuukanus onnaiin: 25 nosbps 2019 r.
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Kepegpos M. A, I'ekkuena C. X.

BBenenune. Bompockl TemoBiiaromnepeHoca B IMOYBaX SIBIASIOTCS (PyHIAMEH-
TaJbHBIMU IIPU PEITIEHNT MHOTHX 3a8/1a9 T'UIPOJIOTHH, arPOMU3UKN, CTPOUTETHLHO
dusukn u apyrux objacreit Hayku. VcciemoBaresn mpu 9TOM KOHIIEHTPHUPYIOT
CBO€ BHUMaHHNE€ Ha BO3MOXKHOCTHU OTpPazKeHUA B XapaKTepe NCXOIHbIX ypaBHeHI/IfI
crienuuUIeCKuX 0COOEHHOCTEH N3yIaeMbIX MACCUBOB, UX CTPYKTYPhI, (DU3TIECCKUX
CBOIICTB, IPOTEKAOIIUX B HUX Iporieccos |1, rr. 6]. B ¢Bsizu ¢ 3TuM BO3HUKAET Ka-
9eCTBEHHO HOBBIN KJtace qudHepeHnnalbHbIX YPABHEHUN COCTOSIHAS U IIEPEHOCA
C IpOOHOM HPOM3BOIHOM, SIBIISTFOIIIUXCSI OCHOBOM OOJIBIIMHCTBA MaTEeMATHIECKNAX
MoOJIesIel, ONMMCHIBAIONINX IITUPOKUH KJIace (PUBNIECKUX U XUMHUIECKUX ITPOIECCOB
B cpejiax ¢ (ppakTaibHO CTPYKTYpPOil 1 maMsrTbio |2, ri. 5.

B ocHoBe MaTeMaTHIeCcKUX MOJIEJIEH, OMUCHIBAIOIINX IPOIECCHI IEPEHOCA, TT0Y-
BEHHO BJIard B 30HE aspaIlii C YIETOM €€ IBUKEHUS IIPOTHUB IIOTEHITNAIA BJIarK-
HOCTH, JIE?KAT YPABHEHUsI B YACTHBIX [IPOM3BOJIHBIX TPEThero mnopsijika [3, §6.2.4,
c. 261].

B nanmoit pabore paccMOTpEHO ypaBHEHNE BUJIA

o o 0 ow o O%w
ADG w + D = - (D(w) 5 ) + ADG 5 + f (1), (1)

rie Dgt — onepaTop ApobHOTrO MHTErpo-nuddepeniuposanus Pumana—/luysui-
ast (2,801, ¢.9],0 < a < 1; w(z, t) — BIAXKHOCTH MOYBBI B JIOJISIX €JMHUIIBI HA, [JIy-
6uHe T B MOMEHT BpeMenu t; kosddurument A, npunumaer suauenne A, = Ca?,
riae C — KOHCTaHTa, 3aBUCsIast oT KoadduimenTta auddys3un, a TakKe IOPHU-
CTOCTH TeJla, ero KalMUISIPHBIX CBOMCTB M BSI3KOCTH KuUJKoCTH [2, §5.9, ¢. 197];
D(w) — xospdunuent nuddysun; A — Bapbupyemblii Koaddunuent Asuiepa.

Ypasuenue (1) npu o = 1 coBnagaer ¢ ypasuenuem Ajiiepa—/IbikoBa, KOTO-
poe BriepBble ObLT0 Tpeioxkeno B. f. Kymukom B [4] mist onucanust mporieccon
ucrapenus u nHGWILTPAIMA BJIaru B 1mouyse. Takoro poja ypaBHeHUs B JIOKAJIb-
HOiT mocTaHoBKe (v = 1) paccMarpuBasmch B paboTax MHOIMX aBTOPOB U pella-
JINCh METOJIOM Pa3/ie/IeHus TIEPEMEHHbBIX, METOIOM AIIPUOPHBIX OIEHOK, a TaK¥Ke
qucsieHHbIME MeTogamu. Cpe nocjegnux ormeTuM paborsl [5, 6], B KoTOpbHIX
[TOJIYY€HBI alIPUOPHBIE OICHKHU JIJIsT PEIEeHUsT HEJIOKATBHBIX 33/1a4 JIJIsl YPABHEHUS
Biaromnepenoca Ajtepa—JIbikoBa B quddepeHnna bHol 1 Pa3HOCTHONR TPaKTOB-
Kax, a Takxke paboTel [7-9|, B KOTOPBIX HCCJIE0BAHO yPaBHEHHE BJIArOlepPeHOCa
Auepa—JIbiKoBa ¢ gpobHOI 110 BpEMEHHU IIPOU3BOJIHOIA.

Uccnenosanne ypapuenusi (1) Gyjgem npoBoaurh MeTogom Pypbe U MeTOI0M
anpuopHbIX orieHoK. Panmee merogom Dypbe KpaeBble 3aJa4uu JJisi ypPaBHEHMI
¢ IpoGHOI Tpou3BoIHOM nccsenoBanuck B paborax C. X. Tekkueroii [10], O. P. Ag-
rawal [11], B. A. Haxymesoit [12], B. X. Typmerosa [13], O. X. Macaesoii [14]
U JIPYyIUX aBTOPOB, B TOM YHCJIe METOJOM AlPUOPHBIX OIEHOK B padorax [15,16].

1. TlocranoBka 3amaum. Paccmorpum coorBercrByiomiee (1) omHOpomHOE
ypaBHEHHE
0 ow 0w

A DG w + Dgw = - (D(w) 5 ) + AD§, 55 2

0t 0t ox ( )8%’ 0t 85[?2 ( )

B nesiom psijie peaiibHbIX cuTyarmil, Kak ormedaer B. . Kymnuk B [4], 3aBu-

cumocTb A1 1 D OT KOODJMHATHI & MPAKTHYECKH YCTPaHsIeTCs (HAIpuMep, Koria

BJIAYKHOCTb MEHsIeTCsl B HEOOJIBINIOM Jinana3one). B nambpHeiimem OyieM mpeno-
naratb, 9to A; = const, D(w) = D = const.
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Omnpenenum pacupenesenne Biaaru w(x,t) B cpege 0 < z < [ 11 BceX MOMeEH-
ToB BpeMmenu t € [0, 7], eciu B HAYAJIBHBIH MOMEHT BBIIIOJIHSIOTCS yCIOBHUS

a—1 _ : [o —
%E}% DOt (%,t) - T<$)7 %E}% DOtw(x7t) - I/(.%'), (3)

a pacipejesienue BJjIaru Ha KOHI[aX OTpe3Ka 3a/JaeTCd COOTHOIICHUAMUN

8w ow ow
ax ADOt 83'}] _/'L(t)? % 2l =0. (4)

Bropoe ycioBue (4) o3HagaeT oTCyTCTBHE NOTOKA BJIATH Yepe3 rpaHuily T = [.
Yro KacaeTcst IepBOro ycsosus (4), K HeMY IPUBOJAT CJIELYIONNE COOOPAKEHS.
O6o3HauuM 4depes

l
B(t) = /O w(z, t)dz

Biarocojiepxkanue cjiosi [0,/] B MmomenT Bpemenu t [17|. Unarerpupysi ypasHenue
(2) B upegenax ot 0 110 | 1 MeHsisi CjI€Ba MOPsJIOK WHTErpupoBanus u auddepen-
IUPOBAHUS, IOy YUM

ow ow } r=l

ADGH B(#) + D§B(E) = [ DG + ADG

Orcroza, yauTbiBasi Bropoe yciosue (4), mveem

ow 8}

ADGB(E) + D B(t) = — [ D5 + ADG, o

U3 (5) noayuaem

N D 1
Doy (t) + Zm(t) = —Zu(t%
e
ow o
pa(t) = o B u(t) = A DG B(t) + D, B(t).

B srom ciyuae nepsoe ycsosue (4) 3amensieTcst 60J1€e MPOCTHIM:

= (), (6)

0z lz=0

rue

pp(t) = 7(0)t 1 [F(la) - gto‘Eé (—Zta 2a)]
- et + preang (By (-ria)uo).

a 7(z) onpenensiercst u3 nepsoro yciaosus (3) [2, §2.2, c. 93].
ITpenoozKuM, 9TO BBIIOJHEHBI YCIOBUS HENPEPLIBHOCTH HPEJICABHBIX COOT-
HOIITeHN

609



Kepegpos M. A, I'ekkuena C. X.

lim DG 'a(t) =0, lim Diyu(t) =0, 7(0) =/ (0) = 7'() = /() =0. (7

Torma ¢ TOMOIILIO 3aMeHbI

a—1 o 22
! F(of—i—l)y(x) + pa(t) (l‘ - *)

w(z, t) = u(z,t) + 57

ycaoust (3), (6) u Bropoe ycsioBue (4) MOXKHO CBECTH K OJIHOPO/IHBIM.
Tlostyanm cire Iy oIy o MOCTAHOBKY 3ada4u: 6 obaacmu () = {(m, t):0<x<l,
t> 0} PACCMAMPUBLEMCH YPAGHEHUE

82 0%u
82+ADOt82 fz,t), O<z<l1l, t>0, (8

2de A1, A, D — noaoostcumenvroie KOHCMaGHMbL,

A1 D+ Dgu =

2 33‘2
ft) = Ay (z = ) D5 a0 (= = ) Dm0+
ta_l 7 ta Z 1
+ DF(a)T (x) + Dmy () — 7u1(t).

ONPEJENEHUE. Pezyaapnom pewenuem ypasnenus (8) 6 obaacmu Q Haso-
sem dymryuro u = u (z,t) us xaacca Dgu(z,t) € C (Q); Do u(x,t), ugs(x,t),
D§uge(z,t) € C(Q), xomopas ydosaemeopaem ypasueruio (8) 60 ecex moukax
(x,t) € Q.

Cdopmyupyem BTOPYIO KpaeByio 3ajady Jisi ypaBHeHus (8).

BAmAYA 1. Hatimu pezyasproe pewenue u(z,t) ypasnernus (8) 6 obaacmu Q,
Y006AEMBOPAIOUIEE KPAEGLM YCAOBUAM

uz(0,t) = ug(l,t) =0, t>0
U HAYANOHBM YCAOBUAM

: a—1 _ : a _
%g% D§; u(z,t) =0, }gr(l) Dgu(z,t) = 0. 9)

Perierne coorsercrByiomiero (8) 0HOPOIHOIO ypaBHEHMsI

82 9%u

A1D§u + Dgu = D+ ADS, oz (10)

HIIEeM B BUJIE

u(x,t) = X(x)T'(t).
[Toncrasisist sty dopmy perenns B (10), mist onpenesnenns X () mosrydum:
X"+XX =0, X'(0)=0, X'(I)=0, (11)
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rie A = const.
Kak m3Bectno, perennst creKTpajabHoii 3agaqu (11) umeror Bu

1 2 7k Tk 2
Xo() = 7, Ao =0; Xk(a:)zjcos(T:c), Ak:(T) L k=1,2,.... (12)

Haiizem perenne HeogaoposHOoro ypasHenusi Ajutepa—/Ibikosa (8) B BHIE
pasioxkenust B psiji Pypbe 1o coberBennbiM hyHKImam X (z) 3amaun (11):

= up(t) Xp(x). (13)
k=0

[Ipeanonoxkum, uro dbyuxiyo f(z,t) MoxHO pasnoxurb B unrepsae (0,1)
B pan Oypbe M0 KOCUHYCAM:

[z, +Zf cos( ),

=2 [enas =" [ senes(TFee  a

B cuity reopembr B. A. Crekiiona [18, §22.3, ¢. 342| paznoxenue (14) cupaseuso,

fla,t) € C*(Q),  [(0,8) = f(I,t) =0, (15)

u npu jio6oMm bukcupoantoM t > 0 dyukius f(z,t) uMeeT KyCcOYHO-HEIPEepbIB-
HYIO TIPOM3BOJHYIO 110 & C TOYKAME Pa3pbIBa IEPBOTO POJIA.

IMoxcrasnsist npegnonaraemyto gopmy perenus (13) B ypasuenue (8) u na-
qasibHble yeaosus (9), ¢ yaerom (12), (14) 6ymem nmers:

A (6% 1 (0%
TlDotHuo(t) + 7 Dipuo(t)+

+ i cos(ﬁTkx) {A1D8t+1uk(t) + Dg,ui(t) + D (%k)zuk(t)-k
k=1

—|—A<7rlk> Dg,ug(t) } —l—Zf cos( ),

ZXk( hmDOt ug(t ZX’“ hn(l)DS‘tuk(t) =0.

Shvrt paB€HCTBa BO3MOZKHBI TOT'/JIa 1 TOJIBKO TOI'/ZIa, KOT'Jda

a 1 a !
DotJrluO(t) + ZDOtUO(t) = EfO(t)a (16)
lim DGy uo(t) = 0, im Dfyuo(t) = 0 (17)
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u g Beex k=1, 2, ...

« o t
D) + D (1) + b (1) = 250, (19
B DG () = 0, i D (1) = 0 (19

rue

1+ A\ b A D A\ (’/Tk > 2
ar = ——— = —_— = _— .
k Al ) k Al ’ k I
[MogeiicrBoas Ha ypasherue (16) omepaTopom JIpOGHOTO HHTEIPUPOBAHUS T10-
psiika o ¢ yaeTom 0600menHoit hopmyisl Heorona—/leitbrurna [19, dopwm. (1.2.8),

c. 15], nomyunm

duo 1 l —a ta_l i Q
s + A—luo(t) = TAlDOt fo(t) + @ %1_{% Diyuo(t)+
o2 ta—1 1
+<ma—n+er£%D“QM”'@m

[Tpounrerpupyem reomnopoanoe ypasaenue (20) ¢ y4eToM HaYaTbHBIX YCJIO-
Buit (17), B pesysbrare nosyduM pernenue 3anaqdu (16), (17):

ITpexx e wem BuimuceiBarh pentenue 3agadn (18), (19), ormernM, 910 OOBIK-
HoBeHHbIe JuddepeHnnaibible ypaBHEHUs JPOOHOr0 MOPSIKA € MOCTOSHHBIMEI
KO3 PUITMEHTAMI UCCJIEIOBAINCH JOCTATOYHO WHTEHCUBHO. JIsT HUX HalIeHBI
sIBHBIE TPEJICTABJIEHIST HAYAJbHBIX U KPAEBBIX 3aJlad B TEPMUHAX ODOOIIEHHBIX
dbyukmuit Murtar—J/ledpdbaepa u dyukmuit Paiita. [logpobHoe nziioxkenme 3Tux
pesysibraroB u 6ubsmorpaduio Mo TeMe MOXKHO Haiitu B paborax [20,21].

st Hareit paboThl, YTOOBI N306€KATh TEXHUIECKN HEITPOCTOrO aIlllapaTa Teo-
pun crenuagbHbIX QYHKIUN, BOSHUKAIONINX [IPU PEIIEHUN dTUX YPaBHEHUN, 1103~
BOJIMM cebe BOCIIOJIb30BAThCsI pe3ysbraTaMu paboTsl [8], rie pererne oJHOPOIHO-
ro ypasrenus (10) mosydeHo myTeM pejlyKIuK ero K HHTerpajbHOMY YPABHEHUIO
BoJsibreppa 2-ro poja co CTENEHHBIM SIJIPOM U MTOCJIELYIONUM PEIICHUEM €r0 Me-
TOJIOM IIOCJIE/IOBATEIbHBIX IIPUOJINYKEHHUIA.

[ToneiicrBoBas Ha ypasuenue (18) omepaTopomM JpoOHOTO HHTEIPUPOBAHHUS 110
panka o + 1, momyunm

b
(a+1)(t—7)

we(t) + /Ot () [ak + = a}dT = Fy(t), (21)

rie
Fi(t) = Alr(;H) /0 (t — 7)° fu()dr.

Haiijilem perieHne uHTErpasibHOrO ypaBHeHus (21) aHAJOIHYIHO TOMY, KaK 9TO
6b110 1IpoJIeIaHo B [8):
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[e's} 1n—i—l n+1 ak+1 sbs t
u(t) = Fr(t) + ) (= n+2x >n+Hﬂ®/@_ﬂHmﬂwm:
n=0
L G n+1
= —dr n+1
AlF(a+1)/0 (t—T Jrz Z( )
+1 S1.8 TL+80{
a i fr(m1)
drid 22
A1T(a+1) (n+1+ sa) // r—m)© midr, (22)

e (n+1) _ (1)
: s ) slln+1-s)

B npasoit vactu (22) paccMoTpuM [1BOIHON nHTerpasi. [loMeHsB OpsiI0K WH-
TerpupoOBaHUsl U CJeJaB 3aMeHy T = T + z (t — T), HaxoauM

n—i—sa t t
// T_Tl k(Tl)dTldT:/o fk(Tl)dTl/Tl (t_T)n—l-sa (7’—7’1)ad7'=

MNa+ 1)I'(n+sa+1)

t
— t— n+sa+a+1 dr.

Mnu oxkonyareabHO

B 1 Lof(r)
e (t) = Al (a+ 1) /D (t — T)_adT+

n+1— Sbs

1 o0 n+1 n+1 t

L 1 n+1 k / t— n+sa+a+1 dr =
+A1nz%< ) Sz%( s >F(n+2+sa+a) 0( ™) J(r)dr

1 t t — «
_1 / [<T>+

A]_ 0 F(a+1)

0 n+tl n+l—syp s
Lyt n+1 ag 23 _ _\ntsata+l
+n§:;( 1) ;( ! )F(n+2+8a+a)(t 7) fulr)dr.

Taxum obpasom, cormacuo (13), nckomoe pemenue 3aaa4n (8), (9) samummercs
B BUJIE

l

e%@ VDo fo (€) dé+
t prl

+/ G® (2, &t —7) f (€, 7) dédr, (23)
0J0

rae

G (z, &t —71) = % i Ey (t,7) COS(TFTkx> cos(ﬁTkﬁ),

akn—‘rl sbk (t _ T)n-i—sa—i—a—i—l

t—T n n
Ey (t,7) = Z HZ( +1) F'n+2+ sa+a)
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CxomumocTh psia (23) u psanos nponssomubix D u(z, t), Du(w, t), tzs (, ),
Diuge(z,t) obecrieunBaercs TpeboBanueM cobmmonenus ycaosuii (15).

Takum 06pa3oM, UMeeT MECTO CJIE/YIOIIast TEOPEMA.

TeoPEMA 1. ITycmo f (z,t) € C*(Q), 7 € C3[0,1], v € C%[0,1] u suinoanenw.
yeaosus (7) u yeaosus cozaacosanusn f(0,t) = f(I,t) = 0. Toeda peeyasaproe
pewenue u(x,t) 3adawu 1 npedcmasumo 6 sude (23).

2. EAMHCTBEHHOCTH pENIEHUd 33Ja4M JJI HEOJHOPO/IHOIO ypaBHe-
Husti Annepa—JlbikoBa ¢ Apo6HOIL 110 BpeMeHu Tpou3BoaHoi. O6o3HaINM
Qr ={(z,t): 0 <z <,0 <t <T}. B upeanonoxennn, uro D(w) = k(z,t) —
n3BecTHasT PYHKIINs KOOPJAMHATHI U BDEMEHH, PACCMOTPUM B 06s1acT ()7 BTOPYIO
KPaeByIo 3aJady JJisi HEOJHOPOJAHOrO ypaBHeHus (1) ¢ HAYAJIBHBIMU YCJIOBUSIMA
(3) 1 OJJHOPOJIHBIME KPAEBbIMU YCJIOBUSIMU

we(0,8) = we(l,t) =0, t>0. (24)

B nasnbueiimeM GyjieM IpeanosaraTh CyMeCTBOBAHUE PEryJIsIPHOTO PEIICHHUsT
sagaun (1), (3), (24) u 6ymem uCHOIB30BaTH 0O03HAUEHMSI

1 9 taw(z, T)dT
P(l—a)at/o (t—m7)>’

l
|m%aéwmwm,Dmmm=

t
2 2
HDS‘thQ’Qt :/0 | Dogw(zx, 7)||g dr.

TEOPEMA 2. [Tycmo ky(x,t), ki(x,t), f(z,t) € C(Qr), v(z) € C[0,1], 7(z) €
C?[0,1], 0 < ¢1 < k(x,t) < co, ke(x,t) < 0 6c100y na Q u 6vinosmens. Yciocus
7(0) = 7(l) = 0, 7(0) = 7'(I) = 0. Toeda dan pewenus 3adawu (1), (3), (24)
CNPAsedAUBa aNPuOPHAA OUEHKA

2 2 2
| Dgewllo + 1 DGwsll3 0, + [1Dowllz,q, <

< (t) (113, + 7 @5 + 17" @5 + @) - (25)

Hoxaszamenrncmeo. Beerem HOByIO HensBecTHYIO hyHKIuo v(x,t), moJa-
rasd

w(z,t) =v(x,t) + —

Tak, 9To v(z,t) npeiacrasiser coboit orkionerune GyHkmuu w(x,t) OT U3BECTHO
dyHuKIMNT %T(:p) C yuerom D(C)“;rlto‘_1 =0, DGt =019, §1.2, c. 15] umeenm,

aro bykIiws v(x,t) OymeT onpeIessiThCs KaK PEIIeHne yPaBHEHUsT
A1 DS + DS — (kvy), — ADG v = F(z,t), 0<z<l, 0<t<T, (26)
C Ha4YaJIbHBIMAX yCJIOBI/ISIMI/I

a—1

: a—1 R T a—1 o —_
}gI(l)DOt v(x,t)—%g%DOt (w(:c,t) —F(Q)T(x)>
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- o T(.’I)) . a—1,a—1 _
=7(z) T(a) }E%D()t 7t =0, (27)

ol 7(z)

: a R B a o —_ o : ogo—1 _
%1_1;% DOtU(‘Tat) - %g% DOt (U)(l’,t) P(Q)T(x)> I/(l') F(O[) %1_% DOtt I/(CL’)

1 'PaHUYIHBIMHA YCJIOBUAMUA

0e(0,8) = va(l,t) =0, 0<t<T, (28)

rie
a—1
o
Tlostyanm anpuopHyIO ONEHKY B TepMUHAX JIpOoOHON mpou3BogHoit Pumana—
JlmyBuoLIst, Jyist 9TOro yMHOXKHEM ypaBHeHue (26) ckaspuo na D,v:

F(z,t) = f(z,t) + ko' () + k7" (2)) .

Ay (D3t+lva Dgt”) + (Dgyv, Dgyv) —
- ((kvx);c ) Dgtv) —A (Dgtvxm Dgltv) = (Fv Dgtv) ) (29)

e

l
(w,v) :/ wvdzr, (w,w) = Hw||(2)
0

[Tpeo6pasyem ciaaraemble ToxaecTBa (29) ¢ yuerom (27), (28):

A1 (D(C;;rlv, Dg‘tv) =

B ! 1 872 ole,7Ydr 1 9 tU(ZL’,T)de_
_Al/o r(l—a)at2/0 (t—7) r(1—a)at/ (t—T)“d -

A1 ) A 0
=t [ g (DR e = 5 D5,
(DGiv, Do) = ||D8‘tv||§,
1 ! o0 (tw(z,T)dr

w)e s Dogv) = = e mr | 7 g T =
(k) D) = g [ (k) g [ 5P

1 o [tu(x,7)dr| ! 0 [t vg(z,7)dr
_F(l_a){k:vz(x,t)at =) 0—/0 kvg(z, t)at - d:r} =

B 1 ! 8 t gz, T)dT
T —a)/o kv (2, t)at/ i—ra

Vg (2, T)dT O v(z, 7)dr
A(Dgyves, D (t—1)*
( otV Otv F2 1_a /8t/ t—T 8t/ (t_T)a

- g [ s [felend

dr =

0
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/ / Vg (z, 7)dT O / v (x, 7)dT
DT gy b =
oty (t—7) dt )y (t—r7)°

Evp(x, 7)dr 2 o 2
__A/< I'l—a) 8t/ (15_7-)&) dr = —A| DGz lfg -

st omeHKM TpaBoOil YacTH BOCHOJIb3yeMcsi HepaBencTBoM Komu—bByHsakos-
CKOTO 1 e-HepaBeHCTBOM (22, §2.7, dbopm. (46), c. 86|, KoTopoe cupaBeIuBO 111
Jiioboro uucia € > 0O:

1 2 2
(F, D) < o= IFI + 1 DGl
C y4eToM II0JIyYeHHBIX HepaBeHCTB u3 (29) mosyaum

A 0

CW ||D0tUHo + HDOtUHo

(l—a)/ kug(x,t) 8 / dx—i—AHDOt%HO
1 (6%
<EHFH§+€HD0tUII3' (30)

[Tpounrerpupyem (30) o 7 or 0 J1o t:

t
1 2 2
SHIDglE + [ 105wl drr

1 ¢ ! 0 [T vy (x,m)dm
_— d k — = 7 -d
+ INQE a)/o T/O vx($’7)87/0 (t—7)” Tt
t
+4 [ Do dr <
0
1 2 t o 2 Ay o 2
< 1z 1E1l2,q, +¢ ) | Dgeo(z, 7)|lgdr + o | DGv(, 0)[[ -

[Ipeamonoxum, aro k; < 0, TOrga HEOTPUIATEILHOCTH TPOWHOTO UHTErpaJa, CTO-
SIIEro B JIEBOI YaCTH II0CJIeHEr0 HEPABEHCTBA, JOKA3bIBAETCs TaK XKe, Kak B [2,
§1.5, c. 43]. YewuBas mocsie/iHee HEPABEHCTBO, MOy TUM

2
A ||D0tU||0 +2A HDOtUIEH2 Q. T 261 ||D0tv||2 Q S ||F||2 QT A llv(@)llg
e €1 = 1 —e. OTKyJza ciejyer oleHKa

2 2 2 2 2
DG llo + DG vz 3, + 106050, < M(IFI3.q, + v(2)l),

ujM, BO3BpaIasich K w (z,t), noxyuaum (25). Teopema jnokasana. [

BAMEYAHUME 1. U3 (25) cienyer emmucTBenHOCTH perenus 3agaqdn (1), (3),
(24).

616



Bropast kpaeBasi 3a/1a4a /11 0G0OIIIEHHOIO ypaBHEHUsT BiaaromnepeHoca Asiuiepa—/IbikoBa

JeiicTBUTENBHO, IIyCTH W — pPelleHre OJfHOPOIHOI 3aqaun, T. e. f =7 = v = 0.
Torna u3 (25) mveem

2 2 2
DGyl + ||D3th||2,Qt + HDgthth = 0.

[Tpumensiz 06obmennyio dhopmyny Heiorona—/leitbuuia

a—1

D5° Dgw(z, t) = w(x, 1) — ;(O[)%%Dg‘tlw(x,t),
B 9aCTHOCTH, HO.HyLH/IM
a—1 a—1
w(z,t) = @%EDS‘t_lw(aE,t} = @7‘(3}) =08 Qr.

YuurbiBas 1pousBosibHOCTE 1) mosydaem, aro w (z,t) = 0 BO Bcex ToUKax
(x,t) € Q.

3akarouenne. B pabore paccMOTpeHBI BOIIPOCHI OJHO3HAYHON Paspernmmo-
CTU BTOPOI KpaeBoil 3aaun Jjist ypaBHeHUs AJntepa—JIbiKoBa ¢ 1poOHOIT TTpon3-
Boauoit Pumana—/Iuysuiisa. PaccmarpuBaemoe ypaBHEHUE SIBJIAETCA 000OIICHY-
eM ypasHeHust AJjyiepa—JIbIKOBa OCPEICTBOM BBEJIEHUS TMOHSTHS (DPAKTAJIbHOMN
CKOPOCTH M3MEHEHUS BJIAYKHOCTH, KOTOPasi O0bsICHSIET HAJUYIUE TTOTOKOB IPOTUB
noTeHIuaa BiaakKHOCTU. C IMOMOIIbI0 METOJ[a SHEPIeTUIECKUX HEPABEHCTB JIJIs
peltenns 3a/1a9u MMOJIyIeHa alpruopHas OIeHKa B TEPMHUHAX JIPOOHOI IMpOnN3BO/I-
Hoit Pumana—/JInyBuiuisi, u3 KOTOPOIl ciie/iyeT eqMHCTBEHHOCTD pertennsi. Cyiie-
CTBOBAHUE PEITICHUsI BTOPOU KPaeBOil 3a/adu /Ui CJIydas C HOCTOSHHBIMEU KO-
dunmenramu gokazano meronom Dypoe.

Koukypupyroiue narepechbl. KOHKYpUPYONNX HHTEPECOB HE NUMEEM.

ABTOpCKUIT BKJIAJT 1 OTBETCTBEHHOCTb. Bce aBTOpPHI IpUHUMAJIN yYacTHe B pa3pa-
6OTKe KOHIIEIIUU CTAThU U B HAUCAHUY PYKOMUCH. ABTOPBI HECYT MOJIHYIO OTBETCTBEH-
HOCTH 3a IIPEJIOCTABJIEHNE OKOHYATEIbHOM PYyKOIuCH B mevarh. OKoOHYATEbHAS BEPCHUS
pyxomucu 6bL1a 000peHa BCeMU aBTOPAMU.

DuHaHCUPOBaHUE. JTO UCCJIEIOBAHNE HE MTOJIYYUJIO CIEUAIHLHOIO (DPMHAHCUPOBAHUSI.
BaarogapHocTb. ABTOpBI BBIpazKaioT OJIATOJAPHOCTh U TUIYOOKYIO TPU3HATEIHHOCTD

3aBeyoieMy oraeaoM apobHoro ucunciaenns UIIMA KBHIL PAH, a.d.-m.H. Apceny
Biagumuposuay Ilexy 3a coBeTHI U IIeHHBIE 3aMeYaHus IPU paboTe HaJl JAHHOM CTaTbei.
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Abstract

The equations that describe a new type of wave motion arise in the
course of mathematical modeling for continuous media with memory. This
refers to differential equations of fractional order, which form the basis for
most mathematical models describing a wide class of physical and chemical
processes in media with fractal geometry. The paper presents a qualitatively
new equation of moisture transfer, which is a generalization of the Aller—
Lykov equation, by introducing the concept of the fractal rate of change in
humidity clarifying the presence of flows affecting the potential of humidity.
We have studied the second boundary value problem for the Aller—Lykov
equation with the fractional Riemann—Liouville derivative. The existence of
a solution to the problem has been proved by the Fourier method. To prove
the uniqueness of the solution we have obtained an a priori estimate, in terms
of a fractional Riemann-Liouville using the energy inequality method.
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3apnaua Jlupuxse /jiss ypaBHEHUs CMEIIaHHOTO TUIIA
C XapaKTepPUCTUIECKUM BBIPOXK/I€HUEM

I0. K. Cabumosa

Crepanramakckuil dunnan Bamkupckoro rocy1apcTBEHHOIO YHUBEPCUTETA,
Poccus, 453103, Crepiuramak, np-t Jlenuna, 37.

AnHOTaNMs

Jyis ypaBHEHHsI CMENIAHHOTO JUIAIITHKO-TUIIEPOOINIECKOTO THIIA C Xa-
PAKTEpUCTUYECKAM BBIPOK/ICHHEM HCCJIe/IoBaHa IepBad I'PaHuYHAA 33/1a4a
B IPSAMOYTOJIbHON OOJIACTH. YCTAHOBJIEH KPUTEPHil €IMHCTBEHHOCTU Dellle-
HUs 33J1a9u. PaHee Tpu JI0Ka3aTeIbCTBE €IUHCTBEHHOCTH PEIICHUNl Kpae-
BBIX 3aJ1a9 JJIs YPaBHEHUN CMENIaHHOTO THUIla HCIIOJIb30BAJIM IIPUHIIUII SKC-
TpeMyMa, WA METO]I WHTEIPAJTbHBIX TOXKIECTB. EIMHCTBEHHOCTD pelreHus
JIAHHOM 33291 YCTAHOBJIEHA HA OCHOBAHUU TOJTHOTHI CHCTEMBI COOCTBEHHBIX
GYHKINH COOTBETCTBYIONIEH OTHOMEPHOM CIIEKTpaabHOi 3amadu. Permenue
3a/1a4M IIOCTPOEHO B BHJIE CYMMBI PsJia IO CHCTEME COOCTBEHHBIX (DYHKITHI.
IIpu obocHOBaHUM CXOAUMOCTH IOy UEHHOTO PsiJia, BO3HUKAET IIPodJIeMa, Ma-
JIBIX 3HaMeHaTeJiell 60jiee CJI0KHOM CTPYKTYPHI, YeM B U3BECTHBIX paboTax,
OTHOCHTEJIBHO IIapaMeTpa, 3aBHUCAIIEro OT JJINH CTOPOH IIPAMOYTOJIBHUKA
3 runepOOIMIecKoil 9acTu OOJACTH M MOKA3ATEsIs CTENEHU BBIPOXKIEHUS
ypaBHeHUs. B CBA3M ¢ 9TUM YCTAHOBJIEHBI OIEHKU 00 OT/IEJIEHHOCTH OT HY-
Jigd ¢ COOTBETCTBYIOIIE aCUMIITOTUKON B CiydasaX, KOIJa JAHHBINA I1apaMeTp
IpeJIcTaBiIsieT co00il HATYpaJIbHOE, PAIMOHATIBLHOE U AJIredpantiecKkoe uppa-
IMOHAJBHOE YHCJIO CTEIEeHU JiBa. [NC/N JTaHHBIH TapaMeTp He SABJISIeTC aJl-
reOpamvIecKuM UPPAIMOHAJIBHBIM YHCJIOM CTEIIEHU J[Ba, TO PEIeHUs 3a1a9u
B BUJIE CYMMBI psijia He cyrnecTByer. C OMOIIBIO MOy YeHHBIX OIEHOK 000C-
HOBaHa paBHOMEPHas CXOJUMOCTb IIOCTPOEHHOTI'O Ps/Jia B KJlacce PeryIsapHbIX
pelleHnii IPU HEKOTOPBIX JJOCTATOYHBIX YCJIOBUAX OTHOCUTEIbHO I'PAHUYHBIX
dyurnmii. Takke JoKa3aHa yCTONIMBOCTD PEIIEHUSI 331a9i OTHOCUTETBHO
IPAHUYHBIX (DYHKIUI B HOpMAaX IMPOCTPAHCTBA CYMMUPYEMbBIX C KBAJIPATOM
byHKIMIT 1 B TPOCTPAHCTBE HEIIPEPBIBHBIX (DYHKITUA.

KurouyeBbie ciioBa: ypaBHeHUE CMEIIAHHOTO TUIA C XaPAKTEPUCTUICCKIM
BBIpOK IeHneM, 3aja4da Jlupuxie, KpuTepuil eIMHCTBEHHOCTH, CYIeCTBOBA-
HHe, MaJjible 3HaMeHaTeJIN.

[ouyuenue: 14 wrons 2019 r. / Ucnpasienne: 23 okrsabpsa 2019 r. /
pungarue: 11 noabpa 2019 r. / IlyGaukarnus onsaiin: 12 mexabpsa 2019 r.
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3a,qaqa ,HI/IpI/IXJTe JJIsI YPaBHEHUsA CMEIIaHHOI'O TUIla C XapaKTEePUCTUYECCKHUM BBIDOXK/ICHUEeM

Beenenwne. /st ypaBHEHNsT CMEITAHHOTO 3JLIUITHKO-THIIEPOOJITIECKOTO THIIA
_ n n—1 _
Lu = gy + (sgny) |yl Uyy + aly| uy —bu =0 (1)

B 1psMoyrosibHoil obmactu D = {(z,y) | 0 < z < |,—a <y < B}, tne I > 0,
a>0,0>0,0<a<1,0<n<a+1l, b—3amannbie geiicTBUTEIbLHBIE YUCIA,
MIOCTABUM CJIEYIONYI0 TPAHUIHYIO 3a/1a4y.

BAAAYA JWPUXJE. Hatmu gynkyuro u(x,y), ydosaemsopaowyro yciosusim

u(@,y) € C(D) N Cy(D) N C*(D4 U D-); (2)

A gty (z,y) = lim (—y) (@, y); (3)

Lu(z,y) =0, (z,y) € Dy UD_; (4)

U(an) = U(l,y) =0, —-a< Yy < /87 (5)

U(ZL‘,B):f(l‘), u(z:, —Oé) :g(l‘), 0<z <l (6)

ede D_ = Dn{y < 0}, Dy = Dn{y > 0}, f(z) u g(xr) — 3adannvie do-
cmamowno 2sadkue Pynryuu, ydosaemesoparouwue yceaosuam f(0) = f(1) = 0,

9(0) = g(l) = 0.

M. B. Keanpim [1] Buepsbie ucciemoBai 6osiee o01Iee SJIITHNITHIECKOE YPaB-
HEHHE BTOPOTO TOpsi/IKAa OT JIBYX MEPEeMEHHbIX, deM ypasaenue (1), mpu y > 0,
¢ XapaKTePUCTUIECKUM BBIpOXKIeHHeM. OH ITOKa3aJsl, 9TO0 KOPPEKTHOCTD IEePBOii
IPAHUYHON 33/1a9W CYIIECTBEHHBIM 00pPa30M 3aBUCUT OT IOKA3ATEsIsl CTEIICHU BbI-
poxenus u KoaddunuenTa Ipu MaaAmeil Ipoussoanoil u,. Onupasch Ha 3Ty
pabory, I1. JI. Kaposb [2| ucciemosasn 3agaay Tpukomu jijist ypaBHEHUsT CMeIIaH-
uoro tuna (1) mpun =1 wu b =0, T.e. Iy ypaBHEHHs

Uz + Ylyy + atly =0 (7)

B obstactu G, riae G — obutacth mwiockocT X OY, orpaHudenHasi IIpoCToii »Kopia-
HOBO#1 KpuBoii I, siexkameit B mosymiockoctu y > 0 ¢ kounamu B roukax O(0,0)
u A(1,0), xapakrepucrukamu OC u AC' ypaBHenusi, pacIoJOKEeHHbIMU B TIOJIy-
mockoctn y < 0. VIm 66110 10Ka3aH0, 9TO TOCTAHOBKA KPAEBBIX 33144 JIJI yPaB-
HEHUI CMENIaHHOIO THIIA C XaPaKTePUCTUYeCKUM BhIpoxkieHueM (7) B obractu G
3aBuCcHT OT KoaddunuenTa a u Kiaacca peienuii ypasHenusi (7). 9T0 sIBJIsSeTCs
CYIIECTBEHHBIM OTJIMYMEM OT HOCTAHOBKHM KPaeBbIX 3a/1a4 JIjIs ypaBHEHUIl ¢ Hexa-
PAKTEPUCTUIECKUM BBIPDOKJIEHNEM. B KadecTse npumepa: 3agada Tpukomu 1mpu
saavennn koaddunmenta a < 0 Hemoonpeenena, a yxke npu a > 0 — nepeonpe-
JIeJIEHA.

N. JI. Kaposs myist ypasrenus (7) B obnactu G upu 0 < a < 1 uccienosal
zajiady TpUKOMH, IJie Ha JIMHUAU [IEPEX0/Ia BBOUTCS YCIOBUE CONPSI?KEHUS C BECOM:

li =k I 0 1
iy “uy(z,y) Ay “uy(z,y), 0<w <1,

rmek=—-1mpu0<a<1/2, k=1npul/2<a<1.

Banaua Tpukomu npu a < 0 CTAaHOBHTCS KOPPEKTHO MOCTABJIEHHO, €CJIN YCII0-
Bus ckyenBanus Beectr no-uHomy. C. C. Mcamyxamenos [3] Buepsble uccieoBai
sajady Tpukomu mst ypasuenust (7) npu a = —n + ag, ag € (0,1/2) U (1/2,1),
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i€ SJINITHYeCKnit KOHTYp I mpeanosnaraercs «HOpMaIbHBIM» 10 TEPMUHOJIOIHN
Tpuxomu, T.e. mmeer Buf (v — 1/2)? + 4y = 1/4. Ha JuHEE BBIPOAKICHHST KPOMe
YCJIOBUSI HEIIPEPBIBHOCTH DeIIeHHs] TaKKe 3a/]aBajIOCh YCJIOBUE CKJIEHBAHUSI

vi(z) = (-1)"1a(x), (8)
e

vi(@) = lim y*[uy + By ()], va@) = lim (—)*lu = By (@, 7)ly,

B (u) — nexoropsriit quddepenimanbubii oneparop, B, (z,y, T) — pelenne ypas-
Henus (7), yAOBJIETBOPSIONIEE YCJIOBUSIM

B, (z,0,7) =7(x), lim (—y)*

y_)o_ 8y (x y7 ) 0

M. 0. Kpuxynos [4]| uzyuan 3amaay Tpukomu jyist ypasaenus (7) nupu a =
= —n+ 1/2. P. C. Xaiipymmun [5] as ypasuenns (7) B ciydae Korga a < —1/2
B cMemmanHoil obiactu G, rje Kpubasi [ sIBJISIETCS «HOPMAJIbHBIM» KOHTYDOM,
JIOKa3aJ1 OJHO3HAUYHYIO PA3peInMOCThb 3a/1a49u TPUKOME METOI0M HHTErPAIbHBIX
YpaBHEHUM.

P. 1. Coxanze [6] mist ypasuenust (7) upu 0 < a < 1 ucciegoBas 1nepByto
KpaeByIo 3a/1a4y B PsIMOYToJibHON obiactu D (rme [ = 1) npu yciaoBun, 9ro npu
Bcex n € N

Ja-1(27k/ @) [1—a(27k/B) + J1—a(27k/Q) Io—1(27k/B) # 0,

rie Ji—q(2) u I1_4(2) — dbysknuu Beccesist nepsoro poja nopsijika 1 —a ¢ jefictsu-
TeJIbHBIMH M YUCTO MHUMBIMU apryMeHTaMH COOTBETCTBEHHO. A B JApyroii pabore
9TOro ke aBropa |7| mus ypasuenust (7) upu a > 1, riae a — bUKCHpOBaHHOE TIEI0€
YHUCI0, u3ydena 3ajga4a Jupuxie co CaepyomuMu BECOBBIMA YCIOBUSMUA CKJIEU-
BaHUA:

li a—1 = 1 )1 0<z<1;
y—1>{)r—l|—0y u(x’y) y_%rio( y) ’LL(:I},y), rx L

lim gty (e,) = lim (<9 (ey), 0<o <L
B sTmx paborax MeTOJIOM pa3iesieHUs NEPEMEHHBIX ITOCTPOEHBI YACTHLIE PEIre-
HUsl ypaBHeHust (7) IpH yKa3aHHBIX 3HAYEHUsIX a. Pemenune 3amaun (popMasbHO
IIOCTPOEHO B BHUJI€ CYMMBI PdA/ia, HO OTCYTCTBYIOT 4YeTKHUE JI0KA3aTeJIbCTBA €JIMH-
CTBEHHOCTH IIOCTABJIEHHBIX 3aJ1a4 U He IPUBOJIATCH 0OOCHOBAHUS CXOJIMMOCTHU Psi-
JOB.

s ypaBHEHUsT CMEIIaHHOTO TUIIa BTOPOTO POJa

Uz + 580 Y Y| Uyy — VPu=0 0<m<2, b=const>0, (9)

B IPSIMOYTOJIbHOM ob61acTu D B 3aBUCUMOCTH OT 3Hadennii mapamerpa m K. B. Ca-
6urosbim u A. X. Tpery6osoit (Cyseitmanosoii) [8] ObL1a perrena neppast rpaHnd-
Hag 3a/1a9a 1 BUJIOM3MEHEHHbIE 3a/1a41. Pernrenne 3a/1a9 MOCTPOEHO B BUJIE CYMMBbI
psaga @ypoe. JlokazaHbl TeOpEMbl €IMHCTBEHHOCTH DPEIICHUs 3aJa9 W HaileHbI
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JIOCTATOYHbIE YCJIOBHS CXOAMMOCTH PsIJIOB B COOTBETCTBYIONIMX KJIACCAX PEINEeHHH
ypaBrenus (9) npu cieayronmx 3HadeHnsx maparerpa m: 0 <m < 1,1 <m < 2,
m = 1.

P. C. Xaiipysmn [9], ucnosnb3yst merospl pabor [8-10], ycraHoBuI Kpurepuii
€JIMHCTBEHHOCTH pernenust 3aaun Jupuxiie ajist ypasaenust (7) B IpsiMOYTOJIBHOM
obsiacTi D 1pu OTPHUIATEIHHBIX 3HAYEHUSAX mapamerpa a < —1/2, npu sroMm Ha
JINHUM W3MEHEHUsI TUIA YDPABHEHUs 3aJIaf0TCsl HEKJIACCUIECKHUEe YCJIOBHS COIPSI-
xkenust tuna (8). [Tosxke B pabore [11] o mokaszas cyiiecTBoBaHue perieHns SToii
3a/1a41.

Ormerum Takke paborsr A. 1. Koxkanosa [12,13|, 1. E. Eroposa [14,15] u
UX YUEHHKOB, TJIe U3yJajiCh KPAeBble 3a/auu JIjisl ypaBHEHUil CMEIaHHOTO TUIIa,
bYHKIMOHATTBHBIMU METOIAMHU.

Apropom [16] uccienoBana HesokaabHas 3aada, OJu3Kas K 3agade (2)—(6),
JUUIST yPABHEHHsI CMEIAHHOTO THIIA ¢ HEXaPAKTEPUCTUIECKUM BBIPOXKJICHUEM BHJIA

K(y)uzx + Uyy = 0, (10)

e K(y) =sgn yly|™, m > 0. Ypasuenue (10) cBogurcs K ypasuenuio (7) myrem
saMenbl T = 7, z = |y|"2/(m +2)%, e a = (m +1)/(m +2) € (1/2,1).

Jannast paboTa siBJIsieTcs IPOJI0JIKEeHneM uccie/ioBanuii apropa [16-18|. 3nech
npu Beex a € (0,1) u 0 < n < a+ 1 ycraHOBJIeH KPUTEPHii €IUNHCTBEHHOCTH pe-
mennst 3a1a9u (2)—(6).

TeEOPEMA 1 (KPUTEPUIl EJIMHCTBEHHOCTH PEIIEHUS). Feau cywecmeyem pe-
wenue 3adayu (2)—(6), mo das e2o eduncmeernocmu HeobxoduMo u AOCNAMOYHO,
umobv, npu 6cex n € N 6unoAHAIUCH YCAOBUA

Ak(aa B) = Ju(pkaq)Ku(pkBq) + Il/(pkﬁq)?u(pkaq) # 0,

2de

- s

Volon(—9)") = 5 (o pr(=)) + T pr(—)),

Jo(p(—y)?) u Y, (pr(—y)?) — pyrnkuyuu Becceas nepsozo u emopozo poda coom-
sememeenno, I,(pry?) u K,(pry?) — moduguyuposannvie @ynrkyuu Becceas,

v=(1-a)/2q, pr = \/q; ¢ = (2 —n)/2, A\, = \/ i}, + b, pu, = 7k /1.

B nanbreiieM, He Tepsist OOITHOCTH, OyIeM cIuTaTh, 9T0 b > 0, TaK Kax B IIPO-
THUBHOM CJIy4ae HAaUUHAs ¢ HEKOTOPOTO HOMepa kg mpu BcexX k > kg BBIIOJIHSIETCS
HEPABEHCTBO M% +b > 0. [TosTromy 3HaK b He BAMSET HA TOJIyYCHHBIE PE3YJIHTATHL.

OrmeTuM, 9TO paHee MPHU JOKA3ATEIbCTBE €UHCTBEHHOCTU PEIIEHN KPAeBbIX
3a/1a4 JIJIs YPaBHEHUI CMEIAHHOI'O THIIA IPUMEHSJIN IPUHIIUAI SKCTPEMyMa HJIU
MeTOJ HHTerpasibHbx ToxkaecTs ([19, c¢. 28-64], [20, c. 295-302], |21, c. 37-58]).
B npsaMoyrosibHO#t obs1acTu 3T MeTobl He paboTaloT. [losTomy 31ech eiMHCTBEH-
HOCTH perenust 3a1adn (2)—(6) ycraHoB/IeHa HA OCHOBAHHUU IIOJIHOTHI CHCTEMbI
CcOOCTBEHHBIX (DYHKIUIT COOTBETCTBYIONIEN CIHEKTPAJILHON 38 a4,

Pemenne 3aman (2)-(6) mocTpoeHO B BUIE CyMMBI Psiia

u(z,y) = ﬁ;uk(y) sin g, (11)
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rie dbyHkims u(y) nocrpoena u npusejeHa Huke dopmysioii (39). Beipazkenue
Ag(a, f) aBagercs 3HameHaTeseM 3Tux Kodddunuentos. s obocHoBaHusT CX0-
JuMocTtH psijia (39) B Kitacce peryisipHbIxX pertennii (2)—(4) gokasaHbl ciie/Lyomnme
YTBEPKJICHUSI.

YTBEPXKJIEHUE 1. Buipaoicenue Ap(a, f) umeem cuemmoe MHOMCECMEO NOAO-
HCUMENOLHBLT HYAET ommocumenvro napamempa og = ol /(ql).

B cuity sToro yrBeprKeHus BOSHUKAET IIPpodseMa MaJjIblX 3HaMeHaTe el 6oee
CJIOXKHOI CTPYKTYDBI, YeM B u3BecTHbIX paborax B. V. Apnosbia [22,23].

st necnenosanust acumMnToTuky Hyseil npejacrasuM Ag(q, 3) B cieyonem
BHUJIE:

Ag(a, B) = L (prB)dk(a, B),

rue

ok(a, B) = Jy(pkaq)m +Y,(prat) =

- K, (kX
:J,/(ﬂ'k)\kaql)i(ﬂ- kﬁql)

= + Y, (mkAag) = k(g ,
() | TRt = Ot Bl

Ak = = av Bql = E

OyuKIns Kl,(ﬂ'k‘j\kﬁql) pu 60JbIMKUX k CTPOro yOBIBAET IO ACHMIITOTUYIECKOM
bopmyite k1/2e~™Ba a4 dynkiums I,/(T['kj\k,@ql) CTPOro BozpacTaeT mo popMyJIe
Ky (mkXoBq1)
) L (mkAkBqt)
6oJ1ee BBICOKOTO TIOPSIIKA, IeM ?y(wk)\kaql) pu 6osbiux k. ITosTomy mocrarodaro
PACCMOTPETH BBIPAXKEHUE

k1/2emkBa nosromy semmauna J, (ko) ecTb OeCKOHEYHO MaJiast

~ 2sin Ty —

5k(aql) = TYV(WkS\kaql) = Jy(wk;\kaql) + J_V(wijkaql),

KOTOpOE TaK»Ke MMEET CUETHOE MHOYKECTBO ITOJIOXKUTEJIbHBIX HYJIe OTHOCUTEb-
HO Qgf.

VTBEPXKAEHUE 2. Ecau evinoamneno 00mo u3d caedyrowus yciosuls:
1) g ABAAEMCA NPOUZBONLHBIM HAMYPANLHBIM YUCAOM;
2) g = d/t asasemca npoussOALHBM PAUUOHANLHBM wuciom, d, t € N,
(d,t) =1, (t,4) =1, d/t € N,
mo cyuecmesyrom nosodscumenvrvie nocmoannve Co u ko (kg € N), sasucausue
om «, 1, a, q, maxue, wmo das ecex k > ko cnpasedausa ouenka

Begr)| 3% > 0. (12)

FEecau orce
3) Qg ABNACTNCA UPPAYUOHANDHIIM AAEOPAUMECKUM YUCAOM CTNENEHU 2,
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mo cywecmesyrom nosostcumenvrvie nocmoannve C1 u ko (kg € N), sasucawsue
om a, I, a, q, b, g9 u ydosaemeoparouue HepaseHcmaey
21v/b 2
g0 — 20[,15(7) > 0,
m

u das ecex k > kg cnpasedausa ouerxa

C
|0k (rq)| = kT/lg (13)

Ecnn Sk(aql) # 0 mpu Beex k = 1, kg, TO CyIIECTBYeT ¢MHCTBEHHOE PEIICHIE
sajaqn (2)—(6), koropoe oupeensiercs psgom (11).

Ha ocHoBanmm yTBEpKIeHNS 2 NPH ONPEIETEHHBIX YCJIOBUSX OTHOCUTETHLHO
rpannyHbX GyHknuii f(z) u g(x) njokasaHa paBHOMEpHasl CXOAUMOCTH psija (11)
B KJIaCCe PEry/IsipHbIX perteHuil (2)—(4), T.e. J0Ka3aHbI CIIE/YIONINE yTBEPK ICHNUSL.

TEOPEMA 2. ITycmo wucao oy ydosaemeopsaem ycaosuam 1), 2) ymeeporcde-
nus 2, m.e. sunoanena oyenka (12) npu ecex k > ko, dynxyuu f(x), g(zr) €

20,1, £(0) = g(0) = 0, f(1) = g(1) = 0, f"(0) = ¢"(0) = 0, f"(1) = ¢g"(I) = 0.

Toeda, ecau 6p(og) # 0 npu scex k = 1,kg, mo cywecmeyem edurcmesenroe
pewenue 3adawy (2)—(6) u amo pewenue onpedeasemca padom (11). Ecau owce
Ok(aq) = 0 npu nexomopviw k = s1,52,...,5,m < ko, mo 3adaua (2)—(6) paspe-

wuMma moavko mozda, Koz2da evinosnens ycaosus (59) u pewenue onpedeasemcs
padom (60).

TEOPEMA 3. ITycmb “ucao oy ABAAEMCA UPPAUUONAALHBIM ANZEOPAULECKUM
wucaom cmenenu 2, m.e. ewnoanena ouenka (13) npu ecex k > ko, Pynryuu

f(x), g(x) € C*0,1], f(0) = g(0) = 0, f(I) = g(1) = 0, f(0) = ¢"(0) = 0,
(1) = ¢"(1) = 0. Tozda, ecru o(aq) # 0 npu ecex k = 1, kg, mo cywecmsy-
em eduncmeennoe pewerue 3adavu (2)—(6) u amo pewernue onpedesiemcs padom
(11). Ecau orce Op(ag) = 0 npu nexomopwz k = $1,52,...,8m < ko, mo 3adava
(2)—(6) paspewuma moavko moezda, kozda ewnosnens ycaosus (59) u pewerue

onpedeasemcea padom (60).

TrEOPEMA 4. [Tyemn evinoanens yciosus meopemor 2 u Og(ag) # 0 npu k =
=1, ko. Toeda das pewenus sadavu (2)—(6) cnpasedrusv. oyernru

My([[ £l oo + N9l Lao,n) npu v =1/2,
[u(z, y)| L, < . . . (14)
M| f'lleog + 119 lcpo,g)  npu v < 1/2;
Ms(|| f + |lg” npu v >=1/2,
Jule, Do, < 3(Hf/HC[O,l] Hg, lcog) np / (15)
My(lf'lcjoq + 19 lepy)  npu v < 1/2,

ede My, Mo, M3, My — nososcumensvbrvie NOCMOAHHDIE, HE 3AGUCAULUE OM 2Pa-
nuunor gynkuyud f(x) u g(z).
Hwmxke npuBogsiTest mokasaTebcTBa TeopeM 1—4.

1. Kpurepuii eMHCTBEHHOCTH pelneHus 3aga4au. llycrs u(x,y) aBis-
ercs perenneM 3a1aan (2)—(6). Ilogcrasuss npoussenenue u(x,y) = X (z)Y (y)
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B ypasuenue (1), oraocuresibHo dynkimu X () HOIYIUM CIEKTPAIBHYIO CAMOCO-
[IPS?KEHHYIO 33/1a4y:

X"x) + X (x) =0, 0<ux<lI, (16)
X(0)=X(I) =0, (17)

rje p— nocrosinaasi. Pemmenne crekrpasnbroit 3agaian (16), (17) umeer Bug

2 k
Xi(x) = \/;Sin,u,kac, L = 7777 ke N. (18)

Torya o cucreme (18) BBeseM yHKIMU

9 l
ug(y) = \/;/0 u(z,y) sin ugedr, k=1,2,..., (19)

Ha ocuoBanuu (19) paccMoTpuM BermoMorareabHble (DyHKIINHT

2 l—e
ue ik (y) = \/;/ u(z,y)sin ugxedr, k=1,2,..., (20)
&€

rie € > 0 — gocrarouno masoe ducio. Juddepenipyst asax bl paseHcTso (20)
upu y € (—a,0) U (0, 3) u yanreiBas ypasaenue (1), mosryanm

l—e 2
. b a
ul i (y) = / Uyy (2, y) sin prrde = (sgny) [mn“e,k(y) - *‘y|ué,k(y)—
I

1 2 l—e
_ ]y\”\/;/ Ugg (2, y) sin ppadx | (21)
£

Wurerpupys (21) mo gacTsiM JBa pas3a ¢ y9eToM yCJIoBHi (5) 1 IIepexo/is K IpeIesry
pu e— 0, mosryunM OOBIKHOBeHHOE I depeHInaIbHOe YpaBHEHNE

2 2
b + pg
ly["

ul(y) + (sgn y) m () — (sgn y) uk(y) =0, y € (=a,0)U(0,5). (22)

[Tpoussenst B ypasuenuu (22) sameny npu y > 0

l-a 2—n Ak
u W) =Wy =, a="5—, PE= Ak =/ 13+, (23)

oJTyIuM MOIuUIMPOBaHHOE YpaBHEeHHNe Beccess

1/2 1—a

W)+ W e = (1+ 5)WE =0, z=pafts v="2% ()

B nambuefitem, He Tepsist obmHOCTH, Oy/IeM CIUTaTh, 970 b > 0, TaKk Kak B
IIPOTUBHOM CJIydae HadWHasd ¢ HEKOTOpPOro Homepa kg mpu Bcex k > kg BBITTOJIHSI-
eTCsl HepaBEeHCTBO ,ui +b2>0.
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Ob6iee pemenne ypashenust (24) onpejessiercst 10 (opmyJie
W(z)=C11,(z) + CoK,(2), z>0, (25)

rue I,(z) u K, (z) — coorBercrBenno Moaudunuposanubie GyHkimn Beccertst mep-
Boro u Tperbero pojga, C1 n C'o — mponsBOJIbHBIE ITOCTOAHHBIE. TOraa Ha OCHOBA-
mun (23) u (25) obmiee pemtenne ypasnenust (22) npu y > 0 ompejesseTcs 1mo
dopmyie
l-a
wf(y) =y lanly(pry?) + br K (pry?)), (26)

rje aj 1 by — MPOM3BOJILHBIE MTOCTOSTHHBIE.
B ypasuenun (22) npu y < 0 npoussesieM 3aMeHy

l—a

u, (y) = Z(pu(=y)")(—y) =, (27)

B pe3yabTaTe MOJIydYnM ypaBHenue bBeccess

1/2
2"(z) + %Z’(z) + (1 - 7)2(,2) =0, z=pp(-y). (28)

52
Ob6miee perenne ypapHeHus (28) omnpe/iesisiercs 110 hbopmylie

Z(z) = CsJy(2) + C1Yy(2), 2<0, (29)

rie J,(2) n Y, (z) — coorBercrBenno ¢ynkuuu Beccesst miepBoro n Broporo poja,
C3 u C4 — upousBosibHble nocrosinablie. Torya Ha ocnosanuu (27) u (29) obmiee
perienre ypapaerusi (22) npu y < 0 onpejensiercsi o dhopmyiie

1—a

we () = (=9) 7 [exdv(Pe(=1)?) + diYo (P (=1)7)]; (30)

rje ¢x U dj — NPOU3BOJILHBIE TTIOCTOSTHHBIE.
Taxum obpasom, dyukiwu (19) onpenessirorest ¢ yaerom dhopmyit (26) u (30):

o= (580 28

C yuerom kiacca pemennst (2) u (3) B (31) nmogbepeM noCTOsIHHBIE G, bk, Ck
n dk TakK, LITO6]:)I BBIITOJIHAJINCH YCJIOBUA COIIPAZKEHN A

— _ 3 a,/ — : _.N\a,,/
wk(0+0) = u(0-0), lm gfui) = T (<o) (2)
[TepBoe u3 paBencrs (32) BbimosHeHo, ecau dy = —7by /2 1pn JTOOBIX a U Cj,

a BTOpOe PaBeHCTBO Oy/leT uMeTh MecTo npu n < a+ 1 u ¢ = wby ctg(nv)/2 — ay,
dk = —ka/2.

[MosicTaBuUB Oy YeHHbIE BBIPAYKEHUsl [T TIOCTOSHHBIX ¢, U dj B (31), Oymem
UMeTh

l1—a
Y2 [akju(pnyq) + kau<pkyq)]7 y =0,
ug(y) = { L (33)

(=) [—ardu(pr(—9)9) + Y u (pe(—)D)], ¥ <0,
629



Ca6urosa IO. K.

rae
™

Y. (pr(=y)?) = [T (pr(=9)T) + T (P (=) D)]-

Ha ocnoBanuu rpannunbix ycsouii (6) u dopmyist (19) cupaseinebl paBeH-

crBa
2 [ 2 [

= \/;/ f(x)sin \pzdr = fr, up(—a) = \/;/ g(x) sin \pxdr = gy
0 0

(34)
YaosserBopsisi byHKIuY (33) IpaHUIHBIM yCIOBUAM (34), MOJIyduM CHCTEMY
JUIST HAXOXKJIEHUS TTIOCTOSTHHBIX a) W by

{ ak[u(pkﬂq) + kal/(pkﬂq) =
—apdy(pro?) + biY,(pra?) = gra’T . k=1,2,... .

2sin v

(35)

Eciin npu Beex k € N onpenenurens cucremsr (35)

Ap(a, B) = Ju(pra®) Ky (prB9) + L (pe87)Y » (pea?) # 0, (36)

TO JaHHasd CUCTEMa MMeeT €JMHCTBEHHOE DeEIleHNre

ar = (a 5 BT Volpra) = ka3 Ko (i) (37)
bk::Ak@Yﬂ)Ukﬂ T Ju(pra?) + gea T L (pr7)). (38)
[oacrasisst (37) u (38) B (35), Haitnem dyHKIWN
B [J‘k(%) Ak (,9) +gk( ) " Ay, B)}, y =0,
Uk(y) —y y ;a
()7 s () F a0

rae

Ap(o,y) = Iy (pka?) Ky (pry?) + Yo (pra?) L (pry?),

Ay, B) = L (pr81) Ko (pry?) — L (pry?) Ko (pr5?),

By(a, —y) = J,(pa?)Y , (pe(—y)?) — Yo (pra®) J, (pe(—y)?) =
"~ [T (pka®) T, ((—)%) — Ty (o0 ®) T, (pr(—9) )]

2sin v

Ap(=y, 8) = Ju(pe(—=y)") K (prBY) + Yo (pk(—y)?) L (0 59).

Adoxasameavecmeo meopemw, 1. Ecim cymecrByer perienue 3aja4u
(2)-(6), TO 15T €TO €IMHCTBEHHOCTH HEOOXOANMO U JJOCTATOYHO, ITOOBI BBIIOJIHSI-
mmch yenosus (36) npu Beex k € N.
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Jlocmamounocmo. Ilycrs f(x) =0, g(x) = 0 nva [0,[] u BbITOIHEHB! yCIOBUS
(36) npu Beex k € N. Torna fr = 0, gr = 0 upu Beex k € N. CrenosaresbHo,
corsiacao (opmyste (39) upu y € [—a, 5] byukuun ug(y) = 0 u B cuity (19) umeem

2 l
\/;/ u(z,y)sinugrder =0, k=1,2,....
0

Orcioma B cuiny nosnHoTHl cucreMbl (18) B mpocrpamncrse Lo|0,1] ciemgyer, ato
dbyuknus u(x,y) = 0 nourn seoxy ua [0,[] npu mobom y € [—a, B]. Ilockonbky
B cuny (2) dynkmus u(z,y) venpepsisua B D, To u(z,y) =0 B D.
Heobwodumocmo. Ilycrs cymectByer enuncrBennoe perrenne 3aaadn (2)—(6).
Hazno mokaszarh, 9TO Ipu 9TOM BBINOJIHSIOTC yciaoBus (36) mpum Bcex k € N.
[Ipemmosnoxkum, uro npu HekoropoMm k = d Boipaxkenune Ag(a, ) = 0. Torma
onHopoHas 3anada (2)—(6), rae f(x) = g(x) = 0, umeer HeHyJIEBOE PellIEHUE

Y2 Ag(y, B)
uilz — l_alu(pdﬂq)
e
Izz(pdﬁq)

Sil’l,U,d.Z, Yy = 07

sin gz, y <0,

YTO MPOTUBOPEYUT YCIOBHUIO.
Beisicnum, npu kakux «, 8, [, a u k Beipaxkenune Ag(«, 5) paBro mymo. s
9TOro npejicraBuM 3Hamenaresb Ag(a, §) B cieyromneM Buje:

Ap(a, B) = L, (prB*) ok (v, B),

rje

Ky(puB?) |+
Op(e, B) = Jy(prad) ==L 4+ Y a?).
[pescrasum aprymenTs! dyHskimit Beccesst, Bxopsiux B popmyiny (20), B Bu-
zie
2
py +b kad bl 2 -
pkaq — iaq — aq = Tho 1 + (f ) = ﬂ-k‘)\k‘aql’
q lq wk
rie
- Vbl 2 al B4
A = 1)1 (—) : —— ==
g ) = =y

Torma Beipazkenue O (o, ) Oyaer onpenensaTbes mo hopmMyie

Ku(ﬂ-k}\kﬁql)
Iy(ﬁk)‘kﬁql)

CymecrsoBanne myseit 0 (o /) OTHOCHTEJILHO (v, CJedyeT N3 TOrO, 4TO
y Y. q> Pq q Y )

5k(a,ﬂ) = Jy(ﬂ'kj\kaql) +7y(7rk5\kaql) = 5k(oqu, 5(][).

bynkimn J, (kA gag) 1Y, (ko) sBAAIOTCS JHHEHO HE3ABUCUMBIME peliie-
HUAMU ypaBHeHUsi beccesis

1 ~ 2
Y (g) + — ¥ (ag) + | (TkA)? — —Q]y(aql) =0. (40)
Qgl aql
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[TockonbKy dyHKIMNT J,,(ﬂ'k:jxkoqu) 1 0k (g1, Bq1) SABIAIOTCS JIMHEHHO HE3aBUCHMBI-
Mu pertenusiMu ypasaenus (40), u3 obmieit Teopun JMHERHBIX uddepeHaib-
HBIX YPaBHEHWIT CJIeIyeT, 9TO HyJIH JBYX JUHEHHO HE3aBUCHMBIX PEIeHHH ypaB-
HeHnsi Beccesist ¢Tporo 4epeyiorcs, T.e. Ha MHTEpBAJIe MEXKy JIOOBIMU IIOC/Ie-
JIOBATEJILHBIMU HYJISIMU JIIO00TO U3 9TUX PEIIeHUil COMEePKUTCS POBHO OJIMH HYJIb
apyroro pemtennst. Pynxrms J, (TkApoy) UMeeT cueTHOE MHOMKECTBO II0JIOKHI-
teabubIx Hyseit. Torma dynkims Oy (og, By) TakkKe HMeeT CYETHOE MHOXKECTBO
IIOJIOZKUTEIbHBIX HyJleil OTHOCHTEIBHO (. CirestoBaressro, s 3aga4au (2)-(6)
YCTAHOBJIEH KPUTEPUIl €MHCTBEHHOCTH. O

2. Ouenku ManbIx 3HaMeHareJteil. IlockonbpKy oy — 110060€ HOIOKUTE b
HOE YUCJIO, TO IPU JOCTATOUHO GosibiiuX k Boipazkerue Ag(q, ), KOTOpoe BXOIUT
B 3HaMeHaTe b GOpMyJIb! (39), MOXKET CTaTh JOCTATOYHO MAJIbIM U3-38 CYIIECTBO-
BaHUA CYCTHOTO MHOXKECTBa, HyJeil O(aqr, Bq) oTHOCHTEIBHO oy CrieioBaTeib-

HO, BO3HHKAeT mpobiema Mayibix snamenaresneii [10,22,23]. Oyuxius K, (1k\gBy1)
1pu 60s1bImuX Kk CTPOro yGuIBaeT MO acHMITOTHYecKoil dopmyme k~1/2e~ kb 4
dbynkims I, (kA SBq) crporo Bozpactaer 1o (opmyiie k=1/2¢mkBar | nostomy Be-

JINIUHA, _
Kz/(ﬂ-k)‘kﬁql)
L, (kA Byar)

ecTb GECKOHEYHO Majias 6oJiee BBICOKOrO mopsijika, dem Y, (TkApaq) npu 60/b-
mux k. B CBSI3K ¢ 9THM JOCTATOYHO PACCMOTPETH BBIPAXKEHUE

J,,(ﬂ'k:}\kaql)

~ 2sin 7w—

5k(aql) T (7rk)\kaql) Jy(wk;\kaql) + J_V(wijkaql),

KOTOpPOE TaK>Ke nmMeeT CUYETHOE MHO2KECTBO ITOJIO2KHUTEJIbHBIX Hyﬂefx’l OTHOCUTEJIb-
HO (.

OyuKImsd Jy(ﬂk;\kaql) = 0 TOJIbKO B TOM cJIydae, KOrJia apryMeHT ﬂkj\kaql
coBnajaer ¢ Hyasmu bysknun Beccesst nepsoro pona J,(z), v = (1 —a)/(2q),
upu x > 0. Ussecrno (25, c. 70|, aro dyukiws J,(z) upu v > —1 u > 0 umeer
CYETHOE MHOXKECTBO U30/IMPOBAHHLIX HYJI€H Ty 1, m € N. Snauur, Jy(ﬂkj\kaql) =0
TOJIBKO TOTJIA, KOTJIA

x
g = 2k, meN.
kAL

IockombKy g — J11000€ HMOJIOXKUTE/ILHOEe YUC/I0, OHO MOXKEeT IPUHUMATh 3Ha-
JyeHnsi, Onmskne K HyuasMm O (g, Bgr). Tlosromy mpm Gosbmux k BbIpaskeHne
5k (0egr, Bg1) MOXKET CTATh JOCTATOUHO MAJIBIM.

Bruipaxkenmue )\k, KoTOpOe 3aBucHT or \/bl, IpHU yCI0BHK

Vbl Vbl

7<1 I k>— k1

MO2KHO Hpe,[[CTaBI/ITb B BHUJIE
- BIN 2y 1/2
N = (1+(\[) ) =1+ 0y,
Tk
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pu 3TOM st 0y cripaBe/InBa OLEHKA,
3 /Vbl\2 1 /VblN2
—| — 0 — (7) . 41
8 ( wk ) <Ok < 2\ 7wk (41)
Ucnonb3yst acumiroruaeckyto dhopmyiy [25, c. 98]

Jy(z) = \/%COS (z—gy—z) +0(z7%?), 2z — oo,

upu k > ko, vie kg — 10cTaToqHO OOJIBINOE HATYPAJIBLHOE UUCTIO0, TIOJIYIAeM

- 1 2 ~ % s
ko =—y/= k 0 - — =
VE lc(aql) 7\ Teom [cos(Tr aq + Opag 5 4)+

~ vz T
+ cos (ﬂ'kaql + Orag + 5 Zﬂ =

2 - -
= —, /= cos = sin <7Tk:aql + Opag + z), Or = k. (42)
™ )\kaql 4

1. ITycts o = p, p € N. Torga, nockonbKy

M1 om0, (43)

npu Beex k > ko u3 (44) mosrydum ONEHKY

‘f&k \/>‘sm 7rk‘p—|— )cos—‘ W\f‘cos‘—6~’1>0. (44)

2. Ilycrs oy = d/t — panmonassroe uncio, rae d, t € N, (d,t) =1, (t,4) =
d/t ¢ N. Paznermwm kd na t ¢ octatrkom: kd = st+r, s,t € Ngo = NU{0},0 < r < .
Torna coorHomenue (42) npuHUMAET BHL

- $2 2 L[~ T 4
Vidilag) = (-1)°, /Xkaql sm[7 + Oy + ﬂ cos . (45)

Ecmn r = 0, To u3 npenacrasienus (45) mosyanm

< 2 2 ~ T ez
ko, =(=1)°—,/= sin | 0 — 5 —. 4
VEd(ag) = (-1) | / Ao mn[ kOl + 4} cos - (46)

[TocKOJIBKY T10CIIeI0BATEIBHOCTD O, B cuity olieHKH (41) siBisieTcs GeCKOHEYHO
MaJioit mpu k — 400, cymecrByet unciio ko € N Takoe, aro nipu Bcex k > ko

~ ™ ™
0<0kaql+z<§
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TOI‘,IL& B CHJIy HEpaBE€HCTBa

. 2 T
sine > —z, 0<x<—,
s 2

Ha ocuosannu (41), (46) mosryduM OIEHKY

~ 4 2 TV | [~ T
B> o] ()
N k(o) > 7\ ea cos — kOl + 1

1 2 bl 2 ~
> -, = cosﬂ <3<) +1>>Cg>0
upu k > max{ki, k2}.

