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Abstract

In the article, we investigate a boundary-value problem with a third-
order inhomogeneous parabolic-hyperbolic equation with a wave operator in
a hyperbolicity domain. A linear combination with variable coefficients in
terms of derivatives of the sought function on independent characteristics,
as well as on the line of type and order changing is specified as a boundary
condition. We have established necessary and sufficient conditions that guar-
antee existence and uniqueness of a regular solution to the problem under
study. In some cases, a solution representation is written out explicitly.
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Statement of the problem. A summary of the outcomes
Consider the next equation in the Euclidean plane points z and y

_ Ugy — Uyy, y <0, 1
/ {uzmx_uya y >0, ()

where

et ={ 105 550

is a given function, v = u(z,y) is the desired function.
Equation (1) as y > 0 coincides with the equation

Ugpy — Uy = fQ(CU?y); (2)

which belongs to the class of third order equations with multiple characteristics [1,
p. 9] of parabolic type |2, p. 69] and as y < 0 equation (1) coincides with the
inhomogeneous wave equation

Ugg — Uyy :f1($7y)' (3)

Thus equation (1) is parabolic-hyperbolic equation with type and order degen-
eration along the line y = 0 and, as stated in [3], study of boundary value problems
for the above equations brings a new aspect to the mixed type equations theory.

Equation (1) is considered in the domain Q2 bounded by AC : x +y = 0 and
CB : z —y = r of equation (3) as y < 0 leaving the point C' = (r/2, —r/2) and
passing through the points A = (0,0) and B = (r,0) respectively, and also a
rectangle with vertices A, B, Ag = (0,h), Bo = (r,h), h > 0, as y > 0. Denote
QU =0nN{y<0},R=0n{y>0}, J={(z,0):0<zx<r}, Q=QUQUJ
and assume that f; € C(€;), i =1, 2.

The function u = u(z,y) in the class C(Q) N CH(Q) N C%(Q1) N C2(Qa), U,
uy € L1(J) satisfying equation (1) is regular solution of equation (1) in Q.

The study problem is as follows.

PROBLEM 1. Find a reqular solution to equation (1) in the domain S satisfying
the conditions

U(O,y) = ¥1 (y)7 uac(07y) - @2(3/)7 u(r, y) = 903(y)7 0<y<h, (4)

() - B00)] + B2) S 0:()] +7(2) e (2, 0) +

+o(x)uy (z, 0) =9Y(z), 0<z<r, (5)

where Oy(x) = (%7 —%), 0.(x) = (“2"’; ”357’) are affives of intersection of the
characteristics of the equation (3) leaving the point (x,0) with AC' and BC' re-
spectively; ¢1(y), w2(y), ws(y); @), B(z), 1(x), 8(x), B(x) are smooth enough
given functions.

Formulated problem (1), (4), (5) belongs to the class of the Nakhushev non-
local boundary value problems with displacement [4].

The problem with boundary conditions connecting values of a sought solution
on the characteristics of the both families for Lavrent’ev—Bitsadze equation was
first posed and investigated in [5].
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In [6,7] the displacement boundary value problem was introduced, and a num-
ber of nonlocal boundary value problems with various types of displacements for
hyperbolic, degenerate hyperbolic, and mixed-type equations have been investiga-
ted since. In particular, in [6] the existence of an unique solution to the nonlocal
problem for equation (3) with the conditions

u(z,0)=71(x), 0<z<r, (6)

and (5) as y(z) = d(z) =0, a(z) # B(z) Va € [0,r] has been proved.
In [7], the way of posing non-local boundary value problems with displacement
for a degenerating hyperbolic equation of the form

(—=y) ™ Ugz — Uyy =0, m = const >0 (7)

is offered employing D, the Riemann-Liouville fractional derivatives. The criteria
for the unique solvability with conditions (6) and

o) Doz *u [o(2)] + B(2) Dyz *ul0r(x)] = ¥(z), 0<z<r

for equation (7) are determined, where [0y(z)], [0, ()], are the affixes of the inter-
section points of the characteristics of equation (7), as above, and what is more
2(m +2)e = m.

Specific cases for displacement related problems include such nonlocal prob-
lems as the Bitsadze—Samarsky problem [8-10], Dezin problem [11-13; 14, p. 174],
Carleman problem [15], Steklov problem [16, p. 67|, Frankl problem [17; 18, p. 339;
19-24], etc. In case of displacement problems, for mixed equations a nonlocal con-
dition is imposed connecting values of desired solution or derivative of a certain
order at two, three or more points lying on the boundary characteristics of dif-
ferent families and on the line of degeneracy or the type change line. If one or
several coefficients of the displacement problem for mixed type equations is zero
it becomes an ordinary Tricomi problem.

The displacement problems are well applicable in mathematical problems mod-
eling in biology (synergetics), transonic gas dynamics. Similar nonlocal boundary
conditions arise in the study of heat and mass transfer in capillary-porous me-
dia, in mathematical modeling of problems of gas dynamics and nonlocal physical
processes, in the study of cell propagation, in the theory of electromagnetic wave
propagation within an inhomogeneous media [2,18,25|. A bibliography of research
papers devoted to the displacement boundary value problems is presented quite
completely in monographs |4, 14,26-34].

In [35], the displacement boundary value problem is studied under condition
(5) for mixed type equations of second order and a heat equation in the parabol-
icity domain; a necessary and sufficient condition for the existence of an unique
solution is obtained. In this paper, we study the displacement boundary value
problem for inhomogeneous parabolic-hyperbolic equation of the third order (1)
and a third-order parabolic and wave equations in the hyperbolicity domain. One
of the boundary conditions is a linear combination of the sought functions and
their derivatives with variable coefficients in AC and BC, as well as in J = AB
lines of type and order change. Necessary and sufficient conditions for the exis-
tence and uniqueness of a regular solution to the problem under study have been
obtained. The solution to the studied problem under certain conditions have been
written out explicitly. We have shown that violation of the necessary conditions
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imposed on the specified functions leads to non-uniqueness of the studied problem.
That is, the corresponding homogeneous problem has an infinite number of lin-
ear independent solutions. In addition, solutions to a non-homogeneous problem
could exist only with additional requirements for the given functions.

We would also like to mention research-related papers [36-42].

Theorem on the existence and uniqueness of a solution
The following theorem holds true.

THEOREM 1. Assume the given functions ¢1(y), v2(y), v3(y); a(x), B(x), v(x),
d(x), ¥ (x) have the following properties:

e1(y), p2(y), e3(y) € C[0,h]; alz), Blz), ¥(z) € C*[0,r]NC?]0,7[; (8)
[B(z) + () + (@) + [B(x) — a(x) + 5@)* £0 Yzelo,r] (9

and one of the below conditions is satisfied:

alz)+ B(x)+~v(x)=0 Vzel0r]; (10)
a(z) = B(z) —d6(x) =0 Vaxel0r]; (11)
26(x) +v(z)+d(x) =0 Vael0r]; (12)
2a(z) +y(x) = d(z) =0 Vzel0,r] and r #2mn, n € N; (13)
Oé(ﬂ?) =a, f 1") = f, ’7(37) =7 5(:E) =0
and
B—a+d B )
r % 2mn Fraty neN (a,f8,7,0 = const); (14)
[a(z) + B(z) +v(@)l|e(z) — B(x) — 6(x)] # 0,
and
o) + B 49 o e 0
[a(x)—,@(x)—é(x)} <0 Vaelor]. (15)

Therefore there is the unique regular solution for problem 1 in the domain ).
Proof. Let there be a solution to problem 1 and assume that

u(z,0) =7(z) (0<z<r); uy(z,0)=v(z), (0<z<T). (16)

Passing to the limit as y — +0 in equation (1) in view of notation used in
(16) we obtain fundamental relation for the functions 7(z) and v(z) moved from
the parabolic part {29 of the domain €2 to the line y = 0:

v(z) =1"(z) + fa(x,0), (17)
and with boundary conditions (4) obtain
7(0) = ¢1(0), 7'(0) = ¢2(0), 7(r) = ¢3(0). (18)

Now find fundamental relation for the functions 7(z) and v(x) moved from
the hyperbolic part €2 of the domain €2 to the line y = 0 of the type changing.
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A solution to problem (16) for equation (3) in €2; is obtained by d’Alembert’s
formula [43, p. 59]:

_ 1 T+y— t
u(x7y)_7'(x+y);_7-(x y)+2/ d3+/ / N St dsdt ( )
=y

By formula (19) we find

d 0

e [00(2)] = ;(H(az) —v(z)+ fi(z +1t,1) dt),

—z/2

d 1/, 0
L) = <T (2) + () — /(H)/2 fi (2 —t0) dt).

Substituting values “£u [0p(z)] and “tu [6,(z)] into equation (5) find

[a(z) + B(z) +y(2)]7(z) — [a(z) — B(z) — d(2)]v(z) =
0 0
= 2¢Y(z) — a(x) /_I/2 filz +t,t)dt + B(z) /(m_r)/2 filx —t,t)dt. (20)

Formula (20) is the fundamental relation for the functions 7(x) and v(z) moved
from the hyperbolic part €2 of the domain €2 to the line y = 0 of the type changing.

Assume that initially conditions (8), (9) and (10) are satisfied, i.e. a(x) +
B(x) +~v(z) = 0 and hence 26(x) +y(z) +d(z) #0 V x € [0,r]. In this case by
(20) we find

x)+ vz 0
Y1) = 350) (@) T 6@) T 25(x) + (@) + 6(@) // file + 4,0 di+

B(x) 0 -
26(z) + () + o(x) /(H) Lh@—thd. (2

Therefore by equations (17), (18), we easily find the function 7(x):

x? 22 22
T(x) = [1 — sz} ©1(0) + [x - 7} ©2(0) + ﬁSDS(O)‘F
€T x2 r
—i—;/o(zv—t)Q()dt—22 (r — )20 (t)di+
x 1.2 r
+;/O (a:—t)2f2(t,0)dt—22/ (r— 2ot 0)dt. (22)

Under assumption of (8), (9), (11), i.e. for a(z) — B(x) —d(x) = 0 and 25(z) +
v(z)+ d(z) #0 VY € [0,7] by (20), we arrive at the identity

28(x) +(x) +0(z)  2B(x) +~(x) +0(x) /o2

7 (x) = 2(@) flz) + o) /0 fix +t,t) dit+
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B(z) 0 .
" 28(@) +1(x) + 0() /(x ng( t,t)dt
hence
X z 0
_ 21(t) _ B(t) + 6(t) o
= 0/ 2B(0) 110+ o) 0/ 28(0) + (D) +6() !2 Ji(ts, ) dsdt+
z 0
B(t)
+O/ 2B(t) +~(t) + 5(t)(t_/)/2 fi(t—s, s)dsdt + 1(0), (23)

moreover, the following conditions should be satisfied:

r 21/1(t) _ T ﬁ(t) +(5(t> 0 o ds
/o 26(t) + v(t) ()dt /026() v(t) +6(t) 7t/2f1(t+ ,5) dsdt+

0
50 /( e fi(t — s,8) dsdt = ¢3(0) — ¢1(0),

o 2B(t)
2¢(0) 5(0) 0 - -
25(0) + 4(0) +5(0)  25(0) +~(0) + 6(0) /T/Qfl( b,t) dt = 2(0).

At that the second sought function v(z) in view of conditions (8) and (23) can be
obtained by relation (17).

Next, assume that theorem conditions (8), (9), (12) are satisfied. Then by
inequality (20) we arrive at the identity

— () — 2¢(x) a(z) ’ x _
V@) =7 @) = S T B @) T ale) 1 B) T @) /I/Q hlw +t,0)dt

_ B(z) 0 .
o(w) + B(x) + (@) /(z_r)/gfﬂ t,t)dt. (24)

Exclude from relations (17) and (24) the function v(z). Then for the function
7(z) we arrive at the boundary problem for the equation

0

" ) = 2¢() a(x)
T = S B @) e @) 5 @) @) g

0
+’Y( )/z r)/2f1(x_t7t)dt_f2($’0) (25)

fr(z+t,t) dt—

with conditions (18).
The solution of problem (25), (18) is written out explicitly by the formula

(cha —chr)pi(0) + [shx —shr —sh(z —7)]a(0) + (1 — chz)ps(0)
1—=chr
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_ 726G, )9() T a(t)G(x,t) 0 o
/0 at) + B(t) + ’Y()dt+/g aft) + B(t) + (1) —t/2f1(t+ , ) dsdt

R < N BN
L T 5 Jy 1 shdsdt = [ Gttt 0

where

Gla.t) = a(l —chux), 0<z<t, 1 —ch(r—1t)
B = a(l —chx)+ch(z—1t)—1, t<ax<r, T T "ehr

is the Green function of the differential operator L[r] = 7"(z) — 7/(x) involving
conditions (18).
Under conditions (8), (9), (13) we get

— 2¢(x) . a(z) 0 .
V@) = =Tt ) @) a@) 1h@) @) /m file + 4.0 di+

B(z) 0
n 4 )+7(a:)/( file —t,0)dt. (26)

COST — COST sin7 (1 — cosx) 1—coszx

- 0) + [sina — |20 0
(=) 1—-cosr #1(0) + [sinz 1—-cosr #2(0) + l—cosrwg( )+

TGt [T a®)Gt) [ 5,5) ds
+/o a(t)+5(t)+7(t)dt /0 alt) + B(t) + ~(t) 7t/2f1(t+ , 8) dsdt+

" BWGEY [ e
o 0 /@_T)/zfl“ st = [ Gl 050000

a(t) + B(t) +
where
b(1 — cosz), 0<z<t, 1 —cos(r—t)
Gla,t) = { b(l—cosz)+1—cos(z—t), t<az<r, b=- 1 —cosr
is the Green function of the operator L[r] = 7"(x) + 7/(x) involving condi-
tions (18).

Further we consider the case when conditions (8), (9), (14) are satisfied, i.e.
o(z) = a, B(z) = B, 2(z) = 7, 8(z) = 8 (@, B, 7, 8 = const). H a+ f+7 =0
then as well as for a = a(z), 8 = f(x), v = y(z) and a(z) + S(z) + y(x) =0
YV € [0, 7] the functions 7(z) and v(x) are uniquely determined by (21) and (22).
But if « — f — 60 = 0 then 7(x) and v(x) are found by formulae (23) and (17)
respectively.

Now let (o + 8+ 7) (¢ — B — &) # 0 and condition (14) be satisfied. By rela-
tions (17) and (20) for 7(z) we arrive at the boundary problem for the equation

a+pB+y ,, o 0

™" (z) — a—B—(ST(x)_ sl /2f1(x+t,t)dt—
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b " fule — 1) dt — —22@)

S a—B-6 ) a—B-0o fa(z,0) (27)

subject to conditions (18).
The solution to the problem (18) for equation (27) is written out with respect
to the sign of the value of (a+/5+7)(a—B—7) using one of the following formulae:

T 0
T(x) = 04—(;%5/0 G(z,t) i fi(t + s, ) dsdt—

g " 0
P el AL R L ey O

- /r G(z,t) f2(t, 0)dt + Ch(\fl}:(j;i\)fr) ©1(0)+

sh(\fx) —sh(,/pr) +sh [\/p(r — z)] 2(0) + 1 — ch(\/px)

903(0)7

VD [1 = ch(y/pr)] 1 — ch(y/pr)

if p= ngfg > 0. Here
1 [ a[l-ch(\/px)], 0<z<t,
Gla,t) = { [1—ch(/pz)] +ch [(pz—t)] -1, t<z<r,

_1—ch[/p(r—1)]
1 —ch(\/pr) ’

or

0
T(x)—W/ G(z,t) t/2f1(t+s s) dsdt — / G(z,t) f2(t,0) dt—

0
_M/O G(x,t)/(”wfl(t—s,s)ds . 5/ G, )y (t) di+

cos(y/—px) — cos(y/—pr) 1 —cos(y/—px)
* 1 — cos(y/—pr) 21 O) + T st 1-— COS(FT) #a0)+
sm(\/izn) —sin(y/=pr) + sin [\/—p(r — )] 2(0)
V=p (1 — cos(v/=pr)] e
where
b[1 — cos(v/—pzx)], 0<z<t,
Gla,t) = { b[1 — cos(y/—pz)] +cos[/—p(z —t)] -1, t<z<r,

p=z+g+g<0 b—% while p # — (2””) ,neN.

Thus, under the assumption of (8), (9) and also under the assumption of at
least one of the conditions of (10), (11), (12), (13) or (14) by the obtained above
representations it immediately implies the existence and uniqueness of functions

u(z,0) = 7(z) and uy (z,0) = v(x).
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Now we can pass to studying the general case. Let (8), (9) and (15) be satisfied
for the given functions @1(y), ¢a(y), wa(y); a(x), A(z). 1(x), 6(x), (x). First
we prove the uniqueness of a regular solution to the problem 1. Consider the
homogeneous problem corresponding to problem 1, that is, we let ¢;(y) = 0,
(i =1.2,3) ¥y € [0,A]; ¥(x) = 0, Y € [0,7]; f(z,y) = 0¥ (3,y) € 0.

Consider the integral

= /0 " r(2)v(w) da.

By relation (17) in view of (18) obtain
J* = [r'(r)]” <0, (28)

while by (20) with (15) and (18) we have

o [Te@) B )
7= ), A e

1 e 4 A @)
-3, a0 ) @20 @9

(28) and (29) imply the identity J* = 0, which by (15) can hold if and only if
7(x) = 0. At that by relations (17) and (20) we can see that v(z) = 0.

Thus, let us show that under the assumption (15) of theorem 1 the functions
7(x) and v(x) are identically zero for the homogeneous problem corresponding to
problem 1. At the same time formula (19) implies immediately that u(z,y) = 0
in 4. In the domain s we arrive at the problem on finding a solution to the
homogeneous equation gz, — uy = 0, (z,y) € Qo satisfying the homogeneous
initial u(z,0) =0 (0 < z < r) and boundary u(0,y) =0, uz(0,y) =0, u(r,y) =0
(0 < y < r) conditions. This problem as it stated in [1, p. 144] has only a
trivial solution w(z,y) = 0 V(z,y) € Qa. Therefore the solution u(z,y) to the
homogeneous problem corresponding to the problem under problem 1 is identically
zero in the whole domain €2; this implies the uniqueness of a regular solution to
problem (1), (4), (5).

Now we prove the existence of a regular solution to problem 1 subjected to
conditions (8), (9) and (15). By relations (17) and (20) we arrive at the problem
of finding a solution to the equation

7_/// (:L_)

o 52) al@) = Bla) —3(@) J a1 F

() /(0 fi(z —t,t)dt — fo(z,0) (30)

x—r)/2

2
&
|
=
&
|

satisfying condition (18).

By means of repeated integration 3 times of equation (30) within the limit
from 0 to x in view of boundary conditions (18) the solution to problem (30) (18)
is equivalently reduced to the solution of the integral equation
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r 1,2 1,2 2
@) = [ L@+ [1= o0+ [o = T]ea0) + o)
.CC2 T x
_27"2/0 (r — )2F (1) dt+;/0 (x — D2F(t)dt, (31)
where
1 22K (r,t), 0<x <,
L(x’t)_TQ{ 2?K(r,t) —r’K(x,t), t<xz <,
O Gt o o@) +8@) +
KGet) = = op) ~ 50, gty = HIEAD LD,
a\xr 0
PO = =307 =5 . p e i
_ B(x) " . - 20(x) s
BT T s O By g 20

By properties (8) to the given functions a(z), B(z), v(x), d(z), ¥(x), vi(y),
(¢t = 1,2,3) and f(x,y) we can conclude that equation (31) is the Fredholm
integral equation of the second kind with the kernel L(z,t) € C([0,7] x [0,7]);
the right hand F'(z) is of the class C[0,r]. Unconditionally unique solvability of
equation (31) follows from the uniqueness of the solution to problem 1 and, what
is more, the solution 7 = 7(z) belongs to the class C[0,7] N C3(0,r). Employing
the obtained value 7 = 7(x) by (17) or (20) we can find function v = v(x) as well.

Once the functions 7(z) and v(x) are found the solution to problem 1 in £y
is defined as a solution to problem (16) for equation (3) and is written out by
formula (19) while in the domain 2y we arrive at the problem of finding a regular
solution to equation (2) satisfying the initial u(x,0) = 7(z) and boundary (4)
conditions; the solution to the above problem is written out in [1]. Theorem 1 is
proved. O

Assume that for the coefficients a(x), B(x), y(z), () condition (9) is violated,
i.e. the identity

[a(z) + B(2) +7(2)]* + [B(z) — az) +6(2)* =0 VYze[0,r]. (32
holds true.
Identity (32) holds if for example

In this case, the homogeneous problem corresponding to problem 1 has an infinite
number of linearly independent solutions of the form

g (x+y)—g"(x—y)+g9(x+y) +g9lz—y), y<O,

2u /ny,g, g(€) de, y >0,
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where g(z) is an arbitrary function of the class C2[0, r]NC*]0, [, and G(z,y; £, n) is
the Green function of the operator Lu = uyz, — u,y with boundary (4) and initial
u(z,0) = g(z) conditions [1, pp. 135-137|. The solution to the inhomogeneous
problem 1 with condition (32) exists for the given functions a(z), f(x), ¥(z),
f(z,y) if and only if it satisfies the additional condition:

0 0
2w(@) = al@) | fule+tt)dt— B() / Rz—tt)d.  (33)

—z/2 (z—r)/2

In the domain 25 a set of solutions to problem 1 subjected to condition (33) is
written out by the formula

g”(:v+y)—g”(:v—y)+ (1‘+y)+ (fv—y)

2
1 r+y T+y— t
ey [ peoyaneg [T psdsa
2 T—y T—yY-+t

while in Qg for the set of solutions to problem 1 holds the representation [1]

u(J:?y) =

Y Y
ul(e,y) = /0 Geel,y:0,m)o1 (n) dy — /O G, : 0, n)epa () di—
Yy r
—/0 Gss(w,y;r,n)wg(n)dnJr/O G(z,y;£,0)9(8) dé—

hopr
_/ / G(z,y:& ) f2(& ) ddn.
o Jo

If condition (13) of Theorem 1 is violated, i.e. as 2a(x)+y(z)—d(x) =0V z € [0,7]
and r = 27n, n € N homogeneous problem (18) for the system of equations (17),
(26) has a nontrivial solutions of the form 7(z) = ¢(1 — cosz), ¢ = const, that

implies that the solutions to problem 1 are non-unique.

. . . _ _ _ _ _ 271—7”
Similarly if a(z) = a, B(z) = B, y(x) = v, é(x) = and r = 7 neN,

(o, B,7v,0 = const), p = Z+g+}, i.e. if condition (14) of Theorem 1 is violated

a homogeneous problem corresponding to problem (27), (18) as well as in the

previous case have nontrivial solutions of the form 7(z) = ¢[1 — cos(y/—px)],

¢ = const, which also indicates that solutions to problem 1 are non-unique.
Therefore conditions

e1(), e2(y), 3(y) € C[0,h);  a(z), B(z), ¥(z) € C*[0,r] N C?0,r[;

[a(z) + B(z) +7(2)]* + [B(z) — a(z) +6(x)]* £ 0 V$ e [0,7};
r# 2mn, n € N when 2a(x) +v(z) —d(z) =
2mn

——, n €N when «, 5, v, § = const

/ p Y
are necessary for the existence of an unique regular solution to problem (1), (4), (5).

Conclusion. The paper studies a displacement boundary value problem for
inhomogeneous parabolic-hyperbolic equation of the third order (1) with a third-
order parabolic and wave equations in the hyperbolicity domain. A linear combi-
nation of the sought functions is given as one of the boundary conditions. Their
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derivatives with variable coefficients are in AC and BC, and in J = AB lines of
type and order change. A necessary and sufficient conditions for the existence and
uniqueness of a regular solution to the problem under study are obtained. In some
special cases, the representation of the solution to the studied problem is written
out explicitly. We have shown that violation of the obtained necessary conditions
imposed on the specified functions leads to non-uniqueness of the studied problem.
That is, the corresponding homogeneous problem has an infinite number of lin-
ear independent solutions. In addition, solutions to a non-homogeneous problem
could exist only with additional requirements for the given functions.

Thus, in contrast to the results obtained in [35], necessary and sufficient con-
ditions (8), (9) for the functions specified become insufficient if in the parabolicity
domain consider the third-order equation with multiple characteristics (2) instead
of the heat equation.
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AxHHOTaNNsA

UccieroBana KpaeBas 3a/1ada CO CMEIEHUEM [JIsT HEOJHOPO/IHOTO YPaB-
HeHUs 11apaboJIo-ruepOoIMIecKOro THIIA TPETHErO IMOPsIKA C BOJHOBBIM
OIIepaTOPOM B 00JIACTU TUIIEPOOIMIHOCTH, KOI/Ia B KQ4eCTBe OJHOI0 U3 I'Da-
HUYHBIX YCJIOBUIl 3aJlaHa JIMHEiTHasT KOMOMHAIUSI C TIepeMeHHbIMEI KO3 du-
[IMEHTAMU [TPOU3BOJIHBIX OT 3HAYEHWI MCKOMOI (DyHKIIMU HA HE3aBUCHMBIX
XapaKTEePUCTUKAX, & TaKKe Ha JIMTHIY U3MEHEeHUs TUTa 1 nopsaka. Haiinenor
He00XO/IMMBbIE€ U JIOCTATOYHBIE YCJIOBUS CYIIECTBOBAHUA U €JUHCTBEHHOCTHU
PEryJIIpHOrO pellleHus 33/J4a49i. B HEKOTOPBIX YaCTHBIX CIIydasX IIPeICcTaB-
JIEHUE PeIeHus] UCCJIEyeMOil 3a/1a491 BBIIIMCAHO B SBHOM BHJIE.

KuroueBbie ciioBa: BHIPOXKIAIONINECS yPABHEHNS, YPABHEHUS ¢ KPATHBIMUI
XapaKTePUCTUKAMIY, TapabO0I0-TUIIEPOOINIECKOe yPABHEHIE TPETHETO ITOPS/I-
Ka, 33/a491 CO CMeIlleHUEeM.
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KOHKypI/IpyIOH_[I/Ie nHTEepecChI. qa 3adBJIAI0, YTO Y MEHdA HET KOHKYPHUPYIOIIUX NHTEPe-
COB B OTHOIIECHUN ,ZL&HHOI;'I CTaTbH.

ABTOpCKaﬂ OTBETCTBEHHOCTB. $1 HECy IIOJIHYIO OTBETCTBEHHOCTH 3a IPEICTaBJICHHE
OKOHYATEJbHOMI PYKOIIUCHU B II€9aTHOM BHJIE. qa OﬂO6pI/I.H OKOHYATEJbHBIN BapuaHT PYKO-
II1CH.
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I'pynnoBas kjiaccudukaimys, MTHBApUAHTHbIE PelIeHus Ei"
M 3aKOHBI COXpaHEHUs HEJMHEMHOTO JByMEPHOTO
OPTOTPOMHOTO yYpPaBHeHUs (PUJIbTPAIANA C JPOOHOI
npousBoaHOl Pumana—JInyBuiisa mo BpeMeHHn
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Y dumckuii rocyIlapCTBEHHBIN aBUAIMOHHBI TEXHUYECKUI YHUBEPCUTET,
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AnHOTaNsA

PaccmarpuBaercs HesmHeiiHOE 1By MEPHOE OPTOTPOITHOE yPaBHEHHE (DUITb-
Tparuu ¢ apobHo# npousBoaHoit Pumana—Jluysuinsg mo Bpemenu. Jlokaspr-
BAaETCs, YTO TAKOE YPABHEHHE MOYKET JOIYCKATHb I'PYIIIBI TOUYECIHBIX IIPE0d-
pa30BaHUil TOJIHKO JINHEHHO-ABTOHOMHOI'O ThIa. Perraercs 3amada rpymnmno-
BOit KJIaccuduUKauu paccCMaTPUBAEMOr0 YPABHEHUS 10 €10 TOYEIHBIM CHM-
METPHUSM OTHOCUTEJIBHO KO3(MD@UIIMEHTOB ITE30IIPOBOIHOCTH, SIBJISFOIIUXCSI
dyHKIMSME KBaJjpara MOJIYJs I'PaJUeHTa JdaBjeHus. J[oKa3biBaeTCs, 9TO
€CJIU TIOPSIOK JIPOOHOTO JTuddHepeHIMPOBaHUS MEHBINE €IMHUTIBI, OCHOBHAS
JIOIIyCKaeMasi yPaBHEHUEM T'DYIIA TOYETHBIX TPe0OPA30BAHMIL SIBJISETCS Ue-
THIPEXTIAPAMETPUYECKON U PACIHIUPSETCA 0 MATUIIAPAMETPUIECKOH B U30-
TPOMHOM cJiy4ae. st cTeneHHbIX 3aBUCHMOCTEl KO3 MUITHEHTOB IThe30ITPO-
BOJHOCTH JIOILyCKAEMasl I'PYIIia CTAHOBUTCS IIATUIAPAMETPUYECKON B OPTO-
TPOITHOM CJIydae U IeCTUIapaMeTPUYecKoil B M30TPOIHOM ciydae. Takxke
BBIJIEJISIETCS CHEIUAJBbHBIN BUJI CTEIIEHHON 3aBUCHUMOCTH KO3(DUIMEHTOB,
HE MM AHAJIOra B CIydae KJIACCMIEeCKOrO ypaBHeHus! (UIbTPAINH,
IpA KOTOPOM IIPOUCXOUT JOIIOJTHUTEIBHOE PACIINPEHHE I'PYIIIBI OEPATO-
POM MPOEKTUBHOrO Ipeobpa3oBanus. Ijis ypaBHEHUsT ¢ TOPSJIKOM JIPOOHO-
ro nuddepernuposanust o € (1,2) pasMepHOCTH BCeX JIOIyCKAEMBIX TPYIIII
OKa3bIBAIOTCST HA €IUHUILY OOJIbINE 33 CUeT JIOIYCKAEMOTO OIepPaTopa, COOT-
BETCTBYIOIIETO CIBUTY PEIIEHUs Ha JIOMOJHATETFHOE YACTHOE PEIIEHIE STOTO
YDABHEHUSI.

Ha ocnoBe nposesienHoit TpynmnoBoit KaaccupUKaIuu JJjiss COOTBETCTBY-
romux aarebp JIu nnduHuTe3NMAIBHBIX OIIEPATOPOB T'PYIII TOUEUHDBIX IIpe-
00pa30BaHmii, JIOIYCKAEMBIX PA3JIMYHBIMU BUJIAMU PACCMATPUBAEMOIO HEJIU-
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HEHHOr0 OPTOTPOITHOTO APOOHO-TIMdEPEeHITNATFHOTO YPABHEHNSI, BBIIICHI-
BaIOTCs TPEJICTABJIEHUSI HHBAPUAHTHO-TPYTIIIOBBIX PENIeHHil, COOTBETCTBYTO-
1€ ONITHUMAJIBHBIM CHCTEMaM JIBYMePHBIX mojasredp. [IpuBomsires mpume-
Pbl YpaBHEHUIA, IOy YaONIUXCs B pe3yJibraTe CUMMETPURHON PeJLyKI[UU KC-
XOJHOTO JIPOOHO-TN(HEPEHINATLHOTO YPABHEHNSI, & TAKXKE HEKOTOPBIE UX
pereHust.

Jloka3bIBaeTCst, ITO paccMaTpuBaeMoe IpobHO-aud HepeHnnaaIbHoe ypas-
Herre GUIBTPAINH SIBJISIETCS HEJTMHEHHO CAMOCOIPSI?KEHHBIM, ITO JIA€T BO3-
MO2KHOCTb CTPOUTH €I0 3aKOHBbI COXpaHEHU. COOTBeTCTByIOHlHe KOMIIOHEH-
ThI BCEX HAlJIEHHBIX COXPAHSIIOIIMXCS BEKTOPOB IPUBOJSITCS B SIBHOM BHU/IE.

KuaroueBbie cioBa: apobHo-auddepenimaabaoe ypaBHeHne puIbTPaI,
IPYIIOBast KJIACCUMDUKAIINS, TOU€THAS CAMMETPHSI, THBAPDUAHTHOE PeIeHe,
3aKOH COXPAHEHUs.

[ouyuenue: 29 nosbpsa 2019 r. / Ucupasaenue: 17 mas 2020 r. /
Ipunsarue: 1 uiona 2020 r. / [ly6nukanus onsaita: 30 urons 2020 r.

Beenenwne. Nurerpo-muddepennuaibable ypaBHEHHS € IIPOU3BOIHBIME JIPOO-
HBIX TIOPSIJIKOB DA3JIMYHBIX TUIOB |1, 2] B mocsiejiHee BpeMsi NPUBJIEKAOT 0OJIb-
1I10e BHUMAHWE HCCJIE/IOBATEel U3 CAMBIX PA3JIMYHBIX 00JIaCTell HAyKH U TeX-
HUKU OJrarofapst BO3MOXKHOCTH WX HCIIOJIb30BAHUS B KAUECTBE MATEMATHIECKUX
MOJIEJIE CIJIOYKHBIX IIPOIECCOB, CPEJT U CUCTEM, ITPOSABJISIONIX P PEKTHI TAMATH 1
IPOCTPAHCTBEHHOI HestokasbHoCTH [3—12|. Hanbostee xoporiio B HacTosiIee Bpemst
HCCJIEIOBAHDBI OHOMEPHBIE IPOOHO-Tnd depeHITnaIbHbIE YPaBHeHU TP y31OH-
HOT'O THIIA, K KOTOPOMY OTHOCHTCS U OOJIBIIMHCTBO IIPOCTEHIINX TpobHO-1udde-
peHIMaTBHbIX ypaBHeHU duabrparun. OIHAKO ¢ TOYKU 3PEHUsT TPAKTUIECKOTO
HCIIOJTb30BAHUSI CYIIECTBEHHO OOJIBIIUI HHTEPEC IPEICTABIISIIOT YPABHEHUS B JIBY-
MEpPHBIX M TPEXMEpPHBIX objacTax. McciaemoBanume psjga BayKHBIX KaIeCTBEHHBIX
CBOMCTB TaKUX ypaBHEHU, 0CODEHHO HEJMHENHBIX, MOYKET OBITH BBIITOJTHEHO METO-
JIlaMH COBPEMEHHOro TpymmoBoro anaausa [13-17]. s npobuo-nmuddepernnasib-
HBIX yPABHEHUI B IOCJIEHEE IECATUIETHE YIAJIOCh PAa3BUTH PAJ KJIACCUIECKUX
TEOPETUKO-TPYNIOBLIX MeToJ0B (cM. [18,19] u murupyemyio tam jumreparypy),
9TO JAJI0 BO3MOXKHOCTH HAXOJUTDL JOIYCKAEMble TAKAMHU yPABHEHUSIMHU T'PYIIILI
CHUMMETpHUi, peraTh 3a1a9d UX CPYIIIOBON KJacCUpUKAINNA, CTPOUTH (PaKTOP-
ypaBHEHUsI, THBApUAHTHBIE DEIeHnsI U 3aKOHbI coxpaHeHus. OTMeTHM, 9TO 3a-
Jada TPYHIoBOil KjaccuUKaIud ypaBHEHUS MMEET HE TOJIbKO TEOPETHIECKOE,
HO W NPUKJIAIHOE 3HAYEHUE, TOCKOJIBKY BBIJEJIEHNE KJIACCOB yPABHEHWII C pac-
[MIAPEHHON TPYIIIOH CUMMETPHUI TTO3BOJIET BBIJIEISTh TAKXKE U COOTBETCTBYIOIINE
ITOMO/IEJTH , 0013 IAI0INNE PACIITHPEHHBIM HAOOPOM CUMMETPUIHBIX CBOMCTB 1, KaK
CJIeJICTBHE, UMEIOIIUX JIOTIOJIHATE/IbHbIE MHBAPUAHTHBIE PEIEHUST U 3aKOHBI COXPa-
HEHUsI.

Hacrosmas pabora mocsiiena uccjieI0BAHUI0 CUMMETPUITHBIX CBONCTB HEJIH-
HEWHOro JIBYMEPHOIO JpOobHO-InddepeHInaJ bHOTO YPaBHEHUST

oDfu = (f(u + )+ (gl + ) fog >0, @€ (0.)U(L2). (1)

3aech yepes ;Df* obo3HadeH onepaTop j1pobHoro nuddepeniuposanus Pumvana—
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JImyBunna mopsaka o:

1 o [t u(r,x,y)
D¥y=——" — Y ] = 1.
0t T T — a) 0t /0 (t—ryo—nt1®0 1 o] +

Ypasuenue (1) 1o3BoJisieT, B 9aCTHOCTH, OIUCHIBATH IIPOIECCHl (DUIIBTPAIUY
B OPTOTPOITHOI T'e€TEPOreHHOM MOPUCTO CpeJlie U MOXKET OBITh TOJIYYEHO Ha OC-
HOBe JIpobHO-Iuddepenmaibabix Mogudukanmii 3akona Japcu [20-22] (B sToM
caydae B KadecTBe (DyHKIIUU U BBICTYHAET JlaBJieHne, a PYHKIUUA f U g ABJISIOT-
csl KOMIIOHEHTAMHI TEH30pa MBE30IPOBOIHOCTH OPTOTPOIHOI cpeapl). [lpn a = 1
ypasrenue (1) mpeBpainaeTcst B KJIacCHIeCKOe HeJIMHEHHOE IByMEPHOE OPTOTPOII-
HOe ypaBHeHUe (PUIBTPAINHN, PE3YABTATHI I'PYIIIOBON KJiacCu(MUKAIMT KOTOPOTO
npuBeJIeHb! B 23].

Perraercst 3aaua rpynmnoBoii kiaccudukaryu ypaBaerus (1) oTHOCHTETEHO
dyuknuii f 1 g 10 JOIMyCKAEMbIM STUM YPABHEHUEM OJIHOIIADAMETPUYECKUM I'PYII-
maMm JIu ToueuHBIX Mpeobpa3oBaHMil BUAA

E:A(t7x7y7u7a’)7 g:VQ(t7$7y7u7a/)7

:Ezl/l(t,x,y,u,a),

S

=w(t,z,y,u,a), (2)
)\‘azo =t Vl}a:[) =7 V2‘a:0 =Y w‘a:O =4,

e a — mapamerp rpymmbl. [lopsmok apobroro auddepennupoBanust « He Tpeod-
pasyercst. I'pynie npeobpasosanuii (2) coorBercTByeT NHGUHUTEIUMAIBHBIH Ole-

paTop

ot ox

KOOPpAMHATBI KOTOPOT'O OIIPEJC/IAI0TCA COOTHOIIIECHUAMMN

0 0 0 0
X = T(mmayvu)i +§l(tax7y7u)7 +§2<t7x7y7u)87y +77(t7337y; U)%, (3)

ON(t,x,y,u,a) 9 ovA(t,z,y,u,a)
t = - t e
T( 7'%.’ y7 u) 8a a:O’ é‘ ( 7'7:7 y7 u) 8a a:O’
owl(t,z,y,u,a) ow(t,z,y,u,a)
1 s Ly Yy Uy s Ly Yy Uy
t p— t e .
&tz y,u) 54 Ly Mty u) % o

Taxkoit nHGUHATE3UMAIBHBIN OIIEPATOP JIOMyCKAeMOl ypaBHEHUEM I'DYIIIbI OyIeT,
KaK OOBIYHO, HA3bIBATHCS MOYEYHOU CUMMEMPUEY, ITOTO yPABHEHHUSI.

1. O nuHeliHOII aBTOHOMHOCTHU T'PYIIIbI, JOIIyCKaeMoil JpobHo-aud-
depeHnmanbHbIM ypaBHeHHeM. YpasHeHue (1) sBISeTCS YACTHBIM CJIydaeM
ypaBHEHUSI BUIA

ODtau: ‘I)(tvfﬂay,% uxvuyvumcvuxyauyy)v (4)

JIJISI CHMMETPHUiT KOTOPOr'0 MOKeT OBITH JIOKA3aHO OJIHO BaXKHOE CBOWCTBO.
Crnemyst pabore [24], npeobpazosanus Buga (2), B KOTopbix byHKIHH A, U1
u v2 He 3aBUCAT OT U, OyJeM HA3BIBATH T-AGTNOHOMNBLMU NPEOOPAZOCANUAML.
OueBHIHO, YTO B 3TOM caydae Koopaumuatel 7, £ u &2 omeparopa (3) Taxxe He
OyyT 3aBucerh oT u. COOTBETCTBYIONME CUMMETPUH Oy/IyT HA3BIBATHCS IL-AGMO-
HOMHBLMU CUMMEMPUAMY. ECIN 171 2-aBTOHOMHO CHMMETPHU JIOTIOJTHATETHHO
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BBIIIOJIHEHO YCJIOBUE 1)y, = 0, TO Takasi CUMMeTpUs OyeT Ha3bIBATHCS AUHEUHO-
asmonommotl [25].

TEOPEMA 1. Vpasnenue (4) mooicem 06aadamv movewHvMu CUMMEMPUAMU
6uda (3) MoAbLKO AUHETHO-ABTMOHOMH020 TUNG ¢ KOOPOUHATMAMU

T:p(x7y)t+¢(l"y)t27 51 :gl(xvy)a 62:92($,y),
n=1(t zy)+ [p(z,y) + (@ = 1oz, y)t] v,

ede p, ¢, 01, 62, 1), © — npoussosvrvie GYHKUUL CEOUT APYMEHMOE.

()

Jloxasameannvcmeo. Heobxopaumoe yeiaosue naBapuantnoctu [19] ypasne-
Husi (4) OTHOCUTEJIBHO I'DYIIBI TOYEYHBIX IPeodpasoBaHuUii, opeesseMoil ome-
paropoMm (3), MOKeT OBbITH 3aIUCAHO B BUJIE

[X(a)thau - X(Q)(I)] (4) = 0, (6)
re
X=X+ 0
() = (@) f)Df‘u

— po/ioszKeHue oreparopa (3) Ha JpobHo- b depeHIaIbHy 0 TepeMeHHy 0 D u,
a X(9) — KJIacCHIecKoe BTOpPOe TPOJIOJIZKeHNe onepaTopa (3) Ha BCe apryMeHTHI
bynknmm @ (cm., nanpumep, [13,17]). Koopammara ((,) naxoaurcs 1o dopuyiie
npojoskenns [19]:

o) = DF(W) + 7D u + £ Dffug + €2 Dy, (7)

rne W =mn—1u; — Eluy — §2uy.

Kak nokazano B [26] (cm. Takzxke [18,19]), oupenessitoree ypasaenue (6) 10J1kK-
HO OBbITH JIONOJIHEHO YCJIOBUEM HEIOJBHKHOCTU TOYKU HAvaa OTCUYeTa JPOOHOMN
HPOU3BOHON 1O JeficTBUEM NPeoOpa30BaHUil IPYIIIBL:

T(t, x,y,u =0. (8)

M=o

DyHKIMSA 1) ABJISIETC CIOXKHONW (DyHKIIMEH MepeMeHHoH ¢, T09TOMY BBIUHCIIE-
HEe JpoOHOI pousBoHoit D{'n, Bxojseii B (7), siBjsieTcsi HEIPOCTON 3a1adei.
Kak nokazano B [18], Takas npousBojHasi OyJIeT MPEJICTABISITLCS PSIOM C de-
THIPEXKPATHLIM BJIOYKEHHBIM cyMMupoBaHueM. [losromy aj1s1 ymporenus: qoxasa-
TEJILCTBA TEOPEMBI BOCIIOJIb3yeMCsi CJIe Iy oM GpopMaibHbIM ipueMoM. [leperiu-
meM (hyHKITUIO 7) B KBA3UJIMHEITHOM 110 II€PEMEHHOI U BUJIE

n(t,z,y,u) =Yt z,y) + 7tz y,u)u.

Torma I JOKa3aTeNbCTBA yTBEPXKIEHUS TEOPEMbl HeOOXOIUMO IIOKA3aTh, 9TO
iy = 0.

Paccmorpum mepBoe ciaraemoe B ompefensioneM ypasaenun (6) ¢ yderom
dbopmyster mpogomkenus (7):

X(a)ODtau = g(a) = OD? (w +nu — Tur — glux - £2uy) =+
+ 7D () + €0 Df (ug) + €20 Df (uy). (9)
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Kak 310 npunsiTo B rpynmnoBoM aHnajmse, Oy/ieM M0JaraTb, 9TO BCe KOOPIMHA~
Thl HHGUHATE3UMATBHOTO orepaTopa (3) sBIA0TCs TpedyeMoe YHCI0 a3 Helpe-
peIBHO JauddEepEeHITIPYEMbIMU TI0 CBOUM apryMeHTaM. 1oraa BO3MOXKHO ITpUMeHe-
HHE ollepaTopa JpobHoro juddepennuposanus (Df' He3aBUCHMO K KarKJIOMy U3
cJlaraeMbIX, CTOSIIMX B KPYIJIBIX CKOOKax B mpaBoii yactu (9), a TakyKe UCIIOJIb-
3oBaHne 0606IeHHOrO Ipasuia Jleibuuma [1]:

o0

oDE(F6) =Y (1)oDH(F) DEG), (10)

k=0

rie ODf_k(F ) — npobuble npousBojHbe (npu « — k > 0) u ApoGHbIe HHTErpaJIbl
a  Tla+1)
k)  KTD(a—k+1)

aJIbHbIEe KOSCI)CI)I/IL[I/IGHTI)I. Takke BOCIIOJIB3YyEMCAd OYE€BUIHBIM PaBCHCTBOM

TU = Dt(’]’u) — Dt(T)u.

(upu o — k < 0) cOOTBETCTBYIOIMIUX HOPSIJIKOB, < — bunomMu-

B cuiy yesoBus (8) u peryisipHocTd (QYHKIUE T ¥ €€ [epBOil IPOU3BO/IHOMN 110 ¢
B Touke t = 0 umeem Tuli—g = 0. Torma (cm. [1,2]),

oDy Dy(Tu) = OD?H(TU)-

[MoncranoBka npuBeIeHHBIX Beipaxkenuit B (9) u npumenenne (10) maer

= oD{(W) + [~ D] o Df (u)
+§‘;( )oDO‘ *(u) Dy (i) f‘{<""+ >0D°‘ B (w) D (1) -
—Z( JoDi ) D) - i(Z)OD?—’f(uywﬁ(s%. (1)

Ioxcrasnsist (11) B (6) u 3amensist xpobuyio npoussoanyio (Df(u) na ¢ B cu-
JIy UCXOJIHOTO ypaBHeHus (4), IPUXOJUM K CJIEYIONIEMY OIPeIeIsIIoNeMy ypaB-
HEHUIO:

oDF (¥) + [ — aDy(7)] @
+§: (:>0D§1 " 2
_Z( ) DI (uz) Di (¢ i( ) Dy *(uy) Df(€%) = X (9@ (12)

k=1

() )opi 0 DE -

Bomoanum pacHaielryienue ypaBHEHU A (12) IIO BCEM HHTETrpaJiaM W IIPOU3BOI-
HBIM ,ZLpO6HI)IX IHOPAJAKOB, KOTOPbIE MOI'YT pacCMaTpHUBaTbCd TEIEPb B KadeCTBE
HE3aBUCUMbIX II€PEMEHHBIX.

Pacmenenue 1o oD F (u,) u oD " (u,) npusomur  ypasnemnusv
DiEhY =0, DFeEH)=0, k=1,2,...,
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NHTErpupoBaHre KOTOPLIX JTa€T

¢ =0 z,y), & =0*(a,y),

rae 6! u §2 — npousBosbHbIE bYHKIHIN.
Amasormano, pacimerenue (12) mo (D& * (u) npusomur K cucreme

(k+1)DF#) — (a = k)DFY (1) =0, k=1,2,....

PaccmarpuBast iepBble JiBa ypaBHEHUs 9T0fi cucTeMbl (coorBercrByfomue k = 1 u
k = 2), naxoaum

2/~
D () =0
njan
~ ~ ~ 2 ~ _
Nt + 277tuut T+ Nuu Wy + MUt = 0.
Pacimienyienne 3TOro ypaBHEHHsI 110 U; M Uy JaeT Tpebyemoe yciaosue 7, = 0.

Pemrenne ocrasmerocst YpaBHEHNUA ﬁtt = 0 MOKeT OBbITD IIpeJICTaBJICHO B BU/IE

i =9z, y)t + ¢(x,y),

rue ¥(x,y) u p(z,y) — upoussosbhble dbyHkimu. Torjga ypaBHeHHEe, COOTBETCTBY-
omee k = 1, npuHIMaeT BU

(o — 1) D27 = 29(z, 7).
Ero unrerpuposanue ¢ yuerom yciosust (8) paer

7= ¢(x,y)t* + p(z, y)t,

rie p(z,y) — npousBosbHas byskims, a ¢(x,y) = J(z,y)/(a —1).
B pesynbrare mpuxoamMm K HCKOMBIM npejcrasienusM (5). Omupezessiomiee
ypasuenue (12) mpuHEMaET IPU 9TOM BH/T

oDF (¥) +[p —ap — (1 + ) ¢t] & = X(5)®. (13)
g

PesynbraT TeOpeMbI 3 MOYXKHO YCUIUTD, €CJTU HAJIOXKUTD JIOMOJTHUTE/IbHBIE OTDa-
HudeHust Ha Buj yaknun ©. Samerum, uro dyukius $ He 3aBUCHUT OT U U ee
npousBoHbix. Crie1oBaTebHO, MpaBast 4acTh ypaBHenus (13) Oymer jauHeiHo 3a-
BHCETHb OT IIEPEMEHHBIX Ug, Uty U Uty B CUILY JIMHEHHON 3aBUCUMOCTH OT HUX KOOD-
JIMHAT TPOJIOJIZKEHHOTO ortepaTopa X (2)- Ocy1recTBsIst JOMOJHATETLHOE PACIIIET-
nenue ypapaenus: (13) 1o 9TUM IepeMeHHBIM, IPUXOAUM K CJIEyIOIeil cucreme
ypaBHEHUI:

od N od 4 od . od L 0P 0
Too— + Ty=— + T, T T -
T0ur  Youy T O0uge o Y Oug, Y Ouy, ’
0d 0P
2Ty —— — =0
T$ 8uxx + Ty auxy I (14)
od 0P
2 =0.
Ta OUzy teny Oty
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N3 aByx mociiemHUX ypaBHEHUH 3TONH CHCTEMBI CJIeAyeT, YTO IPU BLITOJTHEHUN
YCJIOBUS

4

o 0P B ( o
Oy

)2 £0 (15)

Oy Oty

cipase/IuBbl paBeHcTBa T, = T, = 0. Torna B (5) umeem p = C1, ¢ = Cy, n
TZClt+02t27 El :01(x7y)a 52 :92($,y),

n= @Z)(t,:ﬂ,y) + (90('T7y) + (Oé - 1)02t) U

rine C1 u C9 — npousBOJIbHBIE IIOCTOSIHHBIE.

(16)

2. 'pynnoBas knaccudurkanusi ypasaenusi (1). Ypasuenue (1) moxer
ObITH NIPEJICTABICHO B BH/IE

oD u = F(ug, uy) gy + G(Ug, Uy)Uyy + H(Ug, Uy)Ugy, (17)
rie

F=2u2f" + f, G= Zuf/g' + g, H = 2uzuy(f'+¢'). (18)

st ypasnenus (17) yemosue (15) npumnmaer sun 4FG # H?. C yuerom
(18) HeTpyJHO MOKa3aTh, YTO ITO yCIOBHE HAPYIIAETCS TOJBKO B TOM CIIydae,
korga f(r) = g(r) = fo/\/r, fo—npoussonbHas nocrosimas. OjHAKO HOJCTa-
HOBKa 9TuX QyHKIUII B IepBoe ypasHeHue cucreMbl (14) cHOBa HIPUBOIUT K ypaB-
HenusiM 7, = 7y, = 0. Takum obpasom, mpescrasienust (16) crpaBeIUBbL JIst
ypasuenust (1) nupu jrob6bix f, g > 0.

st ypasuenust (17) ¢ yaerom (16) ypasuenue (13) qyist onpeesierusi hyHK-
mmit 6%, 62, ¢ u 1) npuHIMaeT BH

oF oG oH
—(uF — (G — (12H — Cl( Uag + 5 Uy + 5~ U:vy)

Uy Oy

(8Fu L 96, +8—H

_ 96 o) =0, (1
G2 Uy duy uy) 0, (19)

B KOTOPOM
G =%+ pau+t (p+ (a—1)Cat — Oi)ux - 93%
G2 =1y + @y — Oyus + (¢ + (a = 1)Caot — O)uy,
C11 = Yz + Paatt + (202 — O3, )ua — 05, uy+
+(o 4 (a0 = 1)Cot — 20} ugy — 202Uy,
C12 = Yay + Payu + (py — gglgy)ux + (P2 — 9?@)%
—Q;um + (¢ + (a—1)Cot — 0L + 9§)uxy — 0%uy,,
(22 = thyy + Pyyt — Oy uq + (20 — 07, Juy—
—20,uzy + (¢ + (a — 1)Cot — 207 )uy,.
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Pacmemienne (19) 1m0 u, Uy, Ullyy U UU,, TPUBOIUT K CHCTEME

oF oF
P s + soyafuy =0,
0G oG
(Pzaiux + @yaiuy = 07
OH o0H

Gral + 0y G+ @uyH = 0,

PACIIEIIEHUE T10 tUgy, tlyy, LUy, AT

oF oF 2a
Co ug F)=0,
2<u Ouy +uy8uy + a—1 >
oG oG 2a
02<u16ux +uy8uy + - 1G) =0,
oOH oOH 2a
T H) = s
02<u 6ux+uy8uy+a—1 ) 0
a PACIICIUICHHUE 1O Ugy, Uyy, Uzz JAET
F F
’)/187 —|—’)/287 = QG;F + G;H — aCF,
Ouy Ouy
oG oG
Y5— + V25— =20:G 4+ 02H — aC\G,
Ouy Ouy
oH oH
— —— =202F 4+ 20'G + (0 + 0> )H — aC1H
ﬁylaux—i_ﬁmauy T + y +(a:+ y) a1,

rie
"= ’71(1‘, Y, Uy, uy) = wx + ((10 - Halj)ux - eguy’

Vo = 72(T, Yy e, Uy) = Yy — Opus + (9 — 0 )uy.
Ocrapmieecs mocjie yKa3aHHBIX PACIIEIICHAN YpaBHEHNAE HMEET B
OD?(Qp) = (¢xw + (290% - 9:1(:9[:) Ug — nguy)F_'_
+ (yy — G;yux + (2¢y — sz)uy) G+

(21)

+ (Yuy + (g — O3 )z + (05 — 02,)uy) H. (23)

U3 (21) caenyer, uro ecau Cy # 0, TO

F:ugfﬁ(%), G:ugﬁé(%), H:ugﬁﬁ(%), §=-2

Uy Uy Uy 11—«

)

rne F', G, H —upousBosbable (yHKIuU. [lojgcTaHoBKa 3THX IIPEJICTaBICHUN B
(18) u perreHre TOTYYAOMUXCA B Pe3yJbrare OOBIKHOBEHHBIX jud depeHnnaib-

HBIX YPaBHEHU# naer

f(T’) = for(S’ g(T’) = 907”67 f07 go = COIlSt, r= Ui + ’U,Z
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Ecmu Cy = 0, 10 (21) BBIIOIHEHO TOXK/IECTBEHHO. B 9TOM Cilydae MOICTAHOBKA
(18) B (20) n pemrenue MOJIYYAOIINXCS B PE3Y/IbTATe YPABHEHUIT JAeT, ITO JIHOO
f = fo = const, g = go = const, ;mbo ¢, = ¢, = 0, To ecTb ¢ = (3 = const.

Janbreiimast Kiaaccudukarms IPOBOIUTC HA OCHOBE aHAJM3a CHCTeMBbI (22)
u ypaBHeHust (23), KOTOPBIil TOKA3bIBAET, UTO BbIJICJISIIOTCS OT/ICJIBHO CIIydail cTe-
nennwix dynximit f(r) = for®, g(r) = gor® (fo, go = const) u cayuait f(r) = g(r).
OKoHuaTeJIbHBIC PE3YJIbTaThl Kiaccudukaimyu GopMyIUpYIOTCs B BUJIE CJIEYIO-
IIETO YTBEPIKICHHS.

TEOPEMA 2. Vpasnenue (1) 6 cayuae npoussosvrvir gynruul f u g umeem
Yemupermepryro areebpy Jlu cummempuil ¢ bazucom
0 0 2 0 0

o 0 .8

B cayyae f(T) = fOT,87 g(T) = gorﬁu f07 go = COIlSt, /B 7é 07 npu fO 7é 90 aﬂ266pa’
PACWUPAEMCA DO NAMUMEPHOT ONEPATNOPOM 2DYNNbL HEPASHOMEDPHVIL DACTAHCE-
HUT
U—. 25

ou (25)
B wacmmuom caywae = a/ (1 — a) npoucrodum donoarumenvhoe pacuwuperue
anzebpovl o WeCMuUMEPHOT ONePaTnOPOM NPOEKMUGHOT 2PYNILbL

0 0
X5=5$%+5yafy+(1+ﬁ)

o) )
Xg = tz’a + (a — 1)tu%. (26)

B uzomponnom cayuae (f = g) pasmeprocmu 6cer yka3annulr 6viuie anzebp
YBCAUNUBAIOMCA HA COUHUUY 30 CHem ONOAHUMENLHO JONYCKAEMO20 ONEPATMOPA,
epynno, 6pauseHul

Xp=yg —ap. (27)

IIpu o € (1,2) pasmeprocmu ecex npusedernuix anzebp JoNosHUMEAHO YGe-
AUMUBAIOMCA HA QUHUYY, ¢ 0a3UC JONOAHAENCA ONEPATNOPOM

0
ou’

Junetinort caywat f = fo, 9 = go, fo, go = const, pacmasrceruem npocmpar-
cMBEeRHLLT nepemertur ceodumes k fo = go = 1. B amom cayuae anrzebpa A6AA-

emcsa beckonewnomeprolt u ee basuc obpasyrom onepamopu, X1, Xo, X3 uz (24),
onepamop X, u3 (27) u onepamopol

Xo =t°

0 0
Xy =ty X = e
ou’ ou’
2de dymnyua (t, T,y) AGAAECNCA NPOUSEONLHBIM PEUEHUEM AUHETHO020 YPaGHE-
HuA

x,,
oD = Uy + Uyy.

OcHOBHBIE OTJINYMS PE3YJIBTATOB TEOPEMBI 2 OT AHAJIOTUYIHBIX PE3Y/IHTATOB
IPYHIOBOH KJtacCuUKAIUU KJIACCUYECKOI'0 OPTOTPOITHOIO ypaBHEHUS (PUIbTPa-
u (COOTBETCTBYIOMIEro (v = 1) 3aKJIFOUAIOTCS B CJIEJLYIOIIEM:
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1) npobuo-muddepenimaibaoe ypaBHeHre bUIbTPaIul He JOMyCKaeT olepa-
TOP T'PYIIIBI IEPEHOCOB 110 BPEMEHHON HePEeMEHHOM ¢, 9TO sIBJIE€TCH Xapak-
TepPHOI 0CODEHHOCTHIO BCex AudpepeHnuajbHbIX YPaBHEHUN ¢ APOOHBIME
[POU3BO/IHBIMU 10 BpeMeHH [18,19];

2) BbLIesIsIeTCsT OCOOBIN BUJ CTENEHHOI 3aBUCUMOCTH KOI(DMUIMEHTOB THe30-
[IPOBOJIHOCTHU, HE WMMEMOIINIl aHAJOTa B KJ/IACCHIECKOM YpPaBHEHUU (UIIb-
TpaIuu, IPU KOTOPOM YPaBHEHUE JIOIYCKAET OMEPATOD MPOEKTHUBHONW I'PYII-
el Xg;

3) omeparopsl rpyun pacrsizkeHuit Xg u X5 OKa3blBAIOTCS 3aBUCSIIUME OT T10-
psinka npodbuoro nuddepeHIupoBatus o.

Takxke ot Hero 3aBucsaT oneparopbl X4 u X,, COOTBETCTBYIOIINE CIBUTY U Ha
qacTHOE pernerne apobHo-audepeHnaaIbHOr0 ypaBHEHMS.

[Tosyuennasi B Teopeme 2 rpymmoBas Kiaccudukaims ypaBaenus (1) moxer
6I)ITb HCIIOJIb30BaHa JIJIsA HaXOXKJICHU A €TI0 UHBAPUAHTHO-I'PDYIIIIOBbIX peLHeHI/IIU/I " 110-
CTPOEHUsT 3AKOHOB COXPAHEHUSI.

3. IIpencraBienne MHBAPUAHTHBIX pemrenuii. PaccmorpuM 3amady 1mo-
CTPOEHUsT TIPEJICTABJICHUH MHBAPUAHTHO-TPYIIIOBBIX PEIIeHUil sl HeJIMHERHOrO
OPTOTPOIHOTO ypaBHeHUsi (1) 10 J0IyCKaeMbIM MM HEIOI0OHBIM JIBYMEPHBIM T10-
jasnrebpam asreop Jlu cummerpuii.

B ciayuae npoussosbHbix dyHKIW f u g (f # ¢g) ypaBHeHue JlollycKaer de-
ThIpexMepHyto anrebpy JIu cummerpuii (M. Teopemy 2) ¢ 6asucom (24). Jannas
asiredbpa m3omopdHa ajredpe AZ:S (o kiaccudukarmu [29]) ¢ HEHyJIEBBIMI KOM-
MYTAIMOHHBIMUA COOTHOIIEHUSIMU

le1,eq] = e1, [ez,eq] =aea, [e3,eq] =ae3, —1<b<1,

B KOTOPYIO OHa IIEepeEXOJUT B PE3yJ/ibTaTe 3aMEHDBI basuca

e1 =Xz, ex=2X1, e3=Xs e4=0Xy, b:2fa.

[TocTponm Henoo06HBIE HHBAPUAHTHO-IPYIINOBbIE pelrenust ypapHernus (1) Ha
OCHOBE ONTHMAJIBLHON CHCTEMBI JIBYMEPHBIX HOfAnreOp aaredpsr Ay’s, moCTpoeH-
I

HOiT B [29]:
1) {e1 + cea, e3}, 4) {e1, ez cosf + ezsin b},
2) {e1 +ce3,ea + Pes},  5) {e1,ea},
3) {e2,es}, 6) {e2cosh + e3sinf, eq},

rme O € [0,m), e =+1, B € R.

[Mopanre6pnt 5) u 6) He MO3BOJISIIOT NOCTPOUTH UHBAPDUAHTHOE DEIICHUE, TaK
KaK He YJIOBJIETBOPAIOT COOTBETCTBYIOIEMY HEOOXOJMMOMY YCJIOBHIO €0 CYIIe-
crBoBanus (cM., Hanpumep, [13]). BbluncieHne nHBApUAHTOB OCTAJIBHBIX MO~
re6p IPUBOJUT K CJICAYIONMM aH3alaM WHBAPUAHTHBIX PEIIeHMIt:

1) u=et* o+ (),

2) u = —eft* Lo + 197ty 4+ (1),
3) U= (:O(t)a
4) u = (ycosf —xsinf)p(&), &= t

|y cos O — IESiH0|%7
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rJae QO(Z) — HOBad HMCKOMasd (byHKHI/IH O/THOI'O apryMeHTa. HOHCTaHOBKa 9TUX aH-
3alleB B NCXOAHOE ypaBHEHNE CBOJIUT 3334y HaXO0KACHUA MHBAPUAHTHOI'O pellle-
HUsI K DEINIeHUI0 TaK HA3bIBAEMBIX DeJIYIMPOBAHHBIX ypaBHeHud (uau daxTop-
yDPABHEHHUIH ), TIPEICTABISAIONX COOON B JAHHOM cJiydae OOBIKHOBEHHOE JPOOHO-
nuddepenmaibHoe ypaBHeHue HopsaaKa . B IepBbIX Tpex cydasx 3T0 ypaBHe-
HHE nMeeT BUL

OD?SO = 07

ero ofIee pereHre XopoIo u3BecTHo [1,2]:
plt) =t

riae C— IIPOU3BOJIbHAsI ITIOCTOsTHHAA . B pe3ysbTaTe IPUXO/JIUM K CJICIYIOIIMUM BeCb-
Ma IIPOCTBIM HeHO,H,O6HI)IM MHBapUaHTHBIM DEHICHUAM:

1) u=Ctv 1
2) u=t""t(ex + C),
Nu=t1epr+y+0C), BER, e==l.

BoJiee nnTepecHbIM OKa3bIBaeTCsi cyydail 4), Jjisi KOTOPOro peJlylIuPOBAHHOE
ypaBHEHUE UMeeT BU]L

$DE + ~6 [sin? 01 ()¢ + cos? B(g ()] = O, (28)

e ¥(€) = @(€) — 260/(€).
Ypasuenne (28) B 001IeM CIydae aHATUTHIECKH PEIIEHO ObITH HE MOXKET, TI0-
9TOMY PaCCMOTPHUM HEKOTOPbBIE €0 YaCTHBIE CJIYUAH.
Iycrs f = 1 u g(yp) = ¢~ 1. Torma ypasnenue (28) mepexoquT B JTHHEiHOE
ypaBHEHHE
aQODg‘cp = 4£%5sin% 0" +2(2 — o) sin? AEy.

[Ipu § = 0 pemenne ypasaerns umeeT Bu ¢ (&) = CE*~ L aro naet maBapmanTHOE
pernienne nCxoIHoro ypaBHeHI/IH

u= Cta_lyg_l.

IIpu 6 # 0 3amenoit mepemeHHbIX T = £(sin 0)%, 2(1) = w(&(7)) ypaBHeHme
(28) mpuBoAMTCS K BUJLY

o?gD%z = 472" +2(2 — )17/,

KOTODBIi SIBJISI€TCSI YACTHBIM CJIydaeM ypPaBHEHUsI, PACCMOTPEHHOro B pabore [30],
U uMeeT obllee pelieHue

2(r) =778 [Cro(—5, 1+ 5378 ) + Cog (=5, 1+ 53— F ) |

Saecs Cq u Cy — IPOU3BOJILHBIE TIOCTOSIHHBIE,

1 2k

Slpp;2) =Y =77, p>0, p,z€C
— I'(pk + ) k!
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— ¢dyukius Paiita. Torjna nauBapuanTHOe penieHne UMeeT BUJ

t(sin @)« )
|y cos O — xsin@\% '

Teneps pacemorpum cayuait f(¢) = 51 (8 # 0, 1), g(v) = . Torma
ypasHeHue (28) npuHuMaer BH/L

u = (ycosf —msin@)z(

a1 D¢+ 28sin® 0 (o — 26¢")7 7 (o = 2)¢" — 26¢") = 0.

