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VCTONYNBOCTD UM CXOJUMOCTD JIOKAJIbHO-OIHOMEPHOI
cxembl A. A. Camapckoro, annpokcuMupyoriei
MHOTOMepHOe MHTerpo-anddepeHnuaibHOe
ypaBHeHHE KOHBeKIu-anddy3nn

C HEOITHOPOAHBbIMU I'PAHUIHBIMU

YCJIOBUSIMHU IIEPBOrO poja

3. B. Bewwmoxosa

WucruryT npukiagaoi maremaruku u apromarunsanuun KBHI[ PAH,
Poccus, 360000, Hamnpuuk, yia. [Ilopranosa, 89a.

AnHOTanUs

Usyuyena nepBas HaYaJIbHO-KPaeBas 33Ja4a JIJI MHOrOMEPHOro (110 IIpo-
CTPAHCTBEHHBIM IIEPEMEHHBIM) HHTErpo-IuddepeHInaabHOr0  ypaBHEeHUs
KouBeKIMHU-1udDy3un. s mpubIuKeHHOTO penenns MOCTABACHHON 3a,1a~
YU [peJIozKeHa JoKaJabHo-oHoMepHast cxemMa A. A. Camapckoro ¢ mopsiji-
koM anmpokeumaru O(h? + 7). Vceseiopanne eJIMHCTBEHHOCTH U YCTOH-
YUBOCTH PEINeHUsI IPOBOJIUTCS C ITOMOIIBIO METOJIa SHEPreTUIeCKUX Hepa-
BeHCTB. [losyueHbl arpHOPHbIE OTIEHKH PEIIeHNs JIOKAJIbHO-OTHOMEPHO pas3-
HOCTHO! CXeMBbI, OTKY/JIa CJEJYIOT €JUHCTBEHHOCTD DEIeHUs], HelPpEePhIBHAS
U PABHOMEPHAsI 3aBUCHMOCTD PEIEeHUsT OT BXOJIHBIX JJAHHBIX, & TAKXKE CXO/IU-
MOCTH PEIIEHUsI CXeMbI K PEIeHNI0 MCXOHON uddepeHInaabpHol 3a1a9u
CO CKOPOCTBIO, PABHOHN IOPSJIKY AIIPOKCUMAIMH PA3HOCTHON cxeMbl. Jljst
JIBYMEPHOH 3a/1a9i IIOCTPOEH AJIFOPUTM UHCJIEHHOI'O PEIIeHNs, [IPOBE/IEHbI
YUCJIEHHBIE PACYETHI TECTOBBIX MPUMEPOB, WIIIOCTPUPYIONINE MOy IeHHBIE
B paboTe TeOpEeTHIeCKIUe Pe3yJIbTATHL.
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BemrokoBa 3. B.

Bsenenmue. [Ipu uccieoBanny TpuKIaIHBIX 3389 MEXAHUKHN CILTOIITHOM Cpe-
JIBI, TEIJIO- W MACCOTEPEHOCA IMUPOKO UCTOIB3YIOTCS METOIBI MATEMATHIECKOTO
MOJICJTUPOBAHNSA W BHIYUCJINTEILHON MaTeMATUKN. B KadecTBe OCHOBHBIX IIPH UC-
CJIEIOBAHUN MHOTHMX IIPOIECCOB B JBUKYIIUXCS CPeaX MOMKHO BBIJAECJINTH Jud-
dy3UOHHBIN TIepeHOC TON MJIM MHOM CyOCTaHIMKM U MIEPEHOC, ODYCIIOBICHHBIN JIBH-
JKEHUEM CPEJIbl, T. €. KOHBEKTHUBHBIN mepeHoc. B ra3o- m rujapoquHaMuKe OJHUM
13 Ga30BBIX MOJIEJIelf MHOTUX TPOIECCOB BBICTYIAIOT KPAeBble 3aIa4N s HeCTa-
[MOHAPHBIX YpaBHEHUI KOHBEKIUU-Tiuddy3un (T.e. mapabomieckoe ypaBHeHue
BTOPOI'O IOPSI/IKA ¢ MIIQIIAMK “ieHamu) [1].

MareMaTrudecKue MOJIEH, JIETAITBHO OMUCHIBAIONINE PEABHBIE TIPOIECCH U STB-
JIEHUST TIPUPOIBI, TIPEJICTABIAIOT OO0 CToyKHBIe cucTeMbl. CJTOYKHOCTD 38189 Ma-
TeMaTUYIeCKON (PUBUKHN B OCHOBHOM O0YCJIOBJIEHA UX MHOTOMEPHOCTHIO W HEJTMHETH-
HOCTBIO. [lo/TyIuTh TOUHBIE AHATTUTUIECKUE PEIEHNsT TAKUX 38189 OU€Hb TPY/IHO.
B 3710i1 cBA3M UCTIONB3YIOTCH TPUOTUKEHHBIE METOBI penierns. OIHUM U3 caMbIX
PACIPOCTPAHEHHBIX METOOB PUOJIMIKEHHOTO PEIIEHIs KPAEBbIX 3a1a4 sIBJISIETCS
METO]T KOHEUHBIX Pa3HOCTEM.

C TOYKY 3peHUsT YUCTCHHON pean3allni B OTIMYNE OT OJHOMEPHBIX 33189 TIPH
M3YYEHNN MHOTOMEPHBIX 38181 BOSHUKAET CJIOKHOCTD, 3aKIIOUAIONIASICS B 3HAYN-
TEJIbHOM yBeJIMYEeHUN oObeMa BhluucjeHuil. B 9To#l ¢cBA3KM akTyaJbHOE 3HAYCHUE
npuobperaeT 3aJ1a4a MOCTPOECHUSI SKOHOMUYHBIX PA3HOCTHBIX CXEM JIJIs YUCJIEH-
HOTO PEIeHUs MHOTOMEPHBIX 3a7ad, 00JIaJaioMuX BO3MOXKHOCTBIO JIOCTATOYHO
s deKkTUBHOI cTabmin3anuu pereHnii (yeroiInBoCTbi0) U TPEOYIONUX MU T1e-
pexojie co CJIos Ha CJIOH TMPOBEEHUsT 9nCaa apudMeTHIeCKIX omeparuii (), mpo-
HOPIMOHATIBLHOTO YUCITy Y3JI0B ceTKH, Tak 910 Q = O(h™P), roe h = mjg hi, p—

It

Pa3MepHOCTh MPOCTPAHCTBA, h; — Al CEeTKH 10 HAIPABJIEHUIO ;.

K s dexkTuBHBIM MeTOIAM IPUOINIKEHHOTO PEIITEHNST CJI0KHBIX MHOTOMEPHBIX
3aJda4 MaTeMaTHu4YeCKoi (1)I/I3I/IKI/I Ha OCHOBE MX KOHE€IHO-PA3HOCTHBIX allllPOKCHUMa-
Ui OTHOCSITCS METOJIbI PACIeljieHnst, OH ObLIn pa3BuThl B paborax J. Douglas,
D. W. Peaceman, H. H. Rachford [2,3], H. H. flrerko [4], A. A. Camapckoro [5,6],
I. 1. Mapuyka [7], E. I. Ipsixonosa (8|, 1. B. ®psasunosa [9-11| u gp. Ix orkas or
KJIACCUYECKOTI0 TOHSITUST AlIPOKCUMAINKA W 3aMeHa ero 0oJiee cjaadbIM YCIOBHEM
CYMMAPHOI aIllllPOKCUMAIIHU CYIIECTBEHHO PACIIUPSIIOT KJIACC PElTaeMbIX 3a/ad.

Ilenbio u HOBU3HOI HACTOsAIIEN PAOOTHI SIBJIAETCA Pa3pabOTKa U 0OOOCHOBAHUE
YUCJIEHHOIO METOa PEIleHrs NHTErPO-IudPepeHnalbHoro ypaBHeHus KOHBEK-
uun-a1ud@y3un ¢ HEOIHOPOIHBIMU KPAEBLIMU YCJIOBUSIME IIEPBOIO POJA B MHOIO-
MepHOit obaacTn. st IpuOANKEHHOTO PeIeHnsl TOCTABIEHHON 3a1a9u IPeIio-
JKEHa, JIOKAJIbHO-OJHOMepHasl pasHocTHas cxeMa A. A. CaMapcKoro ¢ mOpsiIKOM
Al POKCUMAIIN O(h2 + 7). BBujy Toro, 4to ypaBHEHHE COJEPIKUT MEPBYIO PO~
M3BOJIHYIO OT HEM3BECTHON (PYHKIIUU II0 IIPOCTPAHCTBEHHON IMEPEMEHHON T st
[OBBLIIIEHNS] IOPSIAKA TOYHOCTH JIOKAJILHO-OJIHOMEPHON CXeMbI MCIIOJIL3yeTCs U3-
BECTHBIA MeTo, npejoxkennblii A. A. CaMapCcKuM IpHU TOCTPOEHUH MOHOTOHHOI
CXE€MbI BTOPOT'O MOPSIKA TOYHOCTH 10 Ay, JIJI yPaBHEHHS 1apabOIuIecKOro TUIA
00ITIeT0 BUJA, COMEPKAIIEr0 OJHOCTOPOHHUE ITPOU3BOJIHBIE, YIUTHIBAIOIINE 3HAK
ro(z,t). UccnemoBanne eJIMHCTBEHHOCTH U YCTOWYUBOCTH PEIIEHUs IPOBOMTCS
C IIOMOIIBIO METOa SHEPreTUIECKUX HepaBeHCcTB. I1oIydeHnl alpruopHble OIeHKH
PpelIeH s JIOKAIbHO-OQHOMEPHOM PasHOCTHOI CXEMBI, OTKYa CAEAYIOT €IIHCTBEH-
HOCTB PEIeHNsT, HEIIPEPBIBHAST U PABHOMEPHAS 3aBUCUMOCTD PEIIEHIST OT BXOIHBIX
JAHHBIX, & TaK»Ke CXOIUMOCTDb PEIeHHUsI CXeMbI K PEITeHNI0 NCXOAHOM auddepeH-

408



Vero#auBoCcTb M CXOUMOCTD JIOKAJIBHO-04HOMEPHOH cxembl A. A. Camapckoro . . .

[UAJIBHOI 3a/1a4i CO CKOPOCTBIO, PABHON IOPSJIKY AIIPOKCHMAIME PA3HOCTHON
cxeMbl. [Ij1st IByMepHO 3a/1a41 OCTPOEH aJITOPUTM YHUCJICHHOTO PEIeHNUsT, IPOBe-
JE€HbI YUCJIEHHbIEC PAaCY€Thbl TECTOBLIX IIPUMEPOB, UJIJIIOCTPUPYIOIIUE IIOJTy9YE€HHbIE
B paboTe TeopeTutIecKnue pe3ybTaThl.

Coejtyer OTMETHTD, YTO IPUMEHEeHHe IPUHIUIA MakcuMmyMa [5, 6] s ucce-
JIOBAHUS €JIMHCTBEHHOCTH, YCTOHYMBOCTU U CXOJUMOCTH PEIIEHUST JIOKATBHO-0HO-
MEpHO{i CXeMBI, allllPOKCHMUPYIOIIeli MHOrOMepHOe nHTerpo-anddepeHnnaibHoe
ypaBHEHIEe KOHBeKINH-1ibdy3un, He IPeJICTaBIsieTCs BOSMOYKHBIM, & UCCIIe/I0Ba-
HIE METOJIOM SHEPreTUIeCKNX HEPABEHCTB PEeIIeHNsT MHOTOMEPHOI'O HHTErPO-1ud-
bepeHIanbHOro ypaBHeH!s! TapaboIMIecKOro TUIIA ¢ OJHOPOJHBIMU KPACBBIMU
YCJIOBHSIMU TIEPBOIO POJIa BO3MOXKHO, HO IIPH 9TOM CXOJUMOCTH CXEMbI JO0KA3bIBa-
ercst b co ckopocTbio O(h++/7). B 910ii ¢Bsi3u B nanHOil pabore npe/iaraeTcs
HO/IXO/] K HOJIy YCHHIO AIPHOPHON OIEHKH PEIICHHs! JIOKAIbHO-0/THOMEPHOI CXeMBI,
¢ TIOMOTITHIO KOTOPOfi JIOKA3BIBAETCA CXOUMOCTE cxXeMbl co ckopoctbio O(h% + 7).

r'II/ICJ‘IGHHI)IM MeTOaM pPeIleHUd JIOKAJIbHBIX W HEJIOKaJIbHBIX KPaeBbIX 3a/1a4
JUIsi MHOTOMEPHBIX JindepeHnnanibHbIX yPABHEHUTT B YACTHBIX IPOU3BO/HBIX A~
PaboJIMIECKOrO TUIIA HA OCHOBE IIOCTPOCHHSI JIOKAJIBHO-OJHOMEPHBIX PA3HOCTHBIX
CXeM TIOCBSIIEHbI paboTsl [12-15].

1. ITocranoBka 3aja4n. B zamxuyToit obnactu Qr = G x [0, T, ocnoBanuem
KOTOpOIi sIBiIsteTcst p-MepHblil Ky6 G = {z = (x1,22,...,2p) : 0 < 24 < l,a =
=1,2,...,p} crpanuneit I', G = GUT', paccmarpuBaercs ciefyiomas 3aga4a |16,
crp. 442

0
a%b = Lu+ f(z,t), (2,t) € Qp, (1)
U‘F:M(x7t)> 0<t<T, (2)
U(IE,O) = UO(CE), T € é? (3)
P 0%u ou !
rae Lu = agl Lou, Lou = ka(t)a—l% + ra(t)a—xa — ga(x, t)u — /0 H,(z,t)udry;

0<co<ka(t)<cr, |ra(t)], [Ha(z,t)], |galz,t)] < c2, co,c1,c0 = const > 0;
u(z,t) € C**(Qr), kalt),ra(t) € C'[0,T7,
Heo(2,1), qa(z, ), f (2, 1) € C*1(Qr), (4)
fta(x,t), up(x) — HenpepwiBable byHKIMHU, o« = 1,2,...,p,

C"™"™ —kjracc YHKIWMI, HEIPEPHIBHBIX BMECTE CO CBOUMM YACTHBIME ITPOU3BOJI-
HBIMHI TOPSIIAKA 11 [10 & U 1 110 t; ¢p, ¢1, Co — HOJIOXKUTEIbHBIE [TOCTOSIHHBIE, Q7 =
=G x (0,77.

Hamee wepes M;, i« = 1,2,..., 0003HAYTAIOTCSI TOJOKUTEIbHBIE TOCTOSTHHBIE,
3aBUCHIINE TOJLKO OT BXOAHLIX JTaHHBLIX PACCMATPUBAEMON 3a1a19M.

2. JlokasibHO-OJHOMEepHAas cxeMa. [IpocTpancTBeHHYIO CETKY BhIOEpEM PaB-
HOMEpHOIT 110 KaxkioMy Hanpasiernio Oz, ¢ marom h = [/N (kybudeckas cerka
¢ maroM h) [16, cTp. 475]:

o=, Opa={20") =ich:ic=1,...,N-1, a0 =0, 2{%) = Nn/2},
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_ P _ c _
Wh =Wy 4y Wha = {a: =ih .za—l,...,N—l}, a=1,2,...,p.

Ha orpeske [0, 7] Takzke BBeJieM paBHOMEPHYIO CeTKy W, = {t; = j7, j = 0,1,
.., Jo} c marom 7 = T/ jo. Kazkprit u3 orpeskos [t;,t;41] pasobbeM Ha p dacTei,
BBEJISL TOUKH b q/p = b5 + Ta/p, « = 1,2,...,p — 1, u obo3Hauum uepes A, =
= (tj+(a—1)/p7tj+a/p] MMOJIyUHTEpBaJI, rjie o = 1,2, ..., p.
Ypasuenue (1) nepemnuiiem B Bujie

ou
Ru=——Lu— f =0,
ot /
nJjm » p
10u
Z%a’u:o, Rau = —— — Lou — fa, Zfa:fa
p Ot
a=1 a=
rae fo(z,t), @« = 1,2,...,p, — npou3BoJibHBbIEe (DYHKIUM, 00JIaJA0Nue TOil ¥XKe

P
[JIQJIKOCTBIO, 9TO U f(2,1), yIOBJIETBOPSIONINE YCIOBUIO HOPDMUPOBKU Y . fo = f.
a=1
Ha xaxaom moyunaTepBaie Ay, o = 1,2, ..., p, OyjeM ocjie10BaTeIbHO pe-
maTh 3a/1a491

1090

9C{aﬁo{:* —Laﬂa— a:(), G,t Aa, :1,2,...,, 5)
b ot () =/ r€G, t e, a p. (5)

noJsiarasi upu 3ToM |16, crp. 522]
Iy (2,0) = uo(x), 9y (2, t;) =0 Nw,t5), 5=1,2,..., o,

ﬁ{a)(.’[}, tj+(a—1)/p) = 19{&_1)(55, tj+(a—1)/p)7 Q= 27 <o Dy ] = 07 ]-7 27 s 7j0 - 17

p—o = u(2',0,t), pyaq = p(2’,1,t) — Henpepoiuble QyHKIMA.
Awnagormano [16, crp. 401] noxyunm mist ypaBaenusi (5) HOMepa & MOHOTOH-
HYIO CXEMY BTOPOTO HOPsiIKa allpoKCuManuu 1o h. JIjist 3Toro paccMorpum ypas-

Henne (5) HOMepa (v ¢ BO3BMYIIEHHBIM O1epaTopoM L:

1 829(a) ~

- = Lq s Aaa

PaT Vi) + [ te (6)
rje
~ 0 09 () 09 () ¢
LoV (o) = %aa—%<ka(:c,t) O, ) + 7oz, t) Fr GV (a) —/0 Ho(2,t)0(0)dz0;
Ho = ! _ Dlral a3HOCTHOE 4ncjIo PeitHombica; T rd 4+,

a = 1+ R, = ey — P 1 a = o

7“3 (roc'Hroz’)/ 20, ry :(Ta_ 7al)/2 < 0; biizréf/km ba =74 /ka-
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AHHpOKCI/IMI/IpyeM KazKJ10€ ypaBHeHUue (6) HOMEpa (v HEABHOIl CXeMOHN Ha 1Oo-
JIyUHTEepBaJe A, TOraa IIOJIyYUM LEIOYKY U3 P OJJHOMEPHBIX Pa3HOCTHBIX YPaB-
HEeHUI:

Jjta/p _ ,j+(a=1)/p L )
Y Y :Aayﬁa/p—kcpjofa/p, T Ewp, a=1,2,...,p, (7)

T

e

Aayj-i-oc/l? = %aaay%anrb*a yx+a/p+b aayj-i-a/p d yﬁ_a/p Z 5(1 Zay]-‘roc/ph

1a=0
Ao = kja@% Ta = Ta(ﬂa do = Qa(x,f)a 0 = Ha(ZEa,ﬂ, Pa = fa(x,ﬂa t= tj+1/27

p_[h da=12. N-1,
h/2, e =0,N;
_ r_ .
x = (T1,22,...,2p), ¢’ = (1,22, ..., Ta—1,Tat1;---»Lp); Yh,a — MHOXKECTBO I'Da-
HUYHBIX 110 HAIIPABJICHHUIO T, Y3JIOB.
K ypasuenuio (7) npucoeuHuM rpaHUIHbIE U HAYAIBHOE YCJIOBHS

y.j“rOl/p — /’[/—OH ma g 07 (8)
YreP = iy, w6 =1,

y(x,0) = uo(x). 9)

3. ITorpenrHocTh anpOKCUMAIY JIOKAJIbHO-OJJHOMEPHOI cxeMbI. Xa-
PaKTepUCTUKON TOYHOCTHU PelleHus JTOKAIbHO-0JHOMEPHOl CXeMbI SBJIAETC pas-
HOCTB 20 TO/P = gite/p _q+a/p pre 4J+@/P — pernenme ucxonmoit samaqn (1)—(3).
Honcrapss i to/P = Zite/p 4 yita/p g cxemy (7)-(9), nomyumm samaay s
norpersocru zJ /P

zj+a/p — Z.]+(a71)/p

= Aazj—l—a/p + w(];l-oé/p’ (10)
-

ZJ'+04/P =0 npu x € Yh,a z(x,O) =0,

wite/p _ g dta=1/p

rie @ngfa/p = Aguitelr 4 gpgx"‘a/p _

1 au>3+1/2
ot

P
u 3amMedasi, 9T0 » | o = 0,
a=1

Oboznauus gepes 1La = (Lau + fo —

P , .
ecin Y fo = f, IPEJCTABUM MOIPENTHOCTH B BUJIE CYMMBbI w&—FO‘/ P = ahy + k-

. ~ . . u.j+a/p — u]“r(a*l)/p o o
YLeI? = Rau*o/? 4 pfirelv ; + Yo o =

— (Raw /P — Lo V%) 1 (gtole - f141/2) -
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B <uj+a/p _$j+(a—1)/p B 11)<g?)j+1/2) n &a _ 1/3a + k.