IIycts 7 > 0, Torma 1 < r <t —1, ¢t > 2. Ilocko/IbKy BbIpazKeHue sin [WTT +

+ 5;€oqu + ’T] “MeeT KOHEUYHBIN mpeaen npu k — oo, cymecrsyer k3 € N Takoe,
9TO TIpH Beex k > k3 u3 (45) Oynem nmersb

‘\fék oqu \/:ql‘cos‘ s1n7r< )‘ = Cs. (47)

B cuy mocenneit oneHKy ciejiyeT HCKIIOYATH cydail, Korjga  + % =1, 10

€CTb 4UCJIO 7 HAJIO B3ATb TaK, YTOOBI BBINOJIHSIOCH HEPABEHCTBO 7 7 %. Ecmm

umcsta t u 4 B3auMHO IPOCThle, To nocrosinnas C3 u3 (47) Bcerya GoJIbIIe HyJISL.
13 nosryuenHbIX BbIilie HepaBeHCTB (44) u (47) cieyer cupaBeyInBOCTh OLeH-
K1

_ Co
|0k (orq)| = N >0
upu Beex k > ko = max{ky, ko, k3}, tue Cy = min{él,ég, C~’3}

BAMEYAHUE. Feau (t,4) > 1, m.e. nycmo t = 4t1, t1 € R, moeda u3 ouenru
(47) caedyem, wmo

(1) e+ ) sy + 1) -3 ()

S11 — — = S1n — — = S1n =S — — .
™ty ™ty ™, T2 1 \¢

Orcrona, HanpuMmep, pu r = 3t; TOC/IeHee PABEHCTBO OyeT PaBHO HYJIIO.

3. PaccmoTpuMm cityuail, Korja oy ABJgeTcs aaredpandecKuM UppalioHalb-
HbIM gncsioMm crenienn 2. Toryia coorHomenue (42) npejcraBuM B BHJIE

~ m 2 2 T Tk 4dm — 1 ~
VEdi(ag) = (1) - S cos —-sin (4 (4aql S ) + Hkaql) , (48)

rJIe M — IPOU3BOJIBHOE HATYPAJbLHOE YUCIO.
Hnsa moboro k € N cymecryer nedernoe uucio m’ = 4m — 1 = 2m” — 1,

m’ = 2m [26] Takoe, 4TO UMeEET MECTO HEPABEHCTBO
m 1
dag — —| < +. 49
‘ TR Tk (49)
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,HGI;'ICTBI/ITQJH)HO, JJIg 9TOI'0 JOCTAaTOYHO ITOJIOZKHUTDH

i) [dkog), ecin [4koy| — HedeTHOe,
me= [dkag] + 1, ecmn [4kog| — gernoe,

rae [4kag] — menas gacTh HppanUoOHAIBHOTO ducIa 4koy,.
Yucso m € N Bo3bMeM TakuM, 9T00bI B CUJLy HepaBeHCTBa (49) BBLINOJIHSIOCH
HEpaBeHCTBO

Im —1 s
( <7 (50)
4k 4
Ecm oy aBnserca ajredpanmdecKuM HUCIOM CTEHEHH JiBa, TO B CHJIIYy TEOPEeMbI
Jmysusst [27, c. 60| cymecTByeT IOJIOKHUTENBHOE YHUCIO €, 3ABHUCSIIIEE OT Oy,
Takoe, UTO 1pu JIIOObIX 1ebiX 4k u 4m — 1, k > 0, BuIO/THSETCS HEPABEHCTBO

W/{‘Oéql —

dm — 1 €0
. > . 51
‘O‘ql 4k ’ 1642 (51)
B cuity onenok (41) umeem
~ « l(bl)Q 54
0<agly < ——=—". 52
GRS Tork Tk (52)
Torna ¢ HekoToporo HoMmepa kg npu Beex k > kg BBLIIOJIHAETCS yCIOBUE
bl)?
argi (b) < T
27 2
Torna u3 (50) u (52) BO3MOXKHBI JIBa CJIydasi:
s Im —1 ~ T~
1) 5<7Tk‘<04ql—T>+Oéq19k<Z+C4<7T,
s 4dm — 1 ~ m
2) -3 < 7T/<7(Oéql — T) +agby < 5
B mepsom caydae
4m —1 ~ ~ 3 C
sin |:’/Tk<04ql — %) + aqlek} > sin(% + 04) > sin Zﬂ = cos% > ?5
Bo Bropom citydae ¢ yaerom HepaseHncTs (51) u
2
sinz| > —|z], 0<|z| <2,
T 2
nMeemM
4m —1 ~ 2 4m —1 ~
sin [7rk<oqu — %) + Oéqlek} > - Wk(aql — %) + Oéqlgk =
4dm — 1 ~ 2 €0 204 1 204
SOYPSPRIE U TR A SO V)
Gl = | Tt 2 g Ty T\ ) 69
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[Torpebyem, 4TOOBI OCTOSHHBIE (igf, [, Vb 1 €0 VIOBIETBOPSIIN HEPABEHCTBY

2lvVb\ 2
€0 — 2aql<\[> > 0,
T
KOTOpOE, HAIIPEMED, IIPH MAJIbIX [, mwim v/b, WU o BCr[a HMEeT MecTo.
Torna u3 (48) u (53) npu k > ko caeayer

~ C
O] > 1575

Tem cambiM HaMu dokadano ymeepocdenue 2.

3. Ob6ocHOBaHUe CyIIECTBOBaHUS pelleHns 3agadmu. Eciu Sk(aql) #0
upnu k = 1, ko u BeinosHeHa oneska (12), To Ha OCHOBAHHN YaCTHBIX pernteHuit (18)
u (39) pemenne 3amaan (2)—(6) npeacTaBUM B BHIE CYMMBI Psfia

u(z,y) = u(y) Xp(@). (54)
k=1

ITokazkeM, 9TO IIPH OIPEETEHHBIX yCIOBUSAX Ha dnuciaa oy = ad/(ql) n dbynk-
nun f(z), g(z) pan (54) cxomurest paBHOMEPHO B 3aMKHYTOit ob/1acTi D 1 MOKHO
[IPUMEHHUTH JIBaXK bl [TOoUIeHHOEe uddepeHInpoBaHie 10 TeEPEMEHHBIM T U Y CO-
OTBETCTBEHHO B 3aMKHYTBIX obactax Dy u D_., rne Dy, = Dy N{y > ¢}
uD_.=D_nN{y< —¢}, rae € — I0CTATOYHO MaJIOE TIOJOXKNTEIHLHOE THCIO.

PaccmoTpum citenyroriye OTHOIIEHUST:

Ri(y) = W Ti(y) = W ves
ia e 55
Mk(y) _ (_y)Azk@lj(B();, _y), Lk(y) _ (_y)Aké]j(B;wa)’ = [—04,0].

JIEMMA 1. ITyemo evinoaneno yeaosue (12) npu ecex k > ko. Toeda das maxuz
k cnpasedauevl caedyroujue OUeHK:

5
[Ri(y)| < Co, y € 10,8 R (y) < Csk, |Ri(y)l < Cak2™", y € [¢, B;

1, 5_
ITe(y)| < Csk2™, y € [0,8;  |Th(y)| < Cok, T} (y)] < Cok37", y € [, Bl;
|Mi(y)| < Cs, y € [-a,0];  |M}(y)| < Cok, |M}(y)| < C

|Li(y)| < Ciik? ™, y € [-a,0; |Lj(y)| < Ciok, |Li(y)| < Cizk>™, y € [—a, —e].

3decov u darece C; — nososrcumenvrovle NOCMOAHHDLE.

Joxazamenrvcmeo. Pacemorpum dbyukinun Ry (y). Ha ocnoBanun acmmir-
ToTHUIecKuX (POpMYyJI MoBedeHus (PyHKIU Beccens B oKpecTHOCTH OGECKOHEYTHO
yranennoit roukn [29, c. 227| u B okpecrnocru mynst [25, ¢. 98-99] u3 (55) npu
0 < y < B u bosbmux k umeem
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\/E l—a l1—a J—
—|Jy Nyy2 K, q =1, Y, oy <
I, (prB?)Cy [’ (pra?)|y 2 (pry?) +y 2 L(pry?)|Y o (pra?)|

|Ri(y)| <

VEy = Lpwy?) — 1
b2 L) 5 0 <,
Col,(pxP2)

<66+

Ucnonbsyst hopmyiiet |25, ¢. 90|, BbIUUCIUM TPOU3BOIHYIO

—5-3 —
Riy) = "5 oy [T eV ulora®) = Julppa®) Ky (i)

Orcrona Ha ocHoBanuu oreHku (12) u acumnrorndeckux dopmysr dbyrkiuii Bec-
cesist B OKPECTHOCTH DECKOHEYHO yJIAJeHHO TOYKY pu y € [g, ] momyanm

pVk

|Rk(y)’ < Iy(pk:,Bq)CO

[IJy(pkaq)Iyq*%*%Ku_l(pkyq)Jr

a_ 1 3
Y L (o) Vo (pra?)]] <

VEpey® 5721, (pey?)
COIV (Pkﬁq)

st mpousBosiHoii Broporo nopsijika ¢dyHkmmn Ry (y) uMeer MecTo mpejcTas-
JieHue

< Crk +

IV, (pea?)| < Csk.  (56)

_ a
Ri(y) = pra’y* " Ri(y) — S) 0<y <
U3 nannoro paseHcrsa B cuily orenku (56) cieayer, 94To

IR (y)| < Cuk?, e<y<p. -

Awnasormano nostygaem onenku st yukmmit Ty (y), Ki(y) u Ly (y) u ux mpo-
U3BOJIHBIX TIEPBOI'O U BTOPOTO MOPSIKOB.

JIEMMA 2. ITyemob evinoaneno yeaosue (12) npu ecex k > ko. Tozda das maxuz
k cnpasedaueol caedyroujue OUeHK:

ur(y)] < Cua(lfel + k37" |gkl), v € [a, B];

Jui,(y)| < Cusk(|ful + |grl), [ui(®)] < Crok>(|ful + Igkl), v € [, —e] U e, B].

Jloxasameavcmeo. Ha ocHoanuu dopmyisl (39) ¢ yduerom dyHKIuii
(34), (35) moyunm mpejcTaBaeHue It DYHKIIUH

a—1 a—1
kB2 Ri(y) + groe 2 Ti(y), = 0,
ug(y) = .

Yy =
a—1 a—1
B2 Mi(y) +gra 2 Li(y), y<0.

OTcrona, UCob3ys JeMMy 1, HeTpyIHO Oy YUTh yKa3aHHbIC ONEHKHU 1A yHK-
1 U (y) U ee IPOM3BOIHBIX IEPBOIO U BTOPOTO mnopsijika. [
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Jemma 3. Ilyemo f(z), g(z) € 03[0 I}, £(0) = g(0) =0, f(I) = g(l) =0,

f7(0) =4¢"(0) =0, f'(I) = ¢" (1) = 0. Tozda cnpasedrusv, npedcmasaerius
f(3) g(3)
fk = %7 gk = %7 (57)
H HE
ede
2 (! 2 [
= \/;/ 1" (z) cos prxdz, gl(f) = \/;/ g" (x) cos pprdr,
0 0
+o00 3) +00 ®)
SR <@ o S0P <19 Pen (58)
k=1 k=1

Jloxasamenvcmeo. VIHTerpupysi 110 4acTsiM TPH pa3a UHTerpaJibl B (34)
C y4eToM ycJIOBHii JieMMbl, ostyanm npejcraienust (57). Onenkn (58) siisirorcst
HepaBeHCTBaMK Beccesst JiJisi CUCTeMbl KOCHHYCOB {W’ 77 cos iz }. O

Takum 06paszom, B cuty Jgemm 2, 3, pas (54) mpu mobom (z,y) ns D Maxkopu-
PYETCs CXOIAIIMMCS PSIJIOM

—+00

i S (U1 167).

k=ko+1

nostomy psf (54) cxomuTest paBHOMEPHO B 3aMKHYTOi obstactu D. Psnbt 3 mpo-
U3BOJIHBIX IIEPBOrO U BTOPOT'O HOPsAJIKa MarKOPHPYIOTCA COOTBETCTBEHHO Ha 3a-
MKHYTBIX obstacTaX Dy, u D_. CXOAAIMUMCS YUCIOBBIM PSIIOM

“+o00

s S 3 (1571 161)

k=ko+1

nosromy cymma u(z,y) pana (54) npunaekuT Kiaaccy (2) u yJoBIeTBOpSET
ypasuenuio (1) na muoxkecrse Dy U D_.

Ecnu pj1s1 yKasaHHBIX B yTBEPIKIEHUN 2 3HAUEHHI (v U3 CIydaeB 1), 2) BbI-
nosHsiercss paseHcTBo Ag(a, 8) = 0, Tae s = $1, S2, ..., Sy U M — 3aJaHHbIE
HarypaJbible ynciaa (1 < s1 < s3 < ... < 8y, < kp), TO Jyisi pa3peruMocTu
sagaun (2)—(6) HeOOXOAMMO U JIOCTATOYHO, YTOOBI BBITOIHSIICH YCIAOBUS

fsakTaJu(psaq) + gsﬁ%ju(ps/@q) = 07 (59)

rre fs, gs oupegenensl amxke dopmynamu (34). Torma pemmenne sToif 3a1a9n ompe-
Jeadercd B BUJE CyMMBI PsIJia

s1—1 so—1
0=(E+ S+ 3w S, )

k=1 s1+1 Sm+1 q
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rJie B IOCJIeTHEH CyMMe ¢ IIPUHUMAET 3HAUEHHUS S1, §2, . . . , Sy U DYHKIUH Ug (T, Y)
OIIPEIEISAIOTCS 110 hopMyIIe

l-a q l1-a
(fsy z I,(psy?) LoV As(y, B)

> sin usxr, y =0,

gs(—vy) 2 Ju(ps(—y —y) 2 s(—y, )
< Wt (peat) o L(peBY) >Sm’“‘sx’ y<0.

Baecs C's — mpon3BoIbHASI TOCTOSTHHAST; KOHEYHBbIe CyMMBI B (60) cireyer canrarh
HYJIIMU IIDU YCJIOBUH, KOI'JIa BEPXHUI IIpeJies] MEHbIIIe HUXKHEro.

Taxum obpazom, jgokazana Teopema 2.

Ecmn og sABisercss anaredOpanmdecKuM HUC/IOM CTelleHH 2, Torja OyayT cupa-
BEJIJIUBBI CJIEJIYIONINE JIEMMBI.

JIEMMA 4. ITyemwv evinoaneno yeaosue (13) npu ecex k > ko. Toeda das maxux
k cnpasedausn, caedyrouue oueHKu:

lur ()| < Cro(kIfil + k27" |grl), v € [~ B];
()] < Cook®(|ful + gk]), Ul (w)] < Cork®(|fil + o)), v € [—a,—€] U e, B].

loxasameavcmeo aemmo, 4 TPOBOJUTCS aHAJOTUIHO JTOKA3ATEHCTBY
JIEMMGBI 1.

Tewnia 5. My 1(2), g(2) € CH0.IL 10) = 6(0) = 0. J0) = (1) = 0.

f"(0) =¢"(0) =0, f"(I) = ¢"(l) = 0. Toeda cnpasedrusvi oyenku
(4) 4)
fro="2 g = g%’
H, Hi
ede

!
:\/?/ FO () sin ppxde, (4) f/ x) sin pyrdz,
0

+oo =
DA< O@ N D10 < 1 @00
=1 n=1

lloxasameasvbcmeo AeMMbL 5 TPOBOJUTCS aHAJOTUYIHO JTOKA3ATETHCTBY
JIEMMBI 3.

Ha ocnopanum siemm 47 5 II0 aHAJOTUHU C JA0Ka3aTe/IbCTBOM TEOPEMbI 2 JOKa-
3bIBaCTCA TeopeMa 3.

5. YcToiYnBOCTD pelneHnus 3a3/1a9n. PacCMOTPUM CJIEIYIONINe HOPMBI:

l 1/2
e, )10 = (s 9)llza = ( / |u<x,y>|2da:) L —a<y<h
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Hoxasameavcmeo meopemn 4. TlockonbKy cucreMa coOCTBEHHBIX (DyHK-
it (18) siBisieTcst OpTOHOPMUPOBaHHOM, u3 (opmysibl (54) U eMMbI 2 MeeM

~ o l—l/
lu(z, )17, = Zuk <208 ) (ful? + (k777 gi]?). (61)

k=1

Ecimu v < 1/2, To u3 nepaBercrsa (61) mMeer MeCTo OIEHKA

lutz, )2, < 26*%4(Z<|fk|2 'y |k%gk|2>. (62)
k=1 k=1

Yuursisas, aro npu g(0) = g(I) = 0 xosaddunuenT gy MOKHO NPEJCTABUTH B

BUJIE
(1) l
l 2
go=—T e gl(cl):\[/ g'(x) cos ppdz, (63)
T k L' Jo

u3 HepaseHcTBa (62) mosrydnm

lu(z, y)|3, < ég(Zuko +3 |g§:>|2) <M (IFI2, + 1913, (64)
k=1 k=1

Ecmr v > 1/2, To u3 onenkn (61) nmeem

e, )17, < 2682 Y (ful® + lonl?) = Ma(I£11Z, + lglL,)- (65)
k=1

Torna us mepasencrs (64) u (65) cienyer cnpasesmmBocTh onenkn (14).
[Tycrs (x,t) — mobast rouka uz D. Torma us psima (54) B cuity JieMMbl 2 nMeeM

el < Co 321l + 3kl (66)
k=1 k=1
IIpu f(0) = f(I) =0, g(0) = g(I) = 0 koabDDuUIEEHTH! fi U g MOXKHO IIPEICTA-

BUTH B BUJIE
(1) !
f = ifki7 f;El) = \/5/ f'(z) cos ppxdz, (67)
m k L Jo

I 29(2)
ROk R CE

Torna u3 onenku (66) mpu v < 1/2 ¢ yaerom (67) u (68) Ha ocHOBaHNN HEpa-
BercTBa Komu—bByuskosckoro Oymem nMeTn

|U(J?,y)|<élo|:2|fk |+Z (2):|
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<al[(S5) (o) (S 8) " (Swe)

k=1 k=1 k=1 k=1

Orcrona ¢ y4eToM paBeHCTBA

=1
S

k=1

IIOJIY UM

[u(a. Cm{(i 7P ) ¥ (iUgS)F)UT <

k=1 k=1
< él?(HfIHLQ[O,l] + 119" 1 £ap0.7) < Ma(l1f lcpo + 119" o) -

Ecim v > 1/2, 1o u3 nepasencrsa (66) ¢ yuerom (68) u (67) momyuanm

1
(e, )l < s Y (1R 1+ 19 <
k=1
< Cr (1 1 2oty + 19 L aoy) < Ma([lF Iy + 119" lcpog)-

V3 mosty9eHHBIX HEPABEHCTB CJIEJyeT CIIPaBeJINBOCTD OleHKH (15). 0

Koukypupyiouine nHTepechl. KOHKypUPYIOINX HHTEPECOB HE UMEIO.

ABTOpCKU BKJIaJ 1 OTBETCTBEHHOCTD. $1 HeCy MOJIHYIO OTBETCTBEHHOCTD 3a IPEJIOo-
CTaBJIEHNE OKOHYATEJHHON BEPCUH PYKOIUCH B 11euaTh. OKOHUYATEIbHAS BEPCUS PYKOIUCH
MHOIO 0700peHa.

®unancupoBanue. Pabora seinosaena upu nojepxkke PODOU (rpant Ne 18-31-00111).
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Abstract

For a mixed elliptic-hyperbolic type equation with characteristic degen-
eration, the first boundary value problem in a rectangular region is inves-
tigated. The criterion for the uniqueness of the solution of the problem is
established. Earlier, in proving the uniqueness of solutions of boundary value
problems for equations of mixed type, the extremum principle or the method
of integral identities was used. The uniqueness of the solution to this problem
is established on the basis of the completeness of the system of eigenfunctions
of the corresponding one-dimensional spectral problem. The solution of the
problem is constructed as a sum of a series in the system of eigenfunctions.
When we proved the convergence of the obtained series, the problem of small
denominators of a more complicated structure than in other known works
arose. These denominators contain a parameter depending on the lengths
of the sides of the rectangle in the hyperbolic part of the domain and the
exponent of the degree of degeneration. In this connection, estimates are
established about separation from zero with the corresponding asymptotics,
in cases where this parameter is a natural, rational and algebraic irrational
number of degree two. If this parameter is not an algebraic irrational num-
ber of degree two, then the solution of the problem as a sum of a series
does not exist. Using the obtained estimates, the uniform convergence of the
constructed series in the class of regular solutions is justified under certain
sufficient conditions with respect to the boundary functions. The stability
of the solution of the problem with respect to the boundary functions in the
norms of the space of summable functions and in the space of continuous
functions is also proved.

Keywords: equation of mixed type with characteristic degeneration, Dirich-
let problem, criterion of uniqueness, existence, small denominator.
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Abstract

The present paper is devoted to the problem of boundary conditions for-
mulation for asymmetric problems in the mechanics of growing solids (MGS).
The boundary conditions on the propagating growing surface (PGS) is the
fundamental problem of this branch of mechanics. Results from the alge-
bra of rational invariants are used for deriving constitutive equations on
PGS. Geometrically and mechanically consistent differential constraints are
obtained on PGS. Those are valid for a wide range of materials and metama-
terials. A number of constitutive equations on PGS of different complexity
levels are proposed. The boundary conditions simultaneously can be treated
as differential constraints within the frameworks of variational formulations.
The differential constraints imply an experimental identification of constitu-
tive functions. For this reason, the obtained results furnish a general ground
in applied problems of the MGS.
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1. Introduction

Traditional methods of manufacturing products of complex shape imply a va-
riety of technological processes. Such processes are coupled with the removal of
material and based on the synthesis of products by successively adding material
to a surface of complex shape. Manufacturing products by adding new material
is widely used in modern engineering [1|. Such additive manufacturing methods
include: laser stereolithography [2], selective laser sintering [3|, electron beam
melting [4], fusion simulation, multi-jet modeling method [5], manufacturing by
lamination, 3D printing [6-8|, computer axial lithography [9], layer-by-layer con-
creting [10].

3D printing (3DP) is similar to selective laser sintering technology, but melt-
ing isn’t used here. An object is formed from powder material by gluing, using
inkjet printing to apply liquid glue. 3D printing technology allows color modeling
by adding dyes to the adhesive (directly during printing), or by using multiple
printheads with color glue [6-8].

Layer-by-layer concreting of constructions also belongs to the methods of ad-
ditive technologies [10]. Layer-by-layer concreting can be divided into two types,
depending on the time between layer fills. In the case of a “hot seam,” the break
between the layers is less than 12 hours. The second type of layer-by-layer filling
is a “cold seam.” In this case, it is necessary to wait for the complete hardening
of the previous layer to exclude the possible cracking of the non-hardened part
under the action of the newly added material.

The additive manufacturing techniques described above basically use well-
known ideas from natural processes: accretion of space objects, the formation of
avalanches and glaciers, crystal growth processes, the growth of atherosclerotic
plaques [11,12]. All these phenomena are characterized by presence of PGS. The
growth of atherosclerotic plaque can be described as the process of initial infil-
tration of blood plasma components into a thin surface layer of the inner wall of
the artery. The growth of a crystal nucleus occurs by adding individual atoms or
their groups to crystal surface.

A solution of applied problem of growing solids mechanics is sometimes a
sophisticated and time-consuming procedure [13-19|. An substantial feature of
the formulation of boundary value problems of the MGS is the formulation of
boundary conditions on the interface between the source material and the added
part [20-22]. In this paper, several variants of the constitutive equations on the
growing surface are discussed, starting from the simplest relations (see the book
by G.I. Bykovtsev: [22, Pp. 288-292|) to some significant generalizations of the
theory. Throughout the paper the terminology and notations adopted in the pub-
lications [16-19,22, 24| are used.

2. Rate equations of mechanics of growing solids (MGS)

The governing equations in MGS are often conveniently furnished as the rate
equations. In this case, the equilibrium equation formulated in an arbitrary spatial
system of curvilinear coordinates z* (k = 1,2, 3) for the asymmetric stress tensor
can be presented as partial differential equation

Vi(0.07) +0.X" =0,
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where ¢ is the Cauchy force stress tensor, X’ is the volume forces, V; is the
covariant differential operator with respect to a given spatial metrics, 0. is the
time derivative take with fixed spatial coordinates z*.

In order to close the system of differential equations, it is required to spec-
ify constitutive equations according to the constitutive law which is an intrinsic
characteristics of a particular solid/process. A model of growing solid should also
be supplemented by boundary conditions on PGS.

Growing surface ¥ propagating in space is determined by an implicit form
equation:

t=r1(a?).

In this case, the unit normal vector n on the surface . directed towards its
propagation is given by the spatial gradient as follows

ni=coT, c= |V7*'|_17 (1)

where ¢ is the linear velocity of PGS in the normal direction n, which is defined
according to
—
|PP'|
c= lim ——.
6t—0 Ot
H . . . .
Here |PP’| is the length of normal vector directed from an arbitrary point P on
PGS at time ¢ to point P’ which is intersection of normal vector n and PGS at
time ¢ 4 dt.
To find out the force stress tensor by the given rates of stresses, one can employ
the formulae given in [22]:

t
o = / J]dt 4+ 3+ 6% (2R, (2)
N ‘r+0
39 = / (%, )]t
0
where 3% — stress jump related integral, o (z%) = Uij(xk7t>}t:;(xs)_0 are the

force stress tensor components at the time ¢t = 7*'(3:S ) — 0 right before an element

starting formation of the main solid. The time ¢ = 7(z*) + 0 corresponds to
moment right after an element has been attached to PGS. In order to simplify

script of formulas we retain ¢ = 7(z*) instead of a more correct t = 7(*) + 0.
After substituting of actual stresses (2) into the equilibrium equation

Vo' + X'=0 (3)
one can readily come to
Vj{ﬁ [0.09% (2", ¢ dt' + T + a”(:vk)} +X'=0 (t=T1+0). (4)
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After transformations according to the rule of differentiation of the integral
depending on a parameter! the equation (4) is turned to

*

/; V{007, )de + V0~ (VDo ol
+ Vol (@) + X =0 (5)
Upon substituting the Eq. (1) in Eq. (5)
t
/; A G R ) S

+ Vol (@) + X' =0. (6)

The following equation can be obtained by integrating (6) and taking account
of (3), then changing the order of derivatives

X+ X!

IR T R ) L_*( VTR X =0 (1)

After rearrangement of terms Eq. (7) reads

c[vjz}ﬁ(x’fwvjﬁiji . }nj[aaji(azk,t)] . =0. (8)

t=T1(x%) t=T1(x%)

Hereinafter the notation ( - )’ « will be dropped out for values calculated on

t=T(z*)
PGS.
Finally, the constitutive boundary condition on PGS can be formulated in

form
[V;07H(zF) + V590 + X — n;[0.07 2k, )] =0 (¢t =T +0). (9)

The Eq. (9) should be considered as a differential constraint for stresses on

PGS. If it is possible to express the stresses o in terms of the actual stresses
(7|t:; (25)’ then from the equation (8) we can derive the differential equation for
stresses. Alternative approaches to the boundary conditions derivation are dis-
cussed in detail, for example, in [20,21].

In the general case, the stresses o are to be expressed in terms of the actual
stresses on PGS by a tensor constitutive equation

o=%(o,mn,...). (10)

Omitted arguments of the function § in the Eq. (10) stand as additional pa-
rameters characterizing the growth process. Those can be related to multiphysics
phenomena. In a simple model, list of additional parameters may be empty. In
particular, the function § may depend on the microstructural directors and the
thermophysical hidden variables associated with PGS. The physical sense of the

!The spatial coordinates z*

on x .

are the parameters, and the lower limit of integration depends
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additional directors [23-26] may be associated with the characteristic directions
of the fibers laying in woven composite materials, reinforcement in concrete struc-
tures, winding of threads in a bobbin, etc. The function §, in fact, should depend
on combinations of arguments which are invariant under coordinate-frame rota-
tions around of the director n.

3. A simple formulation of differential constraint on PGS

Consider in further details a geometric interpretation of the case discussed
earlier in [22|. Let traction vector t be known or prescribed on PGS:

t=n-o.

In this case, we introduce the following notation o*c'l for the reduced tensor o
2

to the two-dimensional plane element 7" and assume a simple form of the Eq. (10)
as follows

o = F(t,n).

2d  2d

Tensors 20*('1 and § are represented in the Cartesian coordinate frame by 2x2
2d

* o1l 012 S11 12
o= = .
2d < o21 0922 > ’ 5 < 21 S22 >
Hereafter, it is convenient to use the decomposition of the traction vector t
into the parts

matrices

t=t, +t.

Here t | is the projection of the traction vector on the tangent plane T to the
instantaneous PGS, t| denotes the projection on the normal direction.

As for arguments of the tensor function §, we choose the joint rational in-
variants of the second-rank tensor o and the unit vector n, which are unchanged
under coordinate frame rotations around the director n. In this case, we write the
rationally independent system of invariants [27] in the following form

tP=t-t, |ty =[t-n[ [t.[* (11)
There is an obvious rational syzygy in the system of invariants (11)
[t = [6* + [t
After eliminating the first invariant from (11) the system of independent ra-
tional invariants takes the following form
[yl [t (12)

The constitutive equation on PGS, taking account of (12), can be furnished
in the form

- 2

o = (Il [tL])- (13)
2d

The equation (13) has a clear mechanical sense. We choose a Cartesian coor-

dinate system so that the unit vector k is directed along the normal n to PGS,
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and for the projection of the traction vector t in the tangent plane T' to PGS, the
following equation is valid

[t = [t ool + [trgl (14)

Then the projections of the vector t onto the unit vectors of the specified
coordinate system can be expressed in terms of actual stresses by

6yl = lo@syl,  [trel® = ofsyys  [b191> = 0739

As a result, the constitutive equation (13) is rewritten in the form

o 2 2
%—g(|0(33)|70<31> +U(32>)- (15)

Note that the equation (15) is similar to those discussed in [22]. However,

contrary to the work of [22], the tensor § is not isotropic, i.e. four constitutive
2d

functions are to be determined on PGS.2

Substituting the Eq. (15) into the equation (8), keeping in mind that n = k
and introducing notation (...) for indices in the specific coordinate frame, we
obtain the differential constraints on PGS in coordinate form

In Eq. (16) values X; and 0.0 3; must be considered on PGS. Furthermore, d;
denotes the directional derivatives:

d<3> =n- V, d<1> =1- V, d<2> =7 V. (17)

In Eq. (17) index (3) corresponds to the direction of the normal, and indices
(1) and (2) to the tangent directions to PGS. Indepth discussion of directional
operators d; apparatus see in monograph [28].

Note that the system of independent joint rational invariants (12) is not com-
plete. It does not take account of joint invariants containing the squares of the
force stress tensor o.

4. A full invariant formulation of differential constraint on PGS

A complete system of joint rational invariants of the second-rank tensor o and
the vector n, in addition to the invariants (12), includes invariants

)| =|t- ti % [to-ti] 1
|2||’ |2 n|, ’2J_| ;o JtL 21_‘ (18)
In the equation (18), the vector g is defined according to

2

12::n~0', g:t~7', gsznjaﬂaisztlois.

2There will be three constitutive functions in the symmetric case. Only one constitutive
function remains for the isotropic symmetric case.
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Following to the discussion in the previous section, for the vector g we adopt
the decomposition
t=t t).
2 sl + a3t

As (w is the angle determined by directions t; and g 1)
£ - gﬂz = |tJ_|2|123J_|QCOS2w

then one can replace the invariant |t - ’5 1]? in (18) by cos? w.

The complete system of joint rational invariants of the stress tensor o and the
vector n takes the form

‘tH|7 |tL|27 |i2:|\|7 |5L’27 |tL'i23l|2' (19)

The constitutive equation (10) on PGS in terms of the complete system of
joint rational invariants (19) of the asymmetric second-order tensor o and the
vector n for reduced tensors onto the two-dimensional plane element 1" takes the

form
*

=F(tyl, [t 160l 612 16 -t 7). 2
ZUd 23d(| |||a|J_|a|2H|7|2J_|7|J_ 2J_|) (0)

We choose, as in the previous case, the Cartesian rectangular coordinate sys-
tem so that the unit vector k is directed along the normal n to PGS. For the
projection of the traction vector t in the tangent plane T, we assume (14) to
PGS, and for the vector g | obvious equality is satisfied

|’5L\2 = \gml2 + |’5L'J\2- (21)

The invariants (12) and (19) and projection lengths (14) and (21) are calcu-
lated via the actual stresses o on the surface ¥ according to
[t1ef® = 0'<231)» t1g? = 0(232>7 [ty = lossyl,
\ngP = |onyoan + oo + oEsoen |
\ELJ\Q = |o@E1yong) + 00y + U(33>0<32>|2, )
22
|gu| = |o(31y0(13) + 0 (32)0(23) + 0?33>|7

62 - 1* = lofonyonn) + onogon +ofo +

+ 0(32)0(31)0(12) + 0%32>0<22> + 0<232>U<33> 2.

The latter equation containing cubics in stresses should be classified as never
discussed and used in the mechanics of solids.
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The constitutive equation on PGS (20) taking account of the expressions (22)
after introducing following notation

I=|ogl, I1 = 0(3 + O3 I11 = |o31y0(13) + 0(32)0(23) + T a3y
IV = |o@nonny + o@Eoen) + 0’(33>0’<31)\2 + o 31y0(12) + 0(32)T(22) + 0(33>0<32>|2,
V= \U<231>U<11> + 0(31y0(32)0(21) + U<231>U<33> + 0(32)0(31)0(12) T

+ O'<232>U<22> + 0<23Q>0<33> |2.

can be rewritten in functional form

o =%(1,1I,1I1,1V,V)
2d 24

or in a simplified variant

o =§(I,11,111,1V).

2d 24

The boundary conditions in the form of differential constraints on PGS (8), in

the case when the added material has microstructural features, can be generalized
by introducing in arguments of the function (10) the additional microstructural
directors associated with the characteristic directions of the laying of the material
in the processes of winding threads or the production of woven composites.

5. Conclusion

1. In present study, geometrically and mechanically consistent boundary con-
ditions on PGS in the form of differential constraints have been obtained
and discussed.

2. A general form of the mentioned constraints for the asymmetric force stress
tensor has been obtained. It is valid for a wide range of materials and
metamaterials.

3. The arguments of the constitutive tensor function on PGS have been deter-
mined by a set of invariants that are constant with respect to the rotations
of the coordinate frame.

4. A geometric interpretation of the simplest variant of the differential con-
straint has been considered. A full invariant formulation has been proposed.

5. The developed approach must involve the experimental identification of
the constitutive tensor functions on PGS.

6. The obtained results afford a general ground in applied studies on the MGS
with an asymmetric force stress tensor.
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06 ogaom mquddepeHnTnaTBHOM OrPAHUYEHUN
B KOHTUHYAJILHOI MeXaHWKe PACTYIIUX TeJl

E. B. Mypawxun, FO. H. Padaes

WMucruryt npobimem mexanuku uMm. A. FO. Mmummackoro PAH,
Poccus, 119526, Mocksa, npocm. Bepuajackoro, 101, kopn. 1.

AnHOTaNA

IIpemaraercss onuu OOIIMIT PUHITUAII ITOCTAHOBKYA I'PAHUYHBIX YCJIOBUI
B KPaeBbIX 3aJa9aX MEXaHUKN pacTynux Tesl. [Ipu BbIBOjE OIpe e /Iaronimx
COOTHOIIIEHUH Ha TTOBEPXHOCTU HAPAIUBAHUS UCIOIB3YETCs almnapaTr ajareo-
DBl PAIMOHAIBHBIX WHBAPUAHTOB. [IpoBejieH BBIBOJ, PA3IUIHBIX BApPUAHTOB
dusnIecKkn HEIPOTUBOPEUNBHIX AUdQdEPEeHIINaIbHBIX OrPAHNYIEHUN HA TI0-
BEPXHOCTH HapamuBaHus. [lo/rydeHHbIe yCJIOBUsI CIIPABEJJIUBBI JIJI BECh-
Ma IIIPOKOr0o KPyTa MaTepPHAJIOB W MeTamarepuaJos. st ucrmoab3oBanmst
copMysInpoBaHHBIX MM PEPEHITNATBHBIX OTPAHIYEHN B KOHKPETHBIX IIPU-
JIOXKEHUSIX HEOOXOJIMMa MX IKCIepUMeHTaJbHas ujaeHTudukarusd. [lo sToit
[IPUYMHE T[OJIy9YeHHbIE Pe3yJIbTaThl MOI'YT CJIy?KUTH OOIIeil OCHOBOI B IpU-
KJIQTHBIX HCCJIEJOBAHUAX 110 MEXaHUKe PACTYIIUX TeJl.

KuroueBbie ciioBa: 3D-neqars, MOBEPXHOCTHBIN POCT, HAIIPsSIY)KEHUE, OIIpe-
JIeJISTIoNTee ypaBHeHre, PAIlMOHAIbHbIN HHBAPUAHT, T depeHITuaIbHOE OTPa-
HUYEHUE, OJTHAs CUCTEMA.

Iouyuenue: 30 aupesst 2019 1. / Ucupasienue: 12 asrycra 2019 r. /
IMpunsitue: 16 centsiops 2019 r. / Ilybaukanus ornaiia: 18 HosiGpst 2019 .

Koukypupyoiine naTepechl. 3asBjseM, 9TO B OTHOIIEHUH aBTOPCTBA U IyOIMKAIIN
3TOM CcTaThu KOHMJINKTA UHTEPECOB HE UMEEM.

ABTOpPCKUIT BKJIAJT 1 OTBETCTBEHHOCTb. Bce aBTOpHI IpUHUMAJIN yYacTHe B pa3pa-
60OTKe KOHIIEIIUU CTATHH U B HAIUCAHUY PYKOIUCH. ABTOPBI HECYT MOJIHYIO OTBETCTBEH-
HOCTH 3a IIPEJIOCTABJIEHNE OKOHYATEJIbHOM pyKOIucH B mnevdarh. OKoOHYATEIbHAS BEPCHUST
pykomucu 6bL1a 000peHa BCeMU aBTOPaMU.
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OproTrponHasi 1oJioca ¢ IeHTPAJIIbHOMN
MOJIyOECKOHEYHOU TPENIMHON MO/ ITPON3BOJIbHBIMU
HOPMAaJIbHBIMU Harpy3Kamu, [IPUJIO’KEeHHbIMU BJaJIu
OT BEePINWHBI TPENIUHbI

K. B. Yemunos, J]. C. Jlucosenxo, A. B. enuos

Mucruryt npobimem mexanuku uMm. A. FO. Mmummackoro PAH,
Poccus, 119526, Mocksa, npoct. Bepuajckoro, 101, kopn. 1.

AHHOTaNA

IIpobsiemsr pacupocTpaHeHusT TPEIIUH B II0JIOCAX IIPUBJIEKAIOT BHUMAHIE
B OCHOBHOM WM3-38 UX BaXXHOCTHU JJIsl MPUJIOXKEHU: BbIYUCIeHNEe KO3 du-
[IMEHTOB MHTEHCUBHOCTHU HAIPSI?KEHUH JIJIsT CTAHIAPTHBIX TECTOB, TAKUX KaK
TPeX- W YeTBIPEXTOUYEUHBI U3ru0; M3ydeHne pa3pyIIeHnus B TOHKUX CJIOU-
CTBIX CTPYKTypax; u3ydeHne OTCJIOCHUS MOKPLITUil. 3ajada O HAPYKEHUH
IIOJIOCHI C IIEHTPAJILHON TPEIMHON 0COOEHHO NHTEPECHA N3-32 €€ OTHOCUTE b~
HOI OPpOCTOTHI, IIOSBOHHIOIIleﬁ aHaJIM3UPOBATh MW BBLIACJATH CYIIECTBEHHbBIE
0COOEHHOCTH IIPOIECCOB PACIIPOCTPAHEHUSI TPEIIUH B CTPYKTypPaX MOJ00HO-
ro tuna. B pabore MOJIy9YeHO TOYHOE AHAJIUTHIECKOE DEIeHne JIJIsl 33/1a91
00 OPTOTPOITHOI MOJIOCE C MEHTPAJIBHON MOJIyOECKOHETHOM TPEIMHON, HOP-
MaJIbHO HATrPYZKEHHOI caMOypaBHOBEIIeHHO# cucTemoit cusi. Harpysku mpu-
JIO2KEHBI JIOCTATOYHO JAJIEKO OT BEPIINHBI TPEIIUHBI, YTO IIO3BOJISIET PAac-
CMaTpUBaTh HATrPY3Ky, Kak MPUJIOKEHHYI0 Ha OeckoHeunoctu. Obree pe-
IIIEHNE TIPEJICTABICHO KAK CYIEPIO3UINS PEIIeHUH JJIsd JIBYX CJIYYIa€B: CHM-
METPUYHO MPUJIOKEHHBIMI MOMEHTAMU W TIONEPETHBIMU CHJIAMU C KOMIIEH-
cupytormumu ux MomeHtamu. llesib mcciieoBanus COCTOUT B HAXOXKIEHUU
KO3 PUIMEHTOB PU CUHTYJIAPHOCTAX TIOJIsT HAMPSPKEHWH BOJINU3U BEPIU-
HBI TPEIIUHBI, TO €CTh KO3(PDUIMEHTOB MWHTEHCUBHOCTU HAIpsiKeHuit. Pe-
meHne 3a/Ja91 O PaCKpPbITUU TPEIUHBI IIOJYyY€HO JIJIsd IIPOU3BOJIBHOI'O 3HA-
YeHHs TapaMeTpa aHU30TPOINHU C IOMOIIBIO TpeobpaszoBannit Jlammaca s
YPABHEHU, CBI3BIBAIONINX YCUJINS, NEACTBYIOIINE BIOJb JUHUU TPEIUHBI,
¥ TPOM3BOHBIE OTHOCUTEIBHBIX CMeleHuil 6eperos Tpemuubl. Koadbdurm-
€HT WHTEHCUBHOCTU HAIPSKEHUN JJIs HATPYKEHUS MOMEHTAME COBIIAJIAET
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YcrunoB K. B., JIucosenko /I. C., Hennos A. B.

C 3JIEMEHTAPHBIM perienneM Teopun wiactud. Kosddurment narencuBHO-
CTU HAIPSIXKEHUH JJIsT HATPYKEHUST CUJIAMHU TIOJIyIeH B BHie (DYHKIMH OJTHO-
IO TIapaMeTpa, BHIPAYKEHHOTO B BUJIE OJIHOKPATHOrO mHTerpaJia. CpaBHeHue
C UMEMIIUMICS] YMCJIEHHBIMU Pe3YJIbTATAMU [IPOJIEMOHCTPUPOBAJIO XOPOIIIee
COIJIACOBAHUE PEIeHNs B JTUAIA30He [TapaMeTpa aHU30TPOINN, JIJIsT KOTOPO-
10 OBLIN MOy YeHBl YUCICHHBIE pernerus. [losryuyeHHoe perenne 0OXBaTbIBAET
BCE TEPMOJIMHAMUYIECKH JIOMIYCTUMBbIE 3HAYEHUSI TAPAMETPOB aHU30TPOINH.

KuaroueBbie cjoBa: KoddpUIMEHT WHTEHCUBHOCTH HAIPSAXKEHUM, OTCI0€-
Hue, HTerpajbHoe mpeobpasoBanne, Metosr Bunepa—Xomda.

IMonyuenue: 13 asrycra 2019 r. / Ucupasienue: 4 Hos6psa 2019 1. /
pungarue: 11 noabpa 2019 r. / IlyGuukarnus onsaiin: 14 nexkabpsa 2019 r.

Beegeunmne. [IpobieMbl pacnpocTpaHeHusl TPEIIUMH B II0J0CAX IIPUBJIEKAIOT
BHUMAHUE B OCHOBHOM H3-38 MX BaKHOCTH JJIsl IPUJIOYKEHNI: BBIYUCIEHIE KO3(h-
dbunmentos nnrencusrocTn Hanpsizkennit (KVH) mst crangapTHbIX TeCTOB, TAKIX
KaK TpeX- U YeThIPeXTOUEUHbIN U3rn0; n3yyeHne pa3pyIleHnsl B TOHKAX CJIOUCTBIX
CTPYKTypax; u3ydeHne OTCJIOEHUsI MOKPBITUH. 3ajada O HATPYKEHUHU IOJIOCHI C
[EHTPAJIBHON TPEIUHOI OCODEHHO WHTEpPECHA M3-33 €e OTHOCUTEIbHON IPOCTO-
ThI, IO3BOJISIONIEH AHAJIU3UPOBATh U BLLIEISTD CYIIECTBEHHBIE OCOOEHHOCTH IIPO-
[IECCOB PACIIPOCTPAHEHNsI TPEIINH B CTPYKTypaxX IMOoJOOHOro Tuia. B peajbHBIX
CUTYyaIlusiX BHEITHNE HAIPY3KN IMPUJIOYKEHBI Ha HEKOTOPBIX KOHETHBIX PACCTOSIHU-
sIX OT BePIMUHBI TpermuHbl. OTHAKO €CJIN 9TU PACCTOSTHUSI HAMHOTO OOJIBIIE, YeM
TOJIIIIUHA CJI0st, coryiacHo npuHIuny CeH—BeHaHa X MOXXHO pacCcMaTpUBaTh Kak
[IPUIOXKEHHBIE Ha OECKOHEYHOCTH. TOYHOCTDL TAKOro YIIPOIIEHHUST TeM JIydllle, YeM
0OJIbIIIE PACCTOSTHAE MEXK Y TOUKOM IIPUIOKEHNST HArPY3KHU U BEPIITHON TPEITUHbI
IO CPABHEHUIO C TOJIIAHON CJIOA.

PaccmarpuBaemast 3aj1a4a MCCIE0BAIACH MHOTUME aBTOPAMHU KaK YUCJIEHHO
[1-7], Tak u ananuTudecku [8]. Ona sBisteTcst 0600MmeHIeM HOJOOHOI 3a1a¢u 11t
M30TPOIHOro cjost [9-12].

B gacrHocTH, B paborax |9, 10] mokazano, 4To mpOM3BOJIbHAS HAIDY3Ka MO-
JKeT ObITh Pa3JIoXKeHa Ha YeThIpe HE3aBUCHMBbIe MOBI, Hampumep: (1) MOMEHTHI,
CUMMETPUYHO [PUIOKEHHBbIE K OTJIEJISIIOIUMCs JacTsiM; (ii) IpooJIbHbIE CHIIBI,
[IPUJIOXKEHHBIE B IEHTPAJBHBIX TOUKAX OTIAEJISIOIIMXCS YacTeil, ¢ KOMIIEHCUPYIO-
UM MOMEHTOM, TIPUJIOKEHHBIM K HUKHeli dactu; (iil) monepedHbie CUIIbI ¢ KOM-
[IEHCUPYIOIIUMI MOMEHTAMHI, CUMMETPUYHO MPUJIOXKEHHDBIE K OTAEJISIOMIIMC da-
cram; (1v) monepedHble CHIIbI ¢ KOMIEHCHPYIOMUMI MOMEHTAMH, [TPUJIOXKEHHBIMI
K BEpXHel OTIeJISIoIeiicsl YacT U K HepaccjIonuBIneiicss dacTu. Takoe pasyioxKeHne
MIPUMEHUMO KaK JJIsl U30TPOIHBIX, TaK U JJIsi AHM30TPOIHBIX CJIOEB, 8 TaK¥Ke JIJIs
COCTABHBIX CJIOEB IPU PA3JIUIHBIX YIIPYTUX CBOHCTBAX U TOJIMIMHAX CJIATAKOITIX
caoes. g paccMaTpuBaeMoii 384249 CyIIECTBOBAHNE CUMMETPHY II03BOJISIET Bbl-
Ouparh YeThIpe MOJBI HAIPYXKEHUsI TaK, YTOObI KarKIas M3 HUX BBI3BbIBAJIA ObI
J00 PACKPBITHE, 100 ¢ABUT (11715t KOIDMUIMEHTOB MHTEHCUBHOCTI HAIIPSIZKCHII
Ki u K1 coorBercrenno) [3]. B ciryuae usorporun Jiist Kazk10il MOJIbI HATDY 7Ke-
Hust Koadpdurmentol Ky, Ky SIBISIOTCS KOHCTAaHTAME, IPUYEM JIBE U3 HUX MOI'YT
OBbITH OIpeJIeICHBI U3 JIEMEHTAPHBIX PEIIEeHHUI, a JIBe JIpyrue — ducjeHHo 9] mubo
anasuTdecku [12]. B cayuae kybuueckoit anuzorpornun koaddunuents Ky u Ky
CTAHOBSTCsI (PYHKIUSIMU €JIUHCTBEHHOI'O ITapaMeTpa aHU30TPOINH — KOHKPETHOI
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6e3pasMepHoii KoMOUHAIMK yupyrux kKoHcradT [3]. B ciydae oprorponun kosd-
dunmenter K; u Ky cranoBarcs dyHKIusMu ABYyX MapaMeTpoB aHU3OTPOIIMH:
TOrO 2Ke, 9TO U Jyist Kybudeckoii anuzorponnu p = (Bes + 2512) / (2\/511&2), rie
Bij — xoaddurmenTs! nogaTuBocT; A = [11/f22. B 3] mokazawno, uro BiusHmE
rocieiHero Ko QUIHeHTa MOYKET OBITh TOJIYIEHO MACIITITAOUPOBAHUEM PE3YJIbTa~
TOB JIIst KyOMYEeCKOW aHU30TPOIINH, UYTO BHIPAXKAETCS B MOSBJICHUHN B BBIPAYKEHUAX
ans K m Ky crenennbix yuknmit or mapamerpa A. TpeboBanue TepMoanHaMu-
YeCKON yCTOMYMBOCTH IIPUBOJUT K orpanndeHusaM —1 < p < oo, 0 < A < o00; 3Ha-
JeHWe p = 1 COOTBETCTBYET CJIy4dal0 U30TPOINN U «BBIPOXKEHHON» aHU30TPOIUU
JIJIST OPTOTPOITHBIX KPUCTAJJIOB; BeimauHa A = 1 — jijist KyOMIeCKUX KPUCTAJLIOB
U U30TPOIHBIX CPEJ.

Tounoe anamuTHIeckoe perieHne chOpMyITUPOBAHHON 3a/Ia91 Oy I€HO B [2]
JUISL Cydasi HarpyzKeHusi cOaJIaHCUPOBAHHON apoil CKOHIEHTPUPOBAHHBIX HOP-
MaJIbHBIX CHJI, IIPUJIO?KEHHBIX Ha 6epeFaX TPpeninHbI. C €ro IIOMOIIbIO MOT'YT 6bITb
IIOJIyY€HBI PelIeHusd JIJId ABYX pacCMaTpUBaeMbIX MOJI HAI'PDY2KCHU . O,ILHa,KO apesa-
craBjeHHasi (popMa peIeHus JeIaeT 3aTPYIHUTEIbHBIM TapaMeTPUIeCKuil aHa-
Ji3.

B pabore [3| gucsennoe perienne nosydeno juist 0 < p < 4 — jiuanasona,
ITOKPBIBAIOIIET0 OOJIBIMTMHCTBO PEAJIBHBIX KprucTasioB. OqHAKO aHAIN3 HapaMeT-
POB KPUCTAJIJIOB BBIABUJI CYyHIECTBOBaAHNE KPUCTAJIJIOB C TapaMETPOM p, BBIXO/IA-
UM JTaJIeKO 3a Tpefesibl 3Toro auana3ona. Ha puc. 1 mokasaHa rucrorpamma
pacIpejiesieHus TapaMeTpa p, BBIYUCIEHHOTO JJIs IJIOCKOrO JehbOpMUPOBAHHOTO
COCTOSTHUSI PeaJIbHBIX KPUCTAJIJIOB KyOUYIeCKON CHHIOHNM (JaHHbIE MOJIy9IeHBl Ha
OCHOBE 9KCIIEPUMEHTAIbHBIX JAHHBIX JJIst KoadbduiuenTos nogarauocty u3 [13]).
B cupasounom usganun Landolt-Bornstein [13] mpuBoasres skcnepuMeHTAIBHbBIE
JaHHbIe KO3 PUIMEHTOB HoaaTanBocT i 6ojee gem 1100 Kkpucraiios ¢ Kybu-
Jeckoit cuaronueit. B tabiuiie mpecTaBiieHbl HEKOTOPbIE KPUCTAJIBI KyOU1IecKoit
CUHT'OHUU, JIJIs KOTOPBIX IIapaMeTpP P CHUJIBHO OTJIUYAETCS OT €JUHUIIBI.

B nacrosiimeit pabore TOUHOE aHAJIUTUYECKOE PEIIeHUE 3aJa9U O PACKPBITHH
TPpEIUHBI MOJIYI€HO JJId ABYX MO/ HarPyzKe€HUd W ITPOU3BOJILHOT'O 3HAYCHUS I1a-
pameTpa p ¢ IOMOIIbIO ITpeobpazopannii Jlammaca 1jist ypaBHEHW, CBSI3BIBAIOIITNAX
YCUJIHSE, JTeHCTBYIONIUE BJIOJIb JIMHUUA TPEIIWHBI, ¥ ITPOU3BOIHBIE OTHOCUTEIbHBIX
CMeITeHn# 6eperoB TPEIIHBI.

600
[l » for cubic cristals
500- plane (001)
2
<
Z 1004 3%
>
8
e
3
8
2
g
=]
Z

0(—1,0) [0,1) [1,2) [2,3) [3,4) [4,5) [5,inf)

Interval of p
Puc. 1. I'mcrorpammbr pacnpe/iesieHusI napaMeTpa p JJIss KPUCTAJI-
JIOB KyOMYECKON CHHTOHUU

[Figure 1. The histograms of parameter p for cubic crystals]
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3Hauenusi napameTpa p (Jyist II0CKOro ed>OPMUPOBAHHOTO COCTOSIHUS) JIJIsSI PEATbHBIX
KpucrasoB Kybudeckoii cuaronnu [The values of parameter p (for plane strain) for some
real cubic crystals]

Crystal ‘ p ‘ ‘ Crystal ‘ p ‘
InTI (27 at %TI) —-0.91 Li —0.63
CuZn(45 at %Zn) (S-brass) —0.70 AINi (63.2 at %Ni) —0.63
CuAlINi(14 wt %Al 4.1 wt %Ni) —0.69 K —0.57

1. IloctanoBka 3agaun. PaccmoTpuM yupyrymo opTOTPOIHYIO mosiocy —h <
< y < h ¢ nenTpasbHON mosyGeckoHeuHOi Tpenmuoit y = 0, x < 0 (puc. 2).
CooTHollleHne MK/ 1y HAIPSAXKEHUSIMU U ITPOU3BOIHBIMU [IEPEMEIICHUS HA TDAHU-
1e moJI0ck! TpuBeieHo B [Ipmwnoxkennn A. [lpemonaraecst, 9To yIOBIETBOPSIIOTCS
YCJIOBUSI IITIOCKOM fechopMaryn (MJIM IIJI0CKOTO HAIIPSIZKEHHOTO COCTOSIHUS ), MeXa~
HUYECKOE TIOBEJIEHUE OIPEJIEIISIeTCsl CUCTEMOM JIBYMEPHBIX YPaBHEHUI YyIIPYTOCTH
(A.1)—(A.4). Fpabnnbt y = +h u y = 0, x < 0 npeanosaraoTcst CBOGOJHBIME OT
HAIPSKEHUI: Oyy = 0gy =0 gy = £hn nnay =0, x < 0.

[Ipeamonaraercs, 4To Harpy3Ka MpPUJIOKeHA Ha OECKOHEYHOCTH B BUJIE JIBYX
momenToB M mnonepeunbix cui Vo (puc. 2). Jliisi KOMIIEHCAIIIT MOMEHTOB, CO3/1a~
BAEMBbIX TIOIIEPEUHBIMU CUJIAME, TIPUKIAIBIBAIOTCS JIOMOJHUTEIbHbIE MOMEHTRI V]
(I = 00). Bajaua cocTOUT B HAXOXKIEHUN KOI(DMUIUEHTOB IPU CUHTYJISPHOCTSIX
[I0JIE HAIIPS2KEHUN BOJIM3U BEPIIMHBI TPEIIUHBI, TO eCTh KO3(MMUINECHTOB HHTEH-
CUBHOCTHU HAIIPAKECHUI.

N3 riobasibHBIX yCJIOBUN PABHOBECHS CJIE/LYET, YTO BBEJIEHHbBIE [TapaAMETPhI CO-
OTBETCTBYIOT UHTEIPAJIbHBIM CHJIOBBIM mapamerpam [12,16]

M——/ 20y (2, 0)de, v_/ o (2, 0)de (1)
0 0

B CUJIy CUMMETPHUU 3a/ia91 KacCaTeJIbHbIC HallPA2KEHUA Ha IIPOJIOJIZKEHNN TPE-
OIMHBI OTCYTCTBYIOT!

Ozy(x,0) = 0.

B TouKe M3MEHEeHHUsl THUIA IPDAHUYHBIX YCJIOBUil (OKOJIO HyJisl) HAIPSZKEHUSI

1‘/ AY

h

Oua(2), Ouy(®) T

»
’

M-VI |

lV

Puc. 2. T'eomerpus u cucrema IpUIIOKEHHBIX HAIPDY30K

[Figure 2. The geometry and the applied loads]
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JIOJIZKHBI OBITH MHTErPUPYEMBIMIL:
o =0(™"), v<IL (2)

Paccmorpum npeobpazosanus Jlammaca (A.11) cieayiomux Beanan:
o0
Fi(p) = / 0y (2, 0)e P da, 3)
0

0
F_(p) = / 2(v+(fv, 0) — v (z,0))e *dx. (4)

oo O

3ech uHTEpBAJIBI HHTEIPUPOBAHUS OBLIN yMEHBIIEHBI 33 CIeT OOPAIIEHHsI B HOJIb
HAIPSIPKEHU{T /st OTPUIATEILHBIX apIyMEHTOB M Pa3pblBa CMEINEHHI JIJIs I0JI0-
JKUTEJIbHBIX apryMeHTOB. PaBeHCTBO HyJIIO IIOBIHTErPATILHBIX BhIpazkeHnuii B (3),
(4) ;y1st OTPHUIATEIILHBIX U IIOJIOKHUTEJIBLHBIX apIyMEHTOB CJIC/IyeT u3 TOro (hbakra,
aro Fly(p), F_(p) sBusitorcst anamurndeckuMu dyrakiusimu B pasoii (Rep > 0)
u jeBoit (Rep < 0) HOJIYIIIOCKOCTSIX KOMILIEKCHO} II€PEMEHHON COOTBETCTBEHHO.
VHIEKCBI «IUIIOC» U «MUHYC» B (4) COOTBETCTBYIOT BepXHeil n HUKHEIl rpaHsM
rpernuHbl. COOTHOIIEHUS MEXK/Ly TPOU3BO/IHON CMEIIEHNIT I HAIPSKEeHUSMHE JIJIsT
BepxHeil dactu 3ajatorcs (A.16), aHATOTMYHbIE COOTHOIICHUS JIJIs HYKHEH da-
cTu MOXKHO moryunThb u3 (A.16) 3amenns h na —h. Takum obpasom, mosrydaem
CKaJISIPHOE yPaBHEHUE [JIsT HOPMAJILHOM U CABUTOBOII KOMIIOHEHT COOTBETCTBEH-
HO (KOHTYD L cooTBeTCTBYeT MHUMOI OCH M MOXKET ObITh IPEoOpa3oBaH B COOT-
BETCTBHU C [IPABUJIAMU WHTEIPHPOBAHUS KOHTYPHBIX HHTEIPATIOB B KOMILICKCHOM
IIJIOCKOCTN ):

F_(p)=K(p)F+(p), pelL, (5)

K( ) _ 4511)\71 \/ p2—1 [(kﬁ-/ﬂg) Sin(hp(kl—k}Q)) + (kl—kg) Sin(hp(kﬁ-]@))]
P (k= k) cos(hp(kr +kz)) + (kr +k2)? cos(hp(k1 — k) — ki ks

rye mapamerpsl ki u kg omucansr B popmyite (A.13).
KpOMe TOT'0, JOJIZKHBI BBITTOJTHATHCA yC.HOBI/IH B KJIIOYEBBIX TOYKaX (HO.HI) n 6eC—
KOHEYHOCTB), BbITeKatorue u3 (1), (2):

Fi(p) =N+ Mp+o(p), Rep— 0+, (7)
Fy(p) =0(p"™"), v<1, Rep— +oo. (8)

2. Perrenue 3aaum 0 pacKpbITUU TPENIUHBI. KodueBoil 3ram perie-
nus (5) cocrour B hpakropusanuu Gyukuun K (p), T.e. ee IpejCTaBIeHUN B BUJIE
npoussesieHnst (OTHOMIEHNUs) ABYX (DYHKIMIA, TOJIOMOPMHBIX B JIEBOH U IIPaBOii
IIOJIYIIJIOCKOCTSIX KOMILJIEKCHO! I1JIOCKOCTH:

K(p) = AZ' (p)A+(p). (9)

[Mocse Haxoxkuenust Ay (p) peleHne MOJIydaeTcst € HOMOIIBIO TeopeMbl JIu-
yBus [15]

Fi(p) = AL (p)TI(p). (10)
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Baech II(p) — GyHKIMS ¢ BOSMOXKHBIME TIOIOCAME U HYJISIMH B HyJle 1 GECKOHEY-
HOCTH, KOTOpasl JO/KHa ObITH ompejiesieHa u3 ycaosuii (7), (8) B 9Tux TOUKAX.
Ucnonbays (A.13), (6), ypaBaenue (9) MOXKHO 3aIUCATD CJIE/LYIOIIUM 06Pa30M:

AT (p)A+(p) = — ii}i\/ﬁl tg® (phA~/*)G(p), (11)

= /p— Ltg(phA~ /) x
Vp + Isin(phA=Y4/2(p — 1)) + v/p — Lsin(phA~1/4/2(p + 1))
(p— 1) cos(phA=4\/2(p + 1)) — (p+ 1) cos(phA~Y/4\/2(p — 1)) + 2

Baecs koapdunment npu G(p) B (11) BeiOupaercs Takum 06pa3oM, ITOObI (DY HK-
st G(p) 6bL1a rosloMopdHa BJIOJIb MHUMO OCH U IIPHOJINZKAIIACH K eJIUHUIIE TIPH
CTpPEeMJIEHNN P K OECKOHEYHOCTH BJOJIb MHUMOI OCH.

@opmanbio st —1 < p < 1 pamukansl v/p — 1 B (12) u apyrux dopmy-
JIaX CTAHOBATCA YUCTO MHUMBIMHU, OJTHAKO OHHU BCEIVIA MMOSBJSIOTCS B MYJIbTUILIU-
KaTUBHBIX TapaX, TaK 9TO KOHEYHBIE BBIPAXKEHUS OCTAIOTCS JTeHCTBUTETLHBIMH.
[TosToMmy HET HEOOXOMUMOCTH OTAEIBHO C CAMOTO HAYAJIa PACCMATPUBATE CJIydail
—1 < p < 1, TIOCKOJIbKY IMPEJACTABICHNE YACTU TPUTOHOMETPUIECKUX (DYyHKITHIT
KaK runepbondecknx U HaoOOpOT HMPUBOMAUT K OJHOMY U TOMY K€ KOHEIHOMY
pPE3yIbTATY.

Ucnonw3ys npecrasienne G(p) depes nnrerpas Ko u crangaprHoe mpe-
craBjieHNe KOTaHIeHca B Buje KoMOuHaium rammva-byaknuii ditzepa [(p) [15],
dakTOpU3AINIO MOXKHO IIPOBECTU B CJIeAyIoMieit hopme:

T3(1+ phA~Vir~1)
A = J 13
+(p) F3(1/2+phA_1/47_‘__1) +(p)7 ( )

N 23 (1/2 - phATHAr )
A_(p) = "o\ pr 1 T (CphAn) J-(p), (14)
Ji(p) = exp{;ﬂ/_oo ln[\/p— 1th3(h5)\_1/4)><
Vot 1sh(hsA=14/2(p—1)) +/p—Tsh(hsA~ Y4 /2(p+1)) ] ds }

(12)

(p—1) ch(hsA=1/4/2(p+1)) — (p+1) ch(hsA=1/4\/2(p—1))+2]is —p
(15)
¢ aCHMIITOTHKAMMA
3/2 1/4
_1, T (p+1) ph 2
A+ (p) - 23/431/2 |: - )\1/4Y1(10):| +O(p )7 (16)
_ ph \—3/2 _
A+1(p) = ()\1/477) +O(p 1/2), Rep — +oo. (17)
31ech
1 [ dLi(s)ds 1/°° ds
Y(p) =~ B2 ns) - L)L
=1 [ S [ e -L0] %

L(s) =In[s*/p—1 VpFIsh(sy/2(p—1)) + Vp—Tsh(sy/2(p+1) |

(p—1) ch(s\/2(p+1)) — (p+1)ch(s\/2(p—1)) + 2
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Hnsg —1 < p < 1 sra dpopmysia MOKET OBITH IEperrucaHa TaK:

\/p—l-lsm( sv/2(1—p)) + vI=psh(s\/2(p+1))
L(s v1 .
[ p 1)ch(s\/2(p+1)) — (p+1) cos(sy/2(1—p)) + 2}
Anamuz (10), (16), (17) comecrHo ¢ (7), (8) NpUBOAXUT K IIPE/ICTABICHUIO

93/431/2 {

h
[MosiBnenue B (18) wieHOB ¢ OTPUIATEIBHON CTENEHBIO P HAPYIIIIO OBl yCJIO-
Bue (8), B TO BpeMsl KaK IIOSIBJIEHHE YJIEHOB CO CTEIEHbIO P, OOJIbIINEH €UHUIIBI,
Hapymuio 661 yesiosue (7).
Taxmm obpasom, (10), (13), (14), (15), (18) maioT perrenne 3a1aqu.
Paccmorpum acumnroruky st p — +oo. Ioacranoska (17), (18) B (10) npu-
BOJIUT K COOTHOIIEHUTO

h

Fy(p) = 6Y/2)3/8 (/)L) i (M + 557

Yl(p)N) W32V 4 o(pm 1),

Rep — +o0.
UcnomnbzoBanue Teopembl AGesst [15] jgaer acuMOTOTHKY HANDPSKEHHH st
x — 0+:

2 \1/4 h
_ ql/2_—1/2,3/8 —3/2 .-1/2 ~1/2
Oyy = 6771 /2N (p—i-l) (M+)\1/4Y(p)N)h x +o(z™ 7).

Kosdbdunment mHTeHCHBHOCTH HAIPSIKEHNN TOTHa BHIPArKAETCsT TaK:
3/2 1/2y3/8( 2 /4 —1/4
Kb = 121/2) <ﬁ> (M + A~Y4Y (p)NR). (19)
p

®opwma (19) couagaer ¢ dopmoit u3 [1,3], rue pe3ynbrarTsl ObLIM MOy YEHbI
¢ HUCHoJb3oBaHneM Maciitabuposatus (2], a dynkiun Y (p) Oblm paccanTanb
METOJIOM KOHEYHBIX 3JIEMEHTOB.

3. HucseHnHble pe3yJibTaThl 1 CPAaBHEHUE C MPEIAbIAYIIUMH UCCIIENO0-
Banusmu. Kosddunuent narencusroctn Hanpsizkernit (19) mpu V' = 0 coBnaa-
€T C 3JIEMEHTAPHBIM PeIllleHreM, IOy IeHHBIM IIPH PACCMOTPEHUN SHEPIuil n3ruba
U paCTSXKEHUsT OPTOTPOITHBIX 6AJI0K U HAXOXKIEHUN KO3 DUIIMEHTOB NHTEHCUBHO-
CTH HAIIPSIKEHUH ¢ UCIIOJIb30BAHUEM UX COOTHOIIEHUIT ¢ BbljiesieHeM sueprun [17].

Pertenne qyist M = 0, V' # 0 xoportro cornacyercsi ¢ penienueM |[3]

Y(p) = 0.677 4+ 0.146(p — 1) — 0.0178(p — 1)> + 0.00242(p — 1)3,  (20)

HOJIyYeHHBIM IIyTeM nHTeprossmun pesyiasraros MK (puc. 3). Ormernm, uro
opmyutet (20) GbLIN MOy YEHBI Tt 00JIACTH «TUIMUIHBIX 3HadYeHui» 0 < p < 4 [3]
U OHH He 00s3aHbI JaBaTh IPHUEMJIEMbIE PE3Y/IbTAThl BHE 9TON 00/IACTH. SHAYEHUs
Y (p), a Takxke unciennoe pemtenre (20) [3] upegcrasiens Ha puc. 3.
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0 2 4 6 8 10

Puc. 3. 3Basucumocts Y (p); CIJIONIHbIE JIMHUA COOTBETCTBYIOT MOJIYYE€HHOMY DEIIEHUIO, IIyHK-
TUPHBIE JIMHUU COOTBETCTBYIOT PEIIEHUIO u3 [3]

[Figure 3. The Y (p) compared. Solid line correspond to the obtained solution, dashed line is
according to the solution from [3]]

QOyukius Y (p) 6m3Ka K KBaJAPATHO-KOPHEBBIM 3aBUCUMOCTSM, 110 KpaitHeit
Mepe, JIJTsl SKCTPeMaIbHbIX 3Hadenuit p. i mpomeskyrounbsix 3Hadenuii 0 < p < 4
3aBUCAMOCTH H3 [3] ¢ J0CTATOYHON TOYHOCTBHIO COBHAAIOT C MOJIYIEHHBIM Dellie-
HHUEM.