Jamuoe ypaBuenue npu « < 8 < 1 nMeeT 4acTHOe CTEIIeHHOE peIleHne

p(€) = AgY, A

_ et T }Bil _l-a
~ 128sin? 0T (v +1—a) -1

COOTBQTCTBYIOH_IGG NMHBapUaHTHOE pEIIE€HNE NCXOJHOI'O YpaBHEHNA UMEET BUJL

(ycos® — xsinh)

u=At" —.
|y cos @ — xsinf|a”

Teneps pacemorpum ciykait f(r) = for?, g(r) = gor?, fo, go = const (fo # go),
B # 0. B srom ciryuae anrebpa JIu cummerpuit Ly siBjisieTcs MsITUMEPHO# ¢ Oa-

sucoM X7, ..., X5, onpegensiembim (24), (25). CoorBercrByomiasi onTuMabHast
cucreMa Mmogaarebp CTPOUTCS Ha OCHOBE JBYXIIArOBOI'O aJIlOPUTMA, IIPEIJIOXKEH-
Horo akajgemukoM JI. B. OBcaunukossiM B padore [31] (cm. Takxe [32]). Basucst
HANIEHHBIX HEMOZOOHDBIX ABYMEPHBIX HOAAIre0p U3 ONTUMAILHON cucTreMbl O9 Ly
U COOTBETCTBYIOINIUE MIPEJICTABIEHNS] MHBAPUAHTHBIX PENICHI ¢ OJHON He3aBUCH-
MO# TlepeMeHHON TpUBeIeHbl B Tabst. 1. B mabauie jiist mogaaredp UCIoab3yeTcst
cokpaiieHnHnast popMa 3alncy: HaupumMep, O, p2 + 4 o3HaYaeT ABYMEPHYIO IIOLAJI-
rebpy ¢ 6a3ucom u3 oneparopos Xisinf + Xocosf, pXe + Xy. B Tabmn. 2 npen-
CTaBJIEHbI aHAJIOTUYIHBIE PE3Y/ILTATHI JJIsi IeCTUMEPHO# ayredbpel Lg ¢ 6as3mcom
X1,...,Xg, coorBercTByIONIEil YacTHOMY caydaio [ = a/(1 — ).

Bce amzalbl mHBapHAHTHBIX PEIIEHN 3anucadbl B TabJI. 1 1 2 TaKuM 00pas3oM,
4TOOBI [TOCJIE CUMMETPUIHON PeyKIIUU COOTBETCTBYIOIIEE PELYIIUPOBAHHOE YPaB-
HEHHUe OTHOCUTEIbHO DyHKIUH (2) 66110 60 0OBIKHOBEHHBIM ud depeHnnab-
HBIM yPaBHEHHUEM IeJIOr0 MOPsijIKa (€C/IH 2 He 3aBUCUT OT t), JIM60 OOBIKHOBEHHBIM
npobuo-nuddepeHImaIbHbIM ypaBHEHUEM ¢ APo0HO# mponsBonuoi Pumana—/JIu-
YBUJLJISI TIO TIEpEMEHHON z. 3aMeHBI MePEMEHHBIX, TO3BOJIAIONINE COXPAHUTD THIT
omeparopa JApobHOro auddepeHIupoBaius IPU CUMMETPUIHON peIyKIUU, IPU-
BeJieHsl B [30].

4. TTocTpoeHne 3aKOHOB coXpaHeHmusi. ¥YpasHenue (1) He obsaaer Kiac-
CUYIE€CKHUM JIa'PaHXKHUaHOM, IIO93TOMY [JId ITOCTPOEHUA €ro 3aKOHOB COXPaHEHUs C
UCIIO/Tb30BAHUEM CUMMETPHUI MOXKET OBbITh IIPUMEHEH ITPUHITUI HEeJTMHEITHON caMo-
COTIPSI?KEHHOCTH, N3HAYAJIBHO IpeIIoKeHHbIN mpodeccopom H. X. MoparmmoBbiM
st uddepeHnuanbHbIX ypaBHeHHi 1es1oro nopsiyika [27, 28] u o6obimeHHbIi B
paborax [33,34] na quddepennuanbable ypaBHEHUs IPOOHOIO HOPSIIKA.

Ypasuenue (1) MoKeT ObITH IPEJICTABIEHO B BUJIE

g [¢] —
7 (t7x7y7u7u$7 uyvua}xv umyauyyvth U) = 0.
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Tabsma 1
IIpencrapiieHns HHBAPUAHTHBIX pelleHuil N1 aaredper Ly
[Representations of invariant solutions for algebra Ls|

no. || a subalgebra of ©2Ls u(t, z,y)

1 1,2 ()

2 2,pl +4 prat* T+ p(t) (p#0)

3 3,5 21t 2p(y /)

4 2,1+3-5 e(I=Mep(te=2w/a)

5 ©,p2+4 p~Hte T Haetgd —y) +o(t) (p,0 #0)
6 0,5 (xcosf —ysin )7 p(¢)

7 0,3+ 715 2407 g (272D (£ 1),

20012 (2) (r = 1)
z = (xcosf —ysinb)
8 0,2+3-5 AV (tzme), 2 =¥l (9 £0);
te0=2¢(z) (0 =0)
9 ©,3+4—25 (7#0) 2170p(t272/), 2 = (zcosf — ysinf) =YY (v # a);
t* (a/2) Int + p(xz cosf — ysinb)] (y=a)
0,445 (y=0) o) +t*"LIn|zcosd — ysind|
10 || pl+q2+4,3+2=95 w=plateTl 4 1m0 (120-0/e)
2= (qz —py)Y O (y#£a,p#0);
g Ty 4 22T (21,
z=at/0 (y#a, p=0, ¢#0);
p Mtz + plgr —py)] (v=a, p#0);
¢ty +p(@)] (y=a, p=0, ¢#0)

11 0,p2+3+4-5 207 p(tz72/), z = elmcted)/p (g £ ();
(y=a, p#0) t*~(e/2) Int + p()] (0 =0)
12 || Xo,pl+3+4+4-—5 t*(a/2) Int + @(te2e/(@P))]
(y=a, p#0)
13 || pl4+q2+4,0+3-5 p 1t a — (a/2)sinf@1nt + p(t2)],
(y=na) z = e2az=py)/(peost—qsind) (14,050 + gsind # 0);
g 1ty — (a/2) cos O Int 4 @(te= 2w/ (@sin0))]
(p=0, q,0 #0);

g 'ty — (a/2) Int + p(x)] (p,0=0, ¢ #0);
(pV/P*+a?) 1t VPP +a?e — (a/2)pInt + p(gz—py)]
(p#0, pcosf = gsin@)

Here are © = X sinf + Xoco860, 0 € [0, 5], vy=1+6"" a=2a""-1,p,g>0,7r €R.
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Tabura 2

IIpeacraBiiennss HBAPUAHTHBIX PEIIEHUit 1711 aaredpol Lg
[Representations of invariant solutions for algebra Lg]

no. a subalgebra of O2Lg u(t, z,y)
1-10 are identical as 1-10 are identical as 1-10 from
from Table 1 Table 1
11 5,6 te ot/ e p(y /)
12 3+ p5,6 te—LgGrpme)/(pt oy /) (p # —1)
13 0,6 t* Lo(x cosf — ysin )
14 0,5+ €6 te— 1zl (aﬂﬁ)’ z=xcosf —ysinf
15 0,4+6 t*Lp(x cosf — ysin f)
16 ©,2+p4+6 (8 #0) t“‘lw(ﬁ),z:y—xctge(p:m
17 2,14+p4+6 t* 1y (—Htm) (p=0)
18 pl+q2+4,6 gty + o(py — q2)] (¢ #0)
p it +e(y)] (p#0)
—1lia—1 t
19 pl4g2+4,1+46 e+ ¢ (i )| @#0)
pit T o+t +o(y)] (p#0)
20 | plaa2+d, 114246 | ¢ y+t7 4o (Gt )| (@#0)
p~ite! [w —ry -+ (H’%ﬂ,)} (p#0)

Here are © = X sinf 4+ Xy cosf, 6 € [0, 3], p,g =0, r € R.

st Hero BBomTCst hOpMAIILHBI JTarpatkual Buja £ = v.% , tae v = v(t, z,y) —
HOBasl 3aBHCHMasl llepeMeHHas1. Torya ypaBHeHue, conpsizkeHHoe K (1), HaxoauTcst
KakK

52
ou
rjie BapUAaIlMOHHAs [IPOU3BOIHALA UMeeT B JAHHOM CJIydae BU/I
) 0 0 0 0 0 0
—=-D,— —D,— +D? D? D,D,—— +¢Dg% .
ou ¥ Oy y@uy + T Oy + Y Ouy,y T y@uzy ti TOODto‘u

3aecn tC D% — oneparop npasocToponHero JpobHoro muddepeniuposanus ['epa-
cumoBa—Karmyro nopsijika «, oupejesnennsrit jyisi t € (0,7) [2,7]:

o"u(T,x,y)

Cnrna,, (_1)77, /T 1
¢ Dru= 'n—a) J, (r—t)2ntl orn

dr, n=][a]+1.

st ypasuenus (1), npencrasienaoro B dpopme (17), BBIYUCIEHUST TIPUBOIAT
K CJICAYIOIIEMY COLPSIKEHHOMY yPaBHEHUIO:

tCD%U =—Ds {v<§ium + gziuyy + ((;Zuzy” —
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F H
Dy o (a—um 1 9C , + a—umy)} + 0o F + 20, Dy F + vD2F+
Ouy Ouy Ouy

+ vy G + 20y DyG + vD;G + vayH + ve DyH + v, Do H +vD,DyH. (29)

Ecin maiinercs Takas nomcranoBka v = ¢(t, T, y, u), 9T0 IPUBEJIEHHOE COIIPSI-
JKEHHOE ypaBHEHUE OyJIeT BBIIOJHEHO TOXKIECTBEHHO Ha Beex perneHusx u(t, z,y)
ucxojHoro ypasaenus (1), ro ypasuenue (1) Ha3bIBaeTCst HEAUHETHO CAMOCONPS-
orcenmoim. B [28] mokazano, uro sioboe JinHeiiHOe ypaBHEHNE SIBJISIETCST HEJIMHETHO
camoconpsizkeHHbIM. [loaToMy B uneiinoMm ciy4ae f = fy = const, g = gp = const
ypaBuenue (1) siBasleTcsl HEJMHEHHO CAMOCONPSI?KEHHBIM C IOJCTAHOBKOW ¥ =
= Y(t,z,y), tue P(t, x,y) — a060€ pelneHne ero Coups:KeHHOro ypasHenust (29),
KOTOPOE B JAHHOM CJydae TakxKe Oyaer juHeiiubiM. g HemmHeftHOTO Citydas
B pe3yJIbTare BBIYUCJCHUIl MOJyUueHo, 910 ¢ = p(x,y), u 91a DYHKIUSA JOIKHA
YJIOBJIETBOPSITE CJIEIYIONIEH CucTeMe ypaBHEHUIL:

@+(%_£%0
g%Eiux Py ouy  Ouy/

0oH 0G oG
¢« (Gay ~ ) * V0, = O
OF n oG 0
S0J3 auy Soy 8 N I

st mpow3BOJIBHBIX (DyHKIUN f U ¢ €IMHCTBEHHBIM PEIEHUEM 3TON CHCTEMBI
OyJeT ¢ = ¢, Tjie ¢ — IPOU3BOJIbHAS TOCTOsIHHAS. TaKKe BBIJIE/ISIIOTCS J[BA OCODBIX
CITyvast:

1) f—upoussonbHas byHKIWA, g = const, Torma ¢ = ¢1 + C2y;

2) g — upousBosbHas dyHKuus, f = const, Torua ¢ = cj + cax.

Takum obpazom, JgoKaszaHa

TEOPEMA 3. Ypasnenue (1) seasemcs neaunetino camoconpsotcernvim. Co-
omeememsyowas nodemanoska v = @(t,x,y,u), obpawarowas ypasrerue (29)
6 mooicdecmeo wa 6cex pewenusr ypasrerus (1), umeem caedyrouwudi 6uo:

1) v = ¢ 6 cayuae npoussosvhvr Pynkyud f u g, npu smom dopmanvrod

aazparotcuar L cosnadaem ¢ camum ypasHenuem (1);

2) v =c1 4 2y 6 cayuae, Kozda Pynruua f npouscosvHas, a g = const;

3) v =rc1+ cor 6 cayuae, Kozda PGyrkyua g npoudsoavras, a f = const;

4) v = Y(t,x,y), 2de P(t,x,y) — a0boe pewerue AUNETHO20 CONPAINCENHO20

ypasnerua (29) npu f = const, g = const.
3decw ¢, c1, Ca — NPOUBONLHBIE NOCTNOAHHDIE.

[TockombKy ypasuenue (1) siBIsleTCsl HEJTMHEHHO CAMOCOIPSI?KEHHBIM, IO JIIO-
6oii ero uzBecTHON cuMMeTpun Buja (3) MOXKET ObITH HAfi/IeH COOTBETCTBYIONIMIA
3aKOH COXpaHEHUdA

DC" + D,C* + D,C? = 0.
Koopaunare! coxparstonierocs sekropa (O, C% CY) GyryT IpH 9TOM HAXOUTHCS

240



I'pynmoBast kaccuuKalius, HHBADHAHTHDBIE PEIIeHHsT H 3aKOHBI COXPAHEHUs YDABHEHUsT (PUILTPAIHH

o cueyomum dhopmynam (em. [19,35]):

ct = oy 92 +J{w, Dy 02 )}

9y D 9y D
cm_w@i—pxgi —Dygi)+D$(W);i+Dy(W);i
Cy:W(gi—Dfii‘Dygzi)*Dx(W)ii*Dy(W)aaZ

rme W =n—71u; — §1ux — §2uy,
= s [ [

B ciay4dae npousBosibHBIX f U ¢ MOJCTAHOBKA B 9TU (DOPMYJIIbI POPMAIBHOTO
JlarpaHzKuaHa

1 1
L = oDi'u — F(ug, uy)tgs — G(Ug, Uy)Uyy — §H(u2,, Uy ) Ugyy — §H(ux,uy)uym,

rie dyukun F, G, H onpesenens B (18), naer

Ct — OItlfaVV’

C* =W [2ugty(ugtay + uytyy) (" — ¢") + (uytay + uzuy,)(f — ¢')] —
— (f+ 202 f")De(W) — uguy(f' + g") Dy (W),

cCY=w [2uxuy(uyuxy + Ugtizg ) (9" — ) + (Ugtizy + Utz ) (9" — f/)} —
- Uzuy(f/ + g/)Dz(W) —(g+ 2“39/)Dy(W)-

Omneparopam (24) cooTBeTcTBYOT CJeiyroiye 3Hadenus W:
2 a—1
Wi =—uz, Wo=—uy, Wz=u——tu —zu;—yuy, Wi=1t""".
«

Jlerko BUETH, 9TO onepaTop X4 JaeT TPUBHAIbHBIN 3aK0H coxpanenus ¢ O = 0,
a omepaTopbl X m Xy Jai0oT 3aKOHBI COXPAHEHUsI, CBOJIAININECS K TPUBAAILHOMY
9JIEMEHTAPHBIMU IPEOOPA30BAHUSIMU C y4eToM camoro ypasaenust (1). Exuncrsen-
HDBIN HETPUBUAJILHBIN 3aKOH COXPAHEHUs ITOPOXKIAETCS OmepaTopoM X3, COOTBET-
CTBYIOIIUY COXPAHAIOIIUICA BEKTOP UMeEeT KOOPANHATHI

Cl = oI ™u, C% = —f(u?+ uZ)ux, CY = —g(u2 + uz)uy (30)

JlaHHBIN 3aKOH COXpAHEHHUs COOTBETCTBYET UCXOAHOMY ypapheruio (1). Ipyrux
HETPUBHUAJLHBIX 3aKOHOB COXPAHEHMS B CJIydae IPOU3BOJILHBIX YHKIUHA f u g
METO/I HeJIMHEHHO CaMOCONPSIZKEHHOCTH € IIOJICTAHOBKOI Buma v = @(t, z,y,u)
Jutst ypasHenust (1) He maer.
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B ciyuae f(r) = for®, g(r) = gor® oneparop X5 u3 (25) Tax»xe mopoxaer 3a-
KOH coxpaHeHus ¢ coxpanstormuMcst BekropoM (30). IIpu 5 = a/(1 — «) oneparop
X¢ u3 (26) nmopoxkiaeT HOBBIl 3aKOH COXPaHEHNUs, KOOPAMHATHI COXPAHSTIOIIErOCsT
BEKTOPa KOTOPOTO UMEIOT BUJL

@ o

Ct = toltlfau—olffau, C* = —fotum(ui—i—uz)l*a, CY = —gotuy(ui—l—u?%)m.

B cayuae f = g oneparop X, uz (27) Takzke MOpPOXKIAET JIUIIb TPUBUAILHBII
3aKOH COXPAHEHUSI.

Bosiee uHTEpeCHBIME IIPEJCTABISIIOTC ciaydan 2) u 3) u3 Teopembl 3. s
IPOU3BOJIBHON PYHKIMY f U g = gg = const npu v = ¢1 + coy JJisI O1IepaTopoB X1
u Xo 10JIydaeM 3aKOH COXpaHeHus ¢ coxpanstonuMcst Bekropom (30). Oneparop
X3 mOpoKIaeT B 9TOM CJIydae HOBBIA 3aKOH COXpPaHEHUsI:

Ct=yoll “u, C®= —yuzf(u?+ uz), CY = go(u — yuy).

Ananormuno, s caydas f = fy = const u Npou3BOJIBHON (GYHKIUK ¢ OIIEpaTOP
X3 nmpu v = ¢ + cox JTaer

Ct = xOItl_"‘u, C* = folu—zuy), CY= —xuyg(ui + uz)

Jpyrux 3aKOHOB COXpaHeHust it HeJnHeiinoro ypasuenus (1) Meton nesmneiinoit
CaMOCONPSI?KEHHOCTH ¢ TOJICTAHOBKOM Buja v = (¢, x,y, u) He JIaer.

HaiiieHHble 3aKOHBI COXPAHEHUs] MOI'YT OLITh HCHOJIb30BaHbLI, B YaCTHOCTH,
JUTsl IOCTPOEHUST JACTHBIX pelreHnii ypasaenust (1) 10 MeToy, IpeIoKeHHOMY
B [36].

KoHKypupyIoIine UHTepechbl. ABTOPHI 3asBIISIIOT 00 OTCYTCTBHH KOHKYDPUDYIOIIIX
HHTEPECOB.

ABTOpCKUIT BKJaa M OTBETCTBEHHOCTBH. Bce aBTOpBI IPUHUMAJIN yIacTUE B ITOJIY-
YEHUHM OCHOBHBIX PE3YJIBTATOB CTATHY U B HAIMCAHUU PYKOIHUCU. ABTODPBI HECYT TOJIHYIO
OTBETCTBEHHOCTH 3a MPEJOCTABICHNE OKOHYATEIHbHON pyKomucu B nedarh. OKoHIATE b~
Hasl BEPCUsT PYKOIHCH ObLIa 0700peHa BCEMU aBTOPAMM.

dunancupoBanue. Pabora BBITOTHEHA B PaMKax TOCYAapCTBEHHOrO 3ajanus MuHu-
cTepcTBa HayKu U Bbiciiero obpasosanus PO (nmpoekr Ne 1.3103.2017/4.6).
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Abstract

A nonlinear two-dimensional orthotropic filtration equation with the
Riemann-Liouville time-fractional derivative is considered. It is proved that
this equation can admits only linear autonomous groups of point transforma-
tions. The Lie point symmetry group classification problem for the equation
in question is solved with respect to coefficients of piezoconductivity. These
coefficients are assumed to be functions of the square of the pressure gradient
absolute value. It is proved that if the order of fractional differentiation is
less than one then the considered equation with arbitrary coefficients admits
a four-parameter group of point transformations in orthotropic case, and a
five-parameter group in isotropic case. For the power-law piezoconductivity,
the group admitted by the equation is five-parametric in orthotropic case,
and six-parametric in isotropic case. Also, a special case of power function of
piezoconductivity is determined for which there is an additional extension of
admitted groups by the projective transformation. There is no an analogue
of this case for the integer-order filtration equation. It is also shown that if
the order of fractional differentiation o € (1,2) then dimensions of admitted
groups are incremented by one for all cases since an additional translation
symmetry exists. This symmetry is corresponded to an additional particular
solution of the fractional filtration equation under consideration.

Using the group classification results for orthotropic case, the represen-
tations of group-invariant solutions are obtained for two-dimensional subal-
gebras from optimal systems of symmetry subalgebras. Examples of reduced
equations obtained by the symmetry reduction technique are given, and some
exact solutions of these equations are presented.
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It is proved that the considered time-fractional filtration equation is non-
linearly self-adjoint and therefore the corresponding conservation laws can
be constructed. The components of obtained conserved vectors are given in
an explicit form.
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ITpocTpancTrBa CoboJsieBa u KpaeBble 3aJa4u
JJIS OepaTOPOB POTOP U TPAJAUEHT JMBEPreHInn
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AnHOTan M

B orpannuennoit obmacta G C R? ¢ mranxoit rpannmeit H3y9aioTcsa Kpa-
€Bbl€ U CIIEKTPAJbHbBIE 33724 s onepatopos rot +AI u V div +AI B mpo-
crpancrBax Cobosesa.

Ipu A # 0 oneparops! pacmupsitores (meromom B. Baiiu6epra u B. I'py-
HIMHA) JI0 SJLITUIITHIECKAX MATPHUIL, & KPAEBBIE 33[a41 YI0BJIETBOPSIOT YCJIO-
Busim sjutunruanoctu B. CosonnaukoBa. 113 Teopun u OIEHOK BBITEKAIOT TIO-
JIE3HBbIE CBOMICTBA peleHuil crekTpaabHbix 3agad. Omeparoper V div u rot
UMEIOT CAMOCOIIPSI?KEHHbIEe paciupenus Ay u . B OPTOrOHAJIbHBIE TIOIIPO-
CTPAHCTBa &y 1 VY oTeHIMANIBHBIX U BUXPEBbIX TOJICH B Ly (G), a ux cob-

CTBEHHDBIC BEKTODBI 33/[A10T OPTOTOHAMbHbIE 6asuch B o7, u VO, sremerot
KOTODBIX MIPECTABAOTC psagamu Dyphe, a onepaTopbl — MpeobpasoBaHm-
SIMU PsIJIOB.

Omnpenestennr anajoru npocrpancts Cobosena Agk u W nopsijikoB 2k
U M B KJIACCaX MOTEHIMAJIBHBIX U BUXPEBBIX moJjeil n kiaaccer C(2k, m) nx
upsMbIx cyMM. Jlokazano, uro upu A # Sp(rot) omeparop rot +AI orobpa-
xkaet kiacc C(2k, m + 1) ma xknace C(2k,m) B3aUMHO OJHO3HAMHO U HEIIpe-
poiBHO, a ipu A # Sp(V div) oneparop V div +AI orobpaxaer C'(2(k+1),m)
Ha C(2k, m) cooTBETCTBEHHO.

Kirouessie ciioBa: npocrpancrsa CobosieBa, TpaJIMeHT, JUBEPreH s, PO-
TOP, SJUIMITUIECKIE KPAEBble 3aJIa4U, CIEKTPAJIbHbIE 33/Ia4H.
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Caxkc P. C.

1. OcuoBuble noampocrpancTBa La(G)

1.1. IITkanma npoctpaucTtB CoboJsieBa. PaccmarpuBaiorcs JmHEHHbIE TTPO-
crpanctBa Haj nojeMm C xommuiekcHbix unces. Uepes Lo(G) obosnauaem mpo-
crpancTBo Jlebera BekTOp-byHKIMA (10JIel), KBaJIPATHIHO UHTErPUPYEeMbIX B G
C BHyTPEHHHM IpousselenueM (u,v) = [, u - Tdx u mopmoii [lul = (u, u)l/2,
[Tpocrpancreo CobosteBa, cocrosiiiee u3 moJeit, npuuajexamux Lo(G) Bmecre
¢ 0DOOIIEHHBIMU TPOM3BOIHBIME 10 Topsijika § > 0, obosnadaercs depes H?(G),
| F|ls — Hopma ero smementa f; HO(G) = La(G). Bambikanue 5 H*(G) muoxectsa

¢5°(G) obosnauaercs depes H(G). IIpocrpancrso CoboseBa OTPUIATEILHOTO

nopsinika H™#(G) gpoiicrsenno k HY(G) (cMm. nmpocrpancTso Wz(m)(Q) y C. JI. Co-

6oresa [1, § 9 rr. 12] m H¥(Q) y B. I1. Muxaitnosa |2, § 4 rr. 3]).

B obmactu G ¢ raagkoit rpanuneii I' B kaxoii Touke y € I' onpenernena
nopmasts n(y) k T. Home u us H¥H(G) nmeer e y(n - u) na T ero mopmass-
HOIl KOMIIOHEHTBI, KOTOpPBIi mpunayeskut npocrpancrsy CoboseBa—Cioboer-
xoro H*M/2(G), |y(n - u)|s41/2 — ero nopma.

1.2. Paznoxxenne L2 (G) Ha aBa Kiacca &/ u % MOTEHIMATIBHBIX U CO-
JleHOUIATbHBIX ToJeii. [lycrs h— dbynxmusa ns H'(G), a w = Vh — ee rpaau-
ent. O6oznaunm <7 (G) = {Vh,h € H'(G)} — noanmpocrpanctso B La(G), a wepes
PB(G) — ero oproronasbHoe jpomnosnenne. Coornomenust (u, Vh) = 0 1uist s11060ii
h € HY(GQ) oznauaior, uto B(G) = {u € La(G) : divu = 0, y(n - u) = 0}. Urax,

Ly(G) = o/ (G) & B(G).* (1.1)

3AMEYAHUE. B pazmoxennn I. Beiia Lo(G) = §g = 45, rae & ecTb 3aMbIKaHTe
B HOpMe Lo rpajmentos Vi) dynknmit ¢ € 64 (G), a F — MHOKECTBO COJCHOHMTATHHBIX
3s1eMeHTOB B §¢ [3, Teopema II].

Eciu rpanuna obsractu G uMeeT HOJIOKHUTEIBHBI pOJ p, TO B CONEPKUT
B cebe KOHETHOMEPHOE O/ IIIPOCTPAHCTBO

By ={u € La(G) :rotu =0, divu =0, y(n-u) = 0}.

Ero pasmeprocrs pasua p [4], a 6asucusie nosst hy € €°(G) [3].
OproronajbHOe IONOJHEHNE B B K PBr HA30BEM KJIACCOM BUXPEBBIX ITOJIEl
u obosnanm VO(G). Braunr,

B(G) = Bu(G) V' (G).2

Io onpenenennio o, = {Vh,h € H*(G),v(n - V)h = 0}.

3AMEYAHUE. C. JI. Cobones [5], O. A. Jlagprkenckas [6], K. Friedrichs [7], 9. Ber-
xoBckuit 1 H. CmupHOB [8] npuBosisaT aHasornvaHble pasioxkenns Lo (G) Ha OpTOroHATb-
Hble nognpoctpancrsa. Tak, C. JI. Coboses npeamnosaraer, 9To 06aacTh {2 romeoMopdHa
nrapy. B arom ciaygae p = 0 u upocrpancrso Hy () mycro.

O. A. Jlapprkenckasg npusomnT pasdioxenue Lo(Q) = G(Q) & J°(Q), tae J°(Q) —
sambikanue B HopMe Lo (€2) MHOKecTBa Heckoneuno auddepeHnupyeMbix GUHUTHBIX B §)

! 910 pasnoxenue B3aTo U3 crarbu Z. Yoshida u Y. Giga [9]. ABTOPBEI HA3LIBAIOT €ro PasJyIo-
sxernem Beiins [3], a B(Q) obosnauaor kak L2(Q).

2B 9] LZ(Q) = LE(Q) @ L3 (Q). Cumson L neperpyker. ABTOp M3MEHII aBTOPCKHE 060-
smauenus npocrpancts Ly (Q) u L3 (Q) ma VO(Q) u Bu(Q).
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CoJIeHOMIAIBHBIX BekTOpoB, a G(Q) cocrour uz grad ¢, rue ¢ ecrb ogHO3HAuHAA B §)
byHKIWS, JIOKAJBHO KBAJIPATHIHO CYMMUDYeMasi U UMEIOIasl IePBbIe ITPOU3BOHBIE U3
L2(Q) [6, Teopema 1, § 2 rur. 1].

Hastee 6yem npujepkuBaTbes pasioxkenus (1.1).

1.3. Omneparopbl rpaJineHT, POTOP U AUBEPreHIUs. DTU ONEPATOPHI
OLIPEJILJISIIOTCS. B TPeXMEpHOM BekTopHOM anasm3ze [10]. M coorsercrByer ore-
parop d Buemmero muddepennuposanns Ha Gopmax w¥ cremenn k = 0, 1 u 2.
Coornomennst ddw® = 0 pu k = 0, 1 umeror By rot VA = 0 u divrotu = 0.
DopMyJIBI

u-Vh+ hdive =div(hu), w-rotv —rotu-v = diviv,u],

rjie [v, u] — BeKTOpHOE IIPOU3BEjIeHIe, 1 HHTerprpoBaHue 1o obaactu G UCIOJIb-
3yIOTCsI TIpu onpejienennn oneparopos div u u rot u B Lo(G). Oneparop Jlamnaca
BbIpaxkaeTcst depe3 rotrot u V div:

Av = Vdivv — rotrot v.

Oneparop Jlamnaca samunruyen [11], a oneparopsr rot u V div He siBJistioTcst Ta-
koBbIMU. OHU BBIpOXKIeHBI, IpudeM rotu = O npuu € &7, Vdiveo =0nupuv € 4
B cmbicse Lo (G) [3].

ITosromy Av = Vdivy Ha &/ u Av = —rot rot v na 4.

3AMEYAHUE. H. Weyl nasesaer Gesuxpesbim (irrotational) mosre uw € Lo(G), s
Koroporo (u,rotv) = 0 st sro6oro mosst v ¢ KomioHeHTamu v; u3 6 (G), a nome
w € Ly(G), s xoroporo (w,Vv) = 0 Vv € %, (G) — conenonpanbubiv [3]. 3ammch
“rotw = 0 mpu u € &/” ozmauaer, uro u = {Vh}, rne h € H(G), u (u,rotv) =
= (Vh,rot v) = 0 g m060ro v ¢ KOMIOHeHTaMH v; € 65°(G), 9T0 0IeBUAHO.

1.4. Conepxxkanune. Kiaccbl 06001I€HHO 3/IANTUYECKNX 3a1a4. B § 1
HACTOSIIIEH CTATbU OIPEIE/ISIOTCsl OCHOBHBIe nojnpocrpancTsa Lo(G), oneparo-
PBI, UX COOTHOIIEHHUsI, U (DOPMYIUPYIOTCS OCHOBHBIE PE3yJbTaThbl PabOTHI. § 2
COJIEPXKUT IIOCTAHOBKY KpaeBbix 3ajad (2.1), (2.2) st omeparopos rot +Al u
V div +AI nepBoro u BToporo mopsiikos B npocrpancrsax Cobosesa. Orpeesisi-
1orcst kaacesl [REES p| 0606menno simnrudecknx cucrem. Cucremsr (2.1), (2.2)
npu A # 0 npunajexar kiaccy [REES 1]. VIm coorsercrBytor oneparopst A u B,
KOTODBIE paCIIupsiiorces 10 simninrudeckux (mo B. CosonaukoBy) oneparopos Agr
u Bg. Ipumenss ero Teopemy 1.1 [11], MOXKHO 10Ka3aTh CJI€/LyIOIINE TEOPEMBI.

TEOPEMA 1. Onepamop Agr umeem aesviti peeyaapusamop. Ezo adpo konewno-
mepno u ons aoboir u € HPYG) u X # 0 (¢ nocmosnnot Cy = Cg(N) > 0,
3asucAwet MOALKO OM S, X) 6bINOAHACTNCA OUEHKG

Cslluflsta < ot ufls + Al div s + [y(n - w)ls1)2 + [[ulls. (1.2)

TEOPEMA 2. Onepamop Br umeem seswiti pezyaapusamop. Ez0 adpo konewro-
mepho u ons aoboir u € HP2(G) u X # 0 (¢ nocmosannoti Cs = Cg(N\) > 0,
3asucAUet MOALKO OM S, X) 6bINOAHACTNCA OUEHKG

Csl[vlls+2 < [Alllrot v][s1 + [V divolls + [y(n - v)[s5/2 + [[v]]s- (1.3)
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Tomosiornyaeckux orpaHuveHuil Ha 06JIACTD HET, IPEJIIIOIArACTCS €€ CBSI3HOCTD,
OIPAHUYIEHHOCTD ¥ IVIAJIKOCTH I'PDAHUIIBI.

Omuerka (1.3) nosyuena aBropoM enepévie n3 ornerok Cosonankosa [11]. Onen-
ka (1.2) usBecTHA aBTOPY JIABHO, OHa He ObLIa BbinucaHa B [12], Xorst emy ObLIO
M3BECTHO, UTO SJUINIITHIHOCTD 33/[a"1 SKBUBAJIEHTHA TOYHOM OIEHKE B IPOCTPAH-
crBax Cobosiea or JI. P. Bonesuua [13|. Torma asrop eme paboran B mpocTpa-
crBax lespaepa. Z. Yoshida n Y. Giga B |9] ccputatorest va padorst J. P. Bour-
guignon, H. Brezis [14] u C. Foias, R. Temam [15].

DTOT MOIXO/T HIPUMEHUM JIJIsI IPYTUX 0O0OIIEHHO SJUINIITHIECKUX CHCTEM KJIac-
ca |[REES p|. Dror kiacc Beesen u3 kiacca Baitabepra n I'pymmna [16], on
COJIEP2KUT CUCTEMBI MATEMATUIECKON (DU3UKY, TJIABHBIE YACTH KOTOPBIX CYTh CTe-
[IEHU POTOPA WU I'PAJUEHTA JTUBEPreHIUN.

N3 sammnTutaecKoit TeOpun BBITEKAIOT CBOMCTBA peIleHuil CIeKTPAIbHBIX 3a-
Jad OIlepaToOpoOB POTOpa W I'PaIMeHTa JAUBEPreHINN, TaKne KaK KOHedHasd KpaT-
HOCTb HEHYJIEBBIX C.-3HAYEHMII U TJIAIKOCTh C.-110jIe#l B Jitoboit obactu G ¢ riaji-
KOI I'paHUlIeil.

Pertenusi criekTpasibHBIX 3aJiad OIEPaTOPOB POTOPA U I'PAUEHTa JUBEPreH-
mu B mape [17] uMeroT mpocThbie CBSI3U C PElIeHUsIMU CIeKPaJbHbIX 3ajad lu-
puxisie u Heitmana misa omeparopa Jlamaca, KoTopble perieHbl siBHO B yIeOHUKE
B. C. Buajjumuposa [18].

1.5. Oneparop porop B kuacce V° Buxpesbix moseii. Z. Yoshida u
Y. Giga [9] pacemorpesn B Lg(G) nomnpocrpancrsa La u His 1 sBesn B L ome-
patop S, KoTopbiii coBmajiaer ¢ rot u, ecsm u € Hiw. Oun noxazamm Teopemy 1:
The operator S is self-adjoint in the space Lzz. The spectrum o(S) of S consists
of only point spectrum o,(S) C R. Therefore, the set of eigenfunctions of S gives
: 2
an orthogonal complete basis of the space Ls,.
Kpowme Toro, B jlemMe 1 OHE JJOKA3bIBAIOT, 9TO
(1) mpocmparcmeo Hisy(Q) aeasemes nodnpocmparcmeom H () u ono naom-
no 6 L%(Q),
(2) obaacmv snauenuti R(S) onepamopa S coenadaem ¢ L% (); onepamop S
umeem xomnaxmmwid obpamnviti uz LE(Q) 6 Hig ().

I[lepeobosnaunm sti npocrpancrsa: L2 = VO, Héz: = W, a orobpakenns
S u S~ zanumenm Tak:

2(8)=W'cV'CL;, S':V oW S=rot:2(5)— V.

B § 3 mokasbiBaeTcst, 9TO COOCTBEHHBIE IIOJISI POTOPA BCETNA GCIMPEUAIOMCH,
napamy: KaxkIo0i coOOCTBEHHOU BEKTOP-(MYHKIINH POTOPA uj C TIOJIOYKUTEIbHBIM
COOCTBEHHBIM 3HAYEHUEM \; COOTBETCTBYET COOCTBEHHas BEKTOP-(YHKIMs POTO-
pa u; C OTPHUIATEIbHbIM COOCTBEHHBIM 3HAUEHHEM —A\j, & B VY dukcupyercs

OpPTOHOPMUPOBAHHLI Ha3uc qji:
+ + + +
rot q; = iqu]' » M-gq; ’F =0, HQj H =L

B stom Gasuce ssnementsr VO (G) npeacrasisiorces pagamu Oypoe (3.1), a onepa-
Toper S u S~ — npeobpasosanmavu sTHX psayos (3.2) m (3.3).
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IIpu k > 1 onpenensiorcst mpocTpaHCTBA
F={feV'. rot" fe V'Y u W= W

e ipoctpancteo W§(G) ectb sambikanne B Hopyme WF(G) muoskectsa 65°(G),
a mpoctpancteo WK = (WE)* conpsawenno ¢ mum [1]. Ormernm Brozkemust

CWhC...cW V(@) cWlc...cWw™c..., (m)

Omneparop S~! oro6paxkaer VO na W', a W*=1 ua W* npu k > 1. Oneparop
S orobpaxaer WF na WF-1 a W! na WO = VO Paccmarpusaercst taxxe
omeparop S + M. Mbr okaseiBaeM, uto omeparop S + A : WF — Wh-1
dpearosmos. Io onpesenennio, oneparop S + Al coBnanaer c rot +AI na W' n

(S+ANf = lim (rot +A1)(f¥) = Z AN ah)ah + A= N)(F.q;)a; |-
j=1

Psn ecxoqures B Ly (G), Tak kak H(S—l—)J)fH < Gl f llav1, mae co < oo (em. (3.4)).
OO6parHbIil orIepaTOp UMeeT BHJ
q;) (f.q;)
I -1 J + ’ 47 - 1.4
(54 A1)"f = Z[HA a@ s Y@ 0

€CcJIn HU OJIHO M3 CJIaraeMbIX 9TOTO Psjga He obpalnaercs B OECKOHEIHOCTh. DTO
oznagaet, 9ro ymbo A £ \; # 0 mas Beex j, nmmbo (f,qj ) =0mpu XA =X\ = Aj,
1 9THU 3JIEMEHTLI OTCYTCTBYIOT B paiy. Ilpu sTom

165+ AD T fllws < CEl FII0,

2
rae Cf < oo me 3asucur or f (cm. (3.5)). Crenosarenbro, oba oneparopa Herpe-
PBIBHBI 1 ©UMeeT MEeCTO

TrOPEMA 3. Onepamop S + X : WH(G) — VY(G) nenpepvisen u odnosna-
Ho obpamum, ecau A we npuradaescum cnexkmpy op(S) C R onepamopa S. Ezo

obpamuwii onepamop 3adaemca gopmyrot, (1.4) u das mobozo f € VO pad
(S+A)"1f e Wt
Ecau X = \j,, mo on obpamum mozda u moavko mozda, xozda

/Gf-qjda::O 0 Vq;:)\j:)\jo.

Sdpo onepamopa S + NjoI xoreunomepro u onpedesaemcsa cobCmeenHvLMU
dyrryusMU q; (x), cobcmeennvie 3HAMEHUSA KOTOPHIT PAGHBL Njj:

Ker(S + X\, 1) = Z ¢jq; (®) Vej €R
Aj=Ajo

B 1. 3.5 npuBoasiTcs Tak:Ke OIeHKN

1(S +AD Flm < el FlRymens 1S +AD T fIRymr < Coll Ry,
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[JIe TOCTOSIHHBIE Cpy, Cpy, < 00 He 3aBucat ot f u npu m = 0 couagaior ¢ (3.4)
u (3.5).

N3 TeopeMbl 1 3TUX OIEHOK CJIE/LyeT

JIEMMA 1. Ecau A€ Sp(S), m = 0, mo onepamopwv. S + A (u e2o o6pammwit)
omobpasicarom npocmparicmeo W™ g W™ (v 06pamso) esaumio 00nosnano
U HENMPEPBIBHO.

1.6. CooTHomenus: mexk 1y npocrpancrsamu W*, HF i CF~2, Paccemor-
puM obstacth 2, romeomopdhyio mapy, koropyio C. JI. Coboses Bbiienut B [5].
B srom cityuae npocrpanctso By () mycro. I'panura obaactu § npemnoiaraer-
cat romaxoit. Cxansiproe npomssegenne 8 HF(Q) C. JI. CobosteBbiM ompe/ieisercs
TaK:

|
o=+ [ 3 Norforgdn. k=1

Q
|a|=F
B npocrpancree WF(Q) = {f € VO, ... rotk f € V°} mopma f € W* pribupa-
eTcsT TakK 7Ke: Hf”%vk = |IfII> + || rot® £]|%.

Nmeer mecto

TEOPEMA 4. Jlas mozo wmobw, f € VO(Q) pasaazanacy 6 pad Oypve

o0
-\ - +
@) = [(fia))a; (@) +(f.q;)g; (@)], gy =1, (1.5)
j=1
N0 COOCMBENHVM BEKMOP-PYHKUUAM qf(:c) pomopa 6 obaacmu ), crodawutica
6 nopme npocmpancmea Coboaesa HF(Q), neobrodumo u docmamouro, wmobo. f
npunadaesicanra WFE(SQ).

Ecau f € WF(Q), mo cywecmeyem maxas nocmosnmas C > 0, e sasucauas
om f, wmo

SON[(F.a0)? + (F.47)%) < ClF Iy (1.6)
J

Eeau k > 2, mo eexmop-pynryus f us WE(Q) pasaazaemes 6 pad (1.5),
cwodsugutica 6 npocmpancmee CF2(Q).

CaEACTBUE. Bexmop-gynxyua f € VO N C(Q) pasaacaemea 6 pad (1.5),
cxodawutica 6 mobom us npocmparcme CF (Q), ke N.

OTH pe3yabTATHI JOMOJHAOT U3BECTHBIE B TeOPHUH PsifioB Pyphe yTBEPK IeHUST
(cm. |6, Teopema 7, § 4 ru1. 2|, [2, Teopema 8, § 2 ru1. 4]).

Takum obpaszom, WF(G) — amasorn npocrpancts Cobomesa H¥(G) B xiacce
COJICHOMIAIBHBIX T10J1eit. OTMETHM BJIOYKEHUST

WEFcWF1lc...c wlcVvo

Bamerum, uro Z. Yoshida u Y. Giga [9] me paccmarpusasu npocrpamncrsa WF,
k > 1. Oun Beesn Hiy, = 2(S) xak obnacts onpenenennust S. IIpocrpancrsa
W* 1 coornomenns mesxty muvu u HY i CF*~2 (teopempr 3, 4 n temma 1) — 910
nepeviti 0CHO8HOT PE3YJIBTAT HACTOSIIEH CTATHH.
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1.7. Knacc &/ noreHnuajbHbIX noJieit. B crarpbe [19] usyden kmacc o7
HOTEHINAIBHBIX 10JIel: cOOCTBEHHBIE 1I0JIA onepaTopa V div 3a/1ai0T OpTOTOHAIb-
HEBIT Oa3uc B &7y, oneparop .fg ecThb caMoconpszkeHHoe pacmupenne V div B 27,
IIPOCTPAHCTBA

AFG) ={f € #(G),...,(Vdiv)' f € #,(G)} VEk=>1,

— anasoru npocrpancts Cobosesa H2F(G) nopaikos 2k B Kiacce 7.

Tak xke Kaxk jJemma 1, joKa3ana

JIEMMA 2. Ecau A € Sp(Ayg), k = 0, mo onepamopve Ng+ NI (u e2o 06pammwit)
omobpasicaem NpPoCcmMpaHcmeo A?Y(kﬂ) Ha A%k (u 0bpamno) 63auMHO 0OHOZHAHO
U HENPEPHIBHO.

OTMeTI/IM BJIOZKECHUN A
2k 2
AT C - CAL Coy, Co CLaG).

Basucuble BeKTOPBI B Ki1accax &7 u B = By ® V' B COBOKYIHOCTH 06pasyioT
6asuc Bo Bcem npocrpancTse La(G).

1.8. Conepxkanne. Kiaccesr nipocrpaucts C(2k, m) B L2(Q2). B § 4 pac-
CMAaTPUBAETCsI TIEJIOUUC/IeHHasl ceTKa npoctpancTs C'(2k, m) = A%k @ W™ Haszbl-
BaeMbIX Kjaccamu, k > 0, m > 0—uensie, k +m > 0, a Tak:Ke IPOCTPAHCTBO
E?Y(Q) Hokazana

TEOPEMA 5. Ecau XA # 0, £, j € N u f € Ly(2), mo eduncmeennoe pewe-
Hue u 3adavu 1 n. 4.3 daemcsa cymmoti pados-npoexyut Uy + wv:

uy=A"f, =" Z(fv%)%@)y (1.7)
j=1
o0 + -
uy = (S+N)1fy = Z {(f\c::k])q;“(m) + (;",_q;\]) q; (z)|. (1.8)

=1

B wacmmocmu,

—eecuf=fyufy, €A uwf,, €y, mu=\"f,€d uwmu € o —
obobwernvie pewerus 3adawu 1;

—ecau f € BLd 6 Ly(Q), mou=(S+ )" fy e W C H (Q);

- ecau f € Eg(Q), mou=1uy+uy € H}/(Q),

— ecau f npunadasesrcum xaaccy C(2k,m), mo u € C(2k,m + 1);

— ecau orce f € D2(Q), mo padw (1.7), (1.8) cxodamea 6 H*(2) daa aroboz0

s=21 uwu e C®(Q) — Kkaaccuneckoe pewenue 3a0a4u.

3AMEYAHUE. B crarbe ll?] JIOKA3aHO, YTO COOCTBEHHBbIE 3HAYEHUsI POTOPaA B IIape
pagmyca IR pasuel £p, , R, Te uncna +p, , — Hymm GysKImit

d \"sinz

Un(z) = (—z)"(—) , mneN, (1.9)

zdz z

KPATHOCTb COOCTBEHHOT'O 3HAYCHUHA Ap pp = :I:pnmR_1 paBua 2n + 1.
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CobcrBenmbie 3HadeHus oneparopa V div paBHBI ﬂ/im, THE Uy, = anymR’l, a Jqmc-

Ja Qg — HyJIH Ipou3BORHLIX Y, (1), n > 0, m € N; KpaTHoCTh COGCTBEHHOrO 3HAYEHIUS

—v7 o, DaBHa 2n + 1.

n
CobcTBeHnbIe OIS @, TPAAUEHTa JIUBEPIEHINA U qu poTopa BBIpaXKalOTCHd ABHO

4yepes cepuueckue byukiun u Gysruyun ¥, (r); £ = (n,m, k).

W3 Teopembl 5 1 jieMMbI 1 BBITEKAIOT CJIEIYIOIINE YTBEPIK ICHUS.

JIEMMA 3. [Tpu A # Sp(rot) onepamop rot +AI omobpasicaem xaace C(2k, m—+1)
na xaace C(2k,m) 63aummo 00nozrnauwno u nenpepwvisho, k, m = 0.

CneACTBUE.  Ecau obaacmov Q@ = B, ¥,(AR) # 0 Vn € N, a noae f €
A%k (B) @ W™(B), mo pewenue 3adauu 1 cywecmsyem, eOuHCmMEEHHO U NPUHA0-
seocum kaaccy A2F(B) @ W (B).

AHaJIOrMIHO JIOKA3aHbI CJIEJYIONINE YTBEPK ICHMSI.

JIemMA 4. ITpu v? # Sp(—V div) onepamop V div +121 omobpascaem wiacc
C(2(k+1),m) na xaace C(2k, m) 83aumHo 00HOZHAYHO U HENPEPBIGHO.

CHERCTBUE.  FEcau obaacmo @ = B, Y, (VR) # 0 ¥n > 0, a nose f €
Aik(B) ® W™(B), mo pewenue 3adawu 2 n. 4.3 cywecmeyem, eQuHCMEEHHO U
NPUHAOAEACUM, KAGCCY A%(Hl) (B) ® W™(B).

Takum obpasom, uzyuennst mpocrparncTsa W™ Ha pagax Pypbe, ompemesse-
MBIX COOCTBEHHBIME IOJISIME Olleparopa poTop (Buxphb). B mpocrpancree Lo (1)
BBeJienbl Kiaccel C'(2k,m) = A%k @ W™ u paccMOTpPEHbI UX OTODPArKEHUSsI OIle-
paropamu rot +AI u V div +/21.

Teopema 5, teMMbI 3, 4 U UX CJEJICTBUS — ITO 6MOPOT 0CHOGHOUT PE3YTHTAT
3TOH CcTaThU.

2. KpaeBble u cieKTpajibHbIE 3a1a49n

2.1. Kpaesbie 3agauu. B orpannuennoit obsactu G ¢ riajkoit rpanumeit I
U3yYAITCH 360a4u: HAWTH BEKTOP-PYHKIUKA U U U TAKHUE, ITO

rotu+ Iu=f(x), z€G, n-ulr=yg, (2.1)
Vdivv+ A = f(z), z€G, n-vr=y, (2.2)

IJie BEKTOpHAast 1 CKassipHas GyHKImn f u ¢ 3aanbl. Penennst 3a1a4 uineM B 11po-
crpancteax Cobosnesa H¥H(G) u H¥"2(G), rne s —menoe s > 0, a (f,9) 3a1a-
em B creyomux npocrpancrsax: f € H(G), g € H*TV2(T) u f € H(G),
g € H*T3/2(I') coorercrBenno. DTa IOCTAHOBKA SIBISETCS KAGCCUMECKOT B TEO-
PHE dasunmuseckus kpaesur 3adayw 6 npocmpancmeaxr Coboaesa [1,11].

OrmeruM, uro HeHyseBble pemenus (u, A) u (v, \) ogHOPOIHBIX 3a1a4 (2.1),
(2.2) (f =0 u g = 0) — pemmenust CeKTPaJIbHBIX 3a1a4d orneparopos rot u V div.
OHu aHHYJIUPYIOT JIPYT JApyra

rotu=0 ma o ={Vh,hec H'}, Vdivv=0 ma & 1L .

Oproronainsubie npocrpancTBa &/ u B B Lao(G) 6eckonednomepHsI [3].

ITpu A = 0 oxnoposuble 3a1a49u (2.1) u (2.2) UMEIOT CYETHOE HHCIIO JTHHEHHO
HE3aBUCHMBIX DeIeHnil. SHAUNT, HYAE6aA MOYKA CIEKTPa KazKJI0r0 U3 OlepaTO-
poBrotu V div umeer beckoneunyro kpamuocms. Criennduka 3THX 3872 COCTOUT
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B TOM, 9YTO 9TH OLEPATOPbl UpU A # 0 SABISIIOTCS 0000WeHHO INAUNTNUECKUMU
kiacca [REES 1].

2.2. Knacc cucreM, OpUBOAMMBIX K 3JUIAIITUYEeCKUM cucteMaM. Ormpe-
JIeJICHIE 9TOTO KJIACCA MBI IPUBEJIEM Tl CHCTeM JuddepeHInaIbHbIX yPaBHEHIH
C HOCTOSTHHBIME KO3 DUITHEHTAMN.

Cucrema nuddepeninmanbubix ypasaenuit S(0)u = f mopsiika m u3 9TOro
KJacca 00J1aaeT CBOMCTBAMMU:

a) ee cuMmBoJsimueckasi Marpuna So(i€) uMeeT IOCTOSHHBIA PaHI s JIF0OOM
¢ € R3\0. Dro nozsonsier nocrpoutsh anuyaatop C(9) omeparopa So(0)
takoii, aro (C'Sp)(0) = 0 na X u onpejieuThb

Su=f m
6) pacIIUpeHHYIO CUCTEMY CSu =) mopanka ). Ee cumBommueckast

MaTpHUIA SO(ZQ olpe/iesisieTcss MJIaJIIell acTpio omneparopa S(0)
(CS)o(i)
u jonosiasier marpuity So(i€).

B) Ecim panr pacmmpeHHONH MaTpuIbl MAKCHMAaJEH, TO WCXOJHAs CHCTEMa
Su = f upunajyexur kiaccy [REES 1] u crenens ee npusogumocTu paBHa
eJTIMHHUTIE.

r) Ecin cucrema Su = f TakoBa, 4TO paHI pacIIMpPEHHON MATPUIIBI HE MAKCH-
MAaJIeH, HO MOCTOSIHEH, TO IIPOIECC MOBTOPSIETCS U IIPU ONPEJIEJICHHBIX yCJIO-
BusX cucreMa npuaaexkut kiaccy [REES 2]. Cuvsoan [REES p| osnagaer
“REduced to Elliptic Systems na p-tom rrare”.

B. Baitubepr u B. I'pymmnu [16] nokasanu, uro cucrema Su = f kiacca
[REES p| siBisiercst paspernmoii 1o @pesrossmy uin Herepy B npocrpaHcTBax
Cobonepa H*(X), ecu f € HS ™1P(X), rye s > m — nesoe. B kadecTse 1pu-
Mepa HIpUBOIMUTCS oreparop d + * Ha guddepeHnnalbHbX (opMax cremenu k
B 2k + 1-mepHOM MHOTOOOpazun X 6e3 Kpas, rie d — onepaTrop BHEIIHero aud-
depeHnUpoBaHns, a * — OMePATOP HYJIEBOTO MTOPSIIKA, KOTOPBIH TepEeBOINT POPMY
w’ crenenn j B GopMy *w CTEHEHH N — j.

Cucremsr (2.1), (2.2) sisirorcest 0606wento aasunmuueckumu Kiacca [REES 1].
JleiicTBUTEIEHO, 3 9TUX yPABHEHUH BBHITEKAIOT COOTHOIIEHUST

Adivu =div f(x), Arotv =rot f(x), x€G.

CoeauHsisl UX B CHUCTEMY, BHIUM, UTO OIEPATOPHI

rot +A7 . Vdiv+AI
Adiv Arot
siBJistioTCst dummnrudeckumu 1o Jlarmmcy—Hupen6epry [11]. 3naunt, oHu npu-
naiexkar kiaccy |[REES 1| cucrem nuddepennnanibHbix ypaBHEHUI, TPUBOIU-

MbBIX K 3JUINITUYECKAM CHUCTeMaM Ha mmepBoM mare pacimupernunit b. BaituGepra n
B. I'pymmuna [16].3

2.3. O6006I111eHHO JIIUNTHYecKasa KpaeBad 3agada. PaccMorpum moapob-
Hee MEPBYIO W3 HUX. Pacimpennas cucreMa

rotu+ Au = f, Adivu=div f, (2.3)

3 Ipyrue xiacchl 06OGIIEHHO S/UIMIITHYECKHX OTIEPATOPOB cM. B padote [20].
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SIBJISIETCST SJUIMITHYECKOI CHCTEMOil 11epBoro mopsijika (Iepeorpe/ie/IeHHOM, ecoiu
fa # div f). Bmecre ¢ KpaeBbIM yCJIOBHEM YT - U = ¢ OHA COCTABJISIET SJUIAITH-
4JecKyio KpaeByio 3ajady 1o Cosonaukosy [11]. DTo o3navaer, 1ro

1) cucrema (2.3) sumnTudHa,;

2) KpaeBoe yCJIOBHE YT - U “HAKPBIBAET’ ONEPATOP CUCTEMBI.

ITeproe ycsioBrE cBOIUTCS K TOMY, UYTO OJHOPOJIHAS CHCTEMAa JIMHEHHBIX aJired-
panvecKux ypaBHEHUNA

rot(i€)w =0, Mdiv(i&)w =0, VE#O (2.4)

¢ mapamerpoM & € R? umeer Tosbko TpuBHaIbHOE perntenie w = 0.
Bropoe ycioBue o3HadaeT, 4TO OMHOPOJHAS CHUCTEMAa JUHEHHBIX JuddepeH-
UAJIbHBIX YDaBHEHU

rot (iT + n%)'v =0, div(z’r + n%)v =0, VTr#0 (2.5)

Ha 1ojtyocH 2 2 0 ¢ KpaeBbIM yCJIOBHEM
n- ’U’ 2=0=20

u yoeiBanuneM v(y, 7;z) — 0 upu z — +00 UMeeT TOJIBKO TPUBUAJBHOE PeIlleHue.
3/iechb T U TN — KacaTeJbHBI U HOPMAaJIbHBIN BeKTOPHl K I' B Touke y € T
u [n| = 1. Ilpu gokasaresbCTBe 3TUX yTBEPXKIECHUI UCHOIB3YeTCsl COOTHOIIEHNE

rotrotv = —Av + Vdivo.

Torna
1°. U3 ypasuenwuii (2.4) BoiTekaer ypasuenne —A(i€)w = 0. Ono pacnagaercs

Ha TPH cKaaspHbX ypapuennus |€|?w; = 0. Suaunt, w = 0 npu [£] # 0.

DJUIMITUIHOCTH cUCTeMbI (2.3) JI0Ka3aHa.
2°. Us ypasuennit (2.5) nomyuaem ypasuenne (—|7|% 4+ (£)%)v = 0 ¢ napa-

merpom || > 0. Ero y6eiBatomiee npu z — +00 pelleHHe UMeeT BH/L
v = we ™. Ono ynosrersopsier ypasuenusim (2.5), ecm BekTOP-PyHK-

Ust W TakoBa, u4To w X w = 0, w' - w = 0, r1e w = iT — |7|n — BeKTOP-
crosbern, w’' — BEKTOp-CTPoOKa, a w' - w — UX Ipou3BeIeHue.

Jlerko y6einThest, 9TO BEKTOPHOE U “‘CKaJIsipHOE” TTPOU3BEJIEHUS W HA W PABHBI
Hym0: w X w = 0, w’' - w = 0. Paur marpunet rot(i€) pasen asym npu & # 0, no-
9TOMY W = Cw, TJe ¢ — IIOCTOSTHHAs, U APYTuX perennii Het. ['parnuvnoe yciaoBue
upuBoauT K ypapaeruto |7|c = 0. 3uauur, ¢ = 0 upu |7| > 0 u, ciegoBaTesbHO,
v =0.

Urak, cucrema (2.3) ¢ KpaeBbIM yCIOBHEM M - u|p = g npu A # 0 — /-
Jeckasi 3aj1a4a. BysieM roBoputh npu sroM, 4To 3aaada (2.1) npu A # 0 aBisiercs
0606WEHHO 2AMUNMUNECKOT.

O6o61menHast SJIIMITHYHOCTD 3a1a49u (2.2) Jokasama B [19)].

2.4. Oneparopsr 3ama4 (2.1) u (2.2) B npocrpancrBax H*(G). Ilycrs
BeKTOp-byHKIMA w TpuHayiexnT npocrpanctsy Cobosesa HTL rme s > 0—

4

Inaguble yacTu cucreMbl B [11] onmpeiesnsioTcsi ¢ HOMOIIBIO BECOB Sk U ©; TAKMUX, UTO
ord Ly j < sp + t;. IlomoxkuB s, = O mpu k = 1,2,3,4ut; = 1 upu j = 1,2,3, MbI moity-
YUM OIepaTOpBI cucTeMBbI (2.3), & B KpaeBOM OIlepaTope IIOJIOKHUM 01 = —1.
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niesioe. Tora kommonenTsl rot w u div u npunajiekar H*(G), a BekTop-byHKISs
f :=rotu + \u npuHAIIEKUT TPOCTPAHCTBY

E(G)={f €eH :divf e H}, o] = (|03 + [ divol)"?

Oyukuus g := y(n - u) = n - u|p npusaexxkur npocrpancrey CoboseBa—
Cio6onenkoro H5TY/ 2(T). Crenosarensho, 3aaate (2.1) cOOTBETCTBYET OTrpaHy-
YEHHbIN OIIepaTOpP

e (320 ()

a JUTMIITUIECKON 3a/aue YN - U = ¢ JJIs PACIIUPEHHOl cucrembl (2.3) cooTBer-
CTByeT OIlepaTop

rot +A1 H*(G)
Agu=| Mdiv |uw:HNHG) - [ H*G)

Anajyiornuno, 3aja4e (2.2) cOOTBETCTBYET OrPAHUYEHHBIH OlIepaTop

_(VdivAl . F*(G)
Bu: < Y- >’UJH+2(G)_> <H5+3/2(1") )
F* = {feH :rot f € H*''},  |ollps = (|[v]|2 + | ot v]|2,)"/%,

a PACHIMPEHHBIN JUIMIITUYCCKUAN OIIepaTOp UMEET BUJL

V div + AL H(G)
Bru = Arot w:H2(Q) - | HTY(G)
yn- HH3/2(I)

Takum o6pa3oM, Kpaesble 3aja4n (2.1) u (2.2) sBisttoTCst 0600IIEHHO JUIUIITHYE-
ckuMu, a oriepaTopsbl A u Br ssisitorcs aasunmuseckumu no Coronnukosy [11].
U3 [11, Teopema 1.1] cinemytor Teopembr 1 u 2 (em. 1. 1.4). O6nacrs G orpannvena
IJ1a/IKO rpaHulei.

2.5. CnekrpaJjbHbie 3aga4u orepaTopos rot u V div. OHu cocTosT B Ha-
XOKJIEHUU HEHYJIEBbIX BEKTOP-(DyHKIuUil (110/1ef) 4 1 ¥ U 9ucess A U i TaKuX, 4TO

rotu =\u(z), z€G, yn-u=0, uwc?(G)NEG), (26)
—Vdive =pv(x), G, yn-v=0 vec%*(G)n%E(G).

W3 TeopeM 1, 2 1 OLIEHOK BLITEKAIOT ITOJIE3HBIE CBOMCTBA PEIIEHU CnexmpasvHble
3a0day OIepaToOpPOB POTOpA M I'PAJIMEHTa JIUBEPTEeHIINN:
a) HeHyaesvle COOCMEEHHbIE 3HAUEHUA UMEeT KOHEIHYIO KPATHOCTD;
6) CoOTBETCTBYIOIIUE UM 0000wWeHHvle cobemeaertvie PyrKkyuLy GECKOHETHO Tud-
bepeHIupyeMbl BIIOTH [0 TPAHHIIBI 00JIACTH, TO eCTh 101 U () 1 v, (X) €

€ (G) upu A #0u pu # 0.
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3AMEYAHUE. Asropy B pabore [17] yaanocs naiitu GOpMyJIbl PEIIEHUIT ClIEKTPasIb-
HOil 3azaun (2.6) B mape Guaromaps uiee ceejenus 3ajadn (2.1) kK 3amade Tupuxiie
nis ypasHenns Lenbmrosbna® u yuebnuky Biamuvuposa [18]. ITons ul, orewaromue

b
HEHYJIEBBIM 3HAUYeHHsIM poropa +A, = *p, ,, R~', BeIpaxkaworcs qepeKs chepuyeckue
dyukipn u dysknun ¢, (z), em. (1.9), tne k = (n,m, k), n, m € N, |k| < n, a uncia
+pn,m — Hyau GyHKUIHE Py, (7).
[ons q,, cO 3HAYCHUAME —V2, THIE V), = Q. R™1, olpenenstoTes pemennsivm 3a1axm
Heiimana; o, ., — Hyim npousBogabix 1), (1), n = 0. ous {u;f } U{u; } U{q, } obpasyror
6asuc B Lo(B).

3. Kaacc V° u ero nognpocrpancrsa W¥

Hpyroit myts permennst 3amaqu (2.1) OTKphLIcs mOcae OOHAPYKEHHST BayK-
HBIX CBOJCTB a) 1 6) perenuil creKrpajabHoil 3aaun (2.6) u paGorer Z. Yoshida
u'Y. Giga [9]. Onu BBesm oneparop S : W' — V9 5 npocrpancrse VY ¢ o6macrbio
onpenenenns W1, Koropsiii cosnagaer ¢ rot u, ecim w € W, u nokazamu, uro
onepamop S camoconpsotcen 6 VO, umeem mouewnwti cnexkmp op(S) C R, a ezo
cobemesenvie noas obpasyrom 6 VO noanwiil opmozonanvho 6asuc.

3.1. CBoiicrBa cob6cTBeHHBIX TToJIeil poTopa. ITocrpoenne 6asuca B VO.
[ons uy(z) npunagzexkar mpocrpanctsaM W1(G) N € (G). Us coornomenus
(rot +AI)(rot —AI)u = —Au+V div u—A*u u onpeenenns npocrpancrsa VO(G)
BHJIIM, 9TO COGCTBEHHBIE MO/t POTOpA Uy, OTBEUAIONINe 3HAYeHHAM +\ # 0,
SIBJISIIOTCsI TAK¥Ke COOCTBEHHBIMU T10JIsIMU oniepaTopa Jlamiaca:

—Au=)Nu, divu=0, n-ulp=0.

MHOKeCTBO COBCTBEHHBIX 3HAYCHHI 1 = A? 3TOr0 OlepaTOpa CYETHO, HOJIOKI-
TeJbHO U KaKJI0€ M3 HUX MMeeT KOHEYHYIO KPaTHOCTh. llepenymepyem mx B IO-
panke Bo3pactamus: 0 < pu; < p2 < ..., IOBTOPSS [ CTOJBKO pa3, KaKOBa
ero kparHocTh. COOTBETCTBYIOMME BEKTOP-DYHKIMU ODO3HATUM {epe3 uf, uét,
..., TaK, 9T00bI Ka;KJIOMy 3HaYEeHUIO ==, /[i, COOTBETCTBOBAJIA TOJILKO O/lHa PyHK-
WS uki: rotukjE = i\/;Tkuki, k=1,2,....

CobcTBennblie (hyHKINN, COOTBETCTBYIONTNE OJHOMY U TOMY K€ COOCTBEHHOMY
3HAYEHUIO, BBIOEPEM OPTOHOPMAJIBHBIME, UCIOJIb3Ysl IIPOIECC OPTOrOHAJM3AITN
MImuzra (cm. [18]). [osst, cooTBeTCTBYIONINE PA3JIUIHBIM C.- 3HAYEHUSIM, OPTOTO-
HaibHbl. VIx HOpMupyem. HopMmupoBanHbie cOOCTBEHHBIE TIOJI POTOPA 0003HATNM
Jepes qjc, HOpMa ||qjE || = 1. OHE cOCTABISAIOT MOJTHBI OPTOHOPMHUPOBAHHBII 6a3MC

B B xnacce VY suxpessix noneit 8 Lo (G).