. p . P, p
Ouesnano, uto % = O(h? + 7), Yo = O(1), Y éJra/p = > o+ DUk =
= a=1 a=1
= O(h? + 7).

4. YcTOHYNBOCTDH JIOKAJIBHO-OJHOMEPHOI cXeMbl. AIPUOPHYIO OIEHKY
periernst cxeMsl (7)—(9) HaileM METOIOM SHEPIeTUIECKIX HEPABEHCTB, JIJIsl 9TOIO
BBeJleM CKaJIApPHbIe IIPOU3BE/ICHNA U HOPMBI B CJIEIyIONIeM BUJE:

yj+a/p _ yj+(a—1)/p

N-1 N-1
7yt£04) = - ) (U,U)a - Z uiaviaha Hy(a)H%g(a) = Z y?ah,

1
p ia=1 iq=1

(u,v) = Z wH, H= hp7 Hy(a)H%g(wh) = Z Hy(a)H%g(a)H/ha

TCW 187l
N
[U,’U]a = Z uiaviaha |L2 Z yza
1a=0 1a=0
= Z uvﬁ’ H = hp’ H:y ’LQ wh Z ’ ’LQ H/h
TEWR igFia

YMHOXKHUM Tereph ypasuenue (7) Ha y@h, e y@ = yIt/P g npocymmupy-
€M TI0 Sq OT 1) 10 &u:

Z y 2 y{h Z Aty h +

Sa No Sa=Na

+ 3 Py tiPh, 0< 0 <& <N, (11)

Sa=MNa

[Tpeobpasyem kaxoe ciaaraemoe Toxkaecrsa (11):

Z y) e = 2 (52 <y§z>>2h)t+;p( 3 WEPn). a2

Scx Na

Z AaySa ySa - %aaoc Z yl’al’aasaysa)h + b+ Z yiﬂaysay(a)h +

Sa=Na Sa=MNa Sa="Na
€a Ea
+b, a4 Z Dy h = 3 da(y e Y (ysa Z5azayj+a/ph)h
Sa="Na Sa="Na Sa=MNa 1a=0
Eat1
= =X 0q Z (ya’ca,sa)Qh + %000 (y;iz%gaJrlyéerl - yéa),nayfm)—l) +
Sa=Ta
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£a
Z yara,sa Sa)h+b Qo Z yxa,say(a)h Z da,sa(ygg))Qh

Sa=Ta Sa=Ta Sa=Ta
a
& b et o
Sa="Na 1q=0
a 1 £a 1 o
Sa=Ta Sa="Na Sa=Ta

() (a) (a) ()
IIpeobpasyem OTeIbHO BBIPAXKEHHE Y ot 1Y€0t1 ~ YZa 10 Yna—1> TOTIIA C yIETOM

(1)za = 2yz.y' — hy2. mosy«um

(o) (c) () () _
yi‘a;&a“rly&l‘i’l yxavnayna_l -

1

= 5((y2)za,§a+1 U2 coirth = W) zame + Yo, nah). (15)

YunreiBast npeobpaszosanust (12)—(15), uz (11) Haxomum

504 504 £a
1 o T « Koo
(2 ) (30 i)+ Y (s
p i p ’

Sa=TNo Sa _7]a+1

HaQ X Q
< B )zttt = oy (WD) + b IR
Sa="Na
+b 142% Z yxa,saysa Z da sSa ysa
Sa=MNa Sa=Na
a N e Ea 1 a
SO CED ST AL IS I A DIV

Sa="Na 1a=0 Sa="Na Sa="Na

YumuoxuM rerepb (16) Ha h 1 npocymmupyeM 1o &, OT 1), 10 N, 3aTeM 110-
JIYIEHHOE HEPABEHCTBO YMHOXKUM Ha h U MPOCyMMUPYyeM 110 1), oT 0 1o N. Torma
TTOJTY UM

2p<ZhZhZ y) ) M“ZhZh Z (Y e )?h <

Na=0 &a=nNa Sa=Na Na=0 5& =Na Sa=TNa+1
< %Oéaa Zh Z (y xa,sa—l-lh_ %aaa Zh Z xa,'ﬂa
nazo fa*na 77a—0 fa =Na
+btag Zh Z h Z y{, @ h+ g aa Zh Z h Z g y@n
Na=0 &a=Na Sa=Ta Na=1 £a=Na Sa=Na
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N N [ N
SR Y (S b Y LY 0 Y e

77a:0 fa:na Sa=Ta ia=0 T]Q—O Ea =Na Sa=Na
N N Ea
+MY Ry R > (y)?h (17)
77&:0 éa:na Sa=Ta
N N

[Ipeobpasyem cymmy >, h >, h Z go s, b cirenyomum obpazonm:
Na=0 {a=Na Sa=Ma

N N Ea N N N
DD D Gaysh =D h D Playsh D b=

Na=0 &a=Na Sa=Na Na=0 Sa=TNa €a=5a
N N N
=2 h Y (=)@l h = (= za)e] hzh—
Na=0 Sa=Na Sa=0 Na=0
N N-1
= Z xa(l - xa)(p?a)’sah = Z xOé(l - ‘/Ba)(p%a)’(sah.
Sa=0 Sa=1

YuaursiBas nocieanee, u3 (17) maxoaum

1 N-1 va N—-1
(X alt = o) 022 + %5 3 = ) (g5, <
t

2p Sa=1 sa=1
oy o P
g 042 = Z xa(yZ)io”Sa'i‘lh - — Z (l - ma)(y2)ja75ah +
Sa=0 sa=1
N-1 N-1
+ bl an Z za(l — l‘a)yg(gi),saygi)h + by aa Z Ta(l — Cca)ya(’ci),saygg)h -
Sa=1 Sa=1
1 N1
Y wal- <y >N Zayﬁa/ph)h T (NI Ry
Sa=1 1a=0 SO‘ZI
N-1
+ My Y wa(l = 20)(y)?h. (18)
Sa=1

[TpeoGpasyem mepBoe u BTOpoe ciaraeMbie mpasoil yactu (18):

N-1 N
raa Mo Q
Oéz = SZO xa(yz)i‘ousa‘i‘lh - a2 = Szl(l - x&)(y2>fo¢7sah =

N—-1
Aol

N
XnQa
= > 20(y)zasat1h + 012 “ Y TalyP)rasah —

2
Sa=0 Sa=1
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atal &
- a2a Z (yz)fiagsah =

Sa=1

N N
Ha o )

Sa=1 Sa=

N-1
Aol

N
= 2 S @+ M 020+ 5 D (@00 h),
Sa=0 Sa=1

N
YOl
- a20‘ Z (yz)fcusah <

Sa=1

N N
< EEE N (ot h=D),, b= et Y (RN <

Sa=1 Sa=0
N
< —ata Y (V2,0 + #aaal(yX +45). (19)

Sa=0

C yuerom rpanmanbix ycsaosnit (2) u (19) us (18) momyttnm

1 N—-1 v a N-1
2})(2 ol — xa)(ygg))2h>+ 042 = Z Ta(l = Ta) (Yza.50) h +
£

sa=1 Sa=1
N
+ #aaq Z (y?a)h <
Sa=0
N-1 N-1
<blaa Y wall = 2a)y @ v+ bgaa Y wall — za)yl), yl@h
sa=1 Sa=1
N-1 N ' N—1
Sa=1 1a=0 sa=1
N-1
+ Ma ( > e+ 1o uia>. (20)
Sa=1

Ouenum cyraraemble npasoit gactu (20) ¢ momomnpio HepaBencTBa Komn ¢ €,
TOTJIA TTOJTY IUM

N-1 N-1
blaa Y wall = o)yl Y Dh+braa S zall — 2oy, yl@h <
sa=1 Sa=1

]' «
< M (el patin ol oy 21908 PNy ): - (21)
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Z (I —xzq) <y5a Z(Smayl >

Sa= 1a=0
N-1
1
< 1o Z ol = 2a)(Y)2h + &1 Z Za(l — z4) (Z 5mayla)h>
sa=1 Sa=1 1a=0
N-1 N-1 N
1 0%
< <o Z Tl = 24)(y{Y)2h + &1 M3 Z <xa(l —4) Z(yga))Qh)h <
Sa=1 Sa=1 ia=0
1 N-1
< der Z To(l — za)(y (a)) h +e1My Z ysa
Sa=1 5a=0
1
i ()2 ()12
< 10y N7y ) + 1 Mal [y )Ty, (22)
rhe po = VZa(l —2a), pr =p2 ="+ = pp.

YunreiBas (21), (22), u3 (20) naxoxum

1 a a
< eMs|payza ][,y + €1 Mal [y )17, )+
+ Mr(e)llpaty' (17 50y + Mo (o) [7a () + #2a + £3a),

ie || - ||,y (a) O3HATAET, 4TO HOpMa GepeTcs 1o MepeMeHHo X TpH (PUKCHPOBaH-
HBIX 3HAUEHUSAX OCTAJIBHBIX I€PEMEHHBIX.
Beibupasi ¢ = Ms5/(2Ms), €1 = 1/(2My4), 13 n0OCJIETHETO TIOJLY TUM

1
E(IIpay(“)lliz(a))fr 1pavzal ey + 1 N2 40y <

< MsHPay(a)H%Q(a) + M9(H<P(a)]\%2(a) P+ Mia)- (23)

IoncraBiasa mocae CyMMHPOBAHUS 10 i3 7# iq, B = 1,2,...,p HOIydeHHBIC
OIEHKHU B TOXKJIECTBO (23), IIOJyIMM HEPABEHCTBO

1 o 0% (6%
];(Hpay( )H%Q(wh))fr peyzallZ s (ny + Iy )”%Q(Qh) < Mg pay )||%2(wh) +

#0061y + 3 (2 alt) +alt) /). 20
1[37£1a
[Tpocymmupyem (24) cragana mo o = 1,2,...,p:

1 § (03 z (0% 14+
5 <Z ||p0ty( )||%2(wh ) Z Hpay]—‘r /p |L2(wh) + |[yj+ /p”%g(a)h)) g
a=1 a=1

p
< MS Z ”pOéijra/pH%Q(wh) +

a=1
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+Mgz< i R N (7 () +u+a(t]))H/h>

igFia

a 3aTeM, yMHO¥Kas obe JacTH Ha T U cyMMupys 1o j’ or 0 Jo j, noaydaem

7 P
. + -/
1o 2 + D7 Y (100t 12 oy + 171 ) <
j'=0 a=1

J p
Z Z |:0 yj +a/p”L2(wh +M11 <|[y0]|%2(wh)+

+j§::0T§:1<| J+a/p To(@n) ~I—Z +M+a( ))H/h>> (25)

igFia

U3 (25) umeem

J P
pryj+1||%2(wh) < Mo Z TZ | pay’ +a/p||%2(wh) + M1 FV, (26)
j/:O a=1

rae

Y, Z( oy 3 0+ RR) + ),

=0 a=1 igFia
HOK&}KGM, 9TO UMeeT MeCTO HEPpaBEHCTBO

7j—1

max o PPy ST ax fpay’ FOIP|2 oy F 2,

]_

I7e Vi, V9 — U3BECTHBIE II0JI0XKUTe/bHbIEC IIOCTOSIHHBIE.
[Tepenumiem HepaBeHCTBO (24) B CJIEAYIONIEM BHIE:

10t P13 oy < NPat? POV PIT oy + TMsllpat? PN ) +

+TM9<Hs0”"/”H%2(wh) s uﬁawia)ﬂ/h). (27)
iﬁ#ia

[Tpocymmupyem (27) mo o or 1 110 «, Toraa mostyanm

o
D lpart? I o <

a’'=1
o «
S Z Hpa’yﬁ-(a _1)/pH%2(wh) +7Ms Z Hpa’yﬁ_a /pH%Q(wh) T
a'=1

417



BemrokoBa 3. B.

+ 7 My Z <|[¢j+a’/p],%2(wh) + Z (n?,, + Nia/)H/h)

a'=1 g7

s IIocJjIeJHEro 1oJryvdaeM

p
10t P17y < 1P 1Ty + TMs D 00t 77117, ) +

a=1
+TM92( [N + D (2 +u+a>H/h) (28)
igFia
He napyimas obmuocT, MOYXKHO CUUTATDb, 9TO

Jta

max |[pay /pH%Q(wh) = |’Payj+a/p||%2(wh)a

1<a’<

B NPOTHBHOM ciydae (27) GylgeM CyMMUPOBATb JO TAKOTO (, HPU KOTOPOM
| payto/P|2 To(wy) AOCTHIAET MAKCHMAJILHOIO 3HAYEHUS IPH dukcupoBanHoM 7.
Torna (28) HepeHI/ILHeM B BH/JIE

112 j 2
2% oot 17 ) < 1019 (7o) + PrMs max [lpay’™ P17, +

+TM92<|W+Q/IJ1|%M - (u%awia)H/h). (20)

a=1 igFia
Tax xak u3 (26) ciemyer, 11O
j—1
o1 117 5y = oot 17y < Mio Y 7 max. Pt Y7717 oy + M2 FY,
§'=0

u3 (29) mveem

(1 —prMs) max ot /P13 5 ) <
7j—1

< Mo Z T max [Py’ +a/p”%2(wh) + Mo F7. (30)
0

=
Buibupas 7 < 19 = 1/(2pMg), u3 (30) naxomum

j—1

jt+a/p j'+a/p J
max [Py 17 () S 71 ZT max. ||p Y 17, () + V2 F. (31)
] =
Beegs obosnadenne gjp = max. | pay?te/P H%Q(wh), coornorrenne (31) MOKHO
ImepernuncaTrb B BUJIE sasp
J
gj+1 S V1 Z TGk + v F, (32)

k=0
418
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rJie vy, Vo — U3BECTHBIE [OJIOKUTEIIbHBIE TOCTOSIHHBIE.
[Tpumensist k (32) Jlemmy 4 [17, crp. 171], n3 (25) nosry<gaem anpHOPHYIO OIEH-
KYy:

J p
. Jr -/
1ot M 2 oy + D T §: (Pt P12 oy + 17 P12 ) <
j'=0 a=1

J P
S M(Z TZ HSOJ +a/pH Lo@n) T

' (M%(X(Oa xlatj/) + /’L?‘,—Oé(laxlgtjl))ﬁ/h + Hyo]‘%z(wh))’ (33)

rame M = const > 0 me 3aBucur or h u 7.
Wrak, cripaBejiiBa CJIeLyOIAsT

TEOPEMA 1. [Tycmov swnoanense ycaosus (4), moeda a0kaavHo-00HOMEPHAA
cxema (7)~(9) yemotuusa no npasoli “acmu u HAYGALHOM OGHHbLM, MAK 4MO
ons pewenus cxemv, (7)~(9) npu 7 < 79 cnpasedausa ouenka (33).

5. CXoaMMOCTBh JIOKAJIbHO-OHOMEPHOI1 cxembl. [lo ananoruu ¢ |16, cTp.
528| npescrasum pentenne sagaan (10) B BUe CyMMBI Z(o) = U(a) + M(a)s Z(a) =
= ZIte/P; pyukuus M(o) ONPEJIETISIETCST yCIOBUAMU

M) — MNa—1)

. :2/304, TEWL+ Y, a=1,2,....p, (34)

n(z,0) =0,
riue
Ya, To € Wh,

Yo = 7%—04; ZTo =0,

era’ Lo = l.

s (34) crenyer, uro Pt =y =0 + 7 (1 +aha+ -+ ) = =0 =
=n"=0,j=0,1,...,jo, Tak xax n° = 0.
Torma nysa n® umeem

o

:T(121+1Z2+-..+1La) :_T(Tza+1+"‘+¢p) :O(T).

DyHKIWMSA U(q) ONPEIENAETCS yCAOBUAME

o) 7 Wemt) _ & ) —1,2 35
- — a(a)+1y[)0m .’EECL)]—L,OZ— y Ly ey Py ( )

U(a) = —Ta, Lo S ’Yh,ou U(J:)O) = O)
rie Yo = V% + Man(a)-
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Ec/mi cymecTBYIOT HelpepbIBHBIE B 3aMKHYTOH objacTu (Qp ITPOM3BOJIHbIC
4 ~ o °
az(z 8:(:%’ « 7é ﬁa TO Aan(a) = -7y (¢a+1 +oF 1/}10) = O(T)

Perenne 3aya4u (35) oeHUM € TIOMOIIBIO T€OpeMBbI 1:
J P e
i+1(12 o i’ 2
oo M 1 oy + DT Z (a2 113 sy + 7 T3 5) <
§'=0 a=1

J p
. Z@?éla
(36)

Tax xax 7/ 71 = 0, n(y) jrelp =0(T)n

a)r T
71 = 12?12, m +
+ Z Z lPazt ™ "Ry + 117N ) =
= prvj“ + ppnj+1”L2(wh) +

'+ "+ / /’
+ Z Z Hpav] o/ + Poﬂ?] a/p”Lz(wh) + [ ol m +a/p”%2(wh)) S
=0 a=1

Jr
< Nopt™ M3 ) + 2 Z Z ot 112 oy +

=0 a=1
+ Hpaﬁj +oz/p”L2 o) + ij +a/P]|22(@h) + |[77] +E”%2(®h))<
< 2( W3 + Z Z (1B oy + 17 +a/””%2<@h>)>'
7'=0 oa=1

Torna u3 onenku (36) caeayer Teopema

TroPEMA 2. [Tycmo sadava (1)~(3) umeem eduncmeennoe nenpepuisroe 6 Qr
pewenue u(x,t) u cywecmsyrom nenpepvishvie 6 Qp NPouseodnvie
0*u O Bu 0?
YDR P} 2 2 ’ L2f7 a:1,2,...,p,a7$/6’,
ot* " O0xg0xy Oxz ot Ouy

U BLINOAHEHDL YCAOBUA 2Aa0K0CTIU U 02panuventocmuy (4), moeda AokarbHo-00HO-
mepras cxema (7)—(9) cxodumes x pewenuro dugpepenyuanvrot 3adawu (1)—(3)
co cropocmuto O(h? + T), max wmo npu docMaAMOUHO MAAOM T UMEEM MECTO
OUEHKa

Iyt — Y < MW +7), 0<7<T0,
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ede

| ) 1/2
Hzﬁ_l” (HPPZ]J'JHLQ (wn) T ZTZ Hpa i /p ’Lz(om) +I[# +a/p”%2(wh))> '

7’=0 a=1

6. Asroputm ynciaeHHoro perrenust 3aga4u (1)—(3). Iepenumem 3a1a-
qy (1)-(3) upu 0 < 2o < I, @ = 2, p = 2; TOrA NOJYIUM

5% = g — ) + 5 (ka(t
ot Ox (kil(t)axl) +8x2< ()a@) +ri(t )a +ra(t) g~

—Q1($U1,9U27t)u—Q2($1,$27t)u—/ Hi(x1,x2,t)udx; —
0

!
—/ Hy(x1, x, t)udxs + f(x1,22,t), (37)
0

U(O,SEQ,t) — Mll(l‘Qvt)a U(l, 1:25t) - ,LLlQ(J:Zat)? (38)
U(SUl,O,t) - Nf?l(xlvt)a U(ﬂf]_,l,t) - ,LLQQ(J,'l,t),
u(w1,x2,0) = uo(z1, ¥2). (39)
st pemenns 3agaqan (37)—(39) paccMorpum ceTky :cg"‘) = igh, a = 1,2,

tj = jr, rme i = 0,1,...,N, h = /N, j = 0,1,...,j50, 7 = T/jo. Beenem
APoOHbIL mar ¢, 19 =t; + T /2 n 0603HAIUM CeTOUHYTO (DYHKITUIO