BriBoasbr. [I1a 3amadan 06 OpTOTPOIHOM MOJIOCE C MEHTPAJIBHON MTOTyOEeCcKOo-
HEYHOI TPeIUHON, HAarpy>KEeHHOI CaMOypaBHOBEIIEHHON CUCTEMON HOPMAaJIbHBIX
YCUJINH, TOJIYY€HO TOYHOE aHaJUTUUIecKoe pemrenune. Harpyska mpuiioxkeHa mo-
CTATOYHO JIAJIEKO OT BEPIIUHBI TPENIUHBI, 9TO0BI PACCMATPUBATH €€ KaK ITPHUJIO-
JKeHHYI0 Ha Oeckoneunoctu. OOIIee pelieHre BhIPAXKaeTCsl B BUJIE CYIEPIIO3UIIT
pelienuii Jyisd ABYX TUIIOB HalrPyzKeHH:d, COOTBETCTBYIOIIUX IIape CUMMETPUIHO
[IPUJIOZKEHHBIX MOMEHTOB U TIape CUJI ¢ KOMIIEHCUpPYIomuMu MoMeHTamu. Koad-
bUIMEeHT UHTEHCUBHOCTH HAIPSKEHUHN JJIsT IEPBOrO CJIyUas COBIAIAET C JIEMEH-
TapHBIM PeIleHueM TeOPHUH IIacTuH. KosdduiumeHT nHTeHCUBHOCTY HAIIPSIXKEH Ui
JIJISE BTOPOTO CJIydast TOJIyIeH B BUJE JIBYX (DYHKIMII OJHOTO IapaMeTpa, BbIpa-
2KEHHOT'O B BHJIE OJTHOKPATHOIO nHTEerpasia. CpaBHEHNE ¢ UMEIOIIUMUCS YHCJIEHHbI-
MU pe3yJibTaTaMi JIeMOHCTPUPYET XOpolllee COIJIacoOBaHUe PelIeHUs! B Jualla30oHe
rnmapaMeTpa aHU30TPOINH, JIjIs KOTOPOTO ObLIM IMOJIyYeHbI UNCJIEHHBIC PEITeHU.
[Tosiyuennoe perieHne OXBaTBHIBAET BCE TEPMOIMHAMUYUECKU JIOIYCTUMbBIE 3HAUE-
HU¢ ITapaMeTPOB aHU30TPOINH.
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Ilpunoxxkenue. COOTHOIIEHUS MeEXK/Iy HANPSIX)KEHUSIMUA U HPOU3BO/I-
HBIMU NepeMeIIeHNs Ha I'PaHulle nojockl. CucreMa JBYMEDHBIX ypDaBHEHMI
YIPYTOCTH JIJ1s OPTOTPOIIHBIX CPeJ] B /IEKAPTOBBIX KOOP/IMHATAX TY, COBIAIAIOITNX
C TJIABHBIMU OCSIMU HAIPSKEHU, MOXKeT ObITh HAITMCAHA, CJICIYIONUM 00pa30M:

1. ¥YpaBuenus paBHOBeCHSI

004z 004y
ox oy

00yy  Ooyy
ox oy

=0, =0. (A.1)
31eCh Oy, Oyy, Oy — KOMIIOHEHTBI TEH30pPa HAIIPAKCHMUIL.

2. Coornomennsa Kommm Mexk 1y /1eOPMAUAMIE €4y, €yy; Egy U HEPEMEITICHN-
SIMH U, V:

ou ov 1<8u 81))' (A.2)

oz’ Y oy’ Y 2\0y oz
3. YpaBHEHHE COBMECTHOCTH, CBI3LIBAIOIIECe KOMIIOHEHTHI TeH30pa. aedopMa-
M1, HEOCPEJCTBEHHO cenytoree u3 (A.2):
0? 02 0?

axQ Eyy —+ 671126;333 = 2@6111. (A3)

4. Bakon ['yka Juisi KpUCTAJIOB ¢ KyOUYIeCKON aHM30TPOIHel I IJI0CKOTO
HAIIPAXKEHHOI'O COCTOSIHUS:

Exz = S110zz + S120yy,
Eyy = S120zz T S220yy, (A4)
QExy = 8660 zy-

3aech s, — xKoadbdunuenter nogarTausocTH. g mirockoro medopmupo-
BAHHOI'O COCTOSHUST KO(D(UIMEHTHI HOJATIUBOCTH Sjj, JOJI2KHBI OBITH 3a-
MeHeHbl MOAUMUIMPOBaHHLIMU KO3 duruentamu 3 :
o 5735k3
Bik = sjk — ——
533
Beenenune dyHknun Hanpsizkeruit Jitpu F' B Bujie

0’F 0’F 0’F
zr = 5 = 5 Ty — A.
7 oy? Ow = g2 T dxdy (A.5)

[O3BOJISIET ABTOMATHYIECKH YJIOBJIETBOPUTH ypaBHeHusiM pasHosecus (A.1). Same-
Ha (A.5) B (A.4) u 3arem B (A.3) cokpaliaer CUCTeMy ypaBHEHUIi yIIPyrocTu st
IJI0CKO#T JedbopMaIuy 0 OJHOIO yPABHEHHsI OTHOCUTEIBHO OJHOTO HEU3BECTHOIO
(dynknus nanpskennst) [14]:

O*F O*F O*F
522@ + (Be6 + 2P12) 9220y7 + ﬁllf)fy‘* =0 (A.6)

U3z (A.5), (A.6) cuemyer, u Ha 3T0T (DAKT yKA3bIBAIOT MHOI'O UCCJIEOBAHMUIA,
Hanpumep [14], 9ro Jyist IpenucanHoi FeOMETPUN 1 IPAHUYHBIX YCJIOBUil (3a/1aH-
HBIX B TEPMUHAX HAIIPSIZKEHWI) 10J1e HAIPsIZKEHUH OIIpeJIeJIsieTcst By Mst Ge3pas-
MEPHBIMU KOMOWHAIUSIMU yIIPYTUX KOHCTAHT. B KauecTBe 9THX KOMOMHAIUIT MbI
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BBIOPAJIN UCIIOJIB3yeMble B pabore |2| BeumInHbL:

et . B + 2512
Bao’ 2v/B11B22

Orpanndenust Jjist 9TUX BEJTMINH HAKJIAIBIBAIOTCS TOTOKATETHLHON OMPEIeIeHHO-
CTBIO YIIPYTI'Oi SHepruu

=

D<A<oo, —-1<p<oo.

Torma ypasuenue (A.6) npejcras/isiercsi B BUJIE

o'F oF o'F
oa T fpa 28y2+/\8y4:0' (A.7)

PaccvoTpuMm BerioMoraTeibHYO JIByMEPHYIO 38/[a1dy 00 OPTOTPOIIHOM yIIpyTroii
nosioce 0 < y < h ¢ BepxHeil rpanutieii, CBOOOIHON OT HAIIPSIYKEHMIL:

oyy(x, h) = ozy(x,h) =0, (A.8)
W HUXKHEW TPpaHUIei — MO/ ACHCTBUEM MOJIA HAITPAXKCHUN:
Ozy(2,0) =0, oyy(x,0) = gy(x). (A.9)

Bnech qy(x) — us3BecTHast PYyHKIIHSL.

HaiiileM cooTHOIIEHIE MeXKJly HAIPSIZKEHUsIMU, JEHCTBYONIUMU BJIOJIb HUK-
Hell TPAHUIILI U IPOM3BOHON KOMIOHEHT cMermenuii 9% (z,0), KoTopast BbIparka-
eTcst B TepMUHAX QyHKINE Hanpsizkennii F' ¢ ucrnonbpzosanueM (A.5), (A.2), (A.4)
CJIEIYTONIAM 00Pa30M:

0 82F 83F
v = 8%)5 = —(Be6 + ﬁm) — B | Hgde. (A.10)

Ob6miee pemtenue (A.6) fist GECKOHETHOI TOJIOCHI MOKET OBITH IIOJIYHIEHO C 0~
MOIIBIO JIByCTOPOHHETO IIpeobpa3oBanus Jlamiaca:

f (p,y) =/ flx,y) e Pda (A.11)
1 00paTHOrO IPeodbPAZOBAHUSI:
flay)=—5— /fpyepxdp,
ur}

rjie KOHTYp L coOTBeTCTBYyeT MHHUMON OCH, a HAIPABJEHHE WHTErPUPOBAHUS —
CBEPXy BHH3.
[Tpumenenue (A.11) x (A.7) UPUBOAUT K ypPABHEHUIO

F(p,y) + 2V App? 6(2 DY) +/\a412$’y) = 0. (A.12)
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Ob6miee pemmenne (A.12) 3amumercs Tax:

F (p,y) = C1cos(kipy) + C2 cos(kapy) + Cssin(kipy) + Cysin(kapy),
riue
kio=A"Y4%/pE/p2 =1, kidthke=XV4%2/pE1, (4.13)
ko = ATV20 K24 k3 =20"V2p, kP -k =20"12/p2 — 1.

[Tpumenenne (A.11) k (A.5), (A.10) gaer cooTHOUIEHUsI sl TPEOOPA3OBAHMUST
JIJISI CJICTYTIOIIUX BEJIUYINH:

. P*E oa oF
Ogy = 873/27 Oyy =D F, Ogy = _paiyZ (A'14)
oOF 1 _ OF
0= — — = —O11—=. A.15
0 (Bes + B12) p 3y pﬂn 3 (A.15)

[Moacranoska nociaennnx ayx dopmys (A.14) B mpeobpazosanus (A.8), (A.9):
650y(p’ 1) = &yy(p, 1) =0,
&my(pa 0) =0, &yy(p70) = qu(p)

HI03BOJISIET BBIPA3UTh KOHCTaHTbI (] 4epe3 §,, MOICTAHOBKA KOTOPbIX B (A.15)
IIPUBOJIUT K MCKOMOMY COOTHOIIIEHUIO:

o ,ng(k% — k%)(kl cos(hkap) sin(hkip) — ko sin(hkap) cos(hkip))
ki1ko ((k% + k:%) sin(hkip) sin(hkap) + 2k1ko(cos(hkyp) cos(hkap) — 1))

Qy(p)~
(A.16)

Konkypupytomine narepecsbi. Mbl 3asBjisieM, 9TO y HAC HET KOH(JINKTA UHTEPECOB B
ABTOPCTBE U IIyOJIMKAIMY 9TON CTaTHU.

ABTOpCKMIT BKJIAJ 1 OTBETCTBEHHOCTD. BCe aBTOPHI MIPUHUMAJN YyIacTHe B pa3pa-
OOTKE KOHIIENIUK CTAThU M B HAIIMCAHUM PYKOIHUCH. ABTOPBI HECYT IIOJIHYIO OTBETCTBEH-
HOCTB 3a IPeIOCTaBJIeHNe OKOHYATEILHON pyKomucu B medarb. OKOHUYATEbHAsT BEPCUst
pykorucu ObLIa 000peHa BCEMU aBTOPAMU.

dunancupoBauue. Pabora Boinosmena npu nogaepxkke Poccniickoro Hayamnoro ®@omma
(mpoexkT Ne 18-79-10270).
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Orthotropic strip with central semi-infinite crack under
arbitrary loads applied far apart from the crack tip
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Abstract

The exact analytical solution has been obtained for a problem of or-
thotropic strip with central semi-infinite crack loaded normally with self-
balanced system of forces applied far enough from the crack tip to be con-
sidered as applied at infinity. The general solution is expressed as a super-
position of solutions for two modes of loading: (i) symmetrically applied
moments; (ii) symmetrically applied transverse forces with compensating
moments. The exact expressions for stress intensity factor (SIF) have been
obtained. Due to symmetry only the opening mode of SIF is present for
each case of loading. For both cases of loading the stress states are deter-
mined by two dimensionless parameters composed by four elastic constants.
Expression for SIF for the case of loading with symmetrically applied mo-
ments is obtained in terms of elementary functions and coincides with the
elementary solution due to beam theory. Expression for SIF for the case of
loading with symmetrically applied transverse forces with compensating mo-
ments has been obtained in terms of one function of one of the parameters
expressed as a single integral, multiplied by a power function of the second
parameter. The solution for this case demonstrated good agreement with
the existing numerical solution for the range of parameters, for which the
latter had been obtained. The obtained solution covers all possible range of
parameters.

Keywords: stress intensity factor, delamination, integral transform, Wiener—
Hopf technique.
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Anajmu3 BaNSHUSA 00bEMHOI MOJI3y4YeCTH HA KPUBBIE
HArPY>KEeHUs C IIOCTOSTHHOW CKOPOCTBHIO M IBOJIIOIUIO
Ko dunuenta nomnepedHoii gecbopmanum B paMKax
JUHEWHO! Teopuu BA3KOYIIPYTOCTU

A. B. Xoxnaos

MockoBckuii rocysiapcTBeHHbIN yHuBepcuTeT nMmenun M. B. Jlomonocosa,
Hayuno-uccnenoBarenbckuit HHCTUTYT MEXaHUKH,
Poccusa, 119192, Mocksa, MudypuHCKH IPOCIIEKT, 1.

AnHOTanMsA

AHaIUTUYECKU UCCIIeIyeTCs CIIOCOOHOCTD JIMTHEHHOTO NHTEIPAJIBHOIO OIl-
PEJICJIAIONIEr0  COOTHOIIEHUS BA3KOYIpyroctu Bosbimana—BoabTreppst
C JByMsl IPOU3BOJILHBIME MATEPUAIbHBIMU (DYHKIMAME (CABUTOBONH U 00b-
€MHO I0JI3y9ecT) JJisi U30TPONHBIX PEOHOMHBIX MATEPUAJIOB ONUCHLIBATH
pa3Hoo6pasHble 3(PdEKTHL, CBI3aHHbIE ¢ BO3MOXKHBIME (HAOJII0IAeMBIMU B HC-
OBITAHUSAX) TUTIAMU TIOBEJIEHUST OCEBOI U TIonlepevuHol nedopmMaruii, B qacT-
HOCTH, 3 PEKTHI HEMOHOTOHHOCTH, 3HAKOIIEDEMEHHOCTHU ¥ OTPUIIATEIEHOCTI
koaddunuenra nonepeunoit gedopmanuun («kodddunuenrta Ilyaccomas).
N3zydennr obmme KadecTBEHHBIE CBONCTBA M XapaKTepPHBIE OCOOEHHOCTH Ce-
MeNCTB KPUBBIX 00bEMHOI0, OCEBOIO U IIOIIEPEIHOrO 1eOPMUPOBAHUS U 34~
BucuMocTu Koaddunuenta Ilyaccona or BpeMenn, OPOKIAEMBIX ITUM CO-
OTHOIIIEHUEM TIPU OJHOOCHOM PACTSZKEHUH /CKATHH C TIOCTOSTHHON CKOPOCTHIO
U BJIUSHEE HA HUX XaPAKTEPUCTUK 0benx (PyHKIui o3y decTy (OHU [IPeIIio-
JIATAIOTCsI BO3PACTAIOIIUME U BBILYKJIbIME BBEPX ). Jlokazano, 4o juHeitnas
Teopus BA3KOYIPYTOCTH CIIOCOOHA MOJIEINPOBATH HEMOHOTOHHOE M3MEHEHUE
7 3HAKOIIEPEMEHHOCTD TMomepevHoit medopmarnnn n Koadgdunnenta [lyacco-
Ha BO BPEMEHU, HANEHbI KDUTEPUU UX MOHOTOHHOCTU, KPUTEPHUH HAJIUIUS
y HUX TOYEK KCTPEMyMa M TO4YeK Ieperuba, KPUTEpHil OTPUIIATEIbHOCTH
koaddunuenra Ilyaccona Ha HEKOTOPOM MHTEDBaJie BPEMEHU (B 3aBUCUMO-
CTH OT KAYeCTBEHHBIX CBONCTB (DYHKIMIT OOBbEMHON M CABUIOBOI MOJI3yde-
cru). ITokazano, 910 y4er 06beMHON 03y 9eCTH MOKET OKA3bIBATH CUILHOE
BJAUSIHIE HA KAYeCTBEHHOE TOBEJECHNE TOMepedHoi medopmaruu u Koahhu-
nuenTa [lyaccona. ObHapyKeHbI HECKOJIBKO XapaKTEePHBIX OOIIIX CBONHCTB
CceMeiCTB KPUBBIX OCEBOTO U IIOIEPEYHOro JedopMupoBanust u Ko3dduiu-
enra Ilyaccona, Koropble yj00HO KOHTPOJUPOBATH B HUCIBITAHUSAX MaTEpPU-
AJIOB [IPU PACTSAYKEHWHU /CKATUU € HOCTOSHHON CKOPOCTBIO U HCIOJIL30BATH
KaK MapKepbl TPAHUITEI 0OJIACTH JIMHEHHOTO TTOBEIEHNS] U KAK UHINKATOPBI
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HEIIPUMEHUMOCTHU JINHEITHONW TEOPUHU BIA3KOYIPYTOCTU JJIs MOJIETHPOBAHUS
B CJlyuae MX HAPYIIEHUs B UCIBLITAHUAX (B MHTEPECYIOIIEM JIMAIa30He Bpe-
MeH, JiebopMaIyii U CKOPOCTell HArpy KeHUsl).

WccoeroBannl crienudutdecke CBOMCTBA KPUBBIX HAIPYKEHHS, [TOPOXK-
JIAeMBbIX JIMHEHHON Teopmeil BA3KOYHIPYTOCTH B COUYETAHUU C HOCTYJIATAMHE
O JIMHEWHO-YIIPYIOM M3MEHEHNN 00beMa MM O HOCTOSHCTBE Kodhduinen-
ta [lyaccona, HaiifieHbI TOTIOJHATEIFHBIE NHANKATOPHI HETPUMEHUMOCTH TI0-
JOGHBIX Mojieseil (¢ omHoil MaTepuasibHOil dyHkimedt). B gacrHocTu g0Ka3a-
HO, 4YTO NpeHedpekeHne 00bEMHOI ITOI3Y9eCThIO0 XOTS U He CyKaeT Juama-
30H BO3MOXKHBIX 3HadeHni Koaddunnenrta [Iyaccona u He numaer JuHeitHOE
OTIPEJICIIAIONIEe COOTHOIIEHNE CIIOCOOHOCTH ONUCHIBATH CMEHY 3HAKa KO-
dunuenta Ilyaccona n nonepeunoit gedopmaluu 1 ee HEMOHOTOHHOCTD, HO
BCe K€ 3aMETHO OTPAHUYUBAET 3Ty CIOCOOHOCTH W CYIIECTBEHHO OOEIHSIET
CIIEKTD BO3MOXKHBIX TUIIOB M3MEHEHUs IOIEPEYHON jedopMarun 1 Kodd-
dunpenrta ITyaccona (cykaer o6iacTb NPUMEHUMOCTH MOZAEH). ¥ MOJe-
a1 ¢ 00beMHOI yIpyrocTeio (B ommume OT OBIIEro ciydast) 3aBUCHMOCTD
OT BPEMEHU IONEPEedHO JilehopManuu He MOXKET UMETh TOYKH MUHUMYyMa
u Touku neperuba (OHa BCEryia BBINYKJIA BBEPX) M MEHATHh 3HAK C HOJIOXKU-
TEJILHOTO Ha OTPHUIATEbHBIN, a 3aBucHMOCTh Kodddurmenta [lyaccona me
MO2KET MMEThb TOYKN SKCTPEMyMa W Iepernda, yIacTKUA yObIBAHUS WJIN BbI-
IIyKJIOCTH BHU3 U HE MOXKET MEHSITH 3HAK C «IJII0Ca» HAa «MUHYC».

KuroueBbie ciioBa: Bs3KOYIPYrocTb, 0ObEMHAs MTOJI3YI€CTh, HAIPYKEHUE
€ MOCTOSTHHON CKOPOCTHIO, HEMOHOTOHHOCTH U 3HAKOIIEPEMEHHOCTD [TOTIePed-
Hoit medopmarum, KodpUIMEHT TOomepedIHo aedOopMaIi, HEMOHOTOH-
HOCTh W OTPUTIATEIHLHOCTH Ko durmenta Ilyaccona, Ba3koynpyrue aykce-
TUKH, MHAUKATOPBI 06aacTu (He)InHEHHOCTH, WIeHTH(DUKATIISI.

Monyuenue: 7 uong 2019 r. / Ucnpasienune: 17 okrabps 2019 r. /
Mpunarue: 11 moadpa 2019 r. / IyGaukanus onaiin: 28 noadpsa 2019 r.

Bgenenue. Ilonassorniee 6obmuacTBO (oKLY, 6osee 90%) anaaurude-
CKUX U YaCTUYHO AHAJUTHIECKUX IIPEJICTABJICHUN DPEIeHUNl KpaeBbIX 3aJad JIu-
HEWHOIl Teopuu BA3KOYNIPYTOCTH (HAIPUMED, CBEIEHHBIX K 3aJlade BOCCTAHOBJIE-
HUsl OPUTHHAJIOB 110 N300PaKEHUAM WM K MHTEIPAJILHBIM YpPaBHEHUSAM, TPEOYyIO-
M YHUCJIEHHOTO peH_IeHI/IH) 1 METOJOB UX MPUOINKEHHOTO PEIIeHNsT OIMUPAIOTCST
Ha OJHO U3 TpexX JOIIOJTHUTE/IbHBIX Hpe,ZLIIO.HO)KeHI/II;'I:

1) o HecKUMaeMOCTH MaTepuaJa,

2) 0 JMHEHHO-yIPYTOil 3aBUCHUMOCTH O0BEMHOI J1ehOpMAaIlny OT CPEHEro Ha-

npsizkennst (T. €. 00 OTCYTCTBUM OOBEMHOM MOJI3YIECTH ),

3) o meszaBucumocTu or Bpemeru kosbdunuenra (koaddunuenros) Ilyaccona.
Ka)K,ﬂbeI 13 9TUX TpeX YIPOIaloUinX ITOCTYJ/IaTOB, CTaBIINX Yy2Ke KJIaCCUICCKUMU
(4 IOpOt BOCIIPHHUMAEMBIX KaK CaMO cO0O0ii pa3yMeIoIuecs ), IIOPOKIAET HEKOTO-
PYIO CBSI3b MEXKJIy MaTE€pPUAJTHHBIMU (DYHKITUSMHU OIPEJIC/IAIONIEr0 COOTHOIICHUS
(OC), ymeHbIaeT KOJINIECTBO HE3aBUCUMbIX (DYHKIHU{ (77151 H30TPOIHOMN JIHHET-
HO-BSI3KOYTIPYTOfi CpeJibl € JIBYX /IO OJIHOf) U TeM CaMbIM Cy?KaeT MHOroobpasue
Ka4eCTBEHHBIX CBOMCTB TEOPETUYIECKUX KPHUBBIX Je(DOPMHUPOBAHUSI, PEIaKCAIINN
U MOJI3y49ecTH, MopoxkaaeMbix JaHabiM OC mpu HATPYKEHUSIX 110 PA3HBIM THIIO-
BBIM IIpOrpaMmam, cyzkaer Kpyr 3hdexkToB (HAOIIOJAeMbIX B UCIBITAHUAX pe-
OHOMHBIX MaTepuasoB), koropele OC CHOCOOHO AJIEKBATHO OIMCBHIBATH, CYKAET
obnactp mpumennmoctr OC u, Kak MPABUJIO, CHUKAET TOYHOCTb MOJEINPOBa-
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Hust (xorst u obsterdaer upentudukanmio OC 1m0 JaHHBIM HCIbITaHW ). Baxkubii
BOIIPOC O TOM, KAK MUMEHHO Cy»KaeT, B 9eM U HACKOJIbKO, OCTA€TCs OTKPBLITHIM U
CHCTEMHOMY aHAJTUTHIECKOMY UCCJICTOBAHUIO B ODIIEM BHUJE HE IMOIBEPTAJICH.

Mexk 1y TeM aHAJIN3 TaHHBIX MEXAHUIECKUX UCIIBITAHNM, MUKPOCKOIIUN U PEHT-
renorpadun pasHOOOPa3HBIX (Jlazke N3HAYAIBHO U30TPOIHBIX ) MATEPHAJIOB [IOKA-
3bIBAET, YTO U3MEHEHUE 00beMa IIPU HATPYKEHUH, 00beMHAs TIOJI3yIECTh U PEJIaK-
calus, BUJI HAIIPSKEHHO-/1e(DOPMUPOBAHHOIO COCTOSIHUSI U €0 9BOJIIOIUS, BJINs-
HEE CPEJIHEr0 HANPSIYKEHWs U €0 NCTOPHUU (B 9ACTHOCTH, BHEITHETO THAPOCTATH-
YEeCKOroO JIABJIEHUS U €r0 CKAIKOB) HA OCEBbIE W CABUIOBbIE JiehOpMAIUN U CBSI-
3aHHbIE C HUMHM MeXaHumdeckue 3P@PeKThl BeCbMa CYIIECTBEHHBI IIPU OIUCAHUHI
JiecbopMUpOBaHUs U IPOYHOCTH MHOIMX PEOHOMHBIX MaTepuasios [1-61|. Ha mak-
POYPOBHE OHU 3aMETHO BJIUSAIOT Ha IIPOSBJICHUE CBONCTB MATEPUATIOB B OJTHOOCHBIX
UCIHBITAHUAX, HA KPUBbIE PEJIAKCAIMHU ¥ II0JI3YYEeCTH IIPU PACTIKEHUN—CXKATUU U
CIBUTE, KPUBbIE JITATEJILHON IPOYHOCTHU, KPUBbIE HAI'PYKEHUS C IIOCTOSTHHON CKO-
POCTBIO U MUKJIUYIECKOTO HATPY2KeHus. Perucrparus u aJeKBaTHBIN ydueT 1moao0-
HBIX 9DdekToB (Wim npeHedpeKeHre UMH) BJIHUSIOT Ha Pe3YyJIbTaTbl 00pabOTKU
U UHTEPIPETAINH JTaHHBIX UCHBITAHUN, JOCTOBEPHOCTD OIPEJIEJEHUs] MeXaHUIe-
CKUX CBOHCTB MaTe€pPUAJIOB, OIEHKY ITPOYHOCTH U JOJITOBEIHOCTH JIEMEHTOB KOH-
crpykiuit. K MmarepuasiaM, y KOTOPbIX 3TU 3P HEKTHI BIUSHUAS CPEIHEr0 HAIIPSIZKe-
HUsI 1 06'bEMHOIT [I0JI3yYeCTH SIPKO BBIPAYKEHBI (Jlazke [IPU MaJIbIX j1ehOpMAInsix ),
OTHOCSITCsI, MPEXKJe BCEr0, MHOTUE MOJTUMEDPDI ([IOJUITUIEHBI, TIOJUIPONUIIEHBI,
dbroporutacTel 1 T. 11.), IUCIEPCHO HANOJHEHHBIE TIOJUMEPHI (TBEpJble TOILINBA,
acabTobeTO b, yraponpounslii mosuctupos, ABC-miactukn), nmpeccoBanHbe
ITOPOIIIKOBbIE KOMIIO3UTHI, CILIABBI, METAJUIMICCKUE U MTOJUMEPHBIE MEHDI, JIbJIbI,
IPYHTBI, TOPHBIE TOPOABI U T. 1. [2, 57, 14-20, 23-52|. st HuUX craHgapTHBIE
TUIIOTE3BI 0 HECXKUMAEMOCTH WJIM YIIPYTOR CBsi3u 00bEMHOI JilechbopMalium co cpe/i-
HUM HAIIPsi)KEHMEM, O HE3aBUCUMOCTHU 3TON CBS3M OT BTOPOT'O U TPETHETO WHBA-
pUaHTa TEH30pa HAIPSKEHUS U BUJIA HAIIPSIKEHHOI'O COCTOSHUS, O IIOCTOSHCTBE
kovddurmenra [lyaccona okasepiBaioTcs HenpurogubivMu |2, 5-7, 14, 15, 18, 26,
29-34, 37, 38, 41, 61], Jyist TaKUX MaTepUasoB OCOOEHHO CJIOXKHO HafiTn (MapKu-
POBaTh) TPAHUILy 0OJIACTH JIMHEHHOIO MOBE/ICHHUSI.

Kosdbdurnmenr nonepeunoit pedopmanun (KIIJ) v = —e) /6” U30TPOIHBIX
YIPYTO-BI3KOIJIACTUIHBIX MATEPUAJIOB IIPU OJHOOCHOM HAIPYXKEHUU HE MOCTO-
sIHEH, a 3aBUCUT OT BpeMeHH (0T IPO0JIbHOMN gedopmMaryn €||(t)) U Hporpam-
MBI HAIpy»KeHUsi. 3aBHUCHUMOCTH IOIepevHoil 1 06beMHOl jiecdbopmanuii (e u 0)
OT BpeMeHM M 0ceBoil Jlepopmaruu €|, XapakTep U3MEHEHUsI U JINAlla30Hbl 3Ha-
genuit KIIJ 1y yrmoMsiHyTBIX KJIACCOB PEOHOMHBIX MATEPHUAJIOB BECbMa pas-
HOOOPAa3HBI Jake IIPU MaJIbIX JedopMaliusx, JaKe B CTAHIAPTHBIX UCIIBITAHU-
SIX HA I0JI3YYeCTb, PEJIAKCAIMIO MM HAIDYYKEHHEe C IOCTOSHHON CKOpOCThio [1-
61]. V GoablIIMHCTBA METAJJIOB, MHOTHX CTEKOJI, MOJMMEpOB (HalpuMep I0JIu-
9TUJIEHOB BBICOKOIl IIOTHOCTH, nosmiporuienos, [IMMA smokcuHbIX cMOJI)
U MOPOIIKOBBIX KOMIIO3UTOB HAOJIIOIAETCS MOHOTOHHOE BO3PACTAHUE V' C POCTOM
g (t) [12,13,16,22,27,28,30, 33,36, 51]. ¥ MHOTHX DEOHOMHBIX MATEPUAJIOB, KaK
JIOCTATOYHO XPYIKHX, TaK U BBICOKOJIACTHIHBIX (TBEp/Ible TOILINBA, achaabTo-
6eronbl, ABC-1uiacTuku, HOJMIPOIMIIEHBl, YyI'yH U T. II.) Habsonaercs yobiBa-
Hue v(t), CBUJETENIbCTBYIONIEE, KaK [IPABUJIO, O HeOOPATHMOM M3MEHEHHN 0ObeMa
opu pacTskeHun win cxkarum |2, 6,7, 15,18, 26, 29, 31, 37,47,48|. V HekoropbIx
MarepuasioB obbemHuas jedopmarusg u KIIJ mensrorcst HEMOHOTOHHO U MEHsI-
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10T 3HaK |6, 7,14, 30, 32, 34, 56]. O6beMHble U HONEpEYHbIE J1eDOPMAIIUK, MOBe-
JieHre KPUBBIX mojzydectu, nuarpamm Harpyxkennst u KIIJI uzorpomnnbix Kom-
ITO3UTHBIX MATEPHUAJIOB 3aBUCIT OT OOBEMHOM JOJIM JIUCIIEPCHOTO HAITOJIHUTEJIS
(B 9aCcTHOCTH Iy3BIPHKOB ra3a B IeHaX), OT (OPM U PasMepoB ero JacTuil (stde-
€K B IeHaX), CBOWCTB aJI'€3MOHHBIX CBsA3eH ¢ MaTpHIeli, CTelNeHN KPUCTAJIINY-
HOCTHU MAaTPUIIBI, TEKYIIETO YPOBHS MOBPEXKICHHOCTH, IIPEIBICTOPUN HATPYKEHUS
1 TepMOOOPAOOTKU U MHOTUX HWHBIX (DAKTOPOB (BKJIIOYAs, K COXKAJIEHHIO, CJIOK-
HOCTH PEAJIN3aINK SKCIEPUMEHTOB, JIOCTATOYHO TOYHBIX U3MEPEHUI U Ka4eCTBEH-
HOiT 06pabOTKHU PE3YIIBTATOB, IPUBOJISIINX TOPOI K MPOTUBOPEUAIINAM JIPYT JIPYTY
BBIBOJIAM PAa3HBIX HCCIeIoBaTesieil o xapakrepe noeenenns KIIJI omgroro u to-
ro Ke Marepuajia B aHAJOIMYHBIX YCJIOBUSX MCIbITaHUi). B mociaennue tpu je-
CATUIETUsT OOHAPYKEHbBI, AKTUBHO KOHCTPYUPYIOTCS, UCCJIEIYIOTCS U CUHTE3UPY-
IOTCsl HOBBIE MaTepHaJibl (I KOHCTPYKINN, METAMATEPUAIIBI) ¢ OTPHUIATEIHbHBIMA
KIIJT (“auxetics”) [39-53|; B GosbinHCcTBE cTaTeil U3ydarorcs yupyrue (Boobiie
rOBODsi, AHU30TPOIIHBIE) OT3eTUKH (<«ayKCEeTHKU» ), ocobenHocTn 3dbderra cMeHbl
3HaKa u ’Bojionun orpunaresbroro KIIIL Bo BpeMeHu cucreMHOMY aHaIu3y HE
[o/IBEpraich. B psijie paboT uccienyercs (SKCIEPUMEHTAIBHO U TeOPETUIECKHN )
Briusgare na KII/] Ba3koynpyrux MaTepuaJsioB IpoOrpaMMbl OJIHOOCHOTO HAIrPy2Ke-
nust [20-23,25,27,32,33,35,38,54-58], B uacrnocru 3asucumoctsb KITJT oT ckopocTu
HaTPYKEHUsI, & TAKXKe BJIUSIHUE HA KPUBBIE JIe(DOPMUPOBAHUSI U TOJI3YIECTH U HA
spostioniuio KII/I HajioykeHnst BCECTOPOHHETO JIABJIEHUsT HA OJTHOOCHOE PACTSZKEHUE
wm ciBur |2,5-7,18,29,59-62| (moapobuee cm. 0630psl B [2,5-7,62]).
O6bemuyto nossydects, u3menenne KII, Buma medopMupoBaHHOTO COCTOSI-
HUST U TUIAYIHBIE MeXaHUJIeCKre 3(P@EKThI, CBI3aHHbIE ¢ HUMU, CJIELyeT yIUTHI-
BaTh IIpu 00PAbOTKE M WHTEPIIPETAIIMN KPUBBIX UCIIBITAHNN HACIEICTBEHHBIX Ma-
TepUAJIOB (B YACTHOCTU METOJIAMU MHJICHTUPOBAHMUSI) U IIPU BLIOOPE U UIEHTUDY-
karuu onpejessorero coorHommenust (OC) mist MOJIeMpOBaHUs X TIOBEJICHUSI.
s Beibopa Toro uiau unoro OC Jyist onrcaHus MOBEIEHUS HEKOTOPOT'O MaTepua-
na (1 manmpHeitero coepinencTBoBanus u 06o6mennst OC) BayKHO 3HATD, KAKHe
Mexanudeckue 3p@PeKThl OHO CIIOCOOHO MOJIEIUPOBATEL U IIPU KAKUX TPEOOBAHUSIX
K MaTepuajbHbIM (DYHKIUSM, B UYACTHOCTU, KAKWe U3 YHOMSHYTBIX 3(hMEKTOB,
CBSIBAHHBIX C O0OBEMHOI M TonepedHoi jedopmarusiMu. Jjist 3T0ro HEOOXOUMO
CUCTEMHOE GHAAUMUYECKOE UCCIIEIOBAHNE ODIIMMX CBOMCTB KPHUBBIX PEJIAKCAIINH,
MOJI3y9IecTr u 1epOPMUPOBAHUSI, KOTOPBIE mopoxkaaer npumensemoe OC ¢ mpo-
U3BOJIbHBIMI MAaTepUajbHBIMUA (DYHKIUSIMHU I[P PA3HBIX THUIIOBBIX IIpOTpaMMax
HATPY2KEHUsI, U UX 3aBUCUMOCTHU OT TIapAMETPOB [IPOTPAMM HATPYXKEHUSI U XapaK-
TEPUCTUK MaTepuajbHbIX (QyHKIuit. B wacTtHOCTH, TpebyeTcsi CHCTEMHOE HCCJie-
JioBaHUe apceHaJsa Bo3moxkHocreit juneiinoro OC Bouibiimana—Bosbreppbl

3
€ij(t) = eij + €0dij, eij(t) = §H8¢j(t), 6 = ILyoy, (1)
oo(t) = 0u(t)/3, sij =0y —00dij, O(t) =30 = €4(t),
" ¢
Iy = / II(t — 7)dy(r), TIlgy = / o(t — 7)dy(r), t>0, (2)
0 0

C JIByMsl [IPOM3BOJIbHBIMU MaTepuasbibivu dbyaximsamu 11(t) u Ig(t) (byuxu-
SIMHM  CJIBUTOBOIT 1 00bemHON mosdyuectn) [1-3|, msydenue obmumx CBOHCTB TIO-
POXKJIAEMbBIX MM 0a30BbIX TEOPETHYECKMX KPHUBDLIX, BBHITEKAIONMX U3 ITOCTY/JIATOB
0 HACJIEJICTBEHHOCTH, JIMHEHHOCTH ¥ MHBAPMAHTHOCTH OTHOCUTEILHO CIBUTOB 110
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BPEMEHHU OIepaTopoB (2), CBA3BIBAIONINX UCTOPUH U3MEHEHHsI KOMIIOHEHT JICBUA-
TopoB 8§ = 0 — 0pl, e = € — g9l u mapoBeIX YacTeit TEH30POB HapsKeHuit o (t)
n Masiblx jrecbopmanuii €(f) B IpOU3BOILHON TOYKE Teja, U IocTyaaTa 00 OTCyT-
CTBUU [IEPEKPECTHOIO BJIMSIHUSI [IAPOBBIX U JIEBUATOPHBIX YacTeil TeH30poB o (1)
u g(t) Apyr Ha JApyTa. DTO MOJIE3HO Jisi BBIOOPA UJIH OCTPOEHHUsI H0JIee CI0KHBIX
U TOYHBIX HEJTUHEHHBIX MOJIEJIEN TOBEeJIEHUs] PEOHOMHBIX MATEPUAJIOB, UCIOJIb3Y-
IONIUX JTMHEHHYIO TEOPUIO HAC/IEICTBEHHOCTH 1 0DOOINAIOIINX €€ B OlPeIeIEHHBIX
acreKkTax, Jiisi UX UAeHTUMUKAINN, aTTeCTAIlA U COIOCTABJIEHUS, a TaKXKe JIJIst
KOHTPOJIsT TAHHBIX UCIBITAHUI MATEPUAJIOB 1 aJeKBATHON MHTEPIpETAINT HAOJTIO-
naembix 3¢ dexron. Beap smueiitnoe OC (1) urpaer posib ¢cBOOOPA3HOTO «OKYJIsi-
pa» Jisi HABJIIOJIEHUsT U OTCYETHOMN Ga3bl st CONOCTaB/IeHNs! (U UIEHTUMDUKAIMN ),
10 OTHOIIIEHUIO K KOTOPOil €CTECTBEHHO U3y4aTh 3(PMEKThl HEJTUHERHOIO MMOBeIe-
HUsI MaTepuasoB (OTKJIOHEHUs OT IIPEJICKA3aHUN JTMHEHHON Teopnr KaK HadaJlb-
HOTI'O HpI/I6.HI/I)KeHI/IH), Ha,6.HIO,ZLa,eMbIe B UCHIBITaHUAX W OIIMCBhIBa€MbIC Pa3JIMIHBIMHA
nesmueitnbivu OC (HO He onumchiBaemble JinHeiHbIM). Hepesko cirydaercst, 4To
HEJIMHEHHOCTH MOBEJIEHUsT MaTepuia MPUINCHIBAIOT 3(h(MEKTHI, aJeKBATHO OIM-
chIBaeMble B paMKax JIMHEHHON Teopuu, BHITEKAIOIIHE JIUIIb U3 HAJTUIUsT HACTIE -
CTBEHHOCTH ¥ IPUCYIIHE 6ceM (TOUTH BCEM ) JTMHETHO-BA3KOYTIPYTUM MaTepHAAIaM
(upu OCTATOYHO MAJIBIX J1eDOPMAIUSIX U CKOPOCTSIX).

Jannast craThs mpojo/Kaer MUK pabotr [62-71] (u ap.) Ho cuCTEeMHOMY HC-
CJIEJIOBAHUIO KOMILIEKCA MOJIEJIMPYEMBIX Peosiornyeckux 3hdekTos, chep Bius-
HUSI MaTepHabHBIX (DYHKIWI, TpAHUI 00JIaCTH IIPUMEHUMOCTU U YJIOOHBIX JIJIst
POBEPKH TI0 JTAHHBIM UCIIBITAHUIT MATEPUATIOB NHANKATOPOB (HA)IPUMEHUMOCTH
muueitnoro OC (1) n dusnvecku mesuneitnoro OC

cia(t) = SBLO)o (1) o3y — 00ds] + 320(Lo(0)s

’ (3)
L(t) = HO’, Lo(t = H()O'(),
C YeTBIPbMsI NMPOU3BOJIbHBIMU MaTepuasibibivMu dyukimsamu 11(t), ®(z), Iy(t),
®y(x). 3mech 0p(t) — cpenmee nanpsizkenne, o(t) — HHTEHCUBHOCTD HAIIPSIZKEHHIA.
OC (3) — oauH U3 BApUAHTOB PACHPOCTPAHEHMsI HA TPEXOCHBIH Cirydail HeJnHeil-
HOI'O ypaBHEHUsI

o(e11(t)) = /OtH(t —71)do (1), wnmm e1(t) = ®(L(t)), P:= o1,

upeioxkenaoro FO. H. Pa6orroBbiM [72, 73] B KauecTBe 06OOIIEHNUsT OJIHOOCHOIO
muneitnoro OC (1) myrem BBejleHHsI BTOPOi MarepuasbHOil dynkiun ¢(u) (mo-
JIpobHyt0 6ubrorpaduro 1o TUM TeMaM cM. B paborax [62,64-66,69,71]). OC (1)
1 (3) ONUCHIBAIOT TPOIECCHI U30TEPMUIECKOTO J1eDOPMUPOBAHUS HECTAPEIOIINX
U30TPOIHBIX BA3KOYNPYTUX cpej. OHU CBA3BIBAIOT UCTOPUH U3MEHEHUSI TeH30POB
(maseix) gedopmarmii €(t) n HanpsikeHuit o (t) B IPOM3BOJIBHOI TOUYKE Tesa B
IPEeAIIoJIOZKEHNN OTCYTCTBUA B3aUMHOI'O BJIMAHUA MIAPOBBLIX U JIEBUATOPHBIX Ya-
creii rersopoB e = € —gpI u s = o —op I (1. e. He3aBUCHMOCTH 06BEMHOIT J1edop-
maruu 0(t) or KacaTeJabHbIX HAPSZKEHHI, & CABUIOBBIX jiechopMaruii o cpeJiHero
HANpsiKeHus: 0g(t)) U OTCYTCTBUSI BJIUSHUSI TPETHUX WHBAPUAHTOB TEH30DOB [1-
3,62]. Muoxurens 3/2 soecen u3 dyukuun nosusydectu (OII) II(¢) B (1) mas
yao0cTBa cpaBHEeHHs ¢ pedyiabratamu aHaansa Hesauneiinoro OC (3) ¢ ®(z) = z.
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Konkpernbre 3a1a4m 1anHOi cTaThl — U3y deHUE OOIINX KAIeCTBEHHBIX CBOMCTB
CeMeNCTB KPUBBIX 00bEMHOI0, OCEBOI0 U ITOIEPETHOIO J1e(POPMUPOBAHUS U 3aBU-
cumoctu KIT/T ot Bpemenn, kotopsie mopoxaaer OC (1) ¢ npoussosbabimu OI1
I1(t), ITy(t) upm OMHOOCHOM HATDYKEHUH

o11(t) =bth(t), o4j(t)=0upui+j>2, (4)

¢ 1mocTOsiHHOIN ckopocThio b # 0 (3mech h(t) — byuknus Xesucaiina), axauns
BJIMSIHUSI HA HUX CBOMCTB OOBeMHON (DYyHKIUM ITIOJI3Y9YeCTH, B YaCTHOCTHU, IPE-
HeOpexKkeHns OOBLEMHON MOJI3YYeCThIO, a TAKXKe UX COLHOCTABJIEHHUE C TUINYHBIMU
CBOIICTBAMM KDPUBBIX MCIIBITAHUII PEOHOMHBIX MATEPHAJIOB M MOMCK WHIUKATOPOB
nenpumennmoctn OC (1) (MEAMKATOPOB IPAHUIIBI OOIACTH JTHHEHHOCTH).

1. MunumaiabHble OrpaHnYeHus Ha MYHKIUU [I0JI3Y Y€CTH JIMHEHHOTO
OC (1). O6pamenne OC (1), kak uzBecrro [1-4|, nmeer By

_2
3

Ry::/0 R(t — 1)dy(7), R0y3:/0 Ro(t = 7)dy(r), >0,

oo =Rob, si(t) R eij,

()

rie dyukipn pesakcaryu R(t) u Ry(t) cesazaner ¢ @I IT u Iy uarerpasbabiMu
ypaBHeHI/IHMI/I

/t R(t — P)I(r)dr = 1, /t Ro(t — I)llo(r)dr = ¢, 10,
0 0

BBIPAXKaIOMINMHU yCJIOBUsT B3amMHO#M obparHocTm omeparopoB IIR = RII = 1
u ITo Rog = RoIIy = I. Oyuxiun monsydectn un penakcarun 11(¢), o(t), R(t),
Ry(t) B OC (1), (5) upemmonararorcs: HOJOKUTEIbHBIMUA U JindbepeHnnpyemMbl-
mu Ha (0;00), dysknuu II u Ilj — Bo3pacTaomuMn 1 BBILYKJIBIMU BBEPX [63—
67|, a R u Ry— ybObiBatonuMu 1 BbinyKibiMu BHU3 Ha (0;00), R u Ry moryT
UMETh UHTEIPUPYEMYIO OCOOEHHOCTH WJIU O-CHUHIYJISpHOCTH B T. t = 0 (csarae-
moe nd(t), n > 0, 0(t) — nenmvra-pynknus). V3 stux yciaosmit ciremyer, B 9acT-
HOCTH, cyliecTBoBaHue mpejenoB R(+o00) = inf R(t) > 0, R(0) = sup R(t) > 0
(y(0) := y(0+) — obosnauenne jist npejena dysxun y(t) cupasa B Touke t = 0;
R(0) = +o00, ecim R(t) ne orpannuena) u II(0) = inf I1(¢) > 0.

Ecmu 11(0) # 0 u I1(0) # 0 (rakme mozenn OyieM HA3BIBATH PETYJIAPHBIMI),
to R(0) = 1/II(0) < oo u Ryp(0) = 1/IIH(0) < oo (T. e. MIHOBEHHBIH MOIYJIb
capura 2G = 2R(0) u obbemnsblit Moyts K = Ro(0) KoHeuHbl) 1 Ha JHeiiHOM
IIPOCTPAHCTBE HENPEPLIBHLIX KyCOIHO TyiankuX mpu t > 0 dyHKOuii omeparopb
OC (2) u (5) upeacraBuMbI B BHJIe 0OlIepaTopoB Bosibreppsl 6mopozo poja

my = 10)0 + 1t — 7)y(r)dr,

Ry = R(0)y(t) —1—/0 R(t — 1)y(r)dr, t=>=0.

Bce CTPYKTYPHbBIE DEOJIOTTIECKUE MO/IEJ/IN, IIOJIYIECHHbBIE ITOCJIC0BaTC/IbHBIMN

U TTapaJIIeTbHBIME COETMHEHUSAME JTMHEHHBIX TIPYZKUH U 1eMIIEPOB, OMUCHIBAIOT-
cst OC (1). Hanpumep, ®IT

Mt)=at+B—ve ™ X>0, o,8>0, ~ve€l0,0], (6)
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yaoBierBopsier BceM tpeboBanusam K PIT u B ciyuae v € (0; 8), a, S > 0, HOpoxK-
JIaeT BCe YeThIpe CTPYKTYPHO pa3jindHble (HO SKBUBaJeHTHbIE [64]) YeTbipex3Ben-
HbIe MOJIe/TN U3 JIBYX IPYZKUH 1 JIBYX jiemiicbepos (oHn peryasapusl, R = Eje 14
+ Ege™#2' u R(+00) = 0), a npu o = 0— TpexssenHble Mojen Keabsuna
u Ioitarunra—Tomicona ¢ oxauM siemidepoM (OHU Pery/sipHbl U SKBUBAJIEHT-
upl, R = Ee ™ +r u R(+00) = r > 0). Tak xax II(0) = 8 — v, cemeiictso (6)
TTOPOXKTAET HEPETY/ISIPHBIE MOJIEN JIUIIL B caydae ¥ = (:

— npu A\ = 0 HBIOTOHOBCKYIO KUIKOCTE (R = nd(t)),

— upu o = 0 mogens Doiirra (R =nd(t) + ),

— npu « > 0 0be Tpex3BeHHBbIE MOJIETHN C OJTHOI MPYKUHOIM U IByMs JeMiide-

pamu (R = nd(t) + Ee ', R(+o0) = 0).

[Ipu v = 0 (6) maer momeas Makcsemna (R = Ee™H).

2. CaoiicrBa kpuBbix gedopmupoBanusi OC (1) mpu pacrtsizkeHUn

C IIOCTOSIHHO#M CKOPOCTBIO. [Jisi 071HOOCHOTrO Harpy»Kkenusi Buja (4) cpemnee

HANpsiKEeHNe o) = %011 = %bt h(t), a meBMATOD HAIDSIXKEHUiT — JUArOHAJbHBII

Tensop s(t) = ibtdiag(2, —1,—1).! Us (1) cirenyer, uro pesuarop secdopmaryuii

e= %bQ(t) diag(2,—1,—1) nuaronasen, a oobeMHast jgedopmariusi
1
0(t;b) = Ilpop = ngO(t)a t>0, (7)
t t
Q) = / M(r)dr, Qot) = / o (+)dr- (8)
0 0

Y Tenzopa gedopmarlinii € = € + %9 T TOKe OTJIMYHBI OT HYJIS TOJIBKO JIMarOHaJIb-
HblE 3JIEMEHTBHI:

1
e11(t;b) = bQ(t) + §bQ0(t)> (9)
1 1
en2(t;b) = e33(t;b) = —5bQ(¢) + §bQ0(t)- (10)
UnrencuBHocTr Hanpsikenuiit u gedopmanmii: o(t) = (%sijsij)l/z = |b|t = 3|oo],

€= (%eijeij)lﬂ = [b]Q(1).
st si060ii ckopoctu b > 0 ob6semman u ocesasn degopmavuu (7), (9) u unmen-

CUBHOCTND DePOoPMAUUT — NOAOHCUMEALHBIE, BO3PACTNANULUE U BHINYKABLE BHU3 PYHK-
UUU 8pemert, TTOCKOJIbKY

0(t) = %bHo(t) >0, d(t) = ébﬂo(t) >0,
cu(t) = BTI(E) + ébﬂo(t) >0, Z(f) = bTI(t) + ébﬂg(t) >0

(B cuity mosioxkuTenbHOCTH 1 Bo3pacranust PIT).
OrmeruM, yTo (MaTepuaibHasi) GyHKIMs () 3a1aeT ceMeficTBO JuarpaMM Jie-
dopmuposanus (/IJI) 0 — € B uHTEHCUBHOCTsIX (B IapaMeTpuveckoi dopme:

!®yuxmuio Xesucaiina h(t) Gymem omyckaTb, mosaras, 4to ¢ > 0, BpeMs M KOMIIOHEGHTHI
HAIIPSKEHNH cauTaeM 6e3pa3sMepHBIMU.
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o(t) = |blt, € = |b|Q(t)) m cABUrOBLIX AMArPAMM 012 — €12 C HOCTOSIHHBIMU CKO-
pOCTsIME HarpyskKeHusi (ecid 3a/aHa IporpaMMa Harpyzxkenusi o12(t) = bth(t)),
a dynkius Qo (n dopmyna (7)) —obbemubix auarpamm oo — 6. CpoiictBa 00b-
emubIX U casurosbix JIJT (11), saBucsmux toipko or oxuoit ®II, daxrudecku
usydenbl B paborax [63,73].

Yrob6bl nostyunTh siBHOE ypauerue (B hopme € = €(07; b)), ciieyer nCKI0InTh
napamerp t = o /b uim t = 011 /b = 300/b:

S(0,) = [DQo/ 1), o> 0. B(ov, ) = 3bQuBo/D) (1)

(B masbHeiimem GyeM Jist ONPEICIEHHOCTH PAacCMaTpUBaTh ciydai b > 0).

Ypasuenue cemeiicrsa /1/1 moxuHo 3amucars B dopme €(0,b) = 0O(o/b), rue
O(t) := t71Q(t) ocpemmerme OII. Croiictea O(t) amamormdmb cpoiictBam OIT
[63]): ©(t) Bospacralomas rnaskas dbynkua npu ¢ > 0, 211(t) < O(¢) < I(it) <
< II(t) (u6o II(t) Bospacraer n Bhimyksa BBEepx), O(0+) = I1(0), O(o0) = I1(c0),
a @ obuasaer cienyomumu csoficrsamu: Q(0) = 0, Q(o0) = oo, Q(t) =TI(t) > 0,
Q) =11(t) > 0, Q(t) = 11(t) < 0 F(IL(t) + 11(0)) < ¢'Q(t) < IL(3t) < II(t)
upu t > 0.

Ananornuno, ypasuenus (9) u (10) coBmecTHO € 011 = bt 3a1a10T ceMeiicTBa
O e11(0o11,b) m €1 (011,b) upn pacrsikenun, rje € := €99 HouepedHas jaedop-
MaITHsI:

1(o11,6) = b1 /b) + 5bQo(o11/b),

EJ_(O’H,[)) = —%bQ(O’ll/b) + %b@o(o‘ll/b).

Yro6bl nosryunts ypashenusi 11 (11) B dbopme o = o(e,b), cieayer BecTu
B paccmorpenue byuknun F(x) u Fy(x), > 0, obparHble K BO3PACTAIOIIIM

dbyuximsm (8):

(12)

o(e.) = [BIF (/). o0(8,8) = SbFo(36/b). (13)

CaoiicrBa dyukunit F' u Fy nsydenst B [71] (B wacrHOCTH JOKA3aHO, YTO U3 I10-
noxkurenbHocTn n Bospacranus PII ciemyer, uro F' (1 Fpy) Bo3pacramommas Bbl-
nykias seepx dyuknus, F(0) = 0, F(oo) = oo, F'(0+) = 1/I1(0) (B gacTHOCTH
F'(0+) = oo, ecom 11(0) = 0), F'(c0) = 1/II(c0), byukmua F(x)/z yousaer n
F(z)/x > F'(x) upu & > 0. I3 orpanuyenuii II>0, I, >0, II<0, II) <0 na
@Il u cBoiticte byuxnumit @, Qo, F', Fy BeITEKAIOT Cjemayome 06Lu1/1e cBOMCTBa
JUT (13).

Cekymuit u xacarenpubiit Mogyu JIJT (13): o/e = 1/0(o/b) u ol(e,b) =
= 1/¢/ (o,b) = 1/T(c/b). Tak kax €, (0,b) > 0 u o, > 0, mobas I/ (11)
Bozpacraer 1o o, a JIJI o = o(e,b) 6ospacmaem no € upu obom b. Tak kak
®II Bospacraer, 10 £, (0,b) Bospacraer no o u yowiBaer no b, a o.(¢,b) yobi-
BaeT 10 £ u Bozpacraer no b. [osromy mis moboro b > 0 JIJI (11) BbiryKIIbl
Buus, a JJ[ 6 dopme (13) svnykave esepxr na ayue € > 0. Cemeiticrso /1 (11)
yGbiBaeT 10 b, mockobky O(t) > 0 u ©(c/b) ybeiBaer no b, a cemeticmeo JIJI
6 popme (13) 6ospacmaem no b (dem Gosbie CKOPOCTb, TeM Bbime jexut JIJT
o =o0(g,b)), . e. OC (1) MomeupyeT TOIBKO IIOJIOKUTETBHYIO CKOPOCTHYIO 1y B-
creuresnbHoCcTh. JIJI (11) 3aBucur or b, HO MeHosenHbill Modyab (casura G nam
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obbemublit K) ne sasucum om ckopocmu nazpyoicenus: G = ol(0,b) = 1/11(0)
(mrst mozenteit ¢ I1(0) = 0 6yzer G = 00). [Ipn € — 00 KacaTeIbHBIN 1 ceKyIumii
MOJIy/I cTpeMsiTest K obmemy npejeny Goo = R(00) = 1/II(c0) > 0 (ecam PIT
orpanmnyeHa, 10 G, > 0; ecom ke PII He orpannvena, 10 G = 0); JUIHTENBHBILI
MOLysib Goo TOXKE HE 3aBHCUT OT CKOPOCTH HAIDYKEHUSI.

Jobas 11 (7) smexur «Boime» (o ocu €) upsimoii € = II(0)o, Tak Kak
©(t) > ©(0+) = I1(0), a Bce I B dopme o(e,b) mexar nmxe (0 ocu o) 10N
upsimoit. Tounee, B ciaydae I1(0) # 0 (mist peryssipHbIX MOJeJIell) cnpasedsuss
dsycmopornue oyenku st Beex JIJT (11) u (13):

I1(0)o < e(o;b) < II(c0)o, Goce < (e, b) < Ge;

Ho(())UO < (9(0’0,()) < Ho(OO)J(], K0 < Uo(@,b) < K¢. (14)
ITpu b — 400 cemeticmso JIJ] e(0;b) a10600 peeyanapnoti modeau crodumces cBep-
xy (a cemeiicrBo o(e,b) cuusy) x npamoii € = o/G paBHOMEpHO Ha JIOOOM OT-
peske ocu o |63]. [Tostomy npsimasi o = Ge — mruosennas J1J1 OC (1) B ciaygae
I1(0) # 0. K meit xxe cxomures u cemeiictso I/ mpm mocrostHHOIT cKopocTn Jie-
dbopmuposanust [63]. Eciu I1(0) = 0, To G = oo, KacaresbHast K jo6oit JI/T (11)
B HyJle, ropusoHTaibHa, a K JIJI B dopme (13) — Beprukasbha, u cemeiicrso 1/
(o, b) paBHOMepHO cxoiuTes npu b — +oo K npsimoit € = 0. Ilpu b — 0 cemeii-
creo JIJT (11) Beerma cxomurest (cBepxy) K npsiMoit 0 = Gooe (paBHOBecHOi /1)
pPaBHOMEPHO Ha JIOO0M OTpe3Ke Moayoch € > (. DTO BEPHO U B CJIyIae HEOTDAHU-
YEeHHBIX UJIN CUHTYISPHBIX MYHKINN petakcanun. /s cemetictBa oobemubix JIJ1
00(0,b) BCe croiicTBa coxpansitoTcst ¢ 3ameHoit G Ha K.
I (o3 b) umeer acumnroTy pu o — 00 Jiuiib Tora, kKorga OIT orpannyuena
U CXOJIUTCSI MHTErPaT

+o0o
Y = /0 [TT(00) — TI(7)]dr

(oueBmno, Y > 0) [63], ee ypasuenue: € = [I(c0)o — bY, mm 0 = Goo(e + Y'D).
Bee /1 (11) crpemsiTest K acuMOTOTe CHU3Y. YTVIOBOH KOI(DMUIMEHT aCHMIITOTHI
paBeH JmuTeIbHOMY MOyI0 Goo U He 3aBucuT or b. Bonpoc o cyiecrBoBaHum
acumnTor y JIJI He uncTo abCcTpaKTHBIN, IIOCKOJIbKY BBIXOJ Ha ACHMIITOTY (CIIPSIM-
nenne JIJI, peskiM «TMHEHOrO YIPOUYHEHUsT» ) MOYKET IIPOUCKXOUTH OBICTPO B pa-
boueM nmanasoHe gedopMaIii 1 HAIPSI>KEeHMIA.

Hanpumep, y mogeseit ¢ @II (6) Q = Jat® + Bt —yA~ (1 — e ) u cemeiicrso
JJ1 (11) sanaerca ypasuennem £(o,b) = 1ab lo? + fo — yA71b(1 — e /b)),
o > 0. MruroserubIit Moyms G = (8 — ) ™1 y Mozeneit ¢ v = 3 (cuHryIapHBIX)
G = oo. Ecom o = 0, 1. e. y mogmeneit @oiirra (¢ v = ) u KenpBuna (y €
(0;8)), 1o II(c0) = B < 00, Y = /A, Goo = B, u JJI umeer acumurory
o=pB"te+y2"1b).

Ha puc. 1 npusenenst /1 momenn Kenpsuna (PII (6) ¢ a = 0) mpu A = 0.1,
B = 0.01, v = 0.009 (torma G = (B — )~ = 1000, G, = B! = 100, Bpems
perapramum 7 = A~' = 10) mns ckopocreit b = 0.01;0.1;1;10 (xkpusble 1-4).
[IITpux-nyHKTUPHBIE IPsIMbIe — MIHOBeHHast 1 pasHoBecHas I/l 0 = Ge n 0 =
= Gooe, burypupyromue B ornenke (14), k HuM cxomures npu b — oo u b — 0
cemeiictBo /1 ¢ mobbim A. [Iist cpaBuenus npusenenst JIJI monermun ¢ A = 0.05
(mrpuxosbie kpusble 1'-4').
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Puc. 1. Huarpammer medopmupoBanust aByx mogeneit Kempsurna ¢ A = 0.1
(kpusbie 1-4) u A = 0.05 (xpusbie 1'—4")
[Figure 1. Stress-strain curves generated by the standard linear solid models
(models (6) with o = 0) with A = 0.1 (curves 1-4) or A = 0.05 (curves 1'—4’)
at stress rates b = 0.01;0.1;1; 10]

Ocesble gedopmarmn (9) u I/1 (12) upu pacrsikenun €11(o11,b) 3aBucart or
obenx PII, HO Bce KauecTBEHHbIE CBOMCTBA y HUX TaKWe K€, KaK y CIABUTOBBIX U
o 1 _ 1
obbemubix JIJI, nmockosbky obosnadenuem Iy (t) := I+ gIlp (Torma Q1 = Q+5Q0)
OHU NPUBOJATCSA K BUJLY

e (t;0) =0Q1(t), e11(o11,b) = bQ1(o11/b),

cosnaaommemy 1o dopme ¢ (7) u (11), rae bdynkuns I1;(¢) obranaer Temu xe
ceotictBanm, wro uw OI T1 u Iy Ty(t) > 0 Ty (t) > 0, [y(t) < 0 mpu t > 0.
B uacrrocTu, st yioboro b > 0 dyukuu £11(t, b) u €11(011,b) nosoorcumenvrioL,
s03pacmaom u evnykav, 6nus, mobas I/ 6 popme o11(e11,b) 603pacmaem u 6vi-

ny?ﬂ/ba 66EPIT MO €11 U y306ﬂ6m80pﬂ6m Oueﬁne
I1,(0)o11 < e11(011,b) <Ii(00)o11, Escerr < o11(e11,b) < Fery, (15)

e B = 1/111(0), Es := 1/II1(c0) = 0, a cemeticmeo /I o11(c11,b) Bo3pacraer
mo b n cxomures npu b — 0 kK npsimoit 017 = Eooe11, a mpu b — 00 — K 1psamMoit
o11 = Feyy (npu yenosun E < oo, 1. e. korza I1(0) # 0 nm I1p(0) # 0). Kpome
Toro, cemeticmeo JIJI o11(11,b), Kax u cemeticmsa cO8u206vLx, 00BEMHBIT U NO-
nepewnvir /1 (11), (12), obaadaem ceoticmeom camonodobus (MHBAPHAHTHOCTH
OTHOCHUTEIHHO OJTHOIAPAMETPUIECKON TPYIIIBI PACTSZKEHUI TIIOCKOCTH 0 —£): 10~
6as JIJ[ o(e,b) noaywaemca us oonoti [/1 o(e,by) pacmasceruem 6doav oceli o
u € ¢ koappuyuernmom b/by. Hapymenne soboro us stux coiicts /1/1 B ucubrta-
HUSIX Marepuasa (CM., Haupumep, blrykibe Bans /1 B [40,41,45-48|) — saBHbLii
NpU3HAK HEJUHEHHOCTH €ro MOBeICHUSI.

Ionepeunasn degpopmayus (10) He obsizaHa OBITH HEM MOHOTOHHOI, HU BBIITYK-
JIOit BBepX (PYHKIMEH, MOCKOIBbKY pyHKIms [1| = —%H + %Hg He TTOTINHSIETCs
orpanndenusaMm Ha OII: €] = e99(t,b) moorcem ybwsams usu 603pacmamsv Ha

680



Amnanns BusiHUST 06BEMHOH IIOI3Y9€CTH Ha KPUBBIE HATDYKCHHSL. . .

ecem unmepsane t > 0, Moocem UMEMD MOUKU IKCTPEMYMG U nepeauba u Mme-
Hams 3nax. Tak Kak

&1 = — QD)+ bQolt) = — b +gbTIo(1), &1 = — JbIT(H)+ SbiTg(r), (16)

opu b > 0 Kpurepuu (HECTPOroro) BO3pACTaHUsi U BBIMIYKJIOCTH BHU3 € (t) Ha

HEKOTOPOM HHTepBajie BpeMeHu umeror suj Ilo(t) > %H(t) In f[o(t) > %f[(t),
a ypaBHeHHs! JUlsl TOUeK 3KcrpemyMa u nepernba — Ilo(t) = JII(t) num () =

= %H(t). [TockosibKy OHE He 3aBHUCAT OT CKOPOCTH b, TOYKHU IKCTPEMyMa WJIH

nepernba Bcex KPUBBIX € | (f,b) CHHXPOHHBI (€C/IH OHU €CTb).

ITpuMEP 1. Paccmorpum mozens (1) ¢ ®@IT mogenn Kenbpuna

= B—vye M, Tp = Bo—70e” ", X, B, Ao, Bo > 0, v € (0; 8), 70 € (0;Bo). (17)

Buech 7 = A u o = Ao 1 Bpemena perapianum npu caBAre U U3MCHEHHH
o0bema; G = I/H(O) = (B - 7)717 G = 1/H<OO) = 6717 K = 1/H0(O) =
= (Bo — )Y, Koo = 1/Ty(c0) = ﬂo_l ~— MIHOBEHHBIH W JJTUTEIbHBIA MOy
capura u oobemuble Moyn. st momenn (17)

Q=pt— A" (1—e™), Qo=pot- ’yo)\gl(l — e,

‘1= éb[(% + o)t = 97ATH(1 = e7N) + 020 (1 — ),

e1 = 2 b2 — 98t + 99NN (1 — M) — 25 (1 — )]
Cornacro (16), ycmosne sxcrpemyma s €] (t) umeer sug 2(fBy — yoe ) =
= 9(B — ve™™). B obuiem ciyuae 5T0 ypaBHeHHe uMeeT He 60/ee IByX KOPHEil.

Ilpu A = \g €, = %b[(9'y — 2y9)e M + 28y — 98)] u yciaoBue sKCTPEMyMa
umeer s e M = C, C := (98 —2B) /(97 — 27). Ec;m C € (0;1), To na moy-
ocu t > () CyImecTByeT eMHCTBEHHAS TOYKA SKCTPeMyMa t, = —A"'InC (Touxa
Makcumyma, ecian 9y > 27g, u MuauMyMa, ecan 9y < 27g), B IPOTUBHOM CJIydae
e (t) monoToHHa 11pH Beex b. OTMETHM, YTO B yCJIOBUSAX HOJIZYIeCTH jeOpMariust
£ (t) mozmesu ¢ A = g He MOXKET MMeTh TOYKHU dKCTpeMyMa [67].

IIpu A # Ao u o # 0 £ (t) Momesu (17) MoXKeT UMETH ¥ J[BE TOUYKH SKCTPEMY-
Ma, IIOCKOJIBKY € | (£) MOKeT ObITb HEMOHOTOHHOI: €| = 15b[270Age ! =9y e ],
g = 0 mpu A2 = 990/(2y9)g), m €1 (t) mmeer (eaMHCTBEHHYIO) TOUKY
3KcTpemMyMa Ha moJsiyocu t > 0 B AByX ciydaax: A > Ag u 9yA > 299\ wim
A< A u IV < 29N B ciyuae 9 = 0, korga Ip(t) = const (mer obbem-
HOiT nosisydecrn), umeeM 0 = [ooo(t), €1 = %b[@ﬁo —98)t + IYATH(1 — e,
€1 = 15b[(9ve™ M + 28y — 9B)], u (enuHCTBeHHAs) TOUKA SKCTpeMyMa € | (t) cylie-
creyer npu yenosun H := (98 — 20y)/(97) € (0;1), a B nporusHOM cityuae € (t)
MOHOTOHHA TP BCeX b.

Ha puc. 2, a npusesenn! rpaduku jgedopmanuii £11(t) (kpussie 1-3), 6(t)/3
(kpuBble 4-6) u € (t) = €92 (kpuBble 7-9) mist ckopoctu Harpyzkennst b = 0.01,
nopoxennsie (eMm. (7), (9), (10)) rpemst momesnsivu Buga (17) ¢ oAMHAKOBBIME
capuroeivu PITTI(2) (A = 0.1, 8 = 0.010, v = 0.008 u 7 = A~ = 10) u pasubMu
oobemubivu PIT Ily(t), ommmaaromumucs BpeMeHaMI PeTapAaIiu T = A 1.
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1) ¢ Ao =0.01 < A\—xkpusble 1, 4, 7;

2) ¢ Ag = A = 0.1 —kpusse 2, 5, 8;

3) ¢ A\p =1 > XA—xpussle 3, 6, 9.
Suauenust By = 0.035 u v = 0.015 oguHaKOBBI y Beex Mojeseit. [lpumeuaresinb-
Hbl HEMOHOTOHHOCTb (HAJ/IMYMe TOYKU MAKCUMyMa) M CMEHa 3HaKa IIONePEeYHOMN
nedbopmaruu € (t) (kpusbie 7-9, 13). Ilrpux-nyukrupusle jgunann 11, 12, 13—
jgedopmarun i Mojiesn ¢ A = 0, T. e. MOJIEJIU C YIPYIUM O0ObEeMHBIM Jedop-
MUPOBAHUEM U TeM YKe MTHOBEHHBIM 00beMHBIM MogyteM K = (Bg — v9) ™t = 50,
a jmaun 117, 12/, 13" — nna mogenu ¢ y9 = 0, T. e. 00bEMHO-yIPYTOil MOJIe/In
C TeM Ke JIUTeJbHBIM MojyiteM Koo = By L'~ 29. Kpusbie aedopmuposarus
9TUX JIBYX MOJIEJIEll TAl0T HUKHIOIO U BEPXHIOIO ONEHKU CHU3Y I JedopMariuii
Bcex Mojiesieit ¢ A > 0, a TakKe MUHUMAJIbHBIH M MaKCUMAJLHBII WHTEPBAJIbI
HOJIOKATENILHOCTH € | (1) B OKPECTHOCTH HYJIA.