3.2. Paapr ®ypoe B VO. Ipoexmus sexrop-byrkmun f u3 Lo(G) ma VO
MMeeT BUJ

o0

fo=>_[(f.ahal +(f.q;)q;]- (3.1)

j=1

HeticrBuresbao, acTHIHbIe CyMMBI fi, 9TOrO psifia COCTOSIT M3 3JIEMEHTOB, JIJIs

® Ee ocymiecTBII moj, pyKoBOACTBOM aBTopa BeirycEnk HI'Y 1971 roma A. A. ®ypceHxo.
B cBoeit pumtomuoit pabore “Kpaesast 3a7ada 1151 OQHON paBHOMEPHO HEJJIUIITUYECKOIN CUCTe-
MbI” OH pemmui 3a7ady (2.1) B mape B Kiaccax [esbaepa.
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koTopbix 0 < Aj < N(n)

n

fo=>"[(f.aDal +(f.q;)a;]. IF2P <IfIP
j=1
upoekrmn (f — fﬁ,q]i) =0,ecin 0 < A\j < N(n), n

Ifv = £l =1 F 12 = 157 =0 mpu 7 — oo

o nocrpoennio fi € €°(G), div fv = 0, Yo fe = 0 u npu s06om n mose
1 Ker(rot) B Lo(G). 3uaunt, (f2, Vh) = 0 nis mroboit dbynxmun h € H(G).
[Mepexost k npegesy, noayaum (f,, Vh) = 0, o ectb BekTop f, Lo/ C Ker(rot).
On npunaiexkur VY, ecin mpocrpancrso By C Ker(rot) mycro. B obrmen cirydae

foeVvVl o (fy,h)=0 Vi=12..p

Tak kak
n

rot(£2) = >N [(f a)af — (f.47)a;]

i=1

u cymmbr f7 u rot(f7) npumamexxar VO o f7 € W' — obnactu onpeenenus
omeparopa S.
Io onpedenenuro, Sw = rot w das mobozo w € W. CiienoBaTebHo

Sfy = lim rot(£}) = ZA (f.q))a — (f.q;)q;], (3.2)

€CJIA PsiJl CXOIUTCS U NPUHAIJIEZKUT VO. deno, aro Sf, € VO, ecim

feHY(G), (fv,hi)=0 u (Sfy,h)=0 Vi=12....p.

B [9, § 3, c. 240] mokazano, uro oneparop S 3aMKHYT.
Crenosarensno, npegen Sf, me sasucum om ewbopa 6 VO nocaedosamens-
Hocmu wy, — fo.

3.3. Iognpocrpancrea VO. Pance 6buIH BBEICHBI IIPOCTPAHCTBA

WHG) = {f e VUG),...,rotF F e VO(G)} VE>1

Broxermne W' C HY(G) soitekaer us onenxn (1.2) npu s = 0:

Collfllv < [[rot £+ [I£]l,  Co > 0.

o uuayknmn W* ¢ HE(G). Ouesnmo, wro WF € - ¢ W ¢ VY. TIpu n < oo
pagel fyy npuHaIekar JoboMy U3 3THX npocTpancTs. Oueparop S orobpakaer
WF na WF1 npu k> 1, a W' na W0 = VO,

Ipocrpancreo VO oproromansio sipy poropa B Lo(G), mostomy S mmeer
€JIMHCTBEHHBIH 06paTHBIi oneparop S~ !, onpenenennsiii na VO

o0

S~ fy = lim 571 Z%l (f.a)a - (f.q)a] (33)
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B [9] nokazamno, uro oneparop S~! Kommaxren.
CHEACTBUE. Cnexmp onepamopa S™1 mouewnwiii ¢ edurncmeenroti moukoti na-
KONAEHUA 6 HYAE, )\;1 — 0 npu j — oo.
OueBunno, uro oneparop S~ : V0 - Wl u §-1: Wh-1 5 Wk,
3.4. IToaHOTa IIPpOCTpPAHCTBA V0. B 6asuce u3 cobCTBEHHBIX dyHKIHI po-
TOpa CKaJspHOe Ipoussenenne BekTopos f,g € VU umeer Bun
o0
7j=1
Cormacuo Biragumuposy [18|, oproHopmasibaast cucreMa {q] ud{g; ti=12,. non-

na B VO, ecomu 1y moboit £ € VO ee psan (3.1) cxomures k f B Lo(G). TTo [18 §1.9,
TeopeMa 1] sTa cucrema mosHa B VO torma m Tonbko Torma, Korma s 06O
by f € VO pomosmsiercs: pasercrso ITapcesass—Crekiosa, KOTOpoe Ha-
3bIBaCTCA ypaBHeHHel\J 3aMKHYTOCTHU:

o0
Yol + (f.q;)°] = IFIP.
j=1
Ipocrpancro W miorio B VY, Tak Kak MHOXKeCTBO Ce(G)n VY, mrornoe
B VO conepuurcs 8 W, Kpajpar nopumbt f € C°(G) N VY orpanuuen:

£l = 117+ lrot £12 = DA+ A [(F.9)° + (f,4;)] <o =
j=1
dim Y17 =D [(F.a)) + ()] = IFI1%

j=1
HOJIHOTa OPOCTPpaHCTBa VO JOKa3aHa.

3.5. Camocornps>keHHOCTh omeparopa S. [eiicreurenbro, eciu f u g
npuHaIes)kaT W1, To IMEIOT MecTo paBeHCTBa

(Sf.9) =(f,Sg) = ZA (f.a7)(g,q7) — (f.q7)(9,97)].
7j=1
OTMeTI/IM, 9TO paBE€HCTBO

/G(I"Otu)'vdfﬂ:/GU-(rotv)dm

Jutst o6 bysknnit u u v u3 Z(S) nokazano B [9], a B ciaydae mapa— B [17].
Takxke B [9] JoKazaHO, YTO OLEPATOD S CAMOCOIPSIYKEH.

3.6. ®pearoasmoBocth oneparopa S + Al : W — VO, JTeiicreuresnsho,
1o omnpeeaenuio, oneparop S + A cosnamaer c rot +AI ma W', Ilpu f € W!

(S+ANf = lim (0t +AD(fY) = Y _[(A+X)(F,a))a) + (A= X)(f.q;)a; ]
j=1
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u psaj cxonuresi B Lo (G), OCKOIBbKY

IS+ AD) Fllo =D _[IX+XP(F, g% + A= NP (F, ;)] <
j=1
<Y L+ [(F.q)*+ (£.47)%] = S fllv;
j=1
= max(aj,aj_) u ajc =1 M/N2/(1+ 1//\?) < 00, (3.4)

J

TaK KaK IIpu OOJILIINX \; OHUM HAXOJATCS B OKPECTHOCTU €JJUHUIIBI.
Ob6paTHBIil OTIEpATOP UMEET BU]

(S+ADf - Z[ 01 gy + L% )],

ecJIM HU OJHO M3 CJIaraeMBbIX 3TOTO psifa He obpalmaercss B OECKOHETHOCTh. JTO
o3Hauaet, 4To Jubo A + \; # 0 just Beex j, 6o (f, q; ) =0, ecm A = \j = Aj,

u pyuKiws f oproronabHa BceM cOGCTBEHHBIM HOJM g; () poTopa, oTBevaro-
UM COOCTBEHHOMY 3HadeHuIo \j,. [Ipu sTom

(14 A2 1+ A3
16570 s = 3 [ (e + s ] < G,
j=1

Co =max(AF, A7) u A7 =(141/X)/|1 £ M/ < 0. (3.5)
J

Urak, oba omepaTopa HElPEPBIBHBI U UMeeT MecTo Teopema 3 (1. 1.5).
AHATOTUYIHO TIPEBIIYIIEMY BUIUM, ITO

1S+ ADFlRwm = YA+ XM A+ X P(Fa)) + A= NP(f.45)°] <
j=1
<&+ XN [(F.a5)? + (F.07)7] = AN F By
j=1

1(S + M) fllRmer < CENFlIwm,  €my Cm < 0.

Yucna ¢, u Cyp, ipu m = 0 cosuagaor ¢ (3.4) u (3.5). Ilo oupenesnenuto,
WO =V I3 TeopeMbl 3 1 OLEHOK cJiejyer jgemma 1 (1. 1.5) o coiicrBax oTobpa-
wwennit (S+ M) u (S+AI)~!. Tax ke nokasbiBaercs emma 2 (1. 1.7) o ceoiicTBax

oTobpazkennit (g + A) u (A + A)~!

3.7. CxonumocThb psajga Pypbe B HOpMe ITPOCTPAHCTBA Hk(ﬂ) IIpuse-
neM dokasameavcmeo meopemoss 4 us . 1.6.
Ipanuna 02 € €°° u coberBerHble PYHKIUN qf(ac) oreparopa poTop Ipu-

najyexkar Kiaaccy €°(Q), a smauut, mobomy us mpocrpancts WH(Q), 1 > 0.
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osTomy, ecu pag Dypoe (1.5) Bekrop-dbynxmun f uz HF(Q) cxonures B HOpMe
H*(Q), To f € V°, ..., rot? f € VO C Ly(Q) u, snauut, f € WF(Q). Heobxosu-
MOCTB JIOKa3aHa.

[ycrs f € WF(Q), rae k > 1. Tlpusenem jokazarenbcTso HepasercTsa (1.6).
Tak kax Sf =rot f na W5 C W(Q) n Sq; = £A;q;, To

(rot £, q7) = £X;(F, q;). (3.6)
IIyctn /Blztj koabdurmentsr Pypoe Gyukimu rot® f. ITo dopryme (3.6)
B, = (roth £,qE) = £ (rott 1 £,q%) = -+ = (£2)F(F, qF).

[ockomeky rot? f € Lo(f2), To

> B+ (8] = llvot” £
j=1
Urak, mis BexTop-byukimii f € WF(Q) umeem

D AP @)+ (f,47)%] = llvot” £11° < Cllf lips -
j=1

Iocyeiiee HepaBeHCTBO BhITeKaeT u3 onpesenenuit Hopmbr B HF (). Hepa-
BercTBo (1.6) mokasaHo.

JokazkeM cxogmmocts pasa (1.5) k f B mopme H¥(B). Iycrs S)(x) — wacruy-
nag cymma paga (1.5). Ouesmuno, uro Sy(x) € WH(Q) npu [ > 0. B wacrHocTn,
divS)(x) = 0 u yn - S)(x) = 0. Ilosromy onenka (1.2) npu s = 0 npuaEMa-
er sug C1|Si]1 < ||rot Si]| + ||Si||. [Mockonbky )\;2 — 0 upu j — 00, HOpMa
18112 < cl|rot Si]|?, tie ¢ = max)\;2. Hostomy ||S)]12 < a1/ rot S)||? u o wn-

J

aykimn [|Sq][7 < agl rot* Syf|2.
Iycrs f € WF(Q), tiie k > 0. Coracro nepasenctsy (1.6), psipl B ero Jesoit
qaCTU CXOAATCS, i ecau [ > m > 1, To

l
181 = Swmlli; < arl| rot™(S1 = Sm) 1> < ax D N*[I(f. )+ |(F,a;)°] =0
m+1

upu [, m — 0o. o oznagaer, uro pax (1.5) cxomurces k f B nopme HF(B).

BAMEYAHUE. Ussectbl Biioxkenwe mpoctpamcts HF(Q) C CF2(Q) npu k > 2
B TpexmepHoii obnactu  u onerka | flgr-2@) < Ckllfllar ) s moboit dynkimn

f € H*(Q), npuuem nocrosmras Cy > 0 me 3asucut ot f (cM., Hampumep, [2, Teope-
Ma 3, § 6.2]). B wacTHOCTH

Hsl - Sm”Ck—Q(ﬁ) < Ck”Sl - Sm”Hk(Q).

Ecmn [|S; — Spllar ) — 0 mpu I, m — oo, 10 [|S; — S| gr-2(q) — 0. Dto osmauaer,
aro psan (1.5) cxomures k f 8 CF2(Q).
Teopema moxkazana.
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4. Kpaessbie 3aga4u B L2 (€2)

4.1. Kuaccer C(2k, m) nogupocrpanctB B Lz (). Ilpennonoxnm, wro
obmactnb ) romeomopdua mapy. Ecin cobersemnmbie nons g, (x) u qf(a:) rpajm-

eHTA [IUBEPreHIIHE I POTOPA M3BECTHLI, TO djeMeHThl f,, € o/ u fyy € B = VO
MPEeJICTABISTIOTCA psiaMu Pyphbe:

fo=> (Fa)a;@), fv=>Y_[f.q))d] (@) +(f q;)q; (@),
j=1 j=1
asemenT f u3 Lo(Q) —ux cymmoit f, + fv. llpuuem div f = div f,, arot f =
=rot fy, Tak Kax rot f, =0 B & u div fy, = 0 B A. CkanapHoe npousseieHne

(f,g) moaneit f, g uz Lo(Q) pasuo (f,,,9.,) + (fv,gv). IIpencraBienus onepa-
TOpoB g B &y, S B 98 1 0OPATHBIX UMEIOT BH/

Naf o = — ZV (f,q;)a;, va—ZA (f.q))af — (f.4;)4; ],

]1 Jl

N =~ Zu (f.q;)q;. %—ZA [(f,a])a} — (f.q7)a;].

PaCCMOTpI/IM OPOCTPpaHCTBa
Al ={fed, . (Vdiv)ifed} n W'={geV’ . rot"geV’

npnk}l,m}l;Agzd,WOEVOE%.

Imeror MecTo BIIOXKEHUSA
A c A2FD cA2ca, WRCcW™lc...cWHcVl

[TpsiMy10 CyMMY BEKTOPHBIX IIPOCTPAHCTB A%k @ W™ obozaaunm kak C(2k, m)
un HazoBeM KJjaccoMm; k = 0, m > 0 —menste, k + m > 0. Oneparopsl (%_I,I),
(1,574 u (A;1,S71) orobpaator kiace C(2k, m) na xmaccet C(2(k + 1), m),
C(2k,m+1)u C(2(k+1),m+ 1) n obparno (nm. 1.5 u 1.7).

4.2. ITpocrpauctBo E*(2), s > 0 — 1es10e. D10 MPOCTPAHCTBO OIIPEIEIIsi-
ercs B [21] Tak:

E° = {f ¢ H* : div f € H*).

Keazpar nopust || |3 = £+ 1 div £ = [1F o 12+ 1| div £ o 12+ [ fv 13 B —
IIJILOEPTOBO MPOCTPAHCTBO U

Cr(Q) C E5(Q), HTYQ) C E*(Q) Cc H*(Q).

Ouesnstro, uto rot u + Au € E¥(Q), ecm u € H¥H(Q).
Jlna dyukimit v us mpoctpancTsa H(Q) onpenenen [2] onepatop caeda

v: HYQ) = HY?(w),

paBHBIN cilefy v Ha rpanmue w aasa gynknmii mz €1(Q): yv = vl,, Tpraem
70l 22wy < ellvlla o)
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Amnanormano, s nons u(x) us EC(Q) onpenenen [21] omepatop caeda ee
HOPMAABHOT KOMNOHEHBL T - W, Yy : BO(Q) — H~1/2(w), paBublii cyKeHmo - u
Ha w i bynkmmit us €H(Q): ypu = n - ul,.

I u € E%(Q) u v € HY(Q) Bepra o6obmennast dpopmyna Crokca:

<’yn’U4, ’y’U) = (uv VU) + (le 'U,, U),
rie (Ynu,yv) — auHelHblil QyHKIMOHAT Hal npocTpaHcTBOM H 1/ 2(w);

ES(Q) = {f € E": yf = 0}.

4.3. Meton, ®@ypoe pernennsi kpaeBbix 3aga4 B La(€2). Ilycts B Ly(2)
zajano nosie f. PaccMorpuM cieyroniue 3a/1adu.

3a1a4A 1. Haiimu noae u 6 La(2) maxoe, wmo
rotu+Au=Ff 6 L), (4.1)

mo ecmo (w, (rot +AI)v) = (f,v) daa amob6oz0 noss v € CFP(Q) u ypu =0, ecau
caed Y cywecmeayem.

3A1AYA 2. Hatimu noae w 6 La(2) maxoe, wmo
Vdivw + 2w =f B Ly(Q)

u YaW = 0, ecau caed ynW cywecmsyem.

[epeiinem 6 obsemarowee npocmparcmeo Lo(Q) = of & AB. Ucnonb3yst pas-
noxenne noseit f, uw u w u3z Lo(Q) B cymmnt £, + fyv, Uy + uv 1 wy + wy
1 pacmmupenus S u A OIepaTropoB POTOP U I'PAIUEHT AUBEPrEHIN, 3aIlUIIeM
3TN ypaBHEHNHA B BUJAE yPABHEHHN-IIPOCKIMI

My =Foy, (N+1vPDwy=Ff, B o (4.2)
(S+AN)uy = fv, Vwy = fv, B A

)

yuuThIBast, 9To rotu, = 0B &/, Vdivuy =08 B = V',

3AMEYAHHUE. Ecin npocrpancto C = Ay (G) He nycro u A # 0, To ypasHeHHe
(Vdiv+rot +AI)u = f pacuamaercs Ha TPU IPOEKIUH:

(Mo + ADue = fopr (S+ADuy = fy, Muc = fo

— YpaBHEHUsA BTOPOT'O, IEPBOI'O U HYJIEBOI'O IIOPAJIKOB COOTBETCTBEHHO.

CorsacHo Teopeme 3 1 jJeMMaM 1, 2, ypaBHEHUs
(S+M)uy = fv un (Sa+ 1 Duy = fy

paspemmMbl 10 Pperobmy.
ITpu A\ # Sp(rot) mpoekiwy perreHnst 3aa49u 1 UMEOT BH/T

Uy =A"fy uv=(S+A) " fy. (4.4)

HeiicrBuresnsno, dopmysst (4.4) nomygarorcs u3 dopmya (4.2), (4.3) u obpa-
tumoctn omeparopa S + A mpu A # Sp(rot) B VO (teopema 3, m. 1.5).
PaccmoTpuM yTBep:K IeHUsT TEOPEMBI 5 U ITPOKOMMEHTUPYEM UX:
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- emufzfﬂuf@/G,wamf%GWV,mou:)\_lf%GJafu!/muEﬂfy—
obobwernvie pewerun 3adayu 1.

DTU psiJbl SABJSIIOTCS OOOOIIEHHBIME pereHusiMu ypasaerust (4.1);

—ecru f € Bl 6 La(Q), mou=(S+N)"1fy e WL C H%(Q),
—ecau f € Eg(Q), mou=1uy +uy € H}Y(Q)

Heitcreurensuo, ecm f € HY =Lo(Q) ndiv f € H, 10 f, c HO udiv f,, =
=div f € H°, rax xax div fy = 0.

Kpowme toro, rot f,, = 0 u v, f,, = 0. 13 onenku (1.2) upu s = 0 nose
fo € H], snauur uy, = A7'f, € H}/(Q)

Tax xak uy = (S + M) ™! fy TaksKe IpuHaIeKAT H}/, TO U € H}Y(Q),

— ecau f npunadaeorcum kaaccy C(2k, m), mo u € C(2k,m + 1);
— ecau oice f € P(), mo padw (1.7), (1.8) cxodameca ¢ H*(Q2) das aobozo

s> 1uue C®(Q) — Kxaaccuueckoe pewenue 3a0a4u.

Ecmu f € C(2k,m), To cornacuo (4.4) uw € C(2k,m + 1).
[Tocmennee yTBep2KAeHIE OUIEBUIHO.

Teopema b moxkasama.

3AMEYAHUE. B ciygae mapa sta TeopeMa nMeer Hanbosiee HaTYpabHblii Bux. Cor-
nacHo [17], cobeTBennble 3HAMEHNUS Ay, ,m, OllepaTopa S B mape pajuyca R paBHbl £py, . R
rae quciaa £p,, , — By Gysxnmit ¢, (r) (em. (1.9)), m, n € N; kparHOCTb cOGCTBEHHO-
o 3HAYEHUs A, ,, pasHa 2n + 1. Cobersennbie nons g (x) poropa u g, (x) rpaauenta
nuseprennuu, £ = (n,m, k), BolpaxkeHbl siBHO 4epe3 cdepuueckue DyHKIUU U QYHK-
nuu Py, (7“)

N3 Teopembl 5 1 JieMMBbI 1 0YEBUIHO CJIEJIYIOT JIEMMa 3 U €€ CJIEJCTBUE.

Pemtenne kpaesoii 3ajaun 2 npu A # Sp(V div) anasorugno [19].

Takum obpazom, 3amadn 1 u 2 pereHbl MOJTHOCTHIO.

4.4. O upunoxkenusix. CoOCTBEHHbIE TI0JII POTOPA UMEIOT MPUJIOXKEHUS B
rugpoanHamuke [6], re OHM HA3BIBAIOTCs MOJISIMEH Besbrpamu; B acrpodusuke
u B GusMKe MIa3Mbl OHI HA3BIBAIOTCS OeccnsoBbiMu nossivu (force-free magnetic
fields — L. Woltjer [22], free-decay fields — J. B. Taylor [23]). B. I1. Apuosnz [24]
u B. B. Kozsos [25] u3y4ain Tonosoruio JmHuii TOKa T€UEHUN UIeaIbHON JKI/I-
KocTHU TIpu yesoBun [rot v, v] # 0. O6 sTux u Apyrux padorax MoApOOHO HAIUCAHO
B pabore [17].

Ormerum emie paborsr L. Woltjer [22,26], koTopblil BBeJI HOHSTHE CHUPAIbHO-
ctr (helicity) riagkoro Bekroproro monsi B obmactu 2 C R3.

J. Cantarella, D. DeTurck, H. Gluck u M. Teytel 27| usyunin juanm Toka
COOCTBEHHBIX TIOJIEHl POTOpa ¢ MUHUMAJIbHBIM COOCTBEHHBIM 3HAYEHUEM B Iape
U B IIIAPOBOM CJIOE.

ABTOp BBIBET POPMYIIBI COOCTBEHHBIX TIOJIEH POTOpPA W TPAJINEHTa JTUBEPTeH-
MU B mIape Jiisi JIoObIX coOCTBeHHBIX 3HaueHuii (cm. [17,28,29]). Popmyiisl cob-
CTBEHHBIX I0JIefl poTOpa, MOJIyYeHHble He3aBUCUMO OT [27| u omy6imKoBaHHbIE
B [28] npumepHO B TO Ke BpeMsi, JONOJHSIOT (DOPMYJIbl, IPUBEJEHHbIE B [27],
KOTODBIE TOJIy9eHbl, caeayst paboram [22,26].

YcranoBiieHa CBsi3b cOOCTBEHHBIX To1€eii poropa n Crokca [17,30]. dus nen-
metiroit cucrembl HaBbe—(CTOKCA ¢ TEPUOANIECKUME TPAHUIHBIMUA YCIOBUSIMA
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Haiiyiensl siuble pemtenus [31]. Cosmectno ¢ A. T'. XaiiGymmHbiM aBTOp pa3pabo-
TaJl HOBBIl METOJ| YHCJIeHHOro pertennst 3axaqn Komm [32,33].

[Tpodeccop T'. T. Ucaamon [34], ucnosnb3ys dopmymy uz padorst [30], ocyiie-
CTBUJI BU3YAJM3AIUIO JIMHUAN TOKA MOJIsS uim(a:) pOTOpa ¢ MUHUMAJBHBIM CO0-
CTBEHHBIM 3HadenueM B mape.’ TpaekTopus JIBIKeHHs OTIEIBHON TOUKH HAIO-
MUHAET HUTh, KOTOPasi HAMATBIBAETCS HA TOPOUIAJIbHYIO KATYIIKY (CM. PUCYHOK ).

1.0

Karymka Hcaamosa [Islamov Coil

B pa6ore M. E. Borosckoro [35] uccnenosana 3amaua Jupuxiie st oneparopa
JIMBEPreHIN, BayKHasl B MupouHamuke (cum. [6, § 2 i 1]).

Crarpst B. H. Macsennukosoit u M. E. Borosckoro [36] cogepxkur o630p pa-
6or mo pemennto 3ajaun C. JI. Cobosesa [5] n annpokcumayuu nomenyuaibHols
U CONEHOUIAALHBLT BEKMOPHBLT N0AET PuHUMHBIMU beckoneurno duddepernuyupye-
MOMU noAAMmu. B gacTHOCTH, oHY Iy T, 9T0 B 1976 1. J. Heywood [37] mocrpownn
CcoJIeHOMTATTbHOE BeKTOpHOe 1mosie B Wi (€2), KOTopoe He armpoKCHMUPYeTCsl BeK-
ropueivu nossiMu 13 J3° () = {u € C°(Q) : divu = 0}.

KoHKypupyIoliue nHTepechl. S 3agBJIs0, YTO y MeHsI HeT KOHKYPUPYIOITIX HHTepe-
COB B OTHOIIEHUH JaHHOM cTaTbl. CTaThs sIBJISeTC IPOJOJIKeHIEM UCCIeI0BAHMIIT aBTO-
pa [17,19,38-40] (cM. Takxke arXiv:1704.05699 [math.FA], arXiv:1710.06428 [math.AP]
n arXiv:1712.03804 [math.AP]).

ABTOpCKaﬂ OTBETCTBEHHOCTB. 1 HeCy IIOJIHYIO OTBETCTBEHHOCTH 3a IIpeJACTaBJ/IEHUE
OKOHYATEJbHOM’ PYKOIIICHU B II€9aTHOM BHUJIE. qa O‘H06pI/IJI OKOHYATEeJIbHBIN BapuaHT PYKO-

6 INannas Bu3yasm3anus Obna npeacrasiaeHa . [ Ucramosbim B nokimage «MogemupoBanue
moseit cmerreHns Bakyyma B cucreme “‘Mathematica” wna 4-oit Poccuiickoit koudepennn
mo Texuojorusam Wolfram (r. Camkr-Ilerepbypr, 6-7 miomss 2016 r.). Ha momenT namwm-
CaHUsl JAHHON CTATBW MATEPHUAJBI ITOTO JOKJIAJa OBLIN JOCTYIHBI MO CJIEIYIOMEl CChLIKE:
http://wac.36f4.edgecastcdn.net/0036F4/pub/www.wolfram.com/pdf/report-islamov.pdf.
IIpencraBieHHBI PUCYHOK IIOJIyYeH C IIOMOIIBIO IIpOrpaMMbl, nepenannoii asropy I I'. Ucia-
MOBBIM.
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nucu. Vlcxonuplit BApuaHT cTaThu ObLI OITyOJIMKOBAH B Brjie npenpuaTa: arXiv:1911.13230

[math.AP].

Baarogapraoctu. 4 Beipakato 6siarogapraocts akaneMuky PAH npodeccopy B. I1. Mac-
JioBy, ipodeccopy . d.-m. . M. JI. PamazanoBy u mouenty k. ¢.-m. 7. P. H. Tapudymm-
HY 3a MOJJEPKKY IIPU HAIMCAHUU JAHHOHN cTarhu, a Takxke K. ¢.-M. H. M. H. Caymkuny,
9bsl PEJAKTOPCKAs IIPABKa CIIOCOOCTBOBAJIA YIIyUIIEHUIO CO/IEPXKAHUS PYKOIIUCH.
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Abstract

We study boundary value and spectral problems in a bounded domain
G with smooth border for operators rot +AI and V div +AI in the Sobolev
spaces.

For X # 0 these operators are reducible (by B. Veinberg and V. Grushin
method) to elliptical matrices and the boundary value problems and satisfy
the conditions of V. Solonnikov’s ellipticity. Useful properties of solutions of
these spectral problems derive from the theory and estimates. The V div and
rot operators have self-adjoint extensions .47 and .% in orthogonal subspaces
4/, and V? forming from potential and vortex fields in Lo(G). Their eigen-
vectors form orthogonal basis in <7, and VO elements which are presented
by Fourier series and operators are transformations of series.

We define analogues of Sobolev spaces A%k and W™ orders of 2k and m
in classes of potential and vortex fields and classes C'(2k, m) of their direct
sums. It is proved that if A # Sp(rot), then the operator rot +AI displays the
class C(2k,m + 1) on the class C(2k, m) one-to-one and continuously. And
if A = Sp(V div), then operator V div +\I maps the class C'(2(k +1),m) on
the class C(2k, m), respectively.
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Summary. We study boundary value and spectral problems in a bounded
domain G with smooth border for operators rot +AI and V div +\I in the Sobolev
spaces.

The peculiarity of these operators is that they are not elliptic, they belong at
A # 0 to the class of systems, redused by B. Veinberg and V. Grushin method
to elliptic matrices. Each of these problems satisfies the Solonnikov conditions of
ellipticity.

From elliptic theory and estimates follow properties of solutions of spectral
problems of the rotor and the gradient of the divergence:

a) non-zero eigenvalues have finite multiplicity,
b) each generalized eigenfunction is infinitely differentiable up to the boundary
of the domain.

It is known that the space La(G) decomposes into two orthogonal subspaces
of potential and solenoidal fields, which we call classes and denote by &/ and 4.
They contain subspaces &%, C & and V° C .

It is proved that operators: gradient of the divergence and rotor have self-
adjoint extensions .47 and .# to orthogonal subspaces o, and V', where they
are reversible. Their inverse operators </Vd_1 and .71 are completely continuous,
and their eigenvectors form an orthogonal bases in each class &/ and %.

The elements f_, and fy; decompose in Fourier series, and operators .47 :
al, — gl and & VY — VO gpectral representations are obtained. Their domains
of definition Z(Ay) = {f € o, : Vdiv f € o, } and 2(¥) = {g € V' : rot g € V'}
are contained in Sobolev spaces H? and H! of orders 2 and 1.

We introduce the spaces

AikE{feﬁfw,...,(Vdiv)ka,szﬁy} and W"={geV’ .. rotmge V'

for k,m > 1 and prove they are analogues of the Sobolev space orders 2k and m,
respectively, in the classes of potential and solenoidal fields. The direct sums of
these spaces we call classes and denote as C'(2k, m).

The boundary value problems 1 and 2 in Lg(€2) are solved by the Fourier
method for f € C(2k, m).

If A\ # Sp(rot), then the rot +AI operator maps the class C'(2k, m + 1) to the
class C(2k, m) one-to-one and continuously.

If A # Sp(V div), then the V div +AI operator maps the class C'(2(k + 1), m)
to the class C'(2k, m) one-to-one and continuously.

In particular, if domain Q = B is a ball, ,(AR) # 0 for all n € N and field
fe A?Yk(B) @ W'™(B), then solution of the problem 1 exists, unique and belongs
to the class A2¥(B) & W™ (B).

Respective, if ¢/,(vR) # 0 for all 0 < n € N and the field f € A2¥(B) &
W™ (B), then solution of the problem 2 exists, unique and belongs to the class
AZMD(By e Wm(B).
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AHHOTaNSA

Jlannast cTaThs IPEICTABIISIET COOON AHAINTUIECKUN 0030D SKCIIEPUMEH-
TAJbHBIX U TEOPETUIECKUX UCCJIEIOBAHUI IIOI3YYeCTH U JJIUTEIbHON ITPOoU-
HOCTHU METAaJIIOB IIPU HECTAIMOHAPHBIX CJIOXKHBIX HAIPS2KEHHBIX COCTOSHU-
SIX, OIIyOJIMKOBaHHBIX 3a nocseauue 60 jer.

IlepBbie cucremarmdeckue HCCAEIOBAHUS IOJI3YYECTH METAJJIOB IIPHU
CJIO?KHOM HAIIPS?KEHHOM COCTOSTHAN ObLIH OIyOInKOBaHbI B KoHIE 50-X 1 Ha-
gaste 60-x romos XX Beka B Coserckom Coroze (JI. M. Kaganos u 0. H. Pa-
6orHoB) u BenumkoGpuranun (A. E. Johnson). ITnomepckme paGoThl
10 JuTesbHOM npounocTu Brepsble nosisuimch B CCCP (JI. M. Kauanos u
1O. H. Pa6ornos). Buocieacrsuu 0. H. PaborHos paspaboray KuneTude-
CKYIO TEOPHIO IMOJI3YYIECTH U JJIUTEIHbHON ITPOYHOCTH, C IMOMOIIBI0 KOTOPOi
MO2KHO 3(pHEKTUBHO OIUCHIBATH PA3IHIHBIE OCODEHHOCTHU IMIPOIECCa O3y~
YeCTH METAJJIOB BILUIOTH JI0 PAa3PYIIEHUs [IPU PA3IMIHBIX [IPOrpPaMMax Ha-
rpykenus. B pa3HbIX BapuaHTax KHHETUIECKOI TEOPUU UCIOJIB3YIOTCH JINO0
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Jlokomenko A. M., @omun JI. B.,, Tepaya B. B.,, Bacanos IO. I, Ara6a6su B. C.

CKAJISIPHBIN TTApaMeTp MMOBPEXKIEHHOCTH, JTHO0 BEKTOPHBIN IapaMeTp, Judo
TEH30pHBIN TapamMerp, aud0 ux KoMmOmnarms. Bemen 3a paboramu M. Ka-
qanoBa 1 FO. H. PaborHoBa MexaHNKa KOHTHMHYAJIBHOIO PA3PYIIEHHs CTaJIa
pasBuBaTbcs B EBporne, B Asuu u 3atem B CIITA.

B kauecTBe OCHOBHOI CBsI3M KOMIIOHEHT TEH30POB HAIIPSI?KEHUN U Jie-
dopMarmii MoI3ydecT IPUHUMAETCsI THIIOTE3a IIPOIOPIIMOHAILHOCTH JIe-
BHATOPOB HAIPS2KEHUI U JIEBUATOPOB CKOPOCTEil medopMaliuil moJi3ydecT.
IIpu MomenupoBaHUY IKCIEPUMEHTAIBHBIX JTAHHBIX KOI(MMUIUEHT IPOIOP-
[MHOHAJIBHOCTH B ITON 3aBUCHMOCTH MPUHUMAET pasubie ¢hopmbl. OCHOBHAS
pobsieMa B Pa3BUTHH JIAHHOT'O HAIIPABJIEHUsI COCTOUT B TPYIHOCTSAX ITOJLY e~
HUsI 9KCIIEPUMEHTAJIbHBIX JAHHBIX [IPU IPOU3BOJIBHBIX IIPOIPAMMAX HArpy-
KEHUSI.

B nanHOM 00630pe 1puBeieHbl OCHOBHBIE Pe3yJIbTaThl UCCJIEI0BAHMI, IPO-
BOJUMBIX yUeHbIMU pa3Hbix crpaH. Kpome FO. H. Paborrosa u JI. M. Ka-
9aHOBa, CYIIECTBEHHbBIH BKJIAJ] B PA3BUTHAE PACCMATPUBAEMOTO HAIIPABJICHUST
HAyKH BHeC U TakKe poccuiickue ydenbie H. H. Majunun, A. A. Usnbiomun,
B. C. Hamecraukos, C. A. ITlecrepukos, A. M. Jlokomenko, O. B. CocHus,
FO. II. Camapun, A. @. Hukurenko u ap.

KuroueBbie ciioBa: aHamTuIecKuit 0030p, MOJI3YYeCTh, JJINTEIbHAS TPOU-
HOCTbD, CJI02KHO€E HAIIPS?KEHHOE COCTOSHIE, HECTAIMOHAaPHOE Harpy»KeHue, pe-
JIAKCAId HAlPAXKEHUN, CKaJAPHBIN ITapaMeTp IIOBPEXKJIECHHOCTH, BEKTOD-
HBII TapaMeTp IIOBPEK/ICHHOCTH, TeH30PHBIN I1apaMeTp HOBPEXKJIEHHOCTH.

Iouyuenue: 7 suBaps 2020 r. / Mcnpasienune: 24 despassa 2020 r. /
Ipunsarue: 16 mapra 2020 r. / [ly6iukanus onnaita: 14 mas 2020 r.

1. BBeenue. BuicokoTemiiepaTypHas O3y Y€CTh METAJLIOB XapaKTePHA TEM,
9TO B TEJIe HAPSJLy ¢ HAKOILIEHUEM HEODpATUMBIX ebOpMAIIUiil TOJI3yYeCTH TTPOUC-
X0UT 00pa3oBanne u paspuTue J1edeKToB (MOp, MUKPO- U MAaKPOTPEIIHH ), IPH-
BOJIAIEe K paspyinennto. VceaemoBanusi, B KOTOPBIX HUCHOIB3YIOTCS TPEINOI0-
JKeHUsT MEXAHWKN CILIONTHON CPEbl ¢ YIeTOM HAKOIJIEHUS MUKDPOPA3PYIICHMUIA,
npuBe/in K (GOPMUPOBAHUIO OTAEILHOIO HAIIPABJIEHUS MEXAHUKHN PA3PYIIEHIT —
MEXaHUKN KOHTUHYAJHHOTO Pa3pylIeHus. JTO HAIIPABICHIE OBLIO CO3/IAHO JIBY M
BBIJIAIONUMUCST COBETCKUMHU YUIeHbIMU-MeXaHnukaMu rmpodeccopom JI. M. Kauano-
BoIM |1] m axkamemmkom HO. H. Pa6ornosbiM [2] B komme 50-x rogo XX Beka
OHU BBEJIM B PACCMOTPEHME TOJIBYIECTH TIPU OJHOOCHOM PACTSI?KEHUHU HOBBIH Ta-
pameTp — MoBpeKIeHHOCTh MaTepuaJia. Bekope FO. H. PaGorHoB Ha ocHOBe 3TOTO
MI0JIX0/1a Pa3paboTa) KHHETHIECKYIO TEOPUIO TOJA3YYECTH U JTUTEIHHON IIPOIHO-
cru [3]. B manbHeiimem cyiecTBeHHbIE PE3YJIbTATHL B PACCMATPUBACMON 00/1acTH
obin moydensl FO. H. PabornoseiM, JI. M. Kaganoseim, H. H. MamuaunbiM,
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HOJI3y‘IeCTb U JJInTeJ/IbHAasI IIPOYHOCTHh METAaJIJIOB . . .

A. A. Unprommueim, B. C. HamectaukoseiM, C. A. [lecrepukosbim, A. M. Jlo-
komenko, O. B. CocuunbiM, FO. II. Camapunbiv, A. ©. Hukurenko u apyrumu
pOCCHﬁCKI/H\H/I YY€HbIMHA.

Benen za paboramu JI. M. Kauanosa u FHO. H. Pa6orHoBa mexaHuKa KOH-
TUHYAJTHLHOTO Pa3pyIIeHUsT CTaja Pa3BUBATHCS B EBpolie, B OCHOBHOM ITPUMEHU-
TEJILHO K TIPOTIECCaM O3y IeCTH MeTAJIOB. [IpecTaBuresin GPUTAHCKOM TITKOJIBI
mexannkoB F. A. Leckie m D. R. Hayhurst BHecn 3HauuTebHBIN BKIaT B pas3-
BUTHE TEOPUH HAKOILIEHUsT OBpexkaeHmit. Onpe/ie/ieHHble yemexXn ObLIN JOCTUT-
HyTbl B paborax nosbckux (M. Chrzanowski u W. Tramczynski) u sinonckux
(S. Murakami) yuenbix. Bo ®@paHIun OCHOBBI MEXAHUKU KOHTHHYAJIBLHOIO pa3-
pytieHust 6611 cHOPMYTUPOBAHBI C UCIOJb30BAHUEM allapaTa TEePMOJINHAMUKN
(J. Lemaitre). B magase 80-x romos XX Beka Girarogapst paboTaM MHOTUX yY€HBIX
9TOT pasjiejl MeXaHWKH cTraj akTuBHO pasBuBarbest B CLIIA. C Tex mop manHast
O6ﬂaCT]:> HCCHeﬂOBa‘HI/Iﬁ HaXO/JUTCA B IEHTPe BHUMAaHUA BO BCEM MHPE B OTHOIIIE-
HUM Pa3BUTHUs KAK €e OCHOB (J]aJIeKO He BCE TeOPETHUYECKHEe MPOB/IeMbl PEIeHb ),
TaK U MPUTOKEHUI.

Ba nociennne 60 jer MexaHMKa KOHTHHyasbHOro paspymienus (Continuum
Damage Mechanics (CDM) B aHIVIOS3BIYHBIX MyOJIUKAINSX) [TOJIYIH/IA 3HATH-
TesibHOE paspuTre. HakollieHne oBpeXKIeHnii pacCMaTPUBAETCsT KaK IIPOIeCe Io-
CTENeHHOr0 pa3pyllleHnsi MaTepuasia. Bo MHOTHX paboTax OTedeCTBEHHBIX U 3apY-
OEXKHBIX YUEHBIX [IPU U3YUEHUU CJIOXKHOTO HAMPSYKEHHOTO COCTOSTHUS PACCMaTPH-
BaIOTCsT TTAPAMETPBI MOBPEXKIEHHOCTH, MMEIOIIIE He TOJTBKO CKAISIPHYIO, HO TaK¥Ke
BEKTOPHYIO W TEH30PHYIO Mpupoy. C MOMOIIBI0 COBPEMEHHBIX BAPUAHTOB KUHE-
THYECKOW TeOpUH MOYKHO OIUCHIBATH 1e(OPMUPOBAHUE U JJINTEIBHOE pa3pyIie-
HUE METaJIJIOB IIPU HEIIPOIIOPIITMOHAJIbHOM HaIl'PY2KEHNU, YINTbIBATh aHU30TPOIINIO
CBOMICTB METAJIJIOB, UCIIOJIB30BATH BO3MOXKHOCTU TEOPUU IIPU PENIEHUU TEXHOJIO-
TUYECKUX 347189 U T.I.

JlauubIit 0630p TMOCBSIIIEH aHATN3Y IKCIEPUMEHTATHLHO-TEOPETHICCKAX UCCIIe-
JIOBAHUI TIOJIBYYECTH U JTUTEIHHON TPOTHOCTH METAJIJIOB TPU HECTAITMOHAPHDBIX
CJIOYKHBIX HAIPSKEHHBIX COCTOSTHUAX 3a mocjenaue 60 jger. CielyeT OTMETHUTD,
YTO XOTsI HEKOTOPBIE UCIBITAHUST OBLIM MMPOBEJIEHBI JOCTATOYHO JABHO, STU pe-
3yJILTATHI HE TIOTEPSIIM CBOEH aKTyaJbHOCTH W B HACTOSIINEE BPEMSI.

2. Mounorpadun. B monorpacdun FO. H. Pabornosa [3] cdopmymuposa-
HbI O0IIHe T0JIOYKeHUsT (PEHOMEHOJIOTUYECKOTO MO/IXO0/Ia K OMUCAHUIO TI0JI3YYeCTH
U JUINTEJBHON MPOYHOCTU KAaK IPU OJIHOOCHOM DACTSIYKEHWM, TAK U [PUA CJIOXK-
HOM HAIIPSI)KEHHOM COCTOSTHUH. B Hell 1pe/yIoyKeHbl 0DIue COOTHOIIEHUS] TAKOTO
IOJIX0/Ia U TIOAPOOHO MTPOAHAJIN3UPOBAHBI KOHKPETHBIE BADUAHTHI, OCHOBAHHbBIE HA,
KOHIIeNuu 3(hPEeKTUBHOTO HAIPSZKEHHUsI, KOTOPOE BBOJIUTCS KAK B KHHETUIECKUE
COOTHOIIIEHUS JIJIsl TTapaMeTpa MOBPEXKICHHOCTH W, TaK W B OIPEICISIONINE YPaB-
HeHusi coctositusi. C yaeroM 3(hdEeKTUBHOIO HAIPSIXKEHNsST MOXKHO OIUCATH sIBJIE-
HUE JJIUTEJIbHON MPOYHOCTH U MPEJICKA3ATh Psijl HAOJIOIAEMbBIX B 9KCIIEPUMEHTAX
3¢ dexToB. B ciaydae mpocTpaHCTBEHHOTO HAIPSI?)KEHHOTO COCTOSHUST TIOBPEXK ICH-
HOCTb IIpeJjlaracTcd CYUTATh CKAJIAPHON BeJIMYMHON MM TEH30PHON BEJIMYUHON.

B monorpadun JI. M. Kauanosa [4] dopmynupytorest peHOMEHOIOrMUeCKHE
COOTHOIIIEHUS JIJI OIPEJICJIEHUS JITUTEILHON TPOYHOCTU B YCJOBUSIX CJIOZKHOTO
HAIPSKEHHOTO COCTOsiHUA. PerieHo 60oJIbIoe KOJNYIeCTBO KOHKPETHBIX 33184 JIJIst
HCCIIE/IOBAHUS KaK XPYIIKOTO, TAK U CMEIAHHOTO pa3pytienus. [Ipojgemoncrpupo-
BaHbI BOBMOXKHOCTH KaK CKaJISPHOIO, TaK 1 BEKTOPHOI'O IIPE/ICTABIEHUS TIapaMeT-
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pa noBpexennoctu. [Ipu pemreHnn 3a/1a4 yIUTHIBAIOTCS SBJICHUE aHU30TPOINH
MaTepuaJia, JIBIKyIuiics (ppoHT pa3pylieHus, epepacipe/jiesieHne HallpsyKeHit
B IIPOIIECCE XPYIIKOTO Pa3pyIleHus u apyrue 3hdeKTo.

Muorue BaxKHBIE ACHEKTHI JTUTEIHHON MPOTHOCTH METAJJIOB MPHU CJIOKHOM
HAIPS?KEHHOM COCTOSIHUN PACCMOTPEHBI C TO3UINNA KMHETUIECKO TeOPUHU B psijie
monorpadmit (W. Tramczynski [5], O. B. Cocuun ¢ coasropamu [6], A. ®. Huxku-
tenko |7], B. M. Muxasesuu (8|, J. Betten [9], A. M. Jlokormenko [10] u ap.).

Mownorpadust [5| coepKuT U3/I02KEHNEe OCHOB TEOPUH IOJI3YYECTH METAJIIOB
B YCJOBHUSIX OJTHOOCHOTO U CJIOXKHOTO HAMNPSI?KEHHLIX COCTOAHUI. BosbIioe BHU-
MaHUe yJesaseTcs TpobsieMe MOJI3YyUeCTH NMPU MOCTOAHHBIX M IUKINIECKUX Ha-
rpy3kax. lIpuBesieHbl pe3y/ibTaThl SKCIIEPUMEHTAIBHBIX U TEOPETUIECCKUX HCCJIe-
JIOBAHUH IUKJIMIECKON MMOI3YYECTH PA3JINIHBIX METAJJIOB [PU HECTAITMOHAPHBIX
HATPYKEHUSX BILUIOTH J0 paspylienus. B monorpadusix [6, 7| noxsemen wuror
OOJIBITIOTO TUKJIA, IKCIIEPUMEHTATLHO-TEOPETUIECKUX HCCACIOBAHNI O3y IeCTH
7 JJIATETBLHON MTPOYHOCTH PA3JIMIHBIX METAJIOB IMPHU CTAIMOHAPHBIX U HECTAITH-
OHAPHBIX HAIPSI>KEHHBIX COCTOSTHUSIX, B 9TUX MCCJICIOBAHUAX IIPOAHATU3UPOBAHBI
BO3MOXKHOCTH SHEPreTUYEeCKOro BapuaHTa KuHeTudecKoit Teopun. B. M. Muxa-
aesud [8] paspaboran MareMaTHIecKuii anmnapar Jijis UCHOJIb30BAHUST TeH30PHO-
rO MOMXO/A, B KOTOPOM COOTHOIIEHUS JJIsT KOMITOHEHT JIEBHATOPA TIOBPEKICHUN
peJicTaB/IeHbl B HHTerpasibHoil hopme. J. Betten [9] pacemorpest pasiudanble ac-
[IEKThI MOJI3YIECTH METAJIOB C TOUYKU 3PEHUsS MEXaHUKHU J1eOPMUPYEMOTO TBED-
JIOTO TeJia, IIPU STOM OIUCAHBI KaK (DYHIaMEHTAJIbHBIE, TAK U MPUKJIATHBIE ACIICK-
Tol. Perienne mpobsieMbl JIUTENBHON MPOYHOCTH HPHU CJIOZKHOM HAIPS2KEHHOM
cocrosiunn B MoHOrpaduu [9| 0ocHOBaHO HA IPUMEHEHNM KUHETUYeCKOi Teopuu
IO. H. PaboTHOBa ¢ MCIOJIB30BAaHUEM TEH30PHOTO MapaMeTpa MOBPEXKICHHOCTH.
B monorpaduu A. M. Jlokomenko [10] npejcrasiies mupokuii MUK SKCIIEPUMEH-
TaJbHO-TEOPETUIECKUX UCCIIEIOBAHUN OJI3YIECTH U JTUTEIbHON IPOYHOCTH TTPU
Pa3/IMIHBIX TPOrPAMMAX HAIDYKEHHUS.

3. O630pbI. YUeHBIMU PA3JINIHBIX CTPAH B PA3HBIE TOBI OBLIU COCTABJIEHBI
aHAJUTUYIEeCKHE 0030PbI, B KOTOPBIX OOCY2K/JIAJIICH PE3Y/IbTAThHI UCCJIEIOBAHUN 34
[IPEJIITIECTBYIONINE TOJIBI.

A. Johnson B 1960 r. omyGamkoBas 0630p MCCIEIOBAHWI MONBYUECTH TIPH
CJIOZKHOM HAIIPSI)KEHHOM COCTOSIHUM, IpoBejieHHbIX B 1940-1959 rr. [11], B KOTO-
poMm oTmedaeTcs, 4To 70 1940 1. y4eHbIMH B OCHOBHOM PacCMaTPUBAJIUCH CJIOXK-
HbIE HAIPSI)KEHHBIE COCTOSTHUSI IIPU YCTAHOBUBIIIEHCS TIOJI3YIECTU. SHAUUTETHHOE
HEMaHue B [11] yaessiock 0COGEHHOCTSIM HEYCTAHOBUBIIEHCS U yCTAHOBUBIIEHCST
[TOJI3YY€eCTH, PEeJIAKCAIUN HAIPSKEHUN, JITUTETbHON IPOYHOCTH U JIDYTUM BaXK-
HBIM ITPOOJIEMAM.

C. A. Ilecrepukos u A. M. Jlokomenko B 1980 r. omy6/iMKOBaIu JOCTATOIHO
IIOJIHBIN aHAJIU3 PA3BUTHS TEOPUU IMOI3YUECTU U JIIUTEIHHON ITPOIHOCTH MeTaJ-
JI0B 3a npe/mectsytomume 15 ser [12]. Ha ocnoBe npoBeierHOro anaimsa ero aBro-
pPBI OTMETHJIN, YTO B PAMKAaX MEXAHUKU CIJIONIHOW CPEbl JIJIsi OIUCAHUS IPOIIEC-
COB TIOJI3YYECTH W JJIUTE/IHHON MPOYHOCTH KOHCTPYKIIMOHHBIX METAJIJIOB Hanbo-
Jlee TePCHeKTUBHOIL siBisieTcst npejyioxkentast FO. H. PaGorrosbiM (3| Konmemnmus
YPaBHEHUSI MEXaHUYIECKOT'O COCTOSIHUS C CUCTEMOM KUHETUIEeCKUX YPaBHEHUN s
OIIPEeJIeJIEHUs TAPAMETPOB, XapaKTEePU3YIONINX paccMaTpuBaemoe cocrostaue. [Ipu
9TOM PACCMATPUBAIOTC PAa3/IMYHbIE BAPUAHTHI KUHETHYECKUX YPABHEHUI.

J. Lemaitre B 1986 r. mpuBes KjaaccuuUKaIUiO METOIOB OIMUCAHUS KOHTUHY-
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AJBLHOTO Pa3pyIlleHusi, pa3paboTaHHbIX 3a npesmectsyiontie 10 jer [13]. B sTom
0030pe B KauecTBe MePbl [TOBPEXKJIECHHOCTH BBOJISATCS CKAJSAD JIJIs OIMUCAHUS U30-
TPOIHOTO PA3pYIICHNs] U BEKTOP MJIN TEH30p (BTOPOro WJIM YeTBEPTOrO paHra) —
JUIST aHU30TPOITHOTO pa3pyllieHns. PaccmMarpuBaroTcs ciiydan yrupyrocTs, yupyro-
IUIACTUIHOCTH U YIIPYTOBS3KOILIACTUYIHOCTH C COOTBETCTBYIOIIMMU yPABHEHUSIMU
COCTOSTHUSI, BKJTIOUAIOIINMYI KHHETHKY HAKOILIEHUs TOBpexkIeHHocTH. Jlana Kiac-
cuduKalysg OCHOBHBIX THUIOB KPUTEPUEB DPa3PyIIEHUs, IPUBEJICHBI PE3YIbTATHI
pacdeToB THIUYHBIX JIEMEHTOB KOHCTPYKITHIA.

D. Krajcinovic mpoBesi anain3 pasBuTusi KUHETH4IeCKo# Teopun ¢ 1970-x mo
1990-e roxer [14-16]. B crarpe [14] maercs 0630p THIHYHBIX 3a/a9 MEXAHUKH,
peIaeMbIX C MO3UNNN KOHTHHYaJbHOU moBpexjaeHHocTu. C (usnaeckoil Toukn
3peHns MOBPEXKJIEHUs IPEJICTABIEHBI B BUE CHEPOUIATBHBIX IIYCTOT U IIJIOCKUX
Mukporperua. C MOMOMIBIO OMUCAHUS KUHEMATHKH pPOCTa TOBPEXKICHUN yCTa-
HABJIMBAETCS 3aKOH HAKOILIEHUS [TOBPEXKJIEHHOCTH, T.€. yDAaBHEHHE, CBA3bIBAIOIIEe
MIPUPAITIEHNST TEH30POB MOBPEXKIEHHOCTH U JieopMaIiiil. ITO ypaBHEHUE COMIEP-
JKAT MATPUILY KECTKOCTU, OTPAXKAIOILYI0 HE TOJIPKO HAKAILIMBAEMbIE, HO U Ha-
KOILICHHBIE paHee MOBpexKieHnst. B crarbe [15] akieHTupyercss BHUMaHUEe Ha Ta-
KHX 1pobsieMax, KakK OJHOPOJIHOCTb, U30TPOIHs, MAacIITabHbIN (haKTOP, BIUSHUE
IPaHMI] 3€PEH B MOJMKPHUCTAJJINYECKUX MaTepHasaX U PasjindHbIX (a3 B KOM-
ITO3UTHBIX MaTepuajax, yCpeTHeHusT PU U3MepeHun jiepOpMaIuu 1 CMeIeHu i
u ap. PaccMmoTpenbl HeKoTOpbIe (DEeHOMEHOJIOTHIECKUE U (PUBUIECKIE MOJIETU Ma~
Tepualia, OCHOBaHHBbIE HA JIAHHOI KoHIenimu. B crarhe [16| mpoanaqnsnpoBaHbl
JIOCTUKEHUS, HEJOCTATKN U TEHJEHITUN PA3BUTUs MEXaHUKU oBpexaennii. Or-
MEeYAaeTCsl, YTO PACTYIINN MHTEPEC K MEXaHUKe KOHTUHYAJbHOIO Pa3pyIleHns siB-
JIIeTCS JIOKA3aTeIbCTBOM €€ 3HAYNTEJbHBIX JIOCTUKEHUI.

B o630pe J. Chaboche [17] Mexanuueckoe NoBejIleHIE MATEPUAJIOB, UMEIOIIIX
TOBPEXKIEHUS, M3YIACTCsl HA OCHOBE COEINHEHUS] MEXaHUKH PAa3PYIIEHUS C TEPMO-
JIMTHAMUKOW HEOOPATUMBIX IIPOIECCOB, & TAKXKe C YUE€TOM BJIMSHHUS aHU30TPOIUN
MaTepuaJa.

J. Betten paccmoTpes mmupokuii Kjaacc Mojiesieil, OMUCHIBAIONINX TI0JI3YYeCTh
M30TPOIHBIX M aHU30TPONHBIX Marepuasos [18|. Pasmmunbie ocobennocTu siBie-
HUsI MOJI3YYECTU U JJINTEJIbHON TPOYHOCTU MPU CJIOKHOM HAIPS2KEHHOM COCTOSI-
HUU OIKCHIBAIOTCS C HMOMOIIBIO TEH30PHOI'O TAPAMETPa TOBPEXKJICHHOCTH.

Yao Hua—Tang ¢ coaBropamu [19] paccMoTpesin 9BOJIIONMIO JOCTUKEHUH MHO-
ruX y9eHbIX B O0JIACTU KUHETHIECKON TEOPHH IOJI3YUECTH W JJIUTEJbHON ITPOot-
HOCTH MATEPUAJIOB HauwHas ¢ ocHoBomojaramomux pabor JI. M. Kauanosa u
0. H. PabornoBa. Jlauublii 0630p MOCBSIINEH MCCJIEIOBAHUIO ITUX MPOOJIEM KaK
B TE€OPETUIECKOM ((hEeHOMEHOJIOIMYeCKOM HMJIM CTPYKTYPHOM), TaK U B HPUKJIAJI-
HOM acnekTe. BoJjibllioe BHUMAaHUE Y/e/IeHO aHAJM3y CTPYKTYPHBIX MEXaHU3MOB
noszydectu (poct nop, yuer auddy3noHHBIX IIPoIeccoB 1 jp.). B crarwe [19] pac-
CMOTPEHA BO3MOXKHOCTH TPUMEHEHUsI KHHETUIECKONH TEOPUU TIPU MOJIETUPOBAHIN
0CODEHHOCTEH JJTUTEBHOIO PAa3PYIICHUST METAJIOB C HCIOIH30BAHUEM CKAJISID-
HBIX, BEKTOPHBIX U TEH30PHBIX [IAPAMETPOB MTOBPEXK ICHHOCTH.

Cy1ecTBOBaHUE CJIOXKHBIX HAIIPSAKEHHBIX COCTOSHUI IIPY MTOBBIIIIEHHON TeMIIe-
paType BbI3bIBaeT 0coObIe Tpod/IeMbl. BaKHO MOHMMATH MEXAHU3MBI [TOCTEITEHHO-
I'0 pa3pylleHns MaTepUajIa U yMETh IPOrHO3UPOBATH CPOK CJIY2KObI Ha MIPAKTHUKE.
XoTd mosn3ydecTb MeTasia ulydaercs yzke okoso 100 Jier, MHOrme mpobseMsbl J10
cux Top He perenbl. B pabore [19] npoBeien coBpeMeHHbI 0630p HCcIe0BaHU
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[TOJI3YYeCTH U WHXKEHEPHOI'O IIPOEKTUPOBAHUS ¢ OCOOBIM AKIIEHTOM Ha y4eT BJIU-
SIHUSI CJIO?KHOT'O HAIIPSI?)KEHHOI'O cocTosinusi. CyIIeCTBYIONINE TEOPUU U ITOJIXO/IbI
K HCCJICJIOBAHUIO IOJI3y4YEeCTU CIPYIINAPOBAHBI B TPU KATErOPUU: MOAXOH, OCHO-
BaHHBIN Ha Kiaccudeckoii Teopun (CPT), moaxom, OCHOBaHHBIN HAa MeXaHU3Me
pocra nosiocreit u rpemua (CGM), u mojxoj1, OCHOBAHHBIN HA MEXaHUKE CILIOII-
Hbix nospexennii (CDM). B cooTBeTcTBUI ¢ BBINIEN3/I0KEHHBIM DacCMaTPHBa-
IOTCsI ONIPEJIEJISIIONIIE YPaBHEeHNsT 1 KpuTepun paspyinenus. B komre o63opa [19]
IIPEICTAaBJICHBI 33/18491 110 OIMCAHNIO IIOJI3YYEeCTH IIPU CJI0ZKHOM HAIPS?KEHHOM CO-
CTOSIHUHU, & 3aTEeM II0 COBEPIICHCTBOBAHUIO KPUTEPUEB PA3PYIICHUA.

4. TTon3y4decTh METAJJIOB TPU PA3JAYHBIX MIPOrpaMMax Harpyke-
uusi. [locrpoenne dbeHOMEHOIOrnIecKUX MoJlesiell (Teopuil) moa3ydecT, HAKOI-
JICHU S ITOBPE2KICHHOCTH U ,Z[‘J'[I/ITQ.HBHOI;'I IIPOYHOCTU UMEET JIJINTEJIbHYIO UCTOPHUIO,
HO JaHHas TpodeMa, 0COOEHHO I CJIOYKHOTO HAIPSKEHHOTO COCTOSTHUSI, J1a-
JIEKa JI0 3aBEPIIEeHNs] U3-38 OCHOBHOU TPY/IHOCTH, 3aKIOYAIOMENHCS B Oy ICHUN
U TPAKTOBKE 9KCIEPIUMEHTAIBHBIX JJAHHBIX (YTO caMo 10 cebe TpyIoeMKasi Iporie-
Jlypa), ¥ IMIIPOKOTO CIIEKTPaA PEOJIOTHIECKIX P PEKTOB MATEPHAJIOB B YCIOBHIX
MTOJI3Y IECTH.

OCHOBbI TEeOpUUu IIOJIByHYEeCTH IIPpU CJIO2KHOM HAaIIPAZKEHHOM COCTOAHUN 6bI.HI/I
3a/I0KeHbl B cepennae XX Beka. CremyerT OoTMETUTH BKJIAJ B 3TO HAIIPABJICHUE
HayKHU KOJIJIEKTUBA COBETCKHUX ydeHbIX BO miase ¢ FO. H. PaborHoBbiM 1 KoJLIEK-
THBa yueHbIX 13 Bemnkobpuranun Bo Tiase ¢ A. Johnson’owm.

0. H. Paboraos B Hauase 60-x romoB XX Beka pa3paboOTaj KHHETHIECKYIO
TEOPHIO TIOI3YIECTH, COTTIACHO KOTOPOI CKOPOCTD TOM3YIECTH P CTPYKTYPHO YCTOT-
YUBOI'O MAaTEpHUaJia IIPU OJHOOCHOM DPACTSI)KEHUM B KaXKJbIiI MOMEHT BpeMeHU t
3aBUCUT OT BEJUYIUHBI ITPUJIOKEHHOT'O HAIPSIKEHUS 0, TeMIiepaTypbl 1 u CTPyK-
TYPHOI'O COCTOSIHUSI MaTepHuaJia B 3TOT MOMeHT BpeMmeHu. CTPYKTypa COCTOSTHUS
MaTepraa XapakKTepu3yeTcss HabOPOM BEJIMYUH (1, §2, - - -, Gn, KOTOPBIE HA3bIBa-
IOTCS CTPYKTYpHBIMU Hapamerpamu. KuHeTrudeckass TeOpusl MOJ3Yy<UeCTH B 3TOM
CJydae COCTOUT U3 YPABHEHUsT MEXAHUIECKOTO COCTOSTHUSI

p:p(07T7Q1an7”'7Q’n)

1 CHUCTEMbl KHHETUYECKUX YPaBHEHU IJIsi OIpeIe/IeHUs STUX CTPYKTYPHBIX IIa-
pPaMeTpPOB:
dg; = a;dp + b;do + ¢;dt + g;dT,

npudeM KodpduImuenTsl a;, b;, ¢;, g; B 00IeM ciaydae 3aBucaT or p, o, t, T,
a TakK>kKe OT q1, §2, - - -, qn.

B monorpadun [3] npuseieno o6001eHre KUHETUIECKO TEOPUU Ha, CJIOKHOE
HAIIPSI?KEHHOE COCTOSTHUE.

B crarbe [20] npuBeieHbl pe3yIbTaThl SKCIIEPUMEHTATLHO-TEOPETUIECKUX UC-
CJIEJIOBAHUIN MMOJI3YyYeCTH METAJUIOB DU PA3JIMYHBIX MPOI'DAMMAaX HATPYKEHUS,
nosiy4dennsle FO. H. PabornosoiM u ero corpynnukamu B. C. HamecTHUKOBBIM,
C. T. Muneiiko, A. A. XBOCTyHKOBBIM U JIp.

A. Johnson [11] mpu ycraHoBI€HNN IPUYIMH Pa3bpoca ONBITHBIX JAHHBIX 00pa-
AeT CyIeCTBeHHOEe BHUMAHIE HA CTENIeHb HEOTHOPOIHOCTH CTPYKTYPhI 00PA3IIOB.
B psze ciydaeB B TpyGUaThiXx 00pas3iiax pasmep 3epeH coctanisaia 1/6 or Tosm-
HbI 00pasIia, IPU 3TOM UCIBITHIBAEMbBI MaTePHaJl JIAIIb YCJIOBHO MOXKHO CIUTATH
OHOPOJHBIM. VIM OBLIO NIPOBEJIEHO CpaBHEHUE PE3YJILTATOB JIBYX CEPUIl OIBITOB
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Ha M0JI3y9eCTh IPU HOCTOSHHBIX HAIPSI)KEHUSX: B YCJIOBUAX PACTSKEHUS U KPY-
YeHUsi TPyOYaThIX 00PA3IOB U B YCJIOBUAX JIBYXOCHOI'O PACTSKEHUST TOHKON 110JI0-
Chl; MHTEHCUBHOCTH HAIPSIZKEHUI B 9TUX CEPUSIX ONBITOB coBmajaroT. A. Johnson
IIOKa3aJI, 9YTO T'HUIIOTEe3a e,ZLI/IHOI'?'I KpI/IBOfI IIpU IIOCTOAHHBIX HaIIPDAXKEHUNAX B ITUX
UCIBITAHUSTX BBITOJTHSIETCSI.

B kadecTBe OCHOBHOI'O COOTHOIIIEHUS, CBSI3BIBAIONIETO HAIPS2KEHHOE U J1eOp-
MUPOBAHHOE COCTOSIHUS, SABJISETCA TUIIOTE3a O IIPOIOPIIMOHAJILHOCTH JIEBUATOPOB
HaIpsXKEHU U CKOpocTelt medopMaliuii moJi3yIecT.

IIpoBepkoit TUIIOTE3BI TPOTOPIIMOHATBHOCTH AEBUATOPOB HAIPSXKEHUN 1 CKO-
pocteii tedopMAaIuil MoI3yIeCTH It PA3JIMIHBIX MaTepruaJjioB 3anuManck F. Nor
ton u C. Soderberg, R. Bailey, T. Nishihara ¢ coasropamu, B. C. HamecTHuxkos
u 0. H. Pa6ornos [21, 22| u ap. BosnpmuucTBo necieoBaTeneil IpUILIN K BbI-
BOJLY, YTO 3Ta IUIIOTE3A [IPU ITOCTOSTHHBIX HAIIPSAKEHUAX JTOCTATOYHO XOPOIIIO O/
TBep:KlaeTcs. Tak, HaupumMep, aHajins, uposejaennblii B. C. HamecTHUKOBBIM, 110-
KazaJl, 9TO 3HaYeHUsI OTHOIIEHUI 307y /Oxxs Pra / 'ygy IPU IMOCTOSAHHOM HaIIPAZKEH-
HOM COCTOSIHUU OTKJIOHSIFOTCSI OT €JIMHUIBI KAK B OJIHY, TAK U B JPYT'YIO CTOPOHY,
Kak IpaBujo, ne 6osee yem Ha 10 %.