IS/ ibsI2 = iy hish, (G + 5/2)7), s=0,1, j=0,1,2,...,j0

y’Ll 112

3aruireM JIOKaJIbHO-OHOMEPHYIO CXEMY

J+1/2 _ g o
Ut L VRV
gyt T gtz (40)
AT e
+1 ; j+1 .
Z/gJ 22/ = M11(22h,tj+1/2>7 y?v 12/ = p2(izh, tji1/2), )
yil»o = pa1(irh, tjrn), y’il,N = p22(irh, tj+1),
Yirip = uo(ih, i2, h), (42)

A y]+a/2 o aayijxf—i—bJraayﬁcm/Q—i—b aayj+oc/2

j+a/2 Z S iy i+ a—1) /2h,

1a=0

Pa = %f(xl)ant]EFa/Q) njanm @1 = Oa Y2 = f($1,$27tj+1), o = 1)2
[Tpusesiem pacuernbie GpopMyIibl Jisi periennst 3anaan (40)—(42).
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Ha nepBom sTarne HaxouM perreHue yll i +1/2 . st 3TOrO0 1IpH KazKk10M 3HAYEHUN
19 = 1, N — 1 permaercs cJie/iyromast 3a/1a4a;

1/2 i+1/2 1/2 1/2 .
A1(u,z2)yfl+_1/12 C1(il,¢2)yf:¢2/ +B1(11,22)y51—:_1/22 = —Fﬁ / 0<i; < N; (43)

1(i1,2)°

j+1 . +l j
% 12/ = p1(izh, tj12), y?vm/ = p2(igh, tjt1/2),
rie
riaq bl_al 71a1 bi’—al

Al(il,iz) - h2 h ’ Bl(h,iz) - h2 + h ’

1 1
Cllir,in) = Al(irin) + Bi(ir,in) + - E(dl)il,ig,

1 N
j+1/2 Aj
Fl(h,lz) 7y11ﬂ2 T P(irin) ~ § 01,y yi, h
11=0
141
Ha BTopom sTame HaxoauM perreHue yf:w Jl1st 9TOTO, KaK 1 B IIEPBOM CJIyvae,

pu KaxkjoM 3Hadennu i1 = 1, N — 1 pemraercd 3aa4a
J+1 J+1 J+1 J+1 ; .
Aginia)Virin—1 — C2inia)Vir in T B(inin) Vi i1 = _F2(i1,i2)’ 0 <ipg < N; (44)

i1 . i1 .
yfjo = po1(ith, tjr1), yf;rN = pa2(ith, tj41),

2049 b2_ a9 209 b;_a2

A2(i1,i2)_7_T’ B2(i1,i2)— 2 + h

1 1
Coiy in) = A(irin) T Boinin) T+ = + *(d2)i1,i2,

) 1
g+ _ Lo +1/2 J+1/2g
F2(i1,z'2) B ;y’il,’iQ T P2(i1in) Z 02 iz Yy
19=0

Kaxnast u3 3aga4 (43), (44) pemaercss MmerogoM nporouku [17].

7. TecToBas 3agaya M 4uUCJEHHbIE Pe3yJabTaTbl. Kosddunuenrsr ypas-
HeHUsl ¥ I'PAHUYHBIX yCJIoBuil ncxouoit nuddepennnanbhoii 3amaan (1)—(3) nox-
Ouparorcst TaKuM 00pa30M, YTOOBI TOUHBIM PEIeHueM Ipu p = 2 ObL1a PYyHKIUST
u(w,t) = t3(x} + 25).

Huxe B Tabu1. 1, 2 npu yMEHbIIEHAN Pa3Mepa CeTKH IPUBEICHBI MAKCUMAJILHOE
3HAYCHUE MOTPENTHOCTU (2 = Y — U) W BBIYUCJIUTEJBHBIN MOPSIOK CXOJAUMOCTH

(BHC) B mopmax || - ||y, B || - llcwn,), T 1¥llcw,,) = (o X ly|, xorma
Zi,t hT
h = hy = hy = /7. IlorpemuocTs yMeHbIIAeTCs B COOTBETCTBUM C IIOPSIKOM

armpokcumanmn O(h? + (1/7)?).
Bbrauc/ure/bHbIH HOPSAI0K CXOAUMOCTH OLPEJIEJIsSeTcs 10 cieyoneil hop-
MyJIe:

sl Il
BHC = loghy iy 1,1 = 1082 |1,

IJIe Zj — 9TO MOTPENTHOCTh, COOTBETCTRYomAs hi, i = 1,2.
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Tabuma 1
Wsmenenue morpermsocta 8 HOpME || - || 4, (@),,) TPY yMEHbBIICHUE pa3Mepa CeTKd Ha t = 1, koraa
h = h1 = ha = /7 [The maximum error value (z = y — u) and the computational order
of convergence (CO) in the norm || - ||L,(w,.) When the grid size is reduced by t = 1, if
h=hy = hy = /7|
h 0 [ o) 0O in - latonr
1/20 0.054709570
1/40 0.016029049 1.7711
1/80 0.004208141 1.9294
1/160 0.001067429 1.9790
1/320 0.000267991 1.9939
Tabsmiza 2
Wsmenenne norpemsoctd B HOpME || - ||¢(w,,,) IIPU yMEHBIIEHHH pa3Mepa CeTKH Ha t = 1,
korma h = h1 = ha = /7 [The maximum error value (z = y — u) and the computational
order of convergence (CO) in the norm || - |[¢(s,.) When the grid size is reduced by t = 1, if
h=hi=hs = /7]
h Izlle o) CO i |- letwns)
1/20 0.160732965
1/40 0.046564855 1.7874
1/80 0.011943380 1.9630
1/160 0.003001901 1.9923
1/320 0.000751465 1.9981

3akirouenue. B pabore paccMaTpuBaeTcs KpaeBas 3aJada JJIs MHOTOMED-
HOI'O UHTEIrPo-IuddepeHIuaIbHOr0 ypaBHeHnsl KOHBEKIN-Iuhy3un ¢ HeOIHO-
POJHBIMU IPAHUIHBIMU YCJIOBUSIME IIEPBOrO poja. st mpubInKeHHOIO pelIeHmsT
[TOCTABJIEHHON 3aJa4ll IpeIJIoyKeHa JIOKaJIbHo-oqHoMepHas cxemMa A. A. Camap-
CKOI'0 C IIOPAJKOM alllIPOKCUMAaIluN O(h2 + 7). UccrenoBanne eauHCTBEHHOCTH
U YCTOMYHUBOCTU PEIICHUA IIPOBOJUTCS C IIOMOIIBIO METOAA SHEPreTUYeCKUX Hepa-
BeHCTB. [losrydeHbl allpuopHBIE OIEHKHU PeIleHns JOKAJIbHO-O0THOMEPHON PAa3HOCT-
HOM CXeMbl, OTKY/Ia CJIEJIYIOT €JIMHCTBEHHOCTDH pellleHUs, HellpepblBHAsd U PaBHO-
MepHasg 3aBUCUMOCTDH PEIIeHUs OT BXOJHBIX JaHHBIX, & TaKzKe CXOIUMOCTb pe-
IITEHUsT CXEMbI K PEIeHUI0 UCXOAHON auddepeHItnaj bHoil 3a/1a9u ¢O CKOPOCTHIO,
PaBHOI TOPSJIKY AIMPOKCUMAIINA PA3HOCTHOW cxeMbl. J[jist AByMepHOI 3amadu
HOCTPOEH AJITOPUTM YUCJICHHOI'O PEIIeHUd, IIPOBEJACHbl YUCJICHHBIEC pacyeThbl Te-
CTOBBIX IIPUMEPOB, HUJLIIOCTPUPYIOIINE IIOJYIeHHBIE B paboTe TeOPEeTUIECKHe pe-
3yJAbTaTHI.

KOHKypI/IpyIOH_(I/Ie MHTEepeCHI. KOHKypI/IpyIOIL[I/IX MHTEepeCOB HE NMEIO.

ABTOpCKasi OTBETCTBEHHOCTD. ¢ HECy IMOJIHYIO OTBETCTBEHHOCTH 32 IIPEIOCTABJICHUE
OKOHYATEJILHON BepCHM DPYyKOIHMCH B nevdarh. OKOHYATENbHAST BEPCUs PYKOIHUCH MHOIO
omo0peHa.

(I)I/IHaHCI/IpOBaHI/Ie. HCC.HG,JOBELHI/IG BBIIIOJIHSIIOCH 0Oe3 (bI/IHaHCI/IpOBaHI/IH.
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Abstract

The first initial-boundary value problem for a multidimensional (in space
variables) integro-differential equation of convection-diffusion is studied. For
an approximate solution of the problem a locally one-dimensional scheme
by A. A. Samarskii with order of approximation O(h? + ) is proposed. The
study of the uniqueness and stability of the solution is carried out using the
method of energy inequalities. A priori estimates for the solution of a locally
one-dimensional difference scheme are obtained, which imply the uniqueness
of the solution, the continuous and uniform dependence of the solution on
the input data, and the convergence of the solution of the scheme to the
solution of the original differential problem at a rate equal to the order of
approximation of the difference scheme. For a two-dimensional problem, a
numerical solution algorithm is constructed, numerical calculations of test
cases are carried out, illustrating the theoretical results obtained in the study.
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Omnucanue cnekTpa OJHOI onmepaTopHO
MaTpUIlbl YeTBEPTOTO IOPsiIKa

T. X. Pacynaos, X. M. Jlamunos

Byxapckuii rocy1apCTBeHHBI yHUBEPCUTET,
V3bekucran, 705018, Byxapa, ysi. Myxamman Uk6om, 11.

AHHOTaNSA

PaccmarpuBaercst orreparopHasi MaTpuIia 4eTBEPTOro mopsijika A. DT1or
OIIePaTOP COOTBETCTBYET FAMIJIBTOHIAHY CUCTEMBI C HECOXPDAHSIOIINMCS YUC-
JIoM U He 60Jiee deThIpex dacTull Ha penterke. [lokazaHno, 4To omepaTopHast
MaTpuia A YHATAPHO 3KBUBAJEHTHA IMATOHAJLHONW MATPHUIE, JTUATOHAJIb-
HBIMU JIEMEHTAMU KOTOPOH ABJISIOTCS ONSATH ONEPATOPHBIE MATPHUIIHI YeT-
BepToro nopsiaka. OMMCAHO MECTOMOIOXKEHNE CYIECTBEHHOTO CIIEKTPa OIe-
paropa A, T. e. BBIJIEJIEHBI JIBYXYaCTHIHAS, TPEXIYACTHIHAS W YeThIpeXda-
CTUYHAsT BETBU CYIIECTBEHHOI'O CIEKTpa oreparopa A. YcTaHOBIEHO, YITO
CYIIECTBEHHBIN CIIEKTD OIEPATOPHON MATPUILI A COCTOUT M3 OObEUHEHNS
OTPE3KOB, YUCI0 KOTOpbIX He Gosbie 14. IToctpoen ompenenuresns Dpes-
rojabMa, TaKOi, 9TO ero MHOXKECTBO HyJIed M AUCKPETHBLII CIEKTp olepa-
TOPHOHN MaTpuribl A cOBIAIAIOT, KPOME TOTO, TOKA3AHO, ITO YUCJIO MTPOCTHIX
CODCTBEHHBIX 3HAYEHUH OIePATOPHON MATPHIIBI A, JIeXKAIINX BHE CyIEeCTBEH-
HOI'O CHEKTpa, He TIpeBocxoauT 16.

Kurogesbie ciioBa: npocrpanctso Poka, onepaTropHas MaTpHUIA, OIIEPATO-
Pbl POXKJIECHUA U YHUYTOXKEHUdA, YHUTAPHO IKBUBAJICHTHBIC OIIEPATOPLI, Cy-
IIEeCTBEHHBIA, JUCKPETHBIA U TOYCYHDBIA CIIEKTPLI.
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Pacyanos T. X., Jlarunos X. M.

Beenenue. Muorue nayIHO-IPHKJIIHbIE TPOOIEMbI CBOAATCH K N3YYEHUIO
CIIEKTPAJILHBIX CBOWCTB GJIOIHO-OMEPATOPHBIX MATPHIL, 3JIEMEHTAMU KOTOPBIX $B-
JITIOTCSL JIMHEHHBIE OIEepaTOPhl, JeicTByONme B 0AHAXOBBIX MU I'UILOEPTOBLIX
upocrpancrsax [1|. CyiecTBeHHbIE U JUCKPETHBIE CIIEKTPBI 6I09HO-0IIePATOPHBIX
MaTpuil (B TOM YUCJIE U JIJIsi OJHOIO CIEIUATBLHOIO KJIACCA — FaMIJIBTOHUAHOB CHU-
CTEM € HECOXPAHSIOIIUMCST OIPAHUYEHHBIM YUCIOM YACTHUIL HA PEIIETKe) IHPOKO
CBsI3aHBl C AKTyaJbHBIME 1pobsieMaMu B (u3nKe TBEPIOro Tesa [2], KBaHTOBOI
Teopun 1o (3], crarucruueckoit usnke 4|, kBanToBoit Mexanuke [5], MarauTO-
rugpouHamuke [6] u np. [Tosromy passurue nccieoBanus 6;109HO-OLIEPATOPHBIX
MaTPUI] U TAMUJILTOHUAHOB CUCTEM C HECOXPAHSIIOIUMCS OTPAHUIEHHBIM THCIOM
YACTHUI AIBJIAETCS OJHUM U3 IIPUOPUTETHBIX HAIIPABJICHUI.

JlocTaTouHo TOTHOE N3yveHHne CIIEKTPAIBHBIX CBONCTB MHOTOYACTHIHBIX OIIe-
paropos IIIpeauHrepa B €BKJIMIOBOM IPOCTPAHCTBE MPOBEJIEHO B KHHUTrax |7, 8|.
[leHTpabHBIM PE3YJIBTATOM, MOCBSIIEHHBIM OIMCAHUIO CYIIECTBEHHOTO CIIEKTPA
JJIsl CHCTEMBI MHOTUX YaCTHUII, ABJIAETCS TeopeMa XyHInKepa—Ban Bunrepa—2Kuc-
muna (Teopema XB2K), Ha3BanHast Tak B 4ecThb 3acayr XyHiukepa 9], Ban Bunre-
pa [10] n 2Kuciuna [11]. Ona ryacut, 9To CymeCTBEHHBIH CIEKTD [N-IacTHTIHOTO
HenpepbIBHOTO oneparopa [IIpeauHrepa cOCTONT M3 MOJyMHTEPBAIA U HANMEHD-
I 9JIEMEHT JIOCTUIAeTCsl Ha CIEKTPe IOAraMIIBTOHIAHOB OIIPEIEJICHHOTO KJIac-
ca. B pabore |12] nokazana reopema XB2K jy1si raMuiibTOHIAHA CHCTEMBI Y€THIPEX
POM3BOJILHBIX KBAHTOBBIX YACTHI C HAPHBIME IIOTEHIMAJAMHI Ha peleTKe.

JlokazaTebCTBO aHAJIOTHYHBIX PE3yJIbTaTOB B CIydae JUCKPETHBLIX OIepaTo-
pos IIpenunrepa, a Tak:ke pPe3yabTaTOB, OTIMYAIONIUXCA OT HUX JIJIS TaMUIBTO-
HUAHOB CHCTEM C HECOXPAHSIONUMCS OrPAHMYEHHBIM 9UCIOM YACTHUI] HA PEIIeTKEe
SIBJISIETCS aKTyasbHOI 3amadeii. [TpobieMbl OlUcaHusl CYIIECTBEHHOTO CIIEKTPA,
OlpeJIe/IeHnsl KOHEIHOCTH WJIM OECKOHEYHOCTH JUCKPETHOTO CIEKTPa TaKUX Ia-
MUJIbTOHUAHOB U3y YeHbl MHOTUMHU aBTOpaMu, cM. Harnpumep [13-18|. B wactaocTn,
B paborax [16, 17| uzyuenbl olepaTopHble MATPHUIILI Y€TBEPTOrO MOPSIAKA U OIH-
CaHBl MECTOIIOJIOXKEHNE W CTPYKTYpPa CYIIECTBEHHOTO CIEKTPa, a TaKzKe JIOKa3aH
anaJior Teopembl XBZK.

B nacrosieii craTbe paccMaTpUBAeTCs OlepATOPHas MaTPUILA, I€TBEPTOro MO~
paaka A, KoTopasi COOTBETCTBYET FraMHJILTOHUAHY CHCTEMbI ¢ HECOXPAHSIOIIMCH
YUCI0M 1 He GoJiee YeThIpex JacTull Ha pemerke. OHa cBA3aHa ¢ MOJENBIO «CITHH—
6030H» C He Gosee deM TpeMsi (POTOHAMH B €BKJIMIOBOM mpocrpancte RY, T e.
B GozomHOM (hoKOBCKOM TpocTpancTse Haj Lo(RY, C2), uzyuennoii B padore [22].
TaM BBITIOJIHEH CIIEKTPaAJIbHBIN aHAJIN3 FAMUJIBTOHIAHA € TIOMOIIBIO TEOPUH PACCe-
SIHHSL B TIape IPOCTPAHCTB CO CIIENHUAJbLHO BLIOPAHHBIM BJIOYKEHHEM. B "acTHOCTH,
JIOKAa3aHbl CYINECTBOBAHNE BOJHOBBIX ONEPATOPOB M UX ACUMIITOTHYECKAS TTOJIHO-
Ta. [Ipu 9TOM BCe TIOCTPOEHUST OMUPAIOTCS HA JIETANbHBIA aHAJIN3 PE30JIHBEHTDI.

1. ITocranoBka 3amauu. Yepez C, R, Z u N 0603HaUNM MHOXKECTBO BCEX KOM-
IIEKCHBIX, BEIIECTBEHHBIX, IEJIbIX U HATYPAJIbHBIX 9HUCESl COOTBETCTBeHHO. [lycTh
d e Nu T := (—m; 7|4 — d-MepHbIil Ky6 ¢ COOTBETCTBYIONIM OTOYKIECTBICHIEM
IPOTHBOIIOJIOXKHBIX Tpameil. Beiony B pabore T paccmarpusaercst kak abesieBa
Irpylna, B KOTOPOI OIepallii CJIOXKEHUsI U YMHOYKEHWsST Ha BEIeCTBEHHOE JHCJIO
BBEJICHBI KAK ONEPAINN CIIOKEHHsT I YMHOMKEHNIS Ha BelecTBeHHoe uncio B RY mo
momyimo (27Z)4. Hamnpumep, eciu

a=(r/2,...,7/2), b= (27/3,...,27/3) € T4,
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Omnncanne coekTpa OZHOH ONEPATOPHOH MATPHIBI Y€TBEPTOrO IMOPSIAKA

TO

a+b=(-57/6,...,—57/6), 6a = (m,...,n) € T4

ycrs Lo((T9)™), m = 1,2,3 — ruib6epToBo IPOCTPAHCTBO KBAIPATHUIHO-
HHTErpupyeMbrxX (KOMILIEKCHOZHAUHBIX) (yHKIHI, onpeenennbx na (TY)™ u

F(La(T%) := C & Ly(TY) ® Lo((TH?) @ - - - ;
FU(Ly(TY)) := C & Ly(T) @ Ly((T4)*) & - -+ @ Lo((TH)™), m =1,2,3;
HM = C? @ F™(Ly(TY)), m=1,2,3.