ITPUMEP 2. Paccmorpum dpakTanbHyio Moge b MakcBesa cO CTEeHHBIMU
OII u HenpepbIBHBIME CIIEKTPAMU PETAPIAIMH U PEJIAKCAIIIH:

II=B+AtY, TIlyp=By+ AotY, u,wé€E (O, 1), B,By >0, A Ay>0, (18)
Buecs G = 1/T1(0) = B!, G = 1/T(00) = 0, K = 1/T1y(0) = By', Ko =

= 1/Hp(o0) = 0. Tax kax Q = Bt+A(u+1)"1" 1 u Qo = Bot+ Ag(w+1) 1wt
corstacto (10) umeem

1
£l = 1781)(23075 — 9Bt + 240 (w + 1)1t — 9A(u + 1)1,

gL = T18b(2Bo — 9B + 2A0t"Y — 9Atu)
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Puc. 2. T'paduxn medbopmanmii, Berauciaennsie no dopmymam (7), (9), (10): a) masa mMoneseit
Buga (17); b) na moneneit suma (18)
[Figure 2. Strains (7), (9), (10) as functions of time at stress rate b = 0.01: (a) curves €11 (¢) (1-3),
0(t)/3 (4-6), and e, = €22 (7-9) generated by the models (17) with different bulk compliances
(with various retardation times); (b) curves generated by the model (18) with different bulk
compliances which differ in the exponent value: curves 1, 4, 7 (w = 0.2 < u), curves 2, 5, 8 and
3, 6, 9 (w=u=0.5), curves 11, 12, 13 (w = 0.8 > u) are strains €11, 6(t)/3 and ¢, generated
by the model with Ag = 0 neglecting bulk creep (i.e. simulating elastic bulk deformation)]
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OuesnHo, ecau w > u, To Upu t — oo monepednas gedopmanus € (1) — +00
u ¢ (t) Bo3pacTaeT Ipu JOCTATOYHO OOJBINNX t, a eci w < u, TO £ (1) — —00
u ybbisaer. Ecmn w = u, 10 €1 = £bt[2By — 9B + (249 — 9A)(u + 1)~ 1tY],
ypaBHeHwUe J[JIs ToueK sKcrpeMmyMa (249 —9A)t" = 9B — 2B\ uMeeT €JMHCTBEHHOE
pemenne ¢ = CY% C := (9B — 2By) /(240 — 9A) 1pu yenoun C' > 0 (f Touxa
Makcumyma € | (t), eciim 9B — 2By < 0 u 249 —9A < 0, 1 TouKa MUHUMYyMa, €CJIH
9B — 2By > 0u 2Ap —9A > 0), a npu C < 0 gedopmarnus € (t) — MOHOTOHHAST
dyukmusa wa mosyocu t > 0: yowmBatomas mpu 249 — 94 < 0 m Bo3pacraromas
upu 249 — 9A > 0. Ilpu w # w £ (t) MOXKET UMETHb ¥ JIBe TOUKH IKCTPEMYyMa,
IIOCKOJIBKY €| = 1—18b(ZAO’u)t“”1 — 9Aut*"1) u &, (t) umeer PoBHO OjHY TOUKY
skerpemyma t = (9Au/2Aqw)/ (W=,

Ha puc. 2, b upusenensr rpadurn medopmanuii 11(t) (kpusse 1-3), 6(t)/3
(kpusble 4-6) u € (t) = 92 (kpuBble 7-9), st b = 0.01, MOPOXKIEHHBIX TPEMsI
mozesisimu Bita (18) ¢ ogmuakoseivMu casurossivu PIT II(¢) (c uw = 0.5, A = 0.05,
B = 0.05) u pasubivn obbemusivu PIT IIg(t):

1) ¢cw=0.2 <u—xkpusble 1, 4, 7;

2) cw=u=0.5—xpussle 2, 5, 8;

3) ¢ w=0.8>u—kpussie 3, 6, 9.
[Mapamerper Ag = 0.1, By = 0.01 dukcuposanbl. B ciayuae w = 0.8 > u jedop-
Marst € | (t) umeeT ToOUKy MUHUMYMa (KpuBast 9—upu t /& 25, T.e. 3a mpejiesiaMn
PHCYHKA), Jlajlee BO3PACTACT U CTAHOBHUTCS TOJIOKUTEIHHOI. UTOOBI IIPONILIIOCT-
puposaTh 310t 3bdekT, npusenera gedopmars € () mogenu ¢ Ag = 0.2 (Bmec-
To Ag = 0.1), By = 0.01 u w = 0.8 (mrpuxosast kpusasi 10). Ormernm, 9To
£ (t) MeHsteT 3HAK C IJIIOCA Ha MHUHYC, B oTaudue ot € () momesn (17), mMensio-
miei 3HaK ¢ MuHyca Ha wioc (puc. 2, a). [lrpux-nyukrupase jguann 11, 12, 13—
nedbopmarun €11, /3 u ) s mogemn ¢ Ag = 0 (n By = 0.01), 7. e. mozmenn
C JIUHEHHO-YIIPYTUM OOBEMHBIM J1e(hOPMUPOBAHIEM.

Ha puc. 3, a mpuBenennl quarpaMmMbl 00LEMHOIO, OCEBOI'O U TIOIIEPETHOrO Je-
dbopmuposanus (11), (12) masa Tex xke mogeneit (18) (u ¢ Toit ke HyMeparmeit
KpuBbIX 1-13), uTo u Ha puc. 2, b, HO B ¢popMe 3aBUCHMOCTEli OCEBOIO HAIPSIZKE-
uus o011 = bt (mpu b = 0.01) or gedopmarmit €11, € u 0. Toukam sKcTpemMmyma
KpUBLIX € (t) ¢ puc. 2, b COOTBETCTBYIOT TOYKH C BEPTUKAJILHOI KacaTeJbHON Ha
kpuBbix Ha 9, 10, 20 puc. 3, a. [lononuurenbHas mTpuxoBas Kpubas 20— nua-
rpamma o11(e1,b) momenu ¢ Ag = 0.2, By = 0.01 u w = 0.8 (kak u 10), HO Jy1s1
ckopoctu Harpyxenus b = 0.02.

Ha puc. 3, b npusejieHbl quarpaMMbl OCEBOIO U TONEPEIHOTO J1ehOPMUPOBa-
mus (12) momemn (18) ¢ w = 0.8, Ag = 0.1, By = 0.01 (kpusbie 1-5 u 6-10)
u moziesn ¢ Ag = 0, 7. e. 6e3 06beMHOI 1o3yydecTH (IITPUX-IIyHKTUPHBIE JIH-
aun 1'-5" u 6'-10") s pasubix ckopocTeit Harpy»kenust: Kpusble 1-5 u 1'-5 —
O o11(e11,0) moa b = 0.001; 0.01; 0.1; 1; 10, a kpusbte 6-10 u 6’'~10" — nome-
peansie /T o11(e1,b) mas b = 0.001; 0.005; 0.010; 0.015; 0.020. st oceBbix
JJI ckopocTn mpoberaioT YeTbipe MOPSIKa, & He OJUH, IMOCKOJbKY CKOPOCTHAs
qyBCTBUTEIbHOCTD noniepednbix JIJI 6-10 snauntessro Boime. Ocebbie [1J1 aByx
MozIesieit ¢xoxKku 1o (opMme, a uX OTKJIOHEHHUE JIPYT OT Jpyra YMEHbIIAETCs C PO-
crom b. ITonepeunsie JIJ1 6'~10" momenn 663 06beMHOI MOI3yYecTH Ka9eCTBEHHO
COBEPIIIEHHO MHbIE — BCE OHU OJIHO3HAYHBI, MOHOTOHHBI M BBIYKJIbI BBepX (£ (1)
HE MeHsieT 3HaK UM He UMeeT TOYKM MUHHMyMa), B orsindne oT /I 6-10 momenn
¢ 06'bEMHOIT TOJI3YYECThIO.
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Puc. 3. Imarpammbl 0CEBOrO U monepedHoro jaedbopMUpoBaHus: &) i YeTbipex mozeneit (18)
npu b = 0.01; b) mua momemm (18) ¢ w = 0.8 u Momesnm 6e3 O6BLEMHOIN MOMBYIECTH IPH PASHBIX
CKOPOCTSIX HATPY KEHUST
[Figure 3. Stress-strain curves for axial and lateral strains: (a) dependences of strains 11, €1 and
0 on stress 011 = bt generated by four models (17) at stress rate b = 0.01; numeration of curves
coincides with the numeration on Fig. 2, b; (b) stress-strain curves o11(€11,b) and o11(eL,b)
generated by the model (18) with w = 0.8 (curves 1-5 and 6-10) or by the model neglecting bulk
creep (dot-dashed curves 1'-5" and 6'-10") at different stress rates (b = 0.001; 0.01; 0.1; 1; 10
for axial strains and b = 0.001; 0.005; 0.01; 0.015; 0.02 for lateral strains)]

3. KoaddunuenT nmonepeuHoit medopmariuyu Ipu pacTI>KeHUN € IIOC-
TosiHHO# ckopocTbio. [lonemus (10) na (9), naitnem KIT/I npu varpyxenunn (4):

eL  19bQ(t) —2bQo(t) 1 3Qo(t) (19)

A T2 Qo) 2 180 + 200’

NJIn
1 3 9
v(t) = f26), @) =5~ g = 1 e (20)
_ 3& _ 0 o EQO(t) (21)

W=""=2"300

Baeco £(t) —mapamerp Buga 1eOPMUPOBAHHOTO COCTOsIHUS, z = sgnb = =+1,

€ = (%eijeij)l/ - |b|Q(t) — unTencuBHOCTDL Jedopmaluii. AHAIOTHYHBIN T1apa-
MeTp BHJia HAIIPSIKEHHOIo cocTosinust &, := 300(t)/o(t) = bt/(|b|t) = z He 3aBu-

cur or Bpemenu. Hezasucumocts KITJI (u napamerpa (21)) or ckopocrtu Harpy-
JKEHUsl M ee 3HaKa — cylecrBenHoe ormune juneitnoro OC (1) or HesmHeRHbIX
OC BA3KOYHPYrocTH. 9mo c60lcmeo, €Cau OHO He BBIIOIHSACTCH B UCIBITAHH-
SIX HEKOTOPOIO MaTepuasia Ha HarDyzKeHHe ¢ PA3HBIMU CKOPOCTSIMU, MONHCHO UC-
NOAB306AMD KAK UHOUKAMOP HEAUHETHOCTNU €20 NOBEEHUA U HENPUMEHUMOCTIL
aunetinozo OC (1). Ecan ke ono BeimosHsiercst (cM., nanpumep, [20]), To 310
apryMeHT B II0JIb3Y HIIOTE3bI O JUHEHHO-BA3KOYIIPYTOM [OBEJCHNN MATEPHAIA.
Tax xkak Q(t) > 0u Qo(t) >0mput > 0,100 >0,&>0muv(t) <0.5 U3
Q(t) > 0 (m e. w3 II(t) > 0) crenyer onenka cuusy: v(t) > —1. Takum obpasom,
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Jutst sobbix @I B OC (1) BepHa onenka

-1<v(t) <05, t>0. (22)
[Toxkaxkem, uTo oHa TOYHA. Tak Kak Q =1l u Qo = Iy, mo npasuy Jlonura-

ast upegesl £(04) u £(o0) mpu t — 0+ u t — +00 COBHAJAIOT C IPeIeIaMu
ornomenust P := £2I1o(t)/I1(t):

§(04) = P(0), &(o0) = P(oo), v(0+) = f(P(0), w(o0) = f(P(c0)). (23)

[Mosromy myist mogesteii ¢ Ip(0) = 0 (o6bemuo Heperysipabix) u I1(0) # 0 dopmy-
na (21) naer B npegene npu t — 0+ Besamuanny £(0+) = 0 u o (20) v(0+) = 0.5
Jytst mo6oro b > 0, a jyist mogedeit ¢ I1(0) = 0 u IIp(0) # 0 £(0+) = oo u 1o (20)
v(04) = —1.

U3 (23) cieayer, uro dbyuknus v(t) Beerja uMeeT rOpu30HTATIBHY IO aCUMIITO-
Ty npu t — 400, TIOCKOJIbKY Tipejiest v(oo) (paBHoBecHoe 3uadenune KIIJT) Beerma
koneuen: v(oo) = —1, ecom P(o0) = 00, n v(o0) € (—1;0,5], ecom P(00) < 00.
Kpowme Toro, nauasvroe u pasnosecroe snavenus KIL[ npu nazpyosrcenuu (4) ma-
Kue ofce, KaK 6 YCAOBUAT NOAZYHECTNU NPU NOCTNOAHHOM Hanpadxrceruy [67].

KIT/T (19) npu varpyzkerun (4) MOXKeT ObITH OTPUIATEBHBIM, TIOCKOJIbKY BO3-
MOXKHO € (t) > 0. Kpumepuii ompuyamesvrnocmu v(t) Ha HEKOTOPOM HHTEPBAJIE
BPEMEHN NIPU PACTSIZKEHUW UMEET BUJL

Qult) > Q1) (24)

B zaBucumoctn ot KoHKpeTHBIX cBOWCTB PII (0T CcTPYyKTYpHI MHOXKECTBA HYyJIeit
Z:={t|t>0,Qo(t) =4.5Q(t)} byukuun ¢, (t)) sra obracrs (24) Moxker OBITH
IyCTO#i, MOXKET COBHAJATHL C MOJIYOChio t > 0, & MOXKET COCTOSATH U3 HECKOJIbKUX
KOMIOHEHT cBsizHoCTH (mHTepBasos). Eciu I1(0co) < oo u Ilp(oco) > 4.511(c0), To
obactn (24) comepxkut ayd t > ty, vae t, = sup Z < oo. Ecsm I1(0) > 4.511(0),
10 0b6acTh (24) comepxkuT npasyio okpectHocTh Hyst (0;t), tae to = inf Z > 0.

1z (19) caenyer, uro KII/I v(t), Boobuie rosopsi, He mocrosinen. Kpurepuii
ne3aBucumoctu KIIJI or Bpemenu mnpu pacTKeHUU C MOCTOSHHON CKOPOCTBHIO
(1. e. kpurepwmii ocrostucTBa £(t) = k, k > 0, B cuny (20) Hajmaraer cBs3b Ha
casuroByio u oovemuyio PII OC (1): Qo(t) = 3kQ(t) mpu ¢t > 0, T e.

To(t) = 3kII(t), t> 0. (25)

B cuny (20) £ = 3(0.5 — v)/(1 + v). OueBunno, ToxkaecTso (25) obecrednBaer
(B cuty OC (1)) nmocrosirerso KITJT ipu 0fHOOCHOM HarpyKeHHUH 110 JII060i mpo-
rpamme o711 (t). B gacrnocrn, ToxaectBo (25) BBIHOIHAECTCS JIIsT HECXKIMAEMOTO
marepuada (¢ Ily(t) = 0), korma v(t) = 0.5 o (19).

KIIZ (19) upu narpyxennu (4) ze o6si3an 66T MOHOTOHHON (yHKIHeit. [To-
ckosbKy u3 (20) mveem

() — 3806 +26(0) —2(e) __18E()
- (6+26(2)? TGt
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10 3HaKu U(t) u —&(t) ONMHAKOBEL, U IIOTOMY COBIIJAIOT MHTEPBAJIHI MOHOTOH-
Hocru v(t) u —£(t):

E(t) = Q) (1), (1) = o(1)Q(t) — Qo(t)IL(2). (26)

Kpurepunii Bospacranus KITJT (yoeiBanust £(t)) Ha HEKOTOPOM HHTEPBAJIE BDEMEHH
umeer Bug y(t) < 0, . e. Qo(t)/Mo(t) = Q(t)/II(t), a Heobxomumoe ycaoBue
srcrpemyma —y(t) = 0, T. e.

Qo(t)/Mo(t) = Q(¢)/TL(?). (27)

Eciu pasencrBo (27) BbINOJHsIETCsI HA HEKOTOPOM HHTEpBaJie BpeMeHHu (He 00si-
3aTeJIbHO COBHAJAMONEM ¢ nojyocbio ¢t > 0), To 7 = 0 u v(t) = const Ha 3TOM
UHTEpPBAJIE.

ITpuMEP 3. g mozenn (18) mo dopmyite (23) nmeem £(0) = By/(3B), v(0) =
= —1+27[18 + 2By/B] ™!, a ipu t — oo rpadukn v(t) 06IATATOT TOPUZOHTATL-
HBIMU aCUMIITOTAaMM:

— &(00) =0, v(oco) = 0.5 upn u > w;

— &(00) = 400, v(00) = —1 upn u < w;

— &(00) = Ag/(3A), v(o0) = —1 + 27[18 + 240 /A] ! npm u = w
(B mEPBBIX JBYX CJIyYasiX aCHMIITOTBHI HE 3aBUCSAT OT IIAPAMETPOB MOJIEJH, U IIPH
OOJIBITINX BPEeMEHAX MOJIE/IUPYEMbI MaTepUasI BeJeT cedsl KaK HeCKUMAEMBbIH MJTH
Kak He MeHsionmii dhopmy). OyHKIMO

y(t) = (Bo + Aot")[Bt + A(u + 1) 1" — [Bot + Ao(w + 1) 1t“ (B + At*)

u3 (26) MOKHO HPUBECTH K BHJLY

y = ABo[(u+ 1)1 — 1]t — AgB[(w + 1)~ — 1]t T+
+ AgA[(u+ 1)1 — (w + 1) ettt

Ecrm w = u, To y = (AgB — ABg)u(u + 1)~ %" u noromy KIIJ| — monoTonnast
byHKIHUS:

— npu AgB > ABy y(t) > 0 u KII/I y6eiBaer na Bcem jyue t > 0;

— npu AgB < AByj y(t) < 0 u KII/I Bospacraer na jyde t > 0;

— npu AgB = ABy v(t) = const.
B wacrroctn, ecm Ag = 0 u lly(t) = By = const (takas OII mogemupyer yupyroe
u3MeHenne obbema), 1o dyukius £(t) = ct/[3Q(t)] yopiBaer, a KII/]

v(t) = 0.5 — 3By[18(B + A(u + 1) 1%) + 2By ¢

BospacTaeT Ha mosyocn t > 0, v(oo) = 0.5, v(0+) = —1 + 2(9 + By/B)~*
uv(0+) < 0 upu By/B > 4.5. Ecim w # wu Ag # 0, 1o y(t) n (t) MoryT MeHsATH
saak u KII/I MmoxKeT 6BITh HEMOHOTOHHBIM.

Ha puc. 4 upusenenst rpaduxu KITJT v(t) nupu narpyzxkenun (4) Tpex Mojesiei
cemeiicrBa (18) ¢ ommuaxoBeiMu capurosbivu PIT IT (c uw = 0.5, A = 0.5, B =1)
u pasupiMu o6bemubivu PIT I1y: ¢ w = u = 0.5 (mrpuxossie kpussie 0, 1, 2, 3, 5,
7),cw=0.2<u (kpusbte 0', 1', 2", 3", 5', 7Y n c w= 0.8 > u (xkpusste 0", 1",
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273" 5" 7). llapamerp Ay = 1 ukcuposan, a HOMepa KPUBBIX COOTBETCTBYIOT
pasubiM 3HaueHusM By = 0; 1; 2; 3; 5; 7 111 KaxK10it U3 Tpex Mogeseit (¢ pocToM
By, 1. e. ¢ ymeHnbImenneM MTHOBEHHOro obbeMmHoro mopayns K = By L rpadux
v(t) cmemaercs Bau3). [Ipu kaxiaom By zadanbhble 3Hadenus v(0) oJuHAKOBBI
y Bcex Tpex Mojesieil (u yopiBatoT ¢ poctoM By), a rOpH30HTAJbHbIE ACUMIITOTHI
upu t — 00 pazauunbl (1 He 3aBucatT ot By): v(oo) = 0.5 y Bcex Mmogeneit ¢ w < u,
v(00) = —1y Beex mogmeteit ¢ w > u n v(00) = —1 + 27[18 4+ 24¢/A]~! = 5/22
opu w = u. ACHMITOTa MITPUXOBLIX KPUBBIX 0—7 v = 5/22 coBnajaer ¢ KpUBOii
(upsimoit) 2, mockosbKy npu w = u u By = 2 6yuer AgB = ABy u v(t) = const.
[IpumMeuaTebHBI TIEpEMEHBl 3HaKa U HEMOHOTOHHOCTHL V(t) (kpuBas 5 mensier
3HaK Jaxke JBaxibl). s cpaBHeHust npuBe/ienbl asa rpaduka v(t) Mojeu ¢ Jiu-
HEHHO-yIIPYTrUM u3MeHeHneM obbema, T. e. ¢ Ag = 0 (IITpux-1IyHKTUPHbIE KPUBbIE
11 n 17): oun MoHOTOHHO Bo3pacTaoT u v(oco) = 0.5. Ha puc. 4, b npusesnens! te
ke rpaduru KIIJI, aro n Ha puc. 4, a, HO Ha OOJILITEM WHTEPBAJE BPEMEHN.
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Puc. 4. I'padukn koapdunmenta [Tyaccona momeneit cemeiicta (18) ¢ 0JMHAKOBBIMU CABHUTO-
BbIME (DYHKIUAMHA 1O3ydecTr 11(1) m pasHbIMU 3HAYEHUSMHU MapamMeTpoB w u By

[Figure 4. Dependence of the Poisson’s ratio on time generated by the models (18) with the

same shear compliance II(¢t) (with v = 0.5, A = 0.5, B = 1) and different bulk compliances

varying in values of parameters By and w: w = u = 0.5 (dashed curves 0, 1, 2, 3, 5, 7 for

By =0;1;2;3;5;7), w = 0.2 < u (curves 0, 1, 2', 3', 5', 7) and w = 0.8 > u (curves 0", 1",

2" 3", 5", 7"); red dot-dashed curves 11 and 17 depict the Poisson’s ratio generated by the

model with Ag = 0 neglecting bulk creep (i.e. simulating elastic bulk deformation) for By = 1
and By = 7; Fig. b shows the same curves on a larger interval of time than Fig. a]

4. O6 muaumkaropax (HE)IPUMEHMMOCTH M CIOcobax uaeHTudUKa-
muu OC (1) no ucnbITaHUSIM HA HArpy»>KeHHe C MOCTOSTHHOI CKOPOCTHIO.
Bblmie HajijleHbl HECKOJIBKO XapaKTEePHBIX KavdeCTBEHHBIX CBONCTB KPUBBIX Je-
dopmuposanusa u kodddunuenrta Ilyaccona, koTopbie yao0HO KOHTPOJIMPOBATD
B HCIBITaHUAX MaTEpHaJIOB W HCIIOJb30BaTh KaK HWHIMKaATOPBLI I'DaHUIIbI O6.Ha.—
CTH JIMHEHHOrO [IOBeIeHNs MaTeprasia (MHIUKATOPbI HEIPUMEHUMOCTH JTMHEHHOrO
OC (1)) mo maHHBIM cepuu HATpPYKEHWii ¢ MOCTOSHHO ckopocTbio. K HuM, KO-
HEYHO, CJIejiyeT JI00aBUTh KOJUIeCTBEHHbIE WHINKATOPbL. OJINH U3 HUX — HE3aBU-
cumocts KITJT (19) or ckopoctu nHarpyzkenusi. U3 (9), (10) rakxke ciemyer, 4To
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ornomenus €11(t,b2) /e11(t,b1) me | (¢,b2) /e (t,b1) B UCHBITAHUSX C PA3HBIMHI CKO-
POCTSIMU HATPY2KeHHs b; He 3aBHCAT OT BPEMEHN:

811(t,52)/611<t,b1) Zbg/bl, EJ_(t,bQ)/ffJ_(t,bl) Zbg/bl. (28)

Eciin anans 1aHHBIX UCHBITAHUI MaTepuasia IIOKa3bIBAET, YTO BCE HEOOXO[H-
Mble HHAUKATOPbI npuMmernmocTy jauHeiinoro OC (1) BBIIOIHSIIOTCS € YIOBIETBO-
PUTEJILHON TOYHOCTBIO U IOTOMY HET «IIPOTHBOIOKA3AHMUIT» K €r0 HCIOIb30BAHIIO
JUIst MoJiespoBanust, To MoxkHo miaentuduipposars OC (1) mo jaHHBIM Bcero
OJIHOTO HCHBITaHUs 110 Iporpamme (4) ¢ HeKoTopoii (Masoit) cKOpocThIo b, B KO-
TOPOM PErHCTPUPYIOTCS KaK IIPOJO/IbHAs, Tak moepednast gedopmarmu €11 (t, b)
u e (t,b). B camom nese, moxkuo maiitn obe ®II II(t) u Ily(t) (ma maTepBase
BPEMEHHI, PABHOM BPEMEHU UCIBITAHWN), OLPEJIEINB CHAYAJIA UX [ePBOOOpasHble
Q@ u Qo u3 cucremsl ypasuenuit (9), (10):

Ell(t, b) - El(t, b) = %b@(t), 611(t; b) + QEL(t; b) = bQo(t) (29)

ITosbicurs TouHOCTH Onpesenenns 11(t) u Ilp(t) MoxKHO cTaHZAPTHBIM CIOCOOOM:
OCPEJIHUB PEe3yJIbTaThl, Oy YE€HHBIE 110 UCIBITAHUSIM IIPH HECKOJIBKUX 3HAYCHUSX
b = b; B uHTEpECyIOIIEM JHalla30He CKOpocTeil Harpyzkennst. MoKHO TakKe Hc-
KJIIOYUTD TPOIELyPy dnucjieHHoro auddepenimpobanns yHKun () u () u pac-
[IIPUTH HHTEPBAJ BPeMeHH, Ha KoTopoM omupezensiorcs PII, ecam mampsamyro
oupezesnuts I1(t) u () u3 oxHOrO MCHBITAHUST HA TI0JI3YyYeCTb IPU HEKOTOPOM
YPOBHE HAIIPSZKEHUsI 0 110 U3MepeHHbIM Jedopmarmsim [67]:

I(t) = %(En(t,&) —ei1(t,0))/a, Iy(t) =3(e11(t,0) +2¢,(t,7))/a.  (30)

eecoobpasHo coueTanue MCHBITAHUNA STHX JBYX THIOB (HAIPUMED, B O
HOM HCIBITAHUN HA TOJ3YYIECTh ¢ HAYAJBHON cTa el HarpyKeHusl ¢ TOCTOSTHHOMN
CKOPOCTBIO JI0 3a/IaHHOTO YPOBHsI HAIPSI?KEHNUSI), TIOCKOJIBKY UCIBITAHUSI HA [0JI-
3y4€CTb IIO3BOJIAIOT HaTH (DH Ha JOCTATOYHO JIJINTEJIbHBIX MHTEPBaJIaX BPEMCHHA
(HO He TIO3BOJISIIOT HAWTU UX B OKPECTHOCTHU HYJIsl), & UCIIBITAHUS HA HATDYYKEHUEe
C MOCTOSTHHBIMU CKOPOCTSIME [TO3BOJISIIOT HAWTH MIHOBEHHBIE C/IBUT'OBBIE U 00bEM-
HBII MOy U yToIHUTD 3Hadenus PII npu Maabix (He CAUIIKOM) BpeMeHax, TexX,
KOTOPBIE TIPUXOIUTCS OTCEKATH B JAHHBIX UCIBITAHUN HA TOJI3YIECTh U peIaKca-
IO 110 IpaBmIy “ten times rule”.

5. CpoiicTBa MOJieJiu C YCJIOBUEM ITOCTOSTHCTBAa K03 durmenrta Ilyac-
cona. Ilocrynar o mesasucumoctun KIIJT or BpeMeHH OYeHb 9acTO HPUMEHSETCS
IS CYTIECTBEHHOTO YIPOIIEHNsT PEIleHns KPaeBbIX 3a/1ad Bs3Koynpyrocru. Kpu-
repuit Hezasucnmoctu KIIJI ot Bpemenn (25) nasaraer cBssp 1g(t) = 3KII(¢) na
®IT OC (1), yupasJsitomiye CJABUTOBBIMU ¥ O0bEMHBIMU J1eDOPMAIUSIMU, U IPe-
spamaer OC (1) B Mmozmesnb ¢ ofnoil MarepuasbHoii dyukuumeit II(t) u oganm
napamerpoMm v € (—1;0.5) (mm napamerpom k = 3(0.5 — v)/(1 + v), ero du-
3WYECKNil CMBICJI — OTHOIIEHNE CIBUIOBOIO M obbeMHOro moxyneit: k = G/K =
= 11Ip(00) /T(00)). B aTom ciyuae beipazkerns (9) u (10) mist nedopmaruii npu
Harpyzennn (4) IPUHIMAIOT BHT

k

() =b(145)Q0, ermh)=b(-3+5)QwW, G
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T. €. 0Cesvle U NONEPEUHbBIE KPUBHLE JePOPMUPOSAHUA 0KA3BIBAIOMCA NOOOOHLMU
(ommowenue MobbT 08YT U3 HUT HE 3ABUCUM O BPEMENU U CKOPOCTIU HAZPYHCE-
nus), a €1 (t) He umeem Hu movex sKcmpemyma, Hu mouex nepeeuba (B OTIMINE
or obmero ciaydas OC (1) ¢ gsyms @II): ecom k < 3/2 (1. e. v > 0), 10 £
orpuinarejibHa, yobiBaeT U BbIIyKJa BBepx npu t > 0, a ecsim k > 3/2 (1. e.
v < 0), € mojoXKUTEIbHA, BO3PACTAET U BbIyKJa BHu3 ipu ¢ > 0 (Kak u oceBast
nedbopmManust £11).

Takum obpasom, moctysar o nocrosiucrBe KIIJ He TOJIBKO UTHOPUPYET BCIO
crienuduky sposonun KIT/I peoHOMHBIX MaTepraJjoB BO BpeMeHH! (KOTOPYIO, Kak
JIOKa3aHO BBIINe, crocobHO KadectBeHHO omucbiBarh OC (1) ¢ asyms @II), o
1 padukxassio obpesaem cnexmp 603MONCHBIE GOPM KPUBHLT NOnepeyurozo dedop-
muposarus €| (t) (1 KpUBBIX peJIaKCAIINE ¥ TI0JI3ydecTn [67]): OHM HE MOTYT HMETH
HU TOYEK 9KCTPEMYMa, HU TOUYEK mmepernba, HU MepeMeH 3HaKa.

YKazaHHbIe CIEU(PUIECKHe CBOWCTBA CEMEHCTB KPHUBBIX J1e(OpPMUPOBAHUS
(31) yo6HO IPOBEPSATH B UCHBITAHUAX MaTEPUAJIOB 110 TIporpaMMaM (4) ¢ pasHbI-
MU CKOPOCTSIME HATPYKEHUsT b, B KOTOPBIX PETUCTPUPYIOTCS MIPOJIOIbHAS U TIOTIE-
peunas JedOpMAaIi, U MCIOJIb30BATh KAK MHIUKATOPHI (HE)IPUMEHUMOCTH I10-
crynaTa o nocrosHCTBe Koddbdunuenta [lyaccona B coueranun ¢ OC (1) (mepen
9THM, KOHEIHO, CJIeJIyeT ellle IPOBEPUTDH BBIIIOJIHEHNE OA30BBIX WHINKATOPOB IIPU-
menumoctu jmeeitHoro OC (1) ¢ aymst @I, manpumep, zesasucumocts KITJT
or ckopocTu b um He3aBUCUMOCTH OTHoIeHuil (28) or Bpemenn). Ux napymienue
B MHTEPECYIOIIEM JHANa30He BPEMEH M CKOPOCTel HArpysKeHUsT CBUJIETETbCTBYET
0 HEIPHUeMJIEMOCTH 3TOro mocryiaara. Ormermm, uro npu ¢t — +oo KII/ v(t),
kak 6b10 jokazano i OC (1) B obmeM ciydae, CTPEMUTCS K TOPU30HTAJIb-
HOI ACHUMIITOTE, ¥ TOTOMY TIPH JoCmamouno 00AbwWuL BPEMEHAX 3a TpeeaaMn
HEKOTOPOT'0 HAYAJIBLHOTO HHTEPBAJIA BpeMeH! MOjiesib ¢ mocrossaabiM KIT/ moxer
0Ka3aThCsl YJIOBJIETBOPUTEILHON (M BaXKHBIN BOIIPOC, TPEOYIONIHIi UCCIIeI0BAHMS
" 9eTKUX (QOPMYJIUPOBOK B KOHKPETHBIX 3a7adaX — HaJIeKHAs OIEHKA, JTHTETh-
HOCTHU 9TOTO «MHTEPBaJIa HEaeKBATHOCTU» 1ocTyiarTa o nocrosiacrse KITIT).

6. CsoiicTBa Mozein, npeHebperaoiieii 06’beMHOM I10J13y YeCThbIO, UH-
JAuKaTopsbl ee HenpumeHumocTu. Vcceseayem xapakrepusie ocobernoctu OC (1)
¢ Iy(t) = ¢ = const u npoussosbhoii casurosoit @I II(¢), T. e. Mmojenun ¢ JuHE-
HO-yIIPYToOil 3aBUCUMOCTbIO 00beMHOl sedopmanuu (YO/I) or cpennero Hampsi-
xemus: 0 = cog (mapamerp ¢ > 0 3amaer obbeMubiil Moxyas K = ¢ 1). B atom
caydae [ Harpyzkenns (4) mveem Qo = ct,

1 1 1 1
0= §bct, en(t;b) =bQ(t) + §bct, e (t,b) = —§bQ(t) + §bct, (32)

1 zct 27 ct 171 1 3 1 .Q(t) -1
R (X TN e
&(t) 300 v(t) +2 9+Q(t) 5 209 " +c (33)
[Ipu ¢ = 0 mosyunM Moziesib HeczKuMaeMoro marepuada: v(t) = 0.5, 17 =
= bQ(t), e1 = —0.5bQ(t) m momnepeunas jedopmMalysi BCerja OTPUIATETbHA,

yObIBaeT M BBIIYKJIa BBEPX Ha Bceil mosyocu ¢ > 0.

Ipu ¢ > 0 u3 (32) caemyer, uro jyis jioboro b > 0 oceBas jedbopmarius €11 (t)
6oapacmaem u evnykaa 6hus npu t > 0 (Kak u B o0IeM ciydae), a nonepey-
naa degpopmayusn € | (t) svnykaa 66epr (B oTamane oT OBIIEro Cydasi, KOI/Ia OHA
MOXKET UMeTh TOUYKH Ieperuda), o He 00A3aHa O6vimb MOHOMONNOT U MOHCEM
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MEHAMD 3HAK. ,ZLGIL/'ICTBI/ITGJH:HO,
. 1 1 . 1 .
EL() = —IL(E) + sbe, EL(t) = —FbII(H) <0,

ypaBHeHue Jijist ToueK skcrpemyma € (t) umeer sun II(t) = 4.5¢, u B cuity BO3-
pacranust 11(t) BO3MOYXKHBI TOJLKO TPH CJIydast:

1) ecauII(0) < 2c < II(c0), mo e 1 (t) umeem (edurncmeenmyro) mowury marcu-

Mmyma ty, Ha Toxyocu t > 0 1 TTOJIOXKUTETHbHA B HEKOTOPOIL ITPaBoil OKpecT-
Hoctu Hyust (a v(t) < 0 6 amot oxpecmmocmu);

2) eciu 2¢ > TI(00), 1o € (t) Bospacraer u £ (t) > 0 (a v(t) < 0) upu t > 0;

3) ecin %c < T1(0), o & (t) yobiBaer Ha nosyocu t > 0 u €, (t) < 0.

Bropoii ciyqaii peasusyem TOJIBKO jijist Mojieeit ¢ orpanndentoii @IT (u nepeasn-
gyeM, Hampumep, st PII suma (18) wan Buga (6) ¢ a > 0 u jy1si mapasuIeIbHBIX
coesmHeHN JrIoboro wmcaa Mozeneir Makcsesia). Tpernit cirydail HeBo3MOXKeH
qutst mogiedtedi ¢ I1(0) = 0 (manpumep, ¢ @IT IT = A" nin jyist 1ocsie10BaTeIbHBIX
coeuuennii mozeneit Poiirra); y rakux mojenei seerga € (t) > 0 u v(t) < 0
B unrepsase (0;tg), rae tg = 0o, ecan %c > II(c0), u ty KOpeHb ypaBHEHUsI
Q! = %c, ecin %c < II(c0) (oueBmIHO, CyNIECTBYET €JIMHCTBEHHbIH KOPEHb,
nockombKy ynkima © = Qt~! sospacraer n ©(00) = I1(00), tg > t,,). OTmeTnM,
9TO B yCJIO0BUAX mo3ydect Mojesb ¢ YO/ (i npoussosbHoit PIT IT) mopoxkgaer
MOHOTOHHYIO HoIepeunyo jedopmanuio [67], a B ciayuae narpyxenus (4) €] (t)
MOYKET UMETh TOUYKY MAKCUMyMa.

B obmem ciyuae OC (1) ¢ Ig(t) # const monepeunas naedopmarus (10),
KakK OBLIO JIOKA3aHO BBHIIIE, MOYKET MMETh HE TOJIHKO TOYKHM MAaKCAMyMa, HO M
TOYKHM MUHMMYMa, MOYKET MEHSITh 3HAK HE TOJIbKO C «ILTI0Ca» Ha «MUHYC», HO U C
«MUHYyCa» Ha «ILTIOC» (puC. 2) 1 He 00si3aHa ObITH BBIYKJION BBepX yHKIMel: oHa
MOZKET UMEeThb TOUKH neperunba. Takum 06pasoM, 24a6HbIE KaUeCMEEHHbE OMAUNUA
modeau ¢ YOI — omeymemeue mouex nepesuba u mouek murumyma y € (t),
HECNOCOOHOCING ONUCHIBATND MAMEPUANLL, Y IKCNEPUMEHMAALHUL Kpusvir € | (t)
KOMOPHLT MaKxue MoKy, eCmb.

Hoxkazkem, ato dasa w060t donycmumotc @II 11(t) (momumusiomnmeiicss orpanu-
aermsnm II(¢) > 0, TI(t) > 0, II(t) < 0, manoxennpiv ua OII) u a06ozo ¢ > 0 KILT
(33) modeau ¢ YO/ sozpacmarowan svnykaas 6eepx Gyrnkyua na nosyocu t > 0
(a &(t) — yObiBatommast BoillyKJiasi BHU3 byHKIMs), T. €. V(t) He moocem umems

mouex axempemyma u nepezuba (B ormmuane or OC (1) obmiero Buma). ITo (26)
&(t) = %Q(t)*Qy(t), y(t) = cQ — ctll u y = —ctll < 0, nockosbky II(t) BO3pPaAC-
maer. T. k. y(0) = 0, ro y(t) < 0 mpu Beex t > 0, £(t) < 0, £(t) y6biBaer, a v(t)

Boszpacraer. Coracuo (33)

- Q
(18Q + 2ct)?’

t(9Q + ct)IT — 2(9I1 + ¢)(¢11 — Q)

v(t) = 54 (18Q + 2ct)?

i(t) = 108¢

Hokazkem, aTo uncauTesns BTopoit apobu ¢(t) := t(9Q + ct)II —2(911+¢) (1l — Q)
orpunaresier npu t > 0, 1. e. ¥(t) < 0. ITockonbky ¢(0) = 0, gocrarodHo JOKa-
3aTh, uTo ¢(t) yombiBaer, T. e. §(t) < 0. Boipaxkenue jjis1i ¢(t) npuBoaUTCs K BUILY

g = t(9Q + ct)II — 27(tI1 — Q)II. Tak xax Q(t) < tII(t) mpu t > 0, To B cuiy
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orpamraenmit I1(t) > 0, TI(t) > 0, II(t) < 0 m Q(t) > 0 oba ciaraembix bopimy-
abt 1yt §(t) orpunarensusl, u noromy U(t) < 0. AHAIOrHYHO JOKA3bIBAETCH, ITO
£(t) > 0.

[penensr dyuknmii {(t) u v(t) upu t — 0+ u t — 400 (T. e. UX BepxHHe
U HIDKHOE TpaHd Ha uHTepBase t > 0 B CHJIy MOHOTOHHOCTHU) BBIYHCJISIIOTCS 110
(23) mm nenocpeicTenHo u3 (33) ¢ yuerom Toro, uro @t~ — I1(0) mpu ¢t — 0+
u Qt~ — TI(co) npu t — +o0:

c 1 ¢

1
c 1

)7 . v(oo) = —1+227(9+H(coo))1.

27
v(0) = -1+ (9+

11(0)

B zasucumoctu or Besmann oruomrenuii ¢/I1(0) u ¢/II(co) (Mraosennoro u Jjym-
TEJILHOTO MOJLyJIell CABHra K OOBEMHOMY MOJYIIIO YIPYTOCTH) 00a IpPeIesbHBIX
snadenus v(0+) u v(oco) KIIJT (33) moryT mpoberarh Bech MHTEPBAJ 3HAYCHHI
KII/ (—1;0.5) (em. (22)), B wacrrocTH, ecu I1(0) = 0, To v(0) = —1. Takum 06-
pazoM, npenebpesrcerue 00seMHOT NOASYHECTIDIO He CYHCaem JUANA30H 603MOAHC-
noux snavenuds K1/ u, B 9aCTHOCTH, IMANIA30H €0 DABHOBECHBIX 3HadYeHHil 1/(00).
Ouesnno, v(oo) = 0.5 Torga u Tosbko Torna, korma II(co) = oo, 1. e. ®II ne
orpannyena, a B ciay4dae I1(0o) < oo v(oo) < 0.5 n v(oo) — —1 upu ¢/II(c0) — oo.
Hanpuwmep, mis mogenn (18) ¢ Ag = 0, By = ¢ u 1100bIME [TapaMeTPaMU CJIBU-
ropoit ®IT umeem v(00) = 0.5, v(0+) = =1+ ¥ (9 + ¢/B)~! u v(0+) < 0 upn
By/B > % (M. mTpux-nyHKTUPHBIE KpuBble 11 u 17 Ha puc. 4).

Kpumepuii (24) ompuyamesvrocmu v(t) Ha HEKOTOPOM HHTEDPBAJIE BPEMEHU
npuHuMaer Bug ¢ > 3Q(¢)t7'. B ommune or ofmero ciydas, obJacTh OTpHIA-
resibHoCcTH KITJI Momenn ¢ YO/I He MOoxkKeT cOCTOSITH U3 HECKOJIHLKUX KOMIIOHEHT
CBSI3HOCTH: IIOCKOJIbKY (DYHKITHST Q(t)t_l BO3pacTaeT U ypaBHCHUE %Qt_l =c
umeer He GoJiee ojtHOTO pertienust ty upu ¢ > 0, To 3ra obsracts 6o mycra (B Ciy-
qae ¢ < S11(0)), 1mbo cosnanaer ¢ nurepsasom (0;tg) (tg = oo, ecam ¢ > J1I(00)).

Taxkum o6pasoM, npeHeOpeskeHne 00BEMHOMN II0JI3YIECThIO XOTS U HE CyZKaer
nuarason Bo3MOxKHbIX 3Hadennit KIIJT (u auamnason ero MrHOBEHHBIX U PABHOBEC-
ubIx 3Hadenuit) u #e jmmaer OC (1) cocobnocTn onuceiBars cmeny 3uaxa KIT/T
u nonepedHoii tedopmanmu u HemoHoTonHOCTh € (t) (B cayuae I1(0) < 2c¢ <
< II(00)), HO Bce ke 3aMeTHO OrPAHUYUBAET TY CHOCOOHOCTD U CHJILHO 06ednsem
CNeKmp 603MoACHUT Munos usmernernus € (t) u KII/I (n orpannunBaer cdepy
IPUMEHIMOCTH MOJIEJN )

1) € (t) me MokeT nMeTh TOUKH Iepernda (Bcerja BBIIYKIA BBEPX);
2) £ (t) moxkeT umerhb He GosIee OJIHO TOUKM IKCTPEMyMa U OHA MOXKET ObITh
JIUIIb TOYKON MaKCUMyMa;
3) e (t) He MOXKeT MEHSITh 3HAK C «MUHyCa» Ha <«Iioc» (cM. puc. 2), a KITJT
(33) ¢ «wmocay Ha «MUHYC»;
4) KIIJ] ne mooicem umemv mouku IKCMpemMyma U nepezuds u yuacmu yovl-
BANUA U BVNYKAOCTIY 6HU3 (CM. MITPUX-IIYHKTHPHBIE KpuBble 11 u 17 Ha
puc. 4).
Ux Hasmaune y SKCIIEPUMEHTAIbHON KPUBOH V(1) — WHMKATOPLI HEITPUMEHIMOCTH
mogesiu ¢ YO/I.

B cuny (32) momens ¢ YOI obsamaet ere ofHIM BecbMa CrienuIaHbIM CBOTi-

CTBOM: IIpH Harpykenusix Buja (4) (B Touke pabodeil dacTu obpasia) @GyHkyus
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V(t;b) :=€11(t;0) + 221 (t;b) aunetino 3asucum He MOALKO 0OM CKOPOCTRU Ha2DPY-
orcenua b, 1o u om epemenu:

1
e11(t;0) + 22 (t;b) = §th' (34)

[Mockonbky dynkmuio V(t;b) (B ciydae masbix gedopMaliuii OHa, 0YEBHHO, COB-
najaer ¢ oobeMuoi nedopmariueit §) yiao6HO U3MEDPSATH B UCIBITAHUIX MaTepUa-
JIOB, 9TO IIPOCTOE CBONCTBO MOYKHO (U y106HO) MCIIOJIb30BATH KAK OJIMH U3 OCHOB-
HBIX UHJIUKATOPOB MPUMEHUMOCTHU THIIOTE3BI 06 OTCyTCTBUU OOBEMHON ITOJI3Yde-
cru B coueranun ¢ OC (1) mo pesysbraraM HECKOJIBKUX UCIBITAHUI MaTepraJia 1o
nporpammaMm (4) ¢ pasHbBIME CKOPOCTSIMU HATDY?KEHUsI b, B KOTOPBIX PErHCTPUPY-
I0TCsl IPOJIOJIbHAS U ToniepedHas Jiepopmaruu. Ero napyiienne cBUIeTEIbCTBYET
0 HEIPUEeMJIEMOCTH IIOCTY/IaTa O JIUMHEHHO-YIPYrofl CBA3U MeXKTy OO0BLEMHON Je-
dopmanueit u cpegHuM HamnpsikeHueM. [lepesr 9TuM, KOHEUHO, CJIEIYET eIle IpPo-
BEPUTDH BBINOJIHEHNE 0Aa30BbIX WHIUKATOPOB npuMenumoctu Juneiinoro OC (1)
B obmem Buze (¢ aBymsi ®OIT), nanpumep, nezaBucumocts KIIJI or ckopocru b
U HEe3aBHCHMOCTD OTHOIIEHHH (28) oT BpemeHH.

Ecnu stu HeoOxomuMble TPU3HAKU JIMHEHHOCTH M OTCYTCTBUS O0bEMHOI T10JI-
3y4€eCTH BBIIIOJIHAIOTC B UCIIBITAHUAX C y,[[OBHeTBOpI/ITeJIbHOﬁ TOYHOCTBIO, MO2KHO
UIEHTUDUIUPOBATE MOJIEb 663 00 bEMHO O3y IeCTH 10 JAHHBIM BCEI'O OJTHOTO
ucrblTanust mo nporpamme (4) ¢ HekoTopbiM b: HaiiTh mapamerp ¢ (T. e. 06beM-
ubIit Moyns K) no (34), a casurosyto @II I1(t) Moo HafiTH, OLPEIeINB CHAYAA
Q(t) u3 ypasuenns (32) mist €11(t,b) mmm u3 Toxxaecrsa (29). Koneuno, ompese-
murb PIT moxkuo 1 10 hopmyste (30), UCHONB3YS JAHHBIE OJHOTO MCIBITAHUS HA
[IOJI3y I€CTh.

3akmouenue. B pabore msyuensl BosamoxkaocTH JuHeitHoro OC BA3KOyIIpy-
rocru (1) ¢ JBYMsl IPOU3BOJILHBIMU MaTepUAIbHBIMU (DYHKIMSIMU JIJisl H30TPOII-
HBIX MATEPHAJIOB 110 OIMHMCAHUIO KOMILIEKCA PeoJIorndecKux 3(h(hEKTOB, CBsI3aH-
HBIX C TIOBEJIEHIEM MONEePeIHOil jtehbopMaIliy IPU OJJHOOCHBIX HAIPYKEHUSIX C T10-
CTOSIHHOM CKOPOCTBIO. IIpn MEUHUMAJIBHBIX OrPAaHUYCHUAX Ha (DYHKIMH 06bEMHOI
U CJIBUIOBOi TOJI3y9eCTH aHAJIUTUIECKH UCCIEIOBAHBI OOIINEe CBONCTBA KPUBBLIX
00beMHOTr0, 0ceBoro u mnorepednoro gedopmuposanus (7), (9), (10) (u B dopme
jquarpamm o — ¢ (13), (12)), mopoxxmaemsix OC (1) npu marpyxenusix (4), u 3a-
BucuMocT Kodddunuenrta monepeunoii pedopmanun (KITI) (19) or Bpemenn,
M3YYEHO BJIMsIHUAE HA HUX XapaKTepPUCTUK 00enx (DyHKIW mosa3ydectu. B gact-
Hoctn Jrokazano, uro OC (1) crnocoGHO MozeMpoBaTh HEMOHOTOHHOCTb ¥ 3Ha-
KOIIEPEMEHHOCTh Tonepeunoii jgedopmarun € (t) u KIIJT, mosydensl kpurepuu
orpunareasnocru KIT/ npu narpy»kenun (4), Kpurepuii ero mocTosiHCTBa M KPH-
TEPUH ero BO3pacTaHusl, YObIBaHUSI U HEMOHOTOHHOCTH. OCHOBHBIE JOKa3aHHBIE
YTBEPKJIEHUsT COOPAHBI B TEOPEME.

TEOPEMA. [Tyemo dynryuu noasyvwecmu I1(t) uIlg(t) 6 OC (1) noaroorcumens-
Hot, HeNpepouieHo duddepenyupyemol, 603pacmaom u (Hecmpozo) vinykAb. 66€PLT
npu t > 0. Tozda cemeticmea Kpusvix 006eM1020, 0C€6020 U NonepewHo2o dedop-
muposarus (7), (9), (10) u (11)—(13), nopostcdaemve OC (1) npu naepyosrcernuax
suda (4), u xoappuvyuenm ITyaccona (19) obaadarom caedyrowsumu coticmeamu.

1. Jlas mobot cxopocmu wagpyorcernus b > 0 ob6semnan u ocesasn depopmayuu

(7), (9) u unmencusrocmsv depopmavyuti € = |b|Q(t) noavorcumenrvrvie, 603-
PACMAUUE U BUNYKAbIE 6HU3 PYHKUUY epement 1a noayocu t > 0.
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10.

11.

12.

ITpu ao06om b > 0 duazpammovl 06semmo20 u ocesozo deghopmuposanus (/1)
00(0,b) u o11(e11,b) 603pacmarom u evinyxav, 6eepx npu 6 >0 w e > 0,
u ydosaemsopsrom dsycmopornum oyenkam (14), (15), 266 K = 1/H0( )
Koo = 1/Ty(50), E = [I1(0) + $TTo(0)] L, Fse = [[1(00) + LTlo(00)]
Cemeticmea J/T o11(e11,b) uoo(f,b) eospacmarom no b (nO/LOOfCUTTL@/LbH(Iﬂ
CKOPOCTIHAA HYSCEUMEADLHOCID) U CTO0AMCA Npu b — 0 K npamvim 011 =
= Fooe11 uru oy = Kool (pasnosecnom /1), a npu b — oo (u yeaosuu
IIp(0) # 0) x npamovim 011 = Ferq uau o9 = KO (menosennom 7).

. Honepeunan degopmayus (10) (u AT €, (011,b)) He obasana Gums nu

MOHOMOHHOU, WU 6bnyKA0T esepx dynkyuel: € (t,b) moorcem ybwsams
UAU BO3PACTAMS Ha 6cem unmepsaie t > 0, moocem umems MoKy IKc-
MPEMYMA U Nepe2uba U MEHANYG 3HAK; YPAEHEHUA OAA TOYEK IKCMPEMYMG
u nepeauba umerom eud o(t) = JIL(t) uau Ho(t) = JIL(t) u ne sasucam
om b.
Ommowenus €11(t,b2)/e11(t,b1), €1 (t,b2)/e1 (t,b1) w 6(t,b2)/0(t,b1) de-
popmavut (9), (10) u (7) dan pasnwx ckopocmets nazpystcenus b; ne 3a-
sucam om epemeny u pashv, dpye dpyey (cm. (28)).
Cemeticmea ocesvix, nonepeunvx u obsemmvix /I o11(e11,b), o11(e1,b)
u o9(0,b) (em. (12), (13)) — unsapuarmms, omHOCUMEALHO 0OHONAPAMEMN -
puneckol epynnot pacmastcenut naockoemu o — € : aobas /] o(g,b) no-
ayuaemen ud 1 o(e,bg) pacmastceruem 6doav ocetli o u € ¢ Koapduyuer-
mom b/by.
Koagppuyuenm nonepeunots depopmavuu (KILT) svipasicaemes dopmyra-
u (19) u (20), sasucum auvwov om omuowenus Qo(t)/Q(t) mamepuans-
ol Pynryud (8) u ne 3asucum om ckOPOCTNU HAZPYHCEHUA.
KIIJT mensemes 6 duanasone —1 < v(t) < 0.5 u moorcem menamv 3Hax;
Kkpumepul ompuyamesvrocmy V(t) Ha HeKOMOopoM UHMEPBALE BPEMEHU —
nepaserncmeo (24): Qo(t) > 4.5Q(t).
KII] ne obazan 6utmv MOHOMOHHOU PYHKUUET BPEMEHU: OH MOXHCEM, YObI-
8amv uAu 6o3pacmamd npu t > 0 u Moocem umemsv MouKU MAKCUMYMA
U MUHUMYMGE; MOYKY IKCTNPEMYME ABAAOMCA KOPHAMU YpasHenus (27).
Cywecmeyrom npedeav v(t) npu t — 0+ u t — +oo (Hauasvroe u pas-
nosecnoe snavenus KII/), onu onpedeasromes no gopmyse (23) u mozym
npuHuUMamb 6ce 3naverus uz ompesra [—1;0,5].
Kpumeputi nesasucumocmu KILJT om epemenu npu nazpysrcenusr (4) —
mootcdecmeo (25), ceasuwsarowee PII; das makol modeau (¢ 00notl mame-
puaavrol gynryuets u napamempom v € (—1;0.5)) ocesvie u nonepeunvie
degpopmavuu evipasicaromen popmyaamu (31) u ce ocesvie u nonepeurvie
Kpussle dehopMuposanus 0Ka3uearomes nodobromu (ommowerue A00bLT
06YT U3 NUT HE 3GBUCUM OM BPEMEHU U CKOPOCTNU HAZPYIHCENUA); NONe-
peunas dedpopmavus € (t,b) (u A1 e (011,b)) ne moorcem umems nu mo-
yeKx IKCMmPeMyma, Hu movex nepesuba, Hu mepemen 3naxa: ecau v > 0
(u b > 0), mo e (t,b) ompuuameavha, yovisaem u 6bNYKAGL GEEPT NPU
t >0, aecaurv <0, moe,(t,b) norosicumenvra, o3pacmaem u GuNYKAG
BHU3.
B cayuae modeau ¢ o(t) = ¢ = const > 0, m.e. 8 cayuwae modeau ¢ ynpyeot
3aBUCUMOCTIBIO 006eMH0T dehopmaruu om cpedrezo HanPAANCEH UL, HOPMY-
A0, 0ns ocesux u nonepewnux degpopmavyut v KIL npunumarom eud (32)
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u (33); nonepeunasn deopmavua € (t) ne umeem mouex nepezuba u GvINYK-
aa ggepx nput > 0 (das 10600 ckopocmu b > 0), 1O MOHCEM MEHAD 3HAK
u me obasana Geumo monomonnoti: ecau I1(0) < Ze < II(oo), mo e (t) ume-
em eQUHCMBERHYI0 MOUKY MAKCUMYMA Ha nosyocu t > 0, ecau %c > I1(00),
mo €1 (t) eospacmaem u e (t) > 0 nput >0, a ecau Zc < TI(0), mo £ (t)
ybweaem na noayocu t > 0 u e (t) < 0. KIIJI maxot modeau (33) — 603-
PACMAOWas U 6nyKas eeepr na noayocy t > 0 dynkyus, m.e. v(t) ne
MOHCEM. UMEMb MOUEK IKCMPEMYMG U nepe2uba, Ho npenebpescenue 06s-
eMHOT NOASYHECMBIO HE CYHCAEM JUANaA30t 603MONCHHLEL 3navenuts KITJ]
u duanason €20 HaasvHHT U pasrosechur snavenut v(0) u v(oo); KII/
MOJICEM MEHAMD 3HAK: Kpumepul ompuyamesvrocmy v(t) na nexomo-
POM UHMEPBANE BPEMEHU — HEPABEHCTNEO C > %Q(t)til. IIpu aobom t > 0
KIIJT (33) menvwe KIL smoti modeau npu noazyuecmu.

13. Ecau Ip(t) = 0 (nocmyaupyemcs HECHCUMAEMOCTID MAMEPUAAR), O
g1 (t) = —0.5e11(t), nonepeunan depopmavus € (t) ompuyamensvra, y6vi-
saem u svnyraa esepr (npu b > 0) wa noayocu t > 0, a KII/[ v(t) = 0.5.

O6napykenHble coiicrBa Kpusbix jiechopmuposanust u KIIJT (npexe Beero,
i 1, 2, 5-7 TeopeMbl) y700HO IPOBEPSITH B UCIBITAHUSX MATEPUAJIOB M MCIOJIb-
30BaTh KaK MapKepbl I'PAHUILI 00IaCTH JIMHEHHOIO MOBEJICHUsI MATEPUAJIOB TIPU
aHaJIM3e JAHHBIX UCIBITAHUI 10 IporpaMMaM HarpyzKenust (4): HapyIleHue Jiro-
60r0 U3 TUX CBOWCTB B MCIBITAHUSIX HEKOTOPOTO MaTepuasia — IPU3HAK HeJTMHETi-
HOCTH ero noBejieHust u uHaukarop HenpuMennmoctu OC (1) jyist MojieMpoBaHust
(B aTOM JMana3oHe BpeMeH, JedopMaruii U CKOPOCTel HADYKEHHUs ).

YKazaH mpocToii crocod uaeHTuMUKAIMN OIpPeIesonero cooruomenns (1),
HO3BOJISIIONIUI Onpee/inTh 066 (DYHKIUU HOA3YIECTH 0 IKCIEPUMEHTATHLHBIM
KPUBBIM [IPOJIOJIBHOI U motiepedHoit pedopmanuii mpu Harpyzkenunu (4), ecin ana-
JIN3 JIAHHBIX UCIIBITAHUI MOKA3BIBAET, YTO BCE YKA3aHHBIE HEOOXOUMBIE TPU3HAKN
npumenumoctu jiuaeiiHoro OC (1) BBIIOJHSIOTCS, T. €. HET «IIPOTUBOIOKA3AHUIT»
K €r0 UCHOJIb30BAHUIO JIJIsi MOJIEJIUPOBAHUSI.

UcceneoBanbl crienuduieckKre CBOMCTBa KPUBBIX J1e(DOPMUPOBAHUS, TTOPOXK-
naembix guHeiHBIM OC (1) B codeTaHuy ¢ HOCTYJATAME O JMHEHHO-YIIPYTOM W3-
MeHeHUn obbeMa Win o nocrostucTBe Koadduimenra [lyaccona (mm. 5, 6), Haiiue-
HbBI JIOTIOJTHUTE IbHbIE WHMKATOPBI HEIIPUMEHUMOCTH TOJ00HBIX MOJIE/IeH ¢ OJHOM
marepuasbnoit dpyukimeii. [Tocrynar o mocroguctse KII/I ne Tosibko urnopupyer
Becio crenuduky ssosonun KITJ peoHOMHBIX MaTEepUAJIOB C TEUeHHEM BPEMEHU
(KOTOpYI0, KaK JJOKa3aHo, crrocobno Kadecrsento omucsars OC (1) ¢ xeyms PIT),
HO U PAJUKAJIBHO 00Pe3aeT CIIEKTP BO3MOXKHOTO MOBE/IEHNsI KPUBBIX TIOTIEPEYTHOIO
nedopmupoBanusi € | (1): OHE He MOI'YT UMETh HU TOYEK SKCTPEMyMa, HU TOY€eK Iie-
peruba, HU TIEPEMEH 3HAKA U JIOJIKHBI ObITh IIPOHOPIUOHAIBHBI KPUBBIM OCEBOM
nedbopmMalui (BO3pACTAIONMM M BBILYKJIBIM BBepx). [Ipenebperkenue o6beMHOlM
[OJI3yYeCThIO XOTsl M He CyzKaeT auana3on Bo3MoxkHbIX 3Hadernit KIT/1 (u nuama-
30H ero MIHOBEHHBIX U paBHOBecHbIX 3Havenuil) u me jumaer OC (1) crocobuo-
cTu onucbiBaTh cMeny 3uaka KIIJI u monepeunoit nedpopmariuy 1 HEMOHOTOHHOCTD
€1 (t), HO Bce yKe 3aMEeTHO OrPAHUIMBAET ITY CIHOCOOHOCTD, CYIIECTBEHHO OOEIHSIeT
CIIEKTP BO3MOXKHBIX THUIIOB M3MeHeHusi nomepednoit gedopmanuu nu KITI u rem
caMbIM cyzkaeT obsracTsb npumenumvocts Mogenn: KITJT (33) (B ormmtme or obrmero
ciayqass OC (1) ¢ yaeToMm 00bEMHOI MOI3YYIEeCTH) He MOXKET UMETh TOUKH IKCTPe-
MyMa U 1eperuba, y9acTKu yObIBAHUs UJIN BBIIYKJIOCTH BHU3 U HE MOYKET MEHSITh
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3HAK C «IJTIOCA» Ha «MUHYC», a Iolepednas jedopmaliisi He MOXKET UMETh TOUKHU
MUHIMYMa WM TOYKH Iepernba (Bcerja BBIIYKJIA BBEPX) W He MOXKET MEHSTh
3HAK C «MHHYCa» Ha «ILIIOC». [ onucanust MaTepuajoB, IPOBIISIONINX MO100-
Hble CBOICTBa (B MHTEpECYIOIEM Juaria3oHe BpeMeH, jgedopMaryii 1 ckopocreii
HAIPYZKeHUs1), BOOOIIE TOBOPsl, HEJIb3sl UCIIOJIB30BAThH MIPEIIIOJIOKEHHs 00 yIpy-
rOM HM3MEHEeHUUn 00beMa, O HECXKUMAEMOCTH WJIM O IOCTOSHCTBE KO3ddduimenTa
[Iyaccomna.

Konkypupymomime nHTEepechl. ¢ 3asBjistio 00 OTCYTCTBUU SIBHBIX M IOTEHIIMAJIBHBIX
KOH(JIMKTOB MHTEPECOB, CBSI3AHHBIX C IIyOJMKAIMell HACTOLIIEH CTaThu.

ABTOpCKasi OTBETCTBEHHOCTD. ¢ HeCy IOJIHYIO OTBETCTBEHHOCTH 38 IIPEI0CTaBJICHUE
OKOHYATEJIbHON BEpCHM PyKomucH B nedarb. OKOHYATEbHAs BEPCHS PYKOIHUCU MHOIO
o100peHa.

dunaHcupoBaHue. Pabora BeIoHeHA TpU mofep:kke Poccuiickoro dhonma dyHma-
MEHTaJIBHBIX nccsrenoBannii (mpoekt Ne 17-08-01146  a).
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Abstract

The Boltzmann—Volterra linear constitutive equation for isotropic non-
aging viscoelastic materials is studied analytically in order to elucidate its
abilities to provide a qualitative simulation of rheological effects related to
different behavior types of lateral strain and the Poisson’s ratio (i.e. lateral
contraction ratio) observed in uni-axial tests under tension or compression
at constant stress rate. The viscoelasticity equation is controlled by two ma-
terial functions of a positive real argument (that is shear and bulk creep
compliances); they are implied to be positive, differentiable, increasing and
convex up functions. General properties of the volumetric, longitudinal and
lateral strain-time curves, stress-strain curves and the Poisson’s ratio evo-
lution in time generated by the viscoelasticity relation (with an arbitrary
shear and bulk creep functions) are examined, their dependence on stress
rate and on qualitative characteristics of two creep functions are analyzed,
conditions for their monotonicity and convexity or for existence of extrema,
inflection points and sign changes are studied. Taking into account com-
pressibility and volumetric creep (governed by a time-dependent bulk creep
function) is proved to affect strongly the qualitative behavior of lateral strain
and the Poisson’s ratio. In particular, it is proved that the linear theory can
reproduce increasing, decreasing or non-monotone and convex up or down
dependencies of lateral strain and Poisson’s ratio on time under tension or
compression at constant stress rate, it can provide existence of minimum,
maximum or inflection points and sign changes from minus to plus and vice
versa. It is shown, that the Poisson’s ratio at any moment of time is con-
fined in the interval from —1 to 0.5 and the restriction on creep compliancies
providing negative values of the Poisson’s ratio is derived. Criteria for the
Poisson’s ratio increase or decrease and for extrema existence are obtained.
The analysis revealed the set of characteristic features of the theoretic vol-
umetric, axial and lateral strain-time curves, stress-strain curves families
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and the Poisson’s ratio dependence on time which are convenient to check
in tensile tests at constant stress rates and should be employed as indica-
tors of the linear viscoelasticity theory applicability (or non-applicability)
for simulation of a material behavior before identification.

The specific properties of the two models are considered based on the
assumption that the Poisson’s ratio is time-independent or the assumption
that bulk creep function is constant which neglects bulk creep and simulates
purely elastic volumetric strain dependence on a mean stress. This assump-
tions reduce the number of material function to the single one and one scalar
parameter and are commonly (and very often) used for simplification of vis-
coelasticity problems solutions. A number of restrictions and additional ap-
plicability indicators are found for this models. In particular, it is proved that
elastic volumetric deformation assumption does not cut the overall range of
the Poisson’s ratio values and does not demolish the Boltzmann—Volterra re-
lation ability to describe non-monotonicity and sign changes of lateral strain
and to produce negative values of the Poisson’s ratio, but neglecting bulk
creep restricts this ability significantly and reduces drastically the variety
of possible behavior modes of lateral strain-time curves and the Poisson’s
ratio evolution and so contracts applicability field of the model. The model
with constant bulk compliance generates only convex-up lateral strain-time
curves which can not have minima or inflection points and can change sign
from minus to plus only and the Poisson’s ratio is increasing convex-up func-
tion of time (without any extrema or inflection points which are possible in
general case) and can not change sign from positive to negative.

Keywords: viscoelasticity, volumetric creep, tensile tests at constant stress
rates, non-monotone lateral strain-time curves, sign changes of lateral strain,
lateral contraction ratio, non-monotone Poisson’s ratio, negative Poisson’s
ratio, viscoelastic auxetics, evolution of auxetic behavior, indicators of linear
range limits, identification.
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pucku GOPMUPOBAHUS U PA3BUTUS PAKOBOil omryxosu. IIpoBoaurcs cpashe-
HUE Pe3yJIbTATOB PACCMaTPUBAEMON aHAIUTUYICCKON MOJIETH C Pe3yJIbTaTa-
MU MOJIEJIUPOBAHUS JIPYTUX ABTOPOB IO M3YyYEHUIO XaO0TUUIECKO u Oudyp-
KAIMOHHON JTMHAMUKHU B CHCTEME «OITyXOJIb — UMMYHHBIH KJIacTep — BUPYC».
B pesysbrare npoBeIeHHBIX KOJIMYECTBEHHBIX OIIEHOK B PAMKAX IIPeJII0XKEH-
HO TEOPETUIECKOl MOjiean chOPMYINPOBAH CIIOCOO OIEHKU PUCKOB Pa3BH-
THS 3JIOKAYECTBEHHBIX HOBOOOPA30BaHUIl, B KOTOPOM B KadecTBe (HaKTOPOB
PUCKa IPEJIOXKEHO BBIIEIATh CyOdeOpUIbHYI0 TEMIIEPATYDY, YPOBEHb Kac-
a3, KOJILIIOCKOITNIECKUit nHJIeKC Peiia, ompeessonux mopor BEposiTHOCTH
dbopMuUpOBaHUs 37I0KATECTBEHHBIX HOBOOODA30BAHUIA.

KurouyeBbie ciioBa: 3KCTpakjaeTOYHOE MH(MOPMAIMOHHOE MOoJie, Oudypka-
[IUOHHAA U XaOTUYeCKas JUHAMUKA, MOJeJU (POPMUPOBAHUS U PA3BUTHUS Pa-
KOBOM OILYyXOJIH.

Ionyuenue: 8 mag 2019 r. / Ucnpasienune: 5 nosabpa 2019 r. /
Ipunsarue: 11 noabpsa 2019 r. / ITybumkarus onsaiin: 5 mexabps 2019 r.

BBenenmne. [Ipobiiema OleHKM PHCKOB BO3ZHUKHOBEHMSI U IIOCJIELYIOIIEH J1u-
HaMHUKHM Pa3BUTHUsI PAKOBBIX OILyXOJeil pas3juvdHBbIX THUIIOB II0 CBOEH CJIOXKHOCTH
BIIOJIHE CPaBHHMMAa CO CBepx3ajadeil B OMOJIOrMM — perneHneM IpodJieMbl MOPgO-
rernesza. Cpey CyIecTBYIONIUX IIOAX0A0B K PEIIeHNIO JaHHOH aKTyaJIbHOI mpobJie-
MBI B ITOCJIEIHIE TOAbI HAUNHAECT BBIJEISITHCA OINEHKA BJIMAHUS IKCTPAKJIETOTHOM
MaTPHUIBLI 1 (PAKTOPOB MUKPOOKPYKEHUsT BOSHUKAIOIINX B3aNMOIEHCTBYIOMINX Pa-
KOBBIX KJIETOK Ha ITOCJIEIYIONINe PUCKHA (POPMUPOBAHUST M IMHAMUKI PA3BUTHS Pa-
KoBOit oryxosn [1-11]. ITpu aToM cymiecTBeHHOE BIIUSIHIE HA 9Ty JINHAMUKY MOYKET
oKa3aTh NH(MOPMAIMOHHBIN OTEHIINA, 0OYCIOBINBAIONINI B3anMOJIeiicTBIE pa-
KOBBIX KJIETOK IIPW M3MEHEHUN TAKUX «BHEITHUX» MapaMeTpPOB, KaK (pU3MIECKUe
CBOICTBA 9KCTPAKJIETOYHON MATPHUIILI [1]|, HOCTYNMHOCTH NUTATEJBHBIX BEIIECTB,
KOHIIEHTPaIUA KHcJIopoaa, pH sKcTpak/ieToO9HOl MaTpHIbl, B3aUMOIEHCTBHE CO
CTpOMaJIbHBIMU KjleTKamu [1] u ap.

B macrosimeit craTbe npeaipuHsTa MONBITKA BBECTH IIpeIcTaBIeHre 00 nHPOP-
MarmoHHOM MeTabomurudeckoM norenrmase (MMIT), koropsiii mo3Bossier Kosm-
9EeCTBEHHO OIPEIE/INTh BEPOATHOCTh BOSHUKHOBEHUS U PA3BUTHSA PAKOBOI OITyXO-
JIM C yIEeTOM TOJBUKHOCTHA PAKOBBIX KJIETOK B 3aBUCHMOCTH OT ITEPEUMCICHHBIX
BHEITHUX TTapaMeTPOB.

Cpean CyIIecTBYOIMIX MaTeMaTHIeCKUX MOJeseil pocTa M IIPOrPeCcCUur OILy-
XOJI € y4eToM ee NposindepaTuBHON U NPOCTPAHCTBEHHON TeTeporeHHocTu |2,
3, 58, 9| BbLIEJSIIOTCSI SMIUPUYECKUe, CTPYKTYDHbIE U KUHETHYECKHUE MOJEJIH
pocTa, IPUBOIAIINE K AUHAMUIECKUM WHTEIPAJTBHBIM KPUBBIM, HAITOMUHAIOIIAM
JIOTUCTHIEeCKYI0 (byHKImio uian GpyHKIuio [ommuepria.

Cpean MUKpoOMO/Iesieit pUCKOB BOSHUKHOBEHUS U PA3BUTHS Oy X0 HAIMHAIOT
MTOSIBJIATHCST MOIe/ T OUyPKAIIMOHHOTO aHAJIN3a C YIeTOM XaOTUIECKON TUHAMU-
K, B YACTHOCTHU JIIsl CUCTEM <OILyXOJIb — MMMYHHBIH Kiactep — Bupyc» [2]. Ho
IIPH 3TOM B JAHHBIX MOJIEISIX MPAKTUIECKH HE YINTHLIBACTCS TUHAMUYIECKOE BJIU-
gane VIMII B omenke BAusiHAST MUKPOOKPYXKEHUSA HA METADOJM3M U JIMHAMHUKY
pa3BUTHsI, TOIBUKHOCTH PAKOBBIX KJIETOK.