B. C. HamMecTHUKOBBIM TaK¥Ke MCCIeI0BAIACh IPOIMOPIMOHAJILHOCTE IEBUATO-
POB HalpsizKeHUi 1 jiechopManuii Ipyu CMeHe BHJIa HAIIPSIKeHHOT'O COCTOsIHUA [23)].
OcobeHHOCTh UCIIBITAHUI HA MTOJI3YYeCTh [IPU CTYIIEHIATOM U3MEHEHUU HAITPSIZKe-
HU 3aKJI0YAETCST B TOM, UTO JIaXKe IIPU MAJIOM YBEJIMYEeHUN Halpsi2KeHuit nedop-
MAaIUH [T0JI3YYECTH TOCJIE ITOrO PE3KO BO3PACTAIOT, a IOCJe MAJIOr0 YMEHBITICHUST
HaIPsAKEHUHN MPOIECC NMOJIByYECTH B Te€YEHHE HEKOTOPOTO BPEMEHU MPAKTUYIECKH
npekpaiaercd. [losTomy mpu mepeMeHHBIX HAIPSKEHUSX MTPOIOPIINOHAIBLHOCTD
JeBUATOPOB HAIIPs2KeHU u nedopMaIiuii HapymuaeTcs.

B. C. HamecTHUKOB 3HAYUTE/IbHOE BHUMAHUE YIETU SKCIEPUMEHTATHLHOMY
MCCTICIOBAHUIO BBITTOJTHUMOCTH THUIIOTE3bl MPOIIOPIIUOHAIBHOCTH JICBUATOPOB Ha-
NPsYKEHUIT U JIEBUATOPOB CKOpocTell jedopMaliuil moJi3ydecTd IPU Pa3JIUdHbIX
nporpaMmax Harpyxkenusi [21, 24]. B [21] 6bu10 n0Ka3aHO, UTO HPU MOCTOSTHHBIX
HaIr'py3KaX I'rnoTre3a IMpPOIIOPINOHAJIBHOCTU JE€BUATOPOB HaHpﬂ)KeHI/Iﬁ n aeBuaTo-
POB cKopocTeil pedpopMaluii MoJI3y9eCTH BBIIOJIHsIeTCs ¢ TouHocThIo 10 10 %. Ipn
9TOM B CJIyUae [TOJI3YIeCTH [IPU IEPEMEHHBIX HAPY3KAaX, COITPOBOXK TAIOIIUXCS 10~
BOPOTOM IJIABHBIX OCEH HAIIPSI?)KEHHOT'O COCTOSTHIST, 9Ta IUIIOTE3a HE BBIIOJIHAETCS.
B [24] uccneayercst runoresa nponopruoHaibHOCTU JIEBUATOPOB B CJIy9ae IPOIIop-
IMMOHAJIbHOT'O HaI'PY2KEHNA, IIPU 3TOM I'VJIaBHBIE OCU HE ITOBOPAYINBAIOTCH. SKCHepI/I-
MEHTAJIbHOE MCCJIEOBAHNE STOTO BOIIPOCA IPOBOJIUIOCH HA, TOHKOCTEHHBIX TPYO-
gaThIX oOpasnax n3 ajomuaueBoro civtasa JI16T npu 150 °C B ycioBusx coBMecT-
HOrO JieficTBUs pactaruBatoniero o(t) u KacaresbHoro 7(t) Hamnpsikeruit. B mpo-
1IeCCe UCHBITAHNN KaK IIPU yBEJIUIEHUN HAIPSKEHUN, TaK U [PU UX yMEHBIIEHIN
OTHOIIIEHNE T /0 COXPAHSAIOCH IPAKTUIECKH MOCTOSTHHBIM (7 /0 & 0.34--0.35). Uc-
IbITaHUA ITOKa3aJIn, 9TO IIPU ITPOITOPIIMOHAJIBHOM YBECJIMYCHUN HAI'PDY30K I'IIIOoTe3a
IIPOTIOPIIUOHAJIBHOCTH JIEBUATOPOB YJIOBJIETBOPUTE/HHO BBIMOJIHSAETCsI. B ciiydae
POTIOPIMOHAJILHOIO yMeHbIeHust Benaut o (t) u 7(t) OTHOIIEeHHs] IKCIEPUMEH-
TaJbHBIX 3HAYEeHN JeOpMAaIinii TOJI3yIeCTU K IIPOrHO3UPYEMbIM 3HAYEHUSIM 3HA~
YUTEJIbHBI.

HpI/I aHaJIn3e ycTaHOBHBLHefICH IOJI3y1ecTn N3BECTHBIN nHTepec 1nmpeJacraBiideT
BOIIPOC O TOM, 3aBUCHT Jii (PYHKIWUsL Py (0y), TJI€ Py — UHTEHCUBHOCTH CKOPOCTEIH
ngedopManuii Moa3ydecTu, a g, — MHTEHCUBHOCTD HAIPSKEHU, OT BHUJa HAIPs-
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JKeHHOro cocrosiuus. M3 onbiroB A. Johnson’a ciemyer, 4To B JiorapudMUIeCKUX
KoopanHaTax «lg o, —lg P, » IKcIepuMeHTaIbHBIE TOYKHU TP MOCTOSTHHBIX HAIIPSI-
JKCHUAX B OCHOBHOM PAacCIIOJIaralOTCs BJIOJb OJHON 1 TOM 2Ke NPAMOI (c TOYHOCTBIO
JI0 €CTECTBEHHOTO pa3bpoca) Jjisl BCeX TPEX PACCMAaTPUBAEMbIX BUJIOB HAIIPSIZKEH-
HOT'O COCTOSIHUSI: OJTHOOCHOI'O PACTSI?)KEHUsI, KPYUIEHUST U UX PA3THIHBIX KOMOWHA~
nuit. B To ke Bpems ycJioBHE OO0 J€BHATOPOB MOXKET HApPYIIAThCs, COOTHO-
ITeHUsT MEXKY IPOJIOJIBLHON U CIABUTOBON CKOPOCTAMU J1epOpMAIil MOJI3yIeCTH
WHOTJA CYIIECTBEHHO OTJIUYIAIOTCS OT TEOPETUIECKUX 3HAUCHUI.

O/vH W3 NPUHIUIIKAIBHBIX BOIIPOCOB B TEOPHUH IIOJI3YIECTH — BOIIPOC O TOM,
SIBJISIETCsT JIN YIIPOYHEHUE W30TPOIHBIM, T.€. BBIOJIHSIETCS JIU THIIOTE3a €IUHOMN
KPHUBOIl IIpH IlepeMeHe HaIpaBJeHW IVIaBHBIX HanpsikeHuit. st mcciaenoBanmst
sroro sisjienns B. C. HamecTHUKOB IpoBes Ha TpyOUaTHIX 00pa3Iax u3 ayCTeHuT-
Hoit cramu D257 sxcnepumentsl npu Temieparypax 500 u 600 °C [24]. B kaxnoii

cepuy OIIbITOB MHTEHCUBHOCTL HAIpsKeHuil o, = V02 + 372 Oblla HeM3MEHHOI,
HO OT OIBITA K OIBITY MEHSJIOCh OTHOIIEHUE T /0.

DKCIEePUMEHTHI TPOBOAUINCD TI0 cyeaytorieil cxeme. CHadaa obpaselr B Tede-
are 50 9 UCHBITHIBAJICS MTPU IMOCTOSTHHBIX HAIPSYKEHUAX 0 U T, XapaAKTEPUIYEMBIX
3HadeHHeM T/0 = ki (IepBasi 9acTb ONBITA), 3aTE€M [IPOUCKOIUIIO MIHOBEHHOE M3~
MEHEHUe HalpsKeHuit ¢ u 7 u HauuHasi ¢ t = 50 1 obpa3zern UCIBITHIBAJICS €Ile
50 9 mpu TOM >Ke 3HAaYEeHUH MHTEHCHBHOCTHU HAIIPAXKEHUI 0, U JIPYroM 3HAYECHUH
orHorenust 7/0 = ky. B ciygae m30TponHOro ynpodHeHMUs HHTEHCUBHOCTH CKO-
pocrteit medopMmaruii MOI3yIeCTH Py, B TPOU3BOJIBHBINI MOMEHT BPEMEHU 3aBUCUT
OT MHTEHCUBHOCTH HAIPSYKEHU 0, 1 HAKOILJIEHHON WHTEHCUBHOCTH JiehOopMaIimit
[OJIBYYECTH Py, IPU ITOM BEJIUYHHA P, HE JOJKHA 3aBHCETH OT TOIO, KAKHM
06pa3oM CO3aBaJiach 3Ta BEJINIHHA Py. JKCIEPUMEHTAJIbHbIE TOYKH B CJIydae
M30TPOITHOIO YIPOIHEHUsI JTOJKHBI HAXOMUTHCA Ha IVIQJIKON KPHUBOM, COBIaJIa-
fommeit ¢ KpuBoii Py, (t) Ipu COXpaHeHHN HEM3MEHHOro 3HadeHust 7/o = ki upm
50 < ¢t < 100 4. OgHako CKauKoObpasHOe M3MEHEHHe OTHOIIEHUS T/0 IPUBOJUT
B 9KCIIEPUMEHTAX K PE3KOMY BO3PACTAHUIO MHTEHCUBHOCTH JAedOpMaIlnii mMo/i3y ie-
cru. Takum 06pa3oM, rUIoOTe3a €IMHON KPUBOM IIPHU MIEPEMEHHBIX HAIIPIXKEHHISTX
B onbiTax B. C. HamecTHHKOBa He MOITBEPKIAETCS.

Ecnu kpuByio mosi3ydects, Moy YeHHYIO IPU KPYUIEHUN TIOC/Ie TTPEIBaAPUTE b=
HOT'O PaCTSIyKEHUsI, COIOCTABATD ¢ KPUBOU O3y YECTH IIPU KPYIeHUH 00pa3iia, KO-
TOPBII HE IOJBEPraJicd IpeABapUTEJIbHON MMOJI3yUYeCTH IIPU PACTAKEHUU, TO OKa-
3BIBAETCS, YTO C TOYHOCTBIO JI0 OOBITHOI0 9KCIEPUMEHTAJIHLHOIO Pa3dpoca 3T KPH-
BbIE€ COBIIAIOT. TakuM 06pa3oM, U3 ITUX OIBITOB CJIELYET, YTO IPEIBAPUTEHHOE
pacTsizkeHne (KpydeHue) He BIMsieT Ha TOCIeayolnee KpydeHue (pacTsKeHue).
DTOMYy SIBJIEHMIO MOXKHO JIaTh (pusmdeckoe obocHoBanme. [ledopmariun mosrsyde-
CTH ITPOUCXOIAT HyTeM cABUTI'a II0 IIJIOCKOCTAM CKOJIb2KCHU A KpHCTaHHquCKOﬁ pe-
merKu. [Ipn KpydeHn# CKOJIbXKEHUE IMPOUCXONT, IIO-BUIMMOMY, 10 ILIOCKOCTSIM,
OTJINYHBIM OT ILJIOCKOCTEM, IO KOTOPBIM IIPOUCXOANT CKOJIbYKEHNE IIPU PaCTsizKe-
HUH.

Jlajtee paccMOTPUM HEKOTOPBIE PE3YJILTATHI IKCIIEPUMEHTAILHO-TEOPETHIECKIX
MUCCJIEIOBAHUN TI0JI3y9YeCTH METAJJIOB IPHU CJIOKHOM HAIIPSI?KEHHOM COCTOSIHUM,
nposoguMbix A. E. Johnson’om B konne 50-x u B 60-x rogax XX Beka.

B pabore [25] A. E. Johnson ¢ coaBropaMu mpoBeJi COIOCTABJIEHUE PE3YJIbTa-
TOB IOJIYIE€HHBIX SKCIEPUMEHTAILHBIX JTaHHBIX C PA3JIUIHBIME TEOPETUIECKIMEI
MofeaaMu. JIydime apyrux 3KCIepuMeHTaM COOTBETCTBYET IIPEJJIOYKEHHAS UMU
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TeopeTnieCckKasd 3aBUCUMOCTDb

pij = [F(J2) — f(I)]si5 (t),

rJie P;j — KOMIIOHEHTEI TEH30pa CKOpOCTeit jecbopMaInuil oISy IecTH, S;; — KOMIIO-
HEHTHI jJieBuaTopa Hanpsizkenuii, F'(Jo) — GyHKIMsI BTOPOro HHBAPUAHTA TEH30DA
nanpsizkennii, f(I) — yHKims Broporo uHBapruanTa tenzopa JedopMaryii moJ-
syuectu, O(t) — byHKIMA BpeMeHH.

B pa6ote [26] 06pasibl 3 TEXHUUECKH YUCTON Me/[H [OCJIe TIPeIBAPUTEIbHOI
IIPOBEPKU Ha U30TPOIINIO CBOIICTB MMOJI3y1eCTH IMoABEPraJJncCh, KakK IIpaBuJjio, IIATH
CTyIIeHAM Harpykennsd. Ha KaxKoil cTymeHu npoloJizKUTeIbHOCTRIO 24 Jaca Ha-
[PsI’KEHHOE COCTOSIHME OCTaBaJIOCh HeM3MeHHBIM. Ha mepBoil crymenu K obpasiry
[PUKJIAILIBAIACH TOJBKO OCEeBasl CHJIa, KOTOpasl 3aTeM OCTaBajach IOCTOSHHOIA,
B TO BpeMsI KaK KPYTAIIAA MOMEHT BO3pacTaJ OT CTYIIEHH K cTyleHu. IIpuse-
JAEHbI PE3YJIbTaTbhl YE€TbhIPEX CepHﬁ OIIBITOB, OTJIMYAIONINXCA BEJINIMHaAMMN OCEBBIX
nanpsizkeHuit. [IpoBepsioch COOTBETCTBUE TOJIYIEHHBIX PE3Y/IbTATOB MEXaHU'IE-
CKUM TEOPHUAM II0JI3yYECTH — TEOPUU CTAPEHHsI, YIIPOYHEHNS, KOMOMHAIIMM THX
Teopuii. KoHCTAHTBI ypaBHEHMIA, OIpe/Ie/IeHHbIE Ha yIaCTKE OJHOOCHOI'O pPacTsi-
JKEHHsI, UCIOJIb30BAJNChH /s IpeJcKa3aHusl JaIbHEIIero mopegeHns: odbpasia.
Okaszajioch, YTO HaWJIydlllee IpeJICKa3aHue J1aeT TeOpUsl TeUeHus B (popme

Dij = AF(J2)si; ®(t), O(t) =t™.

31ech p;; — TEH30p cKopocTeil JedopManuii HOI3YIecTH; S;; — JeBHATOp Hallps-
)KeHnit; A, m — MarepuasibHble KOHCTaHTHI; F'(Jy) — DyHKINS BTOPOro MHBAPH-
aHTa TeH30pa HallPAXKEeHUl, IPUHATad B BUJE

F(JQ) = Al(JQ)pl + A2(J2)p2a

rue Ai(J2), A1(J2) — Hekoropbie byHKIME BTOPOrO MHBAPUAHTA TE€H30Pa HAIDSI-
JKEHHI; Py, P2 — KOHCTAHTHI.

VcenemoBano Tak»Ke yTOUHEHNE TEOPUH, BHOCUMOE C yUETOM UCTOpUH J1epop-
mupoBanus. OCHOBHOE ypaBHEHHUE 3aIIUCHIBAETCS TIPU 9TOM B BH/IE

pij = [AF(J2) — f(I2)]si; ®(t),

rie Is — BTOpPOI MHBAPHAHT TEH30pa MOJHBIX JedopMmaruii (BKIIOUYasi MIHOBEH-
Hy10). O6paboTKa SKCIEPUMEHTAJIBHBIX JAHHBIX [TOKA3AJIa, YTO CJEYeT [OJOKUThH
f(I2) = C = const.

B [|27] maercst BbIBOJ BbIpaxKkeHuil Jyisi jiecbopManuii moa3ydecTu 1o pasiind-
HBIM TEOPHUSAM JIJIsi OIIMCAHUS SKCIEPUMEHTATBHBIX JAHHBIX, MOJYyUYeHHBIX paHee
A. E. Johnson’om ¢ coaBTOpamu.

B [28] npusesens! pesyibrarThl 14 9KCHEPUMEHTOB HA MOJI3y4YeCTh TOHKOCTEH-
HBIX TPyOOK M3 yTJIEPOAMCTON CTAIul W AJIOMHHHEBOTO WM MATHUEBOrO CILJIABOB
IIPH COOTBETCTBYIOIINX TEMIIEPATyPaxX MPHU IMEPEMEHHBIX HAIPS?KEHUAX B YCJIOBH-
sIX COBMECTHOI'O KpydeHns u pacTsizkenus. OIBIThI TPOBOAMINCH TAKIM 00pPa3oM,
YTO HOPMAaJIbHOE HAIIPSIZKEHHE OBLJIO TIOCTOSHHBIM, 8 KacaTeIbHOEe HAIPSI?KEHIE Me-
HSIJIOCH CTyIeHYaTo. VICHbITaHus MIPOBOIUIACH TOJIBKO IIPH BO3PACTAIONIEM Kaca-
TebHOM Hanpsikernun. O6CyKaeTcst BOSMOKHOCTD TIOCTPOEHUST AHAJTUTHIECKIX
3aBUCHMOCTEN I ONUCAHUS MOBEICHUS MAaTEPHAaIa B JAHHBIX yCJIOBHUAX.
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O1iesibHOE BHUMAaHHUE CTOUT YJEIUTH paboTaM SIOHCKUX aBTOPOB, KOTODBIE
B 80-90-x romax XX Beka IMPOBEJM U OIUCAJIN IHPOKOE PAa3HOOOpa3me SKCIEPH-
MEHTAJIbHO-TEOPETUIECKUX MCCJICTOBAHUI IPU CTAIMOHAPHOM M HECTAIMOHAPHOM
CJIOXKHBIX HAIPSIZKEHHBIX COCTOSTHUSX [29-31]. OTMernm SKCIepUMEHTHI, [pOBe-
JEeHHBIE YKA3aHHBIMU aBTOPAMHU.

B [29] Y. Ohashi, N Ohno u M. Kawai paccMaTpuBaioT noJ13y4ecTb HepxKaBero-
et crasu 304 upu Temieparype 650 °C nipu MOBTOPSIONIEMCS MHOTOOCHOM HATPY-
KeHuu. PaccmarpuBaioTcest pasinydnble TPAEKTOPUU HATI'DY2KEHUS B IPOCTPAHCTBE
«0 — T»: IOBTOPSIOIIEECs HArPyKeHUe — Pa3rPy3Ka MPU YUCTOM PACTSIKEHUH,
IIOBTOPAIOIIEECs KAcaTeJTbHOE HAIIPSKEHNE C MHOTOKPATHLIM M3MEHEHUEM 3HAKA
U COBMECTHOE PACTS?KEHUE W KPYUEHUE [PU PA3JIMIHBIX KOMOUMHAIUIX HAIPs2Ke-
nuit o u 7. B crarbe npuBemens! rpaduKu 3aBUCHMOCTEN 0CeBOit U yTJI0BOit Hedop-
MaInii O3y YeCcT! OT BPEMEHH IIPH PAcCMaTPUBAEMBbIX IIPOTpaMMax Harpy KeHUsI.

B [30] npuBesieHbl pe3ysbTaThl 9KCIHEPUMEHTAIBHO-TEOPETHYECKOIO HCCIIE [0
BAHMUSI MTOJI3Yy YECTU B YCJIOBUSIX, KOT/Ia KOMIIOHEHTHI TEH30Pa HAIIPSIKEHUHN SABJISAIOT-
¢Sl MUKJIMIECKU U3MEHSIOMUMUCS KYCOYHO-TIOCTOSTHHBIMU (DYHKIIUSIMA BPEMEHH.
IIpm sToM, KaK IIpaBWJIO, HOPMAJIbHOE U KACATEJIbHOE HAIPSZKEHUs, MPUIOKEH-
Hble K TpybdaTomMy 00pa3ily, U3MEHSIOTCs TaKUM 00Pa30M, YTO MHTEHCUBHOCTH
HaIPsKEHU OCTaeTCs B T€UEHUE MCIBITAHUS TOCTOAHHOM. Vccnenyercs BiusHue
HEIPOITOPIIUMOHATHLHOIO U3MEHEHUS HAIPSIKEHUN HA XapaKTep IIPOIECCa MOJI3Y e~
ctu marepuaJa. [Ipemiaraemast Mozestb pecTaBser coboit 0600IeHe Moje et
U30TPOIMHOTO U KHHEMATHIECKOTO YIIPOIHEHUS.

B [31] npusegens! pe3yabraThl GeHOMEHOJIOIMYECKOIO aHAIN3a AHU30TPOIIHO
MOJI3YyIECTH MMOJIUKPUCTAJLIOB IIPU HEIIPOIIOPIIMOHAILHOM N3MEHEHUN BO BPEMEHU
KOMITOHEHT TeH30pa HalpsizkeHuii. [Ipeyioxkens! 1Ba BapuaHTa CUCTEMbBI OIIPeIe-
JIAIONINX YPAaBHEHUH, B KOTOPBIX YYUTHIBACTCI KOMOWHAIMS M30TPOIHOIO U KU-
HEMAaTUIeCKOr0 YIpOUHeHUs. B KavuecTBe mpuMepa MpejiozKeHHbIe BADHAHTHI MO-
JIeJIA UCIHOJIB3YIOTCS 1pu 00pabOTKe M3BECTHBIX PE3YJIBTATOB MCIIBITAHUN HepXKa-
Betore#t cranu tuna 304 Ha MOJI3yYecTh, B KOTOPBIX HOPMAJbHOE W KacaTeJbHOE
HalpsKeHust B TPyOUIaThIXx 00pas3iax HEIpPOIOPIUOHAILHO U3MEHSAIOTCS BO Bpe-
MEHH KYCOYHO-TIOCTOSTHHBIM 0OPa30M.

B [32] B. Dyson u D. McLean uccieoBamm mossydects ciiaBa Nimonic 80A
IIPU OTHOBPEMEHHBIX KPYUEHUN U PACTSKEHNU B IMalla30He MHTEHCUBHOCTEH Ha-
npsizkernii o, or 100 mo 500 MIla npu Temmeparype 750 °C. Ilpu ykazaHHBIX Be-
JIMTIUHAX THTEHCUBHOCTU HAIPS2KEHUI TPETbs CTAIUS ITOJI3YyIECTU U Pa3PyIIeHNe
IIPOUCXOAAT ObICTPee IPU PACTANKEHUM, Ue€M IIPU KPYUEHUU, IIPU ITOM 3aPOXK-
JieHne moJsiocteil mpoucxonut oObictpee. [losiocTu, oueBuIHO, YCKOPSIOT JedopMa-
AU [OJI3y4YecTd, a jieOpMaIuu 03y YeCTH IPUBOMIAT K CO3/AHUIO HOJIOCTEN.
Pesynbrarsl BeIpayKeHBI U 00bACHEHBI B TEPMUHAX OTHOIICHUS 01/0y, TAE 01 —
MaKCHUMaJbHOE TJIABHOE HAIIPs’KEeHUe, a MMPOTHO3UPYIONINN 3aKOH JJIsl JIJINTE b
HOCTH JIO Pa3PYIIEHUs IOJIYUeH U3 OIPEIE/IAIONINX COOTHOIIEHNN, CBA3BIBAIOIIIITX
sedopMaIuio, 06beM TOJIOCTEl U HAIIPSI)KEHUSI.

B pabore [33] O. B. CocuunbiM ¢ coaBropamu chHOpMYIUPOBAHBI OCHOBHBIE
TUTIOTE3BI, TOJIOYKEHHBIE B OCHOBY ITOCTPOEHUSI SHEPTeTUIeCKOTO BapHUaHTa Teo-
PHH TOJI3YYECTH, & TaK2Ke IMPUBE/IEHbI PE3Y/IbTAThI SKCIIEPUMEHTAJIBLHON TPOBEPKHU
sTux runore3. [lokazaHo, 9To 7 N30TPOIHBIX U AHU30TPOIHBIX MATEPUAJIOB, 00~
JIAJIAIONTUX OITHAKOBLIMY CBOMCTBAMU IIOJI3YYUECTH HA PACTIXKEHUE U CZKATUE IIPHU
CTAIMOHAPHBIX U CJIA00 HECTAITMOHAPHBIX IIpoIeccax, chOPMYIUPOBAHHBIE THIIO-
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Te3bl MOJITBEPKIAIOTCS JIOCTATOYHO YJ/IOBJIETBOPUTEILHO U SHEPreTUIeCKUN Bapu-
AHT TEOPUU TOJI3YYECTU MOYKET OBITh UCIOJIHL30BAH B IPAKTHYECKUAX 3a/1a4UaX.

B [34] npejicraBiensl sKcriepuMeHTaIbHbIE Pe3YJILTAThl UCIBITAHUI Ha [OJI3Y-
YeCThb B T€UYEeHUEe 05 JacCa IIPpU IMMOCTOAHHBIX OCEBOM PACTA2KCHUU U YNCTOM Kpy4e-
HUM CTaJIbHBIX 00pas3ios npu Temieparype 520°C (Marepuast objiaiaer siBHO Bbl-
ParKeHHOI yIPOUYHSIONIEics cTa/ineil oI3yuecTn) 1 00PA3IoB U3 MEJIHOIO CILIaBa
npu remneparype 350 °C (Marepuast co caboBbIpazkKeHHBIM yIpodHeHueM ). Takke
[IPUBEJIEHBI PE3YJIHTATHI UCHBITAHUN Ha OJI3YyYeCTb STUX YK€ MaTepUaJjioB B Tede-
HHUE 1 4Jaca ¢ «Ieperpyskoii» — depe3 0.5 daca OT Hada/a UCHBITAHUN BHITOJIHS-
JIOCh OJTHO U3 CJIEJIYIOIIUX JICACTBUIL:

1) aumcroe oceBoe HAIPSIZKEHUE 0 yBEJINIMBAJIOCH HA HEKOTOPYIO BEJUUUHY;
2) K OCEBOMY DACTSI?KEHHIO C COXPAHEHHEM WJIM U3MEHEHHEM BEeJUYUHBL 0 J10-
0aBJISIOCh KPYIEHUE;
3) K KPpY4Y€HUIO C COXpaHEHUEM HJIM M3MEHEHHUEM BEJINYHUHbI T ,[[O6aBJ'IH.HOCb
0CeBOE PaCTsIzKEHUE.
PesynabraTsl 110 mossydectu 06pabaThHIBAINCH 1O 1eDOPMAIMOHHON TEOPUU CTa-
pennst («M30XPOHHBIE JUArPAMMBI» ) U [I0 TEOPHUsIM TUIIA TeYeHUs ¢ J1ebopMaIi-
OHHBIM M BPEMEHHDLIM YIPOYHEHHEM. Y TBEPXKJAETCs, UTO JJIsI MEJHOIO CILIaBa
BCE TPU TEOPUH HAIOT JOCTATOTHO XOPOIIEe COOTBETCTBUE C SKCIEPUMEHTOM IIPU
reperpysKax, /i CTaJbHOrO CILIaBa IPU IEeperpy3kKax JBe IepPBble TCOPUM JIAI0T
YJIOBJIETBOPUTEILHOE COOTBETCTBUE, TOCIEIHSIS — IIJI0OX0€ COOTBETCTBHE.

B [35] onuceiBatorcst sKkcnepuMeHTh HaJl 06pa3liaMi B BUJE TPYTKOB U3 OTO-
soxennoit megn (1T° = 427°C) u ropsiaekaranoii cranu 1045 (7" = 510°C). Ocy-
IIIEeCTB/IsLJIACH PA3HOOOpa3Has IPOrpaMMa HarpyzKeHHsl, COYeTalonas B pa3ind-
HBIX KOMOWHAIMAX pacTsxkeHue u Kpydenue. [Ipu Teoperuteckoit obpaborke pe-
3yJIBTATOB MPUHUMAJIOChH, UTO IOJHAst jedopMalius COCTOUT W3 YIPYTLOi, IIjia-
CTUYECKON U BSI3KOUM COCTABJISIONIMX. YIIPYTOILIACTUYECKUE CBOMCTBA MaTepHUa-
Jia ormuchiBatoTcs Teopueil [Ipanarisa—Peiicca ¢ ycnosuem mimactmanoctn Mu3ze-
ca, CBOMCTBA MOJI3yYeCTU — CTEIEHHBIM 3aKOHOM YCTaHOBUBIIEH moszydectu. Jljis
HaxoXkIeHus pedopMaruil Mmoa3ydecTd IpU 3aJaHHON IpPOTrpaMMe HAIrPyKEHUs
cTpouTcs 1maroBasi (0 BPEMEHM WJIM HArpy3Ke) IIPOIE/ypa YUCAEHHOTO perle-
uusi. CpaBHEHUE PE3Y/IbTATOB IKCIIEPUMEHTOB U BHIYUCJICHUI CBUJIETEIbCTBYET 00
93 PEKTUBHOCTU BLIOPAHHON MOJE/IN OBEICHUsT MaTepUaa.

B pa6ore [36] R. Mark u W. N. Findley npescraBuiu pesysbraTbl uCHbITa-
HUN Ha MOJI3yYecTh OOpa3IoB M3 HEPKaBemoIneil CTajau npu KOMOMHUPOBAHHOM
JieficTBUM pacTsiKeHust U Kpydenusi ipu remuneparype 593°C (1100 F). O6pasiisr
[IpEJIBAPUTENIHHO TIOJBEPrainch TepMoobpaborke. Jledopmarnuu mossydectun Ha-
6soasuck 1o Menbineit Mmepe 100 wacos. IlpuBesierbl pe3ysibTarThbl HCIBITAHUI
IIPA OJIHOOCHOM DACTSYKEHUH, YUCTOM KDPYYE€HUU U KOMOWHAIIUU PACTSKEHUS U
Kpy4deHud Ipu pa3JINIHbIX 3HAYCHUAX HOPMaJIbHBIX U KaCaTeJIbHbBIX HaHpH)KeHI/IIU/I.

B [37] upuBeieHbl pe3ysibTaThl UCIBITAHUNA HA [I0JI3YYECTh IIPH TEMIIEPaType
200°C TOHKOCTEHHBIX TPYOIATHIX 00PA3IOB U3 AJIOMUHUEBOIO CILIABA B YCJIOBUIX
COBMECTHOT'O PaCTsi?KeHUs U KpydeHus. HopmasibHOe 1 KacaTe/bHOE HAIIPSIYKEHUST
U3MEHSJIUCH CTYIIEHYaTO U MOMEHTHI UX U3MEHEHUs!, KaK IIPABUJIO, HE COBIIAJIAIIH.
HawuGouiee cymecTBeHHOMY (BIUIOTH JIO PEBEPCUPOBAHUs) U3MEHEHUIO M0jBepra-
JIOCh KacaTeJIbHOE HallpAZKEeHUe. HO.HyLIeHHbIe 9KCIIEepUMeHTaJIbHbIE JaHHBbIE COIIO-
CTaBJISUINCH C IPEJCKA3aHUIMU MOJIE/IN HeJIMHEeHHOU mnoJzydectu. Momens 6a3u-
pyeTcsi Ha Pas3JIoKeHUHU TOJIHOHM JedopMaliny Ha TSTh COCTABJISIONINX: YIPYTYIO
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JieopMaInio, He 3aBUCHAIILYI0 OT BPEMEHH ILJIACTUYECKYIO JePOPMAIHIO, JBE 3a-
BUCSIIIIE OT BpEMEHN 1 He 00JIaIafoIIe BO3BpaToM JedopManyui u 1epOopMAaIInio,
00J1TAf0IIY 0 BO3BPATOM. ABTOPBI NMPHUIILIN K 3aK/IIOUEHHIO, YTO IPeJIOyKeHHAs
MOJIEJIb TIOJI3YYIECTH B OCHOBHOM XOPOIIIO COIVIACYETCsI ¢ HAOJIIOIAEMBIMU OIBITHBI-
MU JIAHHBIMH.

B [38] npuBeieHbl pe3yibraThl SKCIEPUMEHTOB 110 KOMOHHUPOBAHHOMY HATpy-
JKeHUIo 0b6pa31oB u3 amoMunueBoro civiasa 2618-T61. Tonkocrennbie TpybUaThIe
00pasIbl MOBEPraanuCh JIEHCTBUIO KPYTIIeil HArPpY3KU U oceBoit cuibl. [Ipuse-
J€HbI 9KCIIEpUMEHTAJIbHbIE ITPOI'PaAMMbI CTYII€HYATO'O HaI'PDY2KEHNA. HpOFpaMIVH)I
[IPElyCMATPUBAJIA KaK COBMECTHOE JIEHiCTBUE KPYUEHUsS] U PACTSIXKEHUS Ha HEKO-
TOPBIX MHTEPBAJAaX BPEMEHHU, TaK U X depeoBanue. [IpempcraBieHbl 9KCIIepuMeH-
TaJbHbIE KPUBbIE 3aBUCUMOCTHU CJIBUT'OBOI M OCeBOM JedopMarinii mo3ydectu oT
BpeMeHN. AHATN3UPYETCsT B3AMMOCBSI3b MEXKJIy TPaeKTOpHUel HaIPs)KeHnlt 1 Tpa-
ekropueil nedopmaruit. Ha ocHOBe poBeIeHHOr0 aHAIN3a MPEJIOKEHO OIpPe/Ie-
JISTEOITEE COOTHOIIEHUE BSI3KOILJIACTUIHOCTH, COZEPIKalllee BHYTPEHHNE CKAJIsIPHBIE
U TEH30PHbBIE IepeMeHHbIe TTapamMeTpbl. OOCyXK1aeTcst poJib BHYTPEHHUX [T€PEMEH-
HBIX APAMETPOB B OIPEJIEISIONEeM cooTHOIeHn. OTMEUYeHO, YTO IPEJJIOKEeHHOE
COOTHOIIIEHNE T1€JIeCO00PA3HO UCIOJIB30BATH JIJIs OIMMCAHUS HEPEXO/IHBIX IPOIeC-
coB nepOpMUPOBAHNS, HAIIPUMED, HA CTAIUU HEYCTAHOBUBIIEHCS O3y IECTH.

B [39] npeyioxkeno passurue teopun . I'. Koporkux, onucsiBaromnieii mpo-
IIECChI HECTAIIMOHAPHON MOJI3yYeCcTH METAJIOB MPU CJI0XKHOM HAIPSI)KEHHOM CO-
crosinnu. PazpaboTraHa 3KCIEPUMEHTAJIHLHO-TEOPETUUIECKAsS METOIMKA OIIpe/iesie-
HUsl MATEPUAJbHBIX [IAPAMETPOB U CKAJISAPHBIX (DYHKIINI ONPEESIONIITX COOTHO-
IIIeHU HecTarmonapHoit nosy4dectu. [IpuBoaaTcst pe3yibTaThl YUCIEHHOTO MOJIE-
JIMPOBAaHUS TIpoIecca Mmoa3ydecTu craym 304 mpu CIOXKHBIX PEeKUMaxX TEPMOITIK-
Jimaeckoro jiepopmupoBanust. [losryueHHbIEe YUCTIEHHBIE PE3Y/IBTATHI CPABHUBAIOT-
¢Sl C JIAHHBIME HATYPHBIX dKcriepuMeHTOB. Ocoboe BHUMAHNE YJIEJIsI€TCS BOIIPOCAM
MOJIEJINPOBAHUS [TOJI3YYECTH JJIsi CJIOXKHBIX MPOIECCOB j1e(DOPMUPOBAHUS, COIPO-
BOXKJIQIONINXCS TIOBOPOTOM IJIABHBIX ILJIONIAJ0K TEH30POB HAIPsizKeHUil u jedop-
MaIui IOJI3y4eCTH.

B [40] coobimaercst 06 mcciie0BaHIU OIIPEIEIISIIONIUX COOTHONIEHU T BBICOKO-
TeMIIePATYPHOH MMOJI3y9ecTH. DKCIEPUMEHThI BBIIIOJHEHBI IIPU HECTAIIMOHAPHBIX
OJTHOOCHOM ¥ JIBYXOCHOM (pacCTsi?KeHHe — KPYyUeHHe) HAIPSIKEHHBIX COCTOSHUSIX.
ObHapyKeHOo, ITO YIPOIHEHNE MMeeT CYIECTBEHHO KUHEMATHIECKUH XapakTep
(Tak »Ke, KAK aHU30TPOIINSI, BbI3BAHHAsI OJI3y4ecThio). [Tpu ycranoBusieiicst moJi-
3y49eCT KOMIIOHEHTBI 9TOI'0 YIIPOYHEHUs IIPOIIOPIUOHAJIBHBI KOMIIOHEHTaM IIpU-
JIO2KEHHBIX HAIpsizKeHui. [[JIsT oIy deHust OnpeesIsiioInX COOTHOIIEHUN cJie/lyeT
HailTu TpU CKaJisipHbIE (DYHKITUHU, OIUCHIBAIOIINE YIIPOYHEHNE U BO3BPAT U CBSA3b
MeK/ly 9KBUBAJEHTHON CKOPOCTHIO JeOpPMAIINN U SKBUBAJEHTHBIM HAIPS2KEHU-
€M. B IIPOBE/ICHHBIX 9KCIIEpUMEHTaX ITOCJICIHAA CBA3b 6bIJIa CTEIIeHHO.

A. M. Jlokomenko [41] nmposes Teopernyecknii aHAJIN3 PE3YJILTATOB BBIIOJI-
veHHbIX panee B HNU mexanuku MI'Y ucnbiranuii TpybdyaTsix 00pasinoB u3 ajko-
muaueBbIX criasoB /16T u AJI1 va mos3ydecTs Mpu pacTsizKeHnn U Kpydenun. 13
[IOJIYYE€HHBIX C yYACTHEM aBTOPA SKCIEPUMEHTAJIBHBIX JAHHBIX CJIEIYET, YTO IPHU
OIIPEJIEJIEHHBIX yCJIOBUSX HAOJIIOMAETCS PE3KOe BO3PaCTaHWe CKOPOCTH II0JI3Y e~
CTH IIpHA ILO68,B.H6HI/II/I K CTaTUIECCKOMY HaIIPAKEHUTIO BI/I6paL[I/IOHHOFO HallPA2KCHU A
MaJIoil OTHOCUTENBHOI aMIuTy (bl DToT 3hdexr (3ddexT BUOpONOI3yUecTH)
MPOSIBJISIETCH TOJBKO B TEX CJIy4asX, KOIJIa BUJL HAIPSIYKEHHOI'O COCTOSIHUS ITPU
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COBMECTHOM JefICTBUU CTATUIECKOTO M JIUHAMUYECKOTO HAIPSKEHII OTIMIAeTCs
OT BUJIa TIPEAIIECTBYIONIETO CTATUIECKOTO HAIPSIKEHHOTO cocTosHus. [Ipm saTom
C yBeJimdIeHueM MIPOJOJKUTEJIbHOCTH ITPUJIOZKEHHOI'O BI/I6paL[I/IOHHOFO HalIpAzKe-
HUs TIposiBieHUE 3P dekTa BUOPOIIOI3yIeCT! MOCTEIIeHHO ociabeBaeT. B ykazan-
HO CTaTbe IMPeII0ZKEHA MOJIEIb /Il OIUCAHUS MOy YCHHBIX SKCIIEPUMEHTAIbHBIX
JIAHHBIX, B KOTOPOil (pUrypupyer KHHETUIECKUI MapaMeTp; ITOT HapaMeTp OTJIN-
qaeTcsl OT HyJs TOJIBKO IPU M3MEHEHUW CJIOXKHOTO HAIPSIXKEHHOT'O COCTOSTHHUS B
TpybuaTeIx 0Opasiax. B KadecTBe KOJIMYECTBEHHOW MepBbI 9TOrO IapaMerpa Uc-
MOJIb3YEeTCs BeJIUUNHA, yIJIa [TOBOPOTA BEKTOPA MAKCHUMAJILHOI'O IJIABHOI'O HAIPs-
JKEHUs TIpU J00aBJEHUN MaJIbIX BUOpAIUil K OCHOBHOMY HAIIPSIKEHHOMY COCTO-
aunio. [losydeHo xopoiiiee COOTBETCTBUE SKCIEPUMEHTAJILHBIX U TEOPETUIECKIX
KPUBBIX TOJI3YYECTU IPU PA3TUMIHBIX BHAIAX HAPSIZKEHHBIX COCTOSHUMN.

A. M. JIOKOITEHKO ¢ COABTOPAMH TIPOBEN MOJEINPOBAHNE PE3YILTATOB UCIIHI-
TaHUI MeTaJ/lJIOB B yCJIOBUAX IIOJI3YYECTHU IIPUA HECTAllMOHAPHOM CJIOZKHOM HAalIpsi-
JKeHHOM cocrosiinu [42]|. B kadecTBe npumepa pacCMOTPEHbI KCIIEPUMEHTAJIbHBIE
JAHHbIE, MOyYeHHbIe TPYIION AMOHCKUX yUE€HLIX ITPU UCHBITAHUIAX TPYOUIATBIX
06pasnos u3 Hepxkapemwoleil cragu npu remneparype 650°C [29]. B npusenennoii
cTaThe MIPEe/ICTABIIEHDI PE3YIbTAThl HCIBITAHUHN ITPU YeThIPEX PA3INIHBIX TPOTPaM-
MaX HarpyKeHus. DTH IPOrPAMMBI HATPY>KEHUSI [TPEJICTABJISIIOT CODOI pa3InIHbIe
KOM6I/IHaLLI/II/I KYCOYTHO-ITOCTOAHHBIX 3aBUCHUMOCTEH KacaTeJbHOIO0 U HOPpMaJIbBHOT'O
HanpskeHuit or BpeMenu. [IpoBesieHo MojenpoBaHue MPeICTABICHHBIX JAHHBIX
C TIOMOIIHIO TEOPUU YIPOYHEHWS W TEOPHUM TEUeHUs, JIBE UCIOJIb3yeMble MaTe-
pUabHBle KOHCTAHTHI ONPENEISIOTCS U3 YCIOBUS MUHIMAJIBHOTO OTHOCHTETHHO-
T'O THTETrPaJIbHOI'O PaCXOXKIACHU A SIKCIICPUMEHTAJIBHBIX U TEOPETUICCKUX COOTBET-
CTBYIOIIUX KPHUBBIX IIOJIZYYCCTHU. COHOCTaBﬂeHbI peE3yIbTaThl IIPOBEJCHHOI'O MO-
JeJTUPOBAHUS C PE3YJIbTATAMU MOJIECJIMPOBAHUS ITUX TE€X YKe IKCIEPUMEHTATHHBIX
JAHHBIX, TPOBEJIEHHOTO JIPYTUMH HCCJIEIOBATENIMI C UCIOJIb30BAHUEM JIPYTUX
Teopuil. B 9TuX T€opusx MCIOIB30BAHO HOIBINOE KOJIMIECTBO XapAKTEPUCTUK Ma-
Tepuaja: OT TpeX A0 JAEBATH KOHCTAHT W JOIOJHHUTEIBHO OJHA MaTepHaJIbHas
dbyuKIUI B [42]. [TokazaHo MPemMyIECTBO PACCMOTPEHHBIX aBTOPAMU JIAHHOM
CTATbU TEOPUU YIPOUYHEHUSI U TEOPUU TEUEHUS BCEIO C JABYMs MaTepHAJbHLIMU
KOHCTAHTaMH B KazKJIOH 1O CPABHEHUIO C JPYTUMU HUCIIOJL30BAHHBIMU TEOPUSIMU.

B [43] mpemnoxkena momesnb pacdera XapaKTEPHCTHK BBICOKOTEMIICPATYPHO-
TO pa3pyIIeHusT METAJJIOB TP MTPOU3BOJIBHOM CJIOXKHOM Harpykennu. OCHOBHOE
BHUMaHUE yIesIseTCsd IUKJINYECKOMY 3HAKOIIEPEeMEHHOMY HAI'PDYKEHHUIO IIPU pac-
TAZKEHUU U CZKATUU. HpI/IBe,ZLeHI)I pe3yJbTaThl paHee IIPOBEICHHBIX aBTOpaMU yCTa-
JIOCTHBIX UCIIBITAHUI HeprkaBemomieit craju 316 mpu Temrieparype 700 °C mpu pas-
JIMIHBIX CKOPOCTSX AedopMaliun OT 1075 pie} 1073 cex L. AMHJII/ITy,ILa a B KaxXJI0OM
IMKJIe COXPaHsIa MOCTOsTHHOE 3HavYeHre (B pasHbIxX ucnblTanusax or 0.2 1o 0.5 %),
KOJIMYECTBO THKJIOB 10 paszpymrerus —oT 500 g0 12000, B HEKOTOPBIX OMBITAX
IIPU JIOCTUXKEHUM aMILTATYIbI 1edpopMUpOBaHus 3a/[aHHOE 3HAUCHUE ¢ COXPAaHsi-
JIOCh MOCTOSIHHBIM B TeYeHHEe HEKOTOpPOro Bpemenu (00biaHO 3 MuH). B kauecrse
CKAJIAPHOU Mephl MOBPEXKJIEHHOCTH W, HAaKAILIMBAeMO#l B IIpollecce MCHBITAHUMH,
[IPUHUMAJINCH nu3MeHenune Moyt FOHra uiin yMeHbileHne MaKCUMAJIHLHOTO HAITPSi-
KeHung OT IUKJIa K ITUKJTY. B yKaSaHHOﬁ pa60Te IIOJIy9€HbI IKCIIEpUMEHTaJIbHBIE
3aBUCUMOCTU W OT KOJIMYeCTBa ITUKJIOB.
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5. Pestakcanms Hanpsizkennii. B [44] uccieioBana nossydects cruiaBa Zir-
caloy-2 mocsie xoJsioHON 1pokaTKu. Vcnbitanus NpoBOAWINCS B UHTEPBAJIE TEM-
nepatyp ot 325 10 400°C u mHTEpBaje abCOTIOTHBIX 3HAUYEHUN PaCTATHBAIONIAX
U CXKUMAOIUX Hampskenuit ot 69 no 172 MIla npu pa3janydHbIX HAIPaBICHUSX
BBIPE3KHU 0OPA3IOB U3 IIACTUHBI MTOCJIE XOJOTHON TPOKATKHI, CHATUST OCTATOYHBIX
HAIPsKEHUN U TOJIHOM peKpucTajuIm3anun Marepuasa. Vcibitanust Ha peakca-
[AI0 HAIPSXKEHUN TPOBOJUIUCH IPU OJHOOCHOM PACTSKEHUU UJIU CXKATHUU IIPU
remmeparype 400°C. IlosyueHbl pa3udHble BEJIUIUHBI Ae(OpMaIiiil IoJI3yIecTn
JIJIsI TPeX TJIABHBIX HAIIpaBJIEHUI pacTsizkeHnus — cxkaTtus. ledopmarun mosisyde-
CTH B IIPOJOJILHOM HAIIpaBJIeHUU OOJIbINe, YeM B HOPMAJILHOM, HedopMaIiuu moJi-
3yYeCTH IIpU PacTsi>KeHuu B 3 pasa OoJiblie, YeM npu cxkaruu. Ckarue IPUBOIUAT
Tak:Ke K 6osbiremy 3ddekTy aedopMannoHHoro yiupodnenusd. [lomsydects mpu
C2KaTUU 3HAYUTEJIHLHO MEHDINE 3aBUCUT OT TEKCTYPbl. Habiromaemasi aHM30TPOIIHS
XapaKTEPUCTUK ITOJI3YUECTH IIPU PACTSKEHUHU CBI3aHa C KPUCTALIOrPAPUIecKoit
CUCTEMOM CKOJIbXKCHUH.

6. ITosydyecTh MeTaJIJIOB IMPU Pa3JIMYHBIX TeMmeparypaxX. B pabore
[45] S. Murakami ¢ coaBropamu npejCcTaBUIM PE3YIbTAThl YCTATOCTHBIX UCIIbITA-
HUi HeprKaBeroIeil craan Tuma 316 Ipu MOCTOSTHHON cKOpocTH HehOopMUPOBAHMUS.
[TpoBoanIMCH SKCIEPUMEHTHI Ha, OJITHOOCHOE PACTSIZKEHUE — C’KATHE U IKCIIEPUMEH-
TBI C KPYrOBOIl TpaeKTopueil J1edOpMUPOBAHUS. JKCIEPUMEHTHI ¢ U3MEHEHHEM
aMIATyAbl tedopmanuu B guanaszone ot 0.2 g0 0.4 % upoBoAMIMCH IPU TEM-
neparypax 400, 600°C u npu KoMHaTHOI TeMmiiepaType. BiusHue rtemieparypbl
HCCJIEIOBAJIOCH B 9KCIIEPUMEHTAX C M3MEHEHUEM TeMIIepaTyphl B auanasonax 200—
600°C, 400-600°C, 500-600°C npm nocrosunoii ammauryae gedopmanuu 0.3 %.
Ormegaercst, 910 6OJIBbINAsT AMILIATY/IA J1ePOPMAIME WA BBICOKAE TEMIIEPATY PBI
B IIPE/IIIIECTBYIONMINX IIUKJIAX OKA3BIBAIOT 3HAUUTEILHOE BJIUAHIE HA, TIOC/IEIYIOIIHE
[UKJIBL.

B [46] S. Murakami ¢ coaBropaMu IpOBeJIH SKCIEPUMEHTATBHOE UCCIIEI0BA-
HHe CBOMCTB HEPKABEIONIEH CTaIl IPU CJIOXKHBIX IUKJINIECKIX PEXKUMaX Harpy-
xenns pu Temieparypax ot 20 go 700°C. Ucnbrrannsa TpybdaTeix 00pa3Ios u3
CTaJI TIPOBEIEHBI B PEXKIME «PACTSXKEHNEe — CXKATHE» IIPHU MOCTOSHHONR CKOPOCTH
u3Menenus: nedopmarmii okoso 0.003 cexk ™!, a Takke npu u3MeHeHHN 1edopMa-
Uil B MUKJIE IO KPYrOBOH TPAEKTOPUU, PEAU3YIONIEHCs B ONBITAX HA PacTsKe-
HHE C KpydYeHHeM. DKCIIEpUMEHTAIbHBIE JTAHHBIE MMPEICTABICHBI ITUKINICCKIMEI
JuarpaMMaMy <«HaIpsKeHne — jgedopMaliusiy U TPAeKTOPUSIMHU U3MEHEHHS Ha-
MIPSIZKEHU B ONBITaX MMPHU HEIPOIIOPIINOHAIBHOM ITUK/IMIECKOM Harpyzkeruu. [lo-
Ka3aHO, 4YTO IIPA OJWHAKOBON aMILINTYyJe HAIIPSAXKEHUH BeJINYMHa HAKOIIJICHHON
HeoOpaTuMOil gedopMaIlid B UCIBITAHUSIX IPU CJIOXKHOM HAIPS’KEHHOM COCTOSI-
HHUH 3HAYUTEIHLHO IIPEBOCXOINUT JOCTUTAEMYIO B OIIBITAX IIPU PACTIKEHIU-CIKATHL.
[Hukndeckoe yrmpodHeHHe MaTepruasa CYIIeCTBEHHO 3aBUCHT OT TEMIIEPATypPhl U
Hamnbostee uaTeHCcuBHO 1Ipu 400—600 °C.

7. Bausinme muracTU4HOCTH HA moJ3ydectb. B pabore [47] Y. Ohashi
u M. Tokuda momenmupyoT pe3yabraThl SKCIEPUMEHTOB M0 PACTAXKEHUIO U KPY-
YEHUIO TOHKOCTEHHBIX TPyOdaThIX 00pa3IOB U3 M3HAYAIBHO U30TPOIIHON MSITKOIT
craim. PaccmarpuBatorcss TpaeKTopuu jgedopManui IPH COBMECTHOM JEeHCTBUU
PaCTS’KeHUS U KPyJeHUs. DKCIECPUMEHTBI IIPOBOAUIINCH IIPU PA3IMYHBIX 3HAUe-
HUSAX IPeJBapPUTEIbHBIX OCEBOM U CABUIOBOM JlebopMalliii ¥ HOCJIeIyIONHIX pa3-
JIMYHBIX 3HAYEHUSX YIJIOB HAKJIOHA TPAEKTOPUU COBMeCTHOII tecbopmarin. B yka-
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3aHHOI paboTe Ipe/iCcTaBJIeHbl TpadUKN 3aBUCUMOCTEN 3(DDEKTUBHOTO HAIIPSI2KE-
Hus (MOJLY/IsT BEKTOpaA HANpsizKeHNust) oT 3deKTuBHOi JedopMmarun (JIInHbL 1yTu
TpaekTopuu J1eOPMUPOBAHS) JJIsT PA3JINIHBIX BBINICYKA3AHHBIX YCIOBHI MPO-
BEJICHUS SKCIIEPUMEHTA.

Y. Ohashi, M. Kawai u T. Momose 00HApY>KMJIN 3HAUUTETBHYO 3aBUCUMOCTD
HOCJIEIYFOIIEH TI0JI3YYeCTH OT MIPEIBAPUTEIbHOI I1acTudeckoit gedopmarun [48].
B ycioBusx pactskenusi npu temuneparype 650°C B TOHKOCTEHHBIX TPyOUaThIX
obpasiax IpeJBapuTeIbHO CO3/aBajIaCh MITHOBEHHAS IJIACTHYeCKas jgedopMarus
pesmunnoit 1, 2 wim 3 %, a 3arem B Tegenue 100 gacoB 0OpasIibl MOABEPrauch UC-
MBITAHUSIM HA [TOJI3YYIeCTh IIPU COBMECTHOM pacTsizKeHuu u Kpydennn. Ob6HapyKe-
Ha 3HAYUTEJIbHAST 3aBUCUMOCTD IMOCJIEIYIONEN MOI3y9eCcTH OT IPEeIBAPUTETbHOI
ractTudeckoii nedopmarmu. Bo Beex sKcrepuMeHTax WHTEHCHUBHOCTH HAIPsKe-
nuit npuanMaJa 3uaderne 140 Mlla.

B [49] paccmoTpeHo BimsiHUE [IPEABAPUTENBHOTO IIACTUIECKOTO IIUKIMIeCKO-
ro gedopMupoBaHUs Ha TIOCIEIYIONLYIO OJI3YUeCTh HepzKaBeomeii craau 316 mpu
temmeparype 600°C B ycJIOBUSIX CJIOKHOTO HAIPSI?KEHHOTO COCTOstHUs. U3 mosry-
YEHHBIX 9KCIIEPUMEHTAJIbHBIX PE3YIHTATOB CJIEYET, YTO IIPEIBAPUTETHLHOE ITUKJIU-
YecKoe HArPyKeHHe I10 CXeMe «PAaCTsiKeHHe — C2KATHEe» BbI3bIBAET AHU30TPOIIIIO
XapaKTEPUCTUK IT0JI3yIECTH.

B [50] B. F. Dyson ¢ coaBropamu npuBesin pe3yJbTaThl UCIBITAHUN TOHKO-
CTEHHBIX TPYOUATHIX 0OPA3IIOB U3 HEPKABEIOIIEH cTaIu Ha MOJI3yYeCTh IIPU TEM-
neparype 800°C npu pasjMYHBIX BHJIAX HANDPSIXKEHHOIO COCTOSIHUS (paCcTszKeHHe
M KpydeHne). B onbiTax onpeiessaaach 3aBUCHMOCTh HHTEHCHBHOCTH CKOPOCTEH
YCTAHOBHUBIIIEHCST TIOJI3YIECTH Py, OT WHTEHCUBHOCTHU HAIPSIZKEHUN 0y .

HUcnonb3oBasmch Kak obpasipl Tuna A (mpolie/ine OTKUI B BaKyyMe IIpH
remreparype 1200°C B Tedenue 1 yaca U 3aKajKy B CpeJle XOJIOJHOIO aproHa),
Tak u 0bpasipl Tuna B (Tporre/iime J0noJHITETHLHYI0 TePMOMEXaHIIECKYI0 00-
paborky). B ciydae npeaBapuTesbHONO KpyUeHHsI MOCTE/YIOIINE UCIIBITAHUS Ha
[IOJI3YY€eCTh NPU KPYYEeHUU IIPOBOJUINCH KAK B OJHY, TAK U B JPYI'YIO CTOPOHY.
B pesyibrare nosydeHo, 94To st 06pasios Tuna A 3aBUCUMOCTD Py, (0y,) IPU pac-
TS2KEHUU U KPYyUYeHUU ofHa U Ta 2kKe. g Bcex obpasios Tuia B pu BceX CIOCO-
6ax co3aHusl IPEBAPUTEILHOIO HAKJIEIA 3aBUCUMOCTHU Py, (0y,) TIPH PACTSIZKEHUH
POXO/IAT 3HAYUTEIHHO BBIIIIE, 9€M [P KPYIeHUHU (OTHOIIECHIE 3HAYEHUI Py, COOT-
BETCTBYIOIIUX OJJHOMY U TOMY K€ 3HAUCHUIO 0y, cocTaBisgeT B cpeguaem 3.0). [Tpn
3TOM Bce 00pa3ipl Tura B 1pu OIHON U TOM K€ BeJUIUHE 0, NPOABJIAIOT MEHb-
IIYI0 CKOPOCTDb Py, YeM obpasnpl Tuia A. ITokazano, 4ro eciau obpasubl Tuna B
[I0oC/Ie TISATH IUKJIOB TEPMOMEXAHUIECKON 00paboTKN BHOBD IOJIBEPIHYTH OTXKUTY
npu Temieparype 1200°C B Teyenue 1 gaca, TO BJIUsIHAE TEPMOMEXAHUYIECKON 00-
pabOTKN CHUMAETCS, U TOJI3YyYeCTb STUX 00PA3IOB HE OTIIMYAETCH OT I0JI3yYeCTH
o6pasmos Tura A. MexaHn9IecKnii aHAJIN3 [TOJIy YeHHBIX PE3YJIbTATOB JOMOTHEH HC-
CJIEJTOBAHUEM CTPYKTYPbI PA3JIMIHBIX 00pasioB. PaccmaTpuBaeTcs MOJEIb POCTA
MEXK3€PEHHBIX IIYCTOT, C TTOMOIIBIO KOTOPOI MTOJIYIEHO KOJMIECTBEHHOE OITUCAHUE
9KCIIEPUMEHTAJbHBIX JAHHDBIX.

[IpuBenens! naHHble METAIOrPAMDUIECKOIO UCCIIEI0BAHUS, B PE3YILTATE KO-
TOPOTO MOJIY Y€HbI BeJINUNHBI W (OTHOIIEHHUST IO/ MEYK3€PEHHBIX IIyCTOT K ILJI0-
A/ PACCMATPUBAEMOTO [OIIEPETHOIO CeUeHNUsT) P PA3JINIHBIX 3HAUCHUSIX MH-
TEHCUBHOCTH CKOPOCTEll fnedopmariuu mosydectu p,,. s Bcex obpasnos tuna B
[OKA3aHO, YTO B IPOIECCE MOJI3YIECTH 3aBUCUMOCTH w(py,) JJIsl PACTSZKEHUS [IPO-
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XOJIAT BBIIIE, UeM JJIsl KpydeHusi. PaccMaTpuBaeTcst MOJIENIb POCTa MeXK3ePEeHHBIX
IIyCTOT, C IIOMOIIIbIO KOTOPOH IIOJIy4YeHO KOJIMYEeCTBEHHOE OIIUCAHME KCIIEPUMEH-
TAJIbHBIX JTAHHBIX.

B ucnbrranusx Ha 1mo3ydects [51] ucnosnbzoBannch Tpy6uaTbie TOHKOCTEHHBIE
obpazipl. [Ipenoxkena BI3KO-BA3KOYIPyTras MeXaHUYECKasl MOJIEJb JJis OIKICa-
HUS HEIPOIIOPIMOHAJIBHOIO U3MEHEHUS IJIACTUYECKUX XapaKTEPUCTUK U Xapak-
TEPUCTUK MOJI3YUECTU [PU CKAYKOOOPA3HOM M3MEHEHUU HAIPSKEHUN, YIUTHIBA-
rommast 3 deKT cTapeHus 1 MPeIIoaraionias He3aBUCUMOCTDb CBOMCTB IIJIACTHIHO-
¢ty u nojzy4dect. OTMedeHO, YTO KOIDPUIMEHTHI OIPEIETISTFOIIIX COOTHOIIEHMI
HaXOJATCS U3 CEPUU UCHBITAHUN Ha IOJI3y4YeCcTh B YCJAOBHUAX KPYUEHHs C PacCTd-
JKEHUEM TPHU TOCTOSHHBIX 3HAUCHUSX 0. DTa MOJIE/b OINUCHIBACT IKCIIEPUMEH-
TaJbHbIE PE3YIbTATHI KAK IPU CKAYKOOOPA3HOM YBEJMYCHUHM HAIPSKEHUN, Tak
U TIPU UX CKAIKOOOpasHoM yMeHbInennn. Onpeaessaionie YPaBHEHNs YINTHIBAIOT
KaK I0JI3y9ecTb METaJIJIOB, TaK U UX IocjejeiicTBue mnocie pa3rpy3ku. [lokaza-
HO, YTO Pe3yJbTaThl PacUeTOB IO INPEJJIOXKEHHON MOJIeJI XOPOIIO COIVIACYIOTCs
C TIOJIyYEeHHBIMU SKCIEPUMEHTAJBHBIMA JIAHHBIMH.

8. JaurenbHasi mpoaHoctb. A. E. Johnson ¢ coasropamu B |52| onpezeisi-
JI BJIUsiHUE BUOPAIIMOHHBIX HAIPSKEHUI HA JJIUTEJBbHYIO IPOYHOCTH MEJH IIPHU
remiueparype 250°C mpu CJI0yKHOM HAIPsIXKEHHOM cOCTOSTHUH. C 3TOM 1e/IbI0 ObLT
[IPOBEICH PsiJ UCIBITAHUN [IPU TIOJI3YIECTH 0 PA3PYyIIEeHUs Ha MEIHBIX 00pa3Iax.

8.1. CrkaJjisipHbIii mapaMeTp moBpexkgeHHocTu. CieayerT OTMETUTDb, ITO
HCTIIO/Ib30BAHNE CKAJIIPHOTO ITapaMeTpa MOBPEKIEHHOCTH ITO3BOJISIET MOJIETUPO-
BaTh IOBEJIEHNE METAJIIOB Hanbojee MPOCTHIM CIIOCOO0M, TIOITOMY BapUAHTHI KH-
HETUYECKOI TEOPUHU CO CKAJISIPHBIM ITapaMeTPOM MOBPEYKIEHHOCTH U B HAIIIE BPEMs
He TOTEePs/In CBOeil aKTyaJabHOCTH. B maHHOM maparpade paccMOTpPEHBI HEKOTO-
phle JTOCTUXKEHUS PA3IUIHBIX YIEHBIX ITPU UCIIOJIH30BAHUH CKAJIAPHOTO MapaMeT-
pa TOBPEXKJIEHHOCTH.

y‘{eHbIe Pa3HbIX CTPpaH Ipe/jiaraioT pa3/iMIHble TUIIbI KUHETUICCKUX YpaBHE-
HUI ITPU MOJICJIMPOBAHUH JIJTUTETHHON TPOYHOCTU METAJLIIOB B YCJIOBUAX CJIOYKHOTO
HAITPSI?)KEHHOT'O COCTOSTHUSI.

O. B. Cocuun [53-55| npeioxKus SHepreTHIecKuii OIX0/T /It OMMCAHIS U3y~
qaeMbIX sBJIEHUI: B KAUeCTBE CKAJIAPHOTO TIapaMeTpa MOBPEXKIEHHOCTH W TPUHSI-
Ta BEJIMYNHA PACCEAHHOU SHEPIruu A(t), B Ka4eCTBe YCJIOBUdA JJIMTEJIBHON IIPOY-
HOCTH paccMarpuBaercst paBeHcTBO A(t*) = A* = const. DroT 101x0/] ecrecTBeH-
HBIM 00Pa30M O3BOJISIET (POPMYIUPOBATH OCTAHOBKY IIPOOJIEMBI I CTAIOHaP-
HOI'O U HECTAIIMOHAPHOI'O IPOCTPAHCTBEHHBIX HAIIPSIXKEHHBIX COCTOsiHMiT. B pabo-
tax O. B. Cocnuna u ero yuennkon (A. @. Hukurenko, B. B. Topesa, 1. B. Jlio-
BaIeBCKoii 1 JIp.) IOKA3aHO XOPOIllee COOTBETCTBUE IKCIEPUMEHTAILHBIX U TeOpe-
TUYECKUX KPUBBIX [10JI3yYeCTH BILUIOTH JI0 paspylieHust. B monorpadwun [6] nzio-
JKEHO 0DOCHOBaHUE CHCTEMbBI OIPEIE/ISIONNX YPABHEHM, ONMCHIBAIOIIEH M0JI3Y-
9eCTh METAJIMIECKUX MATEPUAJIOB C OJITHOBPEMEHHBIM YYETOM HAKOIJIEHUS B HUX
noBpexkaenuocTeit. [lpn onmmcanun AIUTEBHON MPOYHOCTH HUCIOJIB3YIOTCS CKa-
JIAPHBIA MMapaMerp MOBPEXKJICHHOCTH, XaPAKTEPU3YIONINi SHEPTUIO 1edopMaIimit
nosydectu. A. A. 3osouesckuii [56] npu pacCMOTPEHUH SHEPreTUIECKOTO TIO/[X0-
J1a IPeIoKUI (POPMY KHHETHIECKOI'O YPaBHEHMS JIjIsI MATEPUAJIOB, II0-Pa3HOMY
COTIPOTHUBJISIONINXCS PACTAXKEHUIO U C3KATHIO.

B crarbe [57| uccsiemyemble siBjieHUs] PACCMATPUBAIOTCS Ha OCHOBE IPEIJIO-
JKEHHOI aBTOpaMu BEPOATHOCTHOW TEOPHUMN.
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B crarpsx [58,59,103| F. A. Leckie ¢ coaBropamu ycranoBu/Iun ¢Bsi3b (heHOMe-
HOJIOTUYECKOT'O TIOHSTHS MOBPEXKIEHHOCTU C l1apaMeTPaMU CTPYKTYPHI.

B psime craTeit MogenmnpoBaHue 0COOEHHOCTEN pacCMaTPUBAEMbIX sIBJIEHUI 0bec-
[eYMBAETCsl BBEJICHNEM HECKOJIbKHUX CKAJISIPHBIX KHHETHYEeCKUX Iapamerpon [60—
63 1 jip.|. ABTOpBI 9TUX UCCIIEOBAHNIN, KAK IIPABUJIO, PACCMATPUBAIOT B KAYECTBE
KAHETHIECKAX APAMETPOB PA3JIMYHBIE XaPAKTEPUCTUKU IBOJIOIUU CTPYKTYPHI
METAJIJIOB B IIPOIIECCE TOJI3YIEeCTH.