I'mms6eproso mpocrpanctso F(Lz(TY)) masesaercs npocrpancrsom Doxa,
a FM)(Ly(TY)) — (m + 1)-uacridnoe oGpe3aHHOE HOMIPOCTPAHCTBO IIPOCTPAH-
ctBa Poka.

Hopwma sinementa F' = { fés), 1(5)7 fz(s)7 fés),s = i} e H®) sanaerca dopmytoit

IFIP =3 (!ﬁf’!z + /T AU Pk + /(Td)g 57 U, ) 2l by +

s==

+ / |f3§s)(k?17kz,k3)|2dk1dk2dk3>.
(Td)3

B rus6eprosom npocrpancrse H3) pacemorpum TPUNATOHAJIBLHYIO Ollepa-
TOPHYIO MaTPUILY
Aog Aor 0 0
Ay A A 0
0 Aj, A A
0 0 53 Ass

A=

C M&TpI/ILIHbIMI/I dJIEMEHTaAMMN
Aoofés) = SEf(gs),
Ao f¥ = a / w(t) £ (bt
Td
(A f) (k) = (s + wka)) £ (k)
(A f) (k1) = a / o) £ (k. 1),
Td
(An2 f$) (1, ea) = (s + w(ky) + w(ka)) £ (k. ),
(A3 ) (k1 ) = /T ()7 O R ),

(Ass fSN) (i, ko, k) = (se +w(ka) +w(ka) +w(ks)) £ (ky, ko, ks).

31ech {fés), fl(s), fQ(S), 2(8),8 = :I:} e HB), A — conpsixennslit oneparop k Ajj,

i < j; dyskmun v( - ), w( - ) ABISIOTCS BEIECTBEHHO3HAYHBIMY M HEIIPEPbIBHBIME

ma T9, mprraenm mil(li w(k) = 0; a > 0— «uapamerp B3amMmoeiicTBusi». B arux
keT

[IPE/IIIOJIOKEHHAX orlepaTopHasi MaTpuiia A sIB/IseTcsi OrpaHuvIenHON U CaMOCo-
IPSIZKeHHOH B ruibbepToBoM mpocrpanctse H (3.
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[TocraBum st onepaTopHOit MaTpuibl A cieyonye 3a/1a4u:
— OIIMCATH MECTOIOJIOXKEHUE CYIIECTBEHHOIO CIIEKTPa U JIOKA3aTh, YTO OH CO-
CTOUT U3 0ObEeJIMHEHNsT OTPE3KOB, KOTOPBIX He GoJiee 1ecTH;

— OIIPEJIEINTD YUCIO U MECTOHAXOXK/ICHIE COOCTBEHHBIX 3HAUEHUIT;

— OIICHUTH HUKHIOIO I'DAHb CYIIECTBEHHOIO CIHEKTPA.

B mocsteyromux paszenax cTaTbi MBI HOIPOOHO PACCMOTPHM BCE 9TH 3a/IaH.
Hasee no obosnadeHusIMI 0 ( - ), Oess( ), Opp(+) U Odisc( - ) ITOHIMAIOTCSI CIIEKT,
CYIIECTBEHHDIH CIEKTP, TOYEIHBIH CIEKTD U JAUCKPETHBIH CIEKTD OrPAHUYIECHHOTO
CaMOCOIPSIKEHHOIO OIIEPATOPA COOTBETCTBEHHO.

2. CekTpaJjibHOE COOTHOIIIeHNE [JIs onlepaTopHoi marpuisl A. B sTom
pasjiesie u3ydeHne CIeKTpa OlePaTOPHO MaTPHILL A IIPU OMOIIH OIIEPATOPA I1e-
PECTaHOBKU CBOJIUTCS K U3YUIEHUIO CIIEKTPa 00JIee MPOCTHIX OIEPATOPHBIX MATPHIT
A®) s = 4. Barem crexTp onepaTopHoil MaTpuIbl A ONICHLIBAETCS Yepes CIEKTP
oneparopubx mMarpur, A®) | s = +.

Uccnenyem criekTpajbHbIE ¢BOiicTBa omtepaTopHoil MaTpuibl A. C 310l 1ebio
OIIPeIeJINM JIBa OTPAHUIEHHBIX CAMOCOIIPSIKEHHBIX orieparopa A,,, m = 1, 2, neii-
creytomux B8 H™ B Buze (m + 1) x (m + 1) omepaTopHbIX MaTPHIL:

Ao Aor 0
A A «
Ay = < Ag? «4(1)1 ) ;A= | A A A

0 Aj, A

PaccMOTDHM €ITie TPH OTpAHHeHHbIX CAMOCONPKEHHbIX onepatopa A%, m =
=1,2,3, s = +, aeiicteyiomux B F (™ (Ly(T4)), 8 Buge (m + 1) x (m 4+ 1) onepa-
TOPHBIX MATPHIL:

~ ~ A\(S) _,21\01 0
: Al A ; Coo 2o
AP = ( le?ko Aosl) ) C AV = Ay 411) Az |
b A 0 d A
A Ay 0 0

~

0 Al %52) A
C ManI/I‘IHbIMI/I JIEeMEeHTaMNn

«Z(()So)fo = se fo,

Ao fr = a/ v(t) f1(t)dt,

Td
(AR f1) (k1) = (—s¢ + w(k)) fi (),
(»/21\12f2)(k1) = a/ v(t) fa(k, t)dt,
']Td
(AS) f2) (k1 k) = (s + w(ky) + w(ks)) folki, ka),
(Ao fo) (k1 ka) = a / o(t) o k1, ko, ),

(T9)2
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(A f) (kv ko, ka) = (—se +w(ki) + w(ks) + w(ks)) fa(kr, k2, k);

(fo, f1) € FO(La(TY),  (fo, f1, f2) € FA(La(TY),
(fo, f1, fo, f3) € FO(Lo(TY)).

Mo2KHO JIeTKO TPOBEPUTD, UTO

(51 fo) (k1) = av(kr) fo, (Ao fr) (e, ko) = aw(ka) f1 (k)
(Abs f2) (k1 ko, k3) = av(ks) fa(ki, k)i (fo, f1, f2) € F@(Ly(TY)).
Brenaronasisie oneparopst A01, Ais u Asy masmsaiores onepamopamu

YHULTOHCEHUA, 2 AOI, A12 u A23 HA3BIBAIOTCSI ONEPamopamy postcderus 3.
JaJee 11 COKpaIeHnsl 3alMCH BCIOY Npenosaraercs, 9ro Asg :=

YCTaHOBUM CBSI3b MEXK/LY CIEKTPAME OLEPATOPHBIX MaTpull A, u Am ,8==+.

JIEMMA 1. ITyecms m = 1,2, 3. Meowcdy cnexmpamu onepamoproix mampu, A,
u .ASTSL), s = =+, enpasedauso paserncmeso o(Ay,) = O'(ASJ))UU(A;:)). Kpome moeo,

Oess(Am) = UeSS(A( )) U UeSS<-A( )) Jp(-Am) = UP(A( )) U Jp(A(_))-

Hoxaszamenrwvcmeo. Beeiem Tpu oreparopa nepecTaHOBKU:

By H™ = FO(Ly(TY)) @ F(Ly(TY)), m=1,2,3;
o (S 1T AT AT = GO D 5T 1),
By (f§, 1 D T ) G B KD T 1 ),
By (50 1 O ST D ) -
A AN Y R A P D)

OueBupao, uTo @, — yHUTApHAS ONEPATOPHAS MATPUIA U

&1 F(Ly(TY) @ FU (Ly(TY)) — H™ ., m=1,2,3;
7' (6,¢) = (G0 80,81, d1), b= (0. d1), ¢ = (8, ¢1) € FI(Lo(T));
31 (0, ¢") = (00, ¢, D1, 01, 02, 0h),
¢ = (00,1, 02), ¢ = (b, 1, %) € FO(La(TY));
31 (0, 0) = (Yo, i, W1, Y1, 2, W, U, ),
= (Yo, P12, 3), ¥ = (¥, 91, P, 94) € FO (La(T7)),

Torna u3 onpeseseHus OePATOPHEIX MATpuIl A, ASL) u $,, ciremxyer, 9To
O A ®,)! = diag{ AL, A5}

I[TosryuenHOe paBeHCTBO O3HAYAET YHUTAPHYIO SKBHBAJEHTHOCTDL ONEePATOPHOIT
. o . + —
MaTpuIs! A, 1 InaroHajabHOil OIepaTOPHON MaTPHUITEI dlag{Agn ),A7(n ) }. Orcrona
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S
CJIeJIyeT CBS3b MEXKJy CIIEKTPaMM ONEepaTOPHBLIX MaTpull A, u .A,(n), yKazaHHasd
B JIEMME. [l
S
BAMEYAHUE 1. ITpu m = 1,2,3 49acTb JAUCKPETHOIO CIIEKTPa UdiSC(A,(n)) ore-
” s —s
PATOPHOI MaTpPUIIBI A roer nesxars B CYIIECTBEHHOM CIIEKTPE aess(Aﬁn ))

o —S
OIIepaTOPHON MAaTPUIIbI .,4,(71 ), IIO9TOMY MMEIOT MECTO COOTHOIICHUA

O—disc(-/4 ) - Ud1sc(-’4( )) U JdlSC('A(_)>7 (1)
Udisc(Am) = {UdISC(A( )) U UdlSC(A( )} \ UeSS(Am)- (2)

Tounee,

Odise (A U {Taisc(AS) \ Tess (AT}

S
OueBuiao, uro ipu m = 1,2,3 u s = + oneparopHasi MaTPUIIA ,45,) umeer 0o-
Jiee MPOCTYIO CTPYKTYPY, 9eM A,,, mosromy jgemma 1 u coorrorenus (1), (2) mator
BO3MOXKHOCTD TIOJTYIUTE H0JIee TOUHYIO MH(MOPMAIINIO OTHOCUTEHHO crieKTpa A,

3. OnucaHue cynieCTBEHHOIO U JIMCKPETHOTO cneKTpOB orepaTopHOii
Mmarpuiibl A;. PaccMorpuM onepaTopHyo MaTpHUILy A1 0+ 8 = &, KoTOpast jeii-

creyer B FD (Ly(T4)) xax
«._ (0 0
=0 a9 )

(s) (s)
Toraa oneparop Bosmymenns A;” — A, {0 OLEPATOPHOI MaTPHIILL -’41 0 ABJIAETCS
CaMOCOTIPSI?KEHHOM orepaTopHoit marpurieit panra 2. CIe10BaTEIbHO, U3 U3BECT-
HOiT Teopembr [ Beiljist 0 coxpaHeHUH CYNIIECTBEHHOI'O CIIEKTPA IIPU BO3MYIIIEHUAX
KOHEYHOTO paHTa BBITEKAET, U9TO CYIIECTBEHHBIN CIEKTP OMEPATOPHON MaTPHIThHI

.Ags) COBIIA/TAET C CYIIECTBEHHBIM CIIEKTPOM oriepaTopHoii Marpuist Aj'y. Ussect-
HO, 4TO
S
UeSS(Ai%) = [—se,—se + M], M := in?r)éw(k)'
€

3 nocienux ¢paKkToB clejlyeT, 9To
(Tess(Ags)) = [—se, —se + M].
Tora, UCHOIBL3Y4 JIeMMy 1, oJydaeM, 9TO CIIPaBeJInBO PABEHCTBO
Oess(A1) = [—e,—e + M| U [e,e + M].

[MomuepkHeM, 9TO B HenpepbIBHOM cirydae [20-23| cyriecTBeHHbIIl CrieKTp cooT-
BETCTBYIOIIMI MOJIEJIN COCTOUT W3 TI0JIyocH [—&,00). B paccmarpusaemom cirydae
BUJIHO, YTO CYIIECTBEHHBIN CIIEKTD OIEepaTOpHON MaTpuilbl A1 ecTh 06beInHeHe
JIByX OTPE3KOB KOHEUHO JIJIMHBI, KOTOPBIE HE IepeceKatoTest, ecau € > M /2. Nna-
e TOBOPs, e € > M /2, To B CyIIIECTBEHHOM CIIEKTPE OIIePATOPHON MaTPUIh! Aj
nmeercs JakyHna (—e + M, e).
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Orpejiesium DyHKITAIO

Qgs)(z) =5 — 2 — a2/ —UQ(t)dt ,
Td —s€ +w(t) — 2z
peryusipayto B C\ [—se, —se + M].
DynKIHs QES)( - ) HaspiBaeTcs jerepMuHanTOM PpenroabMa, acColUunpoBaH-
HBIM C OIIEPATOPHOI MaTpHIleil Ags).
CBs13b MeXKJly COOCTBEHHBIMH 3HAYCHUSIME ONEPATOPHON MATPUILBI Ags) u Hy-

(s)

aavu GyHKImu 1y () yeTaHABINBAETCS CJEYIOMIEH JIEMMOI.

JIEMMA 2 [19]. Qucao 2 € C\JGSS(AES)) ecmv cobcmeentoe 3naienue onepa-
MopHOTE MaAMPULDL ASS) mozda u MoAvbKko mozda, K020a Qgs)(z(s)) =0.
U3 sieMMbl 2 BBITEKAET, YTO

Gaise(A) = {2 € C\ gess(A) : O (2) = 0}.
Torma ¢ yaerom 3amedanust 1 mosydaemM, 9To
aise(A1) = {2z € C\ oess(A1) : 2P ()07 (2) = 0.
(s)

U3 onpenenenna dynkmm €2 () u moCsIe/IHEr0 PABEHCTBA HOJIYUUM CJIETy-
foITee YTBEPKICHUE.

JIEMMA 3 [19]. IIpu eécex o > 0 onepamopras mampuya A; umeem e menee
001020 U He boaee YemBIPET COOCTNEBEHHDIT 3HAMEHUT.

3AMEYAHUE 2. CoberBennoe 3nauenne Fy omeparopuoil marpunsl Aj, KOTo-
poe cymiecTByeT npu Bcex « > (), 0OBIYHO HA3BIBAETCA OCHOBHBIM COCTOSIHUEM.
KomMmrmoneHTBI cOOTBETCTBYIOMENH COOCTBEHHON BEKTOP-(DYHKIIUN BBITJISIIAT TaK:

(-)
(+) _ (-) _ (+) _aw(ki)fy (-) _
0 _07 fO —COnSt#O, fl (kl)_ €+w(k1)—E0’ fl (kl) =0.

3 nipuBeIeHHBIX B 9TOM pa3esie PacCykICHUI MOXKHO 3aMETHTDL, YTO CYyIIe-
CTBOBAHME U30JUPOBAHHBIX COOCTBEHHBIX 3HAUYEHUil oneparopHoit mMarpuibl Aj

TECHO CBS3aHO C OIEPATOPHBIMHA MaTpUIIAMU Ags), s = +. Tlpuuem ogisc (A1) # 0.

4. Onucanue creKTpa oneparopHoii marpunsl As. B sToMm paszneie jis
OTIEPATOPHON MaTPUIBI Ay YCTAHOBIEHO MECTOTOJIOXKEHNE CYIIECTBEHHOTO CITEK-
Tpa U [PUBEJEHA OIEHKA ero HUXKHEW I'DaH’, & TAKXKe U3YIEeHO MECTOIOJIOXKEHNE
JIICKPETHOTO CIIEKTPA.

Xoporiio uzBecTHo, 4To it A € R u A C R cupaBelyiInBo COOTHOIIIEHKE

A+ A={A+a:a€ A}
O6o3naunM

o= U {wlkr) + oaisc (A7)}, B 1= 01 Use,se +2M).
k1€Td
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Ormerus, 9To
U {w(kl) =+ Uess(Ag_S))} = [SE,S& + QML
k1€Td

IIPUXOJIUM K PaBEHCTBY

U {w(kr) + o (A7) ==

k1 GTd

MecTorojioykeHre CyIecTBEHHOIO CIIeKTpa oneparopa As ommchkiBaeTcsl Ciie-
JIYIOIIEN TE€OPEMOIA.
TeOPEMA 1. Cywecmeennvili cnexmp onepamopa Ao cosnadaem ¢ mHootce-

cmeom 2§+) U Eg_), m.e. Oess(A2) = Zgﬂ U Eg_). Boaee mozo, mroocecmso

Oess(A2) npedcmasasem coboti obsedunerue ne 6oAeE “wem WeCmu 0MpesKos.

Hoxaszameanvcmeo. B cuny semmbr 1 umeem

Uess(AZ) = Uess(AgH) U JeSS('A; ))

[Tokazkem, 9TO aess(.Ags)) = ng). ITo onpesesnennto Egs) = ags) U [se,se +2M].

Banmmem onepaTopHyio MATPUILY Ags) B BH/JIE CYMMBI JIBYX OIIEPATOPHBIX MaT-
puIl Aés) = AS% + Aéf)l, e

0 0 0 ORI
) ._ a9 2 o _ [ o Ao O
Asp=1 0 1 12 |, Aop=1 A5 0 0
0o Ar, AY) 0 0 0

Bunmo, uTo omeparopHasi MaTpPHUIIA .Ags)l €CTh JByMEpHAasl CaMOCOUPsIKEeHHAsT
omneparopHasi Matpura. IlosTomy aess(.Ags)) = gess(_AgS%). Tounee, aess(Ags)) =

= Oess (AS%)7 rae

MozKHO [IOKa3aTh, YTO OIEPaATOP .Agsg)) KOMMYTHpPYeET ¢ JiIo00#l ornepaTopHOi
marpuneit Uy, neiicryromeit B H1 @ Ha, 10 npaBmiy

1(k k k .
Ve (fik(lfl‘??)) B <‘PZ£;<7(1)1]22f(1k(172k)2)> ;o) €O, fieHs, i=12,

rne C (Td)—6aHaXOBo IIPOCTPAHCTBO HEIPEPBIBHBIX (DYHKIINM, OIMPEICICHHBIX

na T9.
CieroBaTeIbHO, U3 PA3JIOXKEHNS B IPSIMOil nHTerpaJ npocrpancTsa Hi @ Ho:

H1 D He = / D(Ho ® H1)dky
Td
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CJIJIyeT, U9TO OLepaTop AS% paszjlaraercsa B IPSMOil MHTerpaJ
AS) = / (w(k)I + A7) dk,. 3)
b ']Id

U3 passoxkenust (3) oneparopa .Agsg)) B CHJIy TEOPEMBI O CIIEKTPE PA3JIOKUMbIX
orneparopos |25, reopema XII1.86] BbiTekaer, uTo

o(ASy) = | {wlkr) + o (A7)}

k1 ETd

TOF,ZL&, y4duThbiBasd paBEHCTBa

U(AS_S)) = Udisc(ﬂ“g_s)) U [—88, —S€E + M]

U [—se +w(k1), —se + w(k1) + M| = [—se, —se + 2M],
kler
(s) (S)) _ ng).

S
MBI IPUXOJIUM K PaBEHCTBY J(Aé ;) =X, T e Oess(A
S o
Ternepb ocTajloch JI0Ka3aTh, YTO MHOXKECTBO UeSS(Ag )) npeJicTaB/sger coboit

S
obbenuHenune He 6ojiee YeM TpexX OTPEe3KOB. Tak Kak oreparopHas MaTpHIA Ag)
nMmeeT He OoJjiee JIByX IMPOCTBHIX COOCTBEHHBIX 3HAUEHUI, JIeXKAIUX BHE OTPE3Ka

(s)

[se,se +2M], u bynkuus w(-) nenpepbsra na T, To Muoxkectso 0, cocrout U3

S
obbeHeHnst He OoJiee ueM JIBYX O0Tpe3KoB. Crie0BaTe/IbHO, MHOYKECTBO O egs (Ag ))
npejictaBisieT coboit oobeuHeHne He boJiee YeM TpeX OTpe3KoB. JlokazaresibcTBo
TeopeMbl | 3aBepIiraeTcsi IPUMEHEHNEeM JIEMMBI 1. O

Bsenem moamHOXKECTBA

Otwo(A2) 1= agﬂ uol™ u Othree(A2) := [—&, —e + 2M] U [e, e + 2M]

CYIIECTBEHHOTO CIIEKTPA Tess(Ag) oneparopa As.