Ilenpio manHOl pabOTHI SIBJIAETCSA MCCJIEIOBAHNE BIUAHUS SKCTPAKICTOIHOTO
nadopmarmorHoro nosist VIMII na anTumapaielbHyIo U MapasieabHy o TOIBUK-
HOCTh B3aMMOJEHCTBYIONNX PAKOBBIX KJIETOK B 3aBUCHMOCTH OT BHEITHUX IIapa-
METPOB SKCTPAKJIETOUHON MaTpHUIlbl u napamerpos npoduias UMII B nuaamuke
puCKOB (POPMUPOBAHUS M PA3BUTUST PAKOBOI OITYXOJIH.
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[Ipemioxkennbie TeOpeTUIecKUe MapaMeTphl, TAKHE KaK TeMIeparypa, rnapa-
METp ACHUMMETPUU MeTabOJUIECKOro MOTEHIMA a U MapaMeTp, OMpeJIe IOt
MHTEHCUBHOCTD B3aMMOJEHCTBHUS PAKOBBIX KJIETOK, MPEJIAracTCsl COMOCTABUTH
¢ TakuME (haKTOpAMU PUCKa (DOPMUPOBAHUSI U PA3BUTHsT PAKOBOM OTYXOJIH, Kak
cybdebpuibHast TeMIepaTypa IallleHTa, KOJILIIOCKOIIMYeCKHili uHIeKe Peiina
U YPOBEHb Kaclla3, 9YTO B CBOIO OUEPEb MOXKET MO3BOJIUTH CHOPMYINPOBATDH CIIO-
cob OTEHKY PUCKOB Pa3BUTHUSI 3JI0KAYECTBEHHBIX HOBOOOPA30BAHMUIA.

1. Onucanue mogeau. llpu mocrpoeHnn AuHAMHUYIECKON HeanHeiHoit 2D-
MOJIEJIN BJIMSTHUS SKCTPAKIETOIHOTO NH(MOPMAIIMOHHOTO TI0JIs B JIMHAMIKE PUCKOB
dbopMUpOBAHUS ¥ PA3BUTUs PAKOBOH OIyXOJIM BBOIMUTCS ITOHSITHE ITapaJIIeIbHBIX
7 aHTUIAPAJIIETbHBIX KOOPANHAT WHPOPMAIMOHHBIX METaO0INIEeCKUX IIyTei po-
cra |1, 11]. Anasurudecku BBojurcs 2D-110TeHIIA 9KCTPAKIETOYHOr0 HHMDOPMa-
IMOHHOTI'O TIOJIA JJIs CJIYIaeB IapaJsiie/IbHOTO U aHTUapaJuiesbaoro 2D-mepenoca
Iapbl PAKOBBIX KJIETOK C YI€TOM HX B3AMMOJICHCTBHS Yepe3 MUKPOOKPYZKEHHeE.
HamnpasiieHne 3Tux KOOpMHAT KOPPEIUPYeT ¢ HaJaundueM (M1 OTCYTCTBUEM B CJLy-
Yae aHTUIIAPAJIIEIBHOIO [IEPEHOCA) XaPAKTEPHBIX IPaJIneHTOB NH(MOPMAIIMOHHOIO
nosist [1], CBSI3aHHBIX ¢ HAJIMYMEM KJIETOYHBIX [UINEBBIX PECYPCOB U T.JI.

B xadecTBe 0HOIO U3 CYIIECTBEHHLIX BHEITHUX HAPAMETPOB, BJIHUAIOIINX Ha
AuHAMUKY Torosioruu 2D-rorenuaia SKCTPakIeTOIHOTO HHGPOPMAIMOHHOTO 10~
Jist, paccMaTpUBaeTCad (PAKTOP B3AMMOIEHCTBUA CO CTPOMAJIBHBIMU KJIETKAMU U3~
3a KOHKYPEHIINM 33 OrPAHUYIEHHDBIE THUIIEBbIE PECYPCHI U T.I.

B pesynbrare momo6HOrO B3anMOIeCTBAS B MUKPOOKPYKeHIE BOPAChIBAIOTCS
cekpersl |1|, Bimsifonue Ha MOBEJIEHIE CTPOMAJIbHBIX KJIETOK ¢ (hOpMUPOBAHUEM
YCJIOBUI, TTOMABJISIIONINX WU YCKOPSAIOIIUX BO3MOYXKHOE PA3BUTUE OILYXOJIN.

Cpen MOJIEJIBHBIX TTAPAMETPOB SKCTPAKJIETOUHON MaTpHUIIBI, 0DECIIeInBarO-
IIAX yCJIOBHUS B3aUMOJIECHCTBUS PAKOBLIX KJIETOK, BBOIATCS KOJiebdaTebHbIE MO-
JbI 9KCTPAKJIETOYHON MaTPHUILLI, 0OYCIOBINBAIOIINE e (PU3MIECKUE CBONCTBA, KO-
3 PUIMEHTH B3aUMOAEHCTBUAS ¢ STUMU KoJieOaTeIbHBIMI MOJAMU B JIMTHEHHOM
NpUOJIMKEHIH, & TaKXKe IapaMeTp KBa3UPaBHOBECHOW TeMIIEPATYPhI SKCTPAKJIE-
TOYHON MaTPHUIIHI, BIAUSIONINN HA TUHAMHUKY PUCKOB (DOPMUPOBAHUS U PA3BUTHSI
PaKOBOl OIIyXOJIN.

IIpu momenupoBanuu mapaJsuienbHoro 2D-niepeHoca B 9KCTPAKJIETOYHOM WH-
dOpMAIIMOHHOM IT0JIE PACCMATPUBAIOTCS JBa THUIIA IKCTPAKJIETOTHONW MATPHUIILI,
OTJIMYAIONINXCA 3HAKOM KO PUITHEHTA B3AMMOICHCTBUS PAKOBBIX KJIETOK, UTO
CyIIEeCTBEHHO BJINSIET Ha JIUHAMUKY PUCKOB BOSHUKHOBEHUsI U (DOPMHUPOBAHUS pPa-
KOBOW OILyXOJIN.

2. XaoTu3sarnus MOABUKHOCTH PAKOBBLIX KJieTOK B 2D—Mmonesau anTtu-
napaJjijieJIbHOTO TIePEeHOoCa B SKCTPAKJIETOYHOM MHAOPMAIMOHHOM II0JI€.
Paccmarpusalorest ocobennoctn 2D-anTrnapasiieabHON IMHAMAKI MOABUYKHOCTH
PAKOBBIX KJIETOK B 9KCTpakserodnoM madopmarmontnom mose (MUMII) ¢ ygerom
PEXKUMOB HEYCTOMIUBBIX OMMypKAIUMI U XaOTH3AINN, BIAUSONINX HA JITHAMUKY
PHCKOB BO3HUKHOBEHHUS U (DOPMUPOBAHUST PAKOBOI OITYXOJIH.

JIByXKJIETOIHYIO MMOABUKHOCTD B CHHXPOHHOM U ACHHXPOHHOM PEKUMAX ITPE]I-
JlaraeTcs paccMOTpeThb B paMKax Teopun 2D-momgbapbepHOro mepeHoca B OJIHO-
WHCTAHTOHHOM HPUOJINKEHUN C YIETOM JTOCTATOTHO YCIEITHON aIanTanud K Cu-
cremaM tuna mopdupuHoB. Mcmomb3oBanne Takoil MOJAEIN OMPABIAHO IS CJIy-
qas 2D-aHTHIAPA/IEIEHOTO TPOTOHHOTO MIEPEHOCA ¢ YIEeTOM HEYyCTOMIHBON TOU-
K1 GudypKaImu Ha TeMIepaTypHOR 3aBUCUMOCTH Jiist 9TuX coepunenuii [12]. Ja-
Jiee OIIpeessieTCst KpUTHIecKas: TeMueparypa 1., COOTBETCTBYIONIAsT Oy pKAITITI
roabapbepHOi TpaeKTOpuH. TakzKe ucciaemyercs 3pMeKT BIuIHAS JTOKATIbHON MO-
JTbI 9KCTPAKICTOUHON MaTPHUILI-TEPMOCTATA HA BEPOSITHOCTD JIBYMEPHOIO IEePEHO-
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ca B UMII. Tlpu omnpejiesieHHbIX 3HAYMEHUSX [TAPAMETPOB OKa3bIBAETCS BAXKHBIM
BBIPO2KJICHUE TPACKTOPUI aHTUIIAPAJIIEIBHOIO MEepeHoca. Takum obpas3om, ciie-
JIyeT yunuThiBaTh 3hdeKT Kacka a oudypKaluit, T.e. IOSIBJIEHAE YE€THIPEX, MIECTH,
JIBEHAIIATUA U T.JI. TIap TPAEKTOPHUIA.

st cydast mapaJiielbHOrO ITEPEeHOCca KJIETOK OndypKaliius HaloMuHaeT da-
30BBIil [IEPEXOJL TIEPBOTO POJIA, TOIJA KaK JJIs CJIydas aHTUIAPAJIIETbHOTO KJile-
TOYHOIO IepeHoca O6nypKaIMOHHOE TOBEIeHNE HAIIOMUHAET (DA30BBIM Iepexo
BTOPOT'O POJIA.

Cremyer oTMETUTD, YTO IPEJIOXKEHHAS MOJIEJIb TO3BOJIAET O0bACHUTE IKCIIE-
pUMEHTAJIbHBIE JIAHHBIE 110 KBAHTOBBIM (DJIYKTYyallUsiM B JBYXIPOTOHHOM TYHHE-
JINPOBAHWK B NMOpGUPHUHAX BOJM3U KPUTUYECKOU TEMIIEPATYPBI, a TaKXKe IPE/I-
CKa3aTh BEPOSATHbIE OCOOEHHOCTH PHUCKOB (POPMUPOBAHUS U PA3BUTHUS PAKOBOI
OIIyXOJIN B OIPEIEJEHHBIX YCJIOBUAX U Ipu omupeaeaeHnoM mnpoduie MMII.

PaccmoTpuM JiBe KJIeTKH, KOTOPBIE OCYIIECTBIIAIOT IEPEHOC 110 MeTaboIMTH e~
CKUM UHGOPMAIIMOHHBIM IIYTAM POCTa B HE3ABUCUMBIX JIBYX'bIMHBIX [TOTEHITUAIAX
U(q1) n U(q2), KOTOpBIE B 00€3pa3MEPEHHOM BUJIE TIPEICTABIISAIOTCS TaK:

~ 1 1
Ulgi) = §UJ2(%’ +a)*0(—q) + | AL + §W2(Qi —b)*|0(q:), i=1,2.
Baech mapaMeTpsbl a u b onpeensior nojaoxkenus Mmuaumymos UMIT osnb «ko-
OPJIMHATEI PeaKINN» KayKI0M U3 JIBYX B3aUMOJICHCTBYIOMIX KIeTOK !, cyMMma a + b
olpeiesisieT JIJIMHY CBA3H B COOTBETCTBYIONEM (bparMeHTe SKCTPaKJIeTOUeHOH MaT-
punsr, Al = %wz(b2—a2) siBJIsieTCsl eMernenneM (mapamerpom acummerpun MIT),
0(q;) — crynenuaras dyHkiwms, a w — dacrora. Macca KJIETKU BXOJUT B OIPe/Ie-
senne ¢ (popMasbHO MBI OJIAraeM Maccy paBHOIL 1).

BzaumogeiicTeue MexKly JABYMsl KJIETKAMH PACCMATPUBAETCS B «IUIO b1~
HOJIHOM TIPUOIUKEHUN» :

(0]
Vint(q1, @2) = —§(Q1 —q)% (1)

IJle o sABJISIETCA IOJIOKUTEIbHON KOHCTAHTOI.
st anTUIapasIeibHOrO nepeHoca aByMmepHas nosepxuoctb UMII ¢ yuerom
“IeHa B3aMMOEHCTBHUS KJIETOK MOXKET OBITh OIpeiesIeHa TaK:

Ua(q1,q2) = 2Ua<j;7q2) =
= (g1 +a)’0(—q1) + [-(b* — a®) + (q1 — b)*]0(q1) + (g2 — @)*0(q2)+
CV*Q
+ [0 — a®) + (g2 + b)*]0(—q2) — — (a1 - )

3nech f]a(ql, q2) — obespasmepennas dynxmus UMIT; o = 2a/w? — 6espasmep-
HBIIT mapaMmeTp, & < 1; ¢ U g2 — KOOPAUHATHI HWH(POPMAIMOHHBIX METa0OJIIIe-
CKuX IyTeil pocra kjerok. [lorennuan (2) uzobparken Ha puc. 1.

1OrMmerrM, 9TO «peabHBIe> 3HAUEHMST APAMETPOB @ U b B MOIEIb HE 3aKJIaIbIBAJICH, 2
B HOJIUCK K PUC. | TIPUBOJISITCST «OTHOCUTEIbHBIEY €IMHUIBI 3HAYEHNH 9TUX mapameTposn. [Ipu
YUCJIEHHOM DEIEHUY CUCTEMbI YpaBHeHUii (4) BMECTO 9TUX JABYX <«JIMHEHHBIX» MAapaMeTPOB UC-
[I0JIB30BAJIC OUH ObGe3pa3MepeHHbIH nmapamerp b* = b/a, 4T0, O CyIIECTBY, ABJIAETC Napa-
MmeTpoMm acummerpun VUMII.
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Puc. 1. Acummerpuunas nosepxunocts UMII (2) quist caydgas aHTUIAPAIIIETBLHOTO KJIETOIHOTO
nepenoca (a = 2, b = 2.3, a* = 0.1) [12]; A u B 0603Ha4aI0T UCXOAHOE ¥ KOHEYHOE COCTOSIHUSI
B3aMMOJIEACTBYIOIMX KJeTOK [12]

[Figure 1. The asymmetric surface of the informational metabolic potential (2) for the case of
antiparallel cell transfer (a =2, b= 2.3, a® = 0.1) [12]|; A and B denote the initial and final
states of interacting cells]

[Ipr anTHIApasIEIBHOM TI€pEeHOCe NBYX KJETOK (cM. dbopmyry (2) s mo-
sepxuoctu VUMII) nucranToHHOE JeficTBHE, KOTOPOE 3aBUCHT OT JBYX MapaMeT-
poB € 1 T (OIPEAEISIONNX MOMEHTHI BPDEMEHH ITPOXOXK/ICHUST KJIETKAME BEPIITIHH
VMII 1o napaJiiesbHbIM KOOPAMHATAM MeTabOTUTUIeCKUX Iy Tell pocTa), B CIIy-
Jae TpeHeOperKeH!sT B3anMOIEHCTBIEM C 3KCTPAKJIETOTHON MaTpHUIleil BBIUUCIIS-
€TCsI C TIOMOIIBIO BBIPAYKEHUST

wr(b? — a? w(a + b)? 1 sh(le|v1 = a*
S = i_a* ) w( ;' ) {|€|<11—a*)+ ((1€|_a*)3/2)8h|€|+
+ Ch(?m/j D [sh(8*vT—an)] " [eh((5" ~ VT —a7)-

che -1

— Ch(ﬁ*M)] + W

[ch(B* — 7) + ch §*] } (3)

Baecy f* = hw/(2kT) = wfB/2, — obpaTHasi Temieparypa 3KCTPaKJIETOYHO
MaTpuibl. [lapamMeTpsl € U 7 HAXOAATCA U3 CJACAYIONIEH CUCTeMbl ypaBHEHMI:

1
—shefch % 4+ ch7ch 8* —sh7] + ———sh(ey/1 — a*)x
-«

1
x [ch(B*V1 — a*) — ch(Tv/1 — o) ch(B*V1 — ) + sh(TV/1 — a*)] =0,
-1- ! + ! + (che — 1)(sh7cth * — ch7) + che+ (4)

1+bv)(1—a*) 1—af
+1_71a*{[ch(sﬁ — ") + 1][sh(r/T = %) cth(8*/T = a%)—
—ch(7v/1 — a*)] — ch(ey/1 — a*)} =0.

s wf > 1 (upemesn cpaBHUTETHHO HU3KUX TEMIEPATYD SKCTPAKJICTOTHOMN
MAaTPUIIbI) PelleHre CUCTeMbl ypaBHeHuil (4) MOKeT ObITh HalIEHO ¢ UCIOJIb30Ba~
HIEM TeOPUY BO3MYIIEHUH (JIJIs1 MAJIbIX IAPAMETPOB £) IIPH 3a/IaHHbIX BEJTMIMHAX
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napamerpos acummverpun UMIT— (b —a)/(b+ a) n o*. Ina € = 0 geiicrsue (3)
IpUMeT BHJL

 w(? —a?) b—a . wB/1—a*7 w?B(a+b)?
S = Aoy TN e T ] T 21— a?)
w(b+ a)? whV1 — a* L wBVT—a* (b—a)?\1/2
Aoz |5~ (Sh 5 T+ a)2>

Tak ke Kak U Jyisi CIydas napajjieabHoro neperoca npu 3 > f. (. — Kpu-
TUYECKOe 3HauYeHue mapamerpa (3, cooTBETCTBYIOIIEe TOUKe OudypKamm), mpo-
HICXOIUT CMEHA PEXKUMOB KJIETOYHONH IOABUYKHOCTU — C CAUHXPOHHOI'O IIEPEHOCA
(¢ ofHOI IKCTPEMAJIbHOI TpaeKTOpHeil) HAa aCHHXPOHHBINA (KOTOPOMY OTBEYAIOT
JIBe OTIIeIIeHHbIe TpaekTopun ). OIHAKO B OTJINYKE OT MapaJIIeJIbHOIO IEPEHOCA,
JIAHHOE OTIIEIICHNE MPOUCXOIUT IJIsd JII0OBIX 3Hadvenuil napamerpos UMIL. Ilpu
ycaosun 3 > . umeem S|.o > S|.—o. Torna Bemuuanna S|.—g 6yaeT onpeseynsaTs
CKOPOCTb MepeHOca (UJIH BEPOSITHOIO PUCKA MEPCIEKTUBHOIO PA3BUTHUS OILYXOJIN ).
A g B < . 6yneM uMeTh Ipeobpa3oBaHue JBYX BBIPOXKICHHBIX OTIIEIJICHHLIX
TpaeKToOpuil B eMHUYHYIO (¢ = —@2), KOTOpasi COOTBETCTBYET CUHXPOHHOMY aH-
THIIAPAJIIEJILHOMY IEPEHOCY KJIETOK.

st cirydast OIHOKJIETOUHOIO IEPEHOCa, CYIIECTBYET TOJILKO OJIHA TPAEKTOPUSI,
KOTOpasi MUHUMU3UPYeT neiicTeue. s mepeHoca OByX KJIETOK, B3aMMOIEIHCTBY-
IOLIUX JAPYL C APYTOM, CYIIECTBYET JBa TUIIA [IOA0APLEPHBIX TPAGKTOPUM. A ToU-
Hee, B 3aBUCUMOCTHU OT BEJIMUMHBIL [TapaMeTpa (3, OCHOBHOH BKJIaJ, B MHCTAHTOHHOE
JelicTBUe olpee/sieTcs Jubo AByKPATHO BHIPOXKIAEHHOM, 0O eIUHUIHON TPAaeK-
TopusMu. TakxKe 0TMETHM, YTO IIPU HapaslIeJIbHOM IepeHoce i 3 > [, HepeHoc
OKAa3bIBACTCSI ACHHXPOHHBIM (71 7# T2), TO €CTh KJIETKHU [IPOXOJISIT BEPXYIIKH 6apbe-
pa He OIHOBPEeMeHHO. PacIierniennst e JMHIIHON KJIeTOYHON TpaekTopun (¢1 = ¢2)
He IPOUCXOAUT IJIs MAJIbIX 3HAUYEHNII TapaMeTPOB B3auMOIeHCTBIS & U JJIsl TeM-
[epaTyp 3KCTPaKIETOYHON MATPUILI, KOTOPLIE YIOBJIETBOPSIOT YCJIOBHIO 8 < fe.
To ecTb KJIETKU IPOXOAAT BEPXYIIKH Dapbepa [0 CBOMM KOOpAMHATaM HHMOpMa-
[IMOHHBIX MeTabosmaeckux myreit pocra UMII B oqun MmomenT Bpemenu (11 = 7o),
1 IEPEHOC OKA3BIBAETCSI CUHXPOHHBIM.

Tun B3ammoseiicTBus, 3a1aBaeMblii coorHomenusimu (1), (2), okaspiBaercs
TaKUM, 9TO HE BJIUsSIeT Ha IABUXKEHHUE BJIOJIb KOOPIMHATHI IIEHTPa MaCC KJIETOK
(g1 = q2). Ilo sToit mpuYNHE €BKINIOBO JefiCTBHE OKA3BIBACTCS HE 3aBUCSIIIM
OT MapamMeTpa B3aUMOIEHCTBUs, KaK [JIsd CJIydas HapajjlelbHOro meperoca. duc-
JICHHBII aHAJIN3 CUCTEMBI TPAHCIEHCHTHBIX YpaBHEHNUiT (4) BBISIBIII MHTEPECHDIE
0CODEHHOCTH JJIsI MEPEXOMHON 00JIaCTH MEXKy PeXKUMaMU IIePEeHOCa KJIETOK, T.e.
TOHKYIO CTPYKTYPY BOJIN3U IepBOii OrdypKAIMOHHON TOUKY J1JIsT AHTUIAPAJLIE b
HOT'O IlepeHoca. Pe3ybTaTsl YHCIEHHOIO aHaJIn3a IpeICcTaBIeHbl Ha puc. 2. YcTa-
HOBJIEHO, 9TO B JI00aBjIeHNE K MepBoil 6mdypKAIMOHHONE TOUKe, XapaKTepu3yeMoit
JIByMsi perreHusiMu (prc. 2, a), CyIMecTBYIOT JOMOJHATEIbHbIE 6udypKaInOHHbIe
TOYKHU IPH D0JIee «HU3KUX» TeMIIEpaTypax 3KCTPAKJIETOYHON MaTpPHIBL, T. €., Ha-
npumep, 4 mapsr (puc. 2, b), 6 map (puc. 2, ¢) n naxke JABEHANATH Hap JOMOJIHU-
TesIbHBIX pemtenuit npu £ = 19.2009 (o = 0.05) u T.;1. DTO ABICHEE TOXOIUT HA
MHOXKECTBeHHbIe OudypKamuu win xackad 6ugdyprayud. Taxoit a¢dpdexT HamoMu-
HaeT OIUH U3 CIIEHAPHUEB IePeXoJia K XaoCy.

XOTsI CHHXPOHHBII PEXKUM OKA3BIBAETCS MPEITOUTUTEBHBIM, OJIarogapst To-
My, UYTO B 9TOM CJIydae JeiiCTBUE IPUHUMAET MUHUMAJILHOE 3HAYUEHUE, B OIPeIe-
JIEHHOM JIMalla30He TEMIIEPATYP SKCTPAKJIETOUHOW MATPHUIILI 9Ta BeJUINHA, Jeil-
CTBHSI OKA3bIBAETCSI CPABHUMOM ¢ TeMH 3HAUEHUSIMU, 9TO COOTBETCTBYIOT KaCKa/l-
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(11 + 2w (a) (11 + To)w (b)
- 8 —18.74 - 8 = 18.77

37.1

(1 — m2)w
1 1 1
3 5

Puc. 2. Ywucnennoe pemenne TpaHCIECHACHTHBIX ypaBHeHUii (4), oTBeTaoMee pesKuMy KacKaia
6udypkanuii, wim xaorusamun [12]

[Figure 2. Numerical solution of transcendental equations (4) corresponding to the regime of
a cascade of bifurcations or randomization [12]

HBIM pelleHusiM. B pesysibrare npoucxodaT (BpJIyKTyalund, Wid OUeHUs], Hepery-
JISPHOT'O XapaKTepa B IPOTHBOIIOJIOXKHOCTL TOMY, UTO HaOJIONAeTCs IJIs IapaJl-
JIEJILHOIO IIepeHoca. AHTHIIapa/ule/bHblil 2D-KIeTouHbli IepeHoc, TakKuM obpa-
30M, XapaKTEePU3yeTCsl HEyCTOMINBOCTBIO [IEPEX0a OT CHHXPOHHOIO K aCHHXPOH-
HOMY IIOBejeHn0. Takue HEeyCTONIMBOCTH HAIIOMUHAIOT HEPEPLIBHBINA (Da30BbIil
[Iepexo 1, BTOPOro poja, TOrIa Kak IPU IapauleIbHOM IEPEHOCE PAKOBBIX KJIETOK
Oy pPKAIMOHHDBIN PeXKUM HAIIOMUHAET CTYIIEHYATHIN [Ipolece THila ¢pa3oBoro Ie-
pexojia mepsoro poga. Haiimeno, uro 3apucumoctu mist Se(a) n ae() B ciaydae
AHTUIAPAJIIEILHONO IEPEHOCa UMEIOT TOT K€ CaMbIil XapaKkTep, YTO U B CiIydae
mapaJijIeJIbHOIO IIEPEHOCa. 30eCh HUXKHIA HHIEKC «C» 0O3HAYAeT KPUTHIECKOe 3HAa-
JeHue IMapaMeTpa, COOTBETCTBYIOMIErO TOUKE OudypKAIMH.

Taxum 06pa30oM, BBISIBJIEHA, JJOCTATOYHO CJIOXKHASI TOHKasl CTPYKTYpa IIepexoa
JJIST TIApAJUIeJIBHOINO M aHTHUIIAPAJIIEBHOINO IEPEHOCa IBYX KJIETOK C Pa3JIMYHbI-
MM BBIPOXKIEHHBIME MOAOAPHEPHLIMU TPAEKTOPUSIMHE, MIPUBOISIIIMA K OHEHUSIM,
KacKajaMm OndypKarmii.

Db deKThl HApYIIeHNsT CAMMETPUN MOT'YT UMETh MECTO IIPU CPABHUTEIBHO BbI-
COKHX TeMIIepaTypax SKCTPAKJIETOUHON MATPHUIIbI, 3aBUCSIINX OT TaCcTOTHI Haphe-
pa UMII. Hampumep, 1151 mopuprHOB KpuTHIecKas TeMreparypa 1, cocTaBisgeT
200 K. st pakoBbIX KJIETOK OHA OKakeTcst 3aMeTHO Bbimte (10 310 K).

3. Pexxumbl oudypkanuii 1 6ueHunii moABU>KHOCTH PAKOBBIX KJIETOK
B 2D-Mozesm mapajijieJIbHOTO IIEPEeHOCA B SKCTPaAKJIETOYHOM HHEOP-
MAaIlMOHHOM IIOJI€ C YY€TOM JIBYX THUIIOB 3KCTPAKJIETOYHOI MATPUIIBI.
Paccmarpusatorest ocobenroctn 2D-mmapasmenbHOl IMHAMUKHA B 9KCTPAK/IETOU-
HoMm uHbopmanuonnom nose (MMII) ¢ yuerom pekumMoB ycToiduBbix Gudyp-
Kaluii 1 OMeHuil JIByX THUIIOB, BJIUSIIOIIMX HA IUHAMUKY PUCKOB BO3HUKHOBEHUSI
1 GOPMUPOBAHUST PAKOBOI omyxoyn. Kak u B IpenblaylneM pasjese, pacCMOT-
PUM IOJBHKHOCTH JIBYX PAKOBBIX KJIETOK, KOTOPBIE OCYIIECTBJISIOT IEPEHOC I10
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apaJiieJIbHbIM KOOpJnHATaM MH(MOPMAIMOHHBIX MeTabOJIMYEeCKUX IyTeil pocTa
UMII ¢ u g2 KIeToK.

JByMmepHast moBepxHocTb VIMII st ciydast mapaJsiieTbHOrO KJIETOYHOTO Tie-
peHoca, OPTOHOPMUPOBAHHAA Ha w?, 3a/1aeTcs COOTHOMmenneM (CM. puc. 3)

20 q1, 42
Up(q1,q2) = p(w;) =

= (q1 +a)*0(—q1) + [~ (0> — @®) + (1 — b)*]0(q1) + (g2 + a*)0(—q2)+

!

+ [ (0" = a®) + (a2 — 0)*]0(q2) — 5 (@ - 0)?,  (5)
rie ﬁp(ql, g2) — obespasmepennast dbyukius VIMII; napamerpst a u b norennuasa
IIepEeHOPMUPYIOTCs BO BHerHeM 1ojie MMIT:

a=ag—Nwi, b=by+ N wi,

b0 mepeHopMupyercst 6e3pasmepHsblii napamerp b* = b/a, KoTopslil ciabo Hesu-
Heitno 3aBucut ot Hanpsizkeanoctu IMII. 3necs ag u by — mapameTpbl, KOHKpPETHU-
3UpyIomue mojaoxKeausi MuHEMyMoB 2D VIMII, ompeenstioniero B3anMoaeiicTBIe
PaKOBBIX KJIETOK B OTCYTCTBUE BHEIIHErO IKCTPaKJeTodHoro mojs WUMIT; A\ —
mapamerp, onpeaessionuii Hanpsizkenanocts UMII, cBa3annyo ¢ 0cobeHHOCTSIMEI
B3aUMOJIEHCTBUS PAKOBBIX M CTPOMAJILHBIX KJIETOK.

Ksasuknaccnaeckoe (MHCTAHTOHHOE) JeficTBHE, KOTOPOE € SKCIIOHEHITNATIHHOM
TOYHOCTBIO OIIPEJIEJIsieT BEPOATHOCTH 2D-napasiielbHOro KJIeTOYHOTO IIepeHoca,
paccauTbiBaeTcs 1o (hopmysie

S = 2a(a + b)(Tl + 7_2)w2 _ ;w2(a + b)2(7'1 + 7_2)2 _ w4(a + b)2(7—1 — 7‘2)2_

(w? = 20)88
_ 2l(a+ b i [Sin2 VTt +sin® v (sinvnTi — sin,m)? (6)
§ 20t i) T 202 te?2a)

S,H,GCI) HCIIOJIb3OBaHBI CJIEIYIOINE 0003HAYCHHUSI:

e=c'w=(n—nw, T=2T'w= (1 +")w,

Puc. 3. Acummerpuunas nosepxuocts VIMIT (5) [12] mnst cirydasi mapajulelbHOIO IIEpeHOCa
(IoABUAKHOCTH) PAKOBBIX KJIETOK; A 1 B 0603HAYAIOT UCXOAHOE U KOHEUHOE COCTOSIHUS KJIETOK

[Figure 3. The asymmetric surface of the informational metabolic potential (5) [12] for the
case of parallel transfer (mobility) of cancer cells; A and B denote the initial and final state
of the cells|

712



MopgenmupoBarne BAHSHAS SKCTPAKIETOIHOIO HH(POPMAIHOHHOTO MOJIA. . .

B =pw/2, of = 2a/w2, b* =b/a;

T| ¥ T — TeHTPbI 2D-uHCTAaHTOHA, T. €. MOMEHTHI MHUMOTI'O BPEMEHHU TTPOCKOKA, T1a-
paJLIeTbHO TIEpEeMEITAoUMICcs KiieTkaMu B mosie UMIT BepxyIiKy MOTeHIIna b-
Horo 6apwepa UMII (Touku ¢ HyseBoil KOOpPAMHATOI) BIOJB COOTBETCTBYIONIEH
KOOPJIUHATHI WH(MOPMAIMOHHBIX METaOOJUIECKUX TyTeil pocta; (, — Koahduim-
eHTbl Oyphbe MPU pa3IOKEHUN «BSI3KOTO sITPay B KBAZUKJIACCUYECKOM YPABHEHUN
JIBUZKEHUSI, OMUCHIBAIOIIETO TPOIECC «IUCCUTIAIINTY KJIETKH B IKCTPAKJIETOUHOM
marpuie; v, = 27n/ — Maiyb6apoBcKkue 4acToThbl; [ — obpaTHasi Temieparypa
9KCTPAKJIETOTHON MATPHUIIHI.

B mpenerne ciaboit quecunarium, Koraa B3anMOJIeHCTBIE ¢ JTOKATBLHBIME KOJTe-
6aTeTLHBIMI MOJAMHI IKCTPAKJIETOUHON MATPHUILI TPEIOIAracTCsT TPeHebpeKu-
MO MAJTBIM, TTOJTYYUM CJIEYIONTHE PE3YIBTATHI st BeposiTHOCTH 2D-mapaJiienbHo-
ro KJIETOYHOTO ITepeHoca. B cirydae mpeHebpeskeHnst B3ANMOIEHCTBUEM C IKCTPaK-
JerouHoil Marpurieii (r.e. upu (, = 0) meiicrBue (6) Kak dyHKIWs MapaMeTpoB
€ M T TIPUHUMAET BU/I

2 o *
g (a+0b) w{ dat T (1 N 1 *) N (1 —|e|)a L eth B
11—«

2 a-+b " a +b 1 —ao*
_sh~lg* [ch(ﬁ* —7)che + ch(B* — 1) — ch(8* — |g|)} —

—(1—a*)¥? (_ cth(3vI—a*) +sh 1 (BvVT — a") x
X {ch[(ﬂ* — 7)V1 — o] [ch(ev1 — a*) — 1] + ch[(B* — [¢e])V1 — a* }) } (7)

Kak Tosibko TpaekTopus HaiigeHa, ypasuenus ¢ (1) = 0, g2(72) = 0 MoryT 6bITh
IIPeJICTABIEHBI B CJIeyiomei dhopme:

she[ch T cth 8% — shT — cth 8*]+
+12= sh(ev1 — o) [ch(Tv/T — o*) cth(B*V/1 — a*)—

—sh(7v/1 = a*) 4 cth(8*V/1 = a*)] =0,
8
3— 1+4b* — L 4 che[shrcthB* —ch7 — 1] +sh7cth 8* — ch 7+ ®)

1—a*

+L5 ch(ev/T — o) [sh(Ty/1 — o*) cth(B*v/1 — a*) — ch(rv/1 — a*) + 1] —
— 12— [sh(rv/1 = a¥) cth(8*VI — a*) — ch(r/1 — a*)] = 0.

HucenHoe perierne cucreMbl (8) 103BoJIsIeT BIsiBUTH Oudypkanuio 2D-kJie-
TOYHBIX TPAEKTOPUIii, T.e. IIPU ONPEACTCHHOM 3HAYCHUU OOPATHON TeMIIePaTyPhI
B* skcTpakieTouHo# MaTpuibl Jinbo mapamerpa acummerpun UMIL, cesizanHOTO
C BEJIMYMHON HANPSIZKEHHOCTH TIpUJIozkeHHOoro 1oJist UMII b* = b/a, 6o kosddu-
IIIEHTa B3auMoJjieiicTBua o = 2« /w2 (e 3HaK Ko3(hbUIIEHTa B3aNMO/CHCTBIS
PaKOBBIX KJIETOK (v 3aBUCUT, B YaCTHOCTU, OT THUIIA U IAPAMETPOB IKCTPAKICTOU-
Hoit MaTpursl). Hucaenusiii anagns cucreMsl (8) MO3BOJSIET TAKIKE BBISIBUTH TOH-
KYIO CTPYKTYPY IIepexoa B OKPECTHOCTH TOYKHU OMdypPKAIUU, & UMEHHO PEXKUM
OueHuit 1151 IAPAJIIEBHOIO TIepeHoca (II0/IBUKHOCTH) PAKOBBIX KJIETOK. B nrto-
re BepPOSITHOCTH 2D-TapasiieilbHOTO KJIETOYHOTO IEPEHOCa ¢ HKCIOHEHITHAJILHOM
TOYHOCTBIO omnpejiensiercss kak I = exp(—S), rue S 3anaercst Boipaxkenuem (7),
C y4eToM perieHust cucreMbl (8).
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ITpocrele aHAINTHYECKUE DPEIIEHUs ypaBHEHHil (8) morydaioTcss B 4acTHOM
ciyuae [12], xorma € = (11 — 7)w = 0 1s M06bIX B 1 o < w?/2:

T 1 1-0*(\) | Bw B
T:T:—:—arh[is 7]%—*-
TR T o T w 1+65(\) 21714
Oj1HAaKO MOJHBII UX aHA3 TPEOyeT IPOMO3JKUX UNCIEHHBIX BBIYUCJIEHUI.
[Tpu mocrarouno Hu3kux remmeparypax (wf > 1) mpu 1 < b/a < 3 u

b—a 2 2(b—a)

dhta) SoZ ST Z_a

MbI, HaAKOHEII, C SKCHOHGHHI/IaHI)HOﬁ TOYHOCTBIO IIOJIYYIHNM DPEHIeHne

exp(—7v1 — o) ~ [3 — 1+4b* — ﬁ] (1 — a*)/(=vi-am)y

{1 (1= a0V (3 - - vTan) )
exp(—¢) = [3 — f — 7] exp(TVT = 0%) + s

9)

Pemenne (9) cupaseminBo npu

5> po= T

CorytacHo 1pejraraeMoil MOJICJIM OIEHUBAETCs [TOPOrOBasi BEPOATHOCTH hop-
MUPOBAHUS PAKOBOH OITyXOJIH, IIPU 9TOM IIapAMETPAM MOJIEJU B COOTBETCTBHUE MO-
IyT OBITH MIOCTABJIEHBI PeasibHbIe HAOJIOAAEMbIE B MEUIIUHCKON TPAKTUKE I1apa-
Merphl (cM. Tabsuiyy). [lpn peanmsanun KpuTHIeCKUX 3HAYEHUIT TapaMeTpoB [,
Qf, A\¢ OCYIIECTBIISIETCS IIEPEXO]] Yepe3 TOUKY OudypPKAIUK € IOCIeLyIOIIUM JIaBH-
HOOOPA3HBIM POCTOM TIOJIBUKHOCTH PAKOBBIX KJIETOK ¢ BeposiTHOCTBIO 0.7 (70 %).

[Tony4yeHHast 3aBUCUMOCTD BEpOATHOCTH 2D-mapaliie TbHOTO KJIETOYHOI'O TIepe-
noca ot Hatpsikennoctu nosist IMII ¢ ygeTom BiusiHus AByX JIOKAJIBHBIX KoJieba-
TeJIbHBIX MOJI, 9KCTPAKJIETOYHON MATPHUIILI I03BOJISET IPOAHATIU3UPOBATE PEXKIM
2D-k7erounsix 6udypkanmii (cMeHa pekuMa TepeHoca (KJIeTOYHOM MOIBUKHO-
CTH) ¢ CHHXPOHHOI'O HA ACHHXPOHHBIIT), a TakxKe OHEeHUiT B OKPECTHOCTH TOYKHU
oudypkaruu. Tak, Ha puc. 4 1ocjie peKuMa CHHXPOHHOIO MAPAJIIETBHOIO Kile-
TOYHOTO IIEPEHOCA, C JIBYMS XapaKTEPHBIMU [TMKAMHU TOYKA U3JI0Ma OTBEYAET TOUKE
budypKamu, a Mocaeayonne OCIUIISIIINT — OMEHHSIM.

Hapsiny ¢ pesxumonm Ouennii ¢ «IpoBajgaMuy Ha 3aBUCAMOCTH BeposiTHOCTH 2D-
apaJjIeIbHOrO KJIETOTHOTO repeHoca or Hanpsizkeauoctn mosist IMII (em. puc. 4)
[IPpU yBEJUYEHUU TEMIIEPATYPhI IKCTPAKIETOUHON MATPUIIHI U [IPU YACTOTAX KOJIe-
OaTesIbHBIX JIOKAJIBHBIX MO/I, 3HAYUTEHHO MEHBINX XaPAKTEPHBIX YaCTOT JABYXb-
svaoro MMII, moxkeT mMeTh MeCTO pekKnM OMeHui ¢ Pe30HAHCHONW CTPYKTYpPOit
(cM. puc. b), cBazaHHOl ¢ HHTEpdEpPEHIHEl PA3INIHBIX KAHAJIOB KJIETOTHOTO ITe-
penoca.

B cnenyiomiem pasgesie 6yayT mpecTaBIeHbl PE3YJILTaThl MOJIE/H apaJLIeb-
Horo 2D-KJIeTOYHOIO IepeHoca ¢ y4eTOM CMEHbI 3HaKa B3aUMOJIENCTBUS KJIETOK
B 9KCTPAKJ/IETOYHON MaTpuUlle IIPU U3MEHEHUU yCJIOBUI KJIETOYHOU KOHKYPEHIIAU
3a UCTOYHHUKM IHUTaHusA. Takrke OyJeT IIPOBEJIEHO CPaBHEHUE PE3YJILTATOB IPE/I-
CTaBJIEHHOT'O MOJIEJIBHOTO PACCMOTPEHUS C PE3yJIbTaTaMI MOJIEJIMPOBAHUS JIPYTHX
aBTOPOB.
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0.7 T T T T T T T
0.6 - a

0.5 F J

0.3 F/

0.2 J

Probability of cancer risk, IT"

1 1 1 1

1 1 1
0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

Intensity of the metabolic information potential, b*(\)
Puc. 4. BaBucumocts BepositHOCTH 2D-Tapasie IbHOrO KJIETOYHOTO MEPEHOCA, OT HAIPSIKEHHO-
cru osist UMII ¢ ygerom Touku GudypKanum u pexumMa OueHui

[Figure 4. Dependence of the 2D parallel cell transfer probability on the intensity of the metabolic
informational potential taking into account the bifurcation point and the beat mode]
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Intensity of the metabolic information potential, b*(\)

Puc. 5. Pexum Ouennit Ha 3aBUCHMOCTH BepOSITHOCTH 2D-11apaJiiesIbHOro KJIeTOYHOro [IepeHoca
or HanpsikenHocTu noss IMII: a) pesonancs! 10 Touku 6udypkanuu; b) pe30HAHCHI U IPOBAJIBL
BBIIIe TOYKN OMypKaIn

[Figure 5. The beat mode on the 2D parallel cell transfer probability dependence on the intensity
of the metabolic information potential: (a) resonances to the bifurcation point; (b) resonances
and dips above the bifurcation point|
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@a%mopm puckoes Teopemu%ec%ue Teopemu%ec%aﬂ 3a8UCUMOCMD
PopMmuposaHUA PAKOBHLT napamempove
onyxonet

[loBeimiennast  cyodeo- B~ T, Kpuruyeckass TemmepaTypa, OIl-

PUWIbHAs — TeMIepaTypa Br >4 pesessionas TouKy oudypranmu,

(Bbimte 37°C) ¢ HOCJIEAYIOMUM JIABHHOOODA3-
HBIM POCTOM IOJIBUZKHOCTU PaKO-
BBIX KJIETOK

VYposens kacnas (3, 6, 8), at > 03 IlapameTp, onpeneJdAOmuil HH-

YBEJIUYEHNE AKTUBHOCTHU (1>af>0) TEHCUBHOCTH B3aMMOJIEHCTBUS pa-

ma 25 %

KOBBIX KJIETOK

Kosbrockonnaecknii nu-
nekce Peitia (Bbime 3)

e («HAIpSTIKEH-
HocThy VIMIT),

[Tapamerp acumMmerpuum MeTadO-
JIMIECKOoro moreHmana b* (\)

b*(\) > 1.5
Cancer Risk Factors Theoretical Theoretical Dependence
Parameters
Elevated low-grade fever B ~T 1, The critical temperature deter-
(above 37°C) Br >4 mining the bifurcation point,
with followed by an avalanche-like
increase in the motility of cancer
cells
Caspase levels (3,6,8), ol > 0.3 Parameter that determines inten-
increased activity by (I>al>0) sity of the cancer cells interaction
25 %

Reid’s Colposcopic Index
(above 3)

Ae (“intensity” of
the metabolic

The asymmetry parameter of the
metabolic potential, b* ()

information
potential),
b*(\) > 1.5

4. CpaBHeHUe pe3yJIbTaTOB aHAJIUTUYECKUX Modesei 2D-auTumapaJi-
JIeJIbHOII M mapaJsuiesbHOU auHaMuku (paszensl 2 u 3) ¢ pe3yjbrara-
MU MOJIeJIMPOBAHUS APYTUX aBTOPOB MO PACCMOTPEHUIO XaOTUYECKOU
1 OudypKaAIMOHHON ANHAMUKU B CUCTEME «OILyXO0Jb — UMMYHHBIN KJia-
crep — BUpyc». B pamkax Mojie/in, paCCMOTPEHHO# B paszjese 3, B pexKuMe CJia-
060ro B3amMMOJEHCTBUS PAKOBBIX KJIETOK C IKCTPAKJIETOYHON MaTpuIleil B JIeBOit
YaCTH KPUBOI 3aBUCUMOCTH BeposiTHOCTH 2D-TapasiiesibHOro meperoca (Kietod-
HOIT ofBrKHOCTH) OT HanpszkeHnoctu VIMIT nabionaercs ennanaHbiil ik (cM.
puc. 6), orBevarormuit cirydato, korga IMIT npu HekoTOpOM 3HAUeHHH apaMeTpa
nanpsizkenHocrn VIMIT (M) cranoBurcst cuvmerpuaabiM. [3710M B paBoii qacTu
MOJIEJIbHOM KPUBOH OTBEYAET yCTOWIMBOi TouKe budypKaruu npu 2D-napasienb-
HOM II€PEHOCE B pexKuMe Cjaboil IMCCUTIANNN, WM ITPeHeOPeKeHNN B3anuMoeii-
CTBHEM PAKOBBIX KJIETOK C SKCTPAKJIETOYHOU MATPHIIEN.

Hizke mpejcraBiienst (puc. 7) pe3yabTaTbhl MOJAEIMPOBAHUSA HapaJICIbHOIO
2D-KJ1eTOYHOTO TIePeHoca C yIeTOM CMeHBbI 3HaKa B3aUMOJCHCTBUs KJIETOK B 9KC-
TPaKJIETOYHOU MaTpuUlle IIPU U3MEHCHUU YCJIOBUI KJIETOYHONW KOHKYPEHIIUN 33
HCTOYHUKHN MHTaHUsA. PaccMOTpeH pexkuM J(BoitHO# 6udypkannu (Ha MOIEIHHON
KPUBOi 0003HAYEHBI CTpEJIKAMHE 1 ).

Ha puc. 8 npeacrapiaenbl 5ddeKTh OMEeHNiT B OKPECTHOCTSIX TOYEK IBOMHOM
budypkranuu B cIydae CMEHbI 3HAKa B3aUMOIEHCTBAS KJIETOK B 9KCTPAKIETOIHO
marpuiie (0603HAYEHBI CTpesiKaMi 2).
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1.0 T T T T T

0.8 F

0.6 |-
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Puc. 6. 3asucumocts BepogTHOCTH 2D-TIapasieTbHOrO mepeHoca (KJIeTOIHOH MOIBUKHOCTH) OT
nanpsizkennoctu VIMII B nipeiesie c1aboro B3anMoJIefiCTBYsI PAKOBBIX KJIETOK C 9KCTPAKJIETOUHOM
MaTpuiei
[Figure 6. The 2D parallel transfer (cell motility) probability dependence on the intensity
of the metabolic information potential in the limit of weak interaction of cancer cells with
the extracellular matrix|
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Puc. 7. Pexum npoitnoit 6udypkanun (Ha MOIEIbHON KpuBOil ToUKK 6udypranuit 0603HaIeHbI
cTpesikaMu 1) HA 3aBUCUMOCTH BEPOSATHOCTH TTAPAJLIETLHOrO 2D-KI€TOYHOrO TIEpeHoca ¢ yIeToM
CMeHBI 3HAKa B3AMMOJENCTBUs KJIETOK B SKCTPAKJIETOYHON MaTpHUIle

[Figure 7. Double bifurcation mode (bifurcation points on the model curve are indicated by
arrows 1) on the parallel 2D cell transfer probability dependence taking into account change
in the sign of cell interaction in the extracellular matrix]
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Puc. 8. Pexumbr 6uennit (0603Ha9enb! cTpeskamu 2) Ha GoHe aBoitHON Oudypkanun (HA MO-

JleJIbHOM KpUBO# TOukH OudypKanuii 0603HaUeHbI CTpeJIKaMy 1) Ha 3aBUCHMOCTH BEPOSITHOCTH

napaJuIeIbHOro 2D-KJIeTOYHOTO IEPEeHoca ¢ yUeTOM CMEHbI 3HaKa B3aMMOJIEHCTBIS KIIETOK B 9KC-
TPAaKJIETOYHOI MaTpulie

[Figure 8. The beat modes (indicated by arrows 2) on the background of double bifurcation

(on the model curve, the bifurcation points are indicated by arrows 1) on the parallel 2D cell

transfer probability dependence taking into account change in the sign of cell interaction in the
extracellular matrix|

B mpemene cunbHOrO B3aMMOMIEHCTBUSI PAKOBBIX KJIETOK C 9KCTPAKJIETOUHOMN
MaTpuriei (paszien 3) ¢ y9IeToM BJIHUSHHUS HA UX MOJBHKHOCTD JIBYX JIOKAJIBHBIX
KO0J1€0aTe/IbHBIX MOJ, 9KCTPAKJICTOYHON MaTPHIILI HMOJIYIUM MOJCILHYIO 3aBUCHU-
MOCTh BepOSITHOCTH 2D-TIapasiieIbHOTO KJIETOTHOTO IIEPEHOCA C YIeTOM PEeXKH-
Ma Oudypkaun u 6ueHunit, mpeacraBiennyo Ha puc. 4 u 5. [Ipaserii pparment
9TOI MOJIE/IbHOIT 3aBUCHMOCTH (TIpaBee TOUKH OUdypPKAINT) YACTHIHO HATTOMUHA-
€T pe3y/IbTaT MOJAETUPOBAHNUS BPEMEHHON IUHAMIKY IIJIOTHOCTH PAKOBOI OITYXOJIH
¢ yueToM pexkuma 6udypkaimii (cMm. puc. 9 u 10 B cpaBHEHHH ¢ Pe3y/IbTaTaMy pa-
6ot [2]).

XaoTuzanus KJIeTOYHOMN [OIBUXKHOCTH, IIPeJICTaB/eHHas B pabore 2|, Haromu-
HaeT peXXUM aHTHUIAPAJLIETbHON MOIBUKHOCTH PAKOBBIX KJIETOK B IIpeese CJia-
Ooil aucchmaliuu, MpeacTaBAeHHON B pasmgese 2.

Sakarouenne. TeoperwdyeckKn uccienoBan 3P@EKT HEYCTONINBOrO M3JIOMa
B TEMITEPATYPHO 3aBUCUMOCTY aHTUITAPAJICILHON TUHAMUKA JIBYX PAKOBBIX KJIe-
ToK B 2D-mHpOpMAIImOHHOM MeTaboInTHIecKOM norennnase. [lokazamno, aTo ad-
deKT HApYIIeHUsSI CUMMETPUN OKa3bIBAETCS YCTOWIMBLIM I MTapaJIIeIbHOIO U
HEYCTONYIMBBLIM JJIsT aHTUIAPAJIEIBHOIO IIepeHoca. BhIsB/IeHa CJIOXKHAS TOHKAS
cTpyKTypa B OudypKarmonHoii obmactu, obyciosientas diuykryanusyu (Oue-
HUSIME) JJTsi [IApaJuIeIbHOTO JIBYyMEPHOTO MEPEHOCAa PAKOBBIX KJIeTOK. st ciry-
qasi aHTUIAPAJLIEIBHOTO TepeHoca B OudypKaImOHHOM 00/1aCTH CTAHOBUTCS CY-
MecTBEeHHBIM BKJaJ 4, 6, 12 u T.J1. 1ap TpaeKTOpHUii, YTO HAIIOMUHAET OIUH U3
PEXKUMOB ITepexo/1a K xaocy. JLomo/IHuTe/TbHO NCC/IeJOBAHO B3anMOAEHCTBIE TTaPhI

718



MopgenmupoBarne BAHSHAS SKCTPAKIETOIHOIO HH(POPMAIHOHHOTO MOJIA. . .

1.0 T T T T T T

0.8 F

0.6

04

Probability of cancer risk, "

0.2+

O 1 1 1 1 1 1
4 6 8 10 12 14 16

Intensity of the metabolic information potential, b*(\)

Puc. 9. CpaBHeHMe TIOJIEBOI 3aBUCUMOCTH BEPOATHOCTH 2D-TTapasiieTsHOro KJIETOTHOTO TIEPEHO-

ca ¢ y9eToM pexknMa 6udypKanuu u 6ueHnii B caydae 6oJee CHILHOTO B3auMOJICHCTBUS PAKOBBIX

KJIETOK C 9KCTPAKJIETOYHON MATPHIIEH C yUETOM BJIMSHHUSA Ha UX HMOJBUMKHOCTD JIBYX JIOKAJIBLHBIX

KOJIe6ATENBHBIX MOJI 9KCTPAKJIETOUHOM MaTpHIbl (CHHSIsI BEDXHssl KPUBasi, CM. TakxKe puc. 4)

C pe3yJIbTaTOM MOJIeJUPOBAHUS BPEMEHHON AMHAMHUKHU IJIOTHOCTU PAKOBOH OMYXOJH C yYETOM
pexxuma 6udypkanuit (4epHas HUKHsAA KpubBasd) [2]

[Figure 9. Comparison of the 2D parallel cell transfer probability field dependence taking into

account the bifurcation and beating regimes in the case of a stronger interaction of cancer cells

with the extracellular matrix taking into account the effect of two local vibrational modes of the

extracellular matrix on their mobility (blue upper curve, see also Fig. 4) with the result modeling

the temporal dynamics of the cancerous tumor density taking into account the bifurcation regime
(black lower curve) [2]

KJIETOK C KOJIEOATEIbHBIMIA MOJAMHU SKCTPAK/JIETOIHON MaTpuIlbl. Takoe B3anMo-
JeficTBHe 3HAYUTEJIHLHO M PA3JINIHBIM 00Pa3oM MOJUMUIIIPYET IPOIECChl AHTH-
apaJjiIe/IbHONO U Hapa/lJIeIbHOTO JABYMEPHOIO ITEPEHOCA PAKOBBIX KJIETOK. B3a-
UMOJICHICTBUE C 3KCTPAKJICTOYHON MaTpulleil He MeHdAeT JJMHAMUKU IIEHTpa Macce
Iapbl PAKOBBIX KJIETOK JIJIs CJIyUasi aHTUIAPAJIIEILHOTO IePeHoCca, HO BHOCUT CY-
IIeCTBEHHBINH BKJIAJ B AUHAMUKY I CIydas apaJjiejabHoro mepexoca. Ompe-
JejleHa TPAHUIR JTUAITa30HA TEMIIEpATyp SKCTPAKICTOUHON MATPHUIbI, HAUUHAS
¢ KOTOPOil pean3yioTCsl yCTONYNBBIE IByMEPHBIE CHHXPOHHBIE KOPPEJISIIUNA BCeX
paccMOTpEeHHBIX TUIOB. HaiimeHo, 9YTo mepexos 0T CHHXPOHHOTO K aCHHXPOHHOMY
pexuMmy 2D-aHTHUIAPAJIETEHOTO ITEPEHOCA PAKOBBIX KJIETOK B 9KCTPAKIETOIHOM
MaTpuIe B ycaoBusx 2D-wHGOpManOHHOTO MeTabOJIMIECKOT0 TOTEHITNA A HAIIO-
MHUHAET (PA30BbIH IIEPEX0/I BTOPOTO POIA.

[Tokaszamo, 9TO Ha PUCKU BO3SHUKHOBEHUSA U (DOPMUPOBAHUS PAKOBOHN OIIyXO/I1
CYIIIECTBEHHOE BJINAHUE OKA3bIBACT B3aMMOJEHCTBHE C IKCTPAKIETOTHON MaTpH-
Ieit, T.e. peajim3yercst Ipeesl CUIbHON JIUCCUTIAIIAN, 9TO COBIIQIAET C BBIBOIOM
pa6or [1, 11]. B pamMkax IpoBeJIeHHOTO MOJIEJMPOBAHKs YCTAHOBJIEHO, YTO B3au-
MOJIefICTBIE PAKOBBIX W CTPOMAJILHBIX KJIETOK, CYIIECTBEHHO IIEPEHOPMUPYIOIIee
WMII u cnocobroe MEHATH 3HAK B3AMMOJICHCTBIS PAKOBBIX KJIETOK MEXKTy CODOM,
IIPU OIPE/ICIEHHOM KPUTHIECKOM 3HAYEHUU BEJIUYUUHBI 9TOTO B3aWMMOJICHCTBUS
MIPUBOJUT K PeXKUMY OudypKaIuil MOJBUKHOCTA PAKOBBIX KJIETOK M, KaK CJe-
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Puc. 10. CpaBrenue pe:xuma OMeHNI HA 3aBUCUMOCTH BepOosITHOCTH 2D-mapaiielbHOro KirieTod-
HOrO mepeHoca or HanpsikenHoctw noyst UMIT (puc. 5) ¢ MomenbHOM KpUBOH JIMHAMUKHA POCTA
PAKOBOH OILYXOJIM 110 pe3ysibTaTaM paboTsl [2]

[Figure 10. Comparison of the beat mode regime on the 2D parallel cell transfer probability
dependence from the intensity of the metabolic information potential (Fig. 5) with the model
curve of the cancer tumor growth dynamics according to the results of [2]

CTBUE, K JIABHHOOOPA3HOMY POCTY PakoBoil omyxosu. [lokazamo, 9To mapamerps
VMII u XxapakTepucTUKN SKCTPAKJIETOUHON MaTpuIlbl (B TOM 4uc/e busnieckue,
9TO COOTBETCTBYET BBIBOAAM DPAbOTHI [1]) B 3HAYUTENLHON CTEEHU ONIPENEIIsIoT
KaK PUCKVM BOZHUKHOBEHUS, TAK U XaPaKTEPHYIO JUHAMUKY POCTA PAKOBOH OITy-
XOJTH.

B pesynbrare mMpoBeNeHHBIX KOJUYIECTBEHHBIX OIEHOK B PaMKaX MPEJI0XKEH-
HOI TEOPETUIEeCKON MoJIen CHOPMYIUPOBAH CIIOCOO ONEHKU DPUCKOB DPA3BUTHSI
3JI0KAYECTBEHHBIX HOBOOOPA30BaHU, B KOTOPOM B Ka4eCTBe (DAKTOPOB PUCKA IIPE/T-
JIOZKEHO BBIJIETATh CyOhEOPUIbHYIO TEeMIIEPATypy, YPOBEHb KACIa3, KOJIHIOCKO-
nudecknit uujeke Peiina, mopor BeposiTHOCTH (DOPMUPOBAHUST 3JI0KATECTBEHHBIX
HoBoobpazoBanmii. Paccunrana BepOATHOCTD HOJBUKHOCTU B3aHMMOICHCTBYIOITIX
PAKOBBIX KJIETOK B KCTPAKJETOUHON MaTpuile B MHQMOPMAIMOHHOM MeTabOJIU-
YECKOM ITOTEHITUAJIE, 3aBUCSIIUM OT HAapAMETPOB, CBA3AHHBIX C OIPEIe/ITeMbIMU
dakTopamu prcka, IIpu 3HAYEHUAX KOTOPBIX (KOJIbIIOCKOIMYecKuii nHeke Peiina
ot 3 u GoJiee; ypoBEeHb aKTUBHOCTHU Kacas or 25 % u 6osee; cyodedbpuabHast TeM-
nepatypa Bbirre 37 °C; mopor BeposTHOCTU (DOPMUPOBAHUST 3JI0KATECTBEHHBIX HO-
BoobGpazoBanuii 6ostee 70 %; mapamerp B3aUMOIEHCTBUS PAKOBBIX KJIETOK MEMKLY
coboit or 0.3 u 6oJiee) MOXKeT ObITH JIMATHOCTUPOBAH YCKOPEHHBIH POCT 3J10Kade-
CTBEHHBIX HOBOOODA30OBAHUIA.

Koukypupyroiiiue HTEPECHI. 3asBJseM, 9TO B OTHOIIIEHUN aBTOPCTBA U Iy OIHKAIN
9TOI CTaThbU KOHMJINKTA UHTEPECOB HE MMEEM.

ABTOpCKMIT BKJIAJ 1 OTBETCTBEHHOCTD. Bce aBTOPHI MPUHUMAJN yIacTHe B pa3pa-
6OTKe KOHIIEIIIUU CTAThH U B HAIMCAHUY PYKOIUCH. ABTOPBI HECYT MOJIHYIO OTBETCTBEH-
HOCTD 32 IIPEJIOCTaB/IEHNEe OKOHYATEIHLHONU pyKomnucu B medarb. OKOHUATeIbHAST BEPCHSsT
pyKomucu 6bL1a 07100peHa BCeMU aBTOPAMU.
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Abstract

The dynamic nonlinear 2D model of the extracellular information field
influence in the dynamics of risks of the cancer tumor formation and devel-
opment has been considered. Physical properties of the extracellular matrix,
availability of nutrients, oxygen concentration, pH of the extracellular ma-
trix, interaction with stromal cells, and etc. are considered as the main ex-
ternal parameters forming the informational metabolic potential. Within the
framework of the constructed 2D analytical model, it has been shown that
microinteraction through the extracellular matrix of emerging cancer cells
through a dynamic informational metabolic profile significantly influences
the risk dynamics of the formation and development of a cancer tumor. It is
shown that, depending on the structure of the 2D informational metabolic
profile, a number of characteristic nonlinear features such as 2D bifurca-
tions, beats, chaos, imposed on integral dynamic curves resembling by the
Gompertz function, describing the probable risks of the formation and de-
velopment of a cancerous tumor, are appeared. A comparison of the results
of our analytical model under consideration with the results of the modeling
of other authors on the consideration of chaotic and bifurcation dynamics
in the “tumor—immune cluster—virus”’ system has been made. As a result of
the quantitative estimations carried out within framework of the proposed
theoretical model, we can formulate a method for assessing the risks of de-
veloping malignant neoplasms, characterized in that subfebrile temperature,
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caspase level, colposcopic Raid index, which determine the threshold for the
formation of malignant neoplasms, and identified as the risk factors.

Keywords: extracellular information field, bifurcation and chaotic dynam-
ics, models of the formation and development of a cancer tumor.
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AkTuBHas ajganTanus paciipeaesieHHOMN
MYJIBTUCEHCOPHOI CHUCTEeMbl (PUIbBTPAIAN

. B. Cemywun, 0. B. Ivieanosa

VAbAHOBCKUN FOCYJApPCTBEHHBI YHUBEPCUTET,
daxkybTeT MaTEMAaTUKH, NH(MOPMAIMOHHBIX ¥ aBHAIIMOHHBIX TEXHOJIOTUI,
Poccus, 432017, Yapsnosck, yi. JIsBa Tomacroro, 42.

AnHOTan M

MyusibTucencoptasi cucreMa (UIBTPAIMA XapPaKTEPU30BAHA MaTEMATHU-
9eCKM KaK Pe3y/abTaT PEIeHrs 3a1a9i CUHTe3a MHOTOMEPHON IMCKPETHOM
crCTeMbI (PUIBTPAIIME OJHOTO CUTHAJIA IO JTAHHBIM OT MHOYKECTBA Pa3HOPO/I-
HBIX JIATYUKOB (ceHcopoB). B cranmonapHoii nocraHoBKe 9TOI 3318491 IIpUBe-
JieHbI Tpu BapuanTa ee perienusi: Kosmoroposa—Bunepa, Kanvmana B koBa-
puarmonHoit popme n Kajmana B nadopmarmonnoii opme. OcyiecrsiieH
IepexoJT K MOCTAHOBKE ITHX 33724 B YCJIOBUIX MapaMeTPUIECKON HeoIpe-
JeJIeHHOCTHU. B messsx peasu3anny aKk THBHOTO TPWHITAIIA aJAITAIINA Hai IeH
MeTo T, (GOPMUPOBAHNST MHCTPYMEHTAIHHOTO (PYHKITMOHAIA KATeCTBA, JJIsT 9K~
BUBAJIEHTHONW 3aMEHBbI HEJIOCTYITHOTO MUCXOMHOTO (DYHKIIMOHAJIA KAaIeCTBa —
cpeaHeKBaJpaTuvdeckoil omubku duabrpannu. [lokazano, uTo 3Ta 3ameHa
CO3/12€T BO3MOXKHOCTH MPUMEHSTDH I aJIAlTAIIIN CUCTEMbI BECh alapar
U CPEICTBa MPAKTUIECKUX METOJO0B ONTUMU3AIINN, IIPEXKIE BCErO, METOIOB
TPaJNEeHTHOrO M HHIOTOHOBCKOT'O THIIOB.

IIpemtoxkenHOe TEOPETUIECKOE pellenre 33391 (POPMUPOBAHUS HHCTPY-
MEHTAJILHOTO (DYHKITMOHAJIA KAIeCTBA, OCYIIIECTBUMO TIPU JIOCTATOYHO OOTITIX
YCJIOBUSX HUCXOMHOU 3aJ]a9d CUHTE3a MHOTOMEPHON JHMCKPETHON CHUCTEMBbI
duabTparuu Ipu 6€CKOHETHOM BPEMEHM HaOJIIOACHUSI.

Brigsieno ciemyioree:

— JlocTaToYHO CJIOKHBIE OTIEPAITMH OJIHOIIIATOBOTO TPEJICKA3AHUST U 3a-
TeM OOHOBJIEHHS OIEHOK B JIBYX39TAITHOM AJITOPUTMe (DUJILTPAIUH I1e-
JIeCOOOPA3HO BBIMOJHATL B IEHTPE TMPUHATHS PEIIEeHUN; 3/1eCh Ke
JIOJIZKHBI BBITTOJTHATHCS BEITUCIUTEIHHBIE OMTEPAIIAN 1T0 MUHIMU3AITIN
WHCTPYMEHTAJIHHOTO (PYHKITHOHAIA KAIeCTBa.

— Hecnoxxnubre omeparmn aJanTUBHOTO MACIHITAOUPOBAHUSA TAHHBIX 1€~
JIecOOOpa3HO OCTABUTH B MECTaX HAXOXKJIEHUS CEHCOPOB.
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— AJiropuTMBI aJAIITAIINT MOTYT OBITH PEAJIM30BAHbI JjisT 6A30BBIX AJIN0-
pUTMOB (bUILTPAINN, B3ITHIX B PA3IUIHBIX (hopMax: B popme Hpuiib-
Tpa Konmoroposa—Bumepa, B koBapuarmonnoit ¢popme puabrpa Ka-
MaHa WiIu B uHMOpMannonuoit popme dpuabrpa Kanmvmana.

— Berauciinrenpabie onepanuy M0 MUHUMHU3AIUA WHCTPYMEHTAJILHOTO
dbyHKIIMOHAJIA KAa9eCTBa IeJ1ec00bpa3Ho pa3padaThiBaTh KAK BapUAH-
ThI PEAJIM3AINH COBPEMEHHBIX MTPAKTUIECKIX METO/IOB ONTUMU3AIIAN
Pa3IMYIHOrO YPOBHS CJIOYKHOCTH.

KuroueBbie ciioBa: akTUBHAS a/IallTallUsl, MyJIBTHCEHCOPHAS CHCTEMA, PAC-
npejiesertasi puabrpanus KaniMana, MHCTPYMeEHTAJIbHBI KPUTEPUil Kade-
CTBa ONTUMMU3AITNU.

IMonyuenne: 18 mast 2019 r. / Ucnpasnenue: 19 okrs6ps 2019 1. /
Mpungarue: 11 noabpa 2019 r. / IyGaukarnus ousaiin: 16 mexabpsa 2019 r.

Beenenne. MysibrrcencopHasi (MHONOKaHAJIbHAS) 38718498 BbIJICJICHUS [10J1€3-
HOIl MHMOPMAIIUU O COCTOSTHUU CJIOYKHOTO OOBbEKTa He SBJISIETCS IPUHIMITNAIBHO
HoBoit [1]. HarnsiiapiM npuMepoM MOXKET CIIy?KHUTH JIFo0asi KOMILJIEKCHAsT HABH-
ranuonHasi cucreMa. [locrpoenne GuibTpa, BHIICIAIONEr0 HHHOPMAIUIO O JIBU-
JKeHUU OObeKTa M3 JIAHHBIX He OJIHOTO, & MHOI'MX PAa3HOPOJHBIX U3MEPHUTEJEl,
ITO3BOJISIET HE TOJIBKO 00eCIIeIrnBATh KPUTUIECKU BAXKHOE CBONCTBO HADOJIIO1aeMO-
CTU CUCTEMBI «OOBEKT-+CEHCOPBI», HO — UTO BayKHEE — IOJIYIATh CyIIEeCTBEeHHBIH
BBIMTPBIIIT B TOYHOCTHU 110 CPABHEHUIO C OJIHOCEHCOPHON cucremoii. B mociieinee
BpeMs 9Ta 3aJia4a [MOJIyYnia PA3BUTHE, CBI3AHHOE C IIPOCTPAHCTBEHHBIM pa3Hece-
HUEM CEHCOPOB, — BO3MOXKHOCTBIO JlelleHTpam3aluu Boraucsennii. [lognumaror-
Cs1 HOBBIE BOIIPOCHI: KAKYI0 YaCTh TAKUX BBIYHMCJIEHUN I€J1eCO00pa3HO IIepeiaBaTh
amnmaparype, pa3MelleHHoii B Mecrax Haxoxienus cecopos (MHC), a kakyro —
ocTaByATh B 1eHTpe npunsarus pemennii (LITP)7 Kak corsiacoBbiBaTh MeKLy CO-
boit 06paboTKy mHpOpMaIun «Ha MecTax» W B meHTpe? Kak MoryT ormenbHbIE
CEHCOPBI B3AUMOJIEHCTBOBATH MEXK/Ty CO00ii, UTOOBI yJIydIlIaTh T'eHePAJILHBIH ITOKa-
3aTeNIb Ka9eCTBa PEIIeHNsl 3a/1a491 OIEHUBAHUS COCTOSIHUIT HAO/II01aeMoro u/uim
yIpaJjsieMoro oobekra’?

B mMaremarndeckoM CMBIC/IE CHHTE3 CMAUUOHAPHO20 OMTUMAJIBHOTO (DUIBTPA
B MYJIBTUCEHCOPHOM KJIACCE JIMHEHHBIX CHUCTEM SIBJISIETCS YACTHBIM CJIydaeM 00-
meit 3agaan Kommoropoa—Bumepa mpu GeCKOHEYHOM BpeMeHH pabOThI CHUCTe-
Mbl. [lokazareseMm KadecTBa pEIIEHUsI CIYXKAT CyMMa JUCIEPCHIl OIMUOOK BCEX
KaHayi0B uabTpanuu Je, rjie e — BeKTOp OIMMOOK (PAa3HOCTb KEJIAeMOrO CHI-
Hasa u BeixoJa dusbrpa) [1, c¢. 218|. Knaccuueckuii mogaxon pacemarpusaer Je
Kak ucxoublii dyskimonan kadecrsa (MIPK) or nmepenarounsix dyukmit G(2)
MHOTOKAHAJIbHOM cucTeMbl AucKpeTHbix (Guisrpos: J. = J.[G(z)]. Muoromep-
uelit GuiabTp Gy (z) HA3BIBAIOT ONTHUMAJBHBIM, ecin oH MuumMusupyer NOK:
G.(z) £ argming,) Je[G(z)]. Banaua orsickamns G, (z) sBIsETCS BAPUAIMOHHOI
3aJ1a4eil, 1 ee pereHne Xoporo usBecTHo |1, ¢. 219-253|.