A. P. Pxanunpin [64] BMeCTO OBIIENPUHSATOrO CKAJISIPHOTO NapaMeTpa IIoBpe-
JKJICHHOCTU W BBEJI CKAJISIPHBIN HapaMeTp OObEeKTHBHON MPOYHOCTU T, BEJIUIU-
Ha 7 JIOJKHA XapaKTepPU30BaTh MIHOBEHHYIO ITPOYHOCTH MaTepHuaJia B 3aJaHHBIH
MomeHT Bpemenu. J. Lemaitre ¢ coasropamu [65,66] paccMorpesn HakorieHue
[TOBPEXKJIEHUN B TeJile BBEICHHEM CKAJIAPHBIX APAMETPOB COCTOSHUS B paMKax
TEPMOJIMHAMUKI HEOOPATUMBIX IIPOIECCOB, IIPU STOM OCHOBHOE BHUMAHUE YI€JIsi-
€TCsT B3aUMOJEHCTBUIO MIPOIECCOB IIOJI3YIEeCTH U YCTAJIOCTH.

C. A. Illecrepukos ¢ coaBropamu [67| nmpu ucCHOIb30BaHNY JIPOGHO-CTEIIEHHO
MOJIEJIN TIOJI3YyYECTH MTOJIY UMM YCJIOBUE JIJINTEILHOTO Pa3PYIIEHUs, IPU KOTOPOM
[peJieJIbHOEe 3HAYEHNE TTapaMeTpa MOBPEXKIEHHOCTH MeHbIe 1.

M. Chrzanowski u J. Madej [68] npu mocTpoeHnn n30XpOHHBIX KPUBBIX JIJIH-
TEJBbHON MPOYHOCTU B CJIyYae ILJIOCKOTO HAIPSKEHHOTO COCTOSHUSI UCIOIB3YIOT
IpejijiaraeMoe UMM KHHETUIECKOe YPaBHEHUE, C TIOMOIIBI0 KOTOPOI'O0 MOXKHO OIfe-
HUATH IPOYHOCTDH MPU KPATKOBPEMEHHOM HATPYXKEHUHU U OCTATOUYHYIO KPATKOBPE-
MEHHYIO ITPOYHOCTD B IIPOU3BOJIbHBI MOMEHT BPEMEHHU.

S. Murakami u M. Mizuno [69] o606uwu Teopuio FO. H. Pa6orHoBa myist yue-
Ta Pa3pbIXJIEHUsT METAJIJIOB IIPU HEHTPOHHOM OOJIyIE€HUN W OMUCAJIH O3y IECTh
HEpzKaBEIoIel CTaau MPU PA3JIUIHBIX YCJIOBUSIX OOJYyUCHUs U IEPEMEHHBIX Ha-
[IPSIYKEHUSIX.

B HexoTopbix paboTax MPUBEJEHBI HE TOJBKO PE3YJIbTATHl (DEHOMEHOJIOIUIe-
CKOT'O UCCJIeJIOBAHUS MMOJ3YYECTH U JJINTEJIHHON IPOYHOCTA METAJIJIOB, HO U aHa-
JI3 U3MEHEHUs! CTPYKTYPbl METAJIIOB B Ipoliecce nossydectu |70-74].

B nsru crarbsax [74-78| upuBejieHbl pe3ysbraThl HCCIEIOBaHUIl TPyOUIATHIX
06pa3IoB MpU OCTOSHHOM PaCTATUBAIONIEM HOPMAJILHOM HAIPSKEHUU U 3HAKO-
[IEPEMEHHOM KacaTeJIbHOM HAIPSZKEHUU B YCJIOBUSX HOJI3YYECTH BILUIOTH JIO Pas-
pymienusi. B Takux mcnblTaHuSX, KaK [IPABUJIO, U3MEHEHNE 3HAKA KACATEIHLHOTO
HaIPs2KEHUs [IPUBOJUT K YBEJIUYEHUIO BPEMEHH JI0 Pa3PyIIEHUS.

B [74] upuBeieHbl pe3ysibTaThl HCIBITAHUA Ha [HOJI3YYeCTh JBYX TEXHUYECKHUX
crtaBos: INCO 718 (Inconel 718) u mepzkasetomeit crasnu 17-21 SPH (crans 316).
UcnibiTanust mpoBOJM/INCh HA TPYOUATHIX 00pa3Iax B yCJIOBUSAX OJHOBPEMEHHO-
ro JIefiCTBUSI PACTSIYKEHUsI M KPYUeHUs! IIPU ITOCTOSTHHBIX HAIIPSI?KEHUsIX (T.e. mpu
9TOM yYUTHIBAETCS YMEHbIIIEHUE IJIOMAH [TOIIEPEYHOIO CEYEHUs B IIPOIIECCE OIIbI-
Ta). B kauecTBe a3(pbeKTUBHOI CKAISPHON XapaKTEePUCTUKH IIJIOCKOTO HAIIPSI?KEeH-
HOT'O COCTOSIHUS IIPUHUMAIOTCS UHTEHCUBHOCTD HAIIPSKEHUI 0, U MaKCUMAJIbLHOE
IJIaBHOE HAIPsDKEeHUE 0. B KauecTBe XapakKTepucTuKN j1e(hOPMUPOBAHHOTO COCTO-
sIHUsI IPUHUMAETCS MHTEHCUBHOCTD J1eOPMAITUil TOI3YUECTU Py, TTOKA3AHO, UTO
3aBHCAMOCTD P, (3HAYEHHE P, B MOMEHT Da3pYIIEHHs) OT BPEMEHHU pa3pylie-
Hust t* mMmeeT BospacTaronuit Xxapakrep st ciiaga INCO 718 1 HEMOHOTOHHBII
xapakrep (¢ BHyTpeHHUM MHHHMYyMOM) Jytsi crasim 17-21 SPH. Hapsiny ¢ skcre-
PUMEHTAMU [IPU HE MEHSIOITUXCS BO BPEMEHU HAIPSIKEHUAX aBTOPBI ITPOBOJIMIN
OIIBITHI, B KOTOPBIX Uepe3 KaxKjible 48 9acoB KacaTeJbHOE HAIPSKEHUE MEHSLIO
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3HAK; B CBS3W C 9TUM BpeMs j0 paspyuienus craju 17-21 SPH yBesmuauBasioch
B 2-3 pasa, Bpems g0 paspymenus ciiaBa INCO 718 nubo yBesmauBajoch Ha
50 %, nmbo ymenbianocsk Ha 30 %.

B [75] npoBoxuTcst aHAIN3 BIMSIHUS BUJIA HAIIPSI)KEHHOTO COCTOSIHUSI HA JJIH-
TeJIbHYI0 MPOYHOCTH MOJIMKPUCTAJIINIECCKIX METAJJIOB, OCHOBAHHBIN HA CHCTEME
OIPEJIEIAIONNX YPABHEHNH, YIUTHIBAIOIMMX 3aPOKICHIE U POCT IIOp Ha I'paHU-
Iax 3€peH U BJUsHUAE CKOJIbKEHUs 110 TpanniaM 3epeH. [lpn momomu mperarae-
MO MOJIE/TN U IIPpaBUJIa JTUHEHHOIO CYMMUPOBaHUs OBPEXK IeHHOCTe PobnHcona
HUCCJIeJyeTCd BJANAHUE NEPEMEHHBIX Har'pPy30K M TeMIIlepaTyp Ha JOJITOBEYHOCTb
MaTepuaJia B YCJIOBHUAX OJHOOCHOI'O PACTSIYKEHUS, IPUIEM IIPEIIIOIAraeTcsi, ITo
MaTepuaJl B Ha4aJbHOM COCTOSHHMH YK€ COIepKajl HEKOTOPOEe KOJIUYIECTBO MHK-
pomop. HaHo cpaBHeHHE C OIMyOJMKOBAHHBIMEU SKCIIEPUMEHTAIbHBIMA JAHHBIMI.
Bausinre HempomopnuoHaabHOrO HATPYZKEHUs Ha JIUTEHLHYIO ITPOYHOCTH MaTe-
praJjia pacCMOTPEHO Ha IpuMepe Tpyoddaroro obpasia Ipu IMOCTOSTHHOM PaCTsIzKe-
HUU U PEeBEPCUPOBAHHOM KpPYyYeHUU.

B |76] mposenen Teopernveckuii ananuz paHubix [74]. TIpu srom mapamerp
[TOBPEXKJAEHHOCTH MOXKET OBITH IPEJCTABICH B CKaJSIPHOM HJIA TEH30PHOM BH-
ne. IIlpoBenen crarucTrdecknil aHan3 OPUEHTAITMN TPEIINH B PA3PYIIEHHBIX 00-
pasnax. AHaJII/ITI/ILIeCKI/I OIIMCaHO BJIMAHNE NUKJ/INYICCKOI'O USMCHEHNA 3HaKa KacCa-
TeJIbHOIO HAIIPSIZKEHMsI Ha BPeMsl JI0 pa3pylieHus (IpudeM Kak yIpPOYHEHHe, TakK
U pasylnpouHenue). B skcrnepuMeHTax Ha OJHOOCHYIO IOJI3Yy4YeCTb IIPU HOCTOSIH-
HOM HAIIPSI?KEHUHU 0() TIOJLy9€HO, U9TO [IPEIBAPUTEIHLHOE KPATKOBPEMEHHOE (B Teue-
HEEe 2 MUHYT) IPHJIOKEHNE K 00pa3Ily HAIPSIXKEHUsI 01, OOJIBIIErO 0(, IPUBOIUAT
K 3HAYATEILHOMY YIIPOIHSIONEMY 3D MEKTY; 3TOT Pe3y/IbTAT OMUCHIBACTCS Pe/I-
JIOYKEHHOU MOJIEJIBIO.

B [77] paccmaTrpuBaeTcsi (heHOMEHOIOrHIECKasi MOJIEJIb TI0JI3Y YECTH IPU CJIOXK-
HOM HAIIPSI?XKEHHOM COCTOSTHUI

Pij _ 3 (0u\"tsy L

Po _2(0()) oo (1 —w)n’ ()
Yo A(ZEy 1
(,ZJO_A(U())(I—W)n’ (2)

rae 0, — UHTEHCUBHOCTDb HAIPSIKEHUN, w — CKAJIIPHBII MapaMeTp HOBPEKIeHHO-
cTH,
3(%) = gy lon 5 ;
o —%[aal—k ou+ (o1 + 02+ 03)] (3)
— omHOpOAHAS (DYHKITAST HAIIPSXKEHH. 31ech 01 > 09 > 03 — IJIaBHBIE HAIIPsIyKe-
Hust; «, 3, 7 — nocrostaabie. OMUCAHBI TOJI3YYeCTh U JIJIATEIBHAST [IPOYHOCTH TOH-
KOCTEHHBIX TPYOOK M3 aJIIOMUHHEBOrO CILIaBa, Meau u ciiaBa Nimonic 80A. Dtu
TPYOKM MCIBITHIBAJINCE B YCJIOBUSIX CJOYKHOI'O HAIPSI?KEHHOTO COCTOSIHUS: PaCTsi-
TUBAIOIlee HAIPsI?KEHNE BO BPeMs KarKJIOTO OMBITa OCTABAJIOCH TTOCTOSTHHBIM, Ka-
caTejibHOE HAIIPSI?KEHNE B HEKOTOPBIN MOMEHT BpeMenu t = ty MeHsi10 3uak. s
OlMCaHUsI KPUBBIX CABHUIOBOI [OJI3yYeCTH UCIOb3YoTCst ypaBHernus (1)—(3). Uc-
MIBITAHUS AJTIOMIHUEBOT'O CIIJIABA XOPOIIO OMUCHIBAIOTCS STUMU ypaBHeHuaMu. [
OIIMCAHUS OIBITOB HA MeJIM ypaBHEeHUE (2) He TOJIXOJUT: CJeIyeT PACCMATPUBATH
HAKOTIIJIEHNE TIOBPEYKIEHHOCTH W B JIBYX IJIOCKOCTSIX, TEPIEHINKYJISTPHBIX HAITPaB-
JIEHUSIM MaKCHMAJIbHBIX [VIABHBIX HAIIPsizKeHuit pu ¢t < to u t > tg. g onucamus
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HOJI3Y9IeCTH U JUIATeNIbHOI npounocTH ciutaa Nimonic 80A coornomenus (1)—(3)
cIIeTyeT YCJIOKHUTD.

B [78] paccmarpuBaercsi aHM30TPOIIHOE paclipejieieHre 1mop B JedopMupye-
MOM 3JIEMEHTE; 3Ta AHU30TPOIINS UI'DAET BaXKHYIO POJIb IIPU OIMCAHUU HEIIPOIIOP-
IIHOHAJILHOTO HArpyKeHus. OOCYKIAIOTCS PE3YIbLTATHI UCIBITAHMI ciiiaBa Nimo-
nic 80A npu Temmeparype 750°C B yCIOBUIX OJHOOCHOTO PACTIXKEHUS W IUCTOTO
KPYUeHUs IPU HOUTH OIMTHAKOBOH BeJIMUNHE NHTEHCUBHOCTU HAIPS2KEHWI 0, TPU
STOM 3HAUCHHUS 0oy PA3IMIAIOTCS B \/3 pa3. IlokazaHo, 9TO HHTEHCHBHOCTD Je-
bopmanuii nonsyvecTu p, B Cydae OJHOOCHOTO PACTSZKeHUs (T.e. IIpu GOJIbIIeM
Omax) 3HAUUTEJILHO OBICTPEE IIPUBOJUT K pa3pylieHuio. PaccmarpuBaercst Teope-
THYECKas MOJIEJb CJIEJYIOIIEro THIIA:

pij = F sij, F =F(sp,w), sij =0 — 00,

mapaMerp w YIUTHIBAET BIUSHUE MEXK36PEHHBIX IIYCTOT. Biiustaue oy Ha t* yun-
TBIBAETCSI C TIOMOIIBIO 3aBUCUMOCTH F 0T w. OOCYyK1aeTCs UCHBITAHUE HA, IUCTOE
KpydeHHe, B KOTOPOM KacaTeJIbHOe HAIps?KeHNe B HEKOTOPBIII MOMEHT BpPeMeHH
MEHSIET 3HAK, IIPU 3TOM HAIIPABJIEHUE Tpax HOBOpaunBaercs Ha 90°.

JI. B. Tenos B [79] upemioxkui kKuHernveckoe ypasHerue 11ehOpMaIinoHHOIO
TUIIA, COCTOSIIEE U3 UeThIPEX CJIATaeMbIX, KaXK0€ 13 KOTOPBIX YUUTHIBAET OBPE-
JKJIEHUsT U JIePOPMAIMY PA3HOTO THUIIA, U TO3BOJISIOIIEE OIPEIE/ISITh YCIOBUS Pas3-
PYIIIEeHnsI TPU TPOU3BOJIBLHON MporpaMMe Harpyzkenus n Harpena. [lokazamno, 4To
pPe3yIbTATHl ONBITOB, MPOBEJEHHBIX PA3HBIMHU aBTOPAMU B YCJIOBHUSAX PA3TIMIHBIX
IIpOrpaMM HArpyKeHUsl, KOPPEKTHO OIMCBLIBAIOTCS B PaMKaX YACTHBIX CJIyJIaeB
MIPE/I0YKEHHOTO KPUTEPUs JJIUTEIbHON TPOTHOCTH.

I1. A. Tlasnos u H. H. Kypuiosuu [80] npejcraBuiu pe3yibraTbl UCIIbITA-
HUU Ha MOJI3yYeCTb KOHCTPYKIIMOHHBIX crasieit D765 u DI1182 npu omrOoOCHOM
7 TJIOCKOM HAIPSXKEHHOM COCTOSHUU. [[y1s onmmcaHust mporecca HAKOIJIEHUS II0-
BPEXKIEHNH B YCJIOBHUAX MOJI3YIECTH WCIOJIb30BAHO KMHETHUIECKOE YDaBHEHNE CH-
JIOBOTO THIIA, OTBeYaloIee IPUHITUITY JIHHEHHONO CYyMMUPOBAHUsI. DTO YpaBHEHUE
IIPOBEPEHO SKCIEPUMEHTATIBLHO MPU PA3JIMIHLIX PEXKUMAX HECTAIIMOHAPHOIO CTY-
[IEHYATOr0 HAUPYKEHUSI.

B [66] mpemiaraercst KuHeTHYECKOE YPaBHEHIE [IJIsT CKAJISIPHOTO [TapaMeTpa 1mo-
BPE2KJIEHHOCTU IIPU IIPOCTPAHCTBEHHOM HAIIPS)KEHHOM cocTostnuu. [Ipu sTom wnc-
[I0JIb30BaH (POPMAJIN3M TEPMOINHAMUKN HEOOPATUMBIX IporeccoB. CKOPOCTh Ha-
KOTIJIEHUSI TIOBPEXKICHHOCTU PACCMATPUBAETCs KaK (DYHKIINS ILIOTHOCTH OCBODOXK-
JlaeMoit SHepruu jaedopMallud U CKOPOCTH HAKOIUIEHHOW ILJIACTUYIECKOH medop-
Maruu. OTMeY€eHO, UTO IPEJJIOKEHHOE COOTHOIIIEHNE MOYKET OIUCHIBATH XPYIIKOE
7 BSI3KOE pa3pyllleHne, MaJOIMIKIOBYI0 I MHOTOIMKJIOBYIO YCTAJIIOCTD U AJINTEThb-
HY0 IpOoIHOCTb. OCHOBHOE BHUMAaHUE YIeJISeTCsl U3y YeHNI0 MHOTOIIUKJIOBOI yCTa-
JIOCTH U B3aMMOJIEHCTBUS MIPOIECCOB MOI3ydecTu u ycrasioctu. [Ipu ucnosib3osa-
HUW BA3KOIJIACTUYECKOTO OIPEJIEJISIIONIEro YPaBHEHN ¢ KHHEMATUIECKIM YIIPOU-
HEeHWeM IIpeJijlaraeMoe KMHEeTUIeCKOe YpaBHEeHNe MIPUBOANT K HEJTUHENHON CBI3U
YCTAJIOCTHBIX U BS3KUX XapPaKTEPUCTUK paspylienns. JaHHbI MeTO TO3BOJISAET
OIUCBHIBATEH 3aBUCHMOCTH HACTYILIEHUS YCTAJOCTHOTO PA3PYIIEHUsT OT IIPOrpaM-
Mbl HATPY?KEHUs U, B YaCTHOCTU, OT BEJUUUHBLI CpeJIHEro HalpsixkeHnus. [lomgyde-
HO XOPOITIee COOTBETCTBHE SKCIEPUMEHTAJLHBIX U TEOPETUIECKUX XaPAKTEPUCTUK
pa3pyIIeHus s CIYIaeB OJHOOCHOTO U IIOCKOTO HAIPSIXKEHHBIX COCTOSTHUMN.

B pabore [81] mpejyioxkena cucreMa KUHETHYECKUX YPABHEHWH JIJIs OIMCA-
HUS TIOCTETIEHHOT'O Pa3pyINeHNs] IPU MOI3YUIECTH B YCIOBUSAX CJIOXKHOIO HAIPsI-
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JKEHHOI'0 cOCTOsTHUsI. Ha oCHOBe 9THX ypaBHEHUN IIpejiaraercsl yCOBEPIIEHCTBO-
BaHHAsT METOJOJIOTHsT IIPUMEHUTEIHHO K J1eOPMAIMIM TOJI3yIecTr (heppuTHOi
crasm 0.5Cr0.5Mo0.25V npu remmeparype 590°C. [Ipemckazanust 310l CHCTEMBI
YPaBHEHU COrIACYIOTCS C SKCIEPUMEHTAJbHBIMU HAOIIOMCHUSIMU.

B [82] ucnbiranusi Ha mOJI3ydecTb MPOBEJEHBI TIPU OJHOOCHOM PACTSIZKEHUH,
9UCTOM KPYYEHUW U KOMOMHMPOBAHHOM PACTSI?)KEHHU W KPYYEHHUU IIPU TeMIIe-
parype 250°C st meym u 150°C 1 @JIIOMUHHEBOTO CILIABA HIPU PA3JIMIHBIX
HAIIPSXKEHHBIX COCTOSIHUSIX. AHAJIM3UPYeTCs BIUSIHIE HAIPSXKEHHBIX COCTOSTHUI
Ha, HEYCTAHOBUBIIYIOCS [TOJI3yYECTh, YCTAHOBUBIITYIOCS TIOJI3YYIeCTb U JJIUTEILHYIO
povYHOCTh. Ha ocHOBe aHam3a N3BECTHBIX MOJIEJIel O3y YecTr OblIa cPOpPMYyIu-
pOBaHa HOBas CUCTEMa KUHETHYECKUX ypaBHeHmil. IIpesjioxkeHHble yHUPUITPO-
BaHHbIE KWHETUIECKHE YPABHEHUSI OIIPEIE/IAIOTCS C UCIIOIb30BAHNEM SKCIIEPUMEH-
TaJILHBIX JAHHBIX, MOy I€HHBIX /I 0O0MX MATEPUAJIOB IIPUA TPEX YPOBHIX HAIPSI-
xeHuii. CpaBHEHNE 9KCIEPUMEHTAJbHBIX U PACCINTAHHBIX KPUBBIX JedopMalimii
MTOJI3YYeCTH TIPOBOJUTCS JIjIsi BCEX BUJOB HAIPSIXKEHHBIX COCTOSIHUN M ypOBHEH
HalpsizKeHU 1J1sT 000UX MaTepHAaJIOB. DKCIEPUMEHTAJIbHBIE PE3YIbTaThl TOKA3bI-
BAIOT, YTO HAIIPS?KEHHBbIE COCTOSHHUS OKA3BIBAIOT CYIECTBEHHOE BJIUSIHUE Ha BECh
rportecc JeOpMAaIiy O3y IeCTH KaK JIJId MU, TaK U JJIsT AJJIOMIHUEBOTO CILIa~
Ba. DddexTrl, HAOIOMaEMble BO BpeMsl HEYCTAHOBUBIIEHCS W YCTAHOBUBIIEHCS
MOJI3YIECTH, SABJISIOTCA OoJiee 3HAUUTEILHBIMU, YeM 3MD@PEKTHl B Pa3yIPOTHSIIO-
meiicst cTajuu MOJI3YIecTr Jjis MeJU, HO He JiJIsi aJlOMUHUEBOrO ciuiaBa. OTHO-
[IIeHNe BPEMEH JI0 pa3pyIleHusl MEIHBIX 00Pa3IloB IPU PACTSKEHUU U KPYICHUH
MOYKeT JIOCTUTATh BeJIMINHbBI, paBHOit 10.

B [83] paccmarpuBaercsi BOSMOKHOCTH ONUCAHUSI TI0JI3yIECTU U JJTUTEIbHOI
MIPOYHOCTH IPU HEIPOIIOPIIMOHAJBHOM HATPYKEHUH C TIOMOIIBI0 TEOPUU C OJTHUM
mapaMeTpoM COCTOSTHUST W:

pij 1 09" (op/oo) 1
po n+1 09(oij/oo) (1—w)?’ (4)

dTg = A¥(0ij/00) - ma

rae A — ogHopoaHast (DYHKIUSI IepBOii CTeleHu; og, Po, N, V, Wy — KOHCTAHTHI.
Menp n aJFOMUHUEBBIN CILIAB OBLIN OTOOpAHBI JIJIsSI UCIBITAHUN M3 TeX coobpa-
JKEHMIA, 9TO I HUX (PYHKIUIO A ciemyer BbIOMpaThb COOTBETCTBEHHO B BHJIE
A =o01/og mmu A = 0, /0¢ (01 — MakcUMaJIbHOE [VIABHOE HAIPSIZKEHUE, 0, — UH-
TEHCUBHOCTb HANpsizKeHuit). OnucaHbl UCIIBITAHUS TOHKOCTEHHBIX O0PA3IOB IpU
COBMECTHOM JIefICTBUN PACTSXKEHUS U KPYIEHHS KaK IIPU IPOIOPIIMOHATILHOM yBe-
JINYEHUU 0 U T, TaK U IPU HEIPOIIOPIINOHAILHOM HATPYXKEHUN; B TIOC/IEIHEM CJTY-
Jae HarpyzKeHne 3aKJIF0YajoCh B OJHOKPATHOM WM MHOTOKPATHOM ITPOXOXKIe-
HHUM Ha IJIOCKOCTH O, T JIBYX BBIXOIAIIAX U3 Ha4YaJa KOOPAUHAT OTPE3KOB, CHM-
METPUYHBIX OTHOCUTEJIHLHO OCH 0. JlaHHbBIE OTPE3KN COOTBETCTBYIOT YPABHEHUSIM
o = £37, upu stom u3 (4) crenyer 2p.g/p.. = 1. O coorBeTcTBUM CBOCTB TOJI-
3ydecTu ypaBHeHUsIM (4) aBTOPBI CYJST 110 OTJIMYUIO OTHONIEHUS 2D,9/P,, OT 1.
ITokazaHo, YTO € ITOMOIIBIO YKA3AHHBIX TEOPETUIECKUX COOTHOIIEHNI MOXKHO XO-
POIIIO OIUCATDH JAJIUTEILHYIO IIPOYHOCTH 000MX MATEPUAJIOB, & TaK¥Ke J1eOPMAIII
[IOJI3yYECTH AJIOMHHUEBOIO CILIaBa.
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8.2. BekTOpHBIII mapaMeTp noBpe>KaeHHocTH. MonernmpoBanne TJIATETb-
HON IPOYHOCTH METAJUIOB IIPY HECTAIIMOHAPHOM CJIOYKHOM HAIPSIZKEHHOM COCTO-
SHUW CBA3aHO CO 3HAYUTEJbHBIMU TPyaHocTsMu. Hanbosiee mepcrekKTUBHBIM ITy-
TEM PpeIlleHUsI ITON 3a7a49u, MO-BUIUMOMY, SIBJISICTCS MPUMEHEHNE KUHETUIECKO
TEOpHUU JIINTENbHOM mpounocT. OUeBHIHO, YTO HambOJIEe MPOCTLIE COOTHOIIE-
HUS UMEIOT MECTO MPU UCIOJIB30BAHUN CKAJISIPHOTO IMapaMeTpa MOBPEXKIEHHOCTH.
Opinako JiedeKThI, ONpEIENIoNue HAKOIJIEHUE TTOBPEXKJIEHNN, TaKue KaK I0JIO-
CTH, MUKPOTIOPBI, MUKPOTPEIINHBI, OPUEHTHPOBAHBI HATPY3KaMH, IO JeficTBIEM
KOTOPBIX 3TN Je(eKThl BOSHUKAIOT. Kak M3BeCTHO, MUKPOTPEITHHBI OOBITHO pa3-
BUBAIOTCA NPUOJIMKEHHO TEPIEHINKYAIPHO MAKCUMAJILHOMY U3 TVIABHBIX HAIlPsI-
JKEHU. Y BeJndeHne 3TUX MUKPOTPEIINH MPUBOAUT K Pa3PYIIEHUIO COeTUHEHM
3epeH B MOJUKPUCTAJUIE, U B Pe3yJbTaTe MPOUCXOAUT paspyiienue. s ommca-
HUS TAKOTO TUIIA PA3PYITEHNH HEIOCTATOTHO NCIIOIb30BATh CKAJISIPHBIHN mapamMeTp
MTOBPEXKIEHHOCTHU, HEOOXOIMMO ITPUMEHSITh BEKTOPHBIHN MIM TEH30PHBIN mapamMer-
PBbI OBpeXKIeHHOCTU. B manHoM maparpade paccMOTPEHbI BAPUAHTHI KUHETUIe-
CKOI TEOPHUH C BEKTOPHBIM MApaMETPOM IMOBPEXKICHHOCTU WM C KOMOUHAITMEH
CKQJIIPHOTO M BEKTOPHOTO MapamMeTpoB. Vcrmosb30Banme CKaJspHOrO IapaMeTpa
[TOBPEXKJIEHHOCTH, KaK IIPABHUJIO, He MO3BOJISIET OIUCATH OCOOEHHOCTH JIJINTEIHHO-
0o pa3pylleHus IIPpU Pa3udHbIX IIporpaMMax Harpyzkenus. [Ipu ucrnosb3oBanmu
TEH30PHOI'0 INapaMeTpa IOBPEXKJIEHHOCTH BO3HUKAIOT TPYJ/IHOCTH C OIIPEJIeJIEHNU-
€M BXO/ISIIIUX B KHHETUUIECKUE YpABHEHUs (DYHKIUH U MaTepHabHBIX KOHCTAHT.
B sTom naparpade paccmarpuBaeTcsi OIMUCAHUE PACCMATPUBAEMBIX IKCIIEPUMEH-
TaJbHBIX JIAHHBIX C TIOMOIIBIO BEKTOPHOIO IapaMerpa HoBpexpennoctu. [Ipume-
HEHUE TOI'0 MOJIX0/Id, KaK [PABUJIO, IIPUBOJIAT K XOPOIIEMY COOTBETCTBHIO JKCIIE-
PUMEHTAJIBHBIX U TEOPETUUYCCKUX 3HAUCHUN BPEMEH 0 Pa3pyIICHUS.

Cpeu y4eHbBIX, NPUHUMABIIAX YYACTHE B pa3pabOTKe TOr0 HAIPABJICHUS,
caexyer ormeruts JI. M. Kauganosa [4, 84 u 1. B. Hamecrnukosy ¢ C. A. Ile-
crepukoBbiM [85]. JI. M. Kauanos B cBoMX paboTax HMpeJIOKII YIUTHIBATH KAK
BEJIMYIUHY TOBPEXKICHUST W, TaK U ero HampasieHne. CKOPOCTh HAKOILICHUS TO-
BPEXKJIEHHOCTU B KAXK/IOW IJIOCKOCTHU 3aBUCUT OT HOPMAJIbLHOI'O HAIIPSIZKEHUsI, JIeii-
CTBYIOIIIET'O B 3TOH IIJIOCKOCTH; MECTHOE pa3pyIIeHUE HACTyNaeT, KOIJa BeJnYu-
Ha W B KAKOM-/IN0OO HAIIPABJIEHUH JOCTUTAET IPEIeTbHONO 3HAUEHUST; TIOJIHOE Pas3-
pyIIeHre HACTYIAET TOCJIe TPOX02K ieHns (DPOHTA Pa3pyIIeHNUs Yepe3 PACCMaTPU-
BaeMbIil 00beM.

1. B. Hamecraukosa u C. A. Illecrepukos [85] mpejyiokuau JApyroif mog-
xoji. B KadecTBe mapamMerpa MOBPEXKIEHHOCTA UMU IIPUHUMAECTCS BEJIUUNHA, W =
= /w? 4+ w3 + w3, e BeJMUUHBI W; CBS3AaHbI C IVIABHBIMU HAIPSPKEHHSME 07,
i = 1,2,3. DT 3aBUCHMOCTH ONUCHIBAIOT HAKOILJICHUE IPOEKIINi BEKTOpa II0-
BPEXKJIEHHOCTH HAa HAIPABJIEHUS TVIABHBIX HAIPSKEHUI B MPOIECce MMOJI3YIECTH.
Bennunna BeKTOpa MOBPEXKIEHHOCTH Y/IOBJIETBOPSET €CTECTBEHHBIM YCJIOBUSIM:
w(0) =0, w(t*) = 1.

B paGorax [86, 87| ¢ moMOIIbI0 BEKTOPHOTO IIOX0/A OLICAHO SIBJICHHE aHI30-
TPOITHOW MTOBPEXKIEHHOCTH.

B nukie pador A. M. Jlokomenko ¢ B. B. Hazaposbim [88-92| Bbimosaeno
006001IIeHre MOJIesIn, TPEJIoKeHHON B cTaThe [85]. C 910l 11es1bi0 BBOIUTCS KO-
3¢ durmenT TPOIHOCTHON AaHU30TPOIINN MaTepUasa o U yIUThIBACTCH B3aUMHAs
3aBUCHMOCTH KOMIIOHEHT w;. BIlepBble 9KCIePUMEHTAJBHO ToJydeHa [88] u Bio-
CJIEJICTBUY C IIOMOIIBIO IIPeJIJIOZKEHHOI Mogiesn [92] onpe/iesieHa 3aBUCHMOCTD Bpe-
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MEHU JI0 Pa3pyIIeHUus [IPU CTAIMOHAPHOM CJIOKHOM HAIPS2KEHHOM COCTOSTHUU OT
IPOTrPaMMbl KDATKOBPEMEHHOT'O HAI'DY2KEHUS.

B mexoTopnix paboTax paccCMaTpUBAETCA COYETAHUE CKAISIPHOIO U BEKTOPHOTO
napamerpos nospezkjaerHocru. C. A. Ilecrepukos ¢ coaropamu 93| ormeruim,
YTO B IPOIECCE MOI3YIECTH IIPU CJI0XKHOM HAIPSI2KEHHOM COCTOSHUN (DAKTUIECKH
MTOSIBJISIETCS AHU30TPOIINS CBOMCTB HAKOILIEHHON IMOBPEXKIEHHOCTH, U MPEJJIOKU-
JIN MOJIENTb ¢ KOMOWHATMEH CKAJSIPHOTO W BEKTOPHOTO MOAX010B. A. A. Umkuk n
1O. K. Tlerpenst [94] cunrator, uro B 06acTu MUKPOIOD HapaMeTp HOBPEXK/IeH-
HOCTHU SIBJISIETCSI BEKTOPHOW BEJIUYMHON, & B OOJACTU KJIMHOBUIHBIX TPEIUH —
ckasisipoM. O. K. Mopatukosckwuii [95] ncronb3yeT cKasipHbLil apaMeTp Jist Olu-
CaHUsl YCTAHOBUBIIEHCS W YCKOPSIOIIEHCS CTaJINil O3y YeCTH, & BEKTOPHBIH T1a-
paMeTp — JiJisi OIMCAHUS IPOIECcca IOJ3Yy9YeCTH Ha HEYCTAHOBUBIIENCS CTaJUu.
M. Chrzanovski, J. Madej [96] npu onucanun M30XpOHHBIX KPHUBBIX HCIIOJIbL3Y-
0T CKaJISIPHBIM MJIM BEKTOPHBIN ITOXO[ B 3aBUCUMOCTU OT YPOBHSI BPEMEHHU IO
paspymennst. I. M. Xakuuckuit [97] pasimdaer BHYTPU3EPEHHYIO OBPEXK/ICH-
HOCTbH (CKAJISIDHBII [IAPAMETD) U MEK3E€PEHHYIO IOBPEXKICHHOCTD (BEKTOPHBIN T1a-
pamerp). D. Hayhurst ¢ coaBropamu ipu Mojie/TMpOBaHUY JIJTATETHLHOTO Pa3pyIIe-
HUs AJIOMUHUEBOTO CIJIaBa IIPY CJI0YKHOM HAIPSAKEHHOM COCTOSHUH UCIOJIB3YIOT
CKQJIAPHBIN MapaMerp w, a MPHU OIUCAHUU IIOBEJICHUsI MEIU B TEX K€ YCJIOBHUSX
YUUTBIBAIOT U3MEHEHUE HAIIPABJICHUS MAKCUMAJILHOTO TJIABHOIO HAIIPSXKEHUS IIPU
U3JI0Me TPAeKTOPUH HarpyzkKeHusi (BeKTOPHBbIii mapamerp) [77,99].

B crarbsx [86,98-102] paccmarpuBaeTcst MOI3y4YecTb JI0 pa3pylieHus TPyo-
9aThIX 00PA3IOB IIPHU KACATEIbHBIX HAIPAXKEHUSIX, KOTOPbIE OJIHOKPATHO HJIH IIe-
PHOINYIECKA MEHSIOT 3HAK.

B [98] paccmaTpuBaercs BInsIHEE CJIOXKHOTO HATDY?KEHUs Ha BpeMsl JI0 Paspy-
nieHusi B ycjaoBusx nossydectu. O6CYKIAI0TC CXeMbl BI3KOTO (jiepopManuon-
HOT'0), XPYIIKOTO Pa3pyIIeHHsl, & TaKyKe Pa3pyIIeHUs] CMEIAHHOTO THIIA.

B pabore [99] kBasmsmmupuueckas MerassioBeueckas Teopusi B. Dyson’a
u D. McLean’a ucmosb3oBajach JIjis IPeICKa3aHns OBeAeHUsT TPYOOK U3 CILIaBa
Nimonic 80A, ucnbITaHHBIX Ha MTOJI3y4YecTh 1pu TeMieparype 750 °C mpu mpsmom
u obparHoM Kpyuenuu. lanuas Teopus ObLIa MOAUMDUIUPOBAHA JIJIT OIMUCAHUS
[TOBEJICHUST TIPEJIBAPUTEILHO HAPsiKeHHbIX TPyOok Nimonic 80A, mcubTaHHBIX
B YCJIOBHSIX HPSMOIO U OOPATHOrO 3aKpyunBaHus. Bo Bcex cirydasix MOBDPEXKIE€H-
HOCTb, CBs3aHHas ¢ jiepeKTaMu, SBJISI€TCH CKAJISPHOM BEJIMYMHON, a ITOBPEXK/IE€H-
HOCTD IIPH II0JI3YYeCTr u 00beMHasI JI0JIsI TIOJIOCTEH UMEIOT BEKTOPHBIN XapakTep.

B [100] monenupyercs: juresibHas IPOIHOCTH TPYOUATHIX 06pa3IOB [IPU OJI-
HOBPEMEHHOM JIEHICTBUH MOCTOSTHHOT'O OCEBOTO HAIPSIKEHUS U KacaTeJbHOro Ha-
[PsIYKEHU S, OHOKPATHO WJIH ITUKJIUIECKH MEHSIOIIero 3uak. Bece BapuaHThI 11pe/i-
JIO2KEHHBIX KMHETHYECKUX YPABHEHUI IPUBOJAT K XOPOIIIEMY COOTBETCTBHUIO IKC-
[IEPUMEHTAJIbHBIX U TEOPETHIECKUX 3HAUEHUN BPEMEH 0 Pa3pyIIeHHs.

B [86] npejyrararorcsi onpejiesisiroyue COOTHONIEHHs! Il CPeJ| ¢ N3HAYAJIBHO
M30TPOIHON TOJI3yUECThIO M aHU30TPOIIHON MOBPEXKIEHHOCTBIO, 0OYCIOBJIEHHO
3aBUCUMOCTBIO KPUTEPUAJILHON BEJIMYUHBI PA3PYIIEHUs] OT BUJIA HAIPS2KEHHOTO
COCTOSIHUS IIPU IIPOCTOM HATDYKEHUHM M HEPABHOMEPHOCTHIO HAKOIJIEHUS ITOBPE-
JKJIEHUI B PA3/IMIHBIX (PU3NIECKUX HAIPABJIEHUSX IPU CJIOKHOM HATpPY>KEHUH.
Kaxxnomy HampaB/IeHUIO B BEKTOPHOM IIPOCTPAHCTBE HAIIPS2KEHUI CTABUTCA B CO-
OTBETCTBUE CBOs MOBPEXKICHHOCTD. Ee mpupailienne paBHO MPUPAIIEHUIO CKAJIIP-
HOIl MOBPEXKIEHHOCTH, YMHOXKEHHOMY Ha 3HAYEHUE MATEPUAJIBHONU (PYHKIIUU OT
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yIJIa MeXJy YKa3aHHBIM HAIIPABJIEHIEM U BEKTOPOM JIeUCTBYIONMNX B JAHHBIN MO-
MeHT HanpsizkeHuil. COBOKYITHOCTH OJTHOBPEMEHHBIX 3HAYEHU TOBPEXKIEHHOCTE
Ha BCEX HAIPABJIEHUAX ITPOCTPAHCTBA, HAIIPSI2KEHIH 00Pa3yeT MOBEPXHOCTD AHM30-
TPOITHOM MOBPEXKJIEHHOCTH. 3HAYEHUE MOBPEXKICHHOCTH B HAIIPABJICHUU BEKTOPA
HaIpPsXKEHU, TeUCTBYIOMNUX B TEKYIIUIT MOMEHT BPEMEHU, IPUHUMAETCS B Katie-
cTBe Mephl oBpexkeHHOCTUH. OHa, ONpee/isieT YCKOPEHHUe OJI3yIeCTH IPU [PU-
O/IMKEHNN K MOMEHTY Pa3pyIlleHusi U YCJIOBUE ero HACTYIIeHuss. DbDEKTUBHOCTH
MO/ WIJTIOCTPUPYETCSI CPAaBHEHNEM C UMEIOIUMICS B JIUTepAType IKCIEPUMEH-
TaJbHBIMU U TECOPETUICCKUMU PE3Yy/IbTaTaMU 110 IIOJIBYy1IE€CTU U ,J.HI/ITG.HI)HOI;'I IIpo4-
Hoctn Mequ upu temieparype 250°C [100] u HeprkaBeroleii crajam Ipu TeMIie-
parype 600°C [74] B yciioBUsSIX COBMECTHOrO JICHiCTBUSI TIOCTOSTHHOIO PACTSIZKEHMSI
U 3HAKOIIEPEMEHHOTO KPYyJIeHUsI.

A. M. Jlokomenko B [101] paccMorpes pe3ysbraTbl W3BECTHBIX UCIBITAHUIL
TPY6qa.TbIX O6pa3L[OB Ipu IIOCTOAHHOM OCEBOM HAIIPAZKEHUUN U IIOCTOAHHOM HNJIN
3HAKOIIEPEMEHHOM KacarebHOM Hanpsikenun [74]. Hukinueckoe nameHenue 3Ha-
Ka KacaTeJILHBIX HAITPSI2KEHUI TPUBOJIUT B KCIIEPUMEHTAX K 3HAYUTEILHOMY YBe-
JITYEHUIO BpeMeHU 10 pa3pylrenus. MopeanpoBanue MOJIYYeHHBIX SKCIIepIMEH-
TaJbHBIX PE3Y/IbTATOB MIPOBEIEHO C MOMOIIBLIO Toaxota JI. M. Kaganosa.

B [102]| BblIOJHEHO MO/EJIUPOBAHNE U3BECTHBIX PE3YJIbTATOB HCIIBITAHUI HA
JJINTEJIbHYIO IPOYHOCTD B YCJIOBHUAX HECTAITMOHAPHOI'O CJIOXKHOI'O HAIIPAZKEHHOI'O
cocrostaust. [Ipu onucanun sxcrepuMenTaabHbIX JaHHbIX [100] ncmnonb3yercs Bex-
TOPHBIH ITapaMeTp MOBPEXKAEHHOCTH C KYCOTHO-IIOCTOSHHOM CKOPOCTHIO HAKOILIIE-
Hus noBpexaenunii. Mojenupyercs e bHast IPOYHOCTD TPYOYATHIX 00Pa3IoB
IIpu OJHOBPEMEHHOM ﬂeﬁCTBI/II/I IIOCTOAHHOI'O OCEBOI'O HaIIPDsAXKEHHNA WM KaCaTeJb-
HOI'O HallpgKeHUd, OJHOKPATHO HUJIN HUKJ/JINYIECKN MEHAIOIICIo 3HaK. MO,ZLGJ'H/IpO-
BaHUE JJINTEJIHLHON TPOYHOCTU MPU CKAYKOOOPA3HOM M3MEHEHUU WHTEHCUBHOCTHU
HAIPS2KEHU N ITPOBEJIEHO JIByMst criocobamu — ¢ momoribio meroa JI. M. Kaganosa
u meroma M. B. Hamecruukosoit m C. A. IllecrepukoBa. Bee BapuaHnTh peio-
JKEeHHBIX KMHETUIeCKNX YPaBHEHUI IPUBOJISIT K XOPOIIEMY COOTBETCTBUIO IKCITE-
PUMEHTAJIBbHBIX U TEOPETUYCCKUX 3HAYCHUN BpEeMeH JI0 Pa3pylIeHUs.

B [87] Ha ocHOBe KMHETHYECKOl TEOPHU HPEJIOKEHO BSI3KOIIJIACTHIECKOE MO~
JeIUPOBAHUE AHIM30TPOITHON MOBPEKIAEHHOCTU. Momenb yIUThIBaeT BIUSHUE TIO-
BOPOTA HAIIPABJIEHUN IJIABHBIX MOBPEXKJICHHOCTEN Ha jieDOPMAIMOHHOE U IIOBPE-
sk atoree mosenenne. C MOMOIIBIO BA3KOTLIACTUIECKOTO TTOTEHITHAJIA TTOBPEZK TeH-
HOCTU yCTaHaBJ/IMBAIOTCA ypPaBHEHHA IBOJIIOITUNA HOBpe)K,ZLeHHfI. Ha OCHOBE IIpeJI-
JIOKEHHOI'O KPUTEPUS ITOBPEXKJIEHHOCTH JIJIsl JIOKAJIM30BAHHOU IIEHKN MOJIEJIb UC-
MOJIL3YeTCsl JJIsi TPOTHO3UPOBAHUS MOMEHTA PA3PYIIEHUs AJIOMUHUEBOTO JIUCTA
u3 cunasa 6111-T4. IIporaosupyemblie pe3yIbTATHI XOPOIIIO COITIACYIOTCS € SKCITe-
PUMEHTATbHBIMU JaHHBIM.

8.3. Ten3opHbIii mapamerp HoBpe>KJeHHOCTH. [Ipu ucciienoBannu 3aBu-
CUMOCTH BPEMEHH J[0 PA3PYyIIeHUs OT PA3JIMIHBIX XapaKTEPUCTUK aHU30TPOINH
Mareprasa (Kak HCXOHOI, TaK M MPHOOPETEHHOI) MHOIHE aBTOPBI MCIOIb3YIOT
TEH30PHBII MapaMeTp MOBPEXKIEHHOCTHU, IIPU ITOM PACCMATPHUBAIOTCI TEH30PBI
BTOPOT'0, Y€TBEPTOIr'O U BOCBMOI'O PaHr0OB. BriepBhble TEH30PHBIN MapaMeTp MmoBpe-
JKJIEHHOCTH TIPEJIJIOXKEH B Kiaccuueckoii monorpaduu FO. H. Paboruosa (3], B ka-
YecTBe XapaKTEePUCTUKU HAIIPSIKEHHOTO cocTosinus B [3,104| npuanmMaercs jinneii-
Hast KOMOUHAIMS Opmax U Oy.

B. II. Tamyxk [105] paccMorpesr BOBMOXKHOCTH TIOCTPOEHUST TEOPUH JJINTEI b
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HOIl IIPOYHOCTHU MPU CJIO2KHOM HAIIPSI)KEHHOM COCTOSIHMM C IOMOIIBIO CKAJIsip-
HOI'0, BEKTOPHOI'O ¥ TEH30PHOrO IapamMerpos nospexjaennocru. H. Altenbach u
P. Schiesse [106] paccmoTpesin BO3MOXKHOCTD OIUCAHUsI CBSA3U YCIOBHIl HATDY7Ke-
HUsI C TOBPEXKIEHHOCTHIO HA YPOBHE CTPYKTYPhI MaTepuaJia.

B 1967 r. A. A. Mubtorun [107| BBeJl NOHSATUST TEH30POB U Mep MOBPEXK/Ie-
HUM, KOTOPBIE OIPEIESIOTCS ¢ MOMOIIBI0 (DYHKIIMOHAJIOB OTHOCUTEIBHO 33 IaH-
HBIX ITPOIECCOB U3MEHEHUSI BO BDEMEHU TEH30POB HAIPs?KEHUH 1 MOMeHTOB. B Mo-
nHorpacdun . B. Bapoitunuckoit u . A. Kuiiko [108| paccmarpusaercsi pa3su-
THe 3TOr0 MOJIX0/a: BBEJIEH OIepaTOp MOBPEXK IeHMI, TIPeJIOKEHO 0000IIeHne Me-
XAHUIECKUX TEOPHUil MPOYHOCTH, UCCJIEIOBAHBI MPEJIEIbHBIE MTPOIECCHl HArPYKe-
nusi B npocrparctee A. A. Unbiomuua. B. E. [Tobeapst paccMoTpen omeparop-
HbBIE OIIPEJIEJISIONTNE COOTHOIIEHUS CPEJIbI, BKJIIOYAIOIIIE MEPY ITOBPEXKIEHHOCTH
A. A. Nnsromuna [109]. Bo3MoxKHbIe HECOBEPIIEHCTBA MATEPUATIA YITEHBI IIyTEM
BBEJIEHNST MOMEHTHBIX HAIIPSI?KEHUH, IPOBEIeH TEPMOIUHAMUIECKUN aHAJINS ITPO-
11ecca 3BOJIIOIMOHHOTO paspymenns marepuasa. B. I1. Tamyx u A. 2K. Jlarsawr-
HBIII IPUMEHIJIA TEH30PHBIH TOIXOT IPU MOJIEJIMPOBAHIY HAKOILJIEHUST TIOBPEXK JIe-
HUIi B BUJIE KPYTUIBIX MEJIKMX TPEIH PA3/INIHON oprueHTarmuu B n30TpoiHbix [110]
u ann3orponsbix [111] cpemax. B. A. KonHOB nc1onn30Badl IpeJIyIOKeHHBIE B CTa~
The [107| uHTEerpasbHble OlepaTOpPbl JJIsl MOy YeHHs] (PeHOMEHOJIOTUUECKUX KPU-
TepUeB JTUTEIbHON TPOYHOCTH AHU30TPOITHBIX MATEPHUAJIOB IIPU CJIOXKHOM HATIPSI-
skeHHoM cocrostaun [112]. A. A. Jlebenes u B. M. Muxanesuu ccopmysiuposasiu
KpUTepHaJbHbIE COOTHOIICHUS JIJI HAKOIJIEHHBIX TIOBPEXKJICHUI B BHUJE ypaBHE-
HIsI HACJIEJCTBEHHOIO THIIA ¢ PA3HOCTHBIM siipoM [8,113-115].

J. Betten [116, 117| Bbigesaun j1edbOpMaIMOHHYIO AHU30TPONUIO M aAHU30TPO-
110, BbI3bIBaeMyIo HakoiuteHneM nospexenuit. C. Chow, J. Wang [118] npemio-
JKUJIM TEH30PHOE yPABHEHHE HAKOIJIEHIS TOBPEXK JIEHUH JIJIsi AHU30TPOITHOMN CPeIbI
npu ydere 6osbimx gedopmarmit. S. Bodner [119] npemioxuin ucnoib3oBaTsh B
OIIPEJICJIAIONIEM YPABHEHUHU JIjIsi AHU30TPOITHON CPEJIbI ITapaMeTp MOBPEXKJICHHO-
CTU B BUJIE TEH30Pa BTOPOI'O PAHTA.

S. Murakami ¢ coasropamu [120-123] ocoboe BHUMaHUE y/IEJMIN AHU30TPOII-
HOMY XapaKTepy HaKOILIEHUs] TEH30PHOTO ITapaMeTpa MOBPEXK IEHHOCTH, IPU STOM
OBLJIO MCIIOJIB30BAHO COYETAHUE METOJIOB MEXaHUKH CILJIONIHOW CPEebl U MaTepua-
nosenennsi. B. . Acradnes [124| npumeHnt TeH30pHYIO Mepy MOBPEXKICHHOCTH
JUISE ONUCAHUS PA3BUTHS 10D, UX CIUSHUS U [PEBPAIIEHUS 110D B MUKPOTPEIIH-
HBI, PACIIOJIOXKEHHBIE Ha ILJIOMIA/IKAX, OPTOTOHAJIBHBIX HAIIPABJIEHUIO HANOOJIBIIIErO
IJIABHOTO HAIIPSI?KEHUSI.

D. Krajcinovic ¢ coaBropamu [125-127| mocrponsin TeOpuio JIIMTeIbHOf Tpo-
HOCTH METAJLIOB HA OCHOBE BBEJEHUS IapaMeTpa IOBPEXKJIEHHOCTU B BHJIE aHTHU-
CUMMETPUYIHOIO TE€H30pa BTOpOro panra. B crarbe [126| paccmarpuBaercs: ¢Bsi3b
ME3KJIy MUKPOCTPYKTYPHBIME HapaMeTPaMU MOBPEXKIEHHOCTH U MaKpOXapakKTe-
PUCTHKAMEI TOJIMKPUCTAJIINIECKIX MaTepuajioB. Ha ocHOBe TepMOIMHAMUIECKO-
ro aHaJim3a pocTa TpemuHbl ['puddurca mojryueHa cBsi3b MeXKIy pazdpocoM xa-
PAKTEPUCTUK JUATrPAMMBI JeDOPMUPOBAHUST HA MUKPOYPOBHE U IPOIECCOM Jie-
dbopmuposanusi Ha Makpoyposre. B. A. Manbkosckuii [128] npu uccsienoBanun
U3MEHEHHUsI MOBPEXKIEHHOCTH BO BPEMEHM YUNTBHIBAET ee CJIyUailHBI XapakTep.
B pesynbrare mckirodeHusT (pakTOpa CIAyIafHOCTH U UCIOJIb30BAHUS TEH30PHO-
IO TIOJXO0JIa MOJIYUEH HOBBI KPUTEpPHil JIJTUTEILHOIO PAa3PYIIEHUs IPU CJI0KHOM
HAIPSAKEHHOM COCTOSTHUH.
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P. Delobelle ¢ coaBropamu |76, 129|, ananusupysi pe3yJbTaTbl HCIBITAHWIA,
[IPOBEJIEHHBIX DU CJI0KHOM HAIDYKEHUU, [TOKA3aJu HEOOXOJUMOCTDH ydeTa Me-
XaHU3MOB KaK H30TPOITHOI0, TaK W KHHEMATHIECKOrO YIIPOUHEHUsI MaTepHuaJia.
J. Lemaitre [130] npuMeHII KHHETHYECKYIO TEOPUIO IIPH PEIICHNH 3a,1a4 06paboT-
KU METaJJIOB, B YACTHOCTH, 3aJa4u O TIyOOKOIl BBITSZKKE 110J10C. B crarbe [131]
oIyOIMKOBaH KPATKUN 0630D PE3Y/IbTATOB ONMUCAHUS JJINTEILHOW ITPOYHOCTH Me-
TAJIJIOB TIPU CJIOYKHOM HAIIPS?KEHHOM COCTOSIHUE C TIOMOIIBIO KUHETHIECKONH Teo-
puu. B sToMm 0630pe 1mokazaHO, 9TO OCHOBHBIE YCUJIUS YUEHBIX HAIPABJIEHBI HA
pa3paboOTKy HOBBIX TEOPETUUIECKUX MOJEJel, B TO BpeMsl KakK IOJIYIEHUIO JKCITe-
PUMEHTAJIbHBIX JTAHHBIX YIAEJIEHO HEIO0CTATOYHOE BHUMAaHME. B CB3U ¢ 9TUM nMe-
FOIIUECS PE3YJIbTaThl U3BECTHBIX UCIBITAHUI HE IO3BOJISIOT OIPEIE/IsiTh BPEMS JI0
pa3pyIlIeHus Py TPOU3BOJIBHBIX TEMIIEPATYPHO-CUJIOBBIX ITPOrpAMMAaX Harpy2Ke-
HUS.

B crarbe K. A. Araxu u /1. B. Teopruesckoro [132] npemnaraercs 06001enne
OIIPEJIEJISTIONINX YPABHEHUI TEOPUHU IMOJI3YUEeCTH C MOBPEXKIEHHOCTHIO Ha TPEX-
MEpHOE HAIPS2KEHHOE COCTOSTHUE, B 3TO ODODINEHME BXOJST JIBE MaTepuajbHbBIE
HeJIMHEHHbIEe TeH30P-DYHKINH JIBYX T€H30PHBIX apI'yMEeHTOB.

Konrunyasbaas Teopus H0JI3y4YeCTH U JIATEIHHON ITPOYHOCTH MOJUKPUCTA-
JIMYECKUX METAJJIOB IIPU CJIOXKHOM HAIPSKeHHOM cocTosiauu B [122] dopmysmpy-
€TCsl C TMOMOIIBI0 UCIIOJIB30BAHUST TEH30POB TOBPEXKJIEHHOCTH U TEH30POB Jiehop-
Maruii mosi3ydectu. HakorieHue moBpexK IeHHOCTH OITUCHIBAETCST TEH30POM BTOPO-
r'o paHra, XapakKTEePU3YOIIUM YMEHbIIIEHHE TJIONAIA HETTO, BEI3BAHHOE TPEXMEp-
HBIM PACIIPe/IeJIEHUEM MUKPOIIOJIOCTel. BinsgHue moBpexieHHoCTH Ha, Hedopma-
AU [TOJI3YYECTH BBIPAsKaeTCsl Yepe3 TEH30P YeTBEPTOro paHra, c(pOpMUPOBAHHBII
13 YIOMSIHYTOTO TEH30Pa MOBPEXKICHHOCTH.

OBOCHOBAHHOCTD TTOJIYYEHHON TEOPETHIECKON MOJE/N C yIOPOM Ha TEH30D-
HYIO HPUPOJLy HapaMeTpa IMOBPEXKIEHHOCTH ObLIa MOKa3aHA IIyTEeM IMPOBEIECHUS
MO/JIEJILHBIX UCIHBITAHUN C 11epMOPUPOBAHHBIMU 0Opa3IaMu. B0 0oTMeYeHo, 4To
[IOCTENIEHHOE Pa3pyIIeHne MOXKET ObITh HICHTUMUIIMPOBAHO C IIOMOIIBIO TEH30-
pa TOBPEXKIEHHOCTH BTOPOrO paHra, KpOMe TOrO, BJIMSIHHUE ITOCTEIIEHHOI'O Paspy-
IeHUsI Ha yBeJudeHue jedOpMaIiii MoJI3yIecTd MOXKET ObITh IIPEJCTABIEHO C
ITOMOIIBIO TEH30POB HAIPSI)KEHUI BTOPOIO M YETBEPTOI'O PAHTA, IMOJIYYEHHBIX C
IIOMOIIBIO TEH30Pa MOBPEXK ICHHOCTH.

OrMedeHo, UTO JJIsl TOrO, YTOOBI pa3spaboTaTh U IPOBEPUTH KOHKPETHBIE (hOP-
MBI BBOJIUMBIX OIPEJIEJISIIONINX U KHHETHIECKUX yPaBHEHM, HeOOXOMMO JTOTIOJI-
HUTETHbHO BBINOJHUTE PA3JIUIHBIE UCIIBITAHUS [IPU HECTAIIMOHAPHBIX CJIOXKHBIX Ha-
MIPSI?)KEHHBIX COCTOSIHUSIX JIJISI PEAJIbHBIX MATEPHUAJIOB.

Opnnra w3 Hambosiee BaXKHBIX 3aJ1ad TEOPUU IOJI3YUIECTH METAJIIOB COCTOUT
B OIIPEJIEJIEHUU BPEMEHU JI0 Pa3pyIIeHnsl B 3a/[AHHBIX YCIOBUAX TEMIIEPATYPHO-
CIJIOBOT'O HArpyzkenus. B manHoit pabore 00CyKIaeTCsl BIUSIHAE CHIOBOTO PEXKU-
Ma Ha JUINTEJbHYIO TPOYHOCTh. OOBIMHO PACCMATPUBAIOTCS 3a1a9U OIPEeIeICHIST
BPEMEHHU JI0 PA3PYIIEHHUsI IPH JOCTATOYHO [IPOCTOM HArPYzKeHUN (HAIPUMED, Pac-
Ts2KEHUE CTEPXKHS [IPU TOCTOSHHON HArpy3Ke, TPyda mo/I JeHCTBUEM ITIOCTOSIHHOTO
JIABJICHUS U T. J1.) U PA3IMIAIOTCS JIBE NCATN3NPOBAHHbBIE CXEMBI — «BsI3K0e» (e~
bopmarmonnoe) u xpynkoe (MasioedOpMaIuOHHOE ) Pa3PYIIEeHsl, DeXKe aHAJIU3U-
pyercsi IIPOMEXKYTOUHBIN (CMeIaHHbli) TUII pa3pylleHus. Paspyiienne, oHAKO,
CYIIECTBEHHO 3aBUCHUT OT MCTOPUU HArpy:KeHus. VcnoJib3ys TeH30pHBIE Xapak-
TEPUCTUKU COCTOSTHUS B JIAHHONW TOYKE CPEJIbl WM Ha IMOBEPXHOCTU MaJioil cde-
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PBI, OKPYZKaIoIeil JaHHYI0 TOUYKY, Wn Oojiee o0Iue mepeMeHHbIe, YINThIBAIOIIIE
«JTAJIBHOJIEICTBHEY, MOXKHO BBECTH BeCbMa 00IIue (hyHKIIMOHAIBI, [IPEICTABIISIO-
IMye 3aBUCHMOCTH Pa3pyIIeHus OT ITOCJIEOBATEILHOCTH CUJIOBBIX BO3JIEHCTBUIA.
O/ 1HaKO HEJIOCTATOK KCIEPUMEHTAJIBHBIX JAHHBIX, OOJIBIION UX Pasdpoc U TPYII-
HOCTH OIIpeesIeHUs] MHOIUX IIapaMeTPOB M XapaKTePHBIX (DYHKIMIA 1OOY:KIai0T
K PasBUTHIO IIPOCTBIX Mojesieii. Hmke m3aaraercsa npocras (peHOMEHOJIOTnIeCcKast
cXeMa, OIMpAaIoNIasicA Ha MpeJie/IbHbIe KAPTHHBI YUCTO BA3KOI'O U UJICAJHLHO XPYII-
KOT'O pa3pyIIeHusl.

B [123] B paccmarpuBaeMoil MoJie [OBPEXK/IEHIE MaTepHaJIa, SIBJISIETCS I1a~
paMeTpoM COCTOSIHUSI, OHO IIPEJICTABJISIETCST B BUJE CUMMETPUIHOTO TeHsopa I
panra. IIpu BbIBOJIe ONpEJIE/ISIONINX YPABHEHUI UCIOJIBb3YIOTCS ITPEJIITOIOKEHUS
006 aHM30TPOITHOM HAKOILIEHWH ITOBPEXKIEHUil, 3akoHe TedeHuss tuma lIparepa-
Ipykkepa u nedpopMaIiioHHOM yrpouneHun. Onpeesiole ypaBHEHNsI IMEOT
BUT

Dij = Gij(amna Qun, k, T), Q= Hij(am"’ Qon, K, T),

e Tmn, Dmn, mn — TEH30PBI HAIPSKEHUT, TeOPMAIHil 1 IIOBPEXKIEHUI COOT-
BeTCTBeHHO; 1" — TemnepaTypa, k — napamerp ynpounenns; Gj; n H;j — u3orpon-
Hble Ten3opuble Gyukiyn. [Ipe/iokeHHble ypaBHeHUs UCIOJIB3YIOTCH JIJIS OIUCA-
Hust ucnbrrannii Mesu npu 250 °C B yeaosusix nponopimonasbaoro (A. E. Johnson
u Jp., 1956 r.) u menponoprmonasnbaoro (W. Tramezynski u jp., 1979 r.) marpy-
JKEHUsI. DTU WUCHBITAHUS [MPOBOJUINCH DU KOMOWHAIIMKA PACTSITUBAIOINIETO 0 U
KacaTeIbHOro T HalpsizKeHuil npu o(t) = const, 3aBUCUMOCTD T(t) B pa3JInIHbIX
OTBITAX ObIIA MOCTOSTHHONW WM KYCOTHO-TIOCTOSTHHOM. Ommcanmne 3TUX IKCIEPHU-
MEHTAJIbHBIX JTAHHBIX ITPOBOIMIOCH C MOMOIIBIO JTAHHBIX COOTHOIIEHUI, & TAKXKe
C TIOMOIIBIO COOTHOIIeHn PaboTHoBa—KauaHoBa, ecTeCTBEHHOM 00pasoM 0000-
IIEHHBIX HA CJIy4Yall CJI0YKHOI'O HAIPS?KEHHOI'O COCTOSHUS.

B pamkax pasBuBaeMoil TeOpUEH aHU30TPOIIHON MOBPEXKIEHHOCTH IPHU TIOJI3Y-
YeCTU, OCHOBAHHON HA PACCMOTPEHUU CHMMETPUYHOI'O TEH30pa ITOBPEXKIEHHOCTH
BTOPOI'O paHra, chopMyIUPOBAHBI OIIPEJIEJIAIONINE yPABHEHHS 103y YeCTH U JJIU-
TeJIbHOI IpouHocTH Jyist Meau [133]. B omHOOCHOM cityuae paccMaTpuBaloOTCs J1Ba
TUIA ONPEIEIIONINX YPAaBHEHUN MOI3yYecTd C JAePOPMAIMOHHBIM YITPOIHEHU-
€M U CTElEHHbIM 3aKOHOM HAKOILJIEHWs TOBpexkKjaeHHOCTU. [l yTouHeHus Buja
OIIPEJICJIAIONINX YPABHEHUN U HAXOXKJCHUS KOHCTAHT, BXOJSIUX B 9TU ypaBHE-
HUsl, OB BBIIOJHEHBI SKCIIEPUMEHTHI HA JJINTEJILHYIO IIPOYHOCTD JIJIsi OJIHOOC-
HOTO CJIydas U JijIsl CJIydas CJ0YKHOI'O HAIPIZKEHHOI'O COCTOSHUS IIPU COBMECTHOM
KPYUIEHUU U PACTS?KEHUH. JKCIEPUMEHTHI TPOBOIMJINCH HA TPYyOIATHIX MEJIHBIX
obpasmax JUInHO#M 25 MM, TOJIUHOK 1 MM ¢ BHENTHUM pajmnycoM 21 MM [pu TeM-
nepatype 250 °C. PazBuBaemasi MOJIeJIb UCIIOIB3YETCsl I aHAJIM3a [IEPEMEHHOTO
CJIOYKHOT'O HAIIPSI?)KEHHOI'O COCTOSHUS TP MOJI3YYECTU U UCCIIEJOBAHUS BJIUSHIS
AHU30TPOIINH IIOBPEXKIeHNH Ha AedopMaIun Moa3yIecTd U J0JITOBEIHOCTE. Teo-
peTuteckre pe3yabTaThbl CPABHUBAIOTCS C JIAHHBIMU SKCIIEPUMEHTOB IIPU TOCTOSH-
HOM DAaCTSIKEHUM U PEeBEPCUPOBAHHOM KpydueHuu. OOCYKIAIOTCS BO3MOXKHOCTH,
OrpaHUYEHUS U IyTU YTOYHEHUs IIPejIaraeMoil TeOpuu.
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9. 3akJimrouenmne. [Ipemraraemas craTbs IpeAcTaBIAeT OO0l aHATHTHYIE-
CKnit 0030p 9KCHEPUMEHTAJIBHBIX U TEOPEeTUYeCKUX HCCIEeIOBAHUN IIOI3y9ecTH
n ,Z[JII/ITGJIBHOI;,I IIPOYHOCTU METAJIJIOB IIPU HECTallMOHAPHDBIX CJIOZKHBIX HaIIPAZKEH-
HBIX COCTOAHHUSIX 3a mocjennue 60 Jjer.