ONPEJEJEHUE 1. MHOXKeCTBA Otwo(A2) U Othree(A2) Ha3BIBAIOTCS COOTBET-
CTBEHHO 08YTUaAcCMUMHOt U MPeTtacmustoti 6emeaMu CYULCMEEHH020 CNeKmpa
onepamopa As.

B cuity onpejiesieHusI MHOKECTBA Tghree(A2) UMEET MECTO PABEHCTBO
min(chree(A2)) = —¢.
Ompenemm perysipayio 8 C \ £ dbynxmumo
v2(t)dt

Q(S)(z) = sa—z—aQ/ :
2 ™ Q7 (=~ w(t)

[Momnoxkum Qa(z) := Qgﬂ(z)Qg_)(z).

CBs13b MEXKTy COOCTBEHHBIMU 3HAYEHUAMU oniepaTopa Ao u HyIsiMu byHKITHH
Qy( - ) ycraHaBaMBaeTCs CJIELYIOIEH TEOPEMOii, B KOTOPOIl TaKyKe OMPEee/IseTcst
YUCI0 COOCTBEHHBIX 3HAUEHU orneparopa As.
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TEOPEMA 2. Cnpagedausn, caedyrowue YymeepiHcoenus:
(a) ecau wucao z € C\ 0ess(A2) Asasemes cobemeentvim 3HaANEHUEM ONEPamo-
pa Aa, mo Qa(z) = 0, u naobopom;
(6) wucao npocmwur cobemeennux 3naverul onepamopa As ne 60avwe 60CbMU.
S
Joxasamenvcmeo. (a) Ilpemmosnoxum, aro Touka z € C\ Zg ) apnsercs

S o o
CcOOCTBEHHBIM 3HAYEHHEM OIIepaTopa Ag) C COOTBETCTBYIOIIEl COOCTBEHHON BEK-

rop-byuknueii f = (fo, f1, f2) € FP(Ly(T9)). B s1om cayuae snementsr fo, fi
U fo SABJIAIOTCS PENIEHNEM CHCTEMBI yPaBHEHHI

(se — 2)fo + a/Td v(t) f1(t)dt = 0;

av(kr)fo + (=se + w(kr) — 2) fi(k1) + Q/Td v(t) f2(k1, t)dt = O; (4)
Oév(kQ)fl(k‘l) + (SS + w(k:l) + w(kg) - Z)fg(kjl, k‘g) = 0.
Tak kak z ¢ [se,se + 2M], u3 TpeTbero ypaBHenus: cucreMsl (4) mist fo mMeem

av(kQ)fl(kl) (5)

Pl k) = ) + k) — =

[Moxcrapisist Beipaxkenue (5) mist fo BO Bropoe ypaBHeHue (4), HOIyYUM CH-
CTEMY YpPaBHEHUN

0= (2 —se)fo — a/Td o(B) 1 (t)dt,
Q) (2 — w(ki)) (k1) = —av(kr) fo,

KOTOpasi IMeeT HETPUBUAJIBHOE PENIeHHe TOTJIa W TOJBKO TOIJIA, KOTJa CHCTEMA
ypaBHeHHUil (4) uMeeT HETPUBUAJILHOE DEIEHUE.

(s)

B CHJIy ONPENEJICHUA MHOXKECTBa 0~ NJId JIIOOBIX 2 € 0'55) u kl S Td umMeeT
(=s) ( »—

MEeCTO HEPaBEHCTBO {2y w(k1)) # 0. BuaunT, cucrema ypasHenuit (6) mveer
HETPUBHAJIBHOE PEIeHNe TOI/[a U TOJILKO TOIJIA, KOIJa CUCTeMa yPaBHEHMU

(6)

fo=04z—se)fo— a/Td v(t) f1(t)dt,
k
Fulky) = — : SC;U( 1) fo

0 (2 —w(k))
S
HMeeT pellleHie, He PaBHOE TOXKJIECTBEHHO HYJIIO, HJIH KOTJIa Qg )(z) = 0. Temeps
3aMedaHne | 3aBepliaeT JOKa3aTe/IbCTBO yTBEPXKIACHUS (&) TeopeMsl 2.

S o
(6) Tak Kak omeparopHast MATPHUIIA Ag ) apsercs CaMOCOIIPSIZKCHHOI, ee JIc-
KPEeTHBI criekTp BeriecTBeneH. [losTomy mcciiesiyem BerecTBEHHbIE HYIU (DYHK-

uu Qgs)( -). U3 onpenenenns dyHKImMN Q;S)( - ) BBITEKAET, YTO OHA DPEryJisip-
na Ha C\ Uess(Aés)). IIpocrele npeobpazoBaHusl MOKA3LIBAIOT, YTO JJIsI JIIOOOI0

z € R\ UGSS(A;S)) MMeeT MeCTO PABEHCTBO

i @ R 1}2(8) v2(t)dt s
FE =1 [ @Iz — () (4 [ ot o)
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d S S
OueBuHO, UTO d—Qé )(z) < 0 npm Beex z € R\ aess(Aé )). D710 U O3HAYAET, UTO
2

S S
dbyuknus Qg )() MOHOTOHHO yOBIBAET Ha R\UGSS(A; )). B cumy Teopemsr 1 MHOXKe-
S
CTBO aess(Ag )) COCTOUT U3 00bEIMHEHNST He O0JIee IeM TPeX OTPE3KOB, OITOMY U3
S
MOHOTOHHOCTH (DYHKIIUH Qé )() BBITEKAET, YTO 9Ta (DYHKIMS MOKET HMETh I€ThI-

Pe€ IPOCTHIX HYJIS B R\JBSS(AéS)). Teneps yrBep:keHue (a) TeOpeMbI 2 3aBepIIaeT
JTOKA3aTEIBCTBO yTBEpXK/IeHust (6) 9TO TeOpEeMBI. O

N3 teopemsr 2 ciemyer, 9TO
saise(AY) = {zeC\ = : ol (z) = 0}.
Orciona ¢ y4eToM 3aMedaHus 1 IOJIydaeM, YTO

Ud1sc AQ {Z’ eC \ E (s) QQ = 0}

5. MecTonoJsiokeHue CyIeCTBEHHOTO U JUCKPETHOrO CIEKTPOB OIle-
paropa Ajz. O6o3Haunm

= {w(k)+oasc(AS N0 | {wlk)+oP}, B = ol Use, se+3M].
kler kler
31ech ciielyer OTMETHUTD, ITO
U {w(k) + [se,se + 2M]} = [se, s + 3M].
k1€Td
HOSTOMy nMeeT MeCTO paBeHCTBO
U {wlkn) + o (A5} = 5.
k1€Td

MecTorojioyKeHne CyImecTBEHHOIO CIIeKTpa oneparopa Az ommchiBaeTcs Ciie-
JYIOIIEeNl TEOPEeMOI.
TrOPEMA 3. Cywecmsennviti cnexkmp onepamopa As cosnadaem ¢ mroxcecm-

80M Eéﬂ U Eg_), m.e. Oess(A2) = Zgﬂ U Eg_). Boaee moz2o, MHOHCECTNBO Tegs(As3)
npedcmasasem coboti obsedunerue ne 6oaee “em “emupHadyamU OMpPesKos.

loxaszameavcmeo. B cuny semmbr 1 nmeem

Oess (A3) = Uess(Ag+)) U Oess (A;(),_))
ITokazkem, 9TO cress(.Aés)) = ng). ITo onpenenennio Egs) = ags) U [se, se + 3M].
Samumem onepaTopHyfo MaTpHUILY .Ags) B BUJIE CyMMBI JIBYX OIEPATOPHBIX MaT-

PpHII: .Ags) = .A + .A3 1, Tae
0 0 0 o

PP, Ao Aot 00
E e I I O R B (O
, 0 TZ A22 A23 ’ 0 0 0 0
0 0 Ay A 0 0 00
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S
Bunno, gro Ag)l €CTh JIBYMEPHAas CAMOCOIIPSI?)KEHHAs OIlepaTOpHasl MaTpu-
k)

na. [To3ToMy Oegs (Aés)) = aess(AS%). Tounee, n3 ogaoMeprHocTn npocrpanctsa C

(s) (s)

1 IOCTPOEHUs OLE€PATOPHOI MATPUIBI .A:())S’% CIIEJIyeT, UTO Uess( A’ ) = cress(.%l&?)),
rie
" A A, 0
S I iy N
Asg = 12 “4(2S2) A2?3
N S
0 ;5 A33
Mo2KHO HOKa3aTh, YTO OIEPaTOP .A:(,,Sg,) KOMMYTHpPYET C JII0OOI oIepaTopHOil
marpuneit Vi, aeficreytomeit B Hy & Ho & Ho 1o npasuiry

fi(kz2) o(k1) f1(k2)
Vo | folki, k) | = o(k1)falki k) |, @() € C(TY), fieH;, i=1,23,
f3(k1, k2, k3) o(k1) f3(k1, ka2, k3)

rae C (Td)*6aHaXOBO IIPOCTPAHCTBO HENPEPBIBHBIX (DYHKIINM, OMPEeICIeHHBIX
na Td.
CrnenoBaTe/lbHO, U3 PA3JIOKEHHs B IPAMOA MHTErpajl IIPOCTPAHCTBA

Hi1 @ Ho @ Ha:

7‘[1697‘(2@7‘[3:/

D(Ho ® H1 © Ha)dky
Td

CJIEJLyeT, UTO OIEPATOP .Aésg,) pasjiaraeTcsa B IPsSMON HHTEIPAJL:
AL — / o(w(k)T + AT )dky. (7)
b ’]Td

U3 pasznoxenus (7) oneparopa Aésé B CHJIy TEOPEMBI O CIIEKTPE PA3JIOKUMbIX
orneparopos |25, reopema XIII1.86] BbiTekaet, uTo

o(ASy) = | fwlkr) + o (A7)}
k1€Td

Torma, yunTniBasg paBeHCTBA

7 (AY) = o4 (A Y U\ U [se, se + 2]

U [se +w(k1),se +w(ky) + 2M] = [se,se + 3M],
k1€Td
MBI IIPUXOJIUM K PABEHCTBY U(A;%) = Egs), T. €. O'QSS(.AéS)) = Egs).
OcTaoch J10Ka3aTh, YTO MHOXKECTBO O'BSS(AgS)) npeJicTaB/sger coboit oobe -

S
HeHue He Oojiee UeM ceMU OTPE3KOB. TakK Kak ollepaTopHasi MATPHUIA .A;) nMeeT
e 6ojiee YeTHIPEX MMPOCTHIX COOCTBEHHBIX 3HAYEHUIT, JIEXKAIIUX BHE CBOErO CyIIie-
CTBEHHOI'O CIIEKTPa, U PyHKIWs w( - ) sIBJIsIeTCs] HEIPePbIBHOM Ha T4, MHOXKECTBO

438



Omnncanne coekTpa OZHOH ONEPATOPHOH MATPHIBI Y€TBEPTOrO IMOPSIAKA

(s)

09 COCTOUT U3 O6’be,ILI/IHeHI/IH He Oojiee yeM IIECTH OTPE3KOB. CJIE,HOB&TGJIBHO,

S o
MHOXKECTBO aess(Ag3 )) IIpeJICTaBJIsieT coboit 00beIMHEHNEe OTPE3KOB, IUCJIO KOTO-
pBIX He OoJbie cemu. Temephb JiemMMa 1 3aBepImaer I0Ka3aTe/IbCTBO TEOPEMBI 3.

O

Beenem moamuozkecTsa,

Utwo(AZ’) U {w kl +Udlsc( g_S))}U U {w(k1)+0disc(~/4§s>)};

k1€Td k1€Td
Uthree -’43 U {’LU kl + 0'1 }U U {w kl + O'ls)}
k1€Td k1€Td
Ufour(A3) = [_57 —&+ BM] U [E,€ + SM]

CYIIECTBEHHOI'O CIIEKTPa OlepaTopHoil MaTpuis! As.

ONPEAENEHUE 2. MHOXKeCTBA Otwo(A3), Tthree(As) U Ofour(A3) HA3BIBAIOTCS
06YTUACTIUNHOT, MPETHACTIUNHOT U YEMBLPETHACTNUNHOT 6EMEAMU CYULECTNEEH-
Ho20 cnexmpa onepamopa Az COOTBETCTBEHHO.

U3 onpejiesieHnst MHOXKECTBA, Ofoyy (As) BUIHO, 9T0 min (oo, (A3)) = —¢.

Oupejesum peryssipayio Ha C\ Egs) dyHKIHIO

2
(s) 2) = g 727a2 v (t)dt
e J. I

Homozxmy Q(z) := Q) (2)Q)(2).

CBs13b MKy COOCTBEHHLIMU 3HAYECHUAMU oneparopa Az 1 HyasaMu (yHKIHT
Q( - ) ycramaBiamBaeTCs CIIEYIONIEH TEOPEMOii, B KOTOPO TaKKe OMPEE/ISeTCs
YUCI0 COOCTBEHHBIX 3HAaYEHUit orneparopa As.

TEOPEMA 4. Cnpasedausvt caedyroujue ymeeprcoeHu:
(a) ecau wucao z € C\Oess(A3) asasemen cobemeennvm 3naveruem onepamopa
As, mo Q(z) =0, u naobopom;
(6) wucao npocmux cobemeennuir 3nauenut onepamopa As He Goavwe wecm-
Haduamu.
S
Jloxasamenavcmeo. (a) Ilpeanomnoxum, aro Touka z € C\ Eg ) apnsercs
S o ey
COOCTBEHHBIM 3HAYEHHEM OIIepaTopa .Az(,)) C COOTBETCTBYIOIIEH cOOCTBEHHON BeK-

rop-byukumeii f = (fo, f1, f2, f3) € FO)(Ly(T9)). B srom ciyuae simementsr fo,
f1, fo m f3 ABIAIOTCS pellleHreM CHUCTEMBl YpPaBHEHMIA

(se — z) fo + a/d v(t) fi(t)dt =

T

av(k) fo + (—se + wikn) — 2) fr (k1) + a /Td o() fo 1, £)dt = 0; N

av (k) fi(k1) + (se + w(k) + w(k2) — 2) fa(k1, k2) + Oé/Td v(t) f3(k1, ke, t)dt = 0;

Ctv(k3)f2(]{?1, kg) + (—SE + w(kl) + w(kg) + 'w(k3) — Z)fg(kl, ko, /{?3) =0
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Tak kak z ¢ [—se, —se + 3M|, u3 gerBepTOro ypapHenusi cucreMs (8) st f3
nMeeM
va(kg)fg(kil, k‘g) (9)
—se +w(ky) + w(ks) + w(ks) — 2z

[Mopcrasnsist Boipazkenue (9) st f3 Bo Bropoe ypasHenue (8), MOJyUIUM CH-
cTeMy ypaBHeHUit

f3(ki, ko, k3) = —

(s¢ — 2)fo + o / ot) fa(t)dt = 0;

Td
av(ky) fo+ (—se +w(ky) — 2) f1(k1) + « » v(t) fo(ky,t)dt = 0; (10)
aw(kz) f1(kr) + Q5 (2 — w(ka)) fa(k1, kz) = 0,

KOTOpas UMeeT HeTPUBUAJILHOE PEHIeHHe TOrJa M TOJILKO TOTJa, KOTa CHCTEMA,
ypaBHeHHil (8) mMeeT HETPUBHAJIBLHOE PEITICHIE.

(s)

B cuiy onpejiesieHns MHOMKECTBA, 0y~ JJld JIIOOBIX 2 & Ués) u ko € T umeer

(—s)

MecTo HepaBeHCTBO {y (2 —w(kz)) # 0. SHaunT, cucrema ypasuennii (10) mmeer
HETPUBHAJIBHOE PEIeHne TOI/A U TOJILKO TOIJIA, KOIJa CUCTeMa ypaBHEHNU

(se — 2)fo+ a/Td v(t) f1(t)dt = 0;
av(kl)fo
Q4 (z — w(k))

uMeeT pelleHre, He paBHOE TOXKJIECTBEHHO HYJIIO, WJIN KOTJIa Q(S)(z) = 0. Tenepn
3aMevaHue | 3aBepInaeT JOKa3aTeIbCTBO YTBEPXKICHNUs (a) TeopeMbl 4.

fi(k1) = —

S o
(6) Tak Kak omepaTropHasi MATPHUIIA Aé ) apmsercs CaMOCOIIPSIZKCHHOI, ee Jc-
KPETHBIA CIIeKTp BemecTBeHeH. [103ToMy uccemyeM BelecTBeHHbIe Hyau (DyHK-
mm QO)(+). U3 onpenenenns dynxmun Q) () BbITeKaet, 4T0 OHa peryiIspHa Ha

S
C\ Uess(.Az()) )). IIpocThble BLIMUCICHAS MOKA3BIBAIOT, 9TO

LRNCYAEE v (t)
B = -

v2(t)dt . i ©
) <1+/]I‘d (S€+’w(s)—|—w(t)_z>2>d ) GR\ ess(.A3 )

d
OuesniHO, 4TO de(S)(z) < 0 mpum Beex z € R\ JCSS(.AéS)). DTO U O3HAYAET, UTO
2

byuxmms Q) (-) MoHOTORHO yOBIBACT Ha R\UeSS(A:())S)). B ¢ty Teopembr 1 mHOXKE-

S
CTBO UeSS(Ag ) ) cocrout u3 00beMHEHNs He Gojiee YeM CeMU OTPE3KOB, H0ITOMY
U3 MOHOTOHHOCTHU (DYHKIIUH Q(S)( +) BBITEKAET, YTO 3Ta (DYHKIHsI MOXKET UMETh He

6oJ1ee BOCHMH IIPOCTHIX HyJICil B R\JQSS(A:(,,S) ). Terrepb yTBepK IeHue (a) TeopeMbl 4
3aBepIIaeT JI0Ka3aTe/bCTBO yTBepkKaeHust (6) 9Toi TeopeMbl. O

13 Teopemsr 4 ciemyer, 94TO
Udisc(A§S)) = {Z eC \ Egs) : Q(S)(z) = O}
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OTCIO,ILa C y49€TOM 3aMevaHusd 1 IIoJiyda€eM, 9TO
Taise(Az) = {z € C\ BY) : Q(2) = 0}.

Haiiienroe BhIIle paBeHCTBO JIJIS JIUCKPETHOT'O CIIEKTPAa OIEPATOPHONU MaTpHU-
1l Ajg I03BOJISIET OIPENEIUTh YUCI0 U MECTOIIOJIOKEHNE CODCTBEHHDIX 3HAUCHUI
3TOU MATPUIIBIL.

3akurodenne. B macrosmeit cratbe mccmeayeTcest onepatopuas marpuia A
YeTBEPTOr0 TMOPSAJIKa, KOTOpas COOTBETCTBYET T'aMUJIBTOHUAHY CHCTEMBI C HECO-
XPAHSOMINMCSI 9UCJIOM U He D0Jiee YeThIpeX JaCTHUIl Ha, PEIeTKe. DTa OlepaTopHast
MaTpUIA JEeHCTBYET B YeThIPEXIaCTUIHOM OOPE3aHHOM IMOIIPOCTPAHCTBE (POKOB-
CKOT'O IIPOCTPaHCTBA.

Jlnst paccMaTpuBaeMoit orepaTopHoOil MaTpUIbl A MOy UIeHbl CIeyIONINne pe-
3YJABTATHI:

— OIIICAHO MECTOIIOJIOZKEHUEe CYIIECTBEHHOI'O CIIEKTPA;

— JIOKa3aHO, 9TO CYIIECTBEHHBIN CIIEKTP COCTOUT U3 OObeIUHEHUs He OoJiee

IIECTU OTPE3KOB;
— OIpEJIeIEHO YHCJIO U MECTOIOJIOZKEHNE COOCTBEHHBIX 3HAYEHUIT;
— OIleHEeHa, HUXKHsIS TPaHb CYIECTBEHHOTO CIIEKTPA.