Teopus punsrpannu Kanmvana yaursiBaeT 3pdeKThl HECTAITMOHAPHOCTH U KO-
HEYHOCTHU BpeMeHn paboThl huibTpoB. BeiBoj asropurma duibrparunn Kaamana
B 9T0#1 6oJsiee 061t Teopun basupyercs: Ha 6alleCOBCKOI TTOCTAHOBKE 3aJIa9H OI1e-
HUBAHUs, IJIe 32 II0Ka3aTeIb KAYeCTBa TPUHUMAIOT COBMECTHYIO IIJIOTHOCTH Pac-
upegesenns BepositHocteit ([TPB) mamepennit u onennBaemMoit BeTHIMHBL 1 MAKCH-

725



Cemymun U. B., IIpirasosa [O. B.

MU3UPYIOT 5Ty (DYHKIINIO TJIOTHOCTH, YTO BBIpAXKaeT CODON «npunyun 6e3ycios-
H020 MaKcumyma npasdonodobusas |2, c. 51|. Korna yciosuast IIPB onenusaemoii
BEJINUMHBI IIPU yUeTe IOJYUEHHBIX U3MEPEHUIl sIBJISETCS] TayCCOBCKOW IIJIOTHO-
CTBIO, TO OITUMAJIbHAS OIEHKA JIAETCs YCJIOBHBIM MaTEMaTUIECKUM OXKUIAHIEM,
MOCKOJIbKY rayccoBckasi [IPB mocrturaer makcuMmyma MMEHHO B TOYKE CPEIHETO
suavenns |3, c. 217]. Ormerum, uro GaifecoBcKas 3ajada B 9TOM CJIydae CHOBA
CBOJIUTCSI K MUHUMU3AIIMH CPEIHEKBaIpaTHIeckoro dgynknuonama [4, ¢. 179).

Qunprp Kammana ocobo BaxkeH 6 cmayuonaprom cayyae: (1°) mapamerps
3aJ1a4M [OCTOSIHHBI, (2°) MOJIesIb CTOXACTUIECKOro curHaia (obbekra) obsazaer
cBoiicTBOM crabuimsupyemoctu, (3°) nobasjieHnne K Heil CEHCOPOB IPUIAET TOM
cucreMe CBOCTBO Hab0aeMocTH, (4°) ceHCOpbI 06JIAAI0T HEHYJIIEBBIMU ITOIDEIII-
HocTsimu 1 (5°) BpeMst HaboieHusT 6eCKOHETHO. B 9TOM ciiydae perenne 3a1adm
Kasnmana coBnajaer ¢ pemennem 3a1aan Kosmoroposa—Bunepa [4, c. 185].

Hapsiny ¢ kiraccuueckum duibrpom Kasimana B HacTosiIee BpeMms pa3padora-
HBI PA3JIUIHbIE METObI KAJIMAHOBCKON (DUIBTPAIMY JIJIsl PACIIPEIEIEHHBIX MYJlhb-
THCEHCOPHBIX cucTeM. Hanbosiee M3BECTHBIMU SABJIAIOTCS TAPAJIETBHBIH WHMOP-
MaroHHbI buabTp [5], pacupenenenusiii nadopMannonnstii GuibTp [6], pac-
upesesennbiit buibrp Kasivana ¢ koncencycubiM dbusibrpoM | 7], pacipeiesieHHbLi
dbuibrp Kasmana co B3BeleHHbIM ycpejHenueM [8].

TepMmun «pacrpejieserrast (GUIBTPAIUsT» 03HAYAET, UTO CPEJICTBA U3MEPEHUSI
pa3HeceHbl B MPOCTPAHCTBE. B pacrpeiesieHHOl CeTU CEHCOPOB MOXKET IPUCYT-
ctBoBarh LIITP, B KOTOPOM BBIUHCIISETCST ONMTUMAJIBHAST OIEHKA BEKTOPA COCTOSI-
Hus cucTeMbl. OTAeabHBIE CEHCOPBI (Y31l CETH) MOT'YT OOMEHHUBATHCS JAHHBIMU
kak ¢ [IIP, Tak u co cBommMu cocejisiMu B COOTBETCTBUU C TOIOJIOTHEH ceTu, KO-
TOpast MOXKeT OBITh 3aJlaHa 3apaHee JIMO0 MOXKET U3MEHSIThCsI BO BPEMEHH.

Sajaua JlereHTpaan3oBaHHol uibrpannn KajgMana OTIXYAETCST TEM, 9TO
B Heit orcyTerByer LIITP, a KayK b1 ceHCOP COMEPKUT CBOI JIOKAILHBIH TPOIECCOP
JIJTST BBIYUC/IEHUST OMTUMAJIBHON OIEHKHM BEKTOPA COCTOSTHUS. DTa 3a/a9a BIIePBbIe
6bL1a pertera B [5] B 1979 1., a TakKe ee He3aBUCHMOE PEIlIeHNe [IPeJICTaBIeHO B [9).
[TompobHBIiT 0630p COBPEMEHHBIX METOJIOB pacipeererHHoi duabrparun Kaava-
Ha MOKHO Hafitu B [10]. B Hacrosiiee BpeMst Teopusi pacipe/ieJieHHol bubrpa-
nun Kanimana Jij1st MyJTbTHCEHCOPHBIX CHCTEM TIPOI0JIKAET AKTUBHO Pa3BUBATHC,
0 YeM CBUJIETEILCTBYET GOMBINOE YUCI0 HEJABHUX MYOJTUKAINN, CPEIM KOTOPBIX
ormerum [11-15].

OiHaKO M3BECTHBIE PEIeHUs] YKA3aHHBIX 3aJa9 OMUPAIOTCS Ha IIOJIHOE 3Ha-
HUEe MOJesieil U YUCJIOBBIX 3HAYEHUU IMapaMeTpoB, XapaKTepU3YIONNX JTBUXKEHUE
00beKTa U CBOWCTBA CEHCOPORB. Takoe 3HAHME BO3MOYKHO JIUIIEL TeopeTndecku. Ero
OTCYTCTBUE Ha MPAKTHUKE BBIHYKIAET: JH0O0 (A) yIOBJIETBOPITHCS CyOONTUMATb-
HBIMHU pereHnsivi, oo (B) mpuberarh K aganTuBHBIM perrernsM, gnbo (C)
UMUTUPOBATH G0Jiee CJIOKHBIE (BBICOKOMHTE/IEKTYaJbHbIE) JefiCTBUsS YeI0BeKa
[0 U3BJIEYEHUIO HEJIOCTAIONMX 3HAHUI (MM 1O KOMIIEHCAIIMM UX HEIOJHOTHI) B
KJIACCE CAMOOPTAHUBYIOIIUXC — CAMOONMUMUSUPYIOULUTCA — CUCTEM.

[Ipeanpunsitoe uccienoBanne Morusuposano nessymu (B) n (C). Ux moxer
00BEIMHUTD BOMIPOC JAHHOW CTATHU: KaK MPUMEHSITH GKMUGHBIT NPUHUUN adan-
mayuy (CaMOOITHMU3AINN) K MyJIBTUCEHCOPHOiT cncreme duibrparnun’? [Taccns-
HBIil IPUHITAI aIAIITAIIIN O3HAYAET OIIOPY Ha IIPeIBAPUTEIFHOE OIIEHUBAHNE HEN3-
BECTHBIX [IAPAMETPOB € TeM, UTOOBI 3aT€M ITH OIEHKH IOJCTAB/ISATH B KJIACCAYIE-
CKUEe perreHust 3a/1a49 PUIbTPaIl B NGCCUSHOM OXKIJTAHIK, 9TO 3TO JACT MOJIO-
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JKUTETbHBIN 3 eKT.

Axrunbii ke npuniun agantainun (AITA) o3HavaeT KpuUTEpHATIBHYIO CaAMO-
ontuMuzauio cucrembl [16]. Cpeasisi HopMma OIMMO0K (GUIBTPAINE KAK HCXOJI-
Hblil dynknmonan kadecrsa (MIPK) He MOXKET CIIyKUTH MHCTPYMEHTOM CaMOOII-
tumuzanuu. AITA umer orBeT Ha BOIPOC: KaK MOCTPOUTH TAKON BCIIOMOTATE b
uelit hyuknunonasn kadecrsa (BOK), koropsrit sxksumosanen UOK, wo mocrynen
KaK HHCTPYMEHT camoonTumusamnuu’?. IIpu srom axsumodasvrocms UOPK u BOK
O3HAYAET: GP2YMEHMDL, JOCMABAAIOULUE UM MUHUMYM, COBNAAIOM, U NOIMOMY
UL MUHUMAADHDLE 3HA%EHUA OCTNULAIOMCA CUHTDOHHO.

Pazmen 1 comep:kut crporne GpopMyaupoOBKHU peltaemMoil 3agadu. B paszm. 2
[IPUBEICH KOMITAKTHBIN BU/ oITUMaIbHOTO husibTpa Kosimoroposa—Bunepa, garo-
ObI 000COOUTDH TY YACTh BBIYUCICHN, KOTOPas OJUHAKOBA JJIsI BCEX KAHAJOB. Pas-
Jes 3 TaeT 3aliCh 9TOr0 peleHns: B KoBapuannonuoit ¢popme dpunbrpa Kanmvana
U SIBHBIM BUJI PENIEHUs] AJIreOPanvIecKoro ypaBHEHHsT PUKKATH, UTO ITO3BOJISIET
3HATH 3apaHee Te Tpejesibl, K KOTOPBIM JIOJI?)KHBI CXOIUTHCSI COOTBETCTBYIOIIUE
XapaKTEePUCTUKU ajanTuBHOrO (uiibrpa. Mudopmanuonusit duisrp Kanmana
[pUBEJIH B pa3. 4 BBUJY IEPCIIEKTUBbI UCIOIH30BAHUS B PEXKUME aJAIlITAIIH.
Paznesn 5 KoHKpeTusnpyeT MOJesb aJIAllTUBHOrO (PUiIbTpa U aJrOPUTMBI €e OIl-
Tumvusaiun. B pasm. 6 chopMupoBaH BCIIOMOTATENbHBIN (DYHKIIMOHA KAIeCTBA,
MTO3BOJISTIONINN Peajin30BaTh aJrOPUTMbI, [PUBEJEHHbIE B pasi. 5. YucjaeHHbII
[IpUMEp MOMEINEH B pa3d. 7 JJjisl SKCIEePUMEHTAJIBHOTO MTOATBEPXKICHUS TT0JIE3HO-
CTU HaJEHHOrO peleHus. 3aKII0UYeHHe COODINAeT, KAKUe BBIBOJbI JAeT U KAKUe
BO3MOXKHOCTHU OTKPBIBAET dTa padoTa.

1. XapakTepucTUKM 3aa49Mi: UCXOIHbIE IPeAN0JIOXKeHUsI 1 (popMaJTb-
Hble 0003HaveHud. My/bTHCEHCOPHOCTH O3HAYAET, UTO HU3MEpPsieMble CUTHAJIBI
{yD(t) | i =T1,m} or m > 1 cencopos HaxoaATCs B DYHKIMOHAIBHOI 3aBHCHMO-
CTH OT OJIHOrO IoJjie3Horo curuasa x(t), rjae t — HenpepbiBHOE BpeMs |1, c. 223].
[TpakTuaecKUM HTPUMEPOM MOKET OBITh 00pabOTKa JIAHHBIX MHOYKECTBA PaInio-
JIOIILIEPOBKUX M3MEpHUTEJIeli CKOPOCTH JIBIZKEHUs JleTaTesibHoro ammapara (JIA).
B sTOoM KOHTEKCTE CKOpPOCTHb HBUKeHUs JIA sIBJIsteTcsl TeM IOJIE3HBIM CUTHAJIOM
x(t), KOTOPBIl HY?KHO OIEHUBATH 110 JaHHBIM n3Mepenuii y;(k7T), JOCTYyIHBIM OT
i=1,2,...,M CEHCOPOB B JICKPETHbIE MOMEHTHI BpeMenn 1 = kT, k= 1,2,.. .,
riae T obo3HavaeT 3aJaHHBIN TEMI U3MEePEeHNI.

Tunuuna curyanusi, Korjaa () MojeIUpyeT He caMy CKOPOCTh, & OTKJIOHEHHUEe
CKOPOCTH OT HEKOTOPOIO U3BECTHOTO (MPOIPAMMHOIO) PEXKUMa JBUKEHUST 00b-
€KTa. DTHU OTKJIOHEHUsI BBI3BAHDBI PEAJbHBIMA BO3MYIIEHUSMHU CO CTOPOHBI TOi
CTOXaCTUYECKON cpejbl, B KOTOPOIl IpoucxoanuT gusndeckoe japuxkenne. s JIA
9TO — BO3YIIHAS Cpejia, JJisi MOPCKOro 00beKTa — BojiHAasl cpeja. Curyarms, Ko-
rJa cpejia craruoHapHa (HOPMAIbHBIN pexkuM (bYHKIIMOHUPOBAHUS ), JaeT OCHO-
BaHUe MPUHSTH [epBoe 6a30BOE MPEINOJIOKEeHNe: OJIe3 bl curHam x(t) — cranu-
OHAPHBIN CJyYalHbIN IIPOIECC C HYJIEBBIM CPEIHUM 3HAUYEHUEM U KOPPEIAIMOHHON
dbyuximeit Ry, (7).

Bropoe 6azoBoe mpe/imnosioxkenne 3a7a9u (PUILTPAIUNA XapaKTEPU3yeT CEHCO-
Dbl — UCTOYHUKY [EPBUYHON (u3MepuTebHOi) unbopmaimu. MexoauM u3 Tuto-
BBIX IPENOJIOXKEeHUl 0 ToM, 4To norpentsoctu v;(k71T') HpUCyTCTBYIOT B M3Mepe-
HUAX aJIUTHBHO:

yi(kT) = (kT) + v (kT), i=1,2,...,m,
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YTO OHU HE KOPPEJHPOBAHBI MEXKJIy COOOM U € HOJIE3HBIM CHIHAJIOM H 9TO CEHCOPBI
paboTaloT ¢ TaKUM TeMIIOM 1’ TUCKPETH3AIUI BPeMEHH, KOTOPbIi TO3BOJISIET [IPH-
MEHSATH JIJIsl X [OrPEIIHOCTEH THIIOTE3y JAUCKPETHOro GEeJsIoro IyMa ¢ HyJIeBbIM
cpespnm 3nadennem E {v;(kT)} = 0 u ¢ nenymesbivm juctepcusvm B2 ;:

B, i=j&k=1,
E{vi(kT)v;(IT)} :{ *70 TSN

O60o3Ha9UM BEKTODPLBI IOCTYIIAaIMUX JaHHbIX 1 10)1184(010)29 Ha6JHO,HGHHI7I B MOMEHT

kT kax y(k:T) u v(kT):

kT) £ [y1(KT) | y2(KT) | -+ | ym( kT)] = Ha(kT) + v(kT),

He[ 1] .
kT) = [v1(KT) | va(KT) | -+ | vm /-cT)]

R, = E{u(kT)o" (kT)} = diag [B2, | B2, |- | B2,].

Bsenem cocTaBHOI BEKTOP, KOTOPBIH 00bEeINHSIET BCIO MCTOPUIO HAOJIIOAEHNMIA,
JOCTYIHBIX K HACTOAIIEMY MOMEHTYy BpeMmenu k7', m 0003HAYUM €ro Kak

Y(KT) 2 |[y(kT) [ y(kT = T)7 |- | y(krT—jT)T]T

j—o0

1o ciyuaiiHblii BEKTOp pacTymieil co BpemeHeM pasmepHoctu m X (j + 1) ‘

j=0,1,..., 9be peaJn30BaHHOE 3HaYEHNE 0OO3HATUM COOTBETCTBEHHO:
T
Al T, T T
Y = [yk ’ Y1 ’ } yk—j} ) . (2)
j—)OO

[Tpeamonaraem (Jy1st onpegeseHHOCTR), 9TO AJist x(t) npuemiieMa Ry, (T) B 1po-
CTOM BHJIE:

Ry (1) = Aze_a*h', (3)

4TOOBI B TIOCJIEJIYIONIEM aHAJIU3e CYTh PEIeHHUs OKa3aJjach IIPOsBIEHA HE B TeX-
HUYECKUX JIETaJIsIX, BBI3BAHHBIX 00Jiee CJIOYKHOM MOJIEJBIO, & B IPUHIMIIHAIBHBIX
0COBEHHOCTSIX MYJIBTUCEHCOPHOI MOCTAaHOBKU. DToil dbyHKIME (3) cOOTBETCTBYET
CJIeJIYIOIIAsl JIMCKPETHAs CIIEKTPaIbHasl INIOTHOCTL curHasia |1, ¢. 232]:

A2(1 - d2)
(1 —dy2)(1 —dy271)’ (4)

o0

Dup(2) 2 27{Raa(T)} = > 2 "Ryu(kT) =

k=—o0

A —
rae dy £ e T 2 = ePT — nepemennas z-peoGpaszoBanust, p — MepeMeHHAs TIpe-

obpazosanus Jlamnaca, 277{-} o603HagaeT IByCTOpOHHEE 2-IIPEOOPA3OBAHIE, IPU-
Mensiemoe K {-}, B ganuoM ciydae K {Rqx(7)}.

Iepeiinem k 6ecckobounbIM obosHauennsaM Ty = x(kT), y,(:) 2 (KT, yp =
y(kT) n v.u. qyst byuxwii quckperaoro Bpemenu k7' u 6yjieM NPUMEHSATH COOT-
BETCTBYIOININE UM OJHOCTOPOHHUE 2-TIpe0OPa30BAHMUST

p(z) 2 Zi{a(hD)} = 3202 Vaj,
yO(z) & Z{w(kT)} =332 2 7y§ )
y(2) 2i{y(kT)} = 3272027y

> 1> >
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Oakropusarust ®uy(2) = Fi(271) @y (2) Fi(z) crexrpambhoit miornoctn (4)
upu 3aganun Py, = 1 03HAYAET, YUTO CTAIMOHAPHBI POLECC Tf MOXKET OBITH
paccMoTpeH Kak ¢(hOPMUPOBAHHBIN YCTORIMBBIM JIMCKPETHBIM (QUIIBTPOM C IIepe-

IaTOYHON (pyHKITHEH
Aur/1 — d?
F(z) = . :
1 - d*z_l

U3 JICKPETHOrO 6eJIoro IiyMa wy ¢ eJMHIIHOI nucnepeneit [1, p. 209]. Do o3na-

JaeT, 9TO
T = deTp_1 + Ax/1 — dz Wk, (5)
y,(:) :xk+vl(j), 1=1,2,....m

B rayccosckoit Tpakroske nmeem IIPB B sBHOM Bujie 3, c. 209, 215]:
- f;)?} ~

1
foery |y =1 (€ | Yio1) = eXp{ o
\/ 2Py, P,

(mepBblit sTan — nporuos Ha 1 mar),

1 £—3)
foery |y k) (€ | Yi) = ——=exp {—(20416)},
2Pt P,

(BTOpOIi 3Tal — 0OHOBJIEHNUE), )

rJe TPHUCYTCTBYIOT: I, — ONTHMAJbHOE IMpe/CKa3aHnue 3HaueHus Ty, ChOPMHIPO-
BaHHOE Cpa3y NocAe ydeTa U3MEPEeHUd i1 6neped K npurody U3MEPEeHus Yi; P, —
JCTIEPCHs OMUOKH ONEHKH I ; xzr — OlITUMAaJIbHAas OlleHKA 3HAYEHUS Tk, 06HOB—

JIEHHAST 8 MOMEHM TIPUXO/IA U YIETa Yi; plC — JIECIIepCus OIMUOKH OIeHKH &, & - Kak
OTMEYEHO BBIIIE, JJIsi UX BBIYUCJIEHUS HY2KHO MMETH IIOJIHOE 3HAHUE BCEX Iapa-
MeTpoB: {d,, A2, Bf,i ‘ i=1,2,...,m}. Ecau ux He umeeM, TO BO3MOXKHbI JIIIIb
cybonTuMaibHbIe (MM aJIATHBHbBIE) OIEHKH, KOTOpble Oyi1eM 0603HAaYaTh, COOT-
BETCTBEHHO, TaK: &, BMeCTO I, ; P, BMECTO P ; i; BMECTO %,j; ﬁz BMECTO pz Onn
6y/lyT BO3HMKATH U3-3& TOTO, YTO BMECTO TOUYHBIX {d, Az, Bf}i ‘ i=12,...,m}
IIPUXOJIUTCS IPUMEHATh HeTouHbIe 3Hauenus {d, A%, B? ’ i=1,2,...,m}, gem
U BBI3BIBAIOTCS CyOONTUMATBHBIE (MJIM aJlallTUBHBIE) 3HAYCHUS apamMmeTpa (pujib-

Tpa, obo3HaYaeMble 000DOIIEHHO KaK f BMECTO €ro ONTUMAJbHOrO 3HadeHus 0O,.
Cy6onruMmasbible (UM aJAlITHBHBIE) OIEHKU CTABATCS B 3aBUCHMOCTH OT ) Tak
xe, Kak VIOK, B posm KOTOPOro paBHOIIPABHO MPUTOIEH 000 U3 cpeaHeKBaI-
paTHYECKUX KPUTEPUEB:

Jo (@) 2 E{[; O} wm JIO) = E{[E O},
e (0) £ zp,—2,(0) wuwm &0 =
2. Bamaya Kosmmoroposa—Bunepa B MyJIbTHCEHCOPHOI ITIOCTAHOBKE.
Munnmusanus kpurepust J;(0) = JF[G(z)], koropsrii ceiiqac onpenensercs Kak
dynkmmonan or sexktopa G(2) = [GW)(2) ‘ G?(z) |- ] G(m)(z)]T repeiaToy-
HBIX (DYHKIWI m-KaHAIBHOI CHCTEMBI C BbIXO,HOM it (2) 2 G(2)Ty(2), naer onru-

Gy e ]!
MasibHOe 3Hadenne Gy (z) = ’ G ’ ‘ Gy ’(z)| cuepemarouHbIME
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e (4)

pyHKIIAMU Gg)(z) =ay J[1 = fiez" Y, 4= 1,2,...,m aasa GopMEPOBAHUS OLTH-
MaTbHOM onenkn 27 (2) = Gy(2) Ty(z), mpuuem kosbdummenT &l B ancmrene
i-TOM IepeIaTOIHO (DYHKIINN UHINBUIYAJIEH, a KOIMDDUITMEHT (I, B 3HAMEHATEIE

y BCEX IepeaTouHbIX PYHKIMI ouH u ToT ke |1, c. 241-245]:

m m
o) = Kra,, Kf2B2/B?, B2 1/2 (1/B2). Y Kr=1,
=1 =1 (8)

. A2
Gy =1—fdt, e 2e T ché, T =cha, T+ g; sha,T.
*

o +(4)

COOTBGTCTBGHHO, BO BpeMeHHéfI obJtacTu noJiydaeM 9aCTHbIEe OIICHKHA iL‘k u UTO-

TOBYIO OIIEHKY xﬁ

(9) Z() :ﬁ*j’;;(ll)+aiz)yl(;)7 i=1,2,...,m,

m m
ra Z = fudi_y + i Y Ky
=1

=1

(9)

DTo pelenue MpeACTABIM onTHMAIbHOH Mozensio I (6,) (10) u ce BexTOp-
napamerp obozHauum Oy, (10)9:

(10)* &) = ) | +awyf, yp = Zy(“
m
Yp = TR+ vf, vy = ZK*U](;),
i=1
(10 y 2 Ky,
. A2
(10)° e 2e T ché,T =cho, T + B—; sh o, T,

*

(10)"  a, =1 — jd;

oy B2e1/3 (/B2 B —E{l),
=1

o

:M(0,)  (10)

10y K;&2B2/BZ, Y Kp=1,
=1

(10)7 0, & {jty e, BY; | i = 1,2,...,m} = argmin J (0),

L

= Bla, £ J}(6,) = E{[¢/]°},

e

3AMEYAHUE 1. B Teopwnu cuHTe3a CTAIMOHAPHBIX (PUIBTPOB MPU OECKOHEU-
HOM BpeMeHn HaOuojeHus (3amada KommoropoBa—BuHepa /s MHOIOMEPHBIX
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CHCTEM) pellleHne OTBICKUBAIOT B M-KaHaJIbHOil cucreme |1, puc. 5.5, c. 223|, rae

(4)

KasKJl0€ i-TOe M3MEPEHHe Y,  IMPOXOJUT 00paboTKy B i-TOM (PUIILTPE Herocpe/i-

+()().

crBenno B MHC i-Toro cercopa Jjist reHepUpOBaHUsT YaCTHON OIEHKHU T
3areM YaCTHBIE OIEHKU CYMMUPYIOT JIJIsl TIOJIyYeHIsT UTOIOBON OIEHKU x; (9)°.
B ormmame ot sroro mogens M (6,) (10) mpumensier equncrsennbii duastp (10)
B LITP. B MHC i-Toro cencopa ocraercs IpocTasl olepalns MaCIITaOUPOBAHMIS
JIAHHBIX: YMHOXKEHHE M3MEPEHHON BeJIMYMHBI Ha BecoBoil Koaddurment K} 1o
dopmyite (10)b nns nepenadn B HIIP. Beranciennsa 8 HIIP cBomsaTes k cymmmpo-
BAHUIO HePeJIAHHBIX JAHHBIX JIId 00pa30BaHUs SKBUBAJIEHTHOIO BXoa yr, (10)¢,
u K ero obpaborke B equHCTBeHHOM uibrpe 1o nepsoit dopmyie (10)*. Dro
JiesraeT MOJIesb 93?(9*) IPAKTUIHON, 3HAUNTEIHFHO CHIUXKAOIIEH o0mIuit 00beM BhI-
YUCJIEHU.

Vpasuenus (10)%, (10)? onpenensior napamerpudeckuii Buz buisrpa Komo-
roposa—Burepa jyist jannbix yeaosuit. Ecm 0 2 {p, a, B? ‘ i=1,2,...,m}, To
HoJIy9uM ycsioBHoe obosuaderue () sroit cybonTuManbHOl (MK Al THBHOI)
crpykrypsl. Ecii, Bapsupys ator 6, munmvusuposars UOK JF () £ E {[é; («9)]2}
(7), To pesynbraroM Gyjer mapamerp 0, & {[l*,&*,Bii ’ i=1,2,...,m}, (10)9,
omnpeiessgeMbiii uepes nocpeactso dbopmy (10)(10)f u mocrasnsomuit sToMmy
NOK munnmanbhoe smadenne (10)".

3. Bazmaua Kanmana B MyJIbTUCEHCOPHOII IOCTAHOBKE: KOBApPUAIIMOH-
Hasi popma. CoriacHo «npuHyuny 0e3Yci08H020 MAKCUMYMA NPaBAON0J0ous»
(cMm. pasz. 1), uCKOMBIE ONTUMAJIBHBIE OINEHKH ONPEJEJIEHBl TEOPETUIECKU KaK
HepBblii 1 BTOpoit MoMeHThl coorBercTBytonmx [IPB (6):

(1) & £2E{z(kT) | YT —T) = Y1},

(11)" p 2 E{[x(kT) — ;) | Y(kT —T) = Vi1 }, )
(11)¢ & £ E{z(kT) | Y(KT) = Y3},

10)* pf 2 E{[x(kT) — &;)* | Y(KT) = Y3} .

Ux npakruueckoe BbIYHUCIeHUE cocTaBisier aaroputy Kanavana [3, ¢. 217]. anu-
IIIEM er0 B KOBAPHUAIMOHHON (hopMe [IJIsi JAHHOM 3a/1a9l KaK JIBa IePELyONnXCs

stama (12) n (13):

Oman I —upornos or (k — 1)T & momenty kT, k = 1,2,...,; i = E{xo},
5§ 2 E{ (w0 - 37)"}:
(12)* & =dua) ,
b oo 2ot 2 2 (12)
(12)° p, =dipf | + A1 —d3).
Iman Il — obuosierne B moment k1, k=1,2,..., O6yaromapst ©3MEPEHUIO Y :

(13)" i} =& + Ky (yr, — Hiy )
b Kn=p H' (HprHT - (13)
(3)° 5 =y, — Kl
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B mauase ureparuii sToro aaropurma 1mo k = 1,2,... (Ipu MaJbIX 3HAYEHU-
ax k) dbuaprp Kanvana secranmonapen. Oaako 3 deKThl Ha9a bHBIX YCIOBHIA

j’;g 2 E{xg} u pa“ £E {(mo — 5;3)2}, Bxozsiux B (12) mus k = 1, upu Bospacra-

HUM Kk — 00 MCYe3aroT, U (PUIbTp cTabmaIn3upyercs (Tem ObICTpee, YeM MeHbIIe
snadenue |d,| < 1). Crporo cramponapuyo (IpeIeIbHYI0) BEPCUIO KOBAPHAIOH-
Horo asgropurma (12), (13) mosyanm B BujE:

Sman [ — IpOrHO3 OIEHKN CHI'HAJIA Ha 1 Imar:

14)* & =dat
(14) ﬁ: = d*]aj + A*(l - d*)'

Oman Il — obHOBJIEHNE OIEHKU CHUTHAJa OJiarofaps U3MEPEHUIO Yk, HPU ITOM

I%* = [f{*,l | IQ{*,Q ‘ Tt ‘ [%*,m:|:

(15)* &) =i, + K. (y — Hiy),

o —1
15" K,=prHT (H;%:HT + R*) : (15)
(15)° pf =p; — K. Hp; .

[oncranoska Boipaskermnii (15)° B (15)¢ u sarem B (14)° mact bopmambHoe a-
rebpanyeckoe ypasaenne Pukkaru (nam JIypbe, Kak ero HaseiBator B [4, c. 185]),
HO BBIIUCBIBATH €r0 HET CMBICJIA, IIOCKOJIbKY PellaTb ero MOXKHO JIMIIb MHOI'O-
wucIeHHpIME uTepamusaMu 1o k B agropurame (12)°) (13)°, (13)¢, moka mpomecc
He CTabUIN3HPYyeTCa 110 3HaIeHuIo P, . OOHapy KHuB CTAOMIN3AINIO, CIUTAIOT, 9TO

nporecc comencst: p,; — Py 1 Ky — K. Ilpu sTom Beipaxenue (15)¢ mpuobpe-
Taer BUJ: P = (1 -y Km‘) Py . OmgHako SBHBIX POPMYI I MPEIeTbHBIX
sHauenuit p, , K, 1 p;” TaKUM METOJIOM MOJIyYUTh HEBO3MOKHO.

TEOPEMA 1. Yemanosuswuecs roapduyuenmo, Kaamana 6 onmumasbrom
Puavmpe (14), (15) umerom caedyrousue A6HbIE GHPAANCEHUA:

f(*: [f(*,l|k*,2""‘[%*,m:| :&*[KT‘Kg“K:ﬂ]’ (16)

6 Komopwuix yuacmeyrom gopmyavi: (10), das Kr, (10)¢ dasn B2, (10)? daa ay u
(10)¢ 0an fix.

Jloxaszamenrvcmeo. llepenumenm (9)* B dopme bunbrpa Kamvana. Tis
3TOTO B i-TOM (buiabrpe Kommoroposa—Bunepa BBeeM 0603HaAMEHNE TPOTHO3HOM

=(9) +(@)

ONEHKN I, ' = dy) ;| — Hamomobue (12)® —u noxcraBuM crofa [y = dy — dyGy U3
(10)¢. Yunresas al = Kra, B (8), naitnem :%;_(i) = :%,;(i) + Gy [Kz*y,(;) - :%,;(i)]

CymMmupoBanue 1o ¢ = 1,2, ..., m jgaer

B =@+

> Kl - f%;] -

=1

732



AKTHUBHAS aJalTaiisi PACIPEIeeHHOH MYJIbTHCEHCOPHOH CUCTEMbI (DUIbTPAIIUN

C nepsbiM oGoznadenneM B (1) umeem Y 1o K, Z*yl(j) = K*yy, rae
Kt (K7 K| | K3).

Tenepn obparumcst K dunbrpy Kanvana, packpsiBasi ckooku B (15)%. BHast, 910
dupTp Kosimoropoa—Bunepa siBiisiercst cranmonaproit Bepcueit hunbrpa Kai-
MaHa, TpebyeM MOUJIEHHOIO COBIAJIEHUS STUX yPABHEHUIL:

a o + _ o— o * o o —
(A7N)* x) =2 + a Ky, — az,, an
b, o P o o
(17 2} =, + Ky — K Ha, .
Cosnanenne a,K* = K, osnadaer a,K = K, ;. DTo coBlajeHue U CBOICTBO
cymmbr (10)7 npusonar k pesymbrary: Ko H = a K*H = @, Y 0y Kf = ay. O
4. 3agaya KasmaHa B MyJIbTUCEHCOPHOII ITOCTaHOBKe: mHOpMAIIU-
onnast (popma. Eciu crpouts aganrusnbiii huibrp Kanvana Ha ocHOBe KoBapu-
aroHHOM (bOpMBI (pas. 3), TO BLIYUCICHNS MOTYT OKA3aThCsl M3JIUIIHE CJA0XKHBI-
mu. IlpuBejieM TeopeTnuecKky S5KBUBAJIEHTHOE pellleHne B MHMOPMAIMOHHON (MH-
BEPCHOI OTHOCUTEJILHO TIPEIBIAYINEro BapuaHnTa) (popMe ONTUMAIbHOIO (DUIBTPA

Kanmana.
BBomuMm obo3HaUYeHNsT HHBEPCHBIX BEJIUINH:

\— L 1/8~ Nt A /st g— A N—e— ot A Y+t
e =1/ A= 1/PL, s = AT, 5L =N a).

Torna u3 (12) u (13) nomyduaem cieyromniee.

Sman I —nporuos ot (k — 1)T k momenty kT, k= 1,2,...,; §5 £ )O\ar:ftaL, PR
1/p¢: )
D
(18) Sk = Kd*sk_l,
T T —
d? + XN A2(1 —d?)
Oman Il — obHoBjIeHe B MOMeHT kKT, k = 1,2,..., Gaarogapst U3MEpPEHUIO Y :
(19)* & =8 + H R 'y = 8, + A8/,
m y(i) i .
(19" Az &Y B’; L AN E (BT (19)
i=1 T xE

(19)° A = A + AN

Bamnucs cranuoHapHoit Bepenn nHopManmonHoii popmsr (18), (19) omyckaem Kak
oueBnHyI0. BhraucasaTs ciraraembie i cymmbl B (19)? moxno 8 MHC, ocrass-
Hble geiicrBust — B LITTP.

5. ITapameTpu4deckasi HeolpeIeJICHHOCTh yCJIOXKHSIeT 3ajady. B o0-

IIeM cjIyuae alpHOPHOM Heolpe/Ie/IeHHOCTH Beex napamerpos {dy, A2, B2, ‘ 1=
b

1,2,...,m} 3amaa Kosmoroposa—Bunepa nin Kanvana ux pemenust (10), nin
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(14), (15), nmm (18), (19) me MoryT 6HITH peagn30BaHbl. BMECTO KaXK10ro n3 9Tux
ONTUMAJIbHBIX PEIIeHIi BO3MOXKHO UMETh JIUIIb MHOXKECTBO aHAJIOIOB: JubO Cyo-
ONTUMAJIBHBIX (PUIBTPOB, JIHOO aIalTUBHBIX (PUIBTPOB.

Eciu soboe n3 onTuMaibHBIX peleHuil 0003HauaTh SJT(é*), TO COOTBETCTBY-
I0IIlee MHOYKECTBO CyOONTUMAJBHBIX (8 [allTUBHBIX) PEIeHuil cieryer 06o3HadaTh
kak IM(A), rme § — cybonrumaabHOE OO HACTpAUBAEMOE 3HAYUCHUE MApAMETPA.
Hampumep, B kavdectBe ajtantuBHoit Bepcun dpunbrpa KosmmoropoBa—Burepa uin,
9TO PABHO3HAYHO, cTalmoHapHOoro dbuabrpa Kanmvana (B KoBapualmoHHoit hop-
Me) caepyer 6pars M(0) B coepyronieM Bue:

M(0) — ajanTuBHAST MOJIEJIb:
0 ={a,d,K; |i=1,2,...,m}, (20)

(20)* &, =di} |, }
k() [ Ko || K.

(20" @ =i, +a(Ky, — i),

Kazxoe npobroe snavenue 0 := 0[n] € © C R™2 e n = 1,2,... —HOMEep
HpoGHOrO 3HAYEHHMsI, CO3JaeT N-HyIO0 Hapamerpudeckyio sepcuto M (f[n]) cybom-
tumasibHoro duistpa M(H) (20) B HekoTopoM gomycTuMoM MHOXKecTBe O. Kaxk-
nasi n-Has sBepcust M(O[n]) dopmupyeT CBOIO HADY OIEHOK: SKCTPAOJIAINOHHYO
&, £ 2, (0[n]) u ordunsrpoannyo ;7 = ;7 (6[n]), obe crpanatomue HorpertHo-
cravn: € (0[n]) £ z—3; (0[n]) u & (0[n]) £ xx—2; (0[n]), ¢ coorsercTByIOMUMN
sravermnm UOK: J-(0[n]) 2 E{[é,;(@[n])f} u JH(0[n]) £ E{[é;(e[n])]“’},
T. €. 3HAUEHUAMHM jucrepcuii omubok (7) B IapamMeTpuueckKoM HpOCTpaHcTBe O

npu paboTe 3TOH N-HOH BEpCHMU Ha BCEX HAJUYHBIX JTAHHBLIX y](-z) L (4T, i =
1,2,...,m,me j =k,k—1,...,1 (I - —o0 Teoperndeckn).

Munnmusanus Jro6oro Kpurepust (7) BIe9eT JOCTUXKEHNE MUHUMYMa JIPYTUM
KpUTEPHEM W3 9TOH IMaphl, IIOSTOMY JIOCTATOYHO 3aHUMATHCS OMHUM u3 Hux. O

Hako 110001t UDK (7) MozkeT 6bITh MUHUMU3UPOBAH JIUIITh TEOPETUIECKH, TAK KaK

ommbxu onennsanust é; (0[n]), & ([n]) He ABIAIOTCS JOCTYNHBIMU BeJIMIHHAMI.

Ecim 661 moboit kpurepuit J(0[n]) £ E{[éf(@[n])f} u3 (7) 6bLI JoCTyIIEH,

TO JIJIsl €r0 YMCJIEHHON MUHUMU3AIUA B IIPOCTPAHCTBE TapaMerpos dhuibrpa (20)
MOYKHO OBLIO OBl IBITATHLCA IIPUMEHSITH CTAHIAPTHBIE METObI, HAIPUMep, MeTO/I
ckopeiimero cuycka (17, p. 22|

a o +
1" g(0ln]) = VoJ . (0]n]), } (21)

(21)" Oln + 1] = 6[n] —~[nlg(6[n])
¢ BeJIMUUHON n-HOro 1mara y[n] (Xors 910 He Jiydmuii BHIGOD), i GoJiee HaJIeK-
ublit Meros Hetorona [17, p. 44]:

(22)"  g(8[n]) = Vo J (6[n]),
(22)" G(0[n]) = V3 (6]n]),
(22)¢  solve G(0[n])§ = —g(f[n]) for 6 = [n],
(22" 0[n+ 1] = 0[n] + d[n],
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wim Jpyrue Meroinl sroro tuna (17, p. 49-57|. Ilpu ux cxommmocTn K TOUYKe

vuanmyMa TOK Moo 66110 661 paccauTeiBaTh, 910 0[n] — 0, = {d., d., K
i=1,2,...,m}.

3AMEYAHUE 2. CyIIecTBEeHHO, 9TO UTEpalud II0 HOMEpaM Bepcuil cybomTu-
MaJsibHOrO busbrpa (npu n = 1,2...) MOXKHO BBIIOJHSITH HE B PEAJbHOM, a B
YCKOPEHHOM (KOMIIBIOTEPHOM) TeMIle BPEMEHH Ha OJHOM U TOM YK€ MHOYKEeCTBEe
y]@ 2 y(jT), i =1,2,...,m, e j = k,k — 1,...,], SKCIepIMEHTAILHBIX JIaH-
HBIX, €CJIM OHM COXPAHEHBI IS 9TOTO: MEHLULEE KOMNBIOMEPHOE 6PEMA NOUCKA
AyHwets 6epeut 6 00Men Ha 6OAbULLE 3aMPATbL KOMNBLIOMEPHOT NAMATNAU.

6. ITocTrpoenne BcromorareJibHOro (MHCTPYMEHTAJIBHOrO) (OyHKIIH-
oHasa kKadecTBa. OJHAKO peasm3anusl Takux nieil nHeso3moxkua. [lockonbky
B 3ajiavde PUIBTPAIMH ONINOKH éf(@) (Bropast crpoka B (7)) He MOTyT ObITH 13-
BECTHBI, J11000# MCXOAHBII (byHKIOHAN OMmIOKY (IepBast cTpoka B (7)) He MOXKeT
ObITH IIPAKTUYECKUM MHCTPYMEHTOM ONTHMHU3AIMN (DUIBTPA.

Bazauda dpopmupoarns BOK, sKBIMOAaIEHOTO HCXOTHOMY (DYHKIHOHALY Ka-
JecTBa, nocrasiena [18| kak 3anada Axmuenozo IIpunyuna Adanmavyuu (ATIA).

OnPEAENEHUE 1. [IBa dyHKIMOHATA 9K8UMOJAALHYGL dpye Opyey, €CJU COB-
MaJIal0T apryMEHTDI, JIOCTABJIAIONINE UM MUHUMYM, & UMEHHO: MUHUMYM OJIHO-
ro ¢GpyHKIMOHAJA BJIeYeT MUHUMYM JPYyroro (byHKIMOHAJA; B BBIYUCIUTETHHOM
poliecce MAHUMUIAINN OJTHOTO U3 HUX, MOCTYITHOTO JAJIS PEaN3aIlii, MUHUMYM
JPYyroro, He JNOCTYIHOTO JJisl Pean3alii, JOCTUTAEeTCS aBTOMATUIECKH.

O6osnaqanm moctynubiil Jyist peannsanun BOK o6obienno kak Jo(6), ciaemyst
repmuny Auziliary Performance Indexr. He mocrynmbiii mus peanmsamun MOK
o6ozuaunm J,(0) — Original Performance Index. Ilorpebyem cBoiicTBo:

Jo(0) = Jo(0) + consty. (23)

TEOPEMA 2. [Tycmo 3a J,(0) npunam nepswti us kpumepues (7) u docmynmoui
ons pearusayuu npouecc €, (0) onpedesen svipasicenuem

_ I o= (i) .
50 (0) 2 =3y — a7 (0).
i=1
Tozda (23) evinoaneno oas Jo(6) = E{[e; (0)]*} npu consty = # >y sz

Jloxasameavcmeo. JJomHO)KEM TIepBOe Bblpakenue B (1) cieBa Ha HT,
nozie/M Ha m u 3aTeM BerareM I (). Ilomydaem pesymbrar:

- - 1~ - L 1~ (@

=1 =1

Bossons (24) B kBagpar, ocpennsis u yautsisas E {[e; (0)][vx]} = 0, naxomum

el P} = E{lr OP} +E{m}, E{mP}= 5> B2 @)
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Conocrasisist (25) ¢ (23), ybexkmaeMcst B ClIpaBeyINBOCTH yTBepzK ieHnst. [

Braromapst sTroMy pesyibrary 3ajada aKTHBHOI a/IallTaliy IPIMEHUTEIHHO K
MYJIBTHCEHCOPHON (DUIBTPAIMN MOJIyIaeT HHCTPYMEeHTaIbHOe perenne (puc. 1).
DTO O3HAYAET, UTO B MPAKTHIECKHX MeTonax (21) mim (22) B kKadecrBe paboue-

. 1 N — 2
IO KPHUTEpHsl CAMOONTUMH3AIMA MOXKET OBITH B3aT ming 7 > [ef ()], toe N —
i=1
nHrepBaJl OCPEJIHCHUA JJId HpI/I6JII/I}KeHHOFO OIICHUBAHUA MaTEeMaTUIECKOI'O O2KH-

nanust Jo(0) = E {[e; (0)]*}.

SLN

1
g\

i=1,2,...,m}

argming E { [:*[(H)]Q} =0,

[\'1

Puc. 1. AKTUBHBIH IPHHIAIT aJanTaul GUILTPA B MYILTHCEHCOPHOM OCTAHOBKE: 2 & — GI0K

3amep:kKu Ha Bpems TakTa 1; SLN — mecro nHaxoxkgenusi cencopoB; DMU — neHTp npuHsaTHS

pemennii. Teopernveckast cxomumocTs npu n — oo: 6[n] — 6, = {aw, ds, K5 | i=1,2,...,m}

[Figure 1. Active principle of adaptation in the multi-sensor problem statement: z~* — a one-step

delay unit; SLN — sensors’ location in the network; DMU — Decision Making Unit. Theoretical
convergence at n — 0o: 0[n] = 0, = {ax, dy, K li=1,2,...,m}|

7. Yucsennvlii npuMep. YucjeHHble SKCIEPUMEHTHI TPOBEIEM B CHUCTEME
MATLAB B pexkuMe JIBYMEPHOI HACTPOUKH. J[J1st 9TOr0 cunTaeMm, 9T0 BXOIHbBIE JaH-
HBIE cofiepskaT curHai x(t) ¢ AByMs Hem3BeCTHbHIME mapamerpamu A2 m a, Kop-
pessiimonnoii hyukuun (3). ByjgeMm reHepupoBaTh OTCUETHI X) CUTHAJA MO AJl-
ropurmy (5), B KOTOPOM 3aJaJIMM TOUYHBbIE 3HAYEHUs JBYX HAPAMETPOB MOJIEIH:
dy =2 e T =3/5u A2 = p2B2. 3ech ucnonssyem obosHadenne p? = A2/B2
JUTsT OTHOIIeHns: MorHocTeit “curmas/mym”, tae B2 szaro uz (8). s momers-
HOIO CJIydasi YeThIpeX CeHCOpOB (m = 4) ¢ W3BECTHBIMH MOIIHOCTSIME IITyMOB
U3MepEeHMst Bf,i =1 (i = 1,4) umeem B? = 1/4, npu stom dopmyna (16) Teo-
peMbl 1 maeT ycTaHOBHBINHECS 3HadeHusi KoddgdunmentoB dpuabrpa Kaamana:
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IO(* = Gy [0.25 ‘ 0.25 | 0.25 ’ 0.25]. Ero mapamerp G, yITOBIETBOPSIET BHIPAYKEHUIO
(10)d, a fl, — BbIpazkernio (10)¢, KoTopoMy npuauM yI00HbIH J1J1s BBIYUCIEHHI

BU:
fin = By — /B2 —1,
Be 2 (1/2) [(d7t +du) + p2 (d7 — dy)] -

Takum 0b6paszom, aganrusHoMy buabTpy (M. puc. 1) Hem3BecTeH JBYMEPHBIi

[I>

o

0. = {a4,ds}. B amanrusHoM (uiibrpe ero J0JKEH 3aMEHSITh HACTPAUBAEMbIi
napamerp 6 = {a,d}. Tapamerpsr {K; ‘ i = 1,2,3,4} HacrpamBaTh He HYKHO,
HOCKOJIbKY UX To4Hble 3Hadenust { K} = 0.25 ’ i=1,2,3,4} usBecTHbI.

[T/1aH BBIYUCINTEIHLHBIX IKCIEPUMEHTOB cJieyiomuii. Bygem coxpausats N mo-
CJIeJIHNX 3HAvMeHNil U3 cepun usMepeHuil (2) mpu sHaveHHu 0, = {ay;d,}. Bana-
num uaTepBas uaMepennit N = 500. HakorieHHble H3MepeHHsl UCIIOJIb3YeM JIJIst
BBIYKC/ICHNs] 3HAYEHUI UCXOIHOIO U BCIIOMOTaTeIbHOIO (DyHKIIMOHAIOB KauecTBa,
Jo(0) m Jo(0), 3amensist oneparop Maremarndeckoro oxunanus E {-}, mpesamoma-
raemMblii B KJIF0YeBOM COOTHOIIeHnH (23), ollepaTopoM TeKyIero cpeaero. lesast
9TO IPU U3MEHSIIOIIUXCS 3HAYEHUSAX TapaMeTpOB a U d (PUIBTPA JIJisl PA3HBIX 3HA-
"enmit p2, HOCTPOUM IpauKu.

PesybrarThl, 1MOJIy9eHHbIE NIPU 9TUX YCJOBHUIX IKCIIEPUMEHTA, MOKA3BIBAIOT
[IPOIECC ONTUMAJIbHON (DUIIBTPAIMU CUTHAJIA HA PHUC. 2 JJIsI COOTHONIEHUN CHUTI-
mast/mym p? = 1 (rpadukn ciesa) n p? = 100 (rpacdbukn crpasa).

BosmoxkuocTs conoctasuth 3uadenus UPK u BOK mpu Tex ke ycaoBusax Kc-
HepuMeHTa JIaeT CJIeyonue pe3y abrarel (puc. 3 u 4). VI3 puc. 3 BujiHO, 9T0 TOYKM
muHIMyMa Jo(0) u J,(0) mo a u d coBIAIAIOT M COOTBETCTBYIOT ONTHMAJILHBIM
sHadeHusM Gy = 4/9 ~ 0.44 u d, = 3/5 = 0.6. Puc. 4 Takke IOKa3bIBAET, ITO
MUHEMYMBI KpuTepues J,(0) u J,(f) mocTurarorcst B TOUke ONTHMAIBHBIX 3HATE-
HUIT TapaMeTpos [yis janHoro p2 = 100: mpu d, = —808/9 + (8/9)v/10426 ~ 0.98
ud, =3/5=0.6.

Takum 06pa3oM, IIPOBEICHHBIE BHIYUCIUTEIbHBIE S9KCIIEPUMEHTHI I10,ITBEPIK 1a~
IOT TIOJIyYeHHbIe B pabOTe TEOPETUIECKHUE PE3YJIbTATHI.

3 T T T T 15 T T T T

10

|8

21,k 23,k

_5t
—92 L 21,k 23,k
22,k 24,k 22,k 24,k

—10+

Tk Tk

—u— estimation of z —%— estimation of z
4 . . . . —15 . . . .
0 20 40 60 80 100 0 20 40 60 80 100
k k

Puc. 2. Ournmasnsnas duiabrpanust curtana z, (k= 1,...,100) 0o ZaHHBIM YeThIPEX CEHCOPOB
P PASJIMIHBIX OTHOMEHUsX curast/mym: p2 = 1 (cresa) u p? = 100 (cipasa)

[Figure 2. Optimal filtering process of signal zx (k = 1,...,100) given data from the four sensors
at different signal-to-noise ratios: p? = 1 (left) and p? = 100 (right)]
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0.55

‘ ‘ - :
ool Jo(6) / | 7o(6) ¥
= = Ja(0) p 0.5 ¢ — - T (O
81 045+ 1
04r 1
0.35 1
031 1
0.25 I ]
0.2 _\/

0.1 s : s 0.15 ! . : .
0 0.5 1 1.5 2 0 0.2 04 0.6 0.8 1

a d

Puc. 3. 3navenus ncxogHoro dpyHKInoHaIa KadecTsa J,(0) n BeriomoraTenbHoro dbyHKIMOHAIA
kauectBa Jq(0), Bbruncienabie 1o N = 500 maHHBIM U3MEPEHHH OT YETBIPEX CEHCOPOB JIJIs
OTHOINEHMS CHTHAJ/IIYM p2 = 1 IIPH H3MEHEHHH HapaMeTPOB aJanTuBHOro dbuwisrpa § = {a, d}

[Figure 3. Values of J,(#) (OPI — Original Performance Index) and J,(0) (API — Auxiliary
Performance Index) calculated based on N = 500 measurement data from four sensors at signal-
to-noise ratio p? = 1 vs the adaptive filter parameter § = {a,d}]

26 T T T T

Jo(0)

— % = Jo(0)

24r

22 -

18

16 -

14 . L L 14 . L L .
0 0.5 1 1.5 2 0 0.2 0.4 0.6 0.8 1

a d

Puc. 4. 3nauenns ncxomuoro dyHknuonaaa kadectsa Jo(f) n BcmomoraresbHOro byHKIMOHAIA
kagectBa Jo(0), Beraucaenuse mo N = 500 JaHHBIM U3MEPEHUI OT YE€THIPEX CEHCOPOB IS OT-
Hontenus curnas/mym p2 = 100 npu u3MeHeHnH apaMeTpos afanTusHoro dbutsTpa § = {a, d}

[Figure 4. Values of J,(0) (OPI — Original Performance Index) and J,(0) (API — Auxiliary
Performance Index) calculated based on N = 500 measurement data from four sensors at signal-
to-noise ratio p? = 100 vs the adaptive filter parameter 6 = {a, d}|

3akJroueHne. YCTaHOBJIEHa BO3MOXKHOCTD (POPMHUPOBAHMS M UCIIOJIb30BaHUS
MHCTPYMEHTAJBHOTO (PYHKIIMOHAIA KAIeCTBa, U 3aJIa9l CAMOOITUMUIAINH CHU-
CTeM MYJbTUCEHCOPHOTO BBIJIEIEHUS OTHOTO ITOJIE3HOTO CUTHAJIA U3 3aITyMJIEHHBIX
MMOKA3aHUIT MHOXKECTBA JATINKOB, OTINIUTEIbHON 0COOEHHOCTHIO KOTOPOH SIBJISI-
€TCsT HEBOBMOXKHOCTD HCIIOJIb30BaHUs UCXOMHOTO (DYHKITMOHAJIA OMUOKU (puibTpa-
WU JIUIS PeIieHnsT 9TON 3a1auu.

JIaHHBI MHCTPYMEHTAJILHBIA (PYHKIIMOHA OTIHYAETCA OT HCXOIHOIO (PYHK-
[MOHAJIa OMMOKY (PUIBTPAIIMH HA TIOCTOSTHHYIO BEJIUINHY, HE 3aBUCAIILYIO OT Iapa-
METPOB CHCTEMbI 0OPAOOTKH MTOCTYIAIOIIEH OT JaTINKOB U3MEPUTEILHON NHMOP-
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Maruu. B cuty 9Toil CBsSI3M MUHUMYM MHCTPYMEHTAJBHOIO (DyHKIIHOHAJA BJIEUET
MUHAMYM HCXOJHOrO (DYHKIIMOHAJA, HO, B OTJINYHUE OT IOCJIE/IHErO, MOXKET OBbIThH
Haii/leH IpUMeHEeHNeM K HeMy BCEro almapara W CPeJCTB ONTUMUABAIIMN.

IIpenmoxkennoe perieHne OCyIecTBUMO MIPHU JOCTATOYHO OOIMUX yCJIOBUIX:

— Mozenb curaana (Mgignal) €CTH 0OOCHOBAHHOE IIPEJICTABJICHHE CIIyYaitHOro
[IOJIE3HOT'O CUTHAJIA B BUJIE CTAIIMOHAPHOIO MapKOBCKOT'O MPOIECCa P-TO I0-
PsJIKa KaK PerIeHus JTUHEeHHOro yCTORINBOro croxacTudeckoro jnddepen-
[IMAJILHOTO YPAaBHEHUs P-T'O HOPSIKA C HEM3BECTHBIMU HIapaMeTPaMU ypaB-
HEHUsI ¥ KOBApPUAIII TOPOXKJIAIONINAX IITYMOB;

— MoJieib CeHCOPOB (Msensors) €CTH MPEJICTABICHUE M3MEPUTEIbHBIX JTAHHBIX
KaK MOCTYHAMIINX JIUCKPETHO BO BPEMEHH JIMHEHHBIX KOMOUHAIMI CUTHAJIA
U JIUCKPETHBIX OEJIBIX IIyMOB C HEU3BECTHBIMUA KOBAPUAIMAMI.

B pesysibrare sieTajbHOrO aHaIn3a STOTO PENleHus Ha YaCTHOM IIPUMEpPE a[allTHB-
HOT'O OIIEHUBAHUsI MapPKOBCKOI'O IIPOIECCa 1-TO MOPSIIKA BBISIBJIEHO CJIEIYIOIIEe:

— Mogens curaana (Mgignal) TUKTYET JOCTATOUHO CJIOXKHbIE OIEPAIMH OHO-
[IArOBOTO TPEJICKA3aHUs U 3aTeM OOHOBJIEHUS OIEHOK B JIBYXITAITHOM AJITO-
purMe PUIBTPAINN; UX [1€JIeCO00PA3HO BBIIOJHATD B OJIHOM MeCTe — B I€H-
TpPe NPUHATHS PENIEHUl; 3/1eCh 2Ke JTOJZKHBI BBIIIOIHATHCH BHIYACINTEIbHBIE
olepaluu 10 MUHUMUBAIMA HHCTPYMEHTAILHOTO (DYHKIIMOHAIA KAaIeCTBa.

— Mogenb cencopoB (Msensors) AUKTYET HECJOXKHBIE ONEPAIUY AJAIITHBHOIO
MacITabupoBaHUs JAHHBIX; UX IEJIECO0OPA3HO OCTABJISTH B MECTaX HAXOXK-
JICHUsI CEHCOPOB (JIATYNKOB MEPBUYHON U3MEPUTEIHbHON HHMOPMAIINH ).

— Bazosble asropurmbl huIbTPAINN HYKJIAIOTCH B IPUJIAHIN UM aJTOPUTMOB
aJlaInTaluy IapaMeTpoB; OHU MOIYT ObITh B3SIThI B pa3/niHbIX dopmax: (a)
B dopme dbunbrpa Kommoroposa—Bunepa, (6) B koBapuannonHoii dhopme
dunbrpa Kanvana uiu (8) 8 undopmanuonnoii popme duibrpa Kaavana.

— BorauciurenbHbie ornepanuu Mo MUHUMUBAIMA THCTPYMEHTAJIBHOTO (DYHK-
[MOHAJIA KAYECTBA JIOJIPKHBI OBITh HaliJIeHbl KakK BapuaHTbl 3 deKTUBHBIX
AJICOPUTMOB PA3JIMYHOIO YPOBHS CJIOXKHOCTH, U3yUeHHbIe, HanpuMep, B [19].

Teoperuyieckas pazpaboTKa, IPeANPUHATAL B JAHHON paboTe, OTKPHIBAET BO3-

MOXKHOCTHU PA3BUTHUSI ITON TEMBI B CJIEJIYIONINX HAIIPABICHUSX:
1) Ilpumenenue mozenu curnana (Mgignal) Kax mporecca mopsaka p > 1.
2) CpaBHeHHe METOI0B MUHUMHU3AIIMH HHCTPYMEHTAIBLHOTO (DyHKITHOHAJIA Ka-
YECTBA [0 BBIYUCIUTEIBHBIM 3aTPATaM, CKOPOCTH CXOJUMOCTHU U TOYHOCTH.
3) Ananuz spdekra MOJIEIbHBIX HETOYHOCTEH B CHCTEME MYJIBTUCEHCOPHOIO
BBIJIEJIEHUsI CUTHAJIA, JeHCTBYIONIEH 110 aKTUBHOMY TPUHITUITY aallTaIliu.

Koukypupyroinue nHTepechl. KOHKYPUPYIONUX THTEPECOB HE MMEEM.

ABTOpCKUIT BKJIaJ 1 OTBETCTBEHHOCTb. Bce aBTOPHI MPpUHUMAJN yIaCTHE B pa3pa-
60OTKe KOHIIEIIUU CTAThH U B HAIMCAHUY PYKOIUCH. ABTOPBI HECYT MOJIHYIO OTBETCTBEH-
HOCTH 3a IIPEJIOCTaBJIEHNE OKOHYATEJIbHOW pyKonucu B edarb. OKOHYATEIbHAST BEPCUSI
pyKOITICH O00peHa BCEMU aBTOPAMU.

®dunaHcupoBaHue. lccienoBanne BBIIOJHEHO Tpyu (DUHAHCOBON mojepkke Poccuii-
ckoro ®omma Pymmamentaabubix VccmemoBanuit u [IpaBurenbcTtBa YiabsaHOBCKON obJ1a-
CTH B paMKax Hay4IHBIX TpoeKToB Nt 18—41-732002 u Ne 18-47-730001.
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Abstract

A multi-sensor filtering system is characterized mathematically as a re-
sult of the solution to the problem of synthesizing the multi-dimensional
discrete system of filtering a single signal from heterogeneous data sources.
The stationary problem statement has three variants of its solution: by
Kolmogorov—Wiener, Kalman covariance, and Kalman information forms.
In the body of the paper, we actualize a problem of these solutions under
uncertainty conditions. Aimed at the Active Principle of Adaptation, we have
found a method to form an instrumental performance index to substitute
the inaccessible original performance index (filtering error mean square) by
that criterion functional we created. This substitution makes it possible to
apply for system adaptation all apparatus and tools of practical optimization
methods, first of all, the gradient and Newton-like methods.

Our findings follow:

— Stretching one-step prediction and measurement update operations
are wise to perform at the Decision Making Center; computation op-
erations aimed to minimize the instrumental performance index are
to be done in this place, too.

— Uncompounded procedures of adaptive data scaling are advisable to
complete at the sensors’ location in the network.

— Adaptation algorithms may be implemented based for filter structures
taken in different forms: Kolmogorov—Wiener, Kalman covariance, or
Kalman information forms.

— Computational operations for minimizing the instrumental perfor-
mance index would be beneficial to develop as versions to implement
the modern practical optimization methods of different levels of com-
plexity.
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Abstract

Based on the study of the literature on the quality assessment of operative
treatment in reconstructive surgery of the spine and pelvic complex, it can
be concluded that, as a rule, multiple linear or logistic regression, a decision
tree, is used to predict the quality of operative treatment. Neural networks
are less commonly used.

Forecasting is performed on the basis of a comparison of the pre- and
postoperative condition of the patient, assessed according to various ordinal
and quantitative scales as a result of interviewing the patient.

With a relatively small number of analyzed cases of the disease (several
tens or hundreds) and a small number of indicators (no more than two or
three dozen), the use of neural networks seems premature for two reasons: a
small amount of data allows analyzing them with classical methods of math-
ematical statistics, and identifying dependencies on a given stage requires
constant “manual” intervention, taking into account information from the
subject area.

The application of statistical analysis methods to data on the treatment
of chronic injuries showed the presence of standard problems for medical
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data. This is the presentation of the initial information in nominal or or-
dinal scales, the subjective nature of some indicators, as well as the inter-
dependence of the presented characteristics, which reduces the quality of
research.

The search for the objective function that characterizes the quality of
surgical treatment has shown the ambiguity of solving this problem even for
a highly specialized situation.

The identification of objectively present relationships also revealed a
large number of problems, especially related to the choice of the type of
surgical treatment, which is largely determined by the experience of the
surgeon.

Based on the study, it was proposed to build a model for predicting the
quality of surgical treatment, based on expert assessments in the form of a
forecast tree with recommended surgical treatment options and a statistical
forecast based on the available experience. It is assumed that the model will
be dynamic with feedback and be able to self-update.

To predict the quality of surgical treatment in reconstructive surgery of
the spine and pelvic complex, it is advisable to use a forecast tree, which
allows us to recommend the type of surgery for a specific case of injury or
disease and calculate the predicted values of quality of life indicators.

Keywords: evaluation of the effectiveness of treatment, prognosis of treat-
ment, decision support.
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1. Introduction. The task of predicting the results of surgical treatment is
becoming increasingly relevant in the conditions of accumulating practical ex-
perience and the ever accelerating introduction of IT technologies in medicine.
Prediction based on statistical data on the results of previous similar operations
contributes to the informed choice of surgical reconstructive treatment. Statistical
analysis allows to take into account difficultly formalizable factors describing dis-
eases or injuries, as well as data from ordinal and nominal scales. Therefore, when
developing clinical decision support system, along with planning and modeling,
it is necessary to apply the prediction of treatment results based on statistical
analysis.

2. Theoretical analysis. The search for criteria for the effectiveness of treat-
ment, identifying dependencies of the quality of treatment on the type of diseases,
injuries and patient characteristics has been the subject of many scientific studies.
Sufficient attention is paid to building clinical decision support systems (Clinical
DSS) in general, and in surgery in particular.

As a rule, Clinical DSS find effective application in diagnostics. For example,
A. B. Goncharova, E. I. Sergeeva [1] described the use of the Clinical DSS model
when making a diagnosis of patients based on the knowledge base of the expert
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system, presented in the form of a table of values based on the notion/absence of
symptoms.

The work of A. A. Litvin, V. A. Litvin [2| presents a review of the literature on
the use of DSS in surgery. Noted, in particular, that the article by P. Davuluri et
al. [3] developed and applied a computer DSS for patients with pelvic injuries. An
automated system for analyzing the results of examining patients using statistical
tests is used for calculations.

A. A. Egorov and V. S. Mikshina [4] developed a DSS based on artificial
neural networks to determine the possible outcomes and ways to complete the
surgical treatment of peritonitis. Three variants of the outcome of operations are
considered.

R. Mofidi et al. |5] developed a DSS for classifying the severity of acute pan-
creatitis and predicting the possibility of death with the use of artificial neural
networks for classification. The following parameters are taken into account as
significant indicators: age, hypotension, two or more signs of SIRS, PaOs lev-
els, lactate dehydrogenase, glucose, urea, calcium, hematocrit, and the number of
leukocytes in the blood.

B. Andersson et al. [6] conducted a study in which developed DSS on the basis
of artificial neural networks for early prediction of acute pancreatitis exacerbation.

N. A. Korenevsky et al. [7] developed and used DSS using fuzzy logic to control
decision-making processes in the treatment of patients with acute cholecystitis.
The authors also solve the problem of forecasting with the use of expert assess-
ments in the development of rules.

The selection of the objective function in the DSS is a key task. A sufficient
number of studies are also devoted to the definition of target functions as an
indicator of the effectiveness of surgical treatment and the identification of factors
affecting its value.

A. V. Krut’ko, E. S. Baikov [8| presented a review of the current literature
analyzing the criteria for predicting the results of surgical treatment of herniated
intervertebral disks.

In the work of J. During et al. [9] the connection of lumbar lordosis with the
pelvic geometrical parameters established by X-ray studies was revealed.

In the work of G. Duval-Beaupere et al. [10] it was revealed that a decrease
in the angle of inclination of the pelvis and the sacrum correlates with a higher
frequency of recurrence of hernias of the lumbar spine.

Y. J. Sur, C. G. Kong, and J. B. Park [11]| found that the presence of the
transitional lumbosacral vertebra correlates significantly with the frequency of
hernia relapses.

In the work of M. Shen, A. Razi [12] it was revealed that the possibility of
recurrence is associated with retrolisthesis, which is defined as a vertebral dis-
placement by more than 8 %.

In the thesis, S. I. Ovcharenko [13], on the basis of the quantitative significance
of clinical factors due to the intensity of pain syndrome and the number of affected
vertebral motor segments, developed a technology for predicting the outcome of
surgical treatment of lumbar osteochondrosis based on the use of polyfactorial
correlation analysis and tabular prediction.

In the thesis, A. Antipko [14], based on discriminant analysis using data on
the duration of conservative treatment, a model was developed for assessing the
risk of recurrence of intervertebral hernia in the lumbosacral spine.

A. V. Krut’ko, E. S. Baikov [15] developed guidelines for “Predicting the results
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of surgical treatment of patients with hernias of lumbar intervertebral disks” and
created a software product for prediction based on the results of MRI and X-ray
of the likelihood of recurrence of intervertebral hernia after its deletion.

The thesis of A. G. Nazarenko [16] considers various types of operations and
indications for their use. The creation of a vertebral register of patients is de-
scribed.

J. D. Berne, A. Cook, S. A. Rowe, and S. H. Norwood in the article [17] applied
logistic regression to analyze for the presence or absence of arterial damage. To
identify patterns, a retrospective database was used, containing about 10,000
records for the period 2000-2009.

In articles [18] and [19], in the course of thematic cohort studies, regression
models for additive-multiplicative hazards in multiple outcomes of the disease are
constructed and evaluated.

Multiple linear regression was constructed in [20], according to a prospective
observational study of 424 patients with severe trauma, devoted to traumatic en-
dotheliopathy. Mortality is considered as a function of the following indicators -
adrenaline, norepinephrine syndecan-1, thrombomodulin and selectin, demogra-
phy, type and severity of injury, physiology, treatment.

Hae-Dong Jang et all. [21], in the article, devoted to the risk factor analysis for
predicting vertebral body re-collapse after posterior instrumented fusion in thora-
columbar burst fracture, explores data for 10 years to build a logistic regression:
the probability of a reoperation is analyzed.

In work [22| the problem of sagittal alignment is considered. Multiple re-
gression is constructed, the resulting variable is the level of residual curvature.
Self-learning computer programs are used for surgical planning and prediction of
postoperative alignment.

In [23], logistic regression is used to determine the risk factors for cage subsi-
dence in patients with ossification of the posterior longitudinal ligament (OPLL)
after anterior cervical discectomy.

In [24], preoperative leg pain assessment is used to predict transforaminal lum-
bar interbody fusion. The dependence of the success of the operation on preoper-
ative indicators such as clinical evaluations, age and body mass index is analyzed.

The analysis of the studied sources led to the following conclusions. Each
study presents a solution to a particular task, usually determined by the type
of disease, injury or line of research, within which a specific objective function is
selected and statistical models are built. Usually it is a classification or regression.
Forecasting is reduced to the classification of patients according to indicators
before and after surgery. Multiple linear or logistic regression, a decision tree are
applied for forecasting. More rarely it is neural networks. Statistical indicators of
interrelations are used for their identification.

3. Empirical analysis. A study of empirical data obtained from one of the
authors’ own studies on the results of surgical treatment chronic injury with the
use of multidimensional statistical analysis was conducted to build a forecast
model for the clinical decision support system in surgery of spine and pelvic
complex implemented under the project of Advanced Research Foundation.

Data of 80 patients, including the following indicators: gender and age, type
of injury, quality of life indicators before and after surgery, type of operation were
investigated. Baseline data and their designations are presented in Table 1.

To determine the criterion of success of treatment (objective function), various
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Table 1
Designations of patient indicators

Designation Indicators

T1 Gender

To Age

3 Injury Level

T4 Primary Injury Type

x5 Stability

Tg Deformation Character

7 Group

T Surgery Type

Y1 Correction Result

Zg Kyphosis Degree Before Surgery

Yo Kyphosis Degree After Surgery

Y11 Correction Measure Percentage

Y111 Correction Measure In Degrees

21 Correction Loss Degree

T10 VAS before Surgery

Y10 VAS after Surgery

12 ODI before Surgery

Y12 ODI after Surgery

719 Relative Modify ODI

methods of multivariate statistical analysis were applied to the existing empirical
data.

A feature of research in medicine is the interdependence of indicators, which
complicates the specification of forecast models. Correlation, factor and compo-
nent analysis were used to identify relationships.

So the method of principal components showed that almost all the initial data
are associated with the first principal component, which may indicate interde-
pendencies of the initial data. This fact has been confirmed in the calculations of
the pair correlations of the initial indicators. The component itself explains 53 %
variation. “The type of Surgery” and “Measure of correction in degrees” correlate
significantly with the second component, it explains 16 % of the variation, the
third is related to “Age” and “Level of injury”, it accounts for about 7% of the
explained variation. The fourth component is due to the “Gender” of the patient.
The first six main components account for more than 90 % of the variation of
indicators. The results of the application of the principal component method are
partially given in Table 2.

The factor analysis, after rotation of the factor axes, made it possible to single
out three significant factors explaining 76% of the total variation of indicators.
The identified factors have a more meaningful interpretation than the main com-
ponents. The first is associated with postoperative patient characteristics, the sec-
ond with preoperative characteristics. The corresponding factor loads are shown
in Table 3.