IlepBBle cuCcTeMaTHYeCKUE HCCIIEJOBAHUS IIOJI3y9EeCTH METaJJIOB IIPU CJIOXK-
HOM HAIIPS2KEHHOM COCTOSHUU OBLIN OIyOnKoBaHBI B KoHIE 50-x 1 Hadase 60-x
rogoB XX Beka B Coserckom Coroze (FO. H. Pabornos [3]|) u Bemuxobpurannu
(A. E. Johnson [26]). IIuonepckue paGoThl 110 JIUTEIBHON IPOYHOCTH METAJIIIOB
IIPU OJ{HOOCHOM pactsizkennn Bruepsble nossumcs 8 CCCP (JI. M. Kauanos |[1]
u 0. H. Pa6oruos [2]). Buociencreun FO. H. PaGornos paspaboran kunern-
YECKYIO TEOPHIO MOJI3yYeCTH U JIUTEIBHOIN TPOoYHOCTH (3], ¢ HOMOIIBIO KOTOPOii
B HaCTOsIIee BpeMsi MOKHO 9 PEKTUBHO ONMMCHIBATL OCOOEHHOCTH ITPOIIECCa, TTOJI-
3y4eCTH METAJIOB BIIOTH JIO Pa3pyIleHHsd IPH Pa3IWIHBIX IPOrPaMMax Harpy-
»xennd. Benen 3a paboramu JI. M. Kaganosa u FO. H. PaborHoBa MexaHuKa KOH-
TUHYaJBHOIO Pa3pyIleHusl cTaja pa3BuBarbcs B EBpore, B Asuu (B 0OCHOBHOM
B fnonun) u 3arem B CIIIA.

B kadecTBe OCHOBHOI CBA3M KOMIOHEHT TEH30DOB HAIpsKeHHN n JedopMma-
it mosi3ydectu (CKopocTeit medopMaliuii oI3ydecTn), KaK IPaBUIo, IPUHIMA-
eTCd TUTIOTE3a IMPOIIOPITMOHAJIHHOCTH JIEBUATOPOB HAIIPSKEHUI U IEBUATOPOB CKO-
pocreii jedopmanuii nmossydectu. B paborax A. E. Johnson’a [11] xkosdbdunu-
€HT IIPOIOPIIMOHAIBHOCTH B STUX COOTHOIIEHHUAX BKJIIOYaeT BTOPble HHBAPHAHTHI
TeH30pa HAIPSKEHUH U TeH30pa cKopocreil Jedopmanmit moasydectn. B macro-
Alee BpeMs CyHIeCTBYeT HeJOCTATOYHOE KOJMIECTBO CHCTEMATUICCKIX SKCIIEPH-
MEHTaJIbHBIX JJaHHBIX O ,ZLerOpMaL[I/IﬂX MOJIBYyYEeCTHU IIPpU IMPOU3BOJIbHBIX HECTaIU-
OHAPHBIX CJIO?KHBIX HAIIPAXKEHHBIX COCTOAHUAX, IIPU ITOM OCTa€TCdA OTKPBLITHBIM
BoOIIpOC O BuJie Koaddunuenra B runorese nponopuuonaabaoctu. Ciegyer orme-
THTH IPOBEIECHHBIC PA3/IMYHBIMI YICHBIMH U3 PA3HBIX CTPAH SKCIEPUMEHTAIBHO-
TeopeTHIecKHe UCCIeI0BAHN OI3yIeCTH TPYOUaTBIX 00pa3IoB BIIOTH JO Pa3-
pyIIeHns, B KOTOPBIX PacTATHBalOIee HAIPSYKCHNE B TeIeHHE NCIBITAHUS OCTa-
BaJIOCh ITOCTOAHHBIM, a KacaTe/JIbHOE HallpA?KEeHNEe OJJHOKPATHO WJIX IIePUOJUICCKHA
n3MeHsUIo 3HaK. Takue ncciieJoBaHus MOKA3aJ/Il, 9YTO U3MEHEHNe 3HaKa KacaTeb-
HOI'O HAIPsKEHHs IPUBOJIUT K 3HAYUTE/ILHOMY YBEIHMYEHHIO BPEMEHNU J0 Pa3py-
HIEHUs. DTOMY $BJIEHHIO MOYXKHO JiaTh (usudeckoe obocHoBanue. ledopmarmn
HOJI3YIeCTH MPOUCXOAAT IIyTeM CIBUTA IO IJIOCKOCTSM CKOIbYKEHHUA KPHCTAJIIIH-
YeCKO#l peleTKH, IpU lepeMeHe 3HaKa KacaTeJIbHOI'O Hallps?KEeHHUsI B MaTepuaJie
o0pasia MPOUCXOIUT CKOJIbXKEeHUe 10 JAPYruM ItockoctsiM. Cremayer oTMeTuTh
TaK’Ke CJIydailHbIil XapaKTep HAKAIIJIMBAEMBIX [IOBPEXKIEHUI DU N3MEHEHUN BH-
J1a CJIOZKHOT'O HAIIPSAZKEHHOI'O COCTOSTHHUS.

B kadecTBe 00Imero mefocTaTKa NCCJICIOBAHUII IO JAHHON TeMaTHKe CJIeIyeT
OTMETUTH CJIe/yiolee 00CTOATEILCTBO. Bo BCex mcce/ieloBaHusIX, IPOBOMMBIX 38
nocsenuue 60 JieT, y9eHbIMU Pa3HBIX CTPAH PACCMATPHBAIOTCH XapaKTEPUCTUKU
HOJI3yYEeCTH U JIJINTE/IBHOM IPOYHOCTH, 3aBUCAIINE TOJIBKO OT JIBYX HapaMeTPOB:
XapaKTEPUCTHK 38/ [aBAEMOI0 MEXAHUIECKOI0 HArPy KeHHsl (HAIIPSIZKEHUH WIN Jie-
dbopmarn mossyYecTn) n HapaMeTpoB IEPEMEHHOTO TeMIIepaTypHOro mojst. Of-
HaKO Ha ITpaKTHUKe MeXaHNM1IeCKOe ITOBEeJICHUE 3JICMEHTOB KOHCprKL[I/Iﬁ IIpu BBICO-
KHUX TeMIIepaTypax MOXKeT 3aBHCeTh TakyKe OT JIpyrux (usnmdeckux moseil (Ha-
IpUMep, OT BJIMSIHISI arPECCUBHON OKPYKaroleil cpeJibl).

B [134-136] npuBenen monpobHLIHi aHAIN3 0COOEHHOCTENH MEXAHHIECKOIO I10-
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BeJIeHNs MeTaJlJIOB IPH JJINTETHHOM BBICOKOTEMIIEPATYPHOM HAIPSIZKEHHOM CO-
CTOSIHUU B ArPECCUBHBIX CPEJIaX U OCHOBHBIX (DEHOMEHOJIOTUYECKHUX TIOXOJIOB, UC-
MTOJIb3YEMBIX MPHU MOJEIUPOBAHUU BJIUSHUAS OKPY2KAIOIIEH CpeIbl Ha MOJI3YIeCTh
U JUIUTEJIBHYIO ITPOYHOCTD ITUX METAJLIOB.

Corpymaauku nacrutyta Mexanuku MIY umenun M. B. Jlomonocosa u Moc-
KOBCKOT'O aBUAITMOHHOTO TEXHOJIOrmYeckoro muHcturyTta nMmenn K. 9. Iuoikos-
ckoro B 2008 r. ormy0/ImKOBaIM PE3yJIbTaThbl COBMECTHOI'O SKCIIEPUMEHTAIbHO-TE0-
PETUYECKOTO WCCJIENOBAHUS IOI3YUIECTH M JJIUTENHHON MPOYHOCTH THUTAHOBOT'O
CILIaBa, C IPEIBAPUTE/IHLHO BHEJIPEHHBIM BOJOPOIOM IIPU OIHOOCHOM PACTSIKe-
uun [137,138]. VccnenoBannst noKas3asiu, 9T0 yBeJInIeHHe JOJIU [IPEABAPUTEIHHO
BHEJIPEHHOT'O BOJOPOJA MPUBOJIUT K CUCTEMATUIECKOMY YBEJIUYIEHUIO BPEMEHHU 10
pa3pyIieHns W, KaK IPaBWIO, K 3HAYNTEJHLHOMY YMEHBLIIIEHUIO MPeIeTbHON Te-
dopmanum mos3yIecT.

IIpu sToM ciiemyeT OTMETUTD, UTO SKCIEPUMEHTAJILHBIC UCC/ICIOBAHUS TTOJI3Y-
YeCTH W JJINTEJIbHON MPOYHOCTHA METAJIOB IIPU HECTAIMOHAPHOM CJIOXKHOM Ha-
MPsI’KEHHOM COCTOSTHUU B MPUCYTCTBUU OKPYKAIOIIEH arpecCUBHOM Cpebl, Kak
MIPaBUJIO, OTCYTCTBYET.

B nannom ob630pe mpuBejieHbl OCHOBHBIE PE3YJIBTATHI UCCJIEIOBAHII, TTPOBOIH-
MBIX YU€HBIMU Pa3HbIX crpaH. CyIecTBeHHBIN BKJIAJ B Pa3BUTHE PacCMaTpUBae-
MOTO HAIIPABJIEHUsI HAYKU BHECJIM, B YaCTHOCTH, poccuiickue yuenbie FO. H. Pa-
6oruos, JI. M. Kauanos, H. H. Mayiuaun, A. A. Unstomun, B. C. HamecTHukos,
C. A. lllecrepuxos, A. M. Jlokomenko, O. B. Cocuun, FO. II. Camapun, A. ®. Hu-
KHUTEHKO U JIp.

Koukypupyroiiue nuHTEPECHI. 3asBJsieM, 9TO B OTHOIIIEHUN aBTOPCTBA U IIyOITHKAIN
9TOil cTaThbU KOH(MJINKTA UHTEPECOB HE MMEEM.

ABTOpCKUT BKJIAJ 1 OTBETCTBEHHOCTDb. Bce aBTOpHI NpUHUMAJIN yYacTHE B pa3pa-
6OTKe KOHIIEIUU CTAThH U B HAIUCAHUY PYKOIUCH. ABTOPBI HECYT MOJHYIO OTBETCTBEH-
HOCTH 3a IIPEJIOCTABJIEHNE OKOHYATEJIbHOM pyKOIucH B rnedarh. OKoHYATEbHAS BEPCHUS
pyxomucu 6bL1a 07100peHa BCeMU aBTOPAMU.

®dunaHcupoBaHnue. PaboTa BbIOHEHA TIPH TOIepKKe Poccuiickoro Haydaoro GpoHa
(PH® 19-19-00062, Camapckuii rocyJapCTBEeHHBI TeXHUYECKUH YHUBEPCUTET ).
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Abstract

This article is an analytical review of experimental and theoretical studies
of creep and creep rupture strength of metals under unsteady complex stress
states published over the past 60 years.

The first systematic studies of the creep of metals under complex stress
conditions were published in the late 50s and early 60s of the 20th century
in the Soviet Union (L. M. Kachanov and Yu. N. Rabotnov) and Great
Britain (A. E. Johnson). Pioneering work on creep rupture strength first ap-
peared in the USSR (L. M. Kachanov and Yu. N. Rabotnov). Subsequently,
Yu. N. Rabotnov developed the kinetic theory of creep and creep rupture
strength, with the help of which it is possible to efficiently describe various
features of the creep process of metals up to fracture under various loading
programs. Different versions of the kinetic theory use either a scalar damage
parameter, or a vector parameter, or a tensor parameter, or a combination of
them. Following the work of M. Kachanov and Yu. N. Rabotnov mechanics
of continuum destruction began to develop in Europe, in Asia, and then in
the USA.

The hypothesis of proportionality of stress deviators and deviators of
creep strain rates is accepted as the main connection between the compo-
nents of stress tensors and creep strains. When modeling experimental data,
the proportionality coefficient in this dependence takes different forms. The
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main problem in the development of this direction is the difficulty in obtain-
ing experimental data with arbitrary loading programs.

This review provides the main results of studies conducted by scientists
from different countries. Except Yu. N. Rabotnov and L. M. Kachanov,
also a significant contribution to the development of the direction of science
made by Russian scientists N. N. Malinin, A. A. Ilyushin, V. S. Namest-
nikov, S. A. Shesterikov, A. M. Lokoshchenko, Yu. P. Samarin, O. V. Sosnin,
A. F. Nikitenko, et al.

Keywords: analytical review, creep, creep rupture strength, complex stress
state, unsteady loading, stress relaxation, scalar damage parameter, vector
damage parameter, tensor damage parameter.
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Abstract

Nonstationary plane flows of a viscous incompressible fluid in a poten-
tial field of external forces are considered. An elliptic partial differential
equation is obtained, with each solution being a vortex flow stream function
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Introduction

Starting from the studies by Gromeka and Lamb [1, 2] proposing a new method
of writing the Euler equations, a method for integrating the fluid motion equa-
tions began to be developed. The essence of this method is the rearrangement
of the initial equations to the form convenient for integration. As applied to
the Navier—Stokes equations, this line of research is discussed in studies where
new forms of writing the equations make it possible to obtain previously un-
known invariants and hidden symmetries of the constitutive equations [3-10]. One
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of the methods for representing the motion equation (the Aristov—Pukhnachev
method [6, 8, 9]) has been introduced to computational fluid dynamics [8, 9]. The
numerical solutions of the Navier—Stokes axisymmetric equations were tested by
conventional procedures [8, 9], which took no account of the invariant Helmholtz
theorems and their extensions [10].

Few nontrivial exact solutions to the Navier—Stokes equations have been known
so far [11-25]. The very notion of exact solution is unsettled and expanding [11]. It
seems obvious that the exact solutions to the Navier—Stokes equations, which offer
new problem statements in terms of different areas of mathematics, mechanics,
and physics [11-25], are of the greatest interest.

The main difficulty in the analytical and numerical integration of the fluid
motion equations lies in the absence of a clear relation of pressure to the velocity
vector components. The evolutionary equation relating pressure to the velocity
components has yet to be known [26]. Let us now illustrate the ensuing difficul-
ties by plane flow. If an arbitrary function is given on a plane and viewed as a
stream function, the velocity components calculated via the partial derivatives of
this function will satisfy the continuity equation. We then can substitute these
components into the Navier—Stokes equation, thus arriving at an equation for de-
termining the gradient of pressure p. However, the rotor of this “gradient” may
prove to be nonzero, and it will be impossible to select p.

The above-mentioned difficulties hold true not only for nonstationary flows,
but also for stationary ones. Only two examples of formulas relating pressure to
velocities are an exception, namely the Bernoulli equation (for an ideal fluid)
and the Grad—Shafranov equation [26]. A method for integrating the stationary
Euler equations for a very wide class of flows was proposed in [26]. The proposed
integration method offered a constitutive equation relating pressure to velocity
components. Consequently, the hypothesis of the existence of a universal equation
establishing a relation between the hydrodynamic fields must not be rejected.

The attempt to relate velocity to pressure resulted in the development of
classes of exact solutions to the Navier-Stokes equations. In [11] there is a sum-
mary of known classes of exact solutions to equations of continuum mechanics,
which were obtained before the mid-1950s. The Couette [27|, Poiseuille [28, 29|,
Stokes [30], von Karman [31]|, Hiemenz [32| flows have proved to be so efficient
that they have been studied up to now [11, 33-35|. These flow motions have in
common that they fall within the class of solutions where velocities depend lin-
early on a part of coordinates [11]. Linearly increasing velocities described by a
complex profile depending, as a rule, on the transverse coordinate is successfully
used in various applications [11, 19, 25|. After publication of [11], a survey that
discussed and studied this class of solutions, the solubility of the overdetermined
nonlinear system of partial differential equations for laminar vertical vortex flows
was demonstrated [33-35|. Those studies discussed the extension of the Lin class
for magnetic fluid dynamics [12] to the case of convective [36-38] and thermal
diffusion [39, 40| flows of a viscous incompressible fluid. Potential flow motions,
the Beltrami—Trkal flows [41, 42] and their modifications remain significant in
theoretical and experimental fluid dynamics. Note that the Beltrami—Trkal flow
had been first studied eight years earlier by Gromeka [43].

Different requirements are imposed on exact solutions, depending on the pur-
pose of use. For example, when the correspondence between a real process and its

320



Exact solutions to generalized plane Beltrami—Trkal and Ballabh flows

mathematical model is verified, an exact solution with ‘real” boundary and ini-
tial conditions is required, i.e. with conditions observable in real circumstances or
with conditions technically implementable in a natural experiment. The require-
ment of “reality” of boundary and initial conditions can be cancelled if one deals
with the verification of a numerical algorithm, i.e. with testing its accuracy. In
doing so, one checks the difference of the numerical solution of a boundary value
problem from the exact one rather than the difference of the numerical solution
from the parameters of the real process, whereas it is not necessary for such prob-
lems to have the technical implementability of initial and boundary conditions
in a natural experiment. The majority of numerical algorithms work with any
initial and boundary conditions; therefore, the search for corresponding boundary
value problems with a known exact solution can start with a search for the flow
parameters satisfying the Navier—Stokes equations, without consideration of any
boundary and initial conditions. Then, having chosen a spatial region, we can
specify initial and boundary conditions in it and on its boundaries, which are
taken from the exact solution. The thus-obtained boundary value problem with a
known exact solution is well suited for the verification of numerical algorithms.

This paper proposes an elliptic partial differential equation, each solution of
which is the stream function of a vortex flow described by an exact solution of
the Navier—Stokes equations. Besides, a method for computing the pressure field
for each of such stream functions is proposed.

1. The basic notations and equations of motion

We will now consider the flow of a viscous incompressible fluid in a potential
field of mass forces. The notations are as follows (the wave sign above the symbol

denotes a dimensional quantity or a vector): V- velocity, £ = rotV is vorticity,

p is pressure, p = const is density, II is the potential of mass forces, i is the
coefficient of dynamic viscosity. The fluid motion is described by the Navier—Stokes
equations [1, 44] as

0 Q
iV T (V) =2y - v(p i), (1)

divV = 0. (2)

Since p = const, it is the sum (ﬁ/ﬁ—}— ﬁ) rather than the pressure p and the
potential II taken separately that is of interest in the exact solution. This explains
the convenience of using the followmg dimensionless variables: x = / L y=1y/ L
t—tU/L V =V/U, Q=QL/U,Re = pUL/i, p = (p/p—i—l_[)/U2 where L

and U are the characteristic length and velocity values in the flow under study.

2. Plane flows

We denote the velocity components in a rectangular Cartesian coordinate
system Oxy by u, v, i.e. V = (u,v). Then, equations (1), (2) are written as

0 d 0 d
U%U+U@U_ ~ 5. {ReAu—au}, (3)
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0 0 0 1 0
waet a0 = o ReA T Bt )
0 0

We describe the method of obtaining a family of exact solutions to the system
(3)-(5). Consider the Beltrami elliptic differential equation [41] with respect to
the function ¥ = 9 (z,y):

AY =\ (6)

52 02

where A is an arbitrary constant, A = 7=+ 92

For any solution 1) = 1 (x,y) of equation (6) we assume that

u= (86@/1/)) exp %, v = —(%2/}) exp tR—);. (7)

This representation of the velocity components ensures that the expressions be-
tween the curly brackets in the right-hand parts of (3) and (4) are equal to zero.
Indeed, according to (6), we have

{reu= g0} = el () v el - (2 oo e =

A
Lo 29 (agp o) =

th 0
—@exp@a—y 0=0

1o
Re P Re dy
Similarly, {g&Av — %v} = 0. Next, we substitute the expressions from (7) into
the left-hand part of (3) and transform it in view of (6) as follows:

0 0 o  0? o 0
u%quva—yu 6yw8x8y¢ w@ 214

2t)\

-Gz (m?) - mv(- v + a;W Jat) e o =
- Bgc((‘?ywy * aaxwaazw Moz 14 xp 2I§>\
=550l (50) + (aiw) “en Tl @

Similarly, for the left-hand part of (4) we obtain

vt i) * () ey o

Assume that

p=po+= {W (;ﬂ)z—(awy}expﬁ:, (10)
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where py is an arbitrary constant. Then it follows from (8) and (9) that w, v and
p satisfy equations (3) and (4). The continuity equation (5) will also be fulfilled,
this following directly from (7).

Thus, any solution of any (6) type equation gives birth to the exact solu-
tion (7), (10) of the Navier-Stokes equations. Note that 1) = ¥ (x,y) is the stream
function of such solutions and that the equations i (z,y) = const define the
streamlines. Also note that the solutions of equation (6) for the case A = 0 corre-
spond to stationary vortex-free motion, which was studied in detail in the complex
variable function theory [45]; therefore, flows for A # 0 are presented in what fol-
lows.

The solutions of equations of the form (6) for A # 0 can be exemplified by the
following functions ¢ = ¢ (z,y):

xcos By, Acosax+ Bcosay, cosaxsinfy, cosaxexp [y,
cosh ax cosh By, Acoshax + B coshay, sinh ax cosh By,

where A, B, «, [ are arbitrary constants.

This list can be easily continued. Various solutions are obtained, particularly,
by the variable separation method. All these solutions of equation (6) offer exact
solutions to the Navier—Stokes equations by formulas (7) and (10). The obtained
solutions will be nonstationary, but with fixed streamlines. These streamlines
coincide with the streamlines of another flow, namely the stationary flow of an
ideal incompressible fluid. Indeed, if the non-stationary multiplier exp(tA/Re) is

discarded, the velocity components u = (a%w), v = _(%¢) and the pressure

p=m 5= (50) - (59) )

will satisfy the stationary Euler equations [1, 44| for incompressible fluids

- - 0 0wt 2y
U—U+V—U=——p, U—VF+V—V=——pP, —u+—0v=0.

ox oy ozt Ox oy ayp or oy

Such (vortex) solutions for the stationary flows of an ideal fluid are a partial case
of the solutions obtained in [46]. In that paper, instead of equation (6), for finding
the stream function, an equation of a more general form was used, Ay = f (¢),
where f is an arbitrary function.

3. Exact solution examples

ExampLE 1. Consider the function 1» = coszsiny. It satisfies equation (6)
when A = —2. The corresponding exact solution of the Navier—Stokes equations
is as follows:

2t
V = (icoszcosy + jsinxsiny) - eXp<_R7)’
e
1 At
p=Dpo— 5 (COS.T2 +siny2) . eXp<_R7e)v

where i and j are the directional vectors of the coordinate axes. The fluid velocity
field and the streamlines in the square [0; 7] x [0; 7] are shown in Fig. 1. In this
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and all the other figures, the Oz axis is positioned horizontally and the Oy axis
is directed vertically. The velocity field V is shown in the left part of Fig. 1, the
length of the arrows being proportional to |V/|.

ExaMPLE 2. If we take a stream function with smaller periods along x and y,
we will have a flow with a cellular structure. The smaller the stream function
periods, the finer the cells. The streamlines for the case ¢ = cos4xsindy are
shown in Fig. 2.

ExaMPLE 3. Consider the function 1) = Asin /8y + cos 2z sin 2y. It satisfies
equation (6) when A = —8 for any value of the constant A. The corresponding
exact solution of the Navier—Stokes equations is as follows:

V = (i(A\/gcos V8y + 2 cos 2z cos 2y) + j2sin 2z sin 2y> -exp(—é—i), (11)

1
p=1po— 3 {8(A sin \/gy + cos 2z sin 2y)2+

B e e B e
L] S S S P | 42
- e N X N S A
Waew 2N\ N} f S A7y 25
20f —~x Xy A Apfr - 2.0
- NN ? \ f ; £ @
L o b ]
1.5-/,,‘; \3\\\\_ 15
- g f L
A N .
Bt b BN R RE LS
05 segew o v g XN Tt ]| 05
— PP & S N W St —
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Figure 1. The velocity field and the fixed streamlines of a decaying flow
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Figure 2. Cellular structure
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16¢
+(A\/§ cos \/gy + 2 cos 2x cos 2y)2 + (2 cos 2z cos 2y)2} . exp(——)-

The velocity field of this flow results from the addition of the flow fields corre-
sponding to the stream functions t; = Asin /8y and )y = cos 2z sin 2y, each of
which satisfies equation (6) when A = —8. The function v, defines the horizontal
(v =0) flow; the function 1y defines the flow with square cells (A = 0 in Fig. 3).
The larger the constant A, the greater the contribution of the horizontal flow.
The streamlines of the total flow (11) for four values of A (A = 0; 0.5; 1/v/2; 1)
are shown in Fig. 3.

For three values A = 0.5; 1/v/2; 1 in Fig. 3, fluid streams with recirculation
zones in between are clearly visible. As the contribution of the horizontal flow
increases (i.e. with increasing A), the recirculation zones change their shape, with
some zones expanding and the other ones shrinking.

Note that all the discussed solutions of the form (7) are valid at any Reynolds

Figure 3. The streamlines of the total flow for four values of the constant A
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number, and this makes them advantageous over many previously known exact
solutions [11, 19, 25].

4. Summation of the solutions

By virtue of the linearity of equation (6), the velocity fields corresponding to
identical A can be added up to yield a velocity field of another exact solution
of the Navier—Stokes equations. And although the pressure field in the obtained
“new” flow is not equal to the sum of the “initial” pressure fields, the fact of the
possibility of summing the velocities is somewhat unexpected since the nonlinear
terms of the Navier—Stokes equations are nonzero in all the flows under study.

The summation of the velocity fields was demonstrated in the previous section
(example 3), the streamline patterns were shown for different linear combinations
of the stream functions, each satisfying equation (6) when A = —8.

If an exact solution is obtained by the here-proposed method, then there is a
flow with the same number A for shear, rotation, and axial symmetry. This is a
“source” for obtaining various flow patterns.

Note that the above-mentioned property of the superposition of two flows of a
viscous incompressible fluid, which leads to the formation of a new velocity field,
was discussed by Ballabh in [47—49]. The condition enabling the superposition of
the here-obtained flows is determined by the linearity of equation (6) and the heat
conduction type equations

0 1 0 1
au = @Au, and &v = %Av.

The solution of these equations is given by (7). The presented condition for obtain-

ing solutions by the superposition method differs from the constraints reported
in [47-49].

Conclusion

Plane and nonstationary flows of a viscous incompressible fluid in potential
fields of external forces have been considered. These flows are described by the
Navier—Stokes equations. A method for constructing boundary value problems
with a known exact solution has been proposed and exemplified. The exact solu-
tion (7) is special in that the streamlines of the nonstationary flow coincide with
the trajectories of the fluid particles and that they also coincide with the stream-
lines of another flow — the stationary flow of an ideal incompressible fluid. In the
solutions proposed in the paper the sum of the nonstationary and viscous terms
in the Navier—Stokes vector equation is zero; consequently, the rotor of this sum
is zero. In this sense, the solution family (7) extends the Beltrami-Trkal flows to
the nonlinear Navier—Stokes equations since in the Beltrami—Trkal flows the rotor
of the above-mentioned sum is also zero; this has enabled us to simplify the study
of these flows.

The solution class (7) gives a new example of the Ballabh flow, for which the
addition of the velocity fields is possible.

The obtained method of integrating the nonstationary Navier—Stokes equa-
tions can be applied in computational fluid dynamics to verifying numerical algo-
rithms and computer programs.
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HazapoB A. A.,, UzmaiinoBa 5. E.

BBenenwne. B nociennne rogpl akTHBHO PA3BUBAETCS U3YyUEHUE CHCTEM MacC-
coBoro obcirykuBanus ¢ mosropamu (RQ-cucrempr). 910 CBsi3aHO ¢ UX MUPOKUM
[IPUMEHEHNEM B PA3JIMYIHBIX 00JIACTIX: B CHCTEMaX TeIe(DOHHON KOMMYTAIIUHU, Te-
JIEKOMMYHHUKAIIMOHHBIX ¥ KOMIILIOTEPHBIX CETAX. SIPKUM IPUMEPOM sIBJISIETCSI Te-
JiecporHAsT CBsI3b. TemedOHHbBIN aDOHEHT, TPeOYIOINil COeUHEHNS 1 IOy IUBIIIIi
CUTHAJI «3aHSTO», Oy/IeT IMOBTOPATH IOMBITKNA 0 TeX IOp, HOKa He IOJIYIUT CO-
€INHEHMUSI.

CucreMbl ¢ IOBTOPAMH XapaKTEPU3YIOTCS TEM, ITO 3adBKU, IPUOBIBIINE B CH-
CTEMY ¥ IO KAKIM-TO IPUIMHAM HE IIOJIy IUBIIHE TIOJTHOTO OOC/TYKUBAHUS, YXOIIT
B 30HY OXKUJIAHUS, HA3BIBAEMYIO OpOUTOH, W dYepe3 HEeKOTOpOe CIydaiiHoe BpeMst
ITOBTOPSAIOT MONBITKY 00CTyKUThCst. C IebI0 M3yYeHUsI JTUTEPATYPhI 110 TTOBTOP-
HBIM OYepe/ISIM MOYKHO 0OpaTUThCsI, HAapuMmep, K padoram [1-3].

B [4] usyuena cucrema ¢ MOBTOPHBIMHU HOIBITKAMHE, IPU KOTOPBIX IIPHOOD MO-
JKeT TPEeI0CTABUTH JOIOJHUTEIBHYIO BTOPYIO a3y 00CTyKUBAHUS. DTa MOJIEb
06061IaeT KakK KJIACCHIECKYI0 CHCTEMY C IIOBTOPAMH, TaK W OYepedb C KJIACCHU-
veckoit ymaneit oxkuganus. K. Deka [5] usyumn HeHajexKHbIll cepBep ¢ IBYMsI
dazamu obcayxusanus u noropusivu nonsirkamu. J.C. Ke u G. Choudhury [6]
paccMaTpUBAJIN CUCTEMY C IIOBTOPAMH, ABYMsI (pa3aMu 00CTyKUBAHUA, TIOJJOMKOIT
u pemoHTOM ITprbopa. Takke RQ-crucrembl, B KOTOPBIX 0OC/TYKIUBAHUE OCYIIECTB-
JISJIOCh B HECKOJIbKO (a3, udydeHsl B paborax |7, 8].

JLtst TOrO 9TOOBI MPEJIOKUTD PA3JIMIHOE KATeCTBO OOCTYKUBAHUS JJIsT Pa3-
JIMYHBIX KJIMEHTOB, MBI YaCTO YCTAHABIMBACM PUOPUTETHI (TO €CTh KAKUM-TO 00-
pPa30M BBITECHSIEM KJIMEHTOB) B CHCTEME MACCOBOIO OOCIIY?KUBAHUS. DTO sIBJICHIE
pacipocTpaHeHo Ha IpakTuke. B pabore [9] paccMarpuBaeTcst cucreMa ¢ IIOBTOD-
HOIT 09Yepebio, B KOTOPO IPHOPUTETOM 00JIaIaI0T TOIBKO IIEPBUYHBIE 3asIBKH, TO
€CTh BBITECHSITh B MOMEHT IIPUX0/1a OHU MOTYT TOJBKO BTOPUUHBIE 3asIBKU, KOTO-
pble obpalaanch K Ipudbopy ¢ opouThl. BbLin HalieHbI CTAIIMOHAPHOE COCTOSTHUE
U OCHOBHBIE II0Kazaresn paborocrnocobHocTu cucreMbl. B [10] Takzke paccmar-
PUBAIOT IPUOPUTETHYIO CUCTEMY, HO IPHOPUTETOM 0018 1aI0T BTOPUIHDLIE 3aIBKH;
B cucTeMe IpucyTCcrByeT BBITaJIKI/IBaIOH_[I/Iﬁ MEeXaHU3M JIJIgd IIPUOPUTETHBIX 3asdBOK.
Pa6orsl [11-16] Tak:ke MOCBSIIEHBI IPHOPUTETHBIM CUCTEMAM.

B ykazaHHBIX HCC/IEIOBAHUSX HE YIUTHIBACTCA TOT (PAKT, UITO ITOCTIE IIPEPHIBaA-
HUs O0CIyKUBAHUS HE 3AIIOMIHAETCST MOMEHT, C KOTOPOT'O OBLIO IIPEPBAHO 00CTy-
JKUBaHWE, U OHO HAYMHAeTCs 3aHOBO. B pabore [17]| moka3aHo, 4TO IpU HEKOTOPBIX
J1a2Ke CKOJIb YI'OAHO MaJIbIX 3HAYCHNAX MHTECHCUBHOCTU BXOAANIETO IIOTOKA CTalld-
OHAPHOT'O PEXKMMa He CYIIECTBYET, B TO BpeMd KaK IIPU APYTIUX HapaMeTpax 3TOi
ke RQ-crcTeMbl CTAIMOHAPHBIN PEXKUM CYIIECTBYET BCEr/a IPU KOHEUHBIX 3HATE-
HUSIX WHTEHCUBHOCTHU BXOJISIIErO MOTOKa. B mannoit pabore pacCMOTPUM CUCTEMY
¢ TIOBTOpaMu, Ijie 3aloMuHaeTcs ¢asa, Ha KOTOPOH IpepBajin 0OCTyKUBaHUE,
U J1000CIyKUBaHNE HATNHAETCST UMEHHO C Hee.

1. MaremaTuvdeckasgs MOJeJib U IIOCTAaHOBKA 3ajiauu. PaccMoTpum cu-
CTeMy MaccoBOro obcsrykuBanus ¢ nopropamu (puc. 1). Ha Bxox mocrynaer mpo-
CTEHINI TOTOK 3asTBOK C MHTEHCUBHOCTBIO A. Ilpurenmast 3asiBKa HaunHaeT 00-
CIIy’KUBAThCs Ha T1epBoil hase obciykuBanus mpudopa. Bpemst obciaykuBanus
pacIpeie/IeH0 SKCIIOHEHIINAIBHO C TapaMeTpaMu i1, (b2, i3 /IS KaxKI0i u3 ¢a3
coorBercTBeHHO. [locte ycmemnoro okoHYaHust OOCIYKUBAHUA Ha MMepBOil dase
3asiBKa MI'HOBEHHO IMEPEeXOJUT [Jisi 0OCIyKUBAHUS Ha BTOPYIO, IIOCJIE BTOPOI —
Ha TPETBHIO W 3aTeM MMOKUIAeT CUCTeMy. Kcin B MOMEHT Ipuxojia 3asBKa OOHApPY-
JKUBaeT IPUOOp 3aHATHIM, TO OHA BBITECHAET 3asIBKY, CTOSIILYIO HA OOCTyKUBAHNH,
7 3aHUMAaeT ero. BeiTecHenHnast 3asiBKa ePEXoUT Ha OPOUTY, pasie/ieHHy IO Ha TPU
30HBI. B mepByIo 30HY IEPEXOaT 3asiBKU ¢ MepBoitl (pa3bl 00CTyKUBAHUS U BO3-
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Hccnegopamnne RQ-cucreMbl ¢ BBITECHEHHEM 3asIBOK H TPEXPa3HBIM IOpa30BBIM JOOOCIy>KUBAHUEM

Puc. 1. Cucrema ¢ HOBTOPHBIME BBI30Ba-
MU, BBITECHEHHEM 3asBOK U TPeX(hasHbIM
110ha30BBIM J1006CITY KMBAHUEM

[Figure 1. Retrial queueing system with
exclusion of customers and three-phase
phased by follow-up]

:

BPAIAIOTCH Ha JI00OC/IyKUBaHUE HA TEPBYIO a3y, co BTOPOHl 30HBI MEPEXOIAT
3asBKU CO BTOPOU (a3bl 00CTYKUBAHUS U BO3BPAIAIOTCA HA JI00DCIIYKUBAHUE
Ha BTOPYIO a3y, ¢ TpeTbell 30HBI — Ha TPeThio. [locje IKCIIOHEHIMAIBHO pac-
[IPEJIEJIEHHOTO BPEMEHNU 33JICPXKKHU 3asBOK Ha OpOUTE C IMapamMeTpaMu gi, 02, 03
JIJISE COOTBETCTBYIOIINX 30H 3asiBKUA BHOBb BCTAIOT HA IPUOOP JIJIsi OOC/TY 2KUBAHUS.
[Ipu obparennn u3 OpOUTHI TPOUCXOIUT AHAJOTMIHOE BBLITECHEHUE TIO0 TOMY Ke
3aKOHY, 9TO U JI7IsI BHOBL MPUOBIBIIAX B CUCTEMY 3asBOK.
Ob6o3HauUM COCTOSTHUS TPUOOPA B MOMEHT BPEMEHU ¢ CJIEYIONUM 0Opa3oM:

0, ecau npubop mycT,

1, ecsu npubop 3aHT 00C/IyKUBAHUEM 3asiBKM Ha 1E€pPBOil dase,
2, ecau mpubop 3aHAT OOCTYKUBAHUEM 3asBKU Ha BTOPOU dase,
3, ecyu npubop 3aHAT 0OC/IyKUBAHUEM 3asBKU Ha TpeTheil daze.

H}Eb Pk(i177;27i3) = P{k(t) = kvll(t) = i17i2(t) = 7:271.3(75) = Z.3}7 Zm P 07
m = 1,3, k = 0,3 — crarimoHapHOe pacupejiesieHne BEPOSITHOCTEH UHNCesT 3asiBOK
Ha opbure, rje i1(t), i2(t), i3(t) — umcio 3asBOK Ha opbuTe B 1EPBOil, BTOPOI
u Tperbeii 30Hax coorsercrBenHo; Ry = P{k(t) = k} — cranmonapuoe pacrpe/e-
JIEHWE BEPOsITHOCTEH cocTosHuil mpudopa.

CTaBI/ITCﬂ 3aJlada UCCJICOBaHUsA CUCTEMbI C IIOBTOpaMMt, BbITECHEHUEM 3adBOK
7 10a30BbIM TpPexda3HbIM JI000CTYyKUBAHUEM, & UMEHHO 3aJ[ava HAXOXKJICHUS
CTAIMOHAPHOTO PACIIPE/IeJIEHIST BEPOITHOCTEN COCTOSTHMI TPUO0OPA M HAXOXK IEHUS
ACUMIITOTUIECKON XapaKTepUCTUIEeCKON (DYHKIINM YrC/Ia 3asiBOK Ha OpOuUTe.

2. Cucrema ypasHenuii Kosmoroposa. [l pacupefe/ieHust BEpOSTHO-
creit Py(i1,i2,13), k = 0,3, 4duces 3asBOK Ha OpOUTE COCTABUM OJHOPOJHYIO CH-
cTeMy ¢ 6ECKOHEUHBIM YHCJIOM JIMHEHHBIX ajaredpanmdecKkux ypasHenuii Kosmoro-
poBa:

— (A + 101 +i209 + i303) Py(i1, 12, i3) + p3P3(i1,42,13) = 0,
—(AN+ p1 + 202 +i303) P1 (i1, 92, 13) + APy(i1,12,13) + AP (i1 — 1,12,43)+
+(i1 + 1)o1 Py(iy + 1,49 — 1,43) + (i1 + 1)o1 P3(iy + 1,42,i3 — 1) = 0,
—(A+ po +ir101 +i303) Pa(in, i2,43) + p1 P (i, t2, i3)+ (1)
+(i2 + 1)02P0(i1,i2 + 1,i3) + (ig + 1)0’2P1(i1 — 1,9+ 1, i3)+
+(i2 =+ 1)02P3(i1, 19 + 1, i3 — 1) = 0,
—(A 4+ pu3 +i101 +i202) P3(i1, 02, 13) + paPa(in, iz, i3)+
+(i3 + 1)03P0(i1,’i2,i3 + 1) + (’L'3 + 1)0’3P1(i1 — 1,i2,’i3 + 1)+
+(i3 + 1)U3P2(i1,i2 — 1,13+ 1) = 0.

JIOMHOXKUM TIPaBYIO U JIeByIO YacTh cuctembl (1) Ha Beqmuumy elU14tjuziz+jusis
7 IIPOCYMMUPYEM II0 BCEM %y, M = 1,3, T1ie j = v/—1 — MAUMAs eIMHUTIA.
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Bsenem dyHKIMM C1eIyIONero BUaa:

oo 0 0

Hy = Hy(uy,ug,ug) = Y Y efitiwtjusisp iy iy ig),  k=10,3. (2)

11=012=0173=0

Jlannast QYHKIMS SIBJISIETCST YACTUIHON XapaKTEePUCTUIECKON (hyHKIHE.
Y4auTnIBasi, 4TO

OHyp _ OHp(u1,ug,u3) e
9 D E E E Jige It Iusis Py o ),
m 11=012=013=0

k=0,3,m =1,3, u3 cucremsi (1) ciemyer, uro aus Gyuknuii Bua (2) ypapneHus
Kommoroposa uMmeroT Bu

. H . OH, 0Hy
701 0 + J02 0 + jos—— 4+ usHs — AHy =0,
aul 871,2 8
. , , oH
~AHy — pnHy + My + A" Hy + A/ Hy + e/ Hy + jos - L
us
. _.. OHy . OH; L . OHo N . OHj3
_ Jul _ Juitju2 _ Juit+jus =0
Joie ouq tJo2 Ous Joie ouq JoLe Ouq ’
. 0Hy . _. 0Hy . OH
—/\Hz—M2H2+M1H1+]UlaT2—JUQ€ JuQaTo-l- 8u2 (3)
2 3
_jaze—jqum 8H1 — 30’26—3“2+JU3 5 3 0
U9 U2
OH. . OH, OH.
—AHj — jigH + jioHa + jo1 == — joge ™" =2 4 joy———
ou 0 Ous
—joge Tt —— O _ joge Justiuz ——= 02 _,,
Oug Ous

Tak Kak npsiMoe pereHne CucTeMbl (3) He IIPEeJICTABIIAETCsT BOSMOXKHBIM, BOC-
IIOJIb3YEMCsI METOJIOM ACUMITOTHYECKOIO aHaJInu3a B IPEIEILHOM yCJIOBUU OOJIb-
ol 3aJIePKKU 3asBOK HA OpOUTe, Mojaras, 9TO Ty = 0Ym, M = 1,2.3, 0 — 0.

3. AcuMmnrorudyeckuii aHajm3. ACHUMITOTHYECKUN AHAJU3 IIPOBOJIMTCS B
JaBa srtana. Ha nepBom srare HaXOJdTCHd CTAIMOHAPHOE PacCIpesesieHne BEPOsiT-
HOCTEeM COCTOSTHUI Mpubopa W aCUMITOTUIECKNE CPEeIHIE 3HATEHNsT UNCIIa 3asIBOK
B 30HaX Ha opbute. Ha BTOpOM 3Tale HaXOIUTCsI BUI IIpeaeabHON XapaKTepucTH-
qecKoil (PYHKINU, & TaKKe [MapaMeTpbl IOJIYyIeHHOTO PaCIIpPeIe/IeHUs BEPOSTHO-
cTell dncia 3asdBOK Ha opouTe.

3.1. Acumnmomurka nepsozo nopadka. Beenem ciemyromnie ob03HAYECHUST: T1,
To, T3 — aCUMIITOTUYECKUE CPEJHUE 3HAUCHUS YUCTIA 3asBOK HAa OpOUTE B IIEPBOIi,
BTOPOIi, TPEThEell 30HaX OPOUTHI COOTBETCTBEHHO.

TEOPEMA 1. [Tyecmw i1(t), i2(t), i3(t) — uucao 3a460% 6 30Hax 0pbUMDL CUCTE-
ML MACCOB020 0OCAYNCUBAHUA C NOBMOPAMU, SHIMECHEHUEM 3AAB0K U Mperdas-
Houm nogazosvim doobeayorcusaruem. Tozda 6vinosnsemces npedesvoe paseHcmeo
lim Mlexp{juioii(t) + jugoia(t) + jusoiz(t)}] = exp{jurz1 + juows + jusws},
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ede 11, To, T3 uMeEOM 6uUd

- )\Rl Ly — )\Rz o )\Ri’) (4)
YT yRy P pRe 0T psRo]
a Ry, k=0,3, onpedeasromes pasencmsamu
A A A A A A
Ri=—, Ro=—, R3=—, Ry=1——— —— —. (5)
p1 142 143 o H2 g3

Jloxasamenavcmeo. B cucreme ypapaenuii (3) BBIIOJIHAM 3aMEHBI

Om =0%Vm, M=123 0=€ Up=€EeWn;

Hy, = Hi(u1,ug, u3) = Fi(w1,wa, w3, €) = Fi(e), k=0,3.

Torja nosryuaeM CJIEYIONLYIO CUCTEMY':

. O0Fy(e) . OFy(e) . OFp(e) B
MG + 772 9w, +”3Tw3 + psFs(e) — AFo(e) = 0,

AFp(€) + (Ae?“ — X — 1) F1(€) + AeZ““2 Fy(€) + Ae? 3 F3(e)—

; —jew OF . OF; - OF
—jme olc) + j72 10 + 73 1)
_jpeictwnmin ZEUD it 569 _
le awl
. s OF ) ) OF (6)
pFi(e) — (A + p2) Fa(e) — J726_j6w28()(6) - 1726]6(w1_w2)(3>1(6)+
OFy(e) 0F5(e) 1.02 OF;s(e) w2
+im 2 ¥ s 2(€) j,}/26‘76(w3—w2)L —0,
ow w1 8’UJ3 awz
. iews OF . OF
paFo(e) — (A + /L3)F3(e) — jyse Jewsﬁ — jrysed je(wy—ws) 1(€ )+
OF OF Ows oF duws
8 8w2 6w3

B cucreme (6) BBIIOJIHUM TIpeJeIbHBL 11epexos npu € — 0 1 06o3HaunM

hka(e) :Fk(wl,wg,wg,) :Fk (7)
e—0

Oyukiuu Fy, 6ygem uckarb B Buje Fj, = Rp®(wq,ws,w3) = Ri®. Iocse Bcex
3aMeH U [PeJIeJIbHOrO iepexojia u3 cucreMbl (6) mosrydaem
. 0P 0P 0P
(=ARo + usR3)® + jRo <71 + 72 + 73 ) =0,
8’(01 6w2 8w3

. o o O
(A1 = Ry) — i Ry)® — jp (1 — Rl)a +inkig -t inRig =0,

ow
(9<I> 8<I> 0P
(= + p2)Ra + 1Ry ® — jya(1 — Rz)ai + JWlea + J’Y3R2a s =0,
0P
=0.
ow

0P 3(19
(= + p3)R3 + paRo) ® — jys(1 — R?’)T + 3713367 + jyeR3——
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JleBble U TpaBble YaCTU ypaBHEHUI MMOJy9YeHHON cucTeMbl paszesinM Ha @ u sty
GyHKINO OyIeM UCKATh B BUIE

o = exp(jwlzvl + Jwaxs —i—j’ngg). (8)
Torna mosmydaem cucTeMy ypaBHEHUIT

—(A + 7121 + 222 + 9373) Ro + p3R3 = 0,

(A v121)Ro — (p1 + vox2 + y323) Ry + (A + 7121)(Re + R3) = 0, )
Yex2Ro + (1 + Y2x2)R1 — (A + pa + 121 + 7323) Re + Y222 R3 = 0,
v3x3Ro + 33 Ry + (p2 + y323)Ro — (A + p3 + y121 + y2x2)R3 = 0.

ITpocymmupyem ypaBHeHusi CHCTeMBI (6), BBIIOJIHEM IIPEJEIbHDIA IEePeXos] Mpu
€ — 0 u, yaursBas (7), (9), noxyanm

(=mz1Ro + (A + y2a2 + v323) R1 — 121 (Re + Rg))wi+
+ (—72@2Ro0 + (A + 121 + y323) R2 — y2x2(R1 + R3))wa+
+ (—y3z3R0 + (A + 1121 + 1222) R3 — Y323(R1 + Ra))ws = 0.

[IpupaBauBasi KO3(OUIMEHTBI IPUA Wiy, M = 1,3, K HYJIIO, TOJyIUM CUCTEMY

—mx1Ro + (A + 222 + 1323)R1 — n121(R2 + R3)
—v2x2Ro + (A + M1 + y323)Re — yox2(R1 + R3)
—y323Ro + (A + 1121 + Y2x2) R3 — y323(R1 + R2)

0,
0,
0,

3
00be IHSISI KOTOPYIO € CHCTeMOIH (9) U HCHOJIb3ysl yCIOBIE HOPMUPOBKE » Ry = 1,
k=0
nostyaaem dhopmyist (4) u (5). O
Taxum 06pa3oM, IpU MaJIbIX 3HAYEHUSIX O CpeHee IHC/IO 3asBOK Ha opouTe
upubJIMKeHHo paBHO (71 + T2 + 23)/0.

3.2. Acumnmomura emopozo nopsadka. IlocTponM rayccoBCKyIo ammpoKCHMa-
U0 YUCJIA 3asIBOK Ha opbute.
IIyctn

Ko1 Ko Kos

K1 K2 Kis
K =
K31 K3 Kaz3

— MaTPpHUIA KOBapHUaInii.
C yuerom Toro, uro Ko = Koy, K13 = K31, Koz = K39, 3amumiem BexkTop K:

k=[] Kn K2 Kiz3 Ky Ky Kz3].

TEOPEMA 2. [Iycmwv i1(t), i2(t), i3(t) — wucao 3a460% 6 30Hax opbumbL Cucme-
MblL MACCOBO20 0DCAYNCUBAHUA C NOBTMOPAMU, BBIMECHEHUEM 3AABOK U Mperdas-
HoLM NoPasosvim doobeayotcusaruem. Tozda evinosmnaemcs npedesvHoe paseHcmaeo

lim M [exp{gjuuﬁ{iu(t) - ff}}] = exp{; 232 ijyuguK}

v=1kr=1
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ede x,, v = 1,3, umerom eud (4), a snemernmo, mampuyv, Kosapuauul K, v =
= 1,3, k = 1,3, naxodamcsa u3 mMampuuHozo YpasHeHUs

kA = C,

6 KOMOPOM dAeMeHmb, Mampuust Ay, v = 1,6, Kk = 1,6, umerom eud

A = —’yl(R()Zo + Rozo + Rng) + ’)/1(1 — R1)(1 + 21),
Agi = yaR1 + 7222(1 — R2) — 72(Roz0 + Riz1 + R3z3),
Az1 = 1323(1 — R3) — 73(Roz0 + Riz1 + Raz2) — 3Ry,
A =y Ry +v1a1(1 — Ry) — v1(Roao + Reas + Rzas),
Agg = —72(R0a0 + Riaq + R3a3) + ’Yz(l — Rg)(l + ag),
Asy = y3a3(1 — R3) — v3(Roao + Ria1 + Raaz) — 13 Ra,
Asz =y151(1 — R1) — v1(Roso + Rasa + R3s3) — 11 Rs,
Asz = y2R3 + 7252(1 — R2) — 72(Roso + Ris1 + R3s3),
Ags = —"yg(RoSo + Rys1 + RQSQ) + ")/3(1 — Rg)(l + 83)

A1y =va1(1 — R1) — v1(Roao + Raaz + Raasz) —
Asy = —71(Roz20 + Raza + R3z3) + v1(1 — By)(1 + 21)
—v2(Roap + Ryar + Rzaz) + v2(1 — R2)(1 + a2),
) —73(Roap + Ria1 + Raaz) — v3Ra,
( ) —72(Rozo + Riz1 + R323) — 72 Ry,
Asy = v323(1 — R3) — y3(Rozo + R121 + Raz2) — 3Ry,
( ) — 71 (Roso + Rasa + R3s3) — 7133,
( ) — 72(Roso + Ris1 + Rss3) — 72 R3,
Azs = —71(Rozo + Razo + R3z3) +v1(1 — Ry)(1 + 21)—
—73(Roso + Ris1 + Rasa) +73(1 — R3)(1 + s3),
— v2(Roz0 + R12z1 + R3z3) — 72 Ry,
— 73 (R()Zo + Riz1 + RQZQ) v3R1,
— v1(Roso + Ras2 + R3s3) — 11 Rs,
— 71 (Roap + Roaz + Rsaz) — 71 Ra,
— v2(Roso + Ri1s1 + R3s3) — 2R3,
Agg = —’yg(Roao + Riaq + R3a3) + "}/2(1 — Rg)( + QQ)—
—73(Roso + R1s1 + Ras2) 4+ v3(1 — R3)(1 + s3),
Ags = y3a3(1 — R3) — v3(Roao + Ria1 + Roaz) — y3Ra,

Ai3=0, Aip2=0, Ap3=0, Ayp3=0, Ay =0, A5
A1 =0, Az2=0, Ag2=0, Aeu=0, Ays=0, A=

0,
0,
a anemenmo, sexkmopa C umerom caedyrowuti 6ud:
121 R,
O = T2 (1= Ra) 4+ (A a2 + y33) 5 -
—AR121 + miz1z1(1 — By) — vewoze Ry — y332310,

T R
G = 52 (1= Ro) + (A maa +y33) 5 -
—ARza;1 + y2w202(1 — R) — v1z101 Re — 32303 R,

733?3(

Cy =

1 —R3)+(A+mz + 72062)%—

—ARzs1 + y32383(1 — R3) — 111513 — 2w282 3,

Cs = —m1x1 Ry — y222R1 — AR1a1 + Miz1a1(1 — Ry) — yaxaRias—
—y3x3Ria3 — ARaz1 — v121Roz1 + Y2w222(1 — Re) — y3w3Ra23,
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Cs = —maz1R3 — y3x3R1 — AR1s1 + vix151(1 — Ry) — yexaRisa—
—v3x3R1s3 — AR3z1 — 11 R321 + y32323(1 — R3) — y2x2R322,

Ce = —yowaR3 — y323R2 — AR2s1 + Y2x252(1 — Ra) — y121Ras1—
—y323R253 — ARsa1 — yix1R3a1 + y3xzas(l — R3) — yax2 R3as.

Beauvunw zi, ag, sg, k = 0,3, naxodames us caedyrowuxr cucmem ypasrerui:
— cucmema OAA HATOHCOEHUSA BHAMEHUT Zk:

—(A+mz1 + 222 +9373)20 + (A + 71271)21 + Vo222 + 37323 = —Y1771,
—(p1 + y2m2 + y323)21 + (1 + Y222)22 + V32323 = A + Y2x2 + Y323,

(A +mz1)zr — (A + p2 + 7121 + y323)22 + (12 + 7373) 23 = —7171,

p320 + (A +7121)21 + 2222 — (A + g3 + 7171 + Y272)23 = —7171;

— cucmema 0as Haxodcdenus 3HaveHut ag:

—(A+mz1 + 222 +9323)a0 + (A + 121)a1 + y2r202 + V37303 = —Y272,
—(p1 + 222 + y3w3)a1 + (1 + Y2x2)as + Y3w303 = —Y22,

(A+mz1)ar — (A + p2 + 171 +y373)ae + (12 +7373)as = A+ 1171 + Y373,
p3ao + (A +y121)a1 + vex2az — (A + p3 + 7101 + Y222)a3 = —Y2x2;

— cucmema 0as Haxodcdenus 3HaveHut Sk

—(A+m1z1 + yow2 + y323)50 + (A + Y121) 51 + Y2x2s2 + V37353 = —Y3%3,

— (1 + y2x2 + y3w3)s1 + (1 + Y2w2)s2 + Y3T353 = —Y3%3,

(A+mz1)s1 — (A + p2 + 7121 + y373)82 + (2 +7373)s3 = —73T3,

Hn3so + ()\ + 71$1)81 + Y2x282 — (/\ + U3 +v1x1 + ’72$2)83 = A+ + Yox2.

Jlokasamenscmeo 3TOI TEOPEMBI TIPOBOJUTCS AHAJOTUIHO JIOKA3ATE b
crBy Teopembl 11 u3 [18].

Takum 06pa3omM, aCUMITOTHYECKAS XapaKTepucTuieckas (OyHKIUs IUCIA 3a-
SIBOK Ha 0pbuTe B mcciaeayemMoit RQ-cucreMe sSIBIsSIeTCS TayCCOBCKOI:

3 3 3
. 1
h(u1,ug,us) :eXp{ E Juvty = 5 E E uanKnu}-
v=1

v=1r=1

4. YucaenHas peasm3ariusi. Vcnonb3ysa GopMyibl, Oy IeHHBIC BBIIIE JIJIsT
HaXO0XKJIEHUs IMapaMeTPOB I'ayCCOBCKOIO PACIPEIECICHUsI, IIOCTPOUM AIMIPOKCUMA-
IIMIO0 PACIIPE/IeJIEHUs BEPOSATHOCTH CyMMAapHOI'0 YMCJIa 3asBOK Ha OpOHTE.

IIycts 01 = 092 = 03. I3 mosydeHHBIX TTApaMETPOB i TPEXMEPHOI'O pac-
Ipesie/IeHUs] BEPOSITHOCTEN YMC/Ia 3adBOK Ha OopbuTe mepeiiieM K OJHOMEPHOMY
HOPMaJIbHOMY DPaCIIPEeJIEJICHIIO C ITapaMeTpaMu

g Tt T2t d_Ku+K22+K33+2K12+2K13+2K23

o g

[ToyoxkuM 3HAYUEHUST TAPAMETPOB CUCTEMBI CJIELYOIITUMU:
MM=7=73=2, =001, wym=2 pu=3, p=4, A=0.5.
Orciona
Ro=0.458, R; =0.25, Ry;=0.167, R3=0.125;
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r1 =0.136, =z =0.091, x3=0.068;
K11 =0.167, Ki5=0.035, Ky3=0.027,
Ko =01, Ky3=0.017, Ks33=0.077.
Torna a = 29.5 — maTemaTnaeckoe oxumanne, d = 50.2 — qucmepcus.

Ha puc. 2 mpejcraBiiena anmpoKCHMAIUs pacrpe/iesieHnsi BepositHocreil P (i)
qHciia 3asBOK Ha OpOWTe, MOJIydeHHasl U3 TayCCOBCKOTO PACIIPEJIC/ICHHSI C Iapa-

MeTpaMu a, V.

0.06 T T T

Puc. 2. TayccoBckast anmpokcumarus pac-
npeJiesiennst BepositHocTeit P(7) umcra 3a-
ABOK Ha opouTe

0.04f 1

o

0.02f s [Figure 2. Gaussian approximation of the
probability distribution P(%) of the number
of customers in the orbit]

0 1 1 1
0 20 40 60 80

Sakmouenne. B pabore uccienopana RQ-cucrema ¢ BbITeCHEHHEM 3asiBOK
u TpexdazubiM moda30BbIM 1000CTyKuBaHneM. Jj1s1 Hee mo/IyIeHo CTaIlmOHAPHOE
pacipeiesieHne BeposiTHOCTEN cocTosiHuil mpubopa. IlokazaHo, 4T0 XapaKTepucTu-
JeCKyt0 (PYHKIIUIO 9HUCJIa 3asIBOK Ha OpOUTE MOYKHO aIllPOKCUMUPOBATH HOPMAJIhb-
HBIM pacipenesnienneM. HaitieHb! mapaMeTpbl 9TOr0 paciupeIe/eHus.

BuizeiBaeT nHTEpEC 3a1a1a O60JIee 0DOIIIero miIaHa, TO €CTh CUCTEMa, C IIOBTOPaMH
U JI000C/TIyKUBAHUEM C IPOU3BOJILHBIM PACIIPEISIeHIEM BPEMEHH 00CTy X KUBAHUS.

Konkypupyroiine nHTepechl. 3asBjsgeM, 9TO B OTHOIIEHIUN aBTOPCTBA U IIyOIMKAIIIT
9TOI CTaThbu KOH(MJINKTA HHTEPECOB HE MMEEM.

ABTOpCKasi OTBETCTBEHHOCTb. Bce aBTOpHI MpUHUMAJN yYacTHe B pa3pabOTKe KOH-
[N CTATbA ¥ B HAIMCAHUU PYKOMUCHA. ABTODPBI HECYT TOJHYIO OTBETCTBEHHOCTH 34
[IPEIOCTaBJIEHNE OKOHYIATEIHHOM PyKOnucH B medarh. OKoHYATEIbHAS BEPCUsT PYKOIIACH
OBl 0OOpEHa BCEMU ABTOPAMI.

®unancupoBanme. Pabora BbiosiHena nupu dunancosoii nopaepxkke POOU (upoekr
Ne 18-01-00277 a).

BiarogapHocTb. ABTOPBI OJIAar0MaPHBI PEIEH3EHTY 3 TIIATEJbHOE TPOYTEHNE CTATbU
U [EHHBIE TIPEJJIOKEHUSI U KOMMEHTAPUN.
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Abstract

In this paper, we consider a retrial queueing system (RQ-system) which
receives to the input a Poisson flow with a given intensity. If at the time of
customer the server is busy, the displacement of customer standing on the
server takes place. Customers that do not have time to be successfully ser-
viced go into orbit, in order to, after an accidental exponential delay, again
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Annoranus

IIpeyiokeHbl MaTEMATHYIECKHAE MOJEJN CTOXACTUIECKON JUHAMUKY Pa3-
BUTHUsI OJIHO(DAKTOPHBIX IIPOU3BOJICTBEHHBIX IIPEIPUSITHI 38 CYeT BHYTPEH-
HUX U BHemHuxX wHBecTuruit. ChopMyMpOBaHBl ypaBHEHUs OajiaHCca JJIst
TaKUX IPENPUATHI, ONUCHIBAIONINE CJIyJaiiHble MPOIECCHl HEIPEPBIBHOTO
yBeJIMYeHNsI BBIILYCKA IIPOAYKIMKA U pocTa (hakTOpOB mpon3BozcTBa. Vccire-
JIOBAHO B3aMMOJIEHCTBYE ITPOIMOPIIMOHAIBHBIX, TPOIPECCUBHBIX U JINTPECCHB-
HBIX aMOPTHU3AIMOHHBIX OTYUCIEHUN C BHYTPEHHUMU U BHEITHUME UHBECTH-
nusivu. [TojtydeHbl ypaBHEHUsI JJIsl ONpeJIeJIeHIs] PABHOBECHOI'O COCTOSIHUSI
pabOoThI MIPENIPUSITHS U BBIYUCJIEHBI IIpeJeIbHbIE 3HAUYEHUsT (DAKTOPOB IPO-
U3BOACTBA. PaccMOTpens! ciydan CTabMIBHOTO MOCTYIATETBHOIO PA3BUTHUS
MPEJIPUSITUsI, IPUOCTAHOBKY €r0 PabOTHI BO BPEMsI MEPEOCHAIIEHUST TPOU3-
BOJICTBA M BDEMEHHOT'O KPU3UCHOT'O CBOPAYMBAHUST TPOU3BOJICTBA TIPY 3aMEHEe
000Py/IOBaHUSI.

AJITOPUTM YHUCJIEHHOIO PEIeHrs] CTOXaCTHIeCKUX I depeHnnasbHbIX
YPABHEHUI pa3BUTHUS MPEIIPUSTUAN TOCTPOEH B COOTBETCTBUH C METOJIOM
Ditnepa—Mapysimbr. [yt KaxKI0il peanu3anuu 9TOr0 AJrOPUTMa CTPOSTCS
COOTBETCTBYIOIINE CTOXACTUIECKUE TPACKTOPUHU JJIsl CJIy9IaiiHON dyHKIMNI
dakTopa Mpon3BoJACTBa. PazpaboTan BapuaHT METO/Ia pacieTa MaTeMaTHIe-
CKOT'0 OXKMJIAHUsI CJIydaiiHoil pyHkimu dhakTopa MPOU3BOJCTBA U IOy IEHO
JITsl HEro COOTBETCTRYIOIIEee Juddepennnanbaoe ypasuenue. [lokazamno, ¥to
YUCJIEHHOE PEIeHrEe STOT0 YPABHEHUsI U CPeJIHee 3HaUeHNe (DYHKINN (DAaKTO-
pa IIPOU3BOJICTBA BHIYUCICHHOE II0 IBYMCTAM PEATU3AIUSIM CTOXACTHIECKUAX
TPAaEKTOPHii, JTAIOT MPAKTHIECKH OJIMHAKOBBIE PE3Y/IbTATHI. TUC/IEHHBI aHa~
Jn3 pa3paboTaHHBIX MOJeJeil oKa3a XOpollee COOTBETCTBHE U3BECTHBIM
CTaTUCTUYCCKUM JTaHHBIM pa6OTI)I IIPOU3BO/ICTBEHHOI'O IIPEANIPUATUA.
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pungarue: 16 mapra 2020 r. / Iy6aukanua omnaita: 3 masg 2020 .

BBenenue. Pazsurne mareMaTndecKux METOJIOB pacydeTa U MOJEIUPOBAHUE
roKas3aTeJieil CTOXaCTUIECKON JTUHAMUKU SKOHOMUYECKOTO PA3BUTHS ITPOU3BOJI-
CTBEHHBIX HPEIIPUATUAN SIBJIAETCS OJHON M3 AKTyaJbHBIX IIPOOJIEM COBPEMEH-
HOM 3KOHOMUYECKOW TEOpUH, yCHEIIHOEe PelleHrue KOTOPOU IO3BOJIAET a/IeKBATHO
BBIIOTHSTH SKOHOMUYIECKHI aHAIN3 JesTeTbHOCTH MPEeNIPUITHH, BEITUCIITh UX
Ipe/ie/IbHbIE TTPOU3BOIUTE/THLHOCTH PECYPCOB, MPOTHO3UPOBATH BBITYCK IPOIYK-
WY, TPUOBLIb U 3aTPATHI, OIEHUBATDL 3PDEKTHI 3aMEIIeHNsT TPOU3BOICTBEHHBIX
¢daKTOpPOB U T.JI.

[Ipumenenne MeTOIOB TeOPUH CJIydaiiHbIX (DYHKITUH IS IOCTPOEHUS MaTeMa-
TUYIECKIX MOJleslell IMHAMUKN SKOHOMIYEeCKIX MTOKa3aTesell MpeqIprusaTsl O3B0~
JISIET yI€CTh CTOXACTHIECKU XapakTep (DOPMUPOBAHUs TPOU3BOICTBEHHBIX (hak-
TOPOB U BOJIATUJILHOCTH BBINYCKa MPOAYKIuu. Kpome TOro, mogobHOE CTOXACTHU-
YeCKOe MOJIEJINPOBAHIE IOMOTaeT yIecTh OCODEHHOCTU HEeCTAOUIbHON paboThI pe-
AJIBHBIX TPEIPUATUHN U CYIIECTBEHHO 00OTaTUTh U YTOYHUTH UMEIOIINECs aHaJI0-
TUYHBIE JIETEPMUHUCTCKIE MOJIEH.

JL1s1 ocTpoeHusT HeIeTePMUHUPOBAHHBIX MOJIEIeH SKOHOMUIECKOI'O PA3BUTHSA
MIPEeAIPUITHH MUPOKO MPUMEHSIIOTCS CTOXacTu4deckne muddepeHnuaibHbie ypaB-
HEHWsI, COAEPKAIIUE WIEHDI, IIPEICTABISIONe co00il CTaHIAPTHLIE BUHEPOBCKUE
MIPOIIECCHI, OTPAXKAIOIINE CIyJIaifHble BHEITHIE BO3IeHCTBUSI.