Konkypupyioiine nHTepechl. 3asBjsgeM, YTO B OTHOIIEHUN aBTOPCTBA U IIyOIUKAIIIT
9TOI CcTaThbu KOHMJINKTA HHTEPECOB HE MMEEM.

ABTOpCKMIT BKJIAJ 1 OTBETCTBEHHOCTD. Bce aBTOPHI NPUHUMAJIN yYacTHe B pa3pa-
OOTKE KOHIIENIMK CTAThU ¥ B HAIIMCAHUM PYKONUCH. ABTOPBI HECYT IOJIHYIO OTBETCTBEH-
HOCTB 3a IPeIOCTaBJIeHNe OKOHYATEIbHON pyKomucu B medarb. OKOHYATE/bHAsT BEepCUst
pykormucu ObLIa 000peHa BCEMU aBTOPAMM.

BuaarogapHocTu. ABTOpBI BhIpaxKatoT IiIyOOKyI0 0JIaroJapHOCTh PEIEH3EHTaM 33, IeH-
HBIE U I10JIE3HBIE 3aMEYaHUsI.

Bubsmorpaduydeckuii crimcok

1. Tretter C. Spectral Theory of Block Operator Matrices and Applications. London: Imperial
College Press, 2008. xxxi+264 pp.

2. Mogilner A. I. Hamiltonians in solid state physics as multiparticle discrete Schréodinger
operators: Problems and results / Many particle Hamiltonians: Spectra and Scattering / Ad-
vances in Soviet Mathematics, vol. 5. Providence, RI: Am. Math. Soc., 1991. pp. 139-194.

3. Friedrichs K. O. Perturbation of Spectra in Hilbert Space / Lectures in Applied Mathematics.
vol. 3. Providence, RI: Am. Math. Soc., 1965. xii-+178 pp.

4. Muunoc P. A., Magsuues B. A. JTunetinoie onepamopv, 6 6ECKOHENHONACTUNHDIT CUCTLEMAL.
M.: Hayka, 1994. 425 c.

5. Thaller B. The Dirac Equation / Texts and Monographs in Physics. Berlin: Springer-Verlag,
1991. xvii+357 pp.

6. Lifschitz A. E. Magnetohydrodynamics and Spectral Theory / Developments in Electromag-
netic Theory and Applications. vol. 4. Kluwer Academic Publ.: Dordrecht, 1989. xii+446 pp.

7. Mepkypbes C. I1., ®anuees JI. I1. Keanmosas meopus paccesHus Oafs CUCMem HECKONDKUL
wacmuy. M.: Hayka, 1985. 400 c.

8. Cycon H. L., Froese R. G., Kirsch W., Simon B. Schridinger Operators, with Application to
Quantum Mechanics and Global Geometry / Springer Study edition. Texts and Monographs
in Physics. Berlin: Springer-Verlag, 1987. ix+319 pp.

9. Hunziker W. On the spectra of Schrédinger multiparticle Hamiltonians // Helv. Phys. Acta,
1966. vol. 39. pp. 451-462.

441



Pacyaos T. X., Jlarumos X. M.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

442

van Winter C. Theory of Finite Systems of Particles. I: The Green Function/ Mat.-Fys.
Skr., Danske Vid. Selsk. 2, No. 8, 1964. 60 pp.

Kucaun I'. M. UccnemoBanue cniekrpa oneparopa Illpeauarepa ajisi cucTeMbl MHOIHUX da-
cru; / Tp. MMO, T.9. M.: THOMJI, 1960. C. 81-120.

MymunaoB M. 9. Teopema Xyumnukepa—Ban Bunrepa—2Kuciansa Juisi 9eThIPeX4acTUIHOTO
oneparopa IlIpeaunrepa na pemerke // TM®, 2006. T. 148, Ne3. C. 428-443. EDN: HVALGT.
DOI: https://doi.org/10.4213/tmf2325.

Jlakaes C. H., Pacynos T. X. Mojesb B Teopun BO3MYIIIEHUI CYIIECTBEHHOIO CIIEKTPA MHO-
rOYaCTUIHBIX oriepaTopos // Mamem. samemixu, 2003. T. 73, Ne4. C. 556-564. DOI: https://
doi.org/10.4213/mzm203.

Albeverio S., Lakaev S. N., Rasulov T. H. On the spectrum of an Hamiltonian in Fock space.
Discrete spectrum asymptotics // J. Stat. Phys., 2007. vol. 127, no. 2. pp. 191-220, arXiv:
math-ph/0508028. EDN: LXQYHX. DOI: https://doi.org/10.1007/s10955-006-9240-6.
Pacynos T. X. O cTpyKType CyIIECTBEHHOIO CHEKTPA MOJIEIBLHOIO OlEPATOPA HECKOJIBKUX
wactur // Mamem. samemwu, 2008. T.83, Nel. C. 86-94. EDN: RLQXJN. DOI: https://doi.
org/10.4213/mzm4337.

Rasulov T. H., Muminov M. E.; Hasanov M. On the spectrum of a model operator in Fock
space // Methods Funct. Anal. Topol., 2009. vol. 15, no.4. pp. 369-383, arXiv: 0805.1284
[math-ph].

Rasulov T. H. Investigations of the essential spectrum of a Hamiltonian in Fock space //
Appl. Math. Inform. Sci., 2010. vol. 4, no. 3. pp. 395-412. EDN: SQGWHZ.

Muminov M., Neidhardt H., Rasulov T. On the spectrum of the lattice spin-boson Hamil-
tonian for any coupling: 1D case // J. Math. Phys., 2015. vol. 56, 053507, arXiv: 1410.4763
[math—ph]. EDN: URDADB. DOI: https://doi.org/10.1063/1.4921169.

Pacynos T. X. O BerBsix CyIeCTBEHHOIO CIEKTPa PEIIeTIATON MOIEIN CIHH-O030H ¢ He 60-
see uem ByMms doronamu // Teop. u mam. dus., 2016. T. 186, Ne2. C. 293-310. EDN: VQORSX.
DOI: https://doi.org/10.4213/tmf8854.

Spohn H. Ground state(s) of the spin-boson hamiltonian // Commun. Math. Phys., 1989.
vol. 123, no. 2. pp. 277-304. DOI: https://doi.org/10.1007/BF01238859.

Hiibner M., Spohn H. Spectral properties of the spin-boson Hamiltonian // Ann. Inst. Henri
Poincaré, Phys. Théor., 1995. vol. 62, no. 3. pp. 289-323.

2Kyxos FO. B., Munsnoc P. A. CuekTp u paccesinue B Mojienu “cima—6030u” ¢ He GoJsiee ueM
tpemst doronamu // Teop. uw mam. Pus., 1995. T.103, Ne1. C. 63-81.

Minlos R. A., Spohn H. The three-body problem in radioactive decay: The case of one
atom and at most two photons / Topics in Statistical and Theoretical Physics/ American
Mathematical Society Translations, Ser. 2, 177. Providence, RI: Am. Math. Soc., 1996.
pp. 159-193. DOI: https://doi.org/10.1090/trans2/177/09.

Feynman R. P. Statistical Mechanics. A Set of Lectures / Advanced Book Classics. Reading,
MA: Perseus Books, 1998. xiv+354 pp.

Reed M., Simon B. Methods of Modern Mathematical Physics. vol. 4: Analysis of Operators.
New York: Academic Press, 1978. xv+396 pp.

Tox6epr U. II., Kpeiitn M. I'. Bsedenue 6 meopuro AUHETHIT HECAMOCONPAHCEHHBLL ONEPA-
mopos 6 2uavbepmosom npocmpancmeae. M.: Hayka, 1965. 448 c.


https://elibrary.ru/HVALGT
https://doi.org/10.4213/tmf2325
https://doi.org/10.4213/mzm203
https://doi.org/10.4213/mzm203
https://arxiv.org/abs/math-ph/0508028
https://elibrary.ru/LXQYHX
https://doi.org/10.1007/s10955-006-9240-6
https://elibrary.ru/RLQXJN
https://doi.org/10.4213/mzm4337
https://doi.org/10.4213/mzm4337
https://arxiv.org/abs/0805.1284
https://elibrary.ru/SQGWHZ
https://arxiv.org/abs/1410.4763
https://elibrary.ru/URDADB
https://doi.org/10.1063/1.4921169
https://elibrary.ru/VQORSX
https://doi.org/10.4213/tmf8854
https://doi.org/10.1007/BF01238859
https://doi.org/10.1090/trans2/177/09

Vestn. Samar. Gos. Tekhn. Univ., Ser. Fiz.-Mat. Nauki
|[J. Samara State Tech. Univ., Ser. Phys. Math. Sci.], 2023, vol. 27, no. 3, pp. 427—445
ISSN: 2310-7081 (online), 1991-8615 (print) d  https://doi.org/10.14498/vsgtu2003

MSC: 81Q10, 35P20, 47N50

Description of the spectrum
of one fourth-order operator matrix

T. Kh. Rasulov, H. M. Latipov

Bukhara State University,
11, Muhammad Ikbol st., Bukhara, 705018, Uzbekistan.

Abstract

An operator matrix A4 of fourth-order is considered. This operator cor-
responds to the Hamiltonian of a system with non conserved number and
at most four particles on a lattice. It is shown that the operator matrix
A is unitarily equivalent to the diagonal matrix, the diagonal elements of
which are operator matrices of fourth-order. The location of the essential
spectrum of the operator A is described, that is, two-particle, three-particle
and four-particle branches of the essential spectrum of the operator A are
singled out. It is established that the essential spectrum of the operator ma-
trix A consists of the union of closed intervals whose number is not over
14. A Fredholm determinant is constructed such that its set of zeros and
the discrete spectrum of the operator matrix A coincide, moreover, it was
shown that the number of simple eigenvalues of the operator matrix A lying
outside the essential spectrum does not exceed 16.

Keywords: Fock space, operator matrix, annihilation and creation opera-
tors, unitary equivalent operators, essential, discrete and point spectra.
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1. BBenenue

Paccmorpum ciemyronuit KjiacC ABYMEPHBIX HHTETrPAJIbHBIX yDAaBHEHUN Ha
mwiockocT R? ¢ HEKOMIIAKTHBIM M MOHOTOHHBIM OIIEPATOPOM THIIA | 'aMMepIiTei-
Ha—HeMbInkoro:

f(z,y) = u(z,y, f(z,y))
/ /’z<$_xy )G(f (o )de'dy', (z,y) €R® (1)

OTHOCUTEJIbHO NCKOMO# HElIPEPBIBHON OIrpaHUYEeHHON 1 HEOTPUIATE/IbHON Ha MHO-
xectse R? := R x R, R := (—o0, +00) dbynkmun f(z,y).

B ypasuenun (1) nesmueiinoctu p u G — onpejieJieHHbIe U HEIIPEPbIBHbIE (DY HK-
MK COOTBeTCcTBeHHo Ha Mmuoxkectsax R? x RT u RT := [0, +00), npunumaior
BEIIeCTBEHHbIEe 3HAYCHUS, YIOBJICTBOPSIOT YCJIOBUIO «KPUTUIHOCTH»

w(z,y,0)=0, (z,y) €R?, G(0)=0

1 HEKOTOPBIM JPYTUM yCIOBUAM (cM. HUKE). U3 yCJIOBUSA «KPUTHYIHOCTH» Cpa-
3y CJIEJyeT CyIecTBOBAaHWE TPUBUAJBLHOTO (HyJIeBOro) pemenust ypasHenust (1).
Anpo K ompenenero Ha MHOXKeCTBe R 1 yIOBIETBOPSIET CAEIYIONIAM YCIOBUSIM:
I) K € Cy(R?), rne Cpr(R?) — HpoCTPaHCTBO HEIPEPBIBHLIX M OIPAHMYCHHBIX
bynxmuit ma Muoxecrse R?;

II) K(z,y) = K(y,z) > 0, (z,y) € R?, K(—t,y) = K(t,y), t € RT, y € R,
K(z,y)dzdy = 1.

—o0 J —00

UccegoBanue BOIPOCOB CYIIECTBOBAHUS i € IMHCTBEHHOCTH /1151 ypaBHeHus (1)
HOMUMO YHCTO MATEMATHIECKOIO HHTEPECca [IPEJICTABIISIeT OLPEJIeJICHHbIH HHTepeC
TaK’Ke B IIPUJIOKEHUAX. B 9acTHOCTH, IPU PA3IMIHBIX [IPEICTABICHUAX (DbyHKIMH
p, G u K Takue ypaBHEHHs! BOSHHUKAIOT B T€OPHU P-aJIMUECKUX OTKPBITBIX U OT-
KPBITO-3aMKHYTBIX CTPYH ISl CKAJISIPHOIO I0JIl TAXHOHOB, B MaTeMaTHYeCKOil
TEOPUH PACIPOCTPAHEHHs! SMNIAEMUIECKIX 3a60/eBaHuil B paMKaxX MoAuduIupo-
BanHoit Mozern Jukmana—Kanepa, B Kunerudeckoit reopun raso (cm. [1-6]).
Criejtyer OTMETHTb, YTO TaKue HHTEIDAJIbHbIE YPABHEHUs] BCTPEYAIOTCS TaKIKe
B KocMmostoruu (em. |7]).

B wacrioM ciyuae, xorna K(z,y) = Ki(x)Ka(y),! a u = 0, Bonpocsr moct-
POEHUsI HeUETHBIX 110 KaXK/IOMy apryMeHTY OrPDaHWYEeHHbIX M MOHOTOHHBIX (IO
u 110 y) pertenuii obcyxkamuck B pabore [8]. B ciyuae, korna p = 0, npu 6oJee
cnbHBIX (110 cpaBHeHHIO ¢ ycaoBusmu 1), 11)) yenoBusix na K ypasuenne (1) mc-
cJ1eJloBaJsIoCch B padore [9] 11t HesHeitHocTel G, yI0BIETBOPSIIONIIX CIIELY FOIIIM
YCJIOBHSIM:

1) G € C(R*) y = G(u) Boinyksa BBepx Ha RT;

%) y = G(u) 1 ma R

3) cymecrByer uucyo 1 > 0 takoe, uro G(n) = 1;

1) G(—u) = —Glu), u € R

1
Anpa {Kj(u)}j=1,2 ABJISIOTCH YeTHBIMH OIPDAHUYEHHBIMH [OJIOKUTEJILHBIMUA CYyMMHUPYEMbI-

MJ U MOHOTOHHO yObIBAaOIIMME Ha RT (DyHKIHSIME, IpUdeM / Kij(uwdu=1,j=1,2.
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B sToit paboTe HOCTPOEHO 3HAKONEPEMEHHOEe HEIIPEPBIBHOE U OrpaHudentoe Ha R?
pemenue. VcemeqoBano acMMITOTHIECKOE TOBEJIEHUE PENIEHHs Ha OECKOHETHOCTH
110 KazKJ/IOMYy apryMEHTY. He6e3bIHTepeCHO OTMETUTDH, YTO B OJHOMEPHOM CJiydae
ypasrenue (1) npu pasjmaHbIX orpaHndenHusx Ha p, G u K usydanocs B paborax
[10-13].

Ornocurensno dyuxiyun p(x, y, u) IPEIIONOKAM BHIIOJHEHAE CJIEYIONNX
YCJIOBUI:

a) p € O(R? x RY) u npu kaxom dukenposanroM (z,y) € R? dbynxmus

w(z,y,u) T o u ma RY;
b) cymecrsyer sup p(x,y,u) = g(x,y), npudem g € L1(R?) N M(R?);
ueRt+
¢) mpu KaxkgoM dburcupopannoM (z,y) € R? dbynxums p(r,y,u) BBHITyKIa
BBepx 110 u Ha RT, pmaen u(z, v, u) < u, korma (z,y) € R au € (, +00).

B nacrosimieit pabore npu yciosusix 1), IT), 1)-3) u a), b) MbI jiokazkem Teopemy
CYIIECTBOBAHMS IOJIOXKUTEILHOIO HENPEPLIBHONO M OIPAHUYEHHOIO peIleHus f,
npuuem f—n € Li(R?). B ycIoBHAX TeOPeMBI CyIECTBOBAHNSA MPH JOMOTHATE -
HOM OrpaHuveHnd Ha (DYHKIUIO 4 (& UMEHHO IPU YCJIOBHU C)) JTOKAYKEM TaKiKe
€MHCTBEHHOCTH MOCTPOEHHOTO PEIICHUS B ONPEIEICHHOM MOIKIACCE OIPAHIIEH-
ubIx Ha R? dynkmumit. CireryeT OTMETHTD, UTO B IIPOIECCE JI0KA3ATEILCTBA Teope-
MbI €JIMHCTBEHHOCTH PEIeHHs] KJIIOYEBYIO POJIb UI'PAeT HHTErPAJIbHASA ACHMITOTH-
Ka IIOCTPOEHHOro pelenust. B Konme paboThl IpUBEIeM KOHKPETHBIE TPUKJ/IAHbIE
npuMepbl HesmHeitnocTeit u u G, a Takxke sapa K s WTIOCTPAIU BaXKHOCTH
IIOJIYIEHHBIX PDE3YJIHbTAaTOB B O6.HaCTI/I BbIINICYyKa3aHHbIX HpHHO}KeHHﬁ.

2. CyinecTBoBaHne OrpaHUYEeHHOrO PeIleHus.
I/IHTeI‘paﬂbHaﬂ ACUMIITOTHUKA IMTOCTPOEHHOI'O penieHusl
NmeeT MecTo caeyroriast

TEOPEMA 1. IIpu yeaosusax I), II), 1)-3) u a), b) ypasnenue (1) umeem noso-
JHCUMENBHOE HENPEPBIEHOE U oepanuventoe na R pewenue f(x,y), npuvem f—n €
L1(R?). Boaee moeo, ecau lim  lim g(x,y) =0, mo lim lim f(z,y) =7.

1( ) ’ x—rFo0 y—+oo g( ’ y) ’ x—rFo0 y—+oo f( ’ y) "

Joxasamenscmeo. CiepBa pacCMOTPHM CJIEYIOIIEE XAPAKTEPHCTIHIECKOE

ypasHenue Ha Muoxkectse RT:

G(u)+v=u, (2)
v:= sup g(x,y) < +oo.
(z,y)ER?

U3 cBoiicTs 1)-3) HEMeIIEHHO CIIeIyeT, 9TO ypaBHEHNE (2) NMeeT MOI0KUTEIbHOE
pernenue &.
Bo-niepBrix yoemumest, 9T0

£>, (3)

rJie 9ucsio 1) onpejensercs B ycaosuu 3). JleficTrBuTesbHO, B IPOTUBHOM CJIydae
B CIJIy CBOMCTB 1)—3) M HOJIOKUTEIBLHOCTH YUCJIA Y TOJLY THM

Gl _ GO _,

1= <
n §

)

N

a ITocJjiegHee HeBO3MOZKHO.
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Teneps j1oKkazkeM, 9TO XapaKTePUCTUIECKOe ypaBHeHUe (2) uMeeT eJMHCTBEH-
HOE TIOJIOKUTETHLHOE PEIeHue.

[Tpeanonoxkum obpaTHoe: cymiecTByeT Takxke & # & Takoe, uyro G(§) + v = &.
Torma 6ymem umerhb

GE)-E=GE)—¢=—y<0. (4)
CHoBa npuHHMast BO BHUMAaHUE YCIOBUST 1) 3), noJjiydaem, 4ro mpu & > é uMeeT

mecro G(£)/€ < G(€)/€, a npu £ < € cupasempa onenka G(€)/€ > G(¢§ £)/€.