Cluster and discriminant analyzes were used to group patients. The results of
the use of cluster analysis are not given, since they did not allow to unambiguously
interpret the resulting partitions. The use of discriminant analysis has allowed for
some indicators to build effective discriminatory functions. For example, discrimi-
nation in terms of the “Correction result” (y;) indicator made it possible to obtain
a 100% separation of the initial data for the training sample. Some baselines do
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Table 2
Correlations of indicators with four main components
Variables | Factor 1 | Factor 2 | Factor3 | Factord
T —0.269 0.197 0.196 0.820
To 0.135 | —0.139 | —0.778 | —0.182
T3 0.019 0.258 | —0.660 0.393
T4 —0.888 0.161 | —0.008 | —0.070
T5 —0.830 0.259 | —0.116 0.012
Te —0.842 0.243 | —0.103 | —0.058
Ty —0.850 0.191 | —0.031 | —0.031
Ty —0.048 0.679 | —0.180 0.081
Y1 —0.759 | —0.587 | —0.049 0.016
Tg —0.819 0.402 0.058 | —0.105
Yo —-0.862 | —0.368 | —0.014 0.019
Y11 0.849 0.439 0.025 | —0.004
Y111 —0.356 0.842 0.088 | —0.152
21 —0.798 | —0.375 | —0.003 0.087
10 —0.828 0.363 0.060 | —0.176
Y10 —-0.893 | —0.317 | —0.031 0.012
T12 —0.865 0.279 0.071 | —0.008
Y12 —0.889 | —0.312 | —0.038 0.074
Table 3
Factor loads

Variables | Factor 1 | Factor 2 | Factor3

T1 0.079 0.324 0.196

To 0.027 | —0.206 | —0.774

T3 —0.130 0.181 | —0.673

Ty 0.603 0.671 0.019

s 0.504 0.711 | —0.096

Te 0.523 0.706 | —0.082

T7 0.556 0.671 | —0.007

s —0.365 0.563 | —0.213

Y1 0.961 0.001 0.012

Tg 0.397 0.821 0.069

Yo 0.906 0.236 0.039

Y11 —0.940 | —0.173 | —0.031

Y111 —0.239 0.885 0.058

1 0.860 0.192 0.047

10 0.428 0.796 0.074

Y10 0.901 0.296 0.020

T19 0.507 0.751 0.091

Y12 0.895 0.297 0.014

Expl.Var 7.000 5.364 1.182

Prp.Totl 0.388 0.298 0.065
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not affect the outcome of discrimination. The results of the use of discriminant
analysis are shown in Table 4.

Table 4
The results of the analysis of the discriminant function
Variables L\;Vrﬂllfia LP;?S;ZL F-remove (2,62) | p-level | Toler. (11313(11?)
1 0.056 0.995 0.292 0.590 | 0.832 0.167
T2 0.057 0.979 1.309 0.256 | 0.788 0.211
T3 0.057 0.982 1.150 0.287 | 0.835 0.164
T4 0.059 0.952 3.129 0.081 | 0.116 0.883
T5 0.060 0.938 4.146 0.045 | 0.094 0.905
Tg 0.059 0.954 3.036 0.086 | 0.136 0.863
7 0.063 0.896 7.286 0.008 | 0.094 0.905
s 0.057 0.976 1.530 0.220 | 0.528 0.471
i 0.058 0.967 2.117 0.150 | 0.012 0.987
Zg 0.059 0.953 3.098 0.083 | 0.167 | 0.832
Yo 0.060 0.932 4.542 0.036 | 0.016 0.983
Y11 0.056 0.996 0.194 0.660 | 0.554 0.445
Y111 0.056 0.999 0.015 0.900 | 0.160 0.839
21 0.056 0.999 0.039 0.842 | 0.213 0.786
10 0.056 0.994 0.336 0.563 | 0.194 0.805
Y10 0.066 0.850 11.075 0.001 | 0.222 0.777

In other cases, discrimination seemed less successful, and for a number of
indicators it was not possible.

To predict the results of treatment, linear regression models were constructed
and investigated. At the same time, various postoperative characteristics were
selected as the resulting function characterizing the quality of treatment.

Regression analysis allowed us to build several models with varying degrees of
compliance with the initial data. Below are some of the results. All indicators in
the models are statistically significant at less than 5 %.

Y111 = 4.1 —2.3x4 + 1.725 + 0.73y9, R? =0.71.

Here the dependent variable is “Measure of correction in degrees.” The model
adequately describes the results of treatment, but the indicator “Degree of kypho-
sis after surgery” (yg) is not a preoperative characteristic and its participation in
the model is very doubtful.

In the next model, the dependent variable is “The degree of correction loss”; the
value of the coefficient of determination shows a good adequacy to the initial data
model. It is obvious that the loss of correction is influenced by both preoperative
and postoperative indicators.

21 = 6.94 + 1.03x5 — 0.06y11 — 0.4x19 + 0.95y19, R* = 0.76.

In the third model, the dependent variable is “ODI after Surgery”. The large
value of the coefficient of determination may be due to the mutual influence of
ODI before and after the surgery. Interpreting the coefficients at the “Correction
result” causes some difficulties. This may be due to the interdependencies between
the regressors, as previously identified.

Y12 = —30.78 + 1.74z5 + 20.89y; — 4.6821 + 0.64x12, R? = 0.88.
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In the fourth model, the calculated characteristic, “Relative ODI change af-
ter surgery”’, obtained as the ratio of the ODI difference before and after the
surgery to the corresponding ODI value before the surgery, was used as the de-
pendent variable. This index can serve as an indicator of the effectiveness of
surgical treatment—the higher the value of this indicator, the more effective the
result of surgical treatment can be considered.

12 = 0.94 — 0.14y1 — 0.0591138 + 0.0351‘10 — 0.099y10, R2 = 0.89.

4. Discussion. The results of the analysis of empirical data show that even
when solving the problem of predicting the effectiveness of treatment of chronic
injury, it is impossible to unambiguously choose the objective function of the
quality of surgical treatment. The exceptions are the last two models, where the
dependent variable is the indicator of quality of life, and the value of the coefficient
of determination is 90% or close.

In this case, the problem remains the representation of the characteristics of
patients in an ordinal scale, the gradations in which are subjective in nature as
patients and physicians. Perhaps this is the reason for the impossibility to build
a model and determine significant factors to substantiate the choice of the type
of operation.

The question of choosing one or another type of surgical treatment is more a
result of the surgeon’s experience than objective dependencies on trauma charac-
teristics and patient data. Algorithmization of this experience is not yet possible
due to the mixing of the experience of different specialists and the lack of scien-
tifically proven methods of formalizing medical experience. Discussions regarding
the type of surgical treatment in one case or another are an integral part of scien-
tific publications and conferences. It also indicates that the choice of treatment is
largely due to the set of practices of a particular doctor. Multiple surgical treat-
ments can pursue specific, private results that cannot be predicted as a single
statistical model. The complexity of building models is exacerbated by the lack
of prerequisites for their use (independence of indicators, normal distribution of
characteristics, etc.), as well as the need to use different statistically significant
indicators in each case, the search for which represents a separate task.

5. Conclusions. Based on the results of the analysis of theoretical material
and empirical data, it was considered appropriate to build a forecast model for
each patient taking into account the following provisions.

The model is based on expert assessments that take into account the diverse
experience of surgical treatment.

The implementation of the model supposes the possibility of choosing from
several options according to the types of operations based on the existing practices
in the use of surgical treatment techniques.

The forecast model for the type of surgery and quality of treatment is imple-
mented in the form of a tree, the branch points of which are determined by the
type of injury (disease) and the patient’s anthropometric properties. Leaves char-
acterize the quality of treatment for the appropriate type of disease and treatment
method.

To characterize the quality of surgical treatment, use an indicator (index)
calculated as a relative change in ODI after surgery and VAS after surgery. The
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relative change in ODI is calculated as the difference between the ODI values
before and after the surgery divided by the ODI value after the surgery.

The quality of the whole treatment is characterized by the absolute ODI value
immediately after the surgery, as well as 3, 6 and 12 months after the surgery.

All forecasts are presented in the form of probabilistic (interval) characteris-
tics.

The model has feedback and improved, accumulating new treatment experi-
ence.

The step-by-step algorithm for constructing a forecast tree for the examined
empirical data on the treatment of chronic injury can be represented by the fol-
lowing branch points:

Disease: acute injury, chronic injury, degenerative changes.

The level of injury: chest, lumbar, pelvis, hip joint.

Type of primary injury: A, B or C.

Stability: stable or unstable.

The nature of the deformation: single-plane or multi-plane.

Treatment options—the choice of implants and structures, type of opera-

tion: ventral surgery, dorsal surgery, one-time two-stage intervention, etc.

7. Results of treatment: a prognosis is given on the likelihood of a patient
falling into one or another range by ODI levels.
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AHHOTaNMsA

Ha ocnoBe u3ydenus jinreparyphl, IOCBAIIEHHON OIIEHKE KadecTBa Olle-
PaTUBHOI'O JIeUeHUs] B PEKOHCTPYKTUBHOU XUPYPruu MO3BOHOYHO-TA30BOI'O
KOMILJIIEKCa MOXKHO CJI€JIaTh BBIBOJI, YTO JIJ1sl IPOTHO3UPOBAHNUS KaueCTBa Olle-
PaTHUBHOTO JICYeHUd, KaK IIPaBUJIO, IPUMEHAETCA MHOXKECTBECHHAs! JTUHEHHAST
WM JIOTUCTUYECKasl PErPecCusi, JePeBo pernennii. Pexxe mpumensroTcs Heil-
POHHBIE CETH.

IIpornosupoBanue BHITIOIHSAETCS Ha OCHOBE CPABHEHHUS JI0- U [TOCJIE0IIePa-
IIMOHHOT'O COCTOSIHUS OOJILHOTO, OIMEHUBAEMOTO TI0 PA3JIMIHBIM MTOPSTKOBBIM
U KOJIMYECTBEHHBIM IMIKaJIaM B pe3yJbTaTe OIIPoca IallMeHTA.

IIpu cpaBHUTEIBHO HEOOJIBIIIOM KOJTMYECTBE AHAJIM3UPYEMBIX CJIyIaeB 3a-
GosieBaHus (HECKOJBKO JIECATKOB WA COTEH) U HE3HAUUTEIbHOM KOJUYECTBE
nokazaresieii (He Gojiee IBYX-TpPeX JECATKOB) MPUMEHEHHUE HEHPOHHBIX Ce-
Tell IPEeJCTABIISETCH IIPEXKIEBPEMEHHBIM II0 JABYM IPHYHUHAM: HEOOJIBIIOe
KOJIMYECTBO JAHHBIX II03BOJIEeT aHAJU3UPOBATh UX KJIACCUUYECKHUMHU MeTO-
JaMH MaTeMaTAYeCKON CTaTUCTUKH, U BbISBJIEHUE 3aBUCUMOCTEN Ha JJAHHOM
srare Tpedyer MOCTOSIHHOTO «PYYHOIO» BMEMIATEIbCTBA C YIETOM OIEHOK
7 B3aMMOCBA3€H M3 IpeIMETHOHN 00JacTh.

IIpumenenne METONIOB CTATUCTUYIECKOTO AHAIN3A K JAHHBIM O JI€ICHUH
3acTapesioil TPaBMBbI [TOKA3aJI0 HAJWYNie CTAHIAPTHBIX IIPODJIEM JJIs Me/Iu-
[IMHCKUX JIAHHBIX. DTO MPEeJICTaBjIeHe UCXOHON nH(POPMAaIui B HOMUHAIb-
HO¥ WJIM TIOPSIIKOBOM IKaJIaX, CYObeKTUBHBIN XapaKTep HEKOTOPBIX IMOKa3a-
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TeJlell, a TaKyKe B3aNMO3aBHCHMOCTD IIPE/ICTABIEHHBIX XaPAKTEPUCTUK, ITO
CHUKAET KAa9YeCTBO WCCJIEIOBAHUSI.

TTouck mnesesoit byHKIMH, XapaKTepU3yIolieil KauecTBO OIepaTUBHOIO
JIEYEHNs], TOKa3aJl HEOTHOZHATHOCTD PEIIEHUs] 9TO 3a/a91 JaXKe JIJIsl Y3KO-
CHENUaJIN3UPOBAHHON CUTYAIH.

OOBEKTUBHO IIPUCYTCTBYIOIINE B3aNMOCBSI3N TAKKE BBISIBUJIO 00YCJIOBH-
JII KOJIMIECTBO IIPO0JIeM, OCOOEHHO CBS3aHHBIX C BHIOOPOM THIIA OIIEPATHB-
HOTO JIeYeHUsI, KOTOPOE B DOJIBITIEN CTENIEHN OMPEeJIEISIETCS OIIBITOM XUPYPra.

Ha ocHoBe npoBeieHHOTO HCCIeI0BaHUsl OBLIO MPEJJIOKEHO CTPOUTH MO-
JIeJIb IPOTHO3a KAYECTBA OMEPATHBHOIO JIEIEHUsI ¢ YIETOM IKCIEPTHBIX OIle-
HOK B BH/I€ IIPOTHO3HOIO JIEPEBA C PEKOMEH/[yeMbIMI BapHaHTaAMU XUDPYPIrH-
YECKOrO JICUEHNsT U CTATUCTUIECKOM IIPOTHO3€, OCHOBAHHOM HA MMEIOIIEMCsI
ombite. IIpeamoaraercst, 9To MoIeIb OYIET TMHAMUYIECKOI ¢ OOPATHON CB-
3bI0 ¥ UMETh BO3MOXKHOCTH CAMOOGHOBJIEHUSI.

JL71st TpOrHOBUPOBAHUS KAUeCTBa OMEPATUBHOTO JIEYEHUsI B PEKOHCTPYK-
TUBHON XUPYPrUU O3BOHOYHO-TA30BOI'0 KOMILIEKCA IEJIECO0OPA3HO IIPUMeE-
HATH JIEPEBO IPOrHO3a, ITO3BOJISIIONIEE PEKOMEH/0BATh THII OIEPAIUU JJIs
KOHKDETHOI'O CJIydasl IIOBPEXKJIEHUsI NN 3a00J€BaHNs U PACCIUTHIBAIOIIErO
[IPOTHO3HbBIE 3HAYEHUS [TOKA3aTeell Ka1eCTBA KU3HHU.
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Abstract

The work is devoted to the study of the dynamics of the formation of
bubbles in a gas-liquid system taking into account the potential difference.
The electrical conductivity of the fluid is determined depending on the con-
centration of the electrolyte and, accordingly, the electrostatic field that
occurs when the fluid flows. The effect of the electrostatic field on the bub-
ble formation dynamics has shown that the radius of the gas bubbles and
the dynamics of its expansion, formed by the pressure difference, can be
regulated by the potential difference parameter.

Depending on the electrolytic concentration, the electric conductivity of
the liquid and, accordingly, the electrostatic field arising from friction in fluid
are determined. The effect of the electrostatic field on the dynamics of the
bubble formation has shown that the radius of gas bubbles and expansion
dynamics formed by the pressure drop can be regulated by the potential dif-
ference parameter. It is presented that one of the main factors affecting the
flow of two-phase fluids is the nature of the liquid phase and the concentra-
tion of electrolyte added. The results of regulation of the bubble formation
dynamics in the gas-liquid system via the electrostatic field and a number
of physical parameters can be applied in the oil and gas industry, chemical
processes, biomechanics.

Keywords: gas bubble, electrostatic field, pressure drop, potential differ-
ence, expansion dynamics.
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On the electrostatic field in expansion dynamics of gas bubbles

Introduction. Bubbling and its expansion dynamics are the major compo-
nents of a wide range of chemical, environmental processes and fluid, especially, oil
mechanic. Bubbles generally have broad size distributions and complex property
variations over time too [1-3]. Although changing of bubbles forms in gas-liquid
systems can seem to be a simple phenomenon, it actually involves complex dy-
namical interactions. Characteristically, in gas-liquid systems, small bubbles have
effective role at the interphase heat and mass transfer. Here, it is important to
control bubble sizes and extensions.

Dynamics of the gas bubbles formation in liquids and viscous-elastic fluids has
been studied for quite a long time [4]. Bubbling has been the topic of numerous
studies [5-9]. Two main phenomena have been determined for bubble formation in
the electric fields under electrical voltage of electrohydrodynamic flow: electrical
voltage is directly present in the gas—liquid interphase and is directed inward.
Under conditions of electrohydrodynamic flow, a significant decrease of nozzle
pressure is caused by voltage increasing [10]. Because of the effects of electrostatic
potential and pressure difference, the interaction effects of the bubble expansion
dynamics are more complicated and important, so this is the subject of present
research.

In [11], the authors have experimentally investigated the effects of electrostatic
potential on the bubble dynamics, and tried to determine the value of the electrical
potential used to control the process.

The results reflect that bubble formation dynamics have nonlinear dependence
with increasing applied potential at the constant flow rate and bubble frequency
increases as increasing voltage. Authors have shown also that external physics
fields (electric, magnetic, etc.) should be used due to achieve more significant
effects.

In [12], authors have established adiabatic two-phase flows by injecting gas (ni-
trogen) bubbles into a liquid (FC-72) separating mechanical effects from thermal
and mass exchange ones in order to investigate effects of external electric fields
on the bubble dynamics. Here is mainly investigated the effect of the electric field
on the detachment frequency and velocity of bubbles. Other parameters (bub-
ble shape and its oscillations, typical trajectory of a single bubble) are currently
under study, both in normal and microgravity environments.

In [13], author considered formation of bubble in a rigid and elastic hole,
taking into account the surface tension and obtained some meaningful results.
Various surface active substances (SAM) have been used to control the surface
tension. For the rigid hole, to study the relation between dp (bubble diameter)
and Upp (flow velocity) for the different liquid phases. Firstly, for a hole gas
velocity above 6 m/s, the effect of liquid surface tension on the bubble diameter
have been investigated. The bubble diameter is significantly lower below 6 m/s in
water solutions with surface active substances (SAM).

The lowest bubble diameters occur in solution of non-ionic surfactant (o =
30.4 mN/m), then in the anionic surfactant solution (o, = 40.7 mN/m) and the
cationic surfactant solution (o = 27.4 mN/m); the butanol aqueous solution
(0, = 62.6 mN/m) has no effect on the formation of bubbles [13]|. These results
limit the conception of static surface tension: the smallest bubbles are not formed
with the liquid phase which has the lowest static surface tension [13].

To achieve better results we need to measure dynamic surface tension. To
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investigate the relation between dp and Upp for the different liquid phases three
general terms can be formulated for the flexible holes:

1) the bubble diameters are significantly reduced over the whole hole gas ve-
locity range in comparison with water;

2) as with water the bubble diameter presents a less, than linear increase with
velocity;

3) a special phenomenon occurs below 3 m/s, which did not exist in water: the
bubble jet is divided into two jets.

Using the geometric characteristics of the apparatus and bearing in mind the
nature of liquid, the surface tension of the solution for a given bubble forma-
tion time can be defined [14, 15]. By changing the concentration of surface active
substances (SAM), it is possible to regulate the surface tension.

Authors [16] investigated the effect of time-variant temperature on the dy-
namics of a single gas bubble in a liquid. With changes in temperature, different
physical parameters regulating bubble formations change including surface ten-
sion, diffusivity, vapour pressure and gas solubility. A single-bubble model formu-
lated and a numerical simulation implemented to model the radius-time prole of
a bubble, taking into account the above-mentioned parameter.

According to studies, Henry constant and diffusion coefficient depending on
the temperature are included to the model. It is important in determining the
bubble expansion process at any temperature field.

1. Materials and methods. In all of the above mentioned studies, the dy-
namics of bubbles in gas-liquid systems at Ap pressure difference, regulation of
bubble radius and expansion dynamics by various physical parameters were stud-
ied. Similar problems have also been studied by many researchers applying the
external electricity field. In contrast, the effect of the electrostatic field, arising
during flow (the potential difference parameter) on the bubble radius and ex-
pansion dynamics were studied. Studies have shown that the radius of bubbles
gradually decreases when the value of potential difference increases [17].

Taking into account the studies of the gas bubbles dynamics through var-
ious physical parameters, a regulation of process of bubble formation through
the potential difference parameter was considered in present work. In spherical
coordinates, a single bubble model was formulated to investigate the effects of
electrostatic field on bubble expansion in fixed thermobaric conditions.

The following assumptions have been made to construct the model:

— bubble always remains spherical and allows the problem considering in a

single dimension;

— temperature and pressure inside and outside of the bubble is stable.

2. Problem solution. The Rayleigh—Plesset equation is used to model the
effect of electrostatic field on the change of bubble radius R with time ¢ in fixed
thermobaric conditions:

d?R  3/dR\2 20E? dR ¥ p,—pPm
RS +5(5) +3 2R 4oz =i te, 1
dt2+2 dt +3pm dt+R Pm (1)
Here R is the radius of the bubble; £ — electrostatic field; ¥ — the surface tensile
coefficient; o — electrical conductivity, p,, — the density of the liquid phase, and
Dg, Pm — respectively, the pressure of the gas and liquid.
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Note that the electrostatic field formed by friction in the liquid is defined as
follows

e=Ap=p1 -
Here gas pressure is expressed as follows

dpr _ o P2
a ~ TRF

First, the dynamics of formation of gas bubbles at different values of the
Ap pressure difference (at the smallest values of potential difference) were in-
vestigated. The equation (1) is solved by the Runge-Kutta numerical method,
Ap =0.5mV, ¥ =0.0002 N/m (Fig. 1).

The expansion radius of bubbles increases as the pressure difference increases.
Then, this equation was solved by changing the potential difference in the constant
value of the pressure drop Ap, and the following results were obtained (Figs. 2
and 3).

Radius of bubble, mm

Time ¢, min

Figure 1. Radius of bubble vs. time under different pressure drop

6

Radius of bubble, mm

1 1.5 2 2.5 3 3.5 4
Pressure drop Ap, Pa

Figure 2. Radius of bubble vs. pressure drop
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Radius of bubble, mm
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Time ¢, min

Figure 3. Radius of bubble vs. time under different electric potential differences

On the contrary, we can see from this that as the value of potential difference
increases, the radius of the bubble decreases gradually. Given all this, it was found
that the formation of gas bubbles under certain values of pressure difference can
be regulated by the potential difference parameter

3. Methods. In [17], the electrical conductivity of the fluid under different
concentrations of electrolytes is investigated. Depending on the concentration of
electrolytes the value of potential difference arising in the fluid at different flow
rates was determined. Considering the values of parameters obtained at the dy-
namic equation of bubble, we show the possibility of regulating expansion radius.

That is, the value of the potential difference in aqueous solutions of 0.1 %
NaCl (in a constant value of pressure difference) has been determined. The results
obtained when regulating the dynamics of bubble formation through the potential
difference parameter are shown in Fig. 4.

Radius of bubble, mm

0 5 10 15 20
Potentials difference Ap, mV

Figure 4. Dependence of bubble radius in aqueous solutions with 0.1 % electrolyte vs. potentials
difference
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4. Results. In this research, the dynamics of bubble formation in the gas—
liquid system was studied, taking into account the potential difference parameter.
In experiments the aqueous solution of NaCl was investigated.

Depending on the electrolytic concentration, the electric conductivity of the
liquid and, accordingly, the electrostatic field arising from friction in fluid are
determined. The effect of the electrostatic field on the dynamics of the bubble
formation showed that the radius of gas bubbles and its expansion dynamics
formed by the pressure drop can be regulated by the potential difference parameter
(Fig. 5). For this purpose, we must focus mainly on the nature of the liquid phase
and concentration of the added electrolyte.

Pressure drop Ap, Pa
0 0.5 1 1.5 2 2.5 3

Radius of bubble, mm
=

Potentials difference Ay, mV

Figure 5. Dependence of bubble radius vs. pressure drop and potential difference

The results of regulation of the bubble formation dynamics in the gas—liquid
system via the electrostatic field and a number of physical parameters can be
applied in the oil and gas industry, chemical processes, biomechanics.
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O BausHUN QJIEKTPOCTATUIECKOI'O I10JId Ha JUWHAMUKY
paciupeHus ra3oBbIX IIy3bIPDbKOB

P. T. Museibli

Institute of Mathematics and Mechanics,
Azerbaijan National Academy of Sciences,
9, F. Agaev st., Baku, AZ1141, Azerbaijan.

AHHOTaNsa

Pabora mocssitiieHa n3ydeHuto TuHAMUKY 00pa30BaHUs Iy3bIPHKOB B T'a-
30KUJIKOCTHOI CHCTEME C YIeTOM PA3HOCTH MTOTEHITNAJIOB. DJIEKTPOIIPOBO/I-
HOCTD KUJIKOCTHU OIIPEEsIAeTCs B 3aBUCUMOCTH OT KOHIIEHTPAIMHU JIEKTPO-
JINTA M, COOTBETCTBEHHO, OT JIEKTPOCTATUYECKOT'O I10JIs, BO3HUKAIOIIETO IIPU
TeYeHNN KUJIKOCTU. BiinsiHme 3JIeKTPOCTATHIECKOTO I0JIs HA TMHAMUKY 00-
pa30oBaHMs IIy3bIPbKOB IIOKa3aJI0, YTO PaJIUYC IIy3bIPDbKOB I'a3a U JUHAMU-
Ka ero paclIupeHust BCJIEJCTBIE U3MEHEHUs IIePena ia JaBJIeHUS 3aBUCAT OT
Pa3HOCTHU IIOTEHITNAJIOB TPOTEKAHUSI.

B 3aBucuMocT 0T KOHIIEHTPAINH 3JIEKTPOJIUTA, ONPEIE/ISTETC JIEKTPU-
qecKasd IIPOBOJUMOCTD KUJKOCTUA M, COOTBETCTBEHHO, 3JIEKTPOCTATUIECKOe
110JIe, BO3HUKAIOIIEE B Pe3yJbTaTe TPEHUs B KUIKOCTU. BiusHue 3J1eKTpo-
CTATUYIECKOI'O II0JIs Ha JMHAMUKY 0Opa30BaHUS IIy3bIPHKOB II0OKA3aJI0, UTO
paJuyc IIy3bIPHKOB ra3a W JUHAMEUKA €0 paclIupeHus, 0bpa30BaHHAas Ia-
JE€HUEM JIaBJIEHUS, MOT'YT PEryJInpOBaThCd ITapaMeTPOM Pa3HOCTHU ITOTEHIIH-
asioB. IlokazaHo, 9TO OJHUM M3 OCHOBHBIX (DAKTODPOB, BJIUSIONINX HA Tede-
Hre AByXMa3HubIX KUIKOCTEH, ABISETCA MPUPO/IA XKUAKOM (ha3bl U KOHIIEH-
TpaIus JIEKTPOJnuTa. Pe3yabraTsl peryJimpoBaHus TUHAMUKN 00Pa30BaHUs
IIy3bIPHKOB B I'a30KUIKOCTHOI cUCTEeMe IIOCPEJICTBOM JIEKTPOCTATHIECKOTO
TOJIsL ¥ Psijia (PUBUIECKUX [TAPAMETPOB MOI'YT ObITh IPUMEHEHBI B IIPOIECCAX
HedTEra30Boil OTPAC/IN, XUMUIECKOTO IIPOU3BOJICTBA, OMOMEXAHWKE.

KuroueBbie ciioBa: ra3oBblil IIy3bIPEK, SJIEKTPOCTATUYIECKOE I10JI€, TIepera
JIABJICHUsI, PA3HOCTH TOTEHIINAJIOB, TUHAMUKA PACITUPEHUS.
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Abstract

Swirling axisymmetric stationary flows of an ideal incompressible fluid
are considered within the framework of the Euler equations. A number of
new exact solutions to the Euler equations are presented, where, as distinct
from the known Gromeka—Beltrami solutions, vorticity is noncollinear with
velocity. One of the obtained solutions corresponds to the flow inside a closed
volume, with the nonpermeability condition fulfilled at its boundary, the
vector lines of vorticity being coiled on revolution surfaces homeomorphic to
a torus.

Keywords: Euler equations, ideal incompressible fluid, swirling axisymmet-
ric flows, exact solutions.
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Introduction. Due to the nonlinearity of isothermal fluid motion equations
any patterns, that can be discovered when analytically studying velocity and
pressure fields are of interest. These regularities are, e.g., streamline shape [1-3]
and vortex line shape [4] properties. In was reported in [4] that “in the stationary
axisymmetric flow of a viscous incompressible fluid, the existence of vortex lines
lying on a revolution surface homeomorphic to a torus is impossible”. In other
words, it was demonstrated that the vector lines of the vorticity projection on
the meridional plane are nonclosed lines or points. That study offered an example
of the stationary axisymmetric flow of an ideal incompressible fluid, where the
above-mentioned vector lines either are closed (if they consist of more than one
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point), or consist of one isolated point. To put it differently, that was an example
of a flow in which the vortex lines lie on a revolution surface homeomorphic to a
torus and they are not lathe objects (except one isolated streamline). Hereinafter,
lathe objects are a figure of rotation around the axis of symmetry of the flow.
That example was one of the Gromeka—Beltrami helical (vorticity is collinear
with velocity) solutions [5, 6]. Here a question arises, whether there exist non-
helical flows of an ideal fluid in with the vortex lines lying on a revolution surface
homeomorphic to a torus, which are not lathe objects at that. In this paper we
attempt to obtain an example of such a flow.

Among non-helical axisymmetric flows, examples of exact solutions can be
easily obtain in the assumption that the radial velocity component is zero, all
the parameters being dependent only on the distance to the symmetry axis (the
subclass of cylindrical flows). However, in such flows the radial vorticity compo-
nent is zero, and the vortex lines cannot lie on a revolution surface homeomorphic
to a torus. Nonswirling axisymmetric flows are also unsuitable for an example,
since in them the projection of the vector lines onto a meridional half-plane are
points. We could attempt to seek a solution under other assumptions, simplifying
the Euler equations. However, as was reported in [6, 7], simplifying assumptions
may lead to equations for which vortex solutions are impossible. To avoid this
situation, we decided to search for a suitable example of the stationary axisym-
metric solution in in the most general form (without simplifying assumptions).
To obtain a new solution, we used Meissel’s equation (known as Meissel’s formula
in the world literature) [8]. This equation is discussed in what follows. Any so-
lution to this equation yields a radial-axial stream function of some solution to
the Euler equations. Two arbitrary functions are involved in Meissel’s equation,
which depend only on the stream function. A special selection of these functions
enables us to find solutions to Meissel’s equation and thus to find examples of
exact solutions. The Gromeka—Beltrami helical solutions correspond to one func-
tion selection of the kind. Another one is mathed by the Batchelor solution [9]
obtained under an additional simplifying assumption; namely, Batchelor sought
a solution among functions independent of the axial coordinate. In this study we
consider some other versions of the above-mentioned functions, which, after an
appropriate argument substitution, allow Meissel’s equation to be solved by the
variable separation method. This results in new non-helical and non-cylindrical
solutions, this being of interest in itself. One of the solutions offers an example in
which the vortex lines lie on revolution surfaces homeomorphic to a torus.

1. Motion equations. We consider the axisymmetric stationary flow of an
ideal incompressible fluid. We use the following dimensionless variables: veloc-
ity, V; vorticity, £ = rot V; pressure related to density, p; the potential of vol-
ume forces II. Fluid motion is described by the Euler equations, which can be
represented in the Gromeka—Lamb form [9,10] as

2

QXV:—V[p-i-V?-FH}, (1)

divV =0. (2)

We introduce a cylindrical coordinate system r, ¢, z with the origin at point
O so that the Oz axis coincides with the flow symmetry axis. The axisymmetric
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flow parameters are independent of the circumferential coordinate ¢. Assume that
e, ey, e, is the right-hand system of unit vectors in the radial, circumferential
and axial directions, respectively. The swirling flow velocity vector has the form
V = Ve, +V, e, + V.e, and the functions V., V,,, V. and p depend only on r
and z.

2. Meissel’s equation. The theorem stating that all possible streamline
functions for stationary axisymmetric flows obey some partial derivative equation
is referred to as Meissel’s theorem, the equation being termed Meissel’s equation
(formula). The proof of the theorem can be found in the original study [7] and
in the textbook [8], where the name of Meissel is not mentioned. Let us now
formulate this theorem. In cylindrical coordinates, in view of the fact that the flow
parameters are independent of the circumferential coordinate ¢, the continuity
equation (2) is written as

10 0

It follows that there exists a streamline function ¢ = 1 (r, z) such that

V;" = 771#7 VZ - (3)
We denote
g=rV. (4)

Meissel’s theorem implies that, for regions without open zones with zero radial-
axial velocity, there can exist such, and only such, axisymmetric solutions to the
Euler equations in which Meissel’s equation is fulfilled,

1 02 9 /10 1,
r(‘?z?w+ 8r<r(‘9rw> + 99 =k (5)
where g = g(¢) and f = f(¢)) are one-variable functions.

If v = 9(r,z) is a solution to Eq. (5) for some functions ¢ = g¢(¢) and
f = f(v), then, for an arbitrary axisymmetric potential I = II(r, z), the solution
to Egs. (1), (2) will be the functions V., V,, V. determined by the equalities (3),
(4) and the pressure

— 2 2 2
p—po—{—F(l/})—Oﬁ(V;—FV@—FVVZ)—H, (6)

where F is the primitive function f (i.e. f = F’), po is any constant ensuring that
Eq. (6) will be positive in the flow region under study.

The solutions of Meissel’s equations correspond to nonswirling flows (V,, = 0)
when g = 0 and to helical flows when f = 0, and they will be omitted here.
In non-helical flows (f # 0), both the convective derivative of velocity and the
vector product vorticity and velocity are not identically equal to zero, and the
Bernoulli function has different values for different streamlines. In what follows
we give examples of such exact solutions.
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3. Three solution families. The equation

0 /10 0 (10 9 9
‘(2 el el Y __ 7
8r<7’8r )+8z<raz >+nr ra’y, @
where «, n are any constants, is a (5)-type equation. For this equation, F(¢) =

—0.5a21)?, and one of the solutions is the function 1 = — sin(ar?/2) - cos(nz). In
the partial case a = n = 1, the following exact solution is obtained:

L2 g
%—T81n(r /2) -sin (2),

V, = —% sin (r?/2) - cos (2),
V. = cos (r?/2) - cos (z),

p=po— 0.5sin* (r?/2) - cos? (z) — 0.5 (V;2 + Vﬁ +V2) - 1L

The radial-axial projections of the streamlines of this cellular flow in the rect-
angle {r;z} = [0;27] x [0;1/67] are shown in Fig. 1. The arrows indicate the
direction of the radial-axial velocity.

Figures 2 and 3 show the streamlines of radial-circumferential velocity for
three planes perpendicular to the Oz axis.

The radial and circumferential velocities tend to zero as the symmetry axis is
approached; this enables this solution to be considered in the region containing
the symmetry axis. This solution describes the flow in cylindrical barrels (the
axis of the cylindrical surface coincides with the Oz axis) with radii of /27,
V47 and /67, whose bottom and cover have the coordinates 7/2 and /2 + m,
m =1,2,3,..., along the Oz axis. Indeed, it follows from the above expressions
for velocity that the impermeability condition is met on the cylindrical walls, on
the bottom, and on the cover.

The radial-axial vorticity component

Figure 2. The streamlines of radial-circumfe-

Figure 1. The radial-axial projections of the ] ;
rential velocity for z = 0

streamlines of the cellular flow
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Figure 3. The streamlines of radial-circumferential velocity for z = /4 and z = /2

lies on the lines of the form rV,, = const. It follows from Eq. (8) that, for the found
solution, they are lines of the form sin (r%/2) - cos (z) = const. It can be easily
believed that these lines are closed and that they once enclose the points with the
coordinates r, = v2mm + 7, z; = jm, m = 0,1,2,3,..., 7 = 0,£1,£2,43,....
These points are isolated. Consequently, except the isolated vortex lines going
through these points, the vortex lines (8) are not lathe objects, and they lie on
revolution surfaces homeomorphic to a torus (the search for such a solution is the
main aim of this study).

Another solution family is obtained if we consider the following (5)-type equa-
tion:

2 ) i) it =

where «, 1 are any constants. For this equation, F(¢)) = o??/2, the functions
¥ = exp(ar?/2)-sin(nz) and 1) = exp(—ar?/2)-sin(nz) being the solutions. These
solutions are unsuitable for studying flows in channels containing the Oz axis. The
fact is that the radial velocities V; = nl exp(xar?/2) - cos(nz) corresponding to
these solutions have a peculiarity on the Oz axis. However, due to the linearity
of Eq. (7), the linear combination of these solutions ¢ = sinh (ar?/2) - sin (nz) is
also a solution to Eq. (7). The corresponding solution of the Euler equations has
the form

1
V, = n=sinh (ar?/2) - cos (
r
1
V, = U sinh (ar?/2) - sin (
V, = —accosh (ar2/2) sin
p = po + 0.5a% sinh? (ar?/2) - sin? (nz) — 0.5 (V2 +VZ+V2E) -
In this solution, all the parameters admit the continuation on the Oz axis;
herewith, the radial and circumferential velocities tend to zero as the symmetry
axis is approached, and this allows us to formulate a boundary problem with

a known exact solution of the flow in an axisymmetric channel containing the
symmetry axis. It seems excessive to illustrate this flow. The third solution family
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is represented by solutions of the following (5)-type equation:

S ) b) e o

where ) is any constant. For this equation, F(¢)) = A%, and the solutions 1) =
¥ (r, z) will be all the known helical solutions with a constant coefficient A relating
velocity to vorticity if the function 72 is added to them. This corresponds to the
addition of constant velocity along the symmetry axis, and new solutions will no
longer be helical.

Conclusion. Within the framework of the Euler equations, we have discussed
swirling axisymmetric stationary flows of an ideal incompressible fluid in a po-
tential field of external forces. Three new families of exact solutions have been
obtained. As distinct from Gromeka’s solution, vorticity is not parallel to fluid
velocity in these families, and in contrast to cylindrical flows, the radial velocity
component is not identically equal to zero. The solution (8) is a solution to the
problem of motion inside a barrel (inside a portion of a straight cylinder), with the
impermeability condition met on its walls. The vortex lines of this flow, not being
lathe objects (except isolated lines), lie on revolution surfaces homeomorphic to
a torus.
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HeBuHTOBBIE TOYHBIE peEllleHUs] ypPaBHeHUl Jditjiepa JJjis
3aKpPy4Y€HHBIX OCECUMMETPUYHBIX T€YEHUIl >KUIKOCTHA

E. 10. IIpoceuparos'?

I Uncruryr mammuosenenus YpO PAH,

Poccust, 620049, Exarepunbypr, yi. Komcomoubckast, 34.
2 Vpamnbckuit dbeiepanbHbli yHIBEPCATET

uM. niepsoro [Ipesugenta Poccuu B. H. Enbuuna,
Poccus, 620002, Exarepunbypr, yi1. Mupa, 19.

AHHOTaN M

B pamkax ypaBaenuii Ditjiepa pacCMOTPEHBI 3aKpPyYEHHBIE OCECHMMET-
pUYHbIE CTAIIOHAPHbBIE TEYEHNS UJIeAJbHON HeCKMaeMoii xxukoctu. [Ipesn-
CTaBJIEHO HECKOJIBKO HOBBIX TOYHBIX PEIleHMil ypaBHeHUil Jiljiepa, B KOTO-
PBIX, B OTJINYHE OT M3BECTHBIX pemnreHuit ['poMmekn—bBenbrpamu, 3aBuxpeH-
HOCTb HeKoJImHeapHa ckopocTu. OHO U3 MOJIyIEeHHBIX PEIeHUul COOTBET-
CTBYeT TE€UEHUIO BHYTPU 3aMKHYTOIO 00beMa, Ha IPAHUIE KOTOPOI'O BBITIOJI-
HEHO yCJIOBHE HENPOTEKaHNs, & BeKTOPHBIC JIMHUN 3aBUXPEHHOCTH HAMAaTBI-
BAIOTCs HA TOMEOMOP@HBIE TOPY HOBEPXHOCTH BPAIIEHUSI.

KuroueBbie ciioBa: ypaBHeHusi Diljiepa, nIeabHasi HECXKUMAEMAS JKUJI-
KOCTbh, 3aKpYUYeHHbIE OCECUMMETPUYHbIE T€UYEHNS, TOUHbIE PEIIeHUS.

IMonyuenue: 23 uronga 2019 r. / Ucnpasienue: 17 asrycra 2019 1. /
Mpungarue: 16 centadpa 2019 r. / IlyGiukanus owsaiin: 6 gexabpsa 2019 r.

Konkypupyionine nHTepechl. KOHKypUPYIOINX HHTEPECOB HE UMEIO.
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OKOHYATE/IbHOI Bepcuu pyKomucu B medarb. OKOHYATEbHAs BEPCHS PYKOIKUCUA MHOI
000peHa.

dunancupoBauue. Pabora gactudano nojep:kana [IporpaMmoit KOMILIEKCHBIX DYyHIA-
MeHTAIBHBIX uccaenosannit YpO PAH (mpoekr Ne 18-1-1-5).
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O6 osHOII 3aga4de A 000OIIEHHOTO YPaBHEHUS
Byccunecka—JIsaBa

B. U. >2Kezaanoe

Kazancknii (IIpusoskckuil) desepanbHbIil yHUBEPCUTET,
Nucturyr Mmaremarnku u mexanuku um. H. V. JlobadeBcKkoro,
Poccusi, 420008, Kaszaub, yia. Kpemieckast, 35.

AnHOTaMSA

s ypaBHEHUS 9€TBEPTOTO MOPSIKA C ABYyMsl HE3ABUCUMBIMU TIEPEMEH-
HBIMU PacCMaTpPUBAETCs BApUAHT 3aa4u ['ypca ¢ JaHHBIME Ha JIBYX IIEpece-
KAIOMNIMXCsl XapaKTEePUCTUKAX, BKJIOYAIONIHI B ce0sl HE TOJBKO OCTPOCHUE
MCKOMO (byHKIMHU, HO U OompeesieHne KO3 @MUINEeHTOB ypaBHEHNs. TaKIM
obpazoM, pedb ujeT 06 00paTHOI 3ajade ¢ onpejeseHrneM KoM dUIMeHnTon
ypaBuenwus. [IpeiorkeHa MeTOINKA TIOCTPOEHUST YCJIOBHH, 00ECITEINBAIOIIIX
BbIJIeJIeHIEe ODECKOHETHOTO YMCJIa HaDOPOB YPABHEHUN TAHHOTO BUA, JIJIsi KO-
TOPBIX paccMaTpuBaeMasl 3ajlada pa3pelinMa B KBajparypax. Bmecro BBe-
JIEHUST JIOMOJIHUTEILHBIX TPAHUYHBIX YCJIOBUN MPEJJIAaraloTcsi OrpaHnIeHusT
Ha CTPYKTYPY YPaBHEHUs, CBSI3aHHBIE C BO3MOXKHOCTSIME €10 (haKTOPU3AIUH.

KuroueBbie cioBa: 3amada ['ypca, obparnasi koaddunmenTaas 3amaqa,
METOJI KACKAIHOIO0 MHTErPUPOBaHus, MeTo] Pumana, dakropusanus.

Ionyuenue: 14 mons 2019 r. / Ucnpasienue: 28 okrsabps 2019 r. /
pungarue: 11 noabpa 2019 r. / IyGuukanus onsaiin: 18 nogbpsa 2019 r.

VYKazaHHOe B HA3BAHUU COODIICHUST ypaBHeHUue Byccunecka—JIsiBa nmeeT BuI
[1, dbopryna (20)]
Ugzyy — Uyy + Ugz = 0.
OHO BOBHUKAET IpU U3YyUYEHUH JIBUKEHUS BOJIH B MEPUOJUICCKUX CJIOUCTHIX Cpe-
Jax 2], a Takyke B yupyrom crepzkHe ¢ y4eroM 3p(eKToB MOnepevHoii HHePIUH.

Harmeit nesibio siBiisieTcst OTBICKAHUE YCJOBUI PA3pENIUMOCTH B KBaIPaTypax
zagaqun ['ypca Juid ypaBHeHUs

Ugayy +021 Uzz Y+ A12Ugyy + 011 Ugy +a20Uzz +A02Uyy 10Uz +a01 Uy +agou = 0, (1)

KOTOpOe paccMmaTpuBaercs B obiactu D = {xg < z < 1, yo < y < y1}. 'pannd-
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Hble yCI0BHsA JTs (1) NMeIoT Ipu 9TOM BH/T

u(zo,y) = ¢(y), uz(x0,y) = ¢1(y),
u(xay(]) = ¢(aj)7 uy(ac, yO) = Qﬂl(l‘), (2)
©'(yo) = ¥1(zo), p(yo) = (o),

upu gem KodddurpenTst B (1) cauTalOTCs HEM3BECTHBIME U BMecCTe € (T, y) TOXKe
HOJIIE?KAT OIIPE/IEJICHHIO.

C pasimm4HbIX TOUYeK 3peHns ypasrenue (1) nzydanocs B paborax [I. Mamxe-
pona, M. Ortocropenu, C. Eacsapana, B. Pagouossr, P. C. 2Kawmasosa, A. I1. Con-
narosa u M. X. [lIxanykosa, E. A. ¥Yrkunoii (cm. 6ubsmorpaduio B kaurax |3,4]),
a Takzke B paborax |5,6]|. B wacrnocru, B ykazamnuoii monorpadun |3, c. 139-142|
meroioM Pumana nocrpoeno perrenne 3aja4u (1)—(2), Ho oHO TpejicTaBisieT coboit
JIAIIb CTPYKTYPHYIO (OPMyITy, OCKOILKY HCIOJIb3yeMast TaM (yHKIms Pumana
TOJIBKO CYIIECTBYET, & KOHKPETHBII BH/J[ €e HEN3BECTEH.

B nanHOM COOOIIEHUN U3yYTaeTCS CJIeTyONMast

BaZAUA. Onpedeaums koafiuvuenmos ypasnerua (1), npu komopwvixr e2o pe-
wenue 6 obaacmu D, ydosaemeopsarouwsee epanuiHbim Ycaosuim (2), okazveaemcs
DPA3PEUWUMBIM 8 KEAOPAMYPAL.

NneeTcst 3HAUNTEIBHOE KOJIUYIECTBO PAOOT, MOCBAIIEHHBIX OOPATHBIM KO3(-
burenTHBIM 33a9aM (CM., HapuMep, paboTsl [7—12| u aureparypy npu Hux).
XOpOIIIO U3BECTEH MOIX0 K OIPEIEIEHNIO B YPABHEHIN HEU3BECTHBIX KO DUIII-
€HTOB, OCHOBAHHBII Ha BBEIEHUHU JOIOJTHUTE/IbHBIX I'PAHNIHBIX yeaopuii. Ilpea-
raeMblil 3]1eCh ITOJIX0/ K OTBICKAHUIO PEIeHUs TOI 3a/Ja4i OCHOBAH Ha OrpaHuye-
HUSIX, CBSI3QHHBIX ¢ BO3BMOXKHOCTSIME hakTopusaimu (1), To ecThb 1pe/icraBieHnem
9TOr0 ypaBHEHUS JTUOO B BUJIE

<82+aa+ﬁa+’y)(u + Aug + puy + vu) = 0. (3)
0xdy Oz oy Y * v

60 B hbopme, nostygaeMoit u3 (3) myTeM HOJCTAHOBKU OLEPATOPOB (BTOPOIi orie-
paToOp CTABUTCS Ha [EPBOE MECTO, a MEPBbIil — HA BTOPOE).

[Tpoussoss B jeBoit wactu (3) ykasaHHbIE JeficTBUS, TOTPEOYeM COBIAJICHUS
[OJIyYeHHOTO Bhipazkenusi ¢ koaddurmenramu u3 (1). Tius (3) naitgem

a+)\ - a217 )\y +CU)\ - a207 (4)
p+ B =ai, pe+Bp=amps;

Az + fy + v+ v+ po+ A= ar,

Hay + vz + B(py + V) + ape +yp = aot, (5)
)\xy+Vy+a()\m+V)+ﬁ)\y+7)\:a10>
Vgy + Qg + Bry + v = agp.

st ypaBHeHusI, oy daemMoro u3 (3) mepecTaHoBKOil OIIepaTopoB, Hy?KHO B JICBOI
gacTu cootHorennii (4) dyukmun «, 3, v 3aMeHUTb Ha A, [, V, a GYHKIWUHA A, pt, V
B (5)7Ha «, 67 -

Mpbr me Oymem BBITHCHIBATE (DOPMYJIBL 7151 (3) ¢ MepecTaBIeHHBIMI OLEpPATO-
paMu, Tak Kak IOPsIIOK PacCy KIeHni He M3MEeHHUTCS.

Cucrema (4), (5), Kak cucreMa Ui OTBICKAHUS o, 3, ¥, A, [, V, SBJISIETCSI
nepeorpeieIeHHoil (8 ypaBuenuii, 6 HEM3BECTHBIX ).
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O6 oxHoIT 3ama4e jy1s1 06001eHHOrO ypaBHenusi Byccunecka—/IsiBa

Cuauasia pacemorpuM (4). 31ech nepBast mapa ypaBHEHHH — CHCTEMa, JJIsi OThIC-
kauusg yuknuit «, A. Ilomcrasiisis Bo BTOpoe ypaBHEHHE = ag] — A, WK
A = ao] — @, MOJIy4YuM ypaBHeHus Pukkaru

Ay +agid — A2 =ag, @y —agia+ a® = ag — asyy,

KOTOpPBIE B 00INeM C/Iydae Hepa3peninMbl B KBaJIpaTypax, HO B CIydae HYJIEBBIX
MIPAaBBIX YACTEH SBJSIOTCS ypaBHEHUSIMU BepHy/Ln, KOTOPbIe Pa3peIuMbl B B-
HOM BHJE C TOYHOCTBIO 0 MPOU3BOJIHHON (DYHKIIUH OT .

EnuHcTBEHHDBIE PEIeHns BbIIE/IAIOTCS IPHU JOMOJTHATEIbHBIX YCIOBUIX

a(z,yo) = &(x), Az, 90) = n(=), (6)

rie dyuxmun (z), n(x) JoIKHBL OBITH 3a/IaHbL.
Ananornano Bropast mapa n3 (4) peaynupyercs: K ypaBHEHHsIM

fe + arop — i = ao2, Bo — a12B + B = a2 — arz,
a pouib (6) urpaior GopmyIIbl

B(zo,y) = p(y),  w(xo,y) = o(y). (7)

W3 u3/102KEHHOr0 BBITEKAET
JIEMMA. B npednoaootceru, 4mo

agy = ag2 = azo = agp — a21y = ap2 — a12¢ = 0,

u donoarnumenvror ycrosusr (6), (7) gynrkyuu o, B, A, g 0dnosnauno onpedens-
10MeA 6 K6adpamypaz.

B ycioBusix raHHO# jleMMBI ypaBHenus (5) IpeBpaInaioTcs B GOPMYJIBI JIst
OUpEJICJCHUST A11, A0l, (10, (o0 IE€PE3 OCTAIOIIMECS IIOKA HEM3BECTHBIMU 3HAUEC-
HUSIME 7y, V, KOTOPBIE MOTYT OBITH HafiJIcHBI IyTeM I0J0opa. A HMEHHO, B3sB
B Ka4deCTBe OJIHOf M3 HUX ONpeIesieHHy0 DYHKIMMIO, APYTYIo HafiieM U3 [epBOro
ypasrenus (5). OcragbHble TpU COOTHOIIEHU (D) MpeIaraeTcst pacCMaTpUBATD
KaK JIOIOJHATEIbHBIE TPeOOBAHNUS, IOCTATOUHBIE JJIsSi OJIHO3HATHOI Pa3penmMo-
cru Beeit cucremsl (4), (5) B siBHOM BH/te. ITockombKy 7y mimn v MOXKHO (DHKCHPOBATH
GECKOHEIHBIM YHCJIOM CIIOCODOB, MOYKHO yTBEPXK/IaTh, 9T0 cucreMa (4), (5) momyc-
KaeT GECKOHEYHOE YHCJIO PEICHUil B JIOCTATOYHBIX JJIs HAC KJIACCax [VIAJKOCTH.
Ceenennst 00 yIOMSIHYTON TJIAJIKOCTH MOYKHO HAHTH B yueOHUKax 10 auddepen-
UAJLHBIM ypaBHeHusM (Harpumep, B [13]).

Brlen3ozkeHHoe O3BOJISET PEJICTABATh PacCMaTpUBAEMyIo 3a1ady B (hop-
Me JIByX KJIACCHYECKHX IIOCTAHOBOK 3aJadu l'ypca jjisi ypaBHEHHUiI BTOPOro Io-
psijKa:

Ugy + AUy + ptly + vu = v,

u(ro,y) = p(y), ulx,y0) = Y(x), »(yo0) = ¥(x0);
Vgy + vz + Bvy + v = 0,
v(wo,y) = 0(y), v(z,90) = 61(z), 0(yo) = 01(x0),

rie dyukiyn 6(y), 01(x) B cuiy (2) jerko sorancisiiorcest. O9eBUIHO, YTO CHAYAIA
HaxonuTCs pentenue 3aja4n (9), a 3arem — 3aa4n (8).

(8)

9)

e
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V3BecTen 1e/iblii psiji BAPMAHTOB Pa3perimMOCTH HOJMO00HBIX 3a/a4 B KBaJpa-
Typax, 3aliChIBAEMbIX B TepMuHax Kodhdunuentos ypasnennii. Hanpumep, pa-
6orsl [3, c. 19-20], [14, 15| comepzkar cirydan, obiiee IUCIO BADHAHTOB Pa3peIi-
MOCTH KOTOPBIX paBHO 16.

13 mpuBeieHHBIX paccyKAeHUi caeayeT

TEOPEMA. [Ipedaooicennan memoduka noseossem 6videsums OECKOHEHOE MHO-
IHCECTNBO GAPUAHINOE PASPEWUMOCTNU PACCMAMPUBAEMOT 3a0a4u 6 Keadpamypax.

Koukypupyiomuine nHTepechl. KOHKypUPYIOINX HHTEPECOB HE UMEIO.

ABTOpCKasi OTBETCTBEHHOCTbD. 51 HECY TOJHYIO OTBETCTBEHHOCTDH 3a MPEJIOCTABICHIE
OKOHYATEJILHON BepcHM pPyKONHCH B revdarh. OKOHYATEIbHAs BEPCHUS PYKOIMCA MHOIO
om00peHa.
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On a proplem for generalized Boussinesq—Love equation
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Abstract

For a fourth-order equation with two independent variables a variant of
the Goursat problem with data on two intersecting characteristics is con-
sidered. It includes not only the construction of the desired function, but
also the coefficients of the equation. Thus, we are talking about the inverse
problem of determining the coefficients of the equation. The method of con-
struction of conditions providing allocation of infinite number of sets of this
type equations is offered, for which the problem under consideration is solv-
able in quadratures. Instead of introducing additional boundary conditions,
restrictions on the structure of the equation are proposed, related to the
possibilities of its factorization.

Keywords: Goursat problem, inverse problem, method of cascade integra-
tion, Riemann method, factorization.
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MopenupoBaHue HANPSAYKEHHOI'O COCTOSTHUS
nepOpUPOBAHHOIO IIEMEHTHOIO KOJIbIIA,
IIPUMBIKAIONIET0 K CKBa*KMHE C TPEHIMHON
ruJipopasbiBa MJjacra
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Annoranus

IIpoBeseHo MojieTMpoBaHe HAIPSIXKEHHOTO COCTOSTHHUSI 11epgOpPUPOBaH-
HOI'O IIEMEHTHOI'O KOJIbIA, ITPUMBIKAIOIIErN0 K CKBaXKUHE ¢ TPEIIUHON TH/I-
popaspbiBa 1jacta. st BBIYHCIEHUS TOPOBOTO JIABJIEHUS] YKUJIKOCTUA HC-
TTOJIb3YEeTCsT MOJEb (DUIBTPAINN HeC:KUMaeMoro duronaa. s Buraucite-
HUS HAMPSAXKEHHOT'O COCTOSHUS IIEMEHTHOT'O KOJbIA HMCIOJB3YEeTCA MOJIETh
JIMHEITHO-YTIPYTOTO TeJia U METOJT KOHEYHBIX 00HEeMOB ¢ MHOTOTOYETHON afl-
mpokcuMarneii Hanpsizkeauit. [Ipopeiena Bepudukaliys InCJIeHHONR MOJIEIN
C IIOMOITIBIO COIIOCTABJIEHUSI MOJIEJIBHOTO pacyeTra ¢ pacyeToM B OTKPBITOM
makete MojieiupoBanus Fenics. [TokazaHno, 9T0 MakcuMaJibHOE 3HAUEHUE Ha-
npstzkenns Muzeca TpUXOANTCS Ha 30HY Mepdopalyii Ha CThIKE IEMEHTHOTO
KOJIBIIA U SKCILIYATAIIMOHHON KOJIOHHBI, & HAJUIHE TPEIUHBI THIPOPA3PHIBA
TLTACTA MOYKET CHUXKATH HAIPKEHNE IEMEHTHOTO KOJIBITA.
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Beenenmne. Oanoit 13 HacymHbIx 1pobyeM B HepTera3oBoii OTPaC/IN ABJISIETCsT
paspyIieHne eEMEeHTHOTO KOJIbIIa MEeXK Iy TOPOIOH U IKCILIYATAIIMOHHON KOJTOHHO
CKBaXXUHBI. DTO MPHUBOIUT K IPEXKIEBPEMEHHOMY OOBOJIHEHUIO CKBAYKWH ¥ 3a-
IP3HEHUIO OKpYy2Kalomieit cpeabl. B manHo#t paboTe IpOBOAUTCI MOACTUPOBAHUE
IIPOYHOCTH TIEMEHTHOI'O KOJIBIIA C IIOMOIINbBIO BbIMHCIeHUs Hanpsikenuii Muzeca
B KaKJIO TOYKE IIEMEHTHOI'O KOJIbIA M IKCILIYATAIIMOHHON KoJIoHHBI. ObsacTu
IUTACTa ¢ MAKCUMAaJIbHBIM HallpsizkeHneM Mmu3seca siBISIOTCA HanMeHee TTPOYHBIMUA.

MonenmupoBanue MpOIHOCTH IIEMEHTHOTO KOJIbIIA ITPOBOINTCS C IIOMOIIBIO HEITOJI-
HO CBSI3HBIX 3aJ1a4 JinHeiHol yupyroctu u duabrpaiun Japcu. Vcnonb3yores
CJIETYIOIINE TIPE/IITOIOXKEHUA:

1) moposa nutacra siBisieTcsi HesiebopMUpyeMoit;

2) rtpemuHa rugpopaspbiBa mwiacta (I'PII) npuMbikaeT K meMEHTHOMY KOJIBILY,

sIBJISIeTCsI OECKOHETHOIIPOBOINMOIN U HeaedopMupyeMoii;

3) IeMEHTHOE KOJIBIIO U IKCIUIyaTAIMOHHAs KOJOHHA J1eDOPMUPYEMbI U [PeJi-

CTaBJISIIOT CODOM JIMHEHHO-YIIPYTOe TeJI0;
4) MexKIy eMEHTHBIM KOJIBIIOM M 9KCILIyaTAIIHOHHON KOJIOHHOH BBIOJTHSIFOT-
CsI YCJIOBUS UIE€ATBHOIO KOHTAKTA,

5) zaboiiHoe JaBjeHne BHYTPU CKBayKUHBI JCHCTBYET HA BHYTPEHHIOI CTEHKY

3KCILIyaTaIlMOHHONU KOJIOHHBI;
6) JaBJIeHHe CO CTOPOHBI IJIACTA HA BHENIHIOK CTEHKY IEMEHTHOIO KOJIbIA
OTIPEIEJISIETCST TOJIBKO IOPOBBIM JIABJIEHUEM YKUJKOCTH B ILJIACTE;

7) nedopmaryu MeMEHTHOTO KOJIbIa U SKCILUIYATAIIMOHHON KOJIOHHBI MAaJIibl
U HE OKA3bIBAIOT BJIUSHUAA HA XapaKTep JABMKEHUs (PJIIONIa B ILJIACTe U
B CKBaXKWHE.

AJITOpUTM peleHns 3aJ[a91i COCTOUT U3 JIBYX HOCEI0BATE/BHBIX IIAr0B:

1) BBIYKCIIEHHE CTAIIOHAPHOIO PACIIPE/IE/IeHUsI [IJIACTOBOTO JIABJICHUSI C MO~
MOIIIBIO PeIeHnsi ypaBHeHUsT (PUIbTPAINU HECXKUMAEMOro (DITIOUIA;

2) BBIMHCJICHNE HAIPSI?KEHHOT'O COCTOSIHUST [[EMEHTHOTO KOJIBIA M 9KCILIyaTa-
[IMOHHON KOJIOHHBI C ITOMOIIBIO PEIIeHUs CTAITMOHAPHOI'O YPaBHEHUS JIU-
HEHHON yHIpPYTroCTH, B KOTOPOM B Ka4eCTBE I'DAHUYHOIO YCJIOBUA 33JaHO
IJIACTOBOE JIABJIEHUE, BHIYUCCHHOE B IIyHKTE 1.

[IpocTpancrBennas AUCKpeTH3aIUs YPABHEHUN OCYIIECTBIISETC C ITOMOIIBIO
[OCTPOEHMsI TPeXMepHOii pacueTHoil cerku Boponoro [1] mis miacra, TpemuHbl
I'PII, meMeHTHOrO KOJIBIIA U SKCILIYATAIIMOHHONW KOJIOHHBI. JlJIsT pereHuns ypasb-
HeHUst (DUIBTPAIUU IPUMEHSIETCST METOJ, KOHEUHBIX 00bEMOB C JIBYXTOUEUTHOI all-
IIPOKCUMAITUEN TIOTOKA, & JIJIs PEIeHUs] YPABHEHUS YIIPYTOCTH — METOJI, KOHEUHBIX
06BEMOB ¢ MHOTOTOYEYHOM alllIpOKCHMAaIiell HanpsizkeHuii [2, 3].

1. Bagaua dbwuabrpanuu. 3ajada QUIBTPAIME OMUCHIBAETCS CJIELYIOIAM
obpazom:

div(i grad(p)) =0,

p ‘perf = Pwell, P‘frac = Dwell, an .

boundary

3/1ech p — IJIACTOBOE JIaBJIeHNE, k — IIPOHUIIAEMOCTD IJIACTA, [ — BI3KOCTH (DITIOH-
J1a, Pwell — 3a00iTHOE HaBjieHne cKBaXKuHbI, perf — nepdoparuu ckBaxkuubl, frac —
tpernuaa ['PII, boundary — rpanura miacra, KoTopas BKJIIOYaeT B ce0Osl BHY TPEH-
HIOIO YaCTh, BHEITHIO YaCTb, & TAKYKEe KPOBJIO W TOONIBY TIIACTA. BHeIHsIsT

778



MopgenmupoBanne HaIPS>KEHHOIO COCTOSIHHUS IT€POPHPOBAHHOIO LIEMEHTHOI'O KOJIBIA. . .

qJaCTb I'PaHUIBI IIJIaCTa OIIMCBIBACT I'DAHUILY obsiacTu JAPpEeHrnpOBaHns, a BHYTPEH-
Hdad 9aCTh I'PaHUIIbI IIJIaCTa IIpeacTaBsIdeT €000l BHEIIHIOIO CTEHKY IIE€MEHTHOI'O
KOJIbIla CKBazKMHDBI.

2. 3agada ynpyroctu. llemMeHTHOE KOJIBIIO U SKCILIyaTalllOHHAs KOJOHHA
[IPEJICTABJISIIOT COOOM eIUHBIN MOJIBII IUINHIP, KaK MOKa3aHO Ha puc. 1.

Hamnpsizxkennoe cocTostHue MEMEHTHOTO KOJIBIA M IKCILTYATAIMOHHON KOJOHHBI
OIINCBhIBAaETCAd TaK:

V0+f:67 O'ZCE, E:%(va—l_(vﬁ)—r)’
lo=ori Tl -, Tl =t 7l -

3/ech 0 — cUMMETPUYHBII TeH30p HaUpsKeHuil (2 paHra); f — BHEIIHUE CHJIBI;
C — ren30p xkecTkocTH (4 paHra); € — CUMMETPUYHBIH TeH30p Aedopmaruu (2 paH-
ra); U = (Uy, Uy, uz)T — BEKTOD II€PEMEIIEHNUI; Uy, Uy, U, — IEePEMEIIEHUs BIIOJIb
oceil x,y,z COOTBETCTBEHHO; S1 — BHEIIHsIsI CTEHKA EMEHTHOIo KoJblia (puc. 1);
So — BHYTpEHHsIsI CT€HKa SKCILIYyaTallMOHHON KOJOHHBL; S3 — cTeHKH nepdopanmii
B LEMEHTHOM KOJbIE M 3KCILIyaTAlMOHHON KOJIOHHE; S4 — TOpIbLI LEeMEHTHOI'O
KOJIbLIA M 3KCILIyaTAIUOHHONI KOJOHHBI; 7 — II0JI€ BHEIIHUX HOpMAaJeil K HeMeHT-
HOMY KOJIBbILY M SKCILTyaTAIJMOHHON KOJIOHHE.

IIpogeMoHCcTpUpPYeM pelienue 3afadn ynpyroctu. [Ipomnrerpupyem ypasHe-
HUE YIPYTOCTU B STUEiiKe i:

/ v-adv+/ fav =0,
Vi Vi

/ o-idS+fi=0,
oV;

Z/ o-iidS+ f; =0.
)75

JEY (4

3nech V; — obbem staeiiku i; f; — cpeliHee 3HAUEHUE BHEITHEN CUJIbL, JIeCTBYIOIIEi
Ha siaeiiky i. Murerpan mo mosepxuocTu OV, s9eiiky i MpecTaBisieTcss B BHUJIE

Puc. 1. IlemenTHOE KOJBIO M IKCILIYATAIIN-
OHHAsI KOJIOHHA. [0oyObIM I[BeTOM 3akparire-
Ha BHEIIHsIsI CTEHKa [IEMEHTHOI'O KOJIbIA, 3eJIe-
HBIM — BHYTPEHHsISI CTE€HKa 3JKCILTyaTAI[MOHHON
KOJIOHHBI, KPACHBIM — CTeHKH Tepdoparuii, ce-
PBIM — TOPIIBI [IEMEHTHOTO KOJIBIIA U SKCILIya-
TAIMOHHOM KOJIOHHBI, YKeJIThIM — Tpermuna ['PII S

(onstaita B 1BeTE) i

3
i

[Figure 1 (color online). Cement sheath and

production casing. The outer wall of the cement

sheath is blue, the inner wall of the production

casing is green, the perforation walls are red, the

ends of the cement sheath and the production

casing are gray, and the hydraulic fracture
is yellow]
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CYMMBI TTOBEPXHOCTHBIX WHTErPAJIOB 110 KaXK 0¥ rpaHu 3Toil gdeiiku. MHOXKecTBO
sT9eeK, CMEeXKHBIX C i-Toii sideiikoit, oboznadaercs W(i); S;; — rpaHb MexKiy i-TOM
n j)-TOU dAYIeUKaMU.

IIycrs (o - i1);j — cpefiHEe HOPMaJIbHOE HAIPsIZKEHHE Ha TPAHHU MEXKIy i-TOif
u j-Toit stueiikamu. Torma noc/eHee ypaBHeHHe OyIeT UMEThb BH]T

> ISil(o i)y + fi = 0.

JEY(i)

BBezeM Tax:ke cpejiHee 3HaUeHHe U; HepeMeIleHus B siaeiike . Meroz MHOrO-
TOYEIHOIl AlPOKCHMAIIN HAIPSIKEHNI 3aK/II0IAeTCsI B TOM, YTOOBI HCKATh 3Ha-
venne |S;;|(o - 1);; HA rpaHNM MeXKIy -Toil U j-Toil suefikaMi B BUJE JIMHEHOM
KOMOUHAITME HEKOTOPOTO Habopa wig:

[Sijl(o - ) = Y > tikeiin:

veV (i,5) keC(v)

3nech tijr, — Tensops! 2-ro pamnra; V(i J) — MHOXKeCTBO BCEX BEpINUH I'DaHU ij;
C(v) — MHOYKECTBO BCEX sUeeK, CMEXKHBIX C BEPIIHHON v; |S;j| — miomaip rpa-
HHU SU

Kaxkoit Bepiinae v pacyeTHON CETKH COOTBETCTBYET OJIHA siuefika JIyasibHOM
ceTku. JIaa KaKJIoil JIyaJbHOUM sTYeMKU peIaeTcs crhelualibHas JIOKaJbHas 3a-
Jada [JIsT OIpeaeeHuss KO3 PUIIMEeHTOB tij;w BHYTPHU 3TOH AyaJIbHON dAdeillKu.
Korga Bce xoadpdunuentsr t;x, OyJyT BbIYUC/IEHBI, ypaBHEHU:A PaBHOBECHs BO
BCEX siueiikax MOYKHO OyIeT IPeJ/ICTaBUThL B BUJIE CUCTEMbI JINHEWHBIX YPaBHEHUIT
OTHOCUTEJIHLHO HEM3BECTHBIX U;.

3. Perrtenue jokasbHO 3a4a9u yIpyroctu. [[jis KaxK 10l BepIINHBL ceT-
KU PeIaeTcst OTAe/IbHAsI JIOKaIbHast 3a/iada. PacCMOTPUM BEpIMHY U U sTIHKY i,
UHIMJIEHTHY O 9TO0ii BepiuHe. PaccMorpuM Bce pebpa U Bce rpaHu CeTKH, KOTOPbIe
UHIIUIEHTHI OJJHOBPEMEHHO BEPIIUHE v U stueiike ¢. MHOrOrpaHHUK, HATSHY T Ha
BEpIIUHY v, EHTPOMI UK § ¥ IMEHTPOMIbI BCEX ITUX pebep U TpaHeil, Ha3bl-
BaeTCsl MUHU-UEHKOi 1 obosnadaercs (i,v) (puc. 2). 'pans munu-saeiikn (i, v),
WHITIIEHTHAST KaKOW-In00 APyroil svueiike j, Ha3bIBACTCS MUHU-TPAHBIO 1 0003HA-
gaercst (i,7,v). OueBHHO, UTO BCe sTUEHKU CETKU MOXKHO IIPEJCTABUTH B BUJIE
00beIMHEHNsT HEKOTOPOTO MHOYKECTBA MUHU-STIEEK, & BCe I'PAHM — B BUJIE 00be 1~
HEHUsI HEKOTOPOI'O0 MHOYKECTBA MUHU-IDaHE].