Od4eBHIHO, YTO MOCTPOECHHE yPaBHEHUI DAJIAHCOB JJIsi IIPOIECCOB pocTa (ak-
TOPOB IPOM3BOJCTBA W BBHITYCKA MPOIYKIINA ITPOM3BOACTBEHHBIX IPEITPUSTAN,
VUUTBIBAIONINX BHEITHUE C/IyYaiiHble BO3MYyIHaonme hakTophl, OyIeT MpUBOIUTH
K CYIIECTBEHHBIM OTKJIOHEHUSIM OT AHAJIOTUYHBIX JIETEPMUHUPOBAHHBIX MOeseit
pasBuTus nupeanpustus [1-7|.

OcHOBHBIE TTOJIOXKEHUST TEOPUU CTOXACTUIECKUX TuddepeHnnaaIbHbIX ypaBHe-
HUI U MeTO/Ibl UX UCCIIEJ0BAHNUS OAPOOHO U3JI0XKeHbI B paborax [8-12].

Cremyer OTMETUTD, UTO Ha MPAKTUKE JJIsI UCCJIEIOBAHUSI CTOXaCTUIECKUX MO-
Jesefl IOMUMO UX Ka9eCTBEHHOI'O aHAIN3a MPUMEHSIOTCS IUCIEHHBIE METOIbI pe-
MIEHUST CTOXACTUIECKUX U DEPEHITNANBHBIX YPABHEHU, C TOMOIIBIO KOTOPBIX
MOXKHO PACCUUTHIBATH PEAJIUBAINY CJIYIAHHBIX [IPOIECCOB, YCTAHABIUBATD -
depennmabHble ypPABHEHUS JIJIsi MATEMATHIECKAX OXKHUJAHUN PACCMATPUBAEMBbIX
BEJIMYUH U B HEKOTOPBIX CJIydasX I10JydaTh TOYHble penteHus [13-21].

Ilenbro mybauKyemoit paboThI SIBJISIETCsT pa3pabOTKa HOBBIX SKOHOMUKO-MaTe-
MATHUYIECKUX MOJesell CTOXaCTUYEeCKON IMHAMUKHM PA3BUTHS ITPOU3BOJICTBEHHBIX
IPeIIPUTHI 38 CUeT BHYTPEHHUX U BHENTHUX WHBECTUIIWI.

OcobeHHOCTD 3TUX MOJIe/Iell 1 UX HAaydHAs HOBU3HA 3aKJIOYAIOTCS B TOM, 4TO
OHU YYUUTBHIBAIOT B3aUMOJEHCTBIE TPOIOPIINOHABHBIX, IPOIPECCUBHBIX U JTUTDEC-
CUBHBIX aMOPTU3AIMOHHBIX OTYUCICHU ¢ BHYTPEHHUMHU U BHEIITHUMU UHBECTUIIH-
sIMHA U TIO3BOJISIIOT HAWTHU IMPeJie/IbHbIe 3HAUCHUST (DAKTOPOB IIPOU3BOJICTBA.

PaccvoTpens citydan cTabUIBHOTO TOCTYIATEIBHOTO PA3BUTHUS IIPEIIIPUATHS,
[IPUOCTAHOBKU €ro paboThl BO BPEMsI [IEPEOCHAIEHUST IIPOU3BOICTBA U BPDEMEHHOTO
KPU3UCHOTO CBOPAYNUBAHUS IIPOU3BOJICTBA IIPU 3aMeHe 000DY/IOBAHUS.
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1. Maremarudyeckasi MOZ€Jb Pa3BUTHUS IIPEANPUIATUS 3a CYET BHYT-
PEeHHUX WHBECTHIIHI. PaccMOTpUM HEKOTOPOE MPOU3BOICTBEHHOE IIPEIIIPHUs-
THe, BBIITYCK TOTOBOM IIPOIYKIIMH KOTOPOT0O 00ECIIeanBACTCSI OTHUM PECYyPCOM B BU-
Jie HEKOTOPOro 00beMa paKTopa IPOU3BOICTBA (). TOT 0O6HEM MOKET COCTABISITH
OCHOBHOM KAITUTAJI, TTPOU3BOJICTBEHHBIE (DOH/IBI, TPUBJIEKAEMBIE TPYJIOBbIE PECYP-
CBI, UCIIOJIb3YyeMble MaTepUaJbl, IPUMEHsIeMbIe TEXHOJIOINN, PA3IMIHOr0 POIa UH-
HOBAIIWM U T.I.

Beinyck mpomyKnum MpeIlpusiThsT ONMUCHIBAETCS OMHO(MAKTOPHON ITPOU3BOI-
crBennoil pyuknueit Kobba—/lyriaca

V = PQ". (1)

3/ech TOKa3aTe b CTEIEHU ¢ MPEeJCTABIIeT CODON JACTUIHOCTD BBIMTYCKA MPO-
aykiun, 0 < a < 1; P — cTouMOCTh IPOIYKIINU, ITPOU3BEICHHON HA €IUHUTHBIHI
obbeM pecypca.

Besmmunna obbema dakropa npoussojcrsa (Q = @Q(t) mpesmonaraercst Herpe-
PBIBHOI 1 HempepbiBHO auddepernupyemoit Ha dncaoBoit mosyocu (0 < ¢ < 00)
yHKIMEN HEMPEePBIBHOTO apryMeHnTa BpeMenn t. Enunurieit namepenust BpeMeHn
CJLY?KUT COOTBETCTBYIOIIU{I 0OCTOSTEILCTBAM PBHIHOUHBIN 1epuoj (Mecsiil, KBap-
TaJl, TOJ).

Hauwasibaoe 3navenue dakropa npoussojucrsa Qo = Q(0) cunraercs ussect-
HBIM, €r0 IpeJebHoe 3HaTeHne (o = tlggo Q(t) mOMIEKUT BBIUUCIICHUIO.

s HabIIOIeHns 38 JUHAMMKON Pa3BUTHA IIPEIIPUITUS CIELyeT COCTABUTH
ypaBHeHne 6asanca st oobeMa dharTopa mponsBojacTBa @ = Q(t).

[Tpupamenune obbema daxropa npoussojgcTBa AQ = Q(t + At) — Q(t) 3a
HEKOTOPBII IIPOMEKYTOK BpeMeHrn At MOXKET ObITh IIPEJACTABICHO B BUJE CYMMbBI
TpeX CJIaraeMbIX:

AQ = AQY + AQ + AQY. (2)

Brece AQ? — npuparenue amoprusanun dhakTopa mponssoicTea, AQ! — npupa-
MMEeHne 9aCTUIHOTO BOCCTAHOBJIEHUsT (paKTOpa MTPOU3BOJICTBA 38 CUET BHYTPEHHIX
masectunmit, AQW — ciyuaitnble Komebanust mpupareHns oobema GpaKTopa mpo-
M3BOJCTBa, ODYCJIOBJIEHHBIE OIpEIeIeHHON BOJATUIBHOCTBIO IIPOIECCa BBIYCKA
MIPOJIYKITUN.

[pupamenne amoprusamma AQ? 3a mpoMesKyTOK BpeMeHn At MOXKHO Ipeji-
CTABUTH B BUJIE

AQA(t) = ~A0() QU(1) - At. (3)

3nech A — Ko3pUIUEHT aMOPTU3ALNN, J10JIs BHIOBIBIIErO 38 €IUHUIY BPEMEHH
obbema akTopa IMPOU3BOACTBA, U — IOKA3aTeIb WHTEHCUBHOCTA AMOPTH3AIUN.
IIpu v = 1 umeer MecTO OOBIYHAS IIPOIMOPIMOHAJILHAST AMOPTU3ALMSI, P U > 1
AMOPTHU3AIMOHHbIE OTYHC/ICHUA YBEJINIUBAIOTCA U CTAHOBATCA IITPOIrPECCUBHBIMU,
npu v < 1, Ha0bOPOT, AMOPTUIAIMOHHBIE OTYUCIECHNST CHUXKAIOTCA M CTAHOBSITCSI
JIUTPECCUBHBIMU.

IIpuparenue BoccTanosenust (akropa mponssoacta AQ! 3a cuer BHyTpeH-
HUX WHBECTUIINN 32 IMPOMEXKYTOK BpeMeHu At ompesesisiercs: (popMyIoi

AQI(t) =0(t) I(t) - At. (4)
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Baech I(t) — BHyTpeHHNE HHBECTUIN, C/IeJIAHHBIE B MOMEHT BpeMeHn ¢. OHM CBs-
3aHBI ¢ 00BEMOM BBIILyCKa HpoayKiwn V (t):

I(t) = BV (1), (5)

rje B — HOpMa HAKOIIEHUsI BHYTPEHHUX MHBECTUITHIA.
[Moxcranoska (1) u (5) B dbopmysy (4) OKOHYATEIBHO J1aeT

AQ(t) = BPO(t) Q%(t) - At. (6)

Cityuaitnple H3MeHeHus npupanienus oobema dakropa mpomssoactsa AQW (1),
00yCJIOBJIEHHBIE BOJIATUIIBHOCTDIO [IPOTIECCA BBIIIYCKA IIPOJLYKIIUU, MOT'YT OBITDH IIPEJI-
CTaBJIEHBI B BUJI€ CTOXaCTUYIECKOTO CTAHIAPTHOTO BUHEPOBCKOTO ITPOIIECCA!

Q)
QY (1) = p8(0) (Q(1) ~ Qo) (1 -5 ) - Aw. (7)

o0

Baech w — CTaHJAPTHBIH BEHEPOBCKHit mporece, Aw = &(t)v/At, p— BoaTmis-
HoCTh hakTopa npoussojcTBa (Q(t), npu Kaxkaom t Gyuknus &(t) ~ A7(0,1) —
cJiydaiiHasl BeJIMTYMHA C HOPMaJIbHBIM 3aKOHOM pacIipe/ie/IeHNs, HyJIEBbIM CPEJIHUM
saadenneM () = 0 U eIMHUIHOI JucTIepCueit <52> =1.

Crpykrypa dopmysibt (7) HOKa3bIBAET, 4TO B HAYAJIE IPOLECCA PAZBUTHUSI IIPEI-
MIPUATUST B OKPECTHOCTH TOUYKHU (Jo U B ero puHAIe B OKPECTHOCTH TOUYKH (oo
CJIYYalHBIN MPOIECC CTAHOBUTCS MOYTH JIETEPMUHUPOBAHHBIM.

[Moxcranoska (3), (6) u (7) B dopmyiy (2) mpuBoAUT K COOTHOIIEHUIO HataHca

AQ(t) =0(t) (—AQ“(t) + BPQ"(t)) - At+

Q(t)
+p0(t) (Q - QO) <1 - Qj) CAw. (8)

[Mpenenbubiit nepexon B ypasuenun (8) nupu At — 0 u Aw — 0 npuBoaUT K CTO-
xactuaeckomy juddepennuanabaomy ypasaenuio quddysun Urto [22]:

dQ =0(t) S(Q,t)dt + 0(t) Z(Q,t) dw. (9)
31ech
S(Q)=-AQ"+BPQ* (10)

— koaddunuent cuoca ypasaenusi (9),

Z(Q) =p (Q — Qo) (1—(5)@) (11)

— k03bdUIIEHT BOJATUIBLHOCTH ypaBHeHus (9).
Hawasbroe ycsoue jyist ypastaenus (9) ¢ koaddurmenramu (10) u (11) nmeer
BT

Q(0) = Qo. (12)
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Crpykrypa ypaBHenus: bananca (9) NOKa3blBaeT, 4To HpenpusaTue Oyaer yc-
IeIIHO Pa3BUBATBCA JIO TeX IIOp, TOKa 0ObeM BHYTPEHHHX HHBecTHIUi [g =
= B P Q" Oy/ieT IpeBOCXOIUTEL aMOPTH3aIMoHHbIe oTuncaenusd Ag = A Q. Ilo-
CKOJIbKY BOJIM3M TOYKY () o, CIYUIANHBIH IIPOIECC CTAHOBATCS IPAKTUYECKU JETEP-
MUHUPOBAHHBIM, MTPEJIEIbHOE 3HAUEHUE () on 0ObEMa TPOU3BOJCTBEHHOIO (PaKTOPa
Q(t) HaxomuTCs U3 ypaBHEHUSI

IQ—AQZ—AQu—i-BPQa:O (13)
W paBHO
A \1/(a—u)
%=(5p) 14

3/1ech MpejnoaraeTcst, 9T0 a 7 U, MOCKOJIbKY IOKa3aTe/ b NWHTEHCUBHOCTH
AMOPTH3AIUH U HE3HAYUTEILHO OTKJIOHAETCA OT €MHUIIBI, COOTBETCTBYIOMIEH ITpo-
MOPIMOHAIBHON aMOPTHU3AINH, & 3JJACTUIHOCTh ¢ BCETJa MEHBIIE ¢INHUIIBL.

Oyuxius § = 0(t) onucbiBaeT BADUAHTHI PA3BUTHsI PACCMATPUBAEMOTO TIPE/I-
npusitus. st mocrostHHo# u eauanIHON ckopoctu 6(t) = 1 passurue npemnpu-
AaTus OyeT cTabuIbLHBIM. Pasiudaable pasMepbl OTKJIOHEHNs 3HAYEHUsT (OyHKIN
O(t) or eMHUILI B CTOPOHY YMEHBINEHUs] Oy/yT COOTBETCTBOBATH 3aMEJICHUIO
IpoIecca Pa3BUTHA HPEIINPHUATHsI, €r0 BPEMEHHON OCTAHOBKE BO BPEMsI CMEHBI
TEXHOJIOTUI TPOU3BOJICTBA, YACTUIHOMY CBOPAIUBAHUIO TPOU3BOJICTBA.

@opMbI HHTErPAJIbHBIX KPUBBIX ypaBHeHUs (9) CyIECTBEHHO 3aBUCAT OT BH-
na dynknuu 6(t), onpesessionieil IEHTP BPEMEHHOIO MHTEPBAJIA, €ro IPOTIKEH-
HOCTH M BEJIMYUHY OTKJIOHEHUS OT €JMHUTHOIO 3HAYEHHs], IIPU KOTOPOM TIPEJIIPH-
saTue paboTaeT cTabuIbHO. Ecau B HEKOTOPOI BpeMEHHO# OKPECTHOCTH € IIEHTPOM
t = t* Ha UPEAUPHUATUU IIPOU3BOIUTCS TIOJIHAA WJIM YACTUIHASA 3aMEHa TEeXHOJIO-
rudeckoro obopypoanust, To dyukims 0(t) Oymser umers Buj [23]

0(t) =1 (=) 15
(1) =1 —wexp(—~—5 5> ). (15)
3/1ech W — MaKCUMAJIbHBIN pa3Mep OTKJIOHEeHUsT (DYHKITUU OT eIUHUIIbI, 0 — PaJlu-
yC BPEMEHHOTO WHTEPBAJIA, Ha KOTOPOM MTPOUCXOIUT OCHOBHOE 3aMe/IJICHIE TPON3-
BOJICTBEHHOTO Tiporiecca. Ecim w = 0, To npeanpusaTre 6yaeT padboTaTh CTaOUIHHO;
ecan w = 1, To B MOMeHT BpeMenu ¢ = t* pocr dyukuuu Q(t) npekparaercs u Ha
uHTEpBaje BpeMenu (t* — o,t* 4+ ) NPOUCXOJUT NEPEOCHAIEHNE TIPOU3BOJICTBA,;
ecan w > 1, To Ha uHTEpBaJe BpeMenu (t* — o, t* + o) IPOUCXOIUT IePEeOCHAIICHIE
MTPOU3BOJICTBA, COMPOBOKIAEMOE €T0 HEKOTOPBIM CBOPAYNBAHIEM.

Yucsrennoe perrenne ypasaenns (9) ¢ HadagbHBIM yciaoBueM (12) mpeacras-
JISIETCST B BHJIE AJTOPUTMA, TIOCTPOEHHOTO B COOTBETCTBUH C METOMOM difjiepa—
Mapysimbr [24]:

Qo1 = 0(ts) S(Qs) Aty + 25 0(ts) Z(Qs) /At (16)

st kazk1oit peasmzarn asropurMa (16) Ha Manom BpemenHOM mmiare Atg> 0
HaYMHAsA ¢ HAYAJIbHOTO 3HAUYEHUsT () PTEHEPUPYETCs CIydailHOe YHUCIIO € U BBIUUC-
JISIeTCsl TIocIeIyIonee 3uadenne Qg1 1. B pesysbrare NpuUMeHeHUsI STOrO aJrOpPHUT-
Ma, obpasytorcst nocsenoBaresnbHocT {ts} n {Qs}, KOTOpbIe HA KOODIMHATHOI
IJIOCKOCTH 00pa3yloT ciydaiinyio cucreMy Todek {ts,Qs} U COOTBETCTBYIONLYIO
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eff ciayuaiinyio TpaekTopuio. OUeBUIHO, UTO BCAKUI pa3 MpU MOBTOPEHWH aJro-
purma (16) obpasyercst HOBast CiaydaiiHas TPAGKTOPHSsI, MOCKOJIBKY KayKIBI pa3
caydJailHas BeJIMUMHA € NEHEPUPYET HOBBIE CJIyJailHble 3HATEHUSI.

[Ipu ugmcnenHoii peasmsanuu agropurma (16) BpeMeHHON IIPOMEKYTOK
t € [0,40] 6b11 pasbur HAa n = 200 OJMHAKOBBIX 4YacTeil ¢ IOCTOSHHON BEJINYH-
noit mara Aty = At = 0.2. Hucso peanuzaruil crygaifHOrO mpoIecca TMHAMUKA
npenpusitus 6610 npunaTo m = 200.

Canenyer ormerurb, 4ro B HadaiabHOW Touke {t = 0, Q@ = Qp} u B TOoUKax
{t = 40, Q = Qo } cTOXaCTHYECKUii POIECC CTAHOBUTCS MOYTU JETePMUHUPO-
BAHHBIM, YTO SIBJISIETCSI BIIOJTHE OYKUJAEMBIM U OIIPEJIEJISIeTCs] BUIOM (DYHKITUU
ko3 durmenta BosarmwibHoctn (11).

Bu sroit dyskipm Z((Q)) He O3BOJIsIeT HAWTH TOYHOE PEIeHUe JIJIsk MaTeMa-
Trdeckoro oxkuganus dysximn Q(t) ¢ nomomnsio dopmynst Vro.

CraTucTiyeckoe oCpejiHeHIe CTOXaCTHIeCKoro ypasHeHust (9)

d(Q) = 0(t) (5(Q)) - dt = 0(t) (-AQ" + BP Q") - dt (17)
IPpUBOJUT K YPaBHEHHIO, COoAepPzKallleMy CTaTUCTUYICeCKNE MOMEHTDBI:

d
D o) (-A@) +BP@Y). (18)

IIporece Moc/IeJ0BATEILHOTO BBIYNCACHNST CTATUCTHYCCKIX MOMEHTOB BHJIA
(Q"(t)) MpUBOIMT K MOABICHMIO MOMEHTOB GOJiee BBICOKHX TIODSIKOB, 06pasy-
FOIUX OECKOHETHYIO IENOYKY CTATUCTUIECKUX ypaBHEHUH, KOTOPYI MOXKHO 000-
pBaTh, CIIeJAB OIPE/IeIeHHBIE JIOIYICHHUSI.

B kadecTBe TAKOro JIONYIIEHNs IPEJIION0KIM 3/1eCh, 4TO (DIIyKTYaIlul BeJIn-
qunbl Q)(t) OTHOCUTEIBHO ee cpenmero 3uadenus ((Q(t)) TPOMOPIMOHAIBHBI CITy-
vaiiHoil Besuuaunne &(t):

Q—(Q)=¢- e (19)

oo}

3nech £ = p (<Q> — QO) (1 — é?&) — KO3 PUIMUEHT TPOTOPIMOHATHEHOCTH.

Torna BbIpaskenme yisi BeamauHbl QP ¢ yuaerom dopmyiibl (19) npunuMaer
BU/T,

Q=@+ =@ 1+ 5-¢)" (20)

Orpanununsasice B (popmyiie (20) MajbiMu (bIIyKTyarusiMu }f@ . 5‘ < 1, pac-
CMOTPHUM TPHU CJIATAEMBIX CXOJIATIEr0oCs: OMHOMUAJIBLHOTO P

_ £ h(h—1) &
Qh—<Q>h<1+h@'6+T<Q>2-52+~--). (21)
Berancisist mo dopmyiie (21) cpe/tame BeTMInHbI
U\~ u u(u—l) 62 a\ ~ a a(a_l) 62
@)= @ (1+ =5 gm) @)= @° (1+ =57 55)
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u nojictasist uX B ypasaenus (17), (18), maxonum auddepenimaibHoe ypaBHe-
HEe I MareMaTndeckoro oxuganus (Q(t)) dyHkun npousBoacTBeHHOTO (hak-

Topa Q(t):

Q) _ iy, uu=1) & afy, a=1) &
S = —40(Q) (1+ T@) +BPo(Q" (1+ TW) (22)
HawasibHoe ycioBue jyist ypaBHeHnst (22) 3aliCBIBACTCH B BUJIE
(Q(0)) = Qo. (23)

CpaBreHne pe3yJsIbTaToB YUCICHHOTO peleHus 3aaau Kommn (22), (23) ¢ anc-
JIECHHBIMU 3HAYEHUSIMU CTATUCTUYIECKOTO CPEJIHEr0, BBIYUCIEHHOTO [0 BCEM JBYM-
cTaM peam3arysM ajaropurMma (16), TOKasblBaeT WX MOYTH MOJHOE COBIAJICHNUE.

Ha puc. 1 mpe/craBieHbl 9UCICHHBIC PeATH3aIn pernenuii ajaropurma (16)
B BU/Je ceMelcTBa CTOXaCTUYECKUX TpaeKTOpI/H/UI 1 KpuBasd MaTEeMaTHUICCKOI'O O2KH-
JIaHWsl, TIOCTPOEHHASI B COOTBETCTBHUU C YUCJIEHHBIM pernenueM 3aja4un Komm (22),
(23), st cotydasi cTabuIbHOI paboThl IpeANpUsATUst, Tpu KoTopoM dyHKIwms (15)
TOXKJIecTBeHHO paBHa eaunuie (6(f) = 1), a pasmep OTKJIOHEHUSI PABEH HYJIIO
(w = 0). st HAISAHOCTH Ha PHUC. | MOKA3aHBI TOJIBKO ISITH CTOXACTHICCKUX
KPHUBBIX U3 JABYXCOT.

Buauenne BesmInHbl Qoo = 34.551 Bhruncieno no dpopmyse (14) B coorser-
CTBUU C IPUBEJIEHHBIMU PACIETHBIMUA 3HAUECHUSIMU IAPAMETPOB.

Ha puc. 2 npejicraBiieHbl YUCIEHHbIE DeATH3aIN pelennii ajiropurma (16) B
BHJIE CeMeliCTBa CTOXaCTUIECKUX TPAEKTOPHUIl U KPUBas MATEeMATHIECKOIO OXKU-
JIQHUsI, IOCTPOEHHAsI B COOTBETCTBHUU C YHUCJIEHHBIM pereHneM 3a1aun Komm (22),
(23), Jyuist cirydas epeoCHAIeH sl IPOIECca IPOU3BOJICTBA HA BPEMEHHOM MHTEp-
Bajsie (t* — o,t* 4+ o) ¢ neurpom B TOuKe t* = 15 m pajmycom mHTEpBasa o = 5.
Pasmep orksionenust dyukinun (15) B 9T0M ciIydae npuHAUMAETCS w = 1.

Ha puc. 3 npecraBieHbl YiCICHHBIE DEATH3AIN perenuii asropurya (16) B
BHJIe CeMeiiCTBa CTOXaCTUYECKUX TPAEKTOPHUIl U KPUBas MATEeMaTHYECKOIO OXKU-
JIAHUsI, IOCTPOEHHAsI B COOTBETCTBHUU C YHUCJIEHHBIM pereHneM 3a1aun Komm (22),
(23), muist cirydast IepeoCHAIeHUsl IIPOIeCcca TPOU3BOJICTBA HA BPEMEHHOM WHTEP-
BaJsie (t* — o,t* 4+ o) ¢ neurpom B TouKe t* = 15 u pajmycom mHTEpBasa 0 = 5,
COITPOBOXK/IAEMOI'0 YACTUYHBIM CBOPAYNBAHUEM IPOU3BOJICTBA. Pa3mep oTkjoHe-
uust Gyukiwn (15) B 9TOM CiIydae npuHEMaercsa w = 1.5.

B ciyuae ecom BOJATHIBHOCTE p OOpAaIaeTcss B HYJIb M MPOIECC CTAHOBUT-
Cd JeTepMUHUPOBAHHBIM, IOJyYEHHDbIC PE3YJIbTaThbl COBIIAJAIOT C PE3yJabTaTaMUu
pabotsl [23].

[IpumeHUM TOCTPOEHHYIO CTOXACTHIECKYIO MOJIENb JJIsi PacdeTa moKasaTeseil
passurus [TAO «Yensbunckuilt TpyObONPOKATHBIA 3aB0oay. CTaTHCTUIECKHE TaH-
HBIE 110 BBIILYCKY [IPOJLYKIIUK TUM IIpeIpUsiTueM puBejiensl B tabir. 1 [25]. 3xech
nepeMeHHasi BpeMeHn ¢ uaMensiercst Ha orpeske [0, 10], a ee mesible 3HAYEHUs CO-
oTBeTcTBYIOT Tojam ot 2008 mo 2017.

[Tpoussoscreennas dyukius (1), anmmpokcuMupyroias JaHHble Tabr. 1, mpu-

HHUMaeT BUJ
V =0.914 . Q0943 (24)

Ha puc. 4 npusesen rpaduk GyHKIMI BBITYCKA IPEIIPUSATHSI, TOCTPOSHHBIIT
1o dopmyste (24).
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Factors of Production, @ Factors of Production, @

Factors of Production, @
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Puc. 1. CeMeficTBO CTOXaCTHIECKAX TPAEKTO-
pHii, IOCTPOEHHBIX B COOTBETCTBHUU C UMCJIEH-
HBIMH peajimsanusMu aiaropurMa (16), u Kpu-
Bas MareMaTHdeckoro oxuganus (Q(t)), mo-
CTPOEHHASI II0 Pe3YJIbTATAM YHCIIEHHOIO perlie-
nus 3anaun Ko (22), (23). Pacuernble 3ua-
qenus: n = 200, At = 0.2, m = 200, Qo = 10,
P=10,a =035 u=1, A=02 B =02,
p=0.25 w=0
[Figure 1. The family of stochastic trajectories
constructed in accordance with the numerical
implementations of the algorithm (16) and the
expectation curve (Q(t)) constructed from the
results of a numerical solution of the Cauchy
problem (22), (23). Parameters for calculating:
n = 200, At = 0.2, m = 200, Qo = 10,
P=10,a=035u=1 A=02 B =0.2,
p=0.25, w=0]

Puc. 2. CeMeiicTBO CTOXaCTUYECKUX TPAEKTO-
pHii, IOCTPOEHHBIX B COOTBETCTBHUU C YHCJIEH-
HbIMHU peasm3anuamu agropurMa (16), u kpu-
Basl MaTeMaTmIecKoro oxuganus (Q(t)), mo-
CTPOEHHAsI 110 PE3y/IbTaTaM YHCIEHHOIO perie-
Hust 3aa4u Ko (22), (23). Pacuernble 31a-
genus:: n = 200, At = 0.2, m = 200, Qo = 10,
P=10,a=035u=1 A=02 B =0.2,
p=025w=1,t"=150=5
[Figure 2. The family of stochastic trajectories
constructed in accordance with the numerical
implementations of the algorithm (16) and the
expectation curve (Q(t)) constructed from the
results of a numerical solution of the Cauchy
problem (22), (23). Parameters for calculating:
n =200, At = 0.2, m = 200, Qo = 10, P = 10,
a=035u=1 A=02 B=0.2 p=0.25
w=1,t"=150=15]

Puc. 3. CemeifcTBO CTOXaCTUIECKUX TPAEKTO-
puii, IOCTPOEHHBIX B COOTBETCTBUU C IHCJI€H-
HBIMHE peasmsanmsamu ajropur™a (16), u kpu-
Basi MaTeMaTHdeckoro oxujganust (Q(t)), mo-
CTPOEHHAsI [I0 PE3YJILTATAM YHCJIEHHOTO Pellle-
uus 3agaan Komn (22), (23). PacuerHbre 31a-
genusi: n = 200, At = 0.2, m = 200, Qo = 10,
P=10,a=035u=1 A=02 B =0.2,
p=025w=151t =150=5
[Figure 3. The family of stochastic trajectories
constructed in accordance with the numerical
implementations of the algorithm (16) and the
expectation curve (Q(¢)) constructed from the
results of a numerical solution of the Cauchy
problem (22), (23). Parameters for calculating;:
n = 200, At = 0.2, m = 200, Qo = 10, P = 10,
a=035u=1 A=02 B=02 p=0.25
w=15,t"=15 0 =5
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Tabmuma 1

Crarucrideckue nasnble 10 Boinycky npoaykiwm [TAO «YHensbunc-
kuii TpyGonpokarHeiit 3aBony> [25] [Factors of Production and Total
Production for PJSC Chelyabinsk Tube Rolling Plant [25]]

. Factors of Production, | Total Production,
Years | Time, ¢ Q@ (mln rubles) V (mln rubles)
2008 0 72.698296 63.721902
2009 1 77.103839 66.246199
2010 2 87.578960 72.564189
2011 3 92.435837 76.645429
2012 4 97.656699 84.048139
2013 5 100.399083 82.721179
2014 6 115.118761 97.184656
2015 7 123.270175 112.285286
2016 8 128.353653 109.806604
2017 9 142.265642 116.090570

Ha puc. 5 npejcraBieHo cpaBHeHHE I'Da(UKOB ISATH CTOXACTUYECKUX KPHU-
BBIX YHUCJIEHHON pPeaJIn3allui CIydaiiHOTO MPOIECCa, ONUCHIBAEMOIO AJITOPUTMOM
(16), u rpaduka maremarndeckoro oxunanus (Q(t)) GyHKIMM TPON3BOICTBEH-
Horo dakropa ((t), HOCTPOEHHOrO B pe3yJbTaTe YHCICHHOTO PEIIeHUs 3aJ[adn
Komm (22), (23) ¢ pacuerneiMu ko3bdunuentamMn, ¢ COOTBETCTBYIOMIMI CTATH-
crudeckuMu JaHHbIME It ITAO «YenstOnHCKMIT TpyOOIPOKATHBIN 3aBOJI».

2. MaTemaTudyecKasi MOJIeJIb PA3BUTUSA ITPEIITPUSITUS 34 CUET BHYT-
peHHUX " BHeENIHUX uHBecTuiuii. O0O0IUM Tereph PacCMOTPEHHBIE BBIIIE
YPaBHEHUS CTOXaCTHUYCCKON MOJICIIM PA3BUTUA IIPEAIPUATUA Ha TOT Ciaydail, Ko-
IIa IOMUMO BHYTPEHHUX MHBECTHUIIUNA B CTPYKTYPY IIPOU3BOIACTBA IPUBJIEKAIOTCSI
BHEIITHIE WHBECTHUIUN.

CocraBum ypaBrHeHust Oastanca it o0beMa dakTopa mpoussoiacTBa Q(t) Ta-
Koro npeaupuaTus. O4eBrHO, YTO IpUpalleHre o0beMa PaKTopa, IPOU3BOJICTBA
AQ(t) 3a HEKOTOPBII MaJIBI IPOMEZKYTOK Bpemenn At 6yjer 06pa30BaHO CyMMOii
YETBIPEX CJIATAeMbIX:

AQ = AQM + AQT + AQY + AQY. (25)

Brech npuparenne aMoprrsanuy gpaxropa npoussoicrsa AQ4A, npuparenne ya-
CTUYHOIO BOCCTAHOBJIEHHSI (PaKTOpa IIPOU3BOLACTBA 3a CYET BHYTPEHHHUX HHBE-
crumumit AQ!, ciydaiinbie KoseGanust mpupareHns: oobeMa (hbaKTOpa ITPOM3BOJI-
cTBa, 00YCIOBIIEHHBIE BOJATIIIBHOCTBIO Iporiecca Boimycka mpoaykimn AQYW | mo-
upexkHeMy 3ajatorces gopmytavu (3), (6) u (7).

IIpupalnenne BHEIIHNX MHBECTULINN 32 IPOMEXKYTOK BPEMEHU OLIPEIEIUM CO-
OTHOIIIEHIEM

AQC(t) = 0(t) G(t) - At. (26)

3aech G(t) —o0beM BHEIIHUX WHBECTHUIUIA.

MonenupoBanne pyHKIINM 00beMa BHEITHUX WHBECTHUIUIN CYIECTBEHHO 3aBU-
CUT OT YCJIOBWiI MHBeCTHPOBaHUs. FKcju ypoBeHb 00beMa BHEIIHUX WHBECTUIIHIL
olpe/iesisieTcsl YPOBHEM 06beMa MPOM3BOJICTBEHHOTO (hakTopa, To dyHkius G(t)
n dyuknus dakropa npousBoacTBa (Q(t) OymyT CBsI3aHBI MEXKIY COOOH HEKO-
TOPBIM CcOOTHOTMIeHneM. OTPaHTINMCS 3/IeCh CTEIEHHON 3aBUCUMOCTBIO (DY HKITHH
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& Rolling Plant. Calculated values: P = 0.914,
= 20 a = 0.9843; the points correspond to the data
bt in Table 1]
=
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Puc. 5. CeMeliCTBO CTOXaCTUIECKUX TPAEKTO-
puii, IOCTPOEHHBIX B COOTBETCTBUU C YUCJIEH-
HBIMHU peasm3anuamu ajaropurma (16), craru-
cTUUecKue JaHHble (TOYKM) M KpUBas MaTe-
Marmdeckoro oxkunanus (Q(t)), mocTpoeHHbe
[0 pe3yJIbTATAM YHUCJIEHHOTO DEIICHUs 331~
au Kommn (22), (23) ps ITAO «Yensibunckuit
Tpy6GonpoKaTHBIA 3aBogy. PacueTHble 3HATE-
aus: n = 200, At = 0.05, m = 200, Qo =
72.698296, P = 0.914, a = 0.9843, A = 0.12,
u=094,B=02,p=01,w=1,t"=50=
0.35; TOYKU COOTBETCTBYIOT JIAaHHBIM TabJI. 1
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[Figure 5. The family of stochastic trajectories constructed in accordance with the numerical
implementations of the algorithm (16), statistical data, and the expectation curve (Q(t))
constructed from the results of a numerical solution of the Cauchy problem (22), (23) for PJSC
Chelyabinsk Tube Rolling Plant. Parameters for calculating: n = 200, At = 0.05, m = 200,
Qo = 72.698296, P = 0.914, a = 0.9843, A =0.12, u =094, B=0.2, p=0.1,w=1,¢t" =5,
o = 0.35; the points correspond to the data in Table 1]

G(t) n Q(t) [27):
G(t) = CQ(t). (27)

Koncranra C' B dopwmyre (27) npezacrapiser coboil CTOMMOCTb MPHUBJICYCHHBIX
BHEITHUX MHBECTUIUI HA eIuHIIHBIA 00beMm pecypca Q(t), a mokasaresb crere-
HI v OITUChbIBa€T MHTECHCUBHOCTHL BHEJIPEHUA BHEIITHUX I/IHBGCTI/IL[I/IIjI B IIpeJanpudaTne
(0<wv<1).

Takum o6pasom, npupaiienue oobeMa BHEITHUX UHBeCTUImil (27) npumer Bu/I

AQC(t) = CO(t) QU(t) - At. (28)

C momornsio coorrorennst (28) ypasmerue 6aiamnca (25) CBOIUTCS K CTOXaCTH-
yeckoMmy auddepernnanbaomy ypasaenuto (9), B koropoM KoabduUIueHT cHoca
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OIIPEJICIISIETCST BBIPAYKEHUEM
S(Q)=—-AQ"+BPQR"+CQ", (29)

K03 dUIIEHT BOTATHIBLHOCTH HO-TIPeXKHeMY orpeessercs popmystoit (11), a na-
JaJIbHOE YCJIOBUE 3aJaeTCst cooTHommenueM (12).

Crpykrypa ypasuerust (9) ¢ koaddunuenramu (29) u (11) nokassiBaer, 4T0
npeanpusTre 6yIeT cTabuIbHO Pa3BUBATHLCS JIO TEX TOP, MOKa 06beM BHYTPEHHIX
u pHemHuX unasecturuit I = B P Q% + C QY OyieT NpeBOCXOAUTL aMOPTH3AII-
oHHble oTunciaennsa Ag = AQ".

Cuyuaiinplii nponecc B6smsn sHadeHnst Qoo CTAHOBUTCHA IIOYTH JIE€TEPMUHUPO-
BaHHBIM, TI03TOMY IPeJIe/IbHOE 3HaYEHHE () o, 00bEMA MPOU3BOJICTBEHHOTO (hAKTO-
pa Q(t) siBjsieTcsi pereHneM ypaBHEHHst

IQ—AQZ—AQU—FBPQG—FCQU:O. (30)

OueBnno, uro ypasuenue (30) B omimune or ypaBHeHus (13) MokeT OBITH
PeIIeHo TOJIbKO YrcsIeHHo. JucienHoe pemienne ypasaenus (9) ¢ koadbdunuenTom
croca (29), koaddunuenrom BosarmibHocTu (11) n HavaabHBIM ycsioBueM (12)
BBITIOJIHSIETCsT MeTOJIOM Ditiepa—MapysiMbl B cooTBeTcTBUE ¢ ajaropurmom (16).

CrarucTuyeckoe OCpeIHeHIe CTOXaCTHIeCKOro ypasaenus (9) ¢ koaddunumen-
tamu (29) u (11) npuBOANT K ypaBHEHUIO, COIEPIKAIINEMY CTATHCTUIECKAE MOMEH-

o1 (Q"(1)), (Q(1)) m (QV(1)):

d;‘? = 0(1) (A (Q") + BP(Q) + C (Q")). (31)

Beruucsisist 3ru MoMeHTHI 110 hopmyste (21), Haxopum

u(u —1) &2 )
2 (@)
a(a—l)fz)
2 (@?*)

A v (U_l) 52

[MoscraBisst 9TU cTaTHCTHYECKHE MOMEHTHI B ypasHenue (31), maxomum nud-
dbepennuanpaoe ypaBHeHHE I MarTeMaTHIecKoro oxumanus (Q(t)) dyHkmmn
pOU3BOJICTBEHHOIO bakTopa Q(t):

@~ (@) (1+

Q) ~ (@) (1+

df) =-40Q" (1+ (uz : <§22> )+
a—l 2
+BPOQ ( <g>2)+
v U(U_l) 52
+CO(Q) <1+T<Q>2>' (32)

HauanbHbIM ycioBueM Jijisi ypaBHeHus (32) Ho-IpexkHeMy sBJseTcs yciaosue (23).
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Eciu ypoBenb o0beMa BHEITHIX HHBECTUIUN HUKAK HE CBI3aH ¢ YPOBHEM 00b-
eMa [IPOM3BOCTBEHHOrO (bakTopa, To dhyHKus G(t) 3amaeTcs HEMOCPeJICTBEHHO
HNCXOa4d U3 Ha6JIIO,/IaeMbIX CTaTUCTUYICCKUX JTaHHDBIX.

B srom ciyuae ypasHenue 6asanca (26) cBOAUTCS K CTOXaCTHIECKOMY -
dbepennmanbaomy ypasaenuto (9), B KOTopoM KO3(hMUIMEHT CHOCA OIPEIE/ISIeT st
BBIPazKeHHEM

S(Q),1) = —AQ"(t) + BPQ(t) + G(1), (33)

K03(DDUIMEHT BOJIATUIIBLHOCTH [O-IIPEXKHEMY Bbluuciisiercst 1o dpopmyqe (11), a Ha-
JaJIbHOE YCJIOBUE 3aaeTCst cooTHommenuneM (12).

U3 ypasuenust (9) ¢ koapdurmenramu (33) u (11) caemyer, uro upeanpusrue
Oy/leT pa3BUBATLCS JI0 TEX MOP, MOKA 00beM BHYTPEHHUX U BHENTHUX WHBECTUIIAN
Igp = BP Q"+ G(t) 6yaer npeBOCXOIUTH aMOPTH3AIMOHHbIE OTYHCIICHNs AQ =
— u

B6siuzu savenuns Qo PA3BUTHE TPEITPUATUS CTAHOBUTCSI TIOYUTH JIETEPMUHU-
POBaHHBIM, TIOTOMY HpeJeTbHOE 3HaUeHNE (Jon 00bEMA TPOUM3BOJICTBEHHOTO (haK-
Topa Q(t) siBJIsieTcsl peleHneM ypaBHEeHUsT

IQ—AQ:—AQu—l-BPQa—i-GOO:O. (34)

B ypasuenun (34) Bemmunua Goo = tlim G(t) mpencrasisier coboil mpeebHOE
—00

3HAUEHNE BHEITHAX MHBECTHIHIA.

Hucnennoe perrenne ypasaenus (9) ¢ koaddurmentom cuoca (33), koaddu-
rreHToM BostarmiibHOCTH (11) 1 HavanbHbIM yeaoBueM (12) peanusyercst METOIOM
Ditnepa—MapysiMbl B cooTBeTcTBUE ¢ ajaropurmom (16).

CraTucTHIecKoe OCpeJHEHNE CTOXaCTHIeCKoro ypasaernus (9) ¢ koaddumumen-
tamu (33) u (11) npuBOIUT K ypaBHEHUIO

d

9D o) (-4 +BP@QY +G). (3)
[Moncranoska craructuaeckux MomenTos (Q(t)%) n (Q(t)*) B ypaBuenue (35)

IpUBOUT K JuddepeHuaibHOMy YPABHEHUIO JIIsi MATEMATHIECKOIO OXKHIAHIS

(Q(t)) dyuximu npoussoacreerHoro dbaxropa Q(t):

(@ u(u — 2
§it> =—-A60(Q)" (1+7( 5 1)<£>2)+
a—1) €

a a(
+BPo@)° (1+ TW) +0G. (36)

HauasibHbiM yesioBueMm Jijisi ypasHenus (36) mo-npexkHeMy sijsieTcst yciaosue (23).

PaccMoTpuM BapuaHT PasBUTUS IIPEAIPUATHS, IPH KOTOPOM HAMOOJIBIINI
pasMep BHENIHUX WHBECTUIUH BKJIAJIBIBAECTCA B IIPOU3BOJACTBO B HAYAJIbLHBIA MO-
MEHT BpPEeMeHHM, a 3aTeM YPOBEHb 9THX BHEIIHUX WHBECTHUIUI IIOCTEIIEHHO CHUYKA-
€TCsl JI0 OIIPEJIEJIEHHOIO IIPeJIeia.

[Tycrs cumzkenne obbema BHermnux uHBectuimii AG(t) 3a Bpems At Gyjer
POTIOPIMOHAJIBHO OTKJIOHEHHIO byHKImH G (t) OT MUHUMAJIBHOIO 3HAYEHUS STUX
naBecTUINR Gpjn:

AG(t) = =A(G(t) — Gmin) - At.
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[Tepexon k mpezery npu yciaosun At — 0 npuBoanT K b depeHmagIbHOMy
ypasuenuio st dynknun G(t):

dG(t) .
7 - _)‘(G(t) - Gmln)7

perreHre KoToporo ¢ HadajabHbIM yeaoBueM G(0) = Gpax JaeT 06beMbl BHEITHIX
BJIOXKEHUI B IIPEIIPUATHE B BUJIE

G(t) = Gmin + (Gmax — Gmin) exp(—At). (37)

3neck KoHCTAHTA Gipax TPECTABISIET COOOM MAKCUMAIBHYIO CTOUMMOCTD TTPHU-
BJICUEHHBIX BHEITHUX WHBECTUIIHI, A\ — IapaMeTp, XapaKTepU3yIoluii CKOPOCTD
CHU>KEeHNA O6’beMOB BHEIITHUX I/IHBGCTI/IL[I/IfI.

Eciin jyist Becex 3Havenuii aprymenTa t pyHKims BHEMHUX nHBectuimii G(t) =
= Gmax, TO IpeJieIbHOE 3HAUYeHNe OObeMa IIPOU3BOJACTBEHHOIO (axTopa (QQmd*
HAXOJUTCS M3 YPaBHEHUST

Ig—Ag = —AQ" + BP Q"+ Gray = 0. (38)

Ecion nuist Beex 3nadenuii aprymenTa t GyHKims BHemHuX nasecruimii G(t) =
= Gin, TO IIP€JIeJIbHOE 3HAUEHNEe 00beMa IIPOU3BOICTBEHHOIO (hakTopa QU™ Ha-
XOJAUTCS U3 ypPaBHEHUA

Ig—Ag=—AQ"+ BPQ"+ Guin = 0. (39)

B ypasrenusix (38) u (39) npeanosaraercs, uro A # B P. Takoe mnpe/osio-
JKEHIEe SKOHOMHYECKH BIIOJIHE OIPABJ/IAHO, IIOCKOJIbKY HOPMa HAKOILJIEHHUs WHBe-
CTUIMI ¥ HOpMa aMOPTH3AIUU BCeryia OJIM3KN JPYT JIPYTy U JIEXKaT B Ipejesiax
0.1-+0.2.

Ha puc. 6 npejcraBieHbl Yuc/eHHbIe peajn3aliuu periennii agropurma (16)
¢ koadurmenrom crHoca (33) B BuJle ceMeNCTBa CTOXACTHYECKUX TPACKTOPHI 1
TPeX KPHUBBIX JIJISI MATEMaTHIeCKUX oxkufannil ((Q(t)), MOy IeHHBIX B PE3yJIbTaTe
qrcIeHHbIX perennii 3agadu Kommn (36), (23), mas ciydast crabuabHON paboThI
pacCcMaTpUBAEMOrO IPEANPHUTHs, IpH KoTopoM dyukiwms 6(t) = 1, pasmep or-
KJtoHeHud w = 0.

BepxHsist KpuBasi cOOTBETCTBYeT MakKCHUMaIbHbIM HHBeCTHIWAM G (1) = Gpax,
HIZKHSISL KPUBasl COOTBETCTBYET MUHUMAJIbHBIM HHBeCTHIUAM G (t) = Gin, Cpej-
Hsisl KPUBasi COOTBETCTBYET yOBIBAIOIMM HHBeCTHINAM ((t), BBLIYUCAEHHBIM IIO
dbopmyite (37). Bnauenus BesmauH Qpv,, = 69.0189 u Q2% = 38.3290 sBisiiorcs
YHUCJICHHBIME peleHnsiMu ypasueruii (38) u (39) coorseTcTBEHHO.

PaccmoTpum errie o/iiH BapHAHT PA3BUTHsA HPEAIPUATHS, IPH KOTOPOM BHEIII-
HU€ MHBECTUINN BKJI/IBIBAIOTCS B IIPOU3BOJICTBO Ha HEOOJIBIIOM BPEMEHHOM HH-
repBaJte. IIpn 9TOM TH MHBECTHUIIMU CHAYAJa yBEJMYUBAIOTCS JI0 CBOETO MAKCH-
MAaJILHOTO 3HAYEHUS, & 32TeM YMEHBIIAIOTCH.

IIpumep Takux 06bEMOB BHEITHUX BJIOXKEHUIT B IIPE/IIPUATIE MOXKHO OINCATD

dopmyitoit

Y
G(t) = Crna exp<—(t2;§)). (40)
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3necb Grax — MaKCHUMAaJIbHASI CTOUMOCTD ITPUBJICYEHHBIX BHEITHUX WHBECTHIIHI;
tG — MOMEHT BpPEMEHH, OTBEYAIONINN MAKCUMAJILHOMY 3HAYEHUIO BHENTHUX WHBE-
CTUINN; 0G — PAJUyC BPEMEHHOI'O MHTEPBAJIa 3HAYNMOI'O BJIOYKEHUS BHEIHUX HH-
BECTUITUA.

Ha puc. 7 npejcraBjieHbl duc/IeHHbIe peaju3aiuu perenuii aaropurma (16)
¢ koaddurmenrom cuoca (33) B BHIE ceMeiicTBa HATH CTOXACTUYIECKUX TPACK-
TOpUil M TpeX KPHUBBIX JJIisi MaTeMaTHIeCKuX oxkupanuii (Q(t)), moaydeHHBIX B
pesyJibTaTe YuCIeHHbIX pertenunii 3agaun Kommu (36), (23), mis ciaydas crabuib-
HOI PabOTHI pACCMATPUBAEMOIO HPEIIPUsITHsI, IpU KoTopoM dyHKIms () = 1,
pa3mep oTKjoHeHus w = 0.

BepxHsisi KpuBasi COOTBETCTBYET MaKCUMaJIbHbIM UHBeCTHINAM G (t) = Guax,
HIKHSIST KPUBasi COOTBETCTBYET MUHUMAJIbHBIM nHBecTHIUSM G(t) = Gpin = 0,
CpeJiHsisl KpUBast COOTBETCTBYET yoOblaromuM nHBecTurwsiM G(t), BBIYUCIEHHBIM 1O
dbopmyite (37). Bunadenust Besmann Qoo = 55.8837 u Q2% = 34.5511 sBisiorcs
YUCJICHHBIME pellleHusiMU ypasHenuii (38) u (39) coorBeTCTBEHHO.

[TpumeHUM TOCTPOEHHYIO MOJIEJB [IJIsi pacdera mokasareseit pazsutuss OO0
«JTAJTA MxkeBckuit aBTOMOOMILHBIH 3aBO». CTaTHCTHYECKNE JAHHBIE IO BBITTYC-
Ky IPOJLYKIMY 3TUM IPEeJNPUSITUEM [IPUBeJIeHbl B Tabi. 2 [26].

MNe———————— Puc. 6. CeMelCTBO CTOXaCTUIECKUX TPACKTO-
oy pHii, IOCTPOEHHBIX B COOTBETCTBUAU C IUCJICH-
60 HOl peanmuzarmeit anroputma (16), m KpuBbIE
o> MareMarnueckux oxuganuit (Q(t)), mocrpo-
& 50- €HHBIE TI0 PE3YJIbTATAM IUCJICHHOTO DEIICHUST
3 acdA samaan Komwu (32), (23). Pacuernsle 3Haue-
§ XS e aus: n = 200, At = 0.2, m = 200, Qo = 10,
S 401 AR e P=10,a=035u=1 A=02 B =02,
S
& / p=025w=0
b 301 [Figure 6. The family of stochastic trajectories
n constructed in accordance with the numerical
g 207 implementation of the (16) algorithm and
éﬁ) (Q(t)) mathematical expectation curves
10 constructed from the results of a numerical
solution of the Cauchy problem (32), (23).
Parameters for calculating: n = 200, At = 0.2,

m =200, Qo = 10, P = 10, a = 0.35, u = 1,
A=02, B=02 p=025 w=0

Puc. 7. CemelicTBO CTOXaCTUYECKUX TPACKTO-
puii, IOCTPOEHHBIX B COOTBETCTBUU C IUCJI€H-
HOIi peasmsanumeil anropurma (16), u KpuBble
MareMaTHIecKux oxkumanumii (Q(t)), mocrpo-
EHHbBIE 110 PE3YJITATAM YHUCJIEHHBIX DEIleHUH
sagaun Kommn (32), (23). Pacuernbie 3nave-
uus: n = 200, At = 0.2, m = 200, Qo = 10,
P=10,a=035u=1 A=02 B =0.2,
p=025w=0
[Figure 7. The family of stochastic trajectories
constructed in accordance with the numerical
implementation of the (16) algorithm and
(Q(t)) mathematical expectation curves
constructed from the results of numerical
solutions of the Cauchy problem (32), (23).

Factors of Production, @

0 y v y Parameters for calculating: n = 200, At = 0.2,
0 10 - 20 30 40 3 =200, Qo = 10, P = 10, a = 0.35, u = 1,
ime, ¢ A=02 B=02 p=0.25 w=0
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Tabmuma 2

Crarucrudeckue nanable 1m0 Bbinycky npoaykiuun OO0 «JTIAJTA
WxxeBckuit aBromobubHbIi 3aBos» [26] [Factors of Production and
Total Production for LADA Izhevsk Automobile Plant LLC [26]]

. Factors of Production, | Total Production,
Years | Time, ¢ Q@ (mln rubles) V (mln rubles)
2008 0 13.217574 8.456392
2009 1 14.207309 8.931730
2010 2 14.955581 9.372198
2011 3 17.083839 10.683700
2012 4 17.801323 11.779749
2013 5 21.029907 13.996108
2014 6 40.349890 22.646566
2015 7 47.985065 29.901182
2016 8 59.579269 45.173967
2017 9 72.758050 52.328860

[Tepemennasi Bpemenu t no-npexkaemy usmensiercst na orpeske [0,10], a ee
Iesble 3HaYeHusT COOTBETCTBYIOT TojiaM oT 2008 mo 2017.

AHajm3 craTuCcTHYeCKUX JAHHBIX TabJ. 2 moKasbiBaeT, uTo 10 2013 roga npe-
MIPUATHE PA3BUBAJIOCH MOHOTOHHO 3a& CUET BHYTPEHHUX WHBECTHUIN, a mocye 2013
rojia Ha pa3BUTHE IPEJNPUATUS CTAJIN CYIIECTBEHHO BJIUATH BHEITHUE MHBECTH-
102078

Hannbie Tabs. 2 10 2013 roja MOryT ObITH XOPOIIO AINIPOKCUMUPOBAHBI TEO-
peTu4eCcKOi KpuBoi

Q(t) = 13.217574 + 0.26 t*21, (41)

Ha puc. 8 mnpejcraBieno cpaBHenue rpadukoB pyHKIUU obbema (akTopa
npon3BozcTBa (Q(t), TOCTPOCHHOIO 10 JAHHBIM Ta0JI. 2 (CIJIONIHAS JIOMAHAsT JIU-
Hust), u dbysxmun (41) (mrpuxoBasi JIMHUA).

CpaBHeHne 5TUX T'PAPUKOB IOKA3BIBAET, UTO HA PA3BUTHUE MIPEIIIPUSATHSI ITOCIE
2013 rojia cyIecTBEHHO BJIUSIIOT BHeITHUE nHBecTuImn. CTaTucTHIeCKuiil rpaduk
QYHKIINK 9TUX UHBECTHUIHUI IpecTaBisieT coboil JIOMAHYIO JIMHUIO, TIOJTy YIeHHYTO
B pe3yJsibTare pasHoctu rpadukoB OYHKIWE, m300parKeHHbIX Ha puc. 8. Takoit
rpaduk GyHKINE 00beMa BHEITHUX WHBECTUIINH MOYKET OBITH JTOCTATOTHO TOUHO
AIIPOKCUMHUPOBaH ¢ oMoribio dyukimn (40).

Ha puc. 9 nokazano cpaBHeHne rpaduka QyHKINT 00beMa BHEITHUX WHBECTH-
Ui, TOCTPOEHHOIO TI0 CTATUCTUIECKUM JAHHBIM TabJj. 2, U rpaduka QyHKIHUH,
nocTpoeHHoro 1o dopmyiie (40).

[Tocrpoennast o manubiM Tabi1. 2 mpousBoacTBeHHast dyHKIW (1) 3anucsBa-
ercsi B BUJIE

V =0.75 - Q"L (42)

Ha puc. 10 mpexcraBiieHO cpaBHeHHE I'PadUKOB HATH CTOXACTUIECKUX KPHU-
BBIX YMCJICHHON Pean3alin CaydaiiHOro MpOoIecca, OMUCHIBAEMOIO aJrOPHTMOM
(16), u rpaduka maremarunueckoro oxunanus (Q(t)) GyHKIMM TPOU3BOJICTBEH-
Horo dakropa @(t), HOCTPOEHHOrO B pe3yJbTaTe YHCIEHHOTO PEIIeHUs 3aJadu
Kommm (36), (23) ¢ nmpoussojcrBennoii dbyukimeit (42) u pacuerabivMu Kodddu-
MIHEHTAMHI, COOTBETCTBYIONUMHI CTATUCTHIeCKUM JaHHbIM paboTsr OO0 «JIATA
M>keBCcKuil aBTOMOOMIILHBINA 3aBOJIY.
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80

Puc. 8. O6bem daxropos npoussozacTsa Q(t)

g O00 «JIAJA Uxkesckuii aBTOMOOHIIb-

HBI 3aBOJ» 1O JAHHBIM Tabs. 2 (CrurommHas

JlomaHast uHus ) 1 pyHKiws (41) (iurpuxosast
JINHYSA )

[Figure 8. The volume of factors of production

Q(t) for LADA Izhevsk Automobile Plant

LLC by data of Table 2 (solid broken line) and
the function (41) (dashed line)]

Factors of Production, @ (mln rubles)

0 2 4 6 8 10
Time, t (years)

80

Puc. 9. O6bem BHemnwmx wmaBecTuimit G(t)
60 s O00 «JIAIJA UxkeBckuii aBTOMOOHJIb-
HBI 3aBOJ» Ha OCHOBAHMU JAHHBIX TaOJI. 2
(crutomHas tomanast auHus) U GyHKIws (40)
(mrpuxoBasi JsimHUsT). PacdeTHble 3HAYEHUSI:
401 Gmax = 33.25, tg = 9, oc = 1.85
[Figure 9. The volume of external investments
y G(t) for LADA Izhevsk Automobile Plant
201 2 LLC based on data from Table 2 (solid broken

? line) and the function (40) (dashed line).
. Parameters for calculating: Gmax = 33.25,
. tec =9, og = 1.85]

External Investments, G (mln rubles)

Time, ¢ (years)

—
o
o

Puc. 10. CemelicTBO CTOXACTHYECKHX Tpa-
€KTODHii, IIOCTPOEHHBIX B COOTBETCTBUHM C
YUCJIEHHBIME Peasn3anusiMu ajropurma (16),
CTATUCTUYECKNE JaHHble (TOUKM) M KpUBAsI
MaremaTuaeckoro oxumanusa (Q(t)), mocrpo-
€HHasl 110 Pe3yJIbTaTaM YHCIEHHOIO PEIIeHUs
sagaan Komm (36), (23) mas OO0 «JIAJTA
M>keBckuii aBTOMOOMJIBHBIN 3aBo». Pacder-
uere sHadenns: n = 200, At = 0.05, m = 200,
Qo = 13.217574, P =0.75, a = 0.95, A =
0.12, w = 1.0, B = 0.2, p = 025, w = 0;
TOYKU COOTBETCTBYIOT JAHHBIM TalJI. 2
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[Figure 10. The family of stochastic trajectories constructed in accordance with the numerical
implementations of the algorithm (16), statistical data, and the expectation curve (Q(t))
constructed from the results of a numerical solution of the Cauchy problem (36), (23) for LADA
Izhevsk Automobile Plant LLC. Parameters for calculating: n = 200, At = 0.05, m = 200,
Qo = 13.217574, P = 0.75, a = 0.95, A = 0.12, u = 1.0, B = 0.2, p = 0.25, w = 0; the points
correspond to the data in Table 2]

358



Maremarndeckue MOZEIH CTOXACTHICCKON JUHAMUKH PA3BHTHUSI IIPEAIPHITHH

3aksouenue. Pa3zpaboranbl HOBbIE CTOXACTHYECKHIE MOJE/H JUHAMUIECKOTO
pa3BuTus 0JHOMAKTOPHBIX IPOM3BOJICTBEHHBIX IIPEAIPUATHH 38 CIET BHY TPEHHUX
U BHEITHUX WHBECTHUIAI.

TlocTpoennr croxacTudeckue quddepeHnuaabHbie ypaBHeHus 6aanca Ijist Ta-
KHUX TPEINPUATHN, ONUCHLIBAIONINE CJIyYailHbIe MPOIECChl YBEJIUYEHUS BBIITYCKA
MPOJYKIINUA U POCTa PaKTOPOB MIPOU3BOJICTBA.

WcciteroBano B3anMo/ieiicTBIE POIIOPIIUOHAIBHBIX, [IPOI'PECCUBHBIX U JIUTPEC-
CUBHBIX aMOPTHU3AIMOHHBIX OTYUCJIEHNI C BHYTPEHHUMHU U BHENTHUMU WHBECTHUIU-
SIMU.

CdopmymupoBaHbl yCJIOBUsT PABHOBECHOTO COCTOSITHUST PAOOTHI MPEIITPUSITHS
U [IOJIy9eHbl YPABHEHUS JIJIsl OIIPEJIe/IEHUs] IPEJIEbHBIX 3HAUCHUI (PaKTOPOB IIPO-
MU3BOJICTBA, IPU JIOCTHUKEHUHM KOTODPBIX MAJbLHEHIUN POCT BBIYCKA ITPOJYKITHH
HPEJIIPUSATHEM [IPEKPAIIAETCS.

PaccmoTpennt Tpu BapuaHTa pa3BUTHUS IPEANpUATHii. B epBoM ciiydae mpe/-
NIPUSTHE PA3BUBAETC CTAOUJILHO U IOCTYIIaTeIbHO. Bo BTOpOM cityvae rpemipu-
sATUE BPEMEHHO IMPUOCTAHABINBAET POCT BBITYCKA ITPOJIYKIINY, TIEPEOCHAIas ITPO-
MU3BOJICTBO M 3aMEHsIs TEXHOJOrn4IecKoe obopyioBanue. B Tperbem ciryuae mpe/i-
[PUSATHE BBIHY?K/IEHO BDEMEHHO CBOPAYUBATH ITPOU3BOJICTBO IIPU CMEHE TEXHOJIO-
TUYECKOTO YKJIAIA.

IIpeacraBiien aaropuT™ MOCTPOCHUS CTOXACTUYECKUX TPACKTOPUN st CJIy-
JaitHoil (byHKIME (haKkTOpa MPOU3BOJICTBA HA OCHOBE UHUCJECHHOIO PEIeHUsi CTO-
XacTUIecKux M epeHIuaJIbHbIX yPABHEHUH PA3BUTHS TPEITPUSITUN.

Pazpaboran BapumaHT MeTOJ@ CTATUCTUYECKOTO OCPEHEHUS CTOXACTUIECKHUX
muddepeHnnaabHbIX ypaBHEHNN OajaHca MpeIIpusiTHil, ¢ IOMOIILI0 KOTOPOro
yCTaHOBJIEHBI JTuddepeHITnaIbHbIe YPABHEHUSA I ONPEIeCHUs MaTeMaTutIe-
CKUX OXKUJIAHUH ciryvuaiiHbix GpyHKImU (hakTOpOB IIPOU3BOJCTBA.

Iloxkazano, 4TO YHCIEHHbIE PENEHNS STUX YPABHEHUI U CTATUCTUYIECKOE CPEJl-
Hee 3HadyeHne QYHKIUH (haKkTopa TPOU3BOJCTBA, BLIYUCICHHOE IO JIBYMCTaM pe-
AJTU3AINUAM CTOXACTUIECKAX TPAEKTOPUIL, TAIOT MOYTH OJNHAKOBLIE PEe3y/IbTaThl.

YucaeHublit anam3 pa3paboTaHHBIX MOJEIel ToKa3aJjl XOpolllee COOTBETCTBIE
U3BECTHBIM CTATUCTUYECKUM JAHHBIM PAOOTHI TPOU3BOJICTBEHHOI'O MIPEIITPUITH.

Koukypupyiomiye nHTepechl. KOHKypUPYIOINX UHTEPECOB HE UMEEM.

ABTOpPCKUIT BKJIAJT 1 OTBETCTBEHHOCTDb. Bce aBTOpHI IpUHUMAJIN yYacTHe B pa3pa-
6OTKE KOHIIEIIUU CTAThU U B HAIUCAHUM PYKOIUCH. ABTOPBI HECYT MOJHYIO OTBETCTBEH-
HOCTB 3a IIPEIOCTaBJICHNEe OKOHUYATEIbHON pyKommcnu B medarb. OKOHUYATEbHAST BEPCUsT
pykomucu 6bL1a 0100peHa BCeMU aBTOPaMU.

®PunancupoBanmue. VccienoBanue BBIIOIHAIOCh 6€3 (DUHAHCUPOBAHMUSI.
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Stochastic calculation of curves dynamics of enterprise

A. L. Saraev, L. A. Saraev
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34, Moskovskoye shosse, Samara, 443086, Russian Federation.

Abstract

The article proposes mathematical models of the stochastic dynamics
of the single-factor manufacturing enterprises development through inter-
nal and external investments. Balance equations for such enterprises are
formulated, describing random processes of continuous increase in output
and growth of production factors. The interaction of proportional, progres-
sive and digressive depreciation with internal and external investments is
investigated. Equations are obtained to determine the equilibrium state of
the enterprise and the limiting values of the factors of production are cal-
culated. The cases of the stable progressive development of the enterprise,
the suspension of its work during the re-equipment of production and the
temporary crisis of production shutdown during equipment replacement are
considered.

The algorithm for the numerical solution of stochastic differential equa-
tions of enterprise development is constructed in accordance with the Euler—
Maruyama method. For each implementation of this algorithm, the corre-
sponding stochastic trajectories are constructed for the random function of
the production factor. A variant of the method for calculating the expec-
tation of a random function of a factor of production is developed and the
corresponding differential equation is obtained for it. It is shown that the
numerical solution of this equation and the average value of the function of
the production factor calculated from two hundred realizations of stochastic
trajectories give almost identical results. Numerical analysis of the devel-
oped models showed good compliance with the known statistical data of the
production enterprise.
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Teuenue KySTTa ropd4ero BA3KOI'o ra3a

A. H. Xopun, A. A. Kowwoxosa

MockoBckuii (PU3UKO-TEXHUIECKUA UHCTUTYT
(HaIMOHAIBLHBIN UCCJIEIOBATEIBCKUI YHUBEPCHUTET ),
Poccus, 141701, Honroupyaustit, IucTuTyTckuit mep., 9.