B oboux cayuasx B cuiy (4) npuxogum K nporusopednto. CiieoBaTebHo, { &.
PaccMoTpuM Teneph ciieryloniue noc/ie/I0BaTeIbHbIE IIPUOJINKEHIS JIJI yPaB-
Henust (1):

Fasr (@) = (g, ful,y) + / / Kz — 'y — o )G(fule o)) dr'dy,

folwy)=n, (z,y) €R?’ n=0,1,2,.... (5

Ucrnonesyst onenky (3), ToT (akT, 970 Iuciao & eINHCTBEHHBIM 00pa30M oIpe/ie-
JISIETCsI U3 XapaKTEePUCTUYECKOro ypaBHeHus (2), a Takxke ycjaosus 1)-3), a), b),
I), IT), uHayKIMeEdd 0 N HECJIOKHO TIPOBEPUTD, UTO

fn(xay) T HO n7 (x7y) 6 R27 (6)
fa(,y) <& n=0,1,2,..., (v,y) €R? (7)
fn € C(R?), n=0,1,2,.... (8)

Yoemumcs, uro cymiecrByer Koucranta C' > 0 Takasi, 910

oo o0
| e - masdy<c. n=o2..... (9)

—0o0 —00

C 3Toil EJIbIO ClepBa MOKAXKeM, UTO

fn—mne€Li(R?, n=01,2.... (10)
B cayuae n = 0 Bksouenne (10) ogeBumno. [Ipeanonoxkum, aro f, —n €
L1(R?) npu nekoropom n € N. Iyers {§;}=1.2, {r;}j=1.2 — NpousBosbHbIE Bele-
CTBEHHBIE YUCIa, TpudeM 01 < 02, 1 < 79. Torma uz (5) B cuty Teopembl Oybunu

(em. [14]), yemosuii 1), II), 1)-3), a), b) u oueBmaHoro Hepasencrsa G(u) < wu,
€ [n,&] Gynem umern

/aj 2/1 (o) = ey < /5 / (2,y)dady+
* /562/T2/Oo/ K(z -2,y =y ) (G(fu(2',y) — n)da’dy dady <

02 fro OO 0o
xydxdy+/// /K(x—wCy—y’)(fn(:v’,y')—n)d:v’dy’dxdy<

K
// xydmdy+//fnxy //Kxxyy)dxdydw’dy
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=/ / g(w,y)dwder/ / (fn(@,y') —n)da'dy < +oc.

B nostydennoii onenke, ycrpemisist 01 — —o0, dg — +00, 11 — —00 U r9 — +00,
3aksodaeM, 9to fni1 —n € L1(R?).

Bepuewmcs k Jokazarenscrsy onenku (9). 13 csoiicrs (6), (7) B cuity ycsioBuii
1)-3) auist mo6oro € € (0,1) nmeem (cm. puc. 1)

n— G(en)
n(l—e)

G(fn(xay))_n < (fn(xay)_n)’ n:071727"‘7 (xay) €R2' (11)

-G
OueBniHo, 9TO p 1= 77(1(567)7) € (0,1), ubo G(en) > en, G(n) =n, y = G(u) T
n(l—
na R™ u y = G(u) Bbimykia Beepx na RT.
[Tpunnmast Bo BHmManme (11), a Takke yciosus II), a), b), 1)-3), B cury
MOHOTOHHOCTH I0CIe0BaTessbHOCTH { fr (2, y) } 02 1o n u Brmovenus (10) uz (5)
Oy/eM UMeThb

J A e A

i /—: /_Z /OO K=oy~ )G (&)~ mda'dy’ <

—00 J —00

<" [ swsayso [~ [T Guatett) - maatay.

—00 J —0O0

OTKyZJa CJIEIyeT, ITO

/_Z /_Z(fnﬂ(w,y) — n)dady <

1_
< ) / / g(z,y)dzdy == C < +o0.
) —en

Takum obpaszom, u3 (6)—(9) 3aki09aeM, 9TO MOCIIEIOBATEILHOCTD HEIIPEPbIB-
neix Ha R? dynxmmit {f, (7, y)}5°, uMeeT noToueunbIil Ipeies, KOraa n — oo

a>pB = K/ y=Gu)
n—G(en) _G(fa)—n :
tga = > =t :
ga 7](1_8) fn_ gﬂ 1 1
% ! !
5 S Y i i u
0 en n fn

Puc. 1. [Figure 1]
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lim f,(z,y) = f(x,y), npuuem npenenbras dynkuus f(x,y) corsacHo Teopeme
n—oo

B. JleBu (cm. [14]) obiagaer ciaeayromume CBORCTBAMIL:

n< flz,y) <& (z,y) €R? (12)
f—-ne Ll(R2) (13)

/ / —n)dxdy < — 577/ / (x,y)dxdy. (14)

Yunrsasg (8), (12), a Takxke nenpepbiBHOCTb GyHKIMi 1, K u G, 3akmodaem,
aro f € C(R?). Jlyisl 3aBepienns JI0Ka3aTelbCTBa OCTAIOCH YOEIUThCS, 9TO €CJIH

zgrinoo ygrf g(z,y) = 0, TO cymecTByOT grinoo ygrf f(z,y) = n. HeiicrBureb-

Ho, u3 (1), (12), a), b), 1)-3), Bo-niepBbIX, cjeyer, ITO

0< f(z,y) -
/ / Ko —a'y—y)(f@,y) - n)da'dy, (w,y) € B2 (15)

C apyroii cTopoHsl, u3BecTHO, uTo ecan ¢, € Li(R) N M(R), To (cm. [15])
(px)(z) == / o(x — 2" )y(a")dz' — 0, (16)

—0o0

upu x — +oo.
Yuanresasg (13), 1II), I), (16), a TakKe mpeJeabHOE COOTHOIIECHHE
lim lim g¢(z,y) =0, u3 (15) moxyvaem, uro lim lim f(x,y) =n.

r—Fo00 y—+oo r—F00 y—too
Takum o6pa3omM, TeopeMa MOJHOCTHIO JOKA3aHAa. O

SAMEYAHHME 1. 3amMeruM, 9TO Ha CaMOM Jejie IOCTPOEHHOe HAMU DellleHne
f(z,y) yaoBiaeTBOpSIET CIIE/IYIOMEMY CTPOrOMY HEPABEHCTBY CHU3Y:

flxy)>n, (z,y) € R (17)

Heitcrurensno, us (1), (12), II), 3) B city monoronnocru dyuxumii g u G 10 u
IOJIy daeM

flx,y) = w(z,y,n) +
+G) / / K(x— 'y —y)da'dy > G(n) =n, (,9) € RZ.

3AMEYAHUE 2. PaccMmoTpum Teneps CiIeayIonmilt Kiaace HeJTMHERHBIX TByMep-
HBIX MHTErPaJIbHBIX YPaBHCHUN Ha R2:

(I)('Ia y) = ,U’O('r7y)G0(<I>(x7y)) +
+ / / K(z— 'y —y)Cu(@( o )de'dy, (z.y) €R® (18)
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OTHOCHTEJIHHO UCKOMOiT HeorpunareabHoit dyuknun P(z,y). B ypasuenun (18)
[40 — TIOJIOZKUTEJIbHAsST HEIIPEPbIBHASI CyMMEUpPyeMasi U orpaHndenHast Ha R dbyHK-
must, sipo K ynosisierBopsier yeaosusiv 1), 11), a dyakuun Gy u G jomnyckaior
CJIEJIYTOIIHE TIPEJICTABJICHHUST:

Go(u) :== G(u+n), (19)
Gi(u) = G(u+n) —n, (20)
rie G(u) obmagaer ceoiicrBamu 1)-3), npuiem
7= sup G(u) < +oo.
u€R+

Heciioxkno nposeputs, uro dyukuust pu(x, y, u) = puo(z, y)Go(u) yrosiaersopsi-
eT ycsioBusiM a), b), a upu yciaosun s < 1/2 Beinosnsiercst Takzke yciosue c). Cie-
JIOBaTEJILHO, coryiacHo Teopeme 1 ypasnenue (1) ¢ HemmueiiHOCTEIO BUja (1T, y, u) =
= po(z,y)Go(u) uMeeT MOJOKUTETHHOE HEPEPBIBHOE M OIPAHMYEHHOE PEIIeHne
co cpoiicrBamu (12)—(14). Bamernm, uro dbyuxmus O*(z,y) = f(r,y) —n €
L1 (R?)N M (R?) spnstercs pernennem ypasaennst (18). JleflcTBUTeLHO, yIRTHIBAS
I1), (20), (19), (1), u3 (18) Gyzem umeTnb

ol )Gol@' @)+ [ [T K-ty - )G@ @y iy =
— ol 0)G(f ) + [ h / T K-y — )G o)) — n)da'dy’ =

— e,y fz)) + / b / T K-y — )G y))da'dy —n =

= f(x,y) —-n= (I)*(l‘,y)

3. EaquncrBenHocTh pernenus. [Ipumepnt

B nacrosimem paszese 3aiiMeMcst BOIIPOCOM €JMHCTBEHHOCTH pelleHus ypaB-
wenns (1) B cIeLyiomeM Kacce OrpaHIYeHHBIX I HEOTPUIATE IbHBIX Ha R? dyHK-
IIIA:

M= {f € Cor(R?) : f(z,y) >0, (x,y) € R?, Ir >0, s.t. inf  f(x,y) > 0},
(z,y)€R2\ B,

e
By = {(x,y) € R?: |z <7, Jy| <7}

CupaBeyimBa, CJIeIyIOIIast

TEOPEMA 2. IIpu ycaosusxr meopemos 1, ecau dymruus p(x,y,u) donoaru-
meavho ydosaemeopsem ycaosuro c), mo ypasuenue (1) 6 xaacce M ne moorcem
uMeMb 604 00H020 PEULEHU.

JHoxaszameavcmeo. llycrs f*(x,y) — NpOU3BOJIBLHOE DelIeHNe ypaBHEHUs
(1) u3 kmacca M. CuepBa JOKaXKeM, 9TO Ha CAMOM JIeJIe

t:= inf [*(z,y)>0.
(x,Zr)lewf (z,y)
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inf “(x,y) >0
(fc,y)lenRQ\Brf (z.9)

(Tax kax f* € M), To B cuty ceoiicts 1)-3), a), b) u 1) uz (1) aa eex (z,y) € R?
Oy/1eM UMETh CJIC/IYIONIUE OICHKN:

o) > / / K(x— 'y — )G (o )de'dy >
>/oo/r K(z - o'y —y)G(f* (&', of))da'dy +
+ / / K(z 'y — o )G(f* (e, ))da'dy' +

/r Kz —a',y =y )G(f(«',y))dz'dy' +

JeficTBUTEIbHO, BO-TIEPBBIX, €CJIN 0003HAYUM UYepe3 Cg ‘=

s [T K@—ay -G W sy >
G(co) (/ / K(x -2’y —y)da'dy’ + / K(x — 2,y —y)da'dy' +
+ / K(x — 2,y —y)dz'dy + / K(z—12',y— y/)dx’dy'> =

—r—y oo 0o poo
= G(co) (/ / K (u,v)dudv —|—/ K (u,v)dudv+

y
—r—y —r—x o —Tr—x
+/ / K(u,v)dudv+/ / K (u, U)dudl)) =o(z,y).
—0 —c0 r—y J—co

Ob6osnaunm qepes 11y, Iy, II3 u Il ciemxyronme gacTu R2:

h

}.
Teneps orennm causy OyHKIWMIO 0 (2, y) Ha Kazk oM n3 maozkects 11, j = 1,2, 3, 4.

B cuity yeaosust 1) umeem ciiefiyromiue OleHKN:
— eciu (z,y) € Iy, To

> Gleo) /_ :_y / io K (u, v)dudy >
G (co) /_ ;O / " K (u, v)dudy =

= G(co)/ / K (u,v)dudv := o > 0;

)

M = {(z,y) €R*:2 > 0,y <0}, Thh:={(z,y) eR*:2>0
0,y

0
I3 := {(z,y) €ER? : 2z < 0,y <0}, IIy:={(z,9) eR?:z 0

NNV
VoWV

— ecau (z,y) € I, TO

o(x,y) > G(co)/ K(u,v)dudv >
r—yJr—x
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> G(co)/ / K (u,v)dudv = ag;
— ecan (z,y) € I3, TO
—r—y p-r—=z
o(x,y) > G(CO)/ / K(u,v)dudv >
> G(CO)/ K(u,v)dudv =
= G(co)/ / K (u,v)dudv = ap;
— ecin (z,y) € Iy, TO
o(z,y) > G(co)/ / K(u,v)dudv >
r—y J—oo
> G(co)/ / K (u,v)dudv =
s —0oQ - ~
= G(co) / / K (u,v)dudv = ay.

4
Tak kak |J II; = R?, s Beex (z,y) € R? umeem o(z,y) = ag > 0. Cie-
j=1
joBatenabHo, t = ag > 0. Ybemmmca Tenepb, uro t = 7). elictBurenbHo, u3
ypasrenus (1) B cuiy yeaosuit 1)-3), a), b) u I), IT) umeem

Fey) > G(t) / / K(x— 'y —y)da'dy = G(t), (x,y) € B2,

OTKy/la, IPUHIMasi BO BHUMAHUE OIIpe/IeJIeHne Iucia t, moaydaeM, 9to t > G(t).
CrenoBaTeibHO, YIUTHIBAS 1)73), IPUXOIUM K HEPaBEHCTBY t > 7). AHAJIOIMIHO,
KaK B 3aMeYaHUM 1, MOXKHO yOeIUThCsI, YTO

2
f@y)>n, (z,y) € R (21)
Hecmoxuo nokazarh Tak>Ke, ITO
fe,y) <& (wy) € R (22)
O4eBHIHO, YTO JIJIsi 3aBEPIIEHHs] JIOKA3aTEIbCTBA C(DOPMYIMPOBAHHON TEOPEMBI
JIOCTATOYHO JioKa3aTh, 4ro f*(z,y) = f(x,y), tme f(x,y) — pemenne ypasHe-

uus (1), MoCTpOEHHOE MIPH ITIOMOIIH [TOCJIE0BATEIbHBIX mpuomkennii (5). IIpes-
OJIOZKIM OOpaTHOe: CyIIecTByeT Touka (To,%o) € R? Takas, uro f*(wo,yo) #
# f(x0,y0). B cuny menpepbisHOCTH (DyHKIMi f* u f cymecrByer OKpecTHOCTD
O(x0,yo) oToit Toukn Takasi, uro f*(x,y) # f(x,y), (z,y) € O(xg,yo). Obo3HA-
qum yepe3 D ciieyiolnee n3MepuMoe MHOKECTBO:

D= {(z,y) € R?: f*(z,9) # f(z,9)}.
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Ouesnpno, aro O(zg,y0) C D u mesD > 0. YunrsiBas (1) orneHuM rerneps ciie-
JIYIOILYIO0 PA3HOCTD:

|f(z,y) = [z, y)| < |z, y, f(z,y) — pwlz,y, [ (2,9)] +
/ /K:c—x y— )G )~ G y)lda'dy, (z,y) € B2, (23)

Cuepsa ybemumcs, 910

x1(z,y) == (G(f(z,y)) —n) x
X |/,L($,y,f($,y)) - /J,(.’L',y,f*(.%',y))‘ € Ll(RZ) N M<R2)’ (24)

x2(z,y) = //K:v—xy y') x

< |G(f(a',y) = G(f*(«',y))lda’dy" € Li(R*) N M(R?). (25)

HeiicrBurensho, yuntesas (8), (12), (22) u ycmosus a), b), II), 1)-3), 6yzem
UMeThb

0 < x1(x,y) < 29(x,y)(f(x,y) —n) € L1(R*) N M(R?),
0 < xa(z,9) < 2G(E)(f(z,y) —n) € L1(R*) N M(R?),

CrenoBarenbHo, BKIOUeHus (24) n (25) 1okasaHbl. Y MHOKEM 00€ YacTh HepaBeH-
crBa (23) Ha dyukuuio G(f(z,y)) — n 1 IpOUHTErpUpPYEM IOJIYIEHHOE HEPABEH-
cro na R*. [Ipunumas Bo Buumanme (24), (25), ycaosus 1), II), B crry Teopemsr
QOyOouHN TOJTYIUM

/OO /OO (G(f(z,y) = f(z,y) — f*(@,y)|dedy <
< /oo /°° (G(f(z,y) — )|z, y, F(z, 1) — plz,y, £z, y))|dedy +

T fionn-of [t

< |G(f( — G(f* (@', y)|da' dy dady =
:/ / (G(f(z,y)) — )z, y, f(2,y) — p(x,y, (2, y))|dzdy +

+ /Z/Z G(f (') — G(f* (2, y))| x
: /Z/Z“f” — 2,y — y)(G(f(x,y)) — n)dadyda'dy =
- /_Z/_Z(G(f(x, Y) — )l y, f(2,9) — w(@,y, £*(z,y))|dedy +
[ 16U ) G I ) e S ) = '
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[Mony4ennoe HepaBeHCTBO B cuity oneHku (17) u onpejenenust MHO)KecTBa D MOXK-
HO IIepelucaThb B CJeyIoleM BHuJe:

o T — (g G(f(xvy))_n_
g(f(af,y) Mlf (@, y) = ,y)\(—f@’y)ﬂ7
G(f(@,y) —n |y, f(@,y) —pw@y, [*(@y)
flz.y)—n |f(z,y) = f*(2,y)|
G(f(z,9) = G(f*(2,9))]
G(

(2,9)) —

Fay) @y

L 16U ,9) — GU* @ )| e, £ (2,9)
Fy) = F (@)l f(r.y) -

YuuTbIBas yCJIOBHE C), MOXKEM YTBEPKIATh, 9TO [t BeexX (z,y) € D mveem

p(z,y, f(z,y)) - w(z,y, f(z,y)) - \u(z,y, f(z,y) — plz,y, £ (2,9))]
flz,y)—n f(z,y) (2, y) — f*(x,y)]
wz,y, f(z,y) < f(z,y). (28)

[Ipuanmas Bo Bunmanue (27), (28) u (26), IPUXOIUM K CJI€TyIOIIEMY HEDABEHCTBY:

G(f(z,y) —n
fj z,y) —n)lf(z,y) = f(z,y) (m

GUf@y)—n p@y f(2y) |G @y) -G @yl

)dxdy <0. (26)

, (27)

flx,y) —n f(z,y) (2, y) — f*(x,y)]
|G(f($7y))_G(f*($7y))| M(:vaaf(l‘vy))
Tow —FEal TGy ) <0 (29)

U3 cpoiicrs mesmueiinocru 1)-3) ¢ yderom HepaseHcrs (17) u (21) umeem (cm.
puc. 2):

G(f(z,y)) —n _ |G(f(2,y) = G(f*(z,y))|

(z.y) €D (30)
f(z,y) —n |f(xoy) = f*(zy)|
y
01 > 02 > 93 =
w) — g =G
- Giilz 7777 N \)//N\J Y
|
>tgly = GEZ%;U > \ :
I I
G(ug) — G(u
>tg93=% [ : :
| | |
=/
[ [ ‘L l . u
0 n uy U2

Puc. 2. [Figure 2]
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U3 onenok (30) u (28) B (29) nmpuxoaum K nporusopednto. CiieoBaTesbHo,
f(z,y) = f*(x,y), Teopema mokazana. O

3AMEYAHUE 3. OTMeTHM, YTO IIOJIyYEeHHbIE PE3Y/IbTATHI MOKHO PACIPOCTPa-
HUTDL Ha N-MepHble anajoru (n > 2) ypasaenns (1).

[TpuBeiem KOHKpeTHBIE TpUMEpHI HesimHelHOocTel 1, G u siipa K yjioB/eTBo-
PAIOIINUX BCEM YCJIOBUAM JOKA3aHHBIX TEOPEM.