[Tycts B KaxK10il TOUKe 7 MUHH-sTUeiiKu (i, V) KayKjas KOMIIOHEHTa BEKTODa
nepemertennii U () = (ug (7) , uy (7) , uz (7)) sBastercs amueiinoit dyHKImel Ko-
OpJ/IMHAT:

Uy (F) = Ujyz + Vuiv,x : (7?_ 7:;) )
Uy (F) = Ujyy + Vuivay ’ (’F_ Fl) )
Uy (77) = Ui,z + vuiv,z : (F_ 1)

Buech U = (Uiyzs Wiyy, Uiy )| — cpennee 3madenHye HEpEMEICHHS B i-TOH sdeii-
Ke; VUiy,z, VUip,y, VUi, — I'PAJIUEHTH KOMIIOHEHT BEKTOpa IlepeMerennii (1o
BEKTOPBI), 7 — HeHTp sdefiku ¢. CauraeM, 9T0 TPAIUEHTB Viiy ¢, VUivy, Vi, >
B JIAaHHOI MUHU-sT9eiiKe — KOHCTAHTDI, T.e. OHHU He 3aBUCAT OT KOOPJAUHATHI 7. 11o-
9TOMY TEH30D HANPSIZKEeHUil 0j, B MUHH-stuelike (i, V) TOXKe He 3aBUCHUT OT 7.
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Puc. 2. HeckonbKo siyeek, MHITUIEHTHBIX BEPIITUHE V.
Pebpa sadeek wu3o0pakeHbl YEPHBIMUA OTPE3KAMU.
Munn-saueiika (i,v) 3aKpalieHa CepbIM IIBETOM

[Figure 2. Cells incident to the vertex v. Cell edges
are depicted by black segments. The subcell (z,v) is
shaded gray]

[Iycrs Bepmmaa v nnnuaenTa N sdetikam u M rpamsam. Ha xaxxkmoit Munn-
rpanu m (Mensiercst or 1 1o M) 3ajaeM yCJIOBHE HENPEPBIBHOCTH HAIPSIZKEHUSI
(Ha BCell MMHH-TPAHN) U YCJIOBHE HEIIPEPBIBHOCTH IIePeMeIleHus (B e JMHCTBEHHOI
TOUKE 7, MUHU-I'DAHN):

(o -1) —(o - 1) (i,4) € Neighbours (m) ,

ijuv T jivo

U; + Vi - (T — 75) = U + Vi - (T —75), (4,7) € Neighbours (m).
D10 2M BEKTOPHBIX ypaBHEHWIt, TO ecTb 6M cKaJIsApHBIX ypaBHeHwmii. Hemspect-
HBIE TIepEeMeHHbIE — 9TO I'PAJIUEHThl Vi, B KaXKJI0i MuHU-sveiike. B manHoil j10-
KaJIbHOU 3ajiade umMeeM N MUHU-s9eeK —3T0 N HEU3BECTHBIX I'DAJIUEHTOB, WU
9N HEeU3BECTHBIX CKAJSPOB. JTa CUCTEMA yPDABHEHUII UMEET €JIMHCTBEHHOE Dellle-
uwue, ecyim 2M = 3N. it mpoCThIX TPEXMEPHBIX CETOK, COCTOSIIUX U3 IapaJsiie-
JIETIUTIEZIOB, IPU3M WK TETPA3APOB, ITO YCJIOBHUE BCerja BbimojHseTcs. Ho mis
CETOK, COCTOSIIIUX U3 MHOMOIPDAHHUKOB [IPOM3BOJILHOI (DOPMBI (B YaCTHOCTH, JIJist
cerkr BopoHoro B 001ieM ciiydae) 9T0 yCJIOBHE HE BIIOJIHSIETCS.

[Mycrs 04y = {O'iv,pq}a Ciw = {Civ,pqrs}a Ejv = {51'1);1”5}7 rmep,q,r,s — AHIEKCHI
KOMIIOHEHT TE€H30pOB, IpHHUMaoe 3Haderust or 1 go 3. Torma

3 3
Oivypqg = g E Civypqrs€ivyrs-

r=1s=1

[IpencraBum 3Ty cucreMy ypaBHEHUil B BUIE

Cw . T_L'ijy 0 . 0
(P — 7)) +1 Vﬁf“’ =|o],
0 I e 1
nJjinm .
AZ =b.

Boruncius nceso006parayio Marpuity ATl MBI CMOMKEM IIPEJICTABUTL HEU3-
BECTHBIE I'PAJIUEHThI Vilj, B BUJE JUHEHHBIX KOMOMHAIUN TIEPEMEHHBIX UU;:

N

vuiv,rs = § Qjyyrsyk - Uk,
k=1
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1€ Qjy,rs,k — BEKTOD JUIMHBL 3 (SABJISAETCS OJIOKOM MAaTPHUIILI A_l). Takum obpa-
30M, JIJIs1 IPOU3BOJIBHBIX TPEXMEPHBIX CETOK IPAIUEHThI Vi, BHIPAXKAIOTCS Yepe3
i; B CMBICJIE MUHUMU3AIMN HeBA3KHU ||AX — b ||. J1st IpOCThIX TPEXMEPHBIX CETOK,
COCTOSIIIIAX U3 IapaJiiesIeluIIe/oB, IPU3M WM TETPa3IpoB, Vil BbIPAXKaIOTCS

Jepes U; TOUHO.
[ogcraBnsitem mosydentbie Vilj, B BBIpAXKEHUE IS HATPSKEHUsT HA MUHU-
rpaHu, 4TOObI BLIPA3UTDL 3TO HAIPsIKEHUE Yepe3 HEU3BECTHbIE IIePEMEHHbBIE Uy :

3 3 3
( Z Civyllrs€ivyrs Z Civy12rs€ivyrs Z civ,lSrsf‘:iv;Ts) 'ﬁijv

r,s=1 r,s=1 r,s=1
3 3 3
Oy Nijy = ( Z Civy21rs€ivyrs Z Civy22rs€ivyrs Z Civ,23rs£iv,rs) s Mo =

r,s=1 r,s=1 r,s=1

3 3 3
( Z Civy31rs€ivyrs Z Civy32rs€ivyrs Z Civ,BSrsgivyrs) s Nijv
r,s=1 r,s=1 r,s=1

(&w,rs,k-‘r@w,sr,k) N
(Mijuy1Civyiirs + Mijuy2Civy12rs + Nijuy3Civ,13rs) 5 “ Uk

Mes
M=z

3
V)
I
—
=~
Il
-

(5iu,rs,k+aiu,smk) N
(Mijvy1Civs21rs + Mijuy2Civy22rs + Nijvy3Civ,23rs) 3 U

I
Mes
M=

%
»
Il
-
=~
Il
A

(&i’U,T‘S’k+&i’U)ST}k) —
) 2 '

Mes
M=z

(Mijvy1Civy31rs + Mijuy2Civy32rs + Mijuy3Civ,33rs

3
W
Il
—
e
I
—

Eciu B mmocsteiHeM BBIPAYKEHUH KAkl BEKTOP (jy,rs,k IPEJCTABUTD B BHJIE
CTPOKH, TO IIOJIyYUM IIPeICTaBJIeHNe HAIPSXKeHNsl Ha MUHU-TPAHU B BUIE JIMHEMH-
HOIl KOMOUHAIUN 1i}:

Oy Mjjy = § tijko Uk -
Hanpsi>kenne Ha Bceil TpaHu ¢j onpeJiesdeTcsa TaK:

gij n’Lj = 5 Oy * nz]v = 5 E tz]kvuk-

veV (4,5) veV (i,7) keC(v)

B nannoii pabore juis pereHus JIOKAJbHBIX 33189 Ha IPAHUIE CETKHU UCIOJb-
3yeTcsl YCJIOBHE HYJIEBOI'O HAIIPSIKEHUsT Ha Tpanutie. st 9Toro BOKPyr IPaHUITBI
CETKHU CO3/IA€TCS CJIOU BCIIOMOTATEIbHBIX ST9€€K C HYJIEBBIM TEH30POM *KECTKOCTH,
U BCe JIOKAJTbHBIE 33191 PEIIAIOTCS ONMMCAHHBIM BBIIIE CTIOCOOOM [IJIsT BHY TPEHHIX
BEPIIUH CETKH.

4. Pemrenue riyiobanpHoii 3aga4yu yrnpyrocTtu. Jjis Kaxkoit sueiiku moJry-
JaeM JIMHEeWHOe ypaBHEHNE OTHOCUTETHLHO HEM3BECTHBIX MEPEeMEIeHnil U; B KaxK-

JIOU d4enke: ~
Y Y tiwitn+ fi =0

JEV (1) veV (i,5) keC(v)

[TockobKy TpajueHT
N

Vuiv,rs = § Qjyyrsyk - Uk
k=1

782



MopgenmupoBanne HaIPS>KEHHOIO COCTOSIHHUS IT€POPHPOBAHHOIO LIEMEHTHOI'O KOJIBIA. . .

B KaXKJIOl MUHU-AYE€liKe U3BECTEH, MOXKHO BBIYMCIUTH TEH30D HAIPAKEHUN Oy
n Haupsxxenne Mnseca 0,4, B KaKI0i MUHU-g9elKe:

1
Siv = Oip — 3 trace (oiy) I,

3 3
3
~Al9 E E SivypgSivypg-

p=1g=1

Hanpsizkenne Museca B sideiike ¢ NIPUHUMAETCS PABHBIM CPEJIHEMY 3HAYCHHIO
Hanpsizkennst Museca 1o BceM MuHU-staeiikam (i, v).

5. BeruncanTeabHbIN SKCIIEPUMEHT. PaccMoTpeHb! 00bIBaIONast 1 HarHe-
TaTeJbHAs BEePTUKAJIbHBIE CKBayKUHBI ¢ TpemuHamu ['PII, Haxomsdmumecss 1pyr ot
apyra #a paccrogaumu 500 M m paboTaromue ¢ MOCTOSTHHBIMU 3aO0ORHBIME JTaB-
neausimu 50 u 150 aT™M COOTBETCTBEHHO. BBIUMCIISIETCsT HAIPSIXKEHHOE COCTOSTHIE
IIEMEHTHOT'O KOJIbIIA U SKCILIYATAITMOHHONW KOJIOHHBI JIJIsT TOOBIBAIOIIECH CKBaYKUHBDI.
Tonmuna maacrta — 3 M, BHYTPEHHUI paJINyC 9KCILIYaTaIlMOHHON KOJIOHHBI — 6 cM,
TOJIIUHA SKCIIYATAITMOHHONW KOJOHHBI — 1.8 ¢M, TOJIUHA IEMEHTHOTO KOJIbIIa —
3 cMm, monyminaa Tpemua ['PII—125 M, mmpuna packpoitusa tpermua ['PIT—
1 cMm, mporumaemocts 1racta — 100 Mummmaapcen, BA3KOCTb duronma — 1, Ko3d-
dunuent Ilyaccona 1eMeHTHOrO KOJIbIIA U SKCILIyATAIMOHHON KOJOHHLI — (.25,
monysb FOura nementHoro kouibiia —d ['lla, momysns FOHra skcmtyararmonHoi
kostoHHbl — 200 I'Tla.

Pacuernas cerka cocTOUT U3 sddeeK ILTacTa, sdeek Tpenumubl ['PII, gdeex
[IEMEHTHOI'O0 KOJIbIA U si9€eK SKCILIyaTAIMOHHON KOJIOHHBI JjIsT 00eMX CKBAXKIH
(puc. 3). Iepdopanuu mpejcrapisitor coboil MyCTOTHI B IIEMEHTHOM KOJIbIIE U
9KCILIYATAIIMOHHON KOJIOHHE, UMEIoIue (hOopMy HapaJsijiesIeliniie 0B CO CTOPOHAMEI
5 cm. KonmdecTBo miactoBbix sgdeek — 200 ThICSY, KOJMYECTBO SU€EK IEMETHOI'O
KOJIBIIA ¥ 9KCILTYATAIIMOHHOM KOJIOHBI (JIJIs OTHON CKBaXKuHbI) — 10 ThICSA.

Ha puc. 4 nokazano pacupeeseHne ImaacTOBOTO JABJIEHUs OKOJIO JOOBIBAIOIIE
CKBAXKWHBI IIPU HAJIMIUU U IPU OTcyTcTBUU Tpemuubl ['PII.

Ha puc. 5 BumHO, 9TO CMEIIEHUS IIEMEHTHOTO KOJIBIA M IKCILIYATAIIMOHHOMN
KOJIOHHBI B TOPU30HTAJBbHON IJIOCKOCTH NPUMEPHO OJIMHAKOBBI 10 BCEW BBICOTE
macra (Mpu Haju4Iuu u pu orcyrcrsun Tpermmuer ['PIT).

Ha puc. 6 u 7 nmokazano manpsizkenne Muzeca B IIeMEHTHOM KOJIbIIE U SKCILIY-
aTaIMoOHHON KoJoHHe. BumHo, uTo camoe GombIoe HamnpskeHne Mmnseca mpuxo-
JUTCA HA 30HY nepdopalinii Ha CThIKE IIEMEHTHOI'O KOJIbIA U SKCILIyaTallnOHHOM

Puc. 3. PacderHas cerka ¢ JJOKaJIbHBIM H3-

MeJIbYeHneM BOJIM3KM JIBYX CKBAyKWH; CJie-

Ba — HarHETATE/bHAs CKBAXKUHA, CIIPaBa —
J0OBIBAIOIIAs CKBAYKIUHA,

[Figure 3. Voronoi grid with refinement
near two wells; left —the injection well,
right — the production well]
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_
.—-‘57.,%‘3“_ -

Puc. 4. Pacnpejesenne miacToBoro Jasienus (arM) BO/IM3H JOOLIBAIONIEH CKBAXKUHBI IPU
nanuuanu (a) u nupu orcyrcrsun (b) rpemmunst ['PII (onsaita B usere)

[Figure 4 (color online). The distribution of reservoir pressure (atm) near the production
well with (a) and without (b) hydraulic fracture]
' 51.3

Puc. 5. Tlepemerenune To9eK 1IEMEHTHOTO KOJIb-

12 ¥ KCIUIYaTAIlMOHHONW KOJIOHHBI BJOJIb TOPHU- 17.1
30HTAJIBHON ocu (MKM) (OHJIAMH B IBETE) i

[Figure 5 (color online). Displacements (pm) of

the cement sheath and production casing along —17.2

the horizontal axis]

l—51.5

Puc. 6. Hanpsikenne Museca (arm) B KaxKI0#

TOYKE IIEMEHTHOIO KOJIbIA U IKCILLy ATAIlNOHHON

kostoHHbI (npyu Hasmauu TpemuHbl ['PII) (on-
JIAfH B 1BETE)

[Figure 6 (color online). Von Mises stress

(atm) at each point of the cement sheath and

production casing (in the presence of hydraulic
fracture)|

Puc. 7. Hanpsixkenne Museca (aTM) B KaxK0it
TOYKE IIEMEHTHOIO KOJIBIA U IKCILLy ATAINOHHON

kos1oHHBI (npu orcyrcrBun Tpemuubl I'PIT) (on- 42.3
JIAfiH B 1BETE)

[Figure 7 (color online). Von Mises stress

(atm) at each point of the cement sheath and 21.5

production casing (in the absence of hydraulic
fracture)]
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KOJIOHHB! (cunue obsacrn). Ecim Hanpsizkenne Museca npeBbICHT mpejiest mpod-
HOCTH IIEMEHTa, TO IEMEHTHOE KOJIBII0 HAYHET Pa3PyHIaTbCsd B 9Toil 30He. Bosb
BHYTPEHHEe{l CTEeHKHU IIEMEHTHOrO KOJIbIA OT rmepdopaliiii MOryT MONTH TPENINHbI,
KOTOpbIE B UTOTre CTAHYT HNPUINHON 3aKOJOHHBIX II€PETOKOB.

Ha ropriesoit yactu muimHIpa TakKe HaOJIIOIAETCsT BBICOKOE 3HAUYEHHE Ha-
npsizkeHnsa Muzeca, TOCKOIBKY TOPITHI 3aKPeNJIEHbl 1 HENMOABIKHBI. Hampskerne
B IICMEHTHOM KOJIbIIE CYIIECTBEHHO BBIIIE HAIPAXKCHAS B 9KCILIyaTallMOHHON KO-
JIOHHE (9TO CBS3aHO € TEM, UTO EMEHTHOe KOJIbIIO UMeeT MeHbIHil Motysib FOHra).

CpasuuBas puc. 6 u 7, MOXKHO 3aMETUTb, 4TO Hajuuue Tpemuubl ['PII ne
MEHdAEeT KapTHUHY IPOCTPAHCTBEHHOI'O paclpejiesieHUsl HaIpsKEHUIT B IIeMEeHTOM
KOJIBIIE M 3KCIUIyaTallMOHHONW KOJOHHE, HO yMEHbIIaeT MaKCHUMaJbHOE 3HAUYEeHUe
HallpszkeHud B 1.5 pasa.

6. Bepudukaiiusi YncJI€HHOTO pelieHus ypaBHeHus yIrpyroctu. s
BepudUKAIUA IUCJICHHOTO METO/Ia PACCMOTPEHA 3aja4a jgedopMaruu 6aaku Mo
CcOOCTBEHHON TS2KECThIO. BaJjiKa cOCTOUT U3 M30TPOIHOIO MaTepHaJsia U 3aKperLie-
Ha Ha OJHOM KoHIe. Ha KaKyio Touky OajKu JefCTBYeT CUJIa TAXKECTH.

[IpoBeneno cpaBHeHME pacdeTa, MOJYIEHHOIO € MOMOIIBIO PaspaboOTaHHOTO
YHCJIEHHOI'O METOJIa, C PACYeTOM B OTKPBLITOM HakeTe MojeaupoBanus Fenics [4],
B KOTOPOM WCIIOJIb3YeTCs METOJ, KOHEYHBLIX 3JIeMEHTOB. B repBom pactere uc-
[OJIb30BaJIaCh CTPYKTypupoBanHas cerka (hex mesh), cocrosimast u3z 3840 siueex
Kybu4eckoii (popMBI, a BO BTOPOM pacdere — TeTpasapajibHasi CeTKa, COCTOAIIAS
n3 3840 X6 3/1eMEHTOB.

Ha puc. 8 mokazanbl 1eopMUpOBAHHOE COCTOSTHIE OAJIKN W HAIpsizKeHust Mu-
3eca B KaXKJION TOUYKe OaJIKd, MOJIyueHHbIe B ABYX pacderax. Busano, aro medop-
Marus u Hanpsi>keHust Muzeca 6Jiu3Kku ApYyr K JAPYyry B JABYX pacderax B KaxKJOi
TOYKE OAJIKH.

2.95

l 0.003

Puc. 8. Hanpsokenne Museca B ka0t Touke gedbopmupoBannoil 6anku: (a)
pacuer B makere MozgenupoBanus Fenics, (b) mam pacuer

a b

[Figure 8. Von Mises stress at each point of the deformed beam: (a) calculation
in the Fenics package, (b) our calculation]

3akirouenue. IIposeneHo MomemnpoBaHue HAIPSKEHHOTO COCTOSTHHUS TIep-
dOPUPOBAHHOIO IIEMEHTHOI'O KOJIBITA, IIPUMBIKAOIIETO K JOOBIBAOIIEH CKBaXKIHE.
ITokazano, 4To MakcuMaJbHOE 3HaYeHue HanpsiKeHnss Museca IpUxoIuTcs: Ha 30-
Hy Iepdopaliiii Ha CTHIKE IIEMEHTHOI'O KOJIbIa M IKCILIYATAIMOHHON KOJIOHHBI,
a HaJMurhe TPEIMHBbI TMAPOPa3pbiBa ILIACTA MOXKET CHUXKATH HAIPSXKEHUE Ie-
MEHTHOI'O KOJIbIIA.
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Koukypupyiomnime nHTepechl. Mbl He nMeeM KOHKYPUPYIOIIIX HHTEPECOB.

ABTOpPCKUIT BKJIAJ 1 OTBETCTBEHHOCTb. Bce aBTOpPHI IpUHUMAJIU yYacTHe B pa3pa-
OGOTKEe KOHIIENIUK CTAThU ¥ B HAIMCAHUM PYKOIHUCH. ABTOPBI HECYT IIOJIHYIO OTBETCTBEH-
HOCTB 3a IPeIOCTaBJIeHNe OKOHYATEILHON pyKomncu B medarb. OKOHUYATEbHAsT BEPCUst
pykorucu ObLIa 000peHa BCEMU aBTOPAMM.

®unHaHcupoBaHue. Pabora sbinosiHena npu nomggep:xkke OO0 «Ydumcknit HTII»
u POOU (mpoekt Ne 17-41-020226-p_a).
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Abstract

Modeling of stress state of a perforated cement sheath in a well with
hydraulic fracture is performed. The incompressible fluid flow model is used
to calculate the pore pressure of a fluid. The linear-elastic body model and
finite volume method with multipoint stress approximation are used to cal-
culate the stress state of the cement sheath and production casing. The
numerical model was verified by comparing the calculation results with a
calculation in the Fenics open-source computing platform. It is shown that
the maximum value of von Mises stress falls on the perforation zone at the
junction of the cement sheath and the production casing. The presence of a
hydraulic fracture can reduce the stress of the cement sheath.
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Samauya Bunanze—Camapckoro Jijisi OTHOTrO
XapaKTEePUCTUIECKN HArpy>KEHHOI'0 ypPaBHEHUS
rurep060J10-11apaboIMIecCKOro TUIa

K. Y. Xybues

WMuctuTyT npukiagHoit MaremaTuku u apromarusanuu KBHIL PAH,
Poccus, 360000, Hampuuk, yia. [llopranosa, 89 a.

AHHOTaNSA

PaccmarpuBaercst XapaKTepPUCTHIECKH HAPYKEHHOE YPABHEHUE CMETIaH-
HOTO rurepbosio-napadosanyeckoro tTuna. B rumepbosnmyueckoil gactu obJa-
CTU ypPaBHEHUE IIPEJICTABIIAET COOON HArPYKEHHOE OJHOCKOPOCTHOE ypaBHE-
HUe IIePeHoCca, M3BECTHOE B MaTeMaTUIeCKol 6rosiorny Kak ypaBHenune Mak-
Kennpuka, B mapabosimaeckoit — HarpykenHoe ypasaenne quddysun. llenn
pabOThI: UCCJIeIOBAHNE €MHCTBEHHOCTH U CYIIECTBOBAHUS PEIEHUS HeJIo-
KaJbHOW BHYTDEHHe-KpaeBoil 3ajaum ¢ ycioBusimu buraze—Camapcekoro
B napabosimdeckoil 4acTu 00JIACTH U HENPEPBIBHBIMU YCJIOBHUSIME COIPSI?Ke-
HUsI, KPAEBbIe YCJIOBUs B TUIEPOOJNIECKON JacTH O0JACTU HE 3a/IaI0TCs.

Perrenue uccienyemoii 3aadu cCBOAUTCS K PEITEHUIO HEJIOKAJILHOM 3a/1a-
qu J1j1si OOBIKHOBEHHOTO (b PEePEHITNAIBHOIO yPABHEHNS BTOPOTO TOPSIKA,
OTHOCHUTEJIBHO CJIeJIa UCKOMOM (DYHKIINU Ha JIMHUW W3MeHeHus Tuma. Jloka-
3aHa TeopeMa CYyIIEeCTBOBAHUS U €IWHCTBEHHOCTH DPENIeHWs 3aJIa<dd, B TH-
1epOOTMIECKON TacTh O0OJIACTU BBIMMICAHO PEIeHne B siBHOM Buje. B mapa-
60JTIIECKOl YacTh 00JIACTU MCCIIeIyeMast 33/1a9a CBeJIeHA K MHTErPAJILHOMY
ypaBueHuio Bosbreppa BTOPOro poja, HailIeHO IPEICTABICHUE PEIeHUsI.

KuaroueBble ciioBa: HarpykKeHHOe ypaBHEHNE, ypaBHEHNE CMEITAHHOTO THU-
mma, rurnepboso-mapabonteckoe ypaBHEHNEe, HEJOKAaJbHAas 3aJada, 3a/a4a
Bunanze-Camapckoro, BHyTpeHHe-KpaeBasl 3a/1a49a.

Ionyuenue: 13 ceursibps 2019 1. / Mcupasienue: 28 okrsabps 2019 r. /
Ipunsarue: 11 noabps 2019 r. / Ilybuukanus onaiin: 23 nexabps 2019 r.
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BBegenune. PaccMoTpuM XapaKTEePUCTUIECKH HAPYKEHHOE ypaBHEHUE CMe-
MIAHHOTO TUIIEPOOIO-TapabOINTIECKOro TUTIA

uwm_uy‘i‘)\lu(xvo) :f1<$>y)7 y >0, (1)
Ug + Uy + cu + Mu(z —y,0) = fo(z,y), y<O0

B obsactu {2, orpannveHHOil oTpe3kamu npsambix € = 0, x = r, y =T > 0 upn
y > 0, u xapakrepuctukamu £ —y = 0, z—y = r ypasuenus (1) npu y < 0; \;, c —
3ajlaHHble TOCTOsTHHDIC; fi(x,y) —3amanabie dyukium, ¢ = 1,2. Yepes Q) u Qo
0603HaYNM TapabOTMIECKYI0 U TUITEPOOJINIECKYIO JaCcTH CMemaHHoi obmactu )
COOTBETCTBEHHO, & 1depe3 J —uaTepBaa 0 < x < r upsmoit y = 0.

K kpaeBbim 3asauam jyist ypasHenuii Buga (1) upu y > 0 cBousitcst MHOTHe
3aJa41, CBSI3aHHBIE C IPOTHO3UPOBAHUEM U PEryJIMPOBAHUEM YPOBHSI IPYHTOBBIX
Boz [1, . 95|, 3a/1aun onmcanus porecca pacupoCTPAHEHNUs Tellia B OJJHOMEPHOI
OrpaHMYeHHOI cpelle, B KOTOPOIl MMeeTCd MCTOYHHUK TeIlla, MOIIHOCTb KOTOPO-
'O TIPOIOPIMOHATIBHA 3HAYEHUIO TeMIlepaTypsl [2|, Teopun nomyssiun |3, c. 128].
[Tpu y < 0 ypaBuenue (1) siBjsieTCst HAMPYKEHHBIM OJJHOCKOPOCTHBIM YDaBHEHHEM
IIepeHoca, B MaTeMaTHdecKoil omosiorun mpu Ao = (0 OHO M3BECTHO KaK ypaBHe-
e Mak-Kenpuka (3, c¢. 121, 179]. Ha ocrnose ypasuenust Mak-Kenapuka u ero
Pa3HOBUIHOCTEH CTPOSTCS HEJIUMUTHPOBAHHDBIE W JIMMUTHPOBAHHBIE MOJIEIN -
HAMUKU BO3DACTHON CTPYKTYDPbI M YUCJIEHHOCTHU ITIOMYJIsiuy (CM., Hapumep, [3,

c. 244)).

1. ITocTtanoBKa 3ajsiauu Tuna 3agauyu bunanze—Camapckoro. Pezyasap-
Howm pewenuem ypaHenust (1) B obsactu (2 HazoBeM dbyHKIMIO u(x, y) U3 KiIacca
C(Q) N CYN) N C%(Qy), ynosrersopsoniyto ypasuermo (1) B 7 U Qs.

st ypasuenust (1) uccieryem ciieiyronyio 3a1aqy.

BAJAYA BS. Hatmu peeyaaproe 6 obaacmu 0 pewenue u(x,y) ypasrerus
(1), ydosaemeoparowee ycaosuam:

U(O,y) = SDO(y)v 0< Y < Ta (2)
u(@o, y) = a(y)ulr,y) + By), 0<zo<r, 0

n
<

n
~
©

2de po(y), aly), B(y) — sadannve pynryuu, a(y) # 0.

BAMEYAHUE 1. Ecim 29 = 0 upu a(y) # 0 win x9 = r upu «oy) # 1 3amaqa
(2), (3) mepexouT B JIOKAJIBbHYIO KPAEBYIO 3a/1ady, KOTOpasi JIJIs HeXapaKTePUCTH-
JYeCKu Hany}KeHHOI‘O ypaBHeHI/ISI C BBIPDOXKJICHUEM ITOPsATIKa B O6JIa,CTI/I ero ruiep-
GosmmanocTH 6bLTa HccaeoBana B [4]. Ecyiu xke nmpu 9TOM He BBINOJIHEHBI yCIOBUS
OTHOCUTEJHLHO ((Y), TO 3a/1a9a CTAHOBUTCS HEKOPPEKTHOI.

J1s1 mapabo/imIeckoro ypaBHeHUs 3a/1a4a ¢ HeJIOKAJIbHBIM yesioBreM (3) Oblia
uccsieioBana B pabore [5|. Buyrpenune-kpaesas 3ajada Tuna 3ajadu Buiagze—
CaMapCKOro st MOJEJILHOIO ypaBHEHMsl CMENIAHHOTO THIepOoJIo-napabosmdec-
KOO THUIIa BTOPOTO MOpsijiKa uccseoBana B pabore [6], a B [7] — mist rumep6osio-
napabo/IMuecKOro ypaBHeHHUsI ¢ HeXapaKTepUCTHYeCKOil HArpy3KOil Ha JIMHUU U3-
MEHEHUA TUIIA.

Bagaua ¢ yciousivu (2), (3) orHocuTCs K 3ajadaM TUIa 3aadu buraaze—
CaMapCKOro #u IBJIsieTCsl 9aCTHBIM CJIydaeM 3aJadd C HEJOKAJIbHBIM yCIOBUEM
A. M. Haxymesa [8]. B paGore 9] ucciemytorcst pasinuduble JIOKAIbHBIE U HEJIO-
KaJIbHbIE KpaeBble 3a/1a4H /1S HarPy>KeHHbIX ypaBHEeHHIi TUIIepOoIMIecKoro THIIA,
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U B TOM YHCJIE PACCMOTPEHA 3aJada Ui MOJEJIHHOrO napabo/ImIecKoro ypaBHe-
HUS C YCJIOBUSIME, 0DOOIIAIONTIMY yCIOBHA (3), U ee MPaKTHIECKIe MTPUIOXKEHUSI.
B [10] agist ypaBHeHHsI SJTMITHYECKOrO TUIIA OOIIEro BUJIA B IIPAMOYTOJIbHOf 00-
JIACTH PACCMOTPEHA HeJOKaIbHas 3aata ¢ yeaosuamu A. M. Haxymresa na obemx
GOKOBBIX CTOPOHAX MpsiMOYTrosbHuKa. [liist ypasaenust (1) 3a/1a4a ¢ HeJIOKAJIbHBIM
yeaosuem A. M. Haxymesa uccienosana B [11].

2. Teopema cyiiiecTBOBaHUS U €IMHCTBEHHOCTHU pelneHus. Jjs 3aga4an
BS cnpasenuBa ciieayroriast TeopeMa.

TEOPEMA. Ecau fi(z,y) € C() u ydosaemsopaem ycaosuro I'eavdepa no ,
wo(y) € C[0,T], a(y), By) € C[0,T)NCH0, T, fa(z,y) € C(Q2UJ),

sh pxg

a(0) # exp ([r — z0]/2)

I

shpr

p=+/1-4q/2, q#7mn?/r*+1/4, q=c+ X +Xlo, n=12...
mo 3adava BS umeem, u npumom eOuUHCMBERHOE, DEWEHUE.
Jloxaszameavcmeo. Ilycrs cymecrsyer pemenne u(z,y) 3amadan (1)—(3).
O6oznaunm 7(x) = u(x,0), v(z) = uy(z,0), npudem u3 ycjuosuii 3aga4n 7(x) €

C(J)ynCt(J), v(z) € C(J). Torma us (2) u (3) cieyer
7(0) = ¢0(0),
7(z0) = (0)7(r) + 5(0).
ITepexonst B ypasuennu (1) x mpeneny npu y — +0, nosygaem, aro 7(x)
e

u v(x) Ha JUHOM M3MEHEHUs THUIA Oy/IyT CBS3aHBI CJIELYIOIIAM COOTHOIICHUEM,
IIPUHECEHHBIM 13 Hapabosndeckoil yactu §21 obiactu

4)

(
()

™ (z) —v(z) + \it(z) = fi(z,0), 0<z<r (6)
Takzke, nepexois K npezeny upu y — —0, B Qg mosyanm
(@) + v(z) + [c+ Ao]7(2) = fa(2,0), O<az<T (7)
U3 (6), (7) momyvaem oObIKHOBEHHOE T DEpEHIHAIBHOE YPABHEHNE
(@) + 7' (@) + g7(2) = f(2), (8)

rie ¢ = c+ A1+ A2, f(2) = fi(z,0) + fo(z,0).
Orcroma cpady BumgHo, uto mpu «(0) = 0 u 0 < xg < r HapymaeTcs eIuH-
CTBEHHOCTH pernenus 3agaqau (4), (5) s ypasaenus (8). Beegem obo3Hadenme

Pr (y) = u(r, y)7 (9)

TOrIa
7(r) = ¢r(0). (10)

Pemenne 3amaan dupuxie (4), (10) qrs ypasuenus: (8) nmeer Bu

T(z) = /OT G(x,8) f(§)dE + Ge(z,7)er(0) — Ge(x,0)po(0), (11)
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rie G(z, &) — dyuxmus [puna sagaqan (8), (4), (10), mmeromast Byt

exp([§ — z]/2) sh(pf) sh(p[z — 7))

psh(pr) Uses
G(2:8) =\ exp(j¢ — 2]/2) sh(pz) sh(p[¢ — r]) P<E<T
psh(pr) I

e p = +/1—4q/2, pr # (q £ w2n?/r? + 1/4), n=12,...

Baecy Hamo orMeTuTh, 9T0 G(x,§) ABIseTCA NEfiCTBUTEbHO3HATHON (DYHK-
e, 3aBUCAIIECH OT KOMIIJIEKCHOT'O YUCJIa P.

Yerpemsisisi € — g, u3 (11) mosyunm

(o) = /0 G0 €) F(E)E + Ge(zo, 7)1 (0) — Ge(, 0)0(0),

oTKyza ¢ yderoM (5) mpu BbinosHernn yciaosusi o(0) # Ge(xg, ) momydaem

1

0r0) = =G | Gl (00— Gelan, 0)u(0) - 5(0)]

3 sBHOTO Bga dyHKiun I'puna nostyaaem, 1o yeiosue a0) # Ge(xo, ) MOKHO

h
nepermcars B Buge a(0) # exp ([r — z0]/2) e ll

shpr

Takum 06pa3zoM, IOCTIe HAXOXKIECHUS @T(O)p(i)yHKHI/IH 7(z) mOJHOCTBIO Ompe-
nenstercs opmyoit (11), mpaenm 7(z) € C[0,7r] N C20, r[. Hamnee v(z) maxomm
u3 (7), orkyna sumano, uto v(z) € CH0,r].

B runep6osimveckoit wactu obsactu g pemenne 3anaun (1)—(3) cBogurcs k
perennio 3ajaun Koy Jyis 9acTHOro cJiyvasi HEOJHOPOJHOIO ypaBHeHust Mak-
Kennpuka [3, c. 179]

Ug + Uy + cu = p(x,y), (12)
u(z,0) = 7(x), (13)

rae p(:l?,y) = fQ(:IJ,y) - )‘27—(3: - y)
Pemtenue 3amaqn (12), (13) naercs dopmyioit

Y
U(I, y) = ’T({L‘ — y)e—cy + /0 p(n +z—v, n)ec('ry—y)dn’

KoTopast Oymer pemreHueM 3amaan BS B {29, Ilocite Heca0XKHBIX Tpeobpa3oBaHuit
ee MOXKHO II€PEINCcaTh B BUJIE

y
uwg) = o =) [0+ da/e) = afe] + [ falnt o =yt Dy
0
ecmn ¢ # 0, anpu ¢ =0

u(z,y) = 7(x — y)[1 — Aay] + /Oy Ja(n 42 —y,n)dn.
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Ecm fi(x,y) € C(€1) n yaosnersopser yciopmio Lenbaepa 1o x, @o(y) €
C[0,T), a(y), B(y) € C[0, TINC0, T[, To pemenne 3amasum BS & ) mpecrapumo
B BHJIE PeIleHust epBoii kpaesoit 3aaaan (2), (9), (13) ausa ypasuenns (1):

Yy Yy
U(x,y)Z/O Fg(w,y;O,n)wo(n)dn—/O Le(z,y;m,n)er(n)dn+

+ /0 D y: £,0)7(€)de + /O ’ /0 Dl [fi(6m) — Mr(©)]dédn, (14)

e

T — x ?
L(x,y;6,m) = \/Tﬁ Z { [iJr;)k)} o [m]}

— dynknus ['puna nepsoit kpaesoit 3amaun s ypasHenust Oypoe [3, c. 267).
Ynosnersopsist (14) yenosuio (3) ¢ yaerom Toro, uro a(y) # 0, moayunm nH-
TerpajabHOEe ypaBHEHHE OTHOCUTEIBHO HeM3BeCTHOM dyHkuun ¢, (y):

= [ Kaetnin = F). (15)
0

rje

1
K(ya 77) = @Ff('xoa Yy, 77),

T

)
Fy) = /0 T (0, 4; 0, 1) po ()i + /0 P (o, : €, 0)7(€)de +
+ /0 ’ /O "o, ys6m) [f1(E.m) — M (©)] dedn.

Tax kak dbynkmua I'(z,y;&,n) nenpepeiEa B ) X ()], UMeeT HelpepbIB-
ayio ipu 0 < =z < 7, 0 < y < n < T u WHTErpUpyeMyIO0 BJOJb OTPE3KOB
{r=0,0y<T}u {a: = 7,0 < y < T} npoussonuyio I'; (u, coorBeTcTBEH-
1o, I'¢) [3, ¢. 267], o ypasnenue (15) siB/sieTcst nHTErpaIbHEIM ypasHeHneM Bob-
reppa II poma u nmeer exuncTBeHHOE perenne @, (y), npudeM ¢, (y) € C[0,7]N
C10,T]. C y4erom storo n yciosus Teopemer a(y), B(y) € C[0,T] N CHO, T us
(3) momyumm, |aro n u(zg,y) € C[0,T) N C0, T, T.e. moTydeHHOe permenue 3a,1a-
qn OyzeT B uckoMoM Kiiacce. Ilocie naxoxmenns GyHKImn @, (y) €IUHCTBEHHOE
perterne 3a1a4n (1)—(3) B ©; 3amaercs dopmysoii (14). O

Konakypupyome nHTepechl. KOHKYpUDPYIONIUX UHTEPECOB aBTOP HE MMeeT.

ABTOpCKasi OTBETCTBEHHOCTh. ABTOD HECET MOJIHYIO OTBETCTBEHHOCTD 34 IIPEIOCTAB-
JIEHHEe OKOHYATEJIbHON Bepcuu pykomnucu B nedarhb. OKOHUATE/bHAsT BEPCUsl PYKOIUCH
aBTOPOM 0JI00pEHa.

q)I/IHaHCI/IpOBaHI/Ie. Pabora Brinosmena B pPaMKaX Irocy1apCTBEHHOT'O 3a/laHUA MI/IHO6p-

nayku Poccun, Tema Ne AAAA-A19-119013190078-8.
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Abstract

The paper considers a characteristically loaded equation of a mixed
hyperbolic-parabolic type with degeneration of order in the hyperbolicity
part of the domain. In the hyperbolic part of the domain, we have a loaded
one-velocity transport equation, known in mathematical biology as the Mac
Kendrick Von Forester equation, in the parabolic part we have a loaded dif-
fusion equation. The purpose of the paper is to study the uniqueness and
existence of the solution of the nonlocal inner boundary value problem with
Bitsadze-Samarskii type boundary conditions and the continuous conjuga-
tion conditions in the parabolic domain; the hyperbolic domain is exempt
from the boundary conditions.

The problem under investigation is reduced to a non-local problem for
an ordinary second-order differential equation with respect to the trace of
the unknown function in the line of the type changing. The existence and
uniqueness theorem for the solution of the problem has been proved; the
solution is written out explicitly in the hyperbolic part of the domain. In the
parabolic part, the problem under study is reduced to the Volterra integral
equation of the second kind, and the solution representation has been found.

Keywords: loaded equation, equation of mixed type, hyperbolic-parabolic
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Pemmenue ypaBHeHuii nseajbHOro ra3a, OlnucbiBaloIux -
rajimjieeBbl UHBapUaHTHBIE JIBUYKEHUS C BUHTOBBIMU E
JIMHAAMM YPOBHH, C KOJIJIAIICOM HAa IeJIMKOUe

0. B. ODamyramemosa

WNucruryr mexanuku nMm. P. P. Masmrorosa YOUILL PAH,
Poccus, 450054, Yda, IpocnekT Okrsabpsi, 71.

AHHOTan M

s ypaBHeHU uIeaJbHON Ta30BOM JMHAMUKHU B ITUJIUHJIPUIECKON CH-
cTeMe KOODJAVHAT C IPOU3BOJIbHBIM YPaBHEHUEM COCTOSIHUSA PacCMaTpUBAeT-
CsI OHA ABYyMepHasI ogaIredpa n3 onTuMaIbHoM cucTeMbl 11-MepHOit aared-
pot JIu omepaTopos muddepennnpoBanms mepBoro nopsiaka. basuc omeparo-
POB paccMaTpUBAEMOI TOMAJTEOPHI COCTOUT U3 OTIEPaTOpa TaInjieeBa mepe-
HOCa ¥ OIIepaTOpa JBUKEHUS 110 CIUPAIbLHBIM JuHUSIM. MHBapuanTs! omnepa-
TOPOB 33/1aI0T IIPEJCTaB/IEHUE PENIeHNs: BU KOMIIOHEHT BEKTOPa CKOPOCTH,
dbyHKIMA WIoTHOCTH U (DyHKIMHU 3HTpOnuu. [loc/ie moACTaHOBKYU TIpeiCTaB-
JIeHus pemrennsa B audepeHnnaabHble YpaBHEHHUSI Ta30BOi INHAMUKHI BBO-
JUATCH MIPEIIOJOXKEHNEe O JIMHEMHON 3aBUCUMOCTH PaJIUAJIbHON KOMIIOHECHTBI
CKOPOCTH OT IIPOCTPAHCTBEHHON KOODIUHATHI. 3alMCaHbl IIPeo0pa30BaHUs
3KBUBAJIEHTHOCTH, KOTOPBIE JIOIyCKaeT CHUCTeMa ypPaBHEHUI ra3zoBoil JuHa-
MUKU TI0CJIE TIOJICTAHOBKHU TIPEJICTABJICHUS perenus. J[yst ypaBHEHUsT COCTO-
SHUS TOJIMTPOITHOTO ra3a Hali/IeHbl BCE YEThIPE PEIIeHUs B 3aBUCUMOCTHU OT
rokaszaresss aauadarsl. JIsa KaXKIoro ciIydast 3aliCaHbl YPABHEHUS MHUPO-
BBIX JIMHUM JBMXKEHWS YACTUIl rasa. HaiigeH skoOmaH mepexoja OT Jitre-
POBBIX TTEPEMEHHBIX K Jarpam:keBbiM. 110 3HaTeHNIO TKOOMAaHa OIpeaeIeHbI
MOMEHTBI BpEMEHHU KOJLIAICA YACTHI] Ta3a. B pe3ynabrare MoJy<ueHHble pe-
IIEHNS ONUCHIBAIOT NMPSAMOJIMHENHBIN pa3jeT 4acTull ra3a ¢ IOBEPXHOCTU T'e-
JMKonaa. JIBUKeHUsT 9acTHI] TO JIOTAPU(PMIIECKUM CIIMPAJIAM, JICIKAIIIM
Ha TapaboJIonIe W JABUXKEHUS 0 THIEPOOJTMICCKUM CIIMPAJIAM, JICIKAIIAM
Ha KOHYCE.

KirroueBble cjioBa: ra3oBasl JMHAMUKA, IIOAMOIE/b PaHra JBa, JUHEHHOe
moJie CKOPOCTeH, TOTMTPOIHBIN a3, MOBEPXHOCTDH KOJIJIAIICA, TeTUKOUT.
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OamyxameroBa FO. B.

BBenenwne. g cucreMmbl ypaBHEHHUIT ra30BOil IUHAMUKE C OOIUM YpPaBHEHH-
eM COCTOsIHMsI U3BECTHBI Bee 27 MHBAPMAHTHBIX MojMozIesteil panra asa [1]. Bee me-
pPEeYuCIeHHbIE TTOAMO/IE/TH TPUBOIATCH K CHCTEME IBOJIIONMOHHOIO TUTIA WJIU K CHU-
creme craruoHapHoro tuna. B kuure C. B. Xabuposa [2] paccmorpenbl nHBa-
PHAHTHBIE MOJMOJIE/IN, IOCTPOEHHBIE Ha mnojasrebpax 2.17, 2.9, 2.2 (wymeparus
nozasre6p u3 [1]). Perenust movoiesieii onuchbiBaroT COOTBETCTBEHHO JIBYMEPHBIE
YCTaHOBUBIIIMECT TeYEHUS T'a3a, OJHOMEDPHBIE JIBUXKEHUS ra3a C IUJIUHIPUIECKH-
MU BOJTHAMU M 3aKPYTKOH, T€UYeHWsl CO CIUPAJbHBIMU MOBEPXHOCTSIMHU YPOBHS.
Krnaccudukaiyms TOUHBIX peniennii OCTAJIbLHBIX IO/IMOJIEIE He 3aBepIleHa.

B nmammoit pabore paccMaTpuBaeTcs MHBAPUAHTHAs TOJMOJEIbL PaHTa 2 3BO-
JIIOIIMOHHOT'O THIIA B IUJWHIPUIECKON CHCTEMe KOOP/MHAT, IIOCTPOEHHAsT Ha I10-
naarebpe 2.10 [1]. CraBures 3aa49a HARTH Bee PENIeHNUsT JJIst TIOJIUTPOITHOTO ra3a
C TIPEJIIIOJIOZKEHNEM O JIMHEHHOW 3aBUCUMOCTHU PAINAJIBHON KOMIIOHEHTBI CKOPOCTH
OT MPOCTPAHCTBEHHOM KOOPAMHATHI. AHAJOIUIHAS 3a/1a1a PACCMOTpPeHa B paboTe
[3], ryie u3yUEeHO TOJIBLKO OJHO TOYHOE DEIIeHHe C JBYMS JTHMHEHHBIMU KOMIIOHEH-
TaMU CKOPOCTHU ITOJMOJIENIN PaHra, 3.

Knaccudukamms razoanHaMIYecKux MOAMOIEel ¢ JIMHEHHBIM TI0JIEM CKOPO-
cTell TI0 TpeM KOOPIMHATAM U 110 O0IEeMY YPaBHEHHIO COCTOSIHUS ObLIa PO/ TaHa
B pabore [4]. [losy4ennble quHAMIYECKHE CUCTEMBI GOJIBINON PA3MEPHOCTH HE T10/1-
JAIOTCS IPOCTOMY nHTErpupoBanuio. [losroMy craBuTcs anajioruvdnas 3aaqa, Jajs
UHBapUAHTHBIX nojmozeseii. B pabore C. B. Tososuna [5] pemienne nocrasien-
HOIl 3aJa4n CBEJIOCh K AudpepeHnnaibHOMy yPaBHEHUIO JJist (PYHKINANA OIHOM
IIepEMEHHO, HO 3aBUCAIINX OT PAa3JNIHBIX HE3aBUCHUMBIX IT€PEMEHHBIX. ITOOBI
€ro pemmTh, HeOOXOANMO pa3/]euTh IIepeMeHHble B ypaBHeHuu. B orimyame ot
pabotsl [5|, B HacTosieil paboTe HaiijileHbl Bce pelieHusi B siBHOM Bujie. Haiien-
HbIe peIleHUs] OIUCHIBAIOT KOJIJIAIIC Ha TeJITUKOUJE U JIBUKEHUS 110 CIUPAJIbHBIM
JITHUSIM.

1. IlocranoBka 3amauu. Ypasuenus razopoii gunamukn (Y1) B nummn-
JIpUYecKoii cucreme KoopauHar (¢, x,r, ) umMeoT Bu

U +UU, + VU, +r WUy + p~p, =0,

Vi+ UV +VVi+r" "WV + p~lp, = r~1W2,

Wi +UWy + VW, + 17T WWy + plr—lpg = —r~ VW, (1)
pt+Ups + Vo + 17 " Wpg + p(Up + Vi + 171V 4 771Wy) = 0,

S; +US, + VS, +r71WSy =0,

rie U — cKopocTh BIOJIL OCH T, V — pajuaJjibHasi CKOPOCTh, W — OKpy»KHasi CKO-
pPOCTh, p — INIOTHOCTb, S — SHTPOIINS, JABJICHUE OIPEIEISETCs 110 yPABHEHUIO CO-
crostaust p = f(p, S).

Paccmarpupaercst mogaarebpa 2.10 ontumasnbHO cucTeMbl 11-MepHOI amred-
pot JIu, momyckaemoit YTJI ¢ mpoussosibHbIM ypaBHeHueMm cocrosinusi [1]. Ba-
3UC OIEPATOPOB IMOJAJITeOPBI COCTOUT M3 OIepaTopa rajilmjieeBa MepeHoca X4 =
= t0,+0y u oneparopa JABUXKEHUS 110 CIUPAILHBIM JuauaM o X1+ X7 = ad,+0y.
B ontumanbmoit cucreme o = 1. s masbreiinrero ynobcTBa B3ATa MOI00HAS T0-
Jaarebpa ¢ Ipou3BOJbHBIM ¢ % (. VIHBapuaHTHI 3TUX OIEPATOPOB 3aaf0T IIPeJl-
CTaBJICHUE PEIICHUS:

_m—aﬁ

U= ; +u(t,r), V=V(t,r), W=W(t,r), p=p(,r), S=S(t,r). (2)
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[Moxcranoska npeacrasiaenust (2) B YT (1) maer cucremy nuddepennuaib-
HBIX YpPaBHEHUM

w A+ ut 7+ Vu, =a W(rt)™, Vi+VV,+p.p~t = W2
Wi+ VW, +VWr~l =0, pr+ Vo +pt L+ V. +Vr =0, (3)
St+VST:07 p:f(pas)

3aMEUAHUE. Cucrema ypasHeHuii (3) I0IyCKaeT Ciie/Iyomue npeobpa3oBaHmst
SKBUBAJIEHTHOCTH:

R R PT?
V—>fva W—>?VV, P P P Pp + po,
u—uT™t t—Tt, r — Rr, S — h(S), (4)

fp,8) =P~ (f(PT*R?p, h(S)) — po) ,
rue R, T, P — nocrosinabie, h(S) — npoussosibHas DyHKIM, a TAKXKe UHBEPCHUS
W —-W, u— —u.

Periernne YT'/I npunsito pacemarpusarh [6] ¢ TouHOCTBIO 110 TIpeobpa3oBaHMit
9KBUBAJICHTHOCTH (4).

3 nepsoro ypasuenusi cucreMmsl (3) dyuknus u(t, ) MoxkeT ObITH HaiizeHa
[OCJIe HAXOXKJIeHUsI PEIlleHnsl OCTAJIbHBIX ypAaBHEHU. Y paBHeHUs cucTeMbl (3) 3a-
MUCBIBAIOTCS B BUJIE

Vi+VV, +pr,071 = W274717 (W) +V (W), =
(rtp)e + (rtVp), =0, S+ VS, =0.

Beogurcs narpanzkesa koopaunara £ = £(t,r) o upasuiy & + V&, = 0 ¢ Touno-
CTBIO JI0 B3THs MPOou3BoJbHOI dyukimu ot £ [6]. Torma ypasuenune s W, p, S
UHTErPUPYIOTCS:

S=5(&), W=g(9, p=0t)""% V=-(&) "¢ (5)
rie S(€), g(&) — npousBosibHble byHKIMN, a DyHKIWs (T, 1) YAOBIETBOPSIET ypaB-
e & (&t § 1 9°()

()i g (@), + (G —3) +sssere = 55 ©)
U3 niepBoro ypaBHeHust cucteMbl (3) ciejyer nHTerpaJ
dt
tw=09(6) [ e + Vi) (7

rae Up(€) — npousBosbHast dyukiws. ['azonunammaeckie (hyHKIMU OIPeIeIeHbI
dbopmymamu (2), (5), (7), rae marpamxkesa koopaunara &(t,r) yIoBIeTBOpsieT
ypasuenuio (6). Koopuunara ckopoctu V' jimHeiiHa 10 7 TOr/Ia U TOJIBKO TOTJA,
KOTJIa JIArPaHYKeBa KOOPJIMHATA JIHHEHA 110 7'

E=rb(t)+c(t), b(t)#DO0. (8)
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B srom ciyuae ypasuenue (6) npumer BuI

40y ' 4 2 (E—o* 2(¢\p3
~€=0'(55) —b(35) (€ =)' = Fyblg — ) + Fs St = (OB, (9)
BAMEYAHUE. PaBencTBo (9) — TOXKIECTBO 110 HE3aBUCHMBIM [IEPEMEHHbIM & 1 {.
ITpu £ = ¢(t) # 0 caenyer g(c(t)) = 0. Orcrona mbo g = 0, 16O ¢ — MOCTOSIHHASI,
He paBHasl HyJIO. EC/IM ¢ — HOCTOsSIHHASI, TO IIPe0OPA30BaHUE SKBUBAICHTHOCTU
casura no € genaer ¢ = 0. [Iporusopeune. Eci g = 0, o u3 (9) cremyer

-2 [-(55) ~b(5) +duses| = b

Ilpn £ = ¢ momy4aem b = 0, Tak xaK f, # 0 nag HopmasbHOTO Ta3a. IIpormBope-
que. 3nauut, ¢ = 0 u ypasHenue (9) npumer Buj

¥\ b t 5 b
_<b7> - ?fp + fSSEE =9 (f)gj,
IToceiHee paBEHCTBO €CTh yPABHEHHE ISl ONPE/ETICHNS YPABHEHUST COCTOSIHIS
(YC) no ussecrupim dyuknusam b(t) u S(§). Ilo 3a1annbiM pereHnsyM ompees-
ercsa YC. Eciim ussectno YC, To 9T0 ypaBHEHUE 3a/1a€T [I€PEOIPEIEIEHHOE COOT-
HOIIleHue st Haxoxkaenust pyukiwit S(€) n b(t).

1(p,8) = f(fz_,S@)). (10)

2. MogeJib OJUTPOIIHOrO ra3a. Y paBHEeHHE COCTOSHAA TOJIUTPOIIHOIO ra3a
nmeet Bug p = h(S)p?, v # 0, tae h(S) — npousBosbHast HyHKINS SHTPOIIIH, Y —
nokasaresb ajuabarel. C TOYHOCTBIO JI0 IpeobdpasoBaHusl SKBUBAIEHTHOCTH (4)
cucremsl (1) moxkHO cunrars S(§) = £, TO ecTb

p=2E&p’. (11)

Ypasuenne (10) B cuny (8), (11), (5) cranoBuTcst TOXKIECTBOM 110 © U §:

et g* (&) [t

N
P21 <b7> + (1 - ’Y) signf‘ﬂiv - 54 p2y—4° (12)

[Tocae nuddepennuposanust Toxgectsa (12) mo t

L=t N 26 It
RNGE (ﬁ) T (b27*4)
HE3aBUCUMbBIE TIEPEMEHHBIE § U & pa3IeasaioTcs. Bo3MOKHBI 1B, CIydast:
-1
1) g=¢, (14 2) £0;  2) b=+[tT1, y#£2.
B nepBom ciiyuae u3 ypasHenusi (12) ¢ TOYHOCTBIO 710 TPeoOpA3OBAHUS SKBH-
BaJIEHTHOCTHA Cﬂe,ﬂyeT

1 p +1
v ) Tre

Torna komrornenTsl BekTopa ckopoctu (U, V, W) u miorHocts coriacHo dhopmy-
nam (2), (5), (7) umeror Bu

x — af + aarctgt + Uy (§) v rt r

U= - W =—-—
t ’ 1+t2° 14 ¢2’

(13)
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! e— T
SN VIt

Bo BTopom citydae mocsie o IcTaBHOBKY BbIpazkeHust 1yist pyHkimn b(t) B TOXK-
nectBo (12) noaygyaem
-1)(5-3 64y g2
(o =1) i ") sign ]| 75 = 9 (45)
(2v—4) £
[Tocsieaee TOXKIECTBO BEPHO TOJILKO B Tpex ciydasx: v = 3/2, 1, 5/3.

Ecmny = 3/2, 1o b = +[t|"Y/2, ¢ = + r|t|~1/2. Toxmecrro (14) ecTh paBeHCTBO
a5t onpesenenus byrkn g(€) Tompko mpu t < 0 u £ = —r|t| /2

— (1 =) signgl¢]™. (14)

1 1
g =€ +2\€| :

Torna komnorenTsl BekTopa ckopocru (U, V, W) u mrornocrs coriacHo Gopmy-
nam (2), (5), (7) mmeror Bug

_xz—oab 1 1[t¥4\12Int]  UL(E) o
V=" O‘(Z §r3/2> P Ve
4 5/2 (15)

1/r r 1/2 1 r
YRR A
or \¢2 " g/ P= e ¢ NG
Ecim v = 5/3, 10 b =t~1, € = rt~!. U3 Toxmecrsa (14) ciepyer BhIpazkenne
st yuknun g(&) Toabko npu t < 0:

2
= 44/ ¢|T/8.
o= /3l

Torma kommonenTsl BekTopa ckopoctu (U, V, W) u miaorHOCTH coryiacHO dhopMmy-
nam (2), (5), (7) umeror Bug

_r—af 2 1 Ui(¢) T
V=" a\/;r5/6|t\7/6 e Ve
2 ri/6 1 r

= §W7 P:@, §:ta

(16)
t<0.

Ecmu v =1, 1o b = +1, £ = &+ r. B s10M cayuae u3 roxkecrsa (14) caemyer
g(&) = 0. Torga komnonenTol BekTopa ckopoctu (U, V, W) u mI0THOCTB COTIacHO
dbopmymam (2), (5), (7) umeror Buj

— 1
U:% V=0 W=0 p==+—. (17)

t ’ rt

Takum 06pa3oM, MOJIe/Ib OJIMTPOIHOTO ra3a 3aaercs pemtenusivu (13), (15),
(16) u (17). Hasee paccMaTpuBaIOTCsl TPACKTOPUH JIBUMKEHUsI YACTHI[ U [IPUBO-
JIATCST ONUCAHUE TIOJIyYeHHBIX PeleHuii.
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3. Ilpumepb! ABUKEHUs dYacTuUIll rasa. Muposble JUHUEN JTBUYKEHUS Ya-
CTUIL Ta3a B IUJIUHJIPUIECKOIl CHCTEMe KOODJIMHAT OIPEJEISIOTCS KaK pelleHue
cucreMbl quddepeHnnaabHbIX YPaBHEHTI

dzx dr do

E:LL E:‘/’ ’]"E:W

3.1. Jlns pemenus (13) ypaBHeHUsI MUPOBbIE JIMHUI 33/IAI0TCSI PABEHCTBAMU

x =upt + by — Ur(£ 1r9), r=rovV1+1t3, 6=arctgt+ b, (18)

e ug, 7o, fo — JarpaHkeBbl KOopanHATH dacTui] B MoMenT t = 0: 0 < g < 00,
—00 < By < 00, —00 < ug < 0.

fAkobuan mepexoja OT SHUJIEPOBBIX IEPEMEHHBIX K JIAIDAHXKEBBIM, DAaBHBII
tv 1+ t2, obpamaerca B nyab upu ¢t = 0. Moment spemenn ¢t = 0 aBjIseTcs MO-
MEHTOM KOJLJIAIICa, YacTull rasza. Panr marpuisl Axkobu mpu ¢ = 0 paped 2. 3Ha4uT
KOJIJIATIC YACTHUIL ITPOUCXOAUT Ha MOBEPXHOCTH. B MOMeHT Bpemenu ¢ = () 9acTHIBI
3aHUMAIOT II0JIOXKEHWE

x=aby—Ui(xrg), r=ro 6=ab. (19)
[ToBepXHOCTEL KOJLIAICA 33JaeTCA yPABHEHIEM
x=0—-U(£r). (20)

[Tpu U; = 0 moBepxXHOCTH KOJLIAICA eCTh HPsIMOil resiukon| (puc. 1, a). Ecin
Ui # const, TO mOBEPXHOCTH KOJLIAIICA €CTh HAKJIOHHBIH resmkony (puc. 1, b).
B kax1o#t ToUKe reJIMKOu 18 HaX0IUTCS OTHOIIAPAMETPUIECKOE CeMeICTBO YACTHIIL,
KOTOPBIE OTJIMYAIOTCS APy OT Apyra CKOPOCTBIO Uy BIOJbL OCH T. TpaeKTopuu
JIBUYKEHUS JaCTHUIL r'a3a €CTh MPsIMbIe JINHUH.

Qyuxrus Uy (£ r) orBedaer 3a dopmy obpasyromieii reankonia. Tak, ecan
Uy (:I: r) > 0, TO reJINKOU,| PACKPY YMBAETCS BJIOJIb OCH T B HAIIPABJICHUN yOBIBAHUS
koopauHarhl . Ecim Uy(£ r) < 0, TO reJiMKouJ| pacKpyduBaeTcs BIOJb OCU T
B HallpaBJIEHUU BO3PACTAHUS KOOPAUHATHI L.

Ha puc. 1, a nzobpazken reamkons ¢ dyukmueii Uy = —r?. Eciu paccmorpers
POEKINN TPACKTOPHil HA MJIOCKOCTH (Y, 2), TO 9TO OY/IyT MapaJlIe/bHbIe TPSIMbIe
JIJIsl YaCTHUIL C OJMHAKOBO JIarpaH»KeBOH KOOPAMHATONH Og U pa3jIudHONl KOOP/IU-
Haroit rg. Fcau npoekiuu TpaeKTopuil 9acTull JekaT Ha OKPY2KHOCTH PAJIIYCca T
(BUHTOBBIE JINHUU B IIPOCTPAHCTBE ), TO MPOEKIIUAMI TPACKTOPUii Oy T NpsiMble —
KacareabHbIe K 9TO OKpYKHOCTH. DTO ciaenyer u3 (18).

3.2. st pemenust (15) ypaBHeHHsI MUPOBBIX JIMHUI 38/IAI0TCSI PABEHCTBAMU

1 1 1 \1/2
T = ugpt + by + Ui(=70), 7 =r10V/[t], 9:1n|t|(4+27€/2) + 6o.

Axobuan mepexosa OT MIEPOBBIX IEPEMEHHBIX K JIATPAHZKEBBIM, PaBHBIHI t\/m ,
obparaercss B Hyab npu t = 0. MomenT Bpemeru t = 0 siBJsieTCSI MOMEHTOM
KOJLJIAIICA YacTHIl ra3a. Panr marpuns! dkobu npu ¢t = 0 pasen 1. Kosianc gacrui
HPOUCXOIUT HA HPAMON

x=aby—Ui(—-rg), y=z=0. (21)
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b

Puc. 1. IToBepxHOCTH KOJUIAIICA: &) IPSIMON I'eJIMKOM(; b) HAKJIOHHBIN IeJIMKOu,
[Figure 1. Collapse surfaces: (a) straight helix; (b) inclined helix]

ITpoeknusi TpaeKTOpUK HA ILUIOCKOCTD (Y, 2) €cThb jorapudmMudeckas CIUPab
(puc. 2, a):

0—0 _
r = 1o exp ( /@(7“0)0>’ k(rg) = (1—1—27“0 3/2)1/2.

Tpaekropun B mpocTpaHCTBe JeKaT Ha napabosone (puc. 2, b):
x = ug(rry 1) + afy + Ui (—ro).
3.3. Jlyist pemenus (16) ypaBHeHUsT MEPOBBIX JIMHUI 3a/1a10TCS PABEHCTBAMU

2 1
x = upt + aby — Ur(=ro), 1 =rolt], 9:\/i—+90.
33/l

Akobuan nepexosia OT MIEPOBBIX IIEPEMEHHBIX K JIAIDAHZKEBbIM, DaBHbIH t|t|, 00-
pamaerca B Hyab npu t = 0. Moment Bpemenu ¢t = 0 ABJIsieTCsT MOMEHTOM KOJI-
Jtarica gactuil raza. Panr marpunpr fkobu npu t = 0 pasen 1. Kosarc gacruig
IPOUCXOAUT HA IIPAMONA (21). [Tpoekrmeit TpaekTOpHil Ha MJIOCKOCTH (Y, z) ABJIA-
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Puc. 2. Tpaexropus ABHKeHHs J4acTuI nupu vy = 3/2: a) norapudMudeckas cnupasb (IPoeK-
nus); b) sorapudmMuueckas cnupasib Ha napabosounse

[Figure 2. The trajectory of motion of particles at v = 3/2: (a) logarithmic spiral
(a projection); (b) logarithmic spiral on a paraboloid]

eTcst runepboJImIecKast cupasb (puc. 3, a)

~ #(ro) _ \/? 1/6
- 0 _ 00? K(TO) - 37"0 ‘

B npocTpaHCcTBe TPAEKTOPHU SIBJISIFOTCSI BAHTOBBIMU JIMHSAME Ha KoHyce (puc. 3, b).
3.4. s pemenust (17) ypaBHeHUsI MEUDOBBIX JINHUI 38/IAI0TCSI PABEHCTBAMU

r =wuot+ 0o — Ui(ro), r=r0, 0=0bp.
SIkobuaH mepexojsia OT 9iIEpOBBLIX HEPEeMEHHBIX K JIarPaHKeBbIM, PaBHBI 1,
obpamaerca B Hysb 1pu t = 0. Moment Bpemenn t = 0 gBISE€TCI MOMEHTOM KOJI-

Jrarica JacTull raza. Panr marpuiisl dkobu npu t = 0 pasen 2. B MomenT BpemeHn
t = 0 gactunpl 3anumaror nojoxkernue (19). IloBepxHocTsh KoJLTamca 3agaercs

ypasaenueM (20) resmkounga. Tpaekropun napasuiesbHbl OCH .
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F2

\

Puc. 3. Tpaekropus nBukenns 9acTuil npu y = 5/3: a) runepbosmaeckasa ciiupaJb (IPOeKIws );
b) runepbosmyeckast cuupaJsb Ha KOHyCe

[Figure 3. The trajectory of motion of particles at v = 5/3: (a) hyperbolic spiral (a projection);
(b) hyperbolic spiral on a cone]

Bakurrouenue. [Ijisi MHBAPUMAHTHON MOJMOJIE/N PAHTa 2 HANJEHBbI PEIIeHMsI
B CJIydae HOJIMTPOIHOTO ra3a ¢ MPEJIOJIOKEHNEeM O JIMHEHHON 3aBUCUMOCTH Pa/Ii-
AJIbHONH KOMIIOHEHTBI CKOPOCTH OT HPOCTPAHCTBEHHBIX KOOpauHAT. [TosrydeHHbIe
peIeHns ONMCHIBAIOT MPAMOJTMHEHHBINA PAa3/IeT JaCTHUIL Ta3a ¢ MOBEPXHOCTHU IeJi-
KOMJIOB Pa3JIMmIHON KoHMpuUrypamnuu. J{BuKeHust 9acTUI| 110 rurnepOoInIecKuM Ui
JIOrapuMUIECKUM CIUPAJISIM, KOTOPBIE B IIPOCTPAHCTBE JIEXKAT HA KOHYCE UJIH T1a-
paboJionjie COOTBETCTBEHHO. B pabore MoJyYeHbl COOTHOIIEHNs U ypaBHeHus (3),
(5), (6), (7), KOTOpBIE MO3BOJISIIOT HANTH TOYHbIE PEIICHUs HE TOJBKO JJIS yPaB-
HEHUsI COCTOSTHUSA MOJMTPOIHOTO ra3a, HO U JJIs JI0OO0r0 ypaBHEHMsI COCTOSTHUSI.
Tpebyercs b MOACTABATL BRIOPpAHHOE ypaBHEHHE COCTOsSHUs B Auddepentim-
asibHOE ypasHeHue (6) u IpoBeCcTH pasJie/ieHHe [IePEMEHHbIX B YDABHEHUH.
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Konkypupyionine nHTepechl. KOHKypUPYIOIINX HHTEPECOB HE UMEIO.

ABTOpCKaﬂ OTBETCTBEHHOCTDbD. H HeCy IIOJIHYIO OTBETCTBEHHOCTDL 3a IIPe0CTaBJICHUE
OKOHYATEeJbHOI BepCun DPYKOIIMCHU B II€49aTb. OKOH‘IaTeJH)HaH BepCud PYKOIIMCU MHOIO
000peHa.

dunancupoBanme. Pabora BbIIOTHEHA TIpH HOAaepkke Poccmiickoro donma dyHmIa-
MEHTAJBHBIX nccsenosannii (mpoext Ne 18-29-10071  MK) ¥ 9aCTUYIHO MOJIEPIKAHA CPEJI-
CTBaMHI TOCY/IAPCTBEHHOTO GIo/KeTa 1o roc3ajgannio Ha 2019-2022 roasr (Ne 0246-2019—
0052).

BaarogapHocTb. ABTOp GJ1aN0JAPUT AHOHUMHOTO PEIEH3EHTA 38 IIEHHBIE [TPEJJIOKEHIST
110 YJIy4IIEHUIO 3TON CTAThU.

Bubaunorpadpudecknii crimcok

1.

806

Mawmonros E. B. lHBapnanTHbBIE TIOIMOMENIN PAHTa JBa ypPABHEHUI Ta30BON quHAMUKH //
IIMT®, 1999. T. 40, Ne2. C. 50-55.

Xabupos C. B. Anasumuueckue memoodn, 6 2a3o60t dunamuxe. Y da: I'mirem, 2003. 192 c.

Bumeparun K. H., Kagamauk M. B. Henuneitable akycTudeckune KojiebaHus B 3aKpyIEH-
HBIX Ta30BbIX NOTOKaX // M3e. Axad. nayx. MXKT, 2014. T.4. C. 125-135.

FOmmyxamerosa 0. B. Ilogmomenn razoBoit AuHAMUKN C JIMHEWHBIM TIOJIEM CKOPOCTEIH //
Cub. saexmpon. mamem. u3e., 2012. Ne9. C. 208-226.

Tonosur C. B. Tounble pemnteHust Jjisi 9BOJIONMUOHHBIX TIOMOJMEIEH Ta30BOM JuHAMUKH //
IIMT®, 2002. T. 43, Ne4. C. 3-14.

Oscauanaukos JI. B. Jlexyuu no ocnosam 2asosoti dunamuru. M.: Hayka, 1981. 368 c.

Xabupos C. B., Hupkynos FO. A. Duemernmor cummempuiinozo anasuda duddeperyuans-
HOIT YPABHEHUT METAHUKY cnaowrol cpedu. HoBocubupek: HI'TY, 2012. 659 c.



Vestn. Samar. Gos. Tekhn. Univ., Ser. Fiz.-Mat. Nauki
|[J. Samara State Tech. Univ., Ser. Phys. Math. Sci.], 2019, vol. 23, no. 4, pp. 797—808
ISSN: 2310-7081 (online), 1991-8615 (print) doi: https://doi.org/10.14498/vsgtul703

MSC: 35B35, 35B06

The solution of equations of ideal gas that describes Galileo
invariant motion with helical level lines, with the collapse
in the helix

Yu. V. Yulmukhametova

Mavlyutov Institute of Mechanics, Ufa Federal Research Center, RAS,
71, Oktyabr’ av., Ufa, 450054, Russian Federation.

Abstract

We consider the equations of ideal gas dynamics in a cylindrical coordi-
nate system with the arbitrary equation of state and one two-dimensional
subalgebra from the optimum system of an 11-dimensional Lie algebra of
differentiation operators of the first order. The basis of the subalgebra op-
erators consists of the operator of Galilean transfer and the operator of
movement on spiral lines. Invariants of operators set representation: type of
speed, density and entropy. After substitution of the solution representation
into the equations of gas dynamics the assumption of the linear relation of
a radial component of speed and spatial coordinate is entered. Transforma-
tions of equivalence which are allowed by a set of equations of gas dynamics
after substitution of the solution representation are written down. For the
state equation of polytropic gas all four solutions depending on an isen-
tropic exponent are found. For each case the equations of world lines of gas
particles motion are written down. The transition Jacobian from Eulerian
variables to Lagrangian is found. The instants of collapse of gas particles
are determined by value of the Jacobian. As a result the solutions describe
movement on straight lines from a helicoid surface. Movements of the parti-
cles on equiangular spirals lying on a paraboloid and on hyperbolic spirals,
lying on a cone.

Keywords: gas dynamics, rank two submodel, linear velocity field, poly-
tropic gas, collapse surface, helicoid.
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