[=].74 =]
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Annoranus

Haiinerno HoBoe TouHOE perlieHne ypaBHEHMIT IBUKEHNS BI3KOTO Ta3a It
IUTOCKOT'O CTAIMOHAPHOIO CABHIOBoro redenns ropsdero (800-1500 K) rasza
MEXK/1y JABUZKYIIIMUCS C PA3HBIMU CKOPOCTSIME ITapaJlJIeJIbHBIMA I1JIACTHHA-
mu (aHAJOr HeckMMaeMoro Tedernst Kysrra). OjHa U3 IJIaCTHH CUATAJIACH
TerIon30upoBanHoil. st 3aBucuMocTr KodpuIieHTa BI3KOCTH OT TEM-
mepaTypbl npuHsita dopmysia Cazepierga. B orimane oT 1pyrux n3BeCTHBIX
TOYHBIX PEIleHuil, BMeCTO aHaJjoruu PeifHosibica (IpeIioioxKenue o JuHedi-
HOIl CB#A3M MeXKIy KO3(DUIneHTAMH BA3KOCTH M TEIJIOIPOBOIHOCTH) JIJIst
BBIYUCTIEHNST KOIDDUIINEHTa TEIJIOMPOBOTHOCTH HCIOIH30BaHa 00Jiee TOU-
Has (PopMyIIa, UMEIOIIasi B paCCMaTPUBAEMOM JIUAIIA30HE TEMIIEPATYP Ty Ke
TOYHOCTB, uTo U hopmyna Cazeprienna (2 %). C ucronb3oBaHneM Oy YeH-
HOT'O TOYHOI'O PEIeHUsI MCCIEIOBAHO KAYeCTBEHHOE BJIMSTHAE CKUMAEMOCTHU
Ha HAIps2KEHNe TPeHWsl U Ha npodmin temueparypbl U ckopoctu. [loka-
3aHO, 4TO (ec/M OJHA W3 IUIACTHUH TEIUIOM30JIMPOBAHA) CXKUMAEMOCTH ra3a
[IPUBOJUT K yBEJUYEHUIO HalpsiKeHusi TpeHus. [Iposeneno cpasuenue HO-
BOI'O TOYHOIO PelleHHsi ¢ u3BecTHbIM TouHbIM perrenueM (V. N. Golubkin,
G. B. Sizykh, 2018), nosy4ennnim ¢ ucrosabzosanueM Gopmysisl Cazepiienia
715 KO3 PUIMEeHTa BA3KOCTH U aHAJOTHH PeitHosbaca 1 KoadduimenTa,
remonpoBogHocTr. OOHAPYKEHO, YTO 00a PEIIeHns] MPUBOIAT K OIIMHAKO-
BBIM BBIBOJIAM O KAYECTBEHHOM BJIMSHUM CXKUMAEMOCTU Ha HAIPSKEeHUe Tpe-
HUsI 1 Ha TPOMIIIN TeMIIepaTyPbl i CKOpocTH. OTHAKO IPUPOCT HAITPSIZKEHWST
TpeHusd, BBI3BAHHBINA CXKUMa€MOCTbIO, IIPU MCIIOJIb3OBAHUU aHaJIOTUN Peﬁ—
HOJIBJICA OKA3aJICsl HEJIOOIIEHEHHBIM B J[Ba, Pa3a. JTO MMOKA3bIBAET, UTO IPE/I-
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KurouyeBbie ciioBa: Bs3Kuil ra3, ropsunii ra3, TOYHbBIE peIeHus, (hopMyJIa
CazepJiera, dhopmyIia Jijist TEIIONPOBOIHOCTH, aHAJIOrUs PeitHobca.

Monyuenue: 1 wost6ps 2019 r. / Ucnpasnenue: 14 mapra 2020 r. /
IMpunastre: 16 mapra 2020 r. / y6nukanus onnafin: 17 urons 2020 r.

Hayuynast crarbs

8 ©@® Konrenr nybismkyercs Ha yciaoBusix jmneHsun Creative Commons Attribution 4.0

International (https://creativecommons.org/licenses/by/4.0/deed.ru)
O6pa3ser aJis1 MUTUPOBAHUST

Xopun A. H.,, Konoxosa A. A. Teuenue Kysrra ropsiaero Bsaskoro rasa // Becmu. Cam. 2oc.
mexn. yu-ma. Cep. Pus.-mam. nayxu, 2020. T. 24, Ne 2. C. 365-378. doi: 10.14498/vsgtul751.

CBeneHnusi 06 aBTopax
Aunexcandp Huworaesun Xopurn R @ https://orcid.org/0000-0002-5251-4930

CTYZIEeHT; PaKyJIbTET a9POMEXAHNKN U JIETATEJIHHOM TeXHUKM; e-mail: khorin.an@phystech.edu

Anacmacusa Anamoavesna Komozosa ® https://orcid.org/0000-0002-7872-6974

CTymeHT; paKyJIbTEeT adPOMEXaHUKH U JIeTaTeJbHON TeXHUKY; e-mail: stasy.mare@gmail . com

365



Xopuu A. H.,, Koaroxosa A. A.

BBenenmne. OaunM M3 NMEPBBIX TOYHBIX PEIIEHU, ONMUCHIBAIONINX TEUCHUST
BSI3KOHM KUIKOCTHU, OBLIO PeIeHne 3aJa9i O JBUXKEHUN BSI3KOM HECXKMMaeMOoit
KUAKOCTH ME2K/1Yy JABYM¢ IMapaJlJIeJIbHBIMHA IIJIACTUHaMM, JABU2KYIIUMUCA B CBOUX
IJIOCKOCTSIX ¢ pasHbiMu cKopocTsivu (Tedenne Kysrra [1]). VpasHenus aBrzkeHust
BSI3KOTO (C:KMMAaeMOro) rasa 3HadmuTesIbHO cioxkueil ypasnennii HaBbe—Crokca
JUIs BSI3KOM HeczkuMaeMoii xkujikoctu [2-5]. Tlosromy mepsoe Tounoe perenue [6]
a7s1 Tedenusi KysTra BsI3KOro rasa yaaJioch HOJIYYUTh TOJBKO IIPHU JABYX YIIPOIIa-
IOIMUX IIPEIIOIOKEHNAX. Bo-TIepBbIX, MIPEIoarajach JUHEHHAs CBI3b MEXKITy
KO3 durmenTaMu BA3KOCTH (1 U TEILJIONPOBOAHOCTH A. Bo-BTOpBIX, 1711 KO3 du-
[MEHTa BA3KOCTH ObLIa MPUHATA CTEIEHHAsT 3aBUCUMOCTDH OT TEMIIEPATYPbI:

w=po(T/To)", (1)

rie n = 0.76. [Tozxke 6bLI0 0Ty UeHO TOYHOE perrieHne [7], B KoTopoM 00a Ipeiio-
JIOXKEHUsI OCTABAJIUCH B CHUJIE, HO TIOKA3aTEe/Ib CTEIIEHH 7 MOT' OBITh PaBeH JIIOOOMY
qucity ot 0.5 710 1. Oxuako 60s1ee 6JIM3KOI K PEAJbHOCTH SIBJISIETCS] HE CTEIICHHAS
saucumoctsb (1), a dopmymna Cazepiena [2—4]:

w=i (=) )

T* T+Ts’

e a1 Bosayxa T% = 273 K, Tg = 111 K, p* = 1.715- 1075 kr/(m - ¢). Cpas-
HEHME C HKCIePHMEeHTAJIbHBIMU JIAHHBIMU, [IPUBEJICHHBIME B Tabimiax [8], moka-
3BbIBAET, YTO TOYHOCTH 3TON (hOpMyJIbl He XyzKe 2 % Jisl Auama3oHa TeMIiepaTyp
170-1900 K mpu nasiennn menee 10 arm (Ipeamosarasoch, 9To BO3LYX CyXOii
U B HEM OTCYTCTBYET JIUCCOIMAIIUS).

HenaBuo B crarbe [9] mosydeno tounoe perienue Jjisi redenus Kysrra Bsis-
KOTO Ta3a C WCIOJIb30BAHUEM [IJIs1 BBIYHUCJICHUs (i OOJee TOIHOI (10 CpaBHEHUIO
co creneHHoil 3aBucumMoctbio) dopmyibl Cazepienya (2). Oxnako B [9] ocramocs
B CHWJIE MPEIIOJIOXKEHNE O JIMHEHHOM CBSI3U MeXKy KOd(pDUIHEHTAMEA BS3KOCTU
U TEIIOIPOBOHOCTH. DTO MPEIOIOKEHNEe CIUTACTCs ODIMENPUHATHIM [3,5] u uc-
IIOJIB3YETCA 0 CUX HOP JJId PA3JINIHBIX TEeYEeHU BA3KOI'O Ira3a (He TOJILKO JJId Te-
gyenusi Kysrra) kak B Teopernueckux ucciegoBanusx [10,11], rak u B uncieHHbIX
pacderax [12-15]. Oguako B menasmeit crarbe [16] Ha OCHOBE SKCIEPUMEHTAb-
HBIX JIAHHBIX [8] GBLIO IOKA3AHO, YTO OTHOIIEHUe \/[L JIJIsl BO3/LyXa He [HOCTOSIHHO
n Mensercda Ha 3.5 % Tonbko B jpmamasone 275 K < T < 375 K, a Bme sToro
Jlnara3oHa OTHOIIEHNEe A/ [ MeHsteTcs erne 6ostbiie. CiieoBaTeIbHO, NCIOJIB30Ba~
HUe JIMHEHHOW ¢BsA3U KOI(MDUINEHTOB A U [ IPUBOIUT K OIMMOKE BBHIUUC/ICHUSA A,
npeBOCXOJIsiineli omubKy Bblaucaenus i 1mo dpopmyse Cazepienga (2 %). Takum
06pasoMm, B pereHnn |9 TOYHOCTb BbIUnC/IeHHsT A ObLIA Xy2Ke TOYHOCTU BbIUUCIIe-
HUsl (1. B JIaHHOH cTaThe IpeJnpuHsiTa MOIBITKA YIYUIIUTh pe3yabrar [9] myrem
UCIIOJIL30BAHUS JIJIsl BLIUUCJIEHUS \ O60Jiee TOTHOU (POPMYIIbI, OITNOKa KOTOPO He
npesbimaer 2 %.

B Hacrosiiiee BpeMmst u3BecTHBI ABe Takue (opmyiabl. OgHa dopMmysia nMeer
rourocThb 2 % juist remneparyp 1T' < 1000 K. Ona npeioxena B Mmoxorpacdun [4]
U UMEET BUI

T \3/2T* +T)
A= N () (3)
T* T+ T

e aia sosayxa 1% = 273 K, Ty = 194 K, \* = 2.412- 1072 Br/(m - K). JIpyras
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dopmyna
T—-Ts

N (4)
e ms cyxoro Bosmyxa [ = 0.2415 - 1072 Br/(um - K3/2), npemoxena B [16]
u uMeer TouHOCTL 2 % Jutst ropstaero (800 K < 7' < 1500 K) Baskoro rasa.

Ucnonp3oBanue (3) IpuBeIo aBTOPOB JIAHHON cTaThu K A depeHInajIbHOMY
YPABHEHHIO, TOYHOE pellleHre KOTOPOro HOJIyduTh He yaanoch. Tounoe perenne,
KOTOPOE TIPUBEJIEHO HIZKE, YIAI0CH IIOJIYIUTh ¢ MOMOIILI0 (hopMyItnt (4).

Takum o6pa3oM, JaHHAs CTAThbs MOCBSAIIECHA IIOJY9IE€HHIO TOYHOTO PEIeHUs
Jutst redernst Kysrra Bs3Koro rasa ¢ ucrosb3oBanneM dhopmyi (2) u (4), nmeronmx
roarocThb 2 % auist ropsiaero (800 K < 7' < 1500 K) raza. Housna ucciieioBamms
COCTOUT B HCIOJIb30BAHUY [|JIst BEIYHCIICHHs \ Gostee TouHOi dhopmyiist (4) BMecTo
IIPE/IITOJIOXKEHNS] O JIMHEIHON CBA3U A U 4.

A=p

1. ITocranoBka 3agauu. PaccMorpum cranuoHapHoe IIJI0CKOe CIABUTOBOE Te-
YeHue COBEPHIECHHOT'O BA3KOI'O ra3da ME2KAY JABYyM: ABU2KYIMUMUCA B CBOUX IIJIOCKO-
CTSX TMAPAJIICILHBIMY TIJIACTUHAMU, PACIOJIOXKEHHBIMUA TOPU3OHTAIHLHO HA PACCTO-
suun H apyr or apyra (ananor Heckumaemoro tedenusi Kysrra). Beegem npsi-
MOYTOJIBHYIO JIEKAPTOBY cucTeMy KoopauHat Oxy, B KOTOpoii ock Ox HalpaBJIeHA
BJIOJIb HIDKHEH IJIaCTHHBL, a 0cb Oy MepIeHInKyJIsipHa IJacTuHaM. bymem cuu-
TaTh, YTO HUXKHSSI IIJIACTUHA HEIIO/[BUXKHA, & BEPXHSI IJIACTUHA [TEPEMEIAETCS CO
ckopocThio 1 (puc. 1). O6o3HAYUM: U — CKOPOCTb OJJHOMEPHOI'O TEYEeHUs BJIOJIb
ocu x, p— wnorHocTh, T — temueparypa, p = (1), X\ = A(T) — koabdurpenrst
JIMTHAMUYIECKON BS3KOCTH M TEILIOIPOBOJIHOCTU r'a3a, onpesesseMbie (hopMyiaMu
(2) u (4) coorBeTCTBEHHO.

T

/////6

Puc. 1. CppuroBoe TedeHue rasa MeXJly HENOABHXKHOI (HMXKHel) u ApuxKyuieiics (BepxHeit)
[IACTHHAMHY
[Figure 1. Shear gas flow between the stationary (bottom) and moving (top) plates]

Teuenue BSI3KOr0O Ta3a ONUCHLIBAETCS yPaBHEHHEM HEPA3PBIBHOCTH, ypaBHE-
HUEM WMIIYJIbCOB U ypaBHeHueM Oajanca suepruu |[3,4|. /laBienue, mIoTHOCTD
U TeMIlepaTypa COBEPIINEHHOTO Ta3a CBI3aHLI ypaBHEHWeM cocTosHus Menmese-
eBa—Kaneitpona. Bymem cumrTaTh, 9TO ABM2KEHHE Ta3a BBI3BAHO TOJILKO CHJIa-
MU BA3KOCTH 38 CYET IIepPeMeIeHUd BepXHel IIaCTUHDLI, & IIPOJOJILHBIN Ipajiu-
€HT JaBJIEHWsl OTCYTCTBYET, T. €. JaBJIeHWe MOCTOIAHHO p = pg = const. B pac-
CMaTpUBaeMOl OJHOMEPHON 3a/iade CKOPOCTb, IIJIOTHOCTb, TeMIlepaTrypa U JaB-
JIEHWE 3aBUCAT TOJBKO OT KOoopawHAaTHI y. llosToMy ypaBHeHUWe Hepa3pLIBHOCTH
BBITIOJTHSAETCH TOXKiecTBeHHO. OcTajbHble YPABHEHUS JIBHXKEHUS T'a3a IPUBOJIST
K Cjeayroneil cucreme:
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(g )y = 0, ()
(ATy), + p(uy)? =0, (6)
p = RpT = po > 0. (7)

3/1ech u Jasee HIKHUMA HWHICKCAMU «g» U «1» OD03HATAIOTCS 3HAYCHUST BEJTMINH
Ha moBepxHocTu HuKHell (y = 0) u Bepxueii (y = H) mIacCTHH COOTBETCTBEHHO.
R — oTHOmIeHNe yHUBEPCATHLHON Ta30BOI MTOCTOSHHON K MOJISIPHON Macce.

Bajiaua COCTOUT B HAXOXKJIEHUH perenus u, p u 1 cucremsr (2), (4)—(7) upn
3aJAHHBIX 3HAYCHUAX U1, po U 1p.

Kak ckazaHo BO BBeJIEHNH, 9Ta 3a/1a9a OTJIMYAETCsI OT 3aJa4u, pereHHoil B [9),
opmyoit st kKoaddunuenTa TersonposoaHocTu. B [9] ucnonbpzosana unelinas
saBucuMoctb: A(T') = u(T)No/po, a B JanHoit pabore — dopmysta (4).

2. Tounoe pemenume. 13 (5) cresyer, 4To HANpsXKeHWe TPeHUA T = L,

OJIMHAKOBO BO BCEX TOYKAX TEUEHUs, TO €CTh [l = To. Bo3bMeM B KadyecTse Xa-
PAKTEPHBIX 3HAYEHUI [JIOTHOCTH, BI3KOCTHU, TEIJIONPOBOIHOCTU U TEMIIEPATY Dbl
ux 3Hadenus npu y = 0, B KAUeCTBe XapaKTePHOIO 3HAYEHUsT CKOPOCTH — CKOPOCTh
BepXHell IJIACTHHBI U], & B KAYeCTBE XapaKTePHON JJIMHBI — PACCTOSIHUE MeKJLy
wiactunamu H. Ilepeiinem Kk 6e3pasMepHbIM [EPEMEHHBIM: p = p/po, T = [/ o,

A=A, T=T/To, Ts =Ts/To, w =uju1, y =y/H, tie pp 1 Ny BbIYUCIEHBI

no dopmynam (2) u (4) gus T = Tpy. Torga s 6e3pasMepHbIX KOhDhUIMEHTOB

BSI3KOCTH ¥ TEIJIOPOBOIHOCTH UMeEeM

214 Ts oy _T=Ts
T+Ts (1-Ts)VT

Beesem BMecTO KOOpAMHATHL Y HOBYIO O€3pa3MepHYIO IIEPEMEHHYIO 1), BBIIIOJI-

HsIsSI TpeobpasoBaHme B
- [
o T(§)

upeioxkennoe B [16]. B paccmarpuBaemom cirydae (IOCTOSTHHOE JIABJIEHHE) 3TO
npeobpazoBanue copnajaer ¢ npeobpasosanuem lopoguunpina [5]. Torma

da_14d
dy Tdn’

p=T" (8)

u ypastenusi (5), (6) npumyT Bu (Jasee BCOy MTpUX OyjaeT 0ob03HAUATH JIUD-
bepennupoBanme Mo HOBOI Ge3pa3MepHOiT KOOPMHATE 1))

HT
al = T2 (9)
uipo p
A\ | Houl T
:T)-+ LE a2 =o.
<T )\oToT( )

C nomomipio (9) uckounM U’ U3 MOC/IeHEro ypaBHEeH sL:

AN/ 2H? T

<:T) ToE L (10)
T toAoTo
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[Moncranoska Beipakenuit (8) B dopmysy (10) maer

B =0, (11)

T-Tg1 =\’ T+Ts
LS 7 ) to— 2
( VT T VT
rne B =1H / \/ 2(1 + Ts)poBTo/To. Ypasnenne (11) HesuHEHHO OTHOCHTETHHO
T =T(n). Onnako 3amena

T n) + Tg
fn) = T+ Ts )7 (12)
T(n)
CBOIUT €ro K ypaBHEHUIO KOJieDaHmit
f// + BQf -0.

[Mosromy dyukuus f(n) upexcrasisiercss B8 Buge f(n) = Acos(Bn + ¢), rue
A>0uyp € (—m, | — HEKOTOPbIE KOHCTAHTBI, KOTOPBIE OYIyT ONpE/Ie/IeHbl HUZKE.

U3 yenosus T(0) = 1 u uz ypasnenust (12) BoITekaer cBsa3b KoHcTaHT A 1 (p:
Acosp=1+Tsg. (13)

Hckomas sasucuMocThb 1'(n) BoIpazkaeTca depes GyHKmio f(n) u3 ypaBHeHns
(12), KoTOpOE MMEET [1BA PEIICHUSL:

T(n) = 05(f(n) + \/f2(n) — 4Ts).

Opnako yenosuio 1(0) = 1 ¢ yaerom (13) yI0BIeTBOPSIET TOTBLKO OJHO W3 HUX
(mpu Ty > Tg = 111 K):

VT = 0.5(f(n) + \/m> =

= O.5<A cos(Bn + ¢) + \/A2 cos?(Bn + ¢) — 475), (14)

T.C.

2

T(n) = 0.25A2 (cos(Bn +o)+ \/ cos2(Bn + ¢) — 4Ts /A2) (15)

U3 ypasuenusi cocrosinust (7) —
p(n) =1/T(n).

[Tpu 3amanHOM pacupejeserun remieparypbl 1'(7) IWIOTHOCTD OIIPE/eJIseTCst
no dopmyiie (7), a KoopauHaTa J — KaK UHTErpaJjl ¢ IePEeMEHHBIM BEPXHUM IIpe-
JEeJIOM:

mmzﬂ%@%zym—Y@, (16)

rJie JIJIsi TOYHOT'O PEIIeHUs CYIECTBEHHO, YTO 3TOT UHTErpaJsl OepeTcs: U mepBood-
pasnas Y umeer gBHYyIO (hopmy:
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Y(n) = 0.254*B7! <cos(B?7 + @) + \/cos2(Bn + ¢) — a2> sin(Bn + ¢)+

sin(Bn + ¢)
V1—a?

IToCKOIbKY paccMaTpUBAETCs TOJLKO TaKOil AUalla30H U3MEHEeHUs KOOP/IUHA-
THI 7], B KoTopoM Temueparypa T > 0, dopmysna (16) Bcerma 3ajaer B3auMHO
OJTHO3HAMHOE COOTBETCTBUE KOOPJUHAT 1) U 7.

U3 (9) cremyer, 9T0 CKOPOCTH U ONPEJIE/ISIETCSl KAK MHTErPAJ ¢ IIE€PEMEHHBIM
BEPXHUM IIPEIEJIOM:

+0.254%°B71(1 — o?) <(B?7 +¢)+ arcsin( )), o = 4Tg /A%

oH ["T(&)

u(n) = —=
urpo Jo  1i(8)
[MoppraTerpasibHOe Bhipazkenue, coryacuo (10), umeer npejcrabieHne

Z __HoroTo (AT’>I.
1

ToH? \T
[TosTomy
_ AoTo n X—, / AoTo X—, n
u(n) u1ToH 0 <T > 5 UlT(]H(T ) 0 ( )

Hasiee paccMoTpuM citydaii TEIIOn30JIMPOBAHHOl BepxHeil (IOBIZKHOIT) m1a-
crusbl. D10 3Ha4uT, uro 1''(11) = 0, r1e 71 — 3HaYeHHe KOOPMHATHI 1) HA BEPXHEeii
wiactude. Tuddepennupyst (15), mosyanm

= 2BT(n) )
"(n) = — sin(Bn + ¢). 18
(n) oo (Bt o) o (B +¢) (18)
[ostomy paserctso 1/(n;) = 0 o3HAdaeT, 9To
sin(Bn1 + ¢) = 0. (19)

Ha Bepxueit mractune u(n;) = 1, u ypasuenue (17) 115t TeIyIon30IMpOBAHHOI
BepXHeil IIacTuHbI 11ocJe npuMenenust (18) maer

MTo (A= MoTo A0) = T 2B
1 = __2odo (:T’) 771:0_|_ OOﬂT,(O):— 040 sin .
urtoH \T 0 urToH T(0) u1ToH | /cos? o — a2

[Tockosbky n3 (13) caemyer

Veos?p —a? = \/cos2g0 —4Tg/A% = cos«p\/l —4ATs/(1+Ts)? =

=cosp(l1-Tg)/(1+Ts),

nMeeM _
MTo 2B(1+Tg)sing

uitoH (1 —Tg)cosyp
9TO MO3BOJISIET SIBHO BBIPA3UTH (0 Uepe3 MapaMeTphl 3a/1a4u:
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L w (1 —Ts) (T()H)
220710 (1 + TS) B
Ul (1 — TS)

T 20T (1+Ts)\/2(1 +Ts)uoBToy/To =

~w(1-Tg) pof
MVTo \20+Ts)

Iocaie sToro koncrantsr A > 0 u o = 4Tg/A? oupenensiorcs dbopmymoit (13).
JInst OKOHYATE/ILHOTO pelIeHHsl 33a9d OCTAJI0Ch ONpPEJe/UTh KOHCTAaHTy B.

Hockombky /T(n) >0 u A > 0, uz (14) saxmouaem, uro cos(Bn + ¢) > |a| upu

Beex 1 € [0,m]. B wacrrocTH, npu 7 = 0 umeeM cos ¢ > |a|. Bmecre ¢ ycnoBuem
¢ € (—m, | aro ozHavaer, uro ¢ € (—mw/2,7/2], u, cregosarenbuo, (Bn + ¢) €
(—m/2,7/2] upn Bcex n € [0,n1]. [Tosromy u3 (19) cremyer, aro

Bm+¢=0. (20)

YuaursBas (20) u (13), u3 (16) u u3 ycuaosus y(n1) = 1 mosyaum

1= Y ()~ Y(0) =0 Y(0) =
= —0.2542B7! (cos<p + \/m) sin p—

—0.254%2B7 11 — o? ( + arcsin(ﬂ)) =
( N T

= —0.5AB lsing — 0.254%2B71(1 — o < +arcsin<ﬂ))-
’ ooty Ve

Orcroza moJtygaeTcs SBHOE BhIpayKeHMe JIJisi KOHCTAHTHI 3 depe3 Jpyrue KOHCTaH-
Thl, HAallJICHHbIE paHee:

B = —0.5Asinp — 0.254%(1 — o? ( + arcsin(ﬂi»-
’ ooty o

Takum 06pazoM, IPUXOIUM K CJAEAYyIONEeMy pe3yabraTy. Jiist Jiro0bIX MomoxKu-
TEJIbHBIX 3HAUYEHUN CKOPOCTU BEPXHEN IJIACTUHBI U], PACCTOAHUS MEXKJLy ILJIaCTU-
Hamu H, 3Ha49eHUl BA3SKOCTH [4) U TEIIOIPOBOJHOCTU Ao Ha HIZKHeil IJIaCTHHE,
oTHOCHUTETBHOM Temueparypbl Cazepienna T's u 3HAYEHUI TEeMIIEPATYPhl HUXK-
Heil wiactunbl Ty u3 3agansoro auanasona 800 K < 7' < 1500 K dopmyisr (15)
u (17) maoT ToYHOE pellleHne ypaBHEHWil JIBUXKEHUsI BS3KOIO CXKHMaeMOro ras3a
B 3aBUCHUMOCTH OT IiepeMmennoit 7. [lepexon K ncxoaHOl mepeMeHHol i OCYIIECTB-
asiercst 110 opmysie (16). DTo pereHne ONUCHIBAET BI3KOE C:KUMAEMOE TeYeHHUe
KysTTa Mex 1y HU»KHENW HENOJBUKHOM MJIACTUHON M ITapaslIeIbHON el BepxHel
IUTACTUHOM, JIBYKYINEHCS CO CKOPOCTBIO U1, I ODINEro ciyd4asi, KOrmaa Ko3dd-
bunuenT BsskocTH M TeMuneparypa cBsizanbl (opmysioit Cazepiienia (2), koad-
bunuenT TENIONPOBOIHOCTH U TeMIepaTypa CBsti3aHbl (hopmysioit (4), a BepxHsist
NOABUXKHAS IJIACTAHA TEIJION30JIMPOBAaHA.

B cBs3u €O CJIOKHOCTBIO TIOJIYUYEHHBIX (DOPMYJI JijIs JTEMOHCTPAIINN CBONCTB
peIeHnsI B CJIEIYIOMNX pa3aeaax OyayT IpuBeaeHbl Tpoduim 6e3pasMepHbIX CKO-
pOCTHU, TEMIIEPATYPHI U HAIIPSXKEHUS TpeHus u, I’ 1 T.
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3. IIpodusu ckopoctu u Temneparypsl. Ha puc. 2 npencrasiena $yHk-
1T 3aBUCUMOCTU 0e3pa3sMepHOro 3HaveHus Temieparypbl 1 or 6e3pa3MepHOro
3HAYEHUSI TTONEPEIHON KOOPAMHATHI J IIPH PA3JIMYHbIX 3HAYECHUAX NMapamMeTpos Ty
u u;. Kak MoxkHO BuzieTh u3 rpaduka, IpH yBeJHIeHUH CKOPOCTU BePXHeil Il1a-
CTUHBI U] TeMIlepaTypa BepxHeil (TerromsosmpoBaHHOil) miactuabl 1'|y—1 BO3-
pacraer. OIHAKO TP MOCTOSAHHOM 3HAYEHUU U1 YE€M BBIIIE 3HAYEHUE TEMIIEPATY-
pbI HIDKHE( 1acTHHbL 1(), TeM He3HAYUTe/IbHee OTJINIAETCS OT Hee TeMIIEPATypa
BepxHeii mracTuHbl 1 lj—1.

IIpu paznuunbix 3HaYeHUAX HapaMeTpoB 1o u u; nMpoduab CKOPOCTH OJIH-
30K K IPIMOJTUHERHOMY OTPE3KY, COEIMHSIONEMY HAYATBHYIO U KOHEUHYIO TOYKN
npodusis, Tak 9TO BU3YyaJabHO Ha Ipaduke 3T0 HezameTHO. [Ipu 3HaUYMTELHOM
NpUOJINKEHUN K IIeHTPAIbHON 4dacTu npoduis (puc. 3) MOXKHO 3aMETHTb, YTO
110 Mepe YBeJIMYEHHsI CKOPOCTH BEPXHEH CTEHKHU U] M YMEHBIIEHUS] TEMIIEPATyPhl
HuKHel crenku Ty pacrer oraudne Mpoduiist CKOPOCTU OT OTPE3Ka MPSIMOI.

4. O npumenunmMmocTtu aHajsiorum PeitHoabaca. Kak 6b110 yrioMsaHyTO BbI-
nte, B crarbe [9] mosydeHo TouHoe perenue [t TedeHusi Kysrra BsI3KOro ra-
3a ¢ ucnob3osanneM dopmyinsr Cazeprenga (2). Oanako B [9] ocramocs B cuite
[IPEJIIIOJIOYKEHNE O JIMHEHHON CBA3U MeXkJy KOodhduimenraMu BS3KOCTH U Tell-
JonpoBojHocTH (aHasiorusi Peiinosnbica). [losyuennoe B JaHHON cTaThe TOYHOE
perrieHre BMecTe ¢ perieHneM [9| MO3BOIMIIO ONEHUTH BJIMSTHUE YIIPOIIAIOIIETO
IIPEJIIOJIOXKEHNsT O JIMHEHHOH CBsA3M KO3 MUIIMEHTOB BA3KOCTH M TEIIONPOBO/I-
HOCTHU Ha Pe3yJIbTaThl PacdeToB i TedeHus Kysrra. Ilna sToro pacdersr mpo-
duteit TemiepaTyp U 3aBUCUMOCTEI HAIPsi2KeHus Tpenusi oT yucjia Maxa M1 npu
TEIION30JINPOBAHHON BepXHEll IJIaCTUHE ObLIN IIPOBEMEHBI KAK 10 II0JIy YeHHBIM
B JIAHHOI cTarbe dopMyiaM, Tak u 1o opmyraam [9].

Cpasnenne npoduiieii remmeparyp nposejeHo npu u; = 150 m/c. Kak moxHO
BUJIETDh U3 puc. 4, Bce BBIBOJIBI, CJIEJIAHHDBIE B IIPEJIBLIYIIEM Pa3/iesie OTHOCUTEIHHO
npocuiieit TeMIepaTyphl, CIpaBeIuBbI U B CJIydae JuHeHoi 3apucumoctu. OJ1-
HAKO JIJIA O/IMHAKOBBIX 3HAYEHHI TeMIIepaTypbl HUZKHell ItacTuHbI 1{) TeMuepary-
pa BepxXHEN IJIaCTAHBI T\yzl B IIPEJIOJIOXKEHAN O JIMHEWHOW CBA3U OKA3bIBACTCH
OoJIbIIIE.

5. Hanpsikenne tpenusi. Kak nokasesiBaer ypashenue (5), HanpsizKeHHe
TPeHusA T = ,uu; OJINHAKOBO BO BCEX TOYKAX TEYEHUS U MOYKET OBbIThH BBIMHCJIE-
HO, HAIIpUMep, Ha HIKHEH 1iactune. J[is mcciieioBaHusl BAUSHUAS CKAMAEMO-
cTu BBejIeM Oe3pasMepHbIil KoaDUIMEHT HAlPsizKEeHUsI TPEeHus To = To/7T0p, IJIe
700 = (pou1)/H — KoaddunuenT HaNPSZKEHU TPEHUs JIJIs HECZKUMAEMOTrO Tede-
Hust Ky3rTa ¢ IOCTOSTHHBIM KO3(DMUITMEHTOM TUHAMIIECKONH BSI3KOCTH [io. A Tak-
JKe BBejleM 6e3pasMepHblii koaddurment — uncio Maxa: My = uy/ag, tiae up —
CKOPOCTH BepXHEH IJIACTUHBI, & @y — CKOPOCTHb 3BYKa HA HUXKHEH ILIaCTHHE, KOTO-
past BermcIsieTcst 1o opmyite ag = v kR1y, k = C,/C, (m1s1 paccMaTpuBaeMoro
JlHara3oHa TeMIepaTyp HPUHUMAJIOCh 3HadeHue k = 1.365). Ha puc. 5 npen-
CTaBJIEHBI 3aBUCUMOCTH Oe3pa3MepHOro KoahuimenTa HAIPIKEHIT TPEHUST T(
ot umucyiaa Maxa M1, KOTOpble BBIYUC/IEHDBI [IPU PA3HBIX 3HAYEHUSIX TEMIIEPATyPhI
HIKHeH mmactuabl 1y. VI3 rpadukoB Ha puc. b cjieyer, YTo MPHU TEILIOU30IUPO-
BaHHOW BepXHEN IJIACTUHE CKUMAaeMOCTh ra3a HPUBOJIUT TOJBKO K YBEJIMYEHUIO
HanpskeHus Tpernst. OIHAKO IIPU JIMHEHHON 3aBUCUMOCTH MeXK 1y KO3 durneH-
TaMU BSI3KOCTU W TEILIOMPOBOIHOCTH MPUPOCT HAIPSIZKEHUsI TPEHUST OKA3hIBAETCS
HEJIOOIEHEHHBIM IIPUMEPHO B JBa pa3a.

Sakirouenue. Haiinerno Todnoe pereHne ypaBHEHUN IBUXKEHHUS TOPSIETO
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[Figure 2. The temperature profiles for various values of Ty and wu1]

0.5020 ‘ :
1 = 100 m/s, Tp = 800 K
0.5015 | | —— u; = 100 m/s, Tp = 1100 K
= —— 4 =100m/s, Tp = 1400 K 4
g 0.5010 |- w1 =150 m/s, Tp = 800 K /.{ 5
g ———t; =150m/s, Tp = 1100 K o
S 0.5005 || === uy = 150 m/s, Tp = 1400 K | 77
3 w1 =225 m/fs, Tp = 800 K ,/}-/
20.5000 || —.-u; =226 m/s, Ty = 1100 K A
P — -y =225 m/s, Tp = 1400 K s
2 0.4995 ‘ : 5
2 VR4
g 0.4990 <
=
0.4985
0.4980 - -
0.497 0.498 0.499 0.500 0.501 0.502

Dimensionless velocity, ©

Puc. 3. Ilenrpasbhas 9acTb npoduieil CKOPOCTH IPU 3HATUTEIHLHOM IPUOIMKEHUHN IS Pa3-
JIMYHBIX 3HaYeHuil To m u1
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[Figure 4. The temperature profiles in the presence of thermal insulation on the top plate for
various values of Ty and u1 = 150 m/s; solid lines are consistent with this study; dashed lines
correspond to data from [9]]
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[Figure 5. The dependence of the friction stress on the Mach number M; in the presence of
thermal insulation on the top plate for various values of Tp; solid lines are consistent with this
study; dashed lines correspond to data from [9]]
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BSI3KOI'0 Ta3a, B KOTOPBIX (DOPMYJIBI JIJIsi BA3KOCTU M TEIJIOIPOBOIHOCTA UMEIOT
ToUHOCTD He Xyzke 2 %. Baskocrb 3aBucur or Temneparypsl o dhopmyre Cazep-
nenya (2), a TemonpoBoAHOCTh — 110 dopmydie (4). Perenne onuceiBaeT miockoe
craronapHoe capurosoe tedenne ropsiaero (800 K < 7' < 1500 K) rasa mex-
JIy JIByMs HapaJijielbHbIMU IJIACTHHAMU, BBI3BAHHOE JIBUXKEHUEM OJHOW U3 HUX
(czkmmaemoe Teuenne Kysrra). [TosydenHnoe TouHOe perenne mo3BOJINIIO UCCIIE [0
BaTh KAYeCTBEHHOE BJIUSIHUE CXKUMAEMOCTH HA HAIIPSIKEHUE TPEHUS U Ha TPOOUIN
TeMmieparTypbl u ckopoctu. Hecmorpsi Ha TO, 9TO pacdersl, MIPOBEJEHHbBIE C UC-
[TOJIb30BaHMEM aHaJoruu PeifiHoJIb/ICcA, TOKA3BIBAIOT aHAJOTUIHBIE KAUeCTBEHHBIE
3¢ dEKTHI, B MOJTHON Mepe KOJUIECTBEHHOE BJIUSHUE CXKUMAEMOCTHU JIJIsi T€ICHUS
Ky»sTTa nccienoBano mmeHHO B JaHHON paboTe.

KOHKypI/IpyIOI]_[I/Ie NHTEepeCHI. KOHKypI/IpyIOIHI/IX UHTEPECOB HE NMEEM.

ABTOpCKUli BKJaZ M OTBETCTBEHHOCTH. Bkiaz asropos: A. Xopum — 60 %, A. Ko-
aroxoBa — 40 %. ABTOpBI HECYT MOJIHYIO OTBETCTBEHHOCTDL 3a IIPEJOCTABJICHUE OKOHYA-
TeJbHOM pykomucy B medarb. OKoOHUYATEeTbHAS BEPCUs PYKONMCH ObLaa 0J00peHa BCeMu
ABTOPAMU.

q)I/IHaHCI/II)OBaHI/Ie. HCCHG,&OB&HI/IG BBIIOJIHSIJIOCH 0€3 CI)I/IHaHCI/IpOBaHI/IH.

BaarogapHocTb. ABTODBI GJIar0JAPHBI PEIIEH3EHTAM 32 TIATEJbHOE TPOYTEHNE CTAThU
U IIeHHbIE IIPEJIOKEeHNsT 1 KOMMEHTAPUU.
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Abstract

A new exact solution is found for the equations of motion of a viscous
gas for a stationary shear flow of hot (800-1500 K) gas between two parallel
plates moving at different speeds (an analog of the incompressible Couette
flow). One of the plates was considered thermally insulated. For the depen-
dence of the coefficient of viscosity on temperature, the Sutherland formula
is adopted. Unlike other known exact solutions, instead of a linear associ-
ation between the viscosity and thermal conductivity coefficients, a more
accurate formula was used to calculate the thermal conductivity coefficient,
having the same accuracy in the temperature range under consideration as
the Sutherland formula (2 %). Using the obtained exact solution, the qual-
itative effect of compressibility on the friction stress and the temperature,
and velocity profiles were investigated. It is shown that the compressibility of
the gas leads to an increase in the friction stress, if one of the plates is ther-
mally insulated. The new exact solution was compared with the known exact
solution (Golubkin, V.N. & Sizykh, G.B., 2018) obtained using the Suther-
land formula for the viscosity coefficient and the Reynolds analogy for the
thermal conductivity coeflicient. It was found that both solutions lead to
the same conclusions about the qualitative effect of compressibility on the
friction stress and on the temperature and velocity profiles. However, the
increase in friction stress caused by compressibility of the gas turned out to
be underestimated twice when using the Reynolds analogy. This shows that
the assumption of a linear relationship between the coefficients of viscosity
and thermal conductivity can lead to noticeable quantitative errors.

Keywords: viscous gas, hot gas, exact solutions, Sutherland formula, ther-
mal conductivity formula.
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Abstract

In this paper, the conformable fractional derivative of order « is de-
fined in complex plane. Regarding to multi-valued function z' =, we obtain
fractional Cauchy—Riemann equations which in case of @ = 1 give classical
Cauchy—Riemann equations. The properties relating to complex conformable
fractional derivative of certain functions in complex plane have been consid-
ered. Then, we discuss about two complex conformable differential equa-
tions and solutions with their Riemann surfaces. For some values of order of
derivative, «, we compare their plots.
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1. Introduction

The fractional calculus is an area of intensive research and development that
can be historically divided into old and new parts. In [1], the old part of fractional
calculus is referred to during the period 1695-1970. The books |2, 3| are valuable
resources for enthusiasts in detailed historical background. About the starting
point of fractional derivative, it should be said that L’Hopital asked the question
“what does derivative of order 1/2 mean?” namely j;—l/fz f in 1695. Two years
later, in a letter to J. Wallis, Leibniz discussed the infinite product of Wallis for
7 and used the notation d'/?y to denote the derivative of order 1/2 [4,5]. Many
researchers have been trying to generalize the concept of an ordinary derivative
and integral to a fractional derivative and integral. Discussing the inversion of
the integral equation by Griinwald in 1867, and proposing the sum of orders
in the product of fractional derivatives by Letnikov in 1868 opened new ways.
In 1872, Letnikov clarified the generalization of Cauchy’s integral formula and
utilized fractional derivatives to address differential equations. Relative to theory
and applications of fractional calculus these references should be suggested [6-8|.

There are many different types of fractional derivatives which have been sug-
gested by famous researchers such as Riemann, Liouville, Riesz, Caputo, etc. The
fractional derivatives of non-integer orders are utilized in the applied sciences to
describe the processes and systems. Most of the fractional derivatives of non-
integer orders form integro-differential operators. We can name them as “integral
based” fractional derivatives which have a set of non-standard properties [10-14].

On the other hand, in recent years a few types of operators have been proposed
that are attempted to be classified entitled “limit based” fractional derivatives. In
2014, Khalil et al. from one side and a few months later Katugampola from the
other side proposed two limit based fractional derivatives as conformable deriva-
tives [11,12]. However, the main idea in these definitions has been originated from
works of Tarasov within the framework of the model of continuous fractal media
in [15] (for instance see Eq. (1.1)) and also works of Li and Ostoja—Starzewski
in [16-19] which is called “fractal derivative”:

0f(z) _ lal' =" 0f(z)

oz « ox

In this paper, we focus on just the limit based form of fractional derivative,
namely conformable fractional derivative, in complex plane.

Complex functions provide an almost inexhaustible supply of harmonic func-
tions which means that solutions to the two-dimensional Laplace equation. In
modern mathematics, the fractional derivatives of non-integer order have been
introduced by such famous mathematicians as Riemann, Liouville, Riesz, Erdelyi,
Kober and other. Many of definitions for the fractional derivatives are of type an
integral form such as Riemann—Liouville definition and Caputo definition. In gen-
eral, the fractional derivatives of non-integer orders include a set of non-standard
properties [11,13,20,21].

There exists inconsistencies in the existing fractional derivatives (integral

based) as follows [11].

1. All fractional derivatives do not satisfy the known formula of the derivative
of the product of two functions: D%(fg) = fD%g + gDS f.
2. All fractional derivatives do not satisfy the known formula of the derivative
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a-Differentiable functions in complex plane

of the quotient of two functions:

ps(L) - D210

All fractional derivatives do not satisfy: D*DP f = D8 f in general.
Fractional derivatives do not have a corresponding Rolle’s Theorem.
Fractional derivatives do not have a corresponding Mean Value Theorem.
All fractional derivatives do not obey the Chain Rule:

O Ut W

D2(f o g)(t) = £ (g(t)) ' ().

The conformable fractional derivative has been applied in a variety of meth-
ods introduced to solve fractional differential equations. These methods include
variational iteration method, sub-equation method, functional variable method,
differential transform method.

In [22] different types of fractional-order logistic models in the framework of
Caputo type fractional operators generated by conformable derivatives are dis-
cussed. In [23], R. W. Ibrahim et al. establish new analytic solution collections of
nonlinear conformable time-fractional water wave dynamical equation in a com-
plex domain. A new fractional model for the falling body problem has been sug-
gested in [24], and [25]. The conformable two dimensional wave equation is solved
by using differential transform method [26]. W. Chung [27], in his paper, uses the
conformable fractional derivative and integral to give the fractional Newtonian
mechanics. His model has been applied for fractional harmonic oscillator prob-
lem, the fractional damped oscillator problem, and the forced oscillator problem
in the one-dimensional fractional dynamics. Since the conformable derivative is
theoretically very more comfortable to handle, in [28], the mathematical modeling
method for the fractional Bergman’s model which involves fractional conformable
derivative in Liouville-Caputo sense, and the fractional operators of Attangana—
Baleanu—Caputo fractional derivative, is introduced. In many problems, analytic
and exact solutions of fractional differential equations are not available, and nu-
merical solutions are possible. Problems involving conformable derivative may be
solved via shifted Legendre polynomials [29]. Sometimes the problem is to solve
fractional conformable differential equation with integral boundary condition [30].

In the last few decades physicists, applied scientists and engineers realized that
fractional differential equations provide a natural framework for fractional model-
ing of different processes such as viscoelastic systems, signal processing, diffusion
processes, control processing, etc. [20,31-36]. Several authors have introduced the
fractional derivative of complex functions. M. D. Ortigueira defines a generalized
Caputo derivative for complex functions with respect to a given direction of the
complex plane [37]. Since the Caputo definition is very welcome in applied sci-
ence and engineering, C. Li et. al [38] generalize the Caputo derivative in real
line to that in complex plane and discuss its properties. In [39], S. Owa discusses
how to extend the fractional derivative to analytical functions on the unit circle
U={z€C:|z| <1}.

In 2014, R. Khalil et al. introduces limit based for fractional derivative which is
called conformable fractional derivative [11| which is not really fractional. T. Ab-
deljawad [40] develops the definitions and the basic concepts in this new simple
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interesting fractional calculus. He proposes and discusses the conformable frac-
tional versions of chain rule, exponential functions, integration by parts, Taylor
power series expansions, Laplace transforms and linear differential systems.

2. Main Results

Many complex functions are not complex differentiable of integer order at a
point or some points. It is possible to define a new complex derivative which can
be a-complex differentiable, but not differentiable. Let, for instance, a = 1/2,

f(2) = 2%az1p = V2 = z1/2 which is not differentiable at z = 0 (f'(2)|.—o does
not exist). Can we define a new derivative which is differentiable at z = 07

DEFINITION 2.1. A complex function f(z) is conformable fractional differen-
tiable at a point z € C if and only if the following limiting difference quotient

exists:
fz+az1 Y — f(z
Za(z‘)(z) = lim ( ) f( )

e—0 I
for all z, and a € (0,1). If f is a-differentiable in an open set U, and lin% f@(2)
z—
exists, then define f(a) (0) = ]jn%) f(a)(z)'
z—

For z > 0 and 0 < a < 1 the function !~ = e(l=® 8= i5 perfectly well
defined and ready to handle. However, in the above definition the complex power
function z!=® 1=ajlogz iy general is multiple valued. For a multiple valued
function we can not talk about its derivatives unless we restrict ourselves to a
single valued branch of logarithm, like principal value branch.

THEOREM 2.1. If a function f(z) is a-differentiable at zy and o € (0,1], then
f s continuous at zp.

= ¢l

Let z € C, r = |z|, and 6 = arg z then for all n € N De Moivre’s formula is
2" = r"[cos(nf) + isin(nh)].

Let w € C, w # 0 with w = p(cos ¢ + isin ¢) then for n-th roots of w = z" there
exist the number of n by the following formula

Yz = Vreil = rl/”(ew)l/” = pl/n [cos(@) + isin(@)]

When one takes conformable fractional derivative of function f(z) the follow-
ing things can happen.

REMARK 1. Before derivation the function f(z) = 24/"

while after derivation Ty f(2) at z = zg has “m” roots.

at z = zg has “n” roots

EXAMPLE 2.1. Letn =2, a =1/3, som =6

Toz"|nsam1js = Tijsz'? = (1/2)2' 271 = (1/2)2/5.

REMARK 2. Before derivation the function f(z) is holomorphic on C (entire
function) while after conformable fractional derivation, the function Ty f(z) is not
entire function (but holomorphic on C\ {zo}).
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EXAMPLE 2.2. Let f(z) = z (holomorphic on C), a =1/3, so

Tof(2)|la=1/3 = Th/3f(2) = 23 (holomorphic on C\ {0}).

REMARK 3. Before derivation the function f(z) is holomorphic on C\{zo} while
after conformable fractional derivation, the function T, f(z) is entire function
(holomorphic on C).

EXAMPLE 2.3. Let f(z) = 2'/2, a =1/2, so
af(z)’a=1/2 = T1/2f(2) =1/2.

THEOREM 2.2. Let o € (0,1], and f(z), g(z) be a-differentiable at a point z.
Then
1. T, (clf(z) + CQQ(Z)) =c1Tof(2) + c2Tag(2) for all c1, co € C.
To(2°) = ez for all c € C.
T, (1) = 0 for all constant functions f(z) = p.
To(f(2)9(2)) = f(2)Tag(2) + g(2)Tuf(2).
. (f(2)> _ 9T f(2) — f(2)Tag(2)
“g(2) 9*(2) '
. If, in addition, f is analytic, then Taf(z)‘zzzO = z(l)_ad%f(zo).

Complex conformable fractional derivative of certain complex functions are as
follows:

SO Nl ol o

2¢) = czC @ for all ¢ € C;

1) =

ecz) = czl *e?, c e C;
sincz) = cz' "% cos ez, ¢ € C;
coscz) = cz “sinez, ¢ € C;

- T (a7tz%) =1.

Unlike the real line where there are only two directions to access a limiting
point, in complex plane, there are an infinite variety of directions to access the
point z. € = A + iw accesses 0 through points in the plane not along the real axis
or any line. The definition 2.1 requires that all of these “directional derivatives”
must agree such that this requirement imposes severe restrictions on complex
conformable fractional derivatives.

If the function f(2) = u(x,y) + iv(z,y) is analytic, then its first derivative is
f'(2) or 2 f(2), and we have Cauchy-Riemann equations for u(z,y) and v(z, y).
However, if instead of f’(z) we have conformable fractional derivative of the func-
tion f(z), namely T, f(z) = zlfag—];(z), then we can verify its real and imaginary
parts for the generalized Cauchy—Rieman equations. So we give the following the-
orem as the necessary condition.

11—«

Q
e e Y S S

THEOREM 2.3. A complex function f(z) = u(x,y) + iv(z,y) depending on
z = x + iy has a-conformable fractional derivative of f(z) of order a if and
only if its real and imaginary parts are continuously differentiable and satisfy the
following “conformable Cauchy—Riemann” equations:

ou ov 0
R 11—« _ 11—« =R l—a
oz )833 fm(z )83: oz )(9y
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+ Re(zla)gi =TIm(z'"*)— — Re(z' ™) ——

Im(zla)gz

Proof. As in classical approach, we first choose ¢ = A (namely w = 0) for
which we have

T3]y [Re(e1 ) + (et L2

= [Re(zl_o‘) + iIm(zl_O‘)] [

e=A

ou | -@}
oz ozl

Now, choosing & = iw (namely A\ = 0) gives us

Taf(z)‘sziw: [Re(zlia) +i1m(21ia)] d];(ZZ) e=iw -
e a1 [Ou  Ov
et ) [24i27].

REMARK 4. For the value of a = 1, it gives

Re(z'7%) = [(m2 + %) 07/2 cog[(1 — ) arg(z + wy)]], lim Re(z7%) =1,

a—1

Im(z'7%) = [(x2 + ?) 17 26in[(1 — o) arg(x + iy)]], lim Im(z'7%) = 0.

a—1

So we obtain classical Cauchy—Riemann equations from their fractional coun-
terpart.

3. Complex Conformable Differential Equations
Let T, (2¢) = ¢z~ for all ¢ € C. Multiplying both sides by the coefficient ¢!
gives
To(c™12¢) =267 for all ¢ € C.

ExAMPLE 3.1. If ¢ = « we obtain the simplest complex conformable differential
equation:
Taf<2) -1=0,

where its solution is f(z) = a1z

In Fig. 1 vertical axis shows the real part of f(z) = 2y/z while he imaginary
part of f(z) = 21/z has been represented by the coloration of the points.

EXAMPLE 3.2. Now let is calculate To(e® =) which gives us e '**. So we
deduce another complex conformable differential equation:

Tag(2) —9(2) =0,

where its solution is g(z) = e® ="
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Figure 1. Riemann surface for the function Figure 2. Riemann surface for the function
f(2) = 2y/z for which o =1/2 g(z) = €*V* for which o = 1/2

NE

-1.0 —0.5 0.5 1.0 -1.0 —0.5 0.5 1.0

0.5 1.0 -1.0 -0.5 0.5 1.0

(z from —1 to 1; ——real part; — imaginary part)

Figure 4. Real and imaginary parts of functions z'/2, 21/3, 21/4, 21/5
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Similarly, in Fig. 2 vertical axis shows the real part of g(z) = e2VZ while he
imaginary part of g(z) = €2VZ has been represented by the coloration of the points.

To solve boundary value problems for the Laplace equation, the study of ana-
lytic maps is very important. Comparing the plots with different values of o has
been shown in Fig. 3 and Fig. 4.
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An undamped oscillation model with two different
contact angles for a spherical droplet impacting
on solid surface
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Abstract

In order to further elucidate the dynamic theory of droplet oscillating
on solid surface, a new handling method of contact angle of the droplet
during the process of the oscillation was founded, which is based on the
spherical model. The influence of gravity on the contact angle and spreading
radius was discussed. Thus, an equation between the spreading radius of the
droplet and time flow was founded. The results of theoretical calculation
were compared with smoothed numerical results.
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1. Introduction

As a common phenomenon in nature, droplets impacting on solid surfaces ex-
ists in many fields, such as engineering, chemical industry, agriculture, aerospace
and energy. For examples, the liquid fuel injection in the internal combustion
engine [1], the ink jet of the printer [2]|, the process of seawater evaporation in
desalination system [3|, the spraying of the refrigerant in the evaporator in the
refrigeration system [4], etc. The study of relationships among the dynamic pa-
rameters, initial parameters of droplets and initial can be beneficial to predict the
processes of droplets impacting on solid flats.

For a droplet impacting on solid surfaces, according to the initial parame-
ters, there may be oscillations, bounces, splashes, etc. Compared with other cir-
cumstances, the oscillations have more value and possibility to be studied. Since
T. Young [5] presented that the contact angle between liquid and solid surface
was constant, and P.S. Laplace [6] inferred the relationship between additional
pressure and radius of curvature, many studies have been done by experiments,
numerical simulations and theoretical analysis.

In the aspect of experimental studies, M. Marengo et al. [7] studied the effects
of the impact parameters on the droplet impingement, and found that the surface
wettability had a strong influence on the spreading of droplet in the later stages of
the process. 1.S. Bayer 8] studied the dynamic characters of contact angle between
smooth surface and droplets with different wettability. M. Remer et al. [9] studied
the variation of droplet dynamical contact angle after impacting on three kinds
of coating surfaces.

In the aspect of numerical simulation, S.F. Lunkad et al. [10] simulated the
drop impact and spreading process on horizontal and inclined surfaces using the
volume of fluid (VOF) method, and investigated the effects of surface inclina-
tion, surface wetting characteristics, liquid properties and impact velocity on the
droplet oscillation by using static contact angle (SCA) and dynamic contact angle
(DCA) models. Y. Yao et al. [11]| analyzed droplets oscillation with VOF method
and introduced a model of dynamical contact angle to improve the accuracy of
simulation. S. Sikalo et al. [12] carried out the numerical simulations of a single
drop impacting onto a dry, partially wettable substratum.

In the aspect of theoretical analysis, S. Vafaei et al. [13,14] explained the
dependence of contact angle on the size of liquid droplets on smooth solid sub-
strates, and demonstrated that for sessile droplets on smooth surfaces, the con-
tact angle can be uniquely determined for given droplet mass (or volume) and
liquid/solid/gas properties. .V. Roisman et al. [15] studied the normal impact
of a liquid drop on a dry solid surface theoretically, and introduced a strictly
theoretical model to predict the evolution of the drop diameter.

The purpose of this paper is to establish an amended theoretical model of
undamped droplet oscillation.Compared with original model, in which droplet
contact angle keeps constant value, the droplet contact angle in new model varies
with spreading radius and droplet volume. The waveform of droplet spreading
radius obtained from new model, original model and numerical simulation were
compared.
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2. Theoretical Model

2.1. The Oscillating Equation of Spherical Segment Droplet
with Changing Contact Angle

For a droplet oscillating on a horizontal solid surface, when the size of droplet
is short enough that the influence of gravity on the droplet shape can be ignored.
The shape of the droplet can be considered as a sphere, shown in Fig. 1.

B

Figure 1. The geometrical model of droplet

At a certain moment of oscillation, spreading radius of droplet in horizontal
direction is r, the radius of the sphere is R, the height is z and the contact
angle between the droplet and the solid surface is 0. According to the geometrical
relationship, the equation between r, R, and 6 can be written as:

3V

3= (1 — cos0)?(2 + cosb), (1)
r
R= 2
sin@’ @
1—cosf
z = Tw, (3)

where V' is the droplet volume.

When a droplet impacts on a solid surface, the shape of droplet is strongly
irregular and hard to describe in beginning several oscillation periods after impact.
But the oscillation will be gradually stabilized with close periods and amplitudes.
Thus, it can be assumed that the droplet keeps the shape of spherical cap in the
hereafter oscillation.

In previous study [16], the oscillation of droplet could be seen as the result
of interaction of the surface tension, the internal pressure and the inertial force.
A differential element is selected in the segment droplet of the angle, shown in
Fig. 2.

And the oscillating equation of spherical segment droplet can be written
as [16]:

77rpR40 mp(R—2),. o 9 &7
Tt
Ao A 3
—27mo(l —rcosp) + % + 27rpg(RA - %) =0, (4)
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ocosf

g

Figure 2. The force analysis of droplet differential. The surface tension and the internal pressure

equally and vertically act on each vertical section of the droplet. The surface tension points to

the inside of differential element and the internal pressure points to the outside of differential
element

where ¢ — the intrinsic contact angle of the droplet; § — the dynamic contact
angle of the droplet;! o — the surface tension coefficient;

l=RA (5)

— arc length of the great circle of droplet;
1
A= 5 [Rl —r(R — 2)] (6)

— the sectional area of the droplet in the vertical plane.
Eq. (4) can be also written as:
d’r
_7rpR40 N (R — z)
4r 12

Q= —27mo(l —rcosp) +

3
W = 27Tpg(RA — 3),
where P — the factor of inertia, () — the factor of surface tension and internal
pressure, W — the factor of gravity.
When substituted equations of geometrical relationship (Eq. (1)—(3), and
Eq. (5), (6)), P, Q, and W can be written as:

cos @ cos 0 0
P =npr?
Tor (6sin0 + 4sin394sin49>’ ®

!The angle ¢ is determined by the involved surface energies. When the gravity is absent and
the droplet is static on the horizontal solid surface, ¢ = 6. The angle 6 can be influenced by
inertial force and gravity of the droplet.

P= (2r* + 3R?),

4o A
R )

393



Chen S., Cong B.,, Zhang D., Liu X., Shen S.

Q = 2mwor(cosp — cosb), 9)
W=mn 7“3( o —ﬂ—g) (10)
- sin@  sin?0 3

In this model, the intrinsic contact angle is a constant valve, which determines
direction of the contact force from the solid surface. And the dynamic contact
angle determines the shape of droplet. The geometrical relationship between them
is shown in Fig. 3.

Figure 3. The geometrical relationship between the intrinsic contact angle and the dynamic
contact angle

The deviation between the intrinsic contact angle and the dynamic contact
angle increases with the increase of acceleration of the droplet. And the expression
of the contact force from the solid surface in Fig. 2, “o cos” can be replaced by
“ocos’.

2.2. The Influence of Gravity

When the spreading radius r reaches the balance value (or the droplet keeps
static):

d?r

P = 0.
G FQEW =0

Substituted Eq. (8)—(10) and multiplied:

pgr? 0 cosf 2
cos = cosf — ( )

20 \sin®@ sin?6 3

Obviously, in the absence of gravity, # = ¢. In normal gravity condition that
the droplet can still keep the shape of spherical segment (called micro gravity
in followings), the dynamic contact angle § can be calculated by iteration from
Eq. (1) and Eq. (5). The influence of gravity is shown in Fig. 4.

With the increase of droplet volume, the deviation between the micro grav-
ity solutions and the absence gravity solutions on dynamic contact angle and
spreading radius becomes larger, but that of spreading radius is quite small.
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3. Numerical Simulation
3.1. Original Case

For the numerical solution,the processes of drop oscillation are simulated by
using the VOF model of Fluent. The body force weighted model is used to cal-
culate of pressure and gravity balance. The PISO algorithm is used to couple
the droplet velocity and pressure in the momentum equation. The slip bound-
ary condition is used and the shear stress is 0 Pa. The viscosity of water is
1.003 - 1075 Pa - s which is multiplied by 0.01 in order to simulate the undamped
oscillation of droplet. The time step is 4- 1070 s, and the residual error is 1-107°.
Others keep the default algorithm.

3.2. Spectral Analysis

The data from original case contains much ingredient of noise. This is because
the oscillation is influenced by many minimal factors. After eliminating several
data points with extreme deviation, the data was resampled by FFT operation.
The spectral analysis of the original data is shown in Fig. 5.

In Fig. 5, the main frequency of the oscillation is concentrate upon [250 Hz,
550 Hz|. The corresponding frequency value of the peak value in figure is 426 Hz,
which means the periods of the oscillation is about 2.35 ms with the same initial
parameters shown in Tab. 1.

Table 1
The initial parameters of theoretical and numerical calculation

Initial Speed Droplet Volume Gravity Density Surface Tension
0.8 m/s 1.1310- 107 m? | 9.8 m/s | 1003 kg/m? 0.073 N/m

3.3. Data Smoothing

To eliminate the noise, a Butterworth filter was applied. The response type
is bandpass with the pass band [400 Hz, 500 Hz|, the fluctuate is less than 1 dB.
On the both side of pass band, the signal is decreased to 10 dB. The frequency
spectrum after smoothing is shown in Fig. 6.

After smoothing, the data can be regarded as a superposition of several sine
curves, with close frequency, amplitude and phase position.

4. Comparison

Eq. (7) is solved by using the fourth-order Runge-Kutta method in MATLAB
R2016a.

The relationship between spreading radius and time flow of theoretical and
numerical results (after smoothing) is shown in Fig. 7, with the same initial pa-
rameter shown in Tab. 1.

The period of theoretical results is 2.37 ms, which is almost equal to the aver-
age periods of numerical results. The amplitude of theoretical results is about 10 %
larger than the average value of the numerical results. Compared with constant
contact angle model [16], the average periods were more close to the numeri-
cal data (1.8 ms). The relationship between spreading radius and its accelerated
velocity is shown in Fig. 8.

When ( is approaching or higher than the balance value (0), the deviation
between theoretical and numerical results is relatively small, but when ( is far
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below the balance value, the deviation is considerable. This is because an obvi-
ous distortion would happen on the shape of droplet and the above-mentioned
relationships (Eq. (8)—(10)) would lose efficacy. Besides, because the relationship
between spreading radius and its acceleration in present model is not linear, the
oscillation period is related to the initial velocity.

5. Discussion

The process of undamped oscillation for a droplet impacting on solid surface
was theoretically described by an equation based on spherical segment model.
Followings are several conclusions.

The contact of the droplet is changing in the oscillation and geometrically
calculated. The influence of gravity on contact angle and spreading radius was
analyzed quantitatively, the deviation was lower than the constant contact angle
model. However, the result was based on the geometrical model of spherical seg-
ment of droplet, which might be inaccurate under the influence of gravity. More
study was needed in this content.

After spectrum analyzing and smoothing by a filter, the numerical solutions
can be regarded as a superposition of several sine curves with close frequency,
amplitude and phase positions. The relationship between spreading radius and its
accelerated velocity was founded by polynomial fit, and the curve was symmetrical
about the balance point and strongly linear.

By comparing the results of theoretical and numerical calculation, when the
spreading radius of the droplet approaches the balance value, the deviation be-
tween two solutions are small, but when the spreading radius is far from the
balance value, the deviation can be considerable. And the deviation of far below
from the balance value is larger than that of far above from the balance value.
This is possibly because when the spreading radius is far from the balance value,
the shape of the droplet would also deviate from spherical segment. More work
about the amendment of the shape of the droplet in oscillation is needed in later
study.
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Mopesib He3aTyxarolero KoJjebanus ajs cpepudeckoit
KallJIl Ha TBEPOi MOBEPXHOCTU C ABYMS Pa3JIAIHBIMU
yrjlaMu KOHTaKTa

Shi Chen, Bozhong Cong, Dongqi Zhang,
Xiaohui Liu, Shengqiang Shen

Dalian University of Technology,
Dalian, 116024, China.

AHHOTaNA

IIpemyioxen HeIMHERHBI TOIX0/T OUCAHUS KOJIebaHmst c(hepUIeCcKoil Kall-
JIN Ha TBEPJOH moBepxHOCTU. VHTerpupoBaHne ypaBHEHUIN JBUKEHUN OCY-
IECTBJIAETC 0€3 WCIIOIH30BAHUS JINHEAPU3AINH TPUTOHOMETPUIECKUAX
byHKIMIA, 3aBUCAINX OT yIjla KOHTaKTa. VIHBIMEH CJIOBAMH, YIrOJ KOHTAK-
Ta sIBJISETCS TPOM3BOJBLHON KOHeUHO# Besmuuuoit. IIpoBereno wucciemoBa-
HHE BJIMAHHAE CUJIbI TAXKECTH Ha YIoJl KOHTaKTa U PaJiyC PacIpOCTPAHEHUd
KAILIA 110 TBEP/IOH MOBEPXHOCTU. TakmMm 0Opa3oM, OBLIO HAlIEHO HeJIMHEeN-
HOe ypaBHeHHe, OIIChIBalolee U3MEeHEeHNe PaJinyca PaclIpoCTPaHEeHNUs Kalllu
B 3aBHCHMOCTH OT BpemeHH. JlaHHOE ypaBHEHWE OBLIO YHCJIEHHO IIPOUHTE-
rpupoBaHo. lcciietoBaHNe YNCIEHHON CXOMMMOCTH OCYIIECTBIISATIOCH TOCPE/I-
CTBOM CpaBHEHMsI C U3BECTHBIMU MOJICJIbHBIMUA TOYHBIMU PENICHUAMU U W3-
BECTHBIMH IKCIIEPUMEHTAIHHBIMI JAHHBIME. Ha OCHOBAaHWU WCCIIEIOBAHUS
MeTOJaMM YUCJIEHHOT'O WHTEIPUPOBAHUS IOJIYUYEHHOI'O B CTaTbe ypPaBHEHUS
MOXKHO CJIeJIaTh BBIBOJ, O I€JIECOO0PA3HOCTH HCIOJb30BAHUS MaTeMaTHude-
CKOI MOJIeJIH JIJIsl OIIMCAHWS M UCCJIEIOBAHNS HOBBIX (hU3mIecKux 3pHeKTOB
pu KOJIeOaHUY KAIleJib.

KurroueBnle cjioBa: Kosiebanne KallJIki, yIroJl KOHTaKTa, TeOpeTI/I‘{eCKI/Iﬁ aHa-
JIN3, CHeKTpaJIbeII‘/i aHaJIN3.
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