3.1. IIpumepst byukunu p(x, y, u)
:ul) Iu'(x7y7u) :Mo(l',y)(].u—e_u), (m,y,u) GRQ XR+;
N2) ,U,(.T,yﬂl,) = MO(xvy)iv (1"73/’“) € R? x R+;

u+1
€L, U —
N3) ,u(a:,yju) = M0(2 y) (m +1—e u)v (x,y,u) € RQ X R+v rae po €

L1(R?) N Oy (R?) — mpomsBosbHAS TIOMOKATETbHASA DYHKIIHS.
3.2. IIpumepst byukunu G(u)
g1) G(u) =~v(1—e™"), v > 1 — npousBOJILHLII YUCI0BOI Mapamerp, a u € R™T;
g2) G(u) =u®, a € (0,1) — uncosoii napamerp, u € RT;

1 U
— o +
g3) G(u)—2<u+1+u ),aG(O,l),ueR :

3.3. Ilpumeps! sapa K(x,y)
1

k) K(z,y) = —e @), (2,9) € R
T

b
ko) K(x,y) = / e 2D g (s), (z,9) € R2, tne o(s) — oupenenennas na

a
[a,b), 0 < a < b < +00 MOHOTOHHO BO3pacTaroias (byHKIUsI, YIOBJIETBO-
psIIOITiasi PABEHCTBY
b1 do(s) 1
—do(s) = —.
0 82 4
[ToapobHO ocTanoBUMCsT Ha TipUMepe i3). [IpoBepKa 0CTAJIbHBIX IPUMEDPOB OCY-

IECTB/IACTCS aHATOIMYHBIM 06pa3oM. Bo-tepBrrx, ouesnsno, uro i € C(R%xRT)
u sup p(z,y,u) = po(z,y) € L1(R?) N Cp(R?).

u€eRT
Tak xax 5 (2.1) )
12 _ Ho T,y ( —u)
-— = >0
ou 2 (u+1)2 te ’
1 o u na RY. C apyroif cropoHs!,

Pu _ po(zy) 2 "

5 = — : ) <o.

B2 2 ((u—|—1)3+6 )

CnenoBarenbho, u(x,y,u) Bbimykaa Beepx 1o w na RY. Ocrasoch npoeeputhb
HEPaBEHCTBO

w(x,y,u) <u upum u>n. (31)
O6o3znaunm uepes d := sup po(x,y) < +oo. Torga Gyuem umersb
(z,y)ER?

d/ u d2u+1
<< 1— —“><— <d, R*.
ww,y, ) 2<u+1+ ¢ 2 u+t1 we
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Taxum obpasom, eciu d < 1, To onenka (31) Gyer BbImoIHEHA.
OTMmernM, 4TO IPHUBE/IEHHBIE IPIMEPBI IMEIOT TaKzKe IPAKTUIeCKOe 3HAUEHIe
B MaTeMaTH4ecKoil (pusnke u B MareMarnieckoii 6uosornu (cum. [1-6]).

Koukypupyiomine nHTepechl. 3asBjsgeM, YTO B OTHOIIEHUN aBTOPCTBA U IIyOIUKAIITT
9TOI CTaThbU KOHMJINKTA UHTEPECOB HE MMEEM.

ABTOpCKUIT BKJIAJT 1 OTBETCTBEHHOCTb. Bce aBTOpPHI IpUHUMAJIN yYaCTHe B paspa-
OGOTKE KOHIIENIWY CTAThU ¥ B HAIIMCAHUM PYKOIUCH. ABTOPBI HECYT IIOJIHYIO OTBETCTBEH-
HOCTB 3a TPEIOCTABJICHIE OKOHYATEIbHON pyKomucu B medarb. OKOHYATE/bHAST BEPCUst
pykorucu ObLIa 000peHa BCEMU aBTOPAMMU.

dunaHncupoBauue. VccaeaoBanue BbIIOJTHEHO TIpH (UHAHCOBOM mojepkke Komurera
o Hayke PA B pamkax maydanoro mpoekrta Ne 21T-1A047.
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Abstract

We consider a class of nonlinear integral equations with a stochastic and
symmetric kernel on the whole line. With certain particular representations
of the kernel and nonlinearity, equations of the above character arise in many
branches of mathematical natural science. In particular, such equations occur
in the theory p-adic strings, in the kinetic theory of gases, in mathematical
biology and in the theory of radiative transfer. Constructive existence the-
orems are proved for non-negative non-trivial and bounded solutions under
various restrictions on the function describing the nonlinearity in the equa-
tion. Under additional restrictions on the kernel and on the nonlinearity, a
uniqueness theorem is also proved in a certain class of bounded and non-
negative functions that have a finite limit in +o00. Specific applied examples
of the kernel and non-linearity are given that satisfy all the restrictions of
the proven statements.
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OTOPBAaHHBIM OT MaTPUIbI MeK(daA3HBIM a0COJIIOTHO
2KEeCTKUM TOHKHUM BKJIIOYEHUEM C y4eTOM
IMPOCKAJIb3bIBAHUS HA KOHIAX
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AnHOTaNMS

Paccemorpeno mmocko-aedopmupoBanHoe cocTosiHue 6a30BOH ILJIOCKOCTH
YIPYTOro COCTABHOT'O IIPOCTPAHCTBA C TPEITUHON KOHEIHON JIJINHBI HA JIHHUU
COEIMHEHNsT COCTABJISIONINX MOMYIIIOCKOCTeH. B oqun n3 6eperos mexkdas-
HOIl TPEITUHDI MO JIeHCTBUEM COCPEIOTOUYEHHOW CUJIbI BIABINBACTCA abCO-
JIIOTHO 2KECTKOe TOHKOE BKJIIOUEHWE TAKOM Ke JIUHbI. J[JisT KOHTaKTUpYIo-
el CTOPOHBI BKJIFOUEHHUSI [I0JIAraeTCsl, YTO B CPEJIHEN ee YaCTH UMEET MeCTO
CIIEIJIeHNe C MATPHUIlEH, a IO KpasiM IIPOUCXOJUT ITPOCKAJIb3BIBAHUE, OIM-
ChIBaEMOE 3aKOHOM CYXOrO TpeHHus. 3ajada cPOpPMYJUPOBAHA B BUJE CU-
CTeMBl CHHTYJIPHBIX WHTErpajIbHBIX ypaBHenwii. VcciaemoBano mosemenue
UCKOMBIX (DYHKIMII B OKPECTHOCTU KOHIIOB BKJIIOYEHUSA-TPEIUHBI U B TOY-
Kax pasjiesia 30H CIEIJIEHUs U IPOCKaJIb3biBaHusi. OIpeiesisionias CucTeMa,
MHTErpaJjibHbIX yYPABHEHUI PeNIaeTcsi MeTOJOM MeXaHUYECKHX KBaJIpaTyp.
Haiiienbr 3ak0HBI paciipe/ie/ieHnsi KOHTAKTHBIX HAIIPSXKEHUH, a TaKxKe JJIr-
HBI 30H CICIUICHUS W TPOCKAJIb3BIBAHUS B 3aBUCHMOCTUA OT KO3 puimenTa
Tpennst, Koaddurumentos [lyaccona u ornomenus momyneit FOunra marepua-
JIOB TIOJIyIIJIOCKOCTEM, & TAKXKe yIJia HAKJIOHA BHEIIHEH CUJIbI.
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KurouyeBblie ciioBa: KOHTaKTHAs 3a/a49a, MeK(da3Hasd TPEIUHA, BKIIIOTe-
HU€, COCTABHAS ILIOCKOCTb.

Iouyuenue: 25 nosbpsa 2022 r. / Ucupasienue: 23 asrycra 2023 r. /
punsarue: 18 cenrsabps 2023 r. / Ilybaukanus omnaitn: 23 cenrabpsa 2023 .

BBenenue. Bonpockr ncciieioBanus mojisi HAPsI?KEHUN BOKPYT KOHIIEHTDA~
TOPOB HAIIPSKEHUH THIIA TPEIINH, IMITaAMIIOB, HAKIAIO0K, BKJIIOUEHAN U JP. BCEra
HAXOJUJIMCh M TPOJIOJIZKAIOT HAXOJUTHCSI B IEHTPE BHUMAHUSI CIIEIIUAJNCTOB, 3a-
HUMAIOIIUXCsI IPOYHOCTHIO, HAIE?KHOCTHIO M JOJITOBEYHOCTBIO KOHCTPYKIIMIA U CO-
Opy2KeHUil. DTU 3318491, CMOJIEINPOBAHHBIE KAK B3aUMOIEHCTBIE YKA3aHHBIX KOH-
IIEeHTPaTOPOB HaHpH}KeHI/Iﬁ C MaCCHUBHbBIMU Te€JlaMU B BUJE IIPDOCTPaHCTBa, IIOJIYy-
IIPOCTPAHCTBA, CJIO0s U JIp., KOTOpble B pPaMKaX IJIOCKOH 3a/1a4u TeOpuu yIpyTro-
CTHU BBIPOXKIAIOTCS B TIJIOCKOCTD, MOJTYIIIIOCKOCTD, TTOJIOCY U JIP., COCTABJISIIOT OJTHO
U3 BaXKHEHIINX HalpaB/IeHUII KOHTAKTHBIX U CMEIIaHHbIX 3324 TeOPHH YIIPYyIro-
CTU U MeXaHuKHU paspyinenusi. Cpeau 0UeHb MHOTHX padOT B 3TOM HAaIpaBJIEHUH
oTMeTuM u3BecTHbIe MoHOrpadun [1-5|, comepxaiiye J0CTATOIHO MHOTO (DYH I~
MEHTaJIbHBIX PEe3yJ/IbTaTOB. B OTAEJIBHBIX CJ/Iy4dadX yJdaeTCd IIOJYINTHb 3aMKHYThIE
WIN TOYHBIE PEIIeHUs, MO3BOJIsomue H60jee rIyOOKO M3YyYUTh OCOOEHHOCTH IIO-
BEJIEHUsl JIOKAIbHBIX IOJIeH pa3pyLIAIOMINX HAIPSAYKEHUH BOIN3H KOHIEBBIX TOYEK
KOHIIEHTPATOPOB HalpsizKeHuii. B 970ii cBs3u ykaxkem Ha MoHorpaduio [6] u Ha pa-
6oThI [7-9], B KOTOPBIX [OJIyY€Hbl TOYHBIE PEIICHUS PsiJia 38184 JIJIsI OJTHOPOIHOI
OPTOTPOITHON TIOCKOCTH, COCTABHOU IIJIOCKOCTH U IPOCTPAHCTBA ¢ MeK(Da3HBIMU
TpemuHaMiu. B yKa3aHHBIX paboTax IIPeJIoIarajioch, 9To B OJUH K B 00a bepera
TPEIUHBI BIABIUBACTCS aDCOIOTHO YKECTKUHN IIITaMIT TIPU PA3JIUIHBIX YCIOBUSIX
KOHTAKTa: JIMOO IITaMII ITOJIHOCTHIO CIEIJIEH ¢ OeperoM TPEIIUHBI, JTU00 MEXKIy
HAMM HMeeT MEeCTO DJIQJIKHUIl KOHTAKT, JUOO BO BCeil 30HE KOHTAKTa UMEET MeCTO
CyX0€e TpeHHe.

JI. A. Taymnbim [9] ObL1a IpeIozKeHa MOJIe b KOHTAKTA IIITAMIIA ¢ yIIPYTOii 1o-
JIYTIJIOCKOCTBIO, KOTJIa B CPEJIHEN YACTU 30HBI KOHTAKTa MMEET MECTO CIIEIJICHNE,
a 0 ee KpasM IPOUCXOIUT IIPOCKAIL3LIBAHNE, MOMUYNHAIOMIEECS 3aKOHY CYXOro
rpenus Kyimona. [Ipu momomu kordopmuoro orobpaxkenust JI. A. lamuHbIM OBLIO
MIOCTPOEHO MPUOJIMKEHHOE pelllenre B 3aMKHyTOM Bujie. HTepec K Takoit mome-
JI1 KOHTaKTHOI 3aJa91 IIPOABJIAJIN MHOT'ME HCCJIe0BaTe/In, HCIOJIb3ysd Pa3HbIe
HOJIXO/I U MeToAbl Jyisi ee pemennst [10-15]. B wacrnocrn, B pabore [14] komn-
TaKTHasl 3aJa4a ['ajmHa pelreHa MeTOLOM MEXaHHYECKUX KBaAPaTyp, IHOKA3aHO
COBIIAJIEHNE UNCIEHHBIX PE3YJILTATOB C pe3yJibTaTaMu JIpPyruX aBTOpoB. B pabo-
Te [16] B pamMKax IJIOCKOTO J1eDOPMUPOBAHKsI yIIPYTOTO IIPOCTPAHCTBA M MOJIEJIH
3ataqu ['amHa ObILI0 PACCMOTPEHO HAIIPSI)KEHHOE COCTOSTHUE YIIPYTOil OJTHOPOIHOM
IJIOCKOCTHU C TPENUHON KOHEYHOMN JIIMHBI, B OJUH U3 OEPEroB KOTOPOIl BJABJINBA-
ercst abCOIIOTHO YKECTKUH TOHKMH IITaMI TaKOH Ke JJIUHDI.

B nacrosimeit pabore ¢ onopoii Ha pe3ysibTaThl paboThl [7] pacmupsercst Kpyr
IpuMeHeHHsI KOHTaKTHO# Mojiesn ['aHa u paccMarpuBaercst 3a1ada paborst [16],
HO y2Ke JIJIsT KYCOYHO-OJTHOPOIHOTO MIPOCTPAHCTBA, COCTABJIEHHOI'O U3 JIBYX Pa3HO-
POJIHBIX TIOJIYIIPOCTPAHCTB M COJIEPIKAIIET0 YaCTUIHO OTOPBAHHOE OT MAaTPHUIIHI,
TOHKOE abCOJIIOTHO KEeCTKOe MexKpa3Hoe BKJIIOUEHNE B BHjE OECKOHEYTHOM I10JI0-
col. [IpoBomuTcst aHa M3 BJIMSIHAST HEOAHOPOIHOCTH HA HAIPSIZKEHHOE COCTOSIHHE
1101 BKJIIOYCHUECM.
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ITockoIbKy paccMaTpuBaeMast 3/1eCh 3aJada OTIMYAeTCS OT 3a1a9H, PACCMOT-
pennoit B [16], jiumib TeM, 9TO OJHOPO/AHAS IJIOCKOCTH 3aMeHeHa Ha COCTABHYIO,
OYEBUJIHO, YTO TEKCTOBAA YACTh IOCTAHOBKH 33/Ia9K B OCHOBHOM IIOBTOPSAET TaKO-
ByI0 B pabore [16]. Tem He MeHee OHa 3/1€Ch IPUBOAUTCS JJIsl TIOJHOTHI OIIMCAHMUSI
IIOCTaBJIEHHOUN 3a/1a4Mu.

1. ITocTaHOBKa 3aZia4u U BBIBOJI, ONPEAeJISIONIeil CUCTEMbI NHTErPaJib-
HBIX ypaBHeHuii. ITycTs mMeeM ynpyroe mpocTpaHCTBO, COCTABIEHHOE U3 JBYX
PA3HOPOJIHBIX MOJIYIIPOCTPAHCTB, KOTOPOE B ILIOCKOCTH MX COCJIMHEHUS COINCPKUT
CKBOBHYIO TPEIUHY KOHEYHOU mupuHbl. [lojaras, 4To mpOCTPaHCTBO HAXOIUT-
csl B yCJIOBUSIX IUIOCKOH Jiechopmarun, chopMyupyeM 3ajady Jjis ee 0a30BOit
mw1ockocTu z = () IeKapTOBOil CUCTEMBI KOOPIUHAT TYZ, OCh OPAMHAT KOTOPOil Ha-
XOIMTCA B ILIOCKOCTH Pa3lesia MaTePHAJOB, a OCh AIIMKAT HAIPABJICHA BIOJIb
CPEIMHHON JIMHUY TpeInubl. MTak, nMeeM yIpyTyio COCTaBHYIO IIJIOCKOCTD, KOTO-
past CoCTaBJIeHa U3 JIBYX PA3HOPOJHBIX IMOJIYILIOCKOCTEH U Ha uHTEpBase (—a,a)
JIMHUY pa3jiesia MaTepuaJoB COIEPXKUT TpelnuHy. Ilojaraem, 9To BHYTPU TPellu-
HBI UMeeTcs abCOIIOTHO KECTKOE TOHKOE BKJIIOUEHHE TAaKOM 2Ke JIJIMHBI, KOTOPOe
peBapuTebHO He CHEIJICHO C MaTPUIlel U 110/ BO3IeUCTBUEM COCPEIOTOYCHHON
cuntbl Py, mpumoXKeHHO K cpeaHeil TOUKe BepXHeil IpaHn, BIABINBAETCSI B Oeper
TpeninHbI. KOHTa.KT BKJIFOUEHUA C ManHHeﬁ OITUChIBAaCTCA MOJCJ/ILIO KOHTaKTHOM
sagaun JI. A. Tamuna [9], T.e. cumraercsi, uro Ha HeKoTOopoMm uHTepsase (b, c)
CpelHell 4aCcTH HEXKHEl CTOPOHBI BKJIIOUEHHUS UMEET MECTO CHEILICHHE C MATPH-
Ieil, & Ha KOHIEBBIX HHTepBaiax (—a,b,) u (¢, a) IpOuCXoUT IPOCKAJIb3BIBAHNE,
HOTIUHSIONIEECs 3aKOHY CyXOro Tpenust (cM. puc. 1).

057

Puc. 1. Cxemarnueckoe npecTaB/ieHuE 3a/1a9U

[Figure 1. Schematic representation of the problem)]

Heobxomumo onpeesinTh pa3Mepsl 30H CHEIVIEHUs] U CKOJIbYKEHNST, KOHTaKT-
Hble HAIPSKEHNs!, BOHUKAIONIME I110/] BKJIIOYEHHEM, U KOIbDQUIMEHTHl KOHIEH-
TPAIX Pa3pyIIAIONIX HAIPSKCHUN B KOHIIEBbIX TOUYKAX KOHIICHTPATOPA HAIIPS-
JKEeHHUI CMEIIaHHOI'O THUIIa — BKJIIOYEHUE-TPEINHA.

PaccmarpuBast Kask1ylo U3 COCTAB/IAIONINX [IOJIYIIJIOCKOCTEl! OT/Ie/IbHO U CHAD-
JIMB KOMIIOHEHTBI HAIPSZKEHUH U CMEIIEHHi, OTHOCSIINeCss K TOYKAM BepXHeii
U HUZKHE( MOJIyIUIOCKOCTel, BepxHuMu nHgekcamu (1) u (2) cooTBeTcTBEHHO, HA
uHTepBasax (—a,a) KaxKJIoil MOJIyIJIOCKOCTH Oy/IeM UMETh CJIC/YIONIIe YCIOBHUS:

0351)(:6,0) TI(;)(:U,O) =0, zé€(—a,a); (1)

-0,
uh(x,0) =0, x € (be); (2)
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vh(z,0) =0, =€ (—a,a); (3)
Tg/) (z,0)=—f sgn(m)af) (,0), € (—a,b)U(c,a), (4)

(4) (4)

rie u;(x,y) u vj(x,y) — KOMIOHEHTBI CMellenus; oy (x, y) Ty (m Y) — KOMIIO-
HEHTBI HAIIPSIKEHUI COOTBETCTBYIOIMUX MOJIyIIIocKocTelt; j = 1,2; f — koadbdu-
[UECHT TPEHUS MEXK/Iy BKJIIOYCHUEM U MaTpUIleil.

[lonp3ysach pa3pbIBHBIMUA PEMIEHUSIMHA JJTsI Ky COTHO-OTHOPOIHOM yIIpyToil mioc-
KOCTH € pa3pe3oM [6], mo3BOJISIIOINUMU BBIPA3UTH BCe KOMIIOHEHTBI BEKTODA, [Iepe-
MEIICHUN U TEH30pa HAIIPAXKEHUN dYepe3 CKauYKU HaIIPAXKCHUN U IIepeMellleHuil Ha
uHTepBaje (—a,a), BBIIUIIEM BbIPDAXKEHUs, HEOOXOAMMBIE JIJisi Y/IOBJIETBOPEHUS

(1)-3):

1 a a /
O'?(Jl)(i, 0) = X [77910(33) + 92/ ST(S)de + mugfsu’ (z) — u294/ :(Si ds] :
1 a a !/
(1)(1" 0) = X |:7T91’7'(l‘) — b /_a Saislds — 2030’ (z) — p2by /_a :Eids}
1 , @l (s) 05 06 a(s) ]
2(3:,())——7TA[7T01U (;p)+92/_as Vs 7 (o )—i—m/_as_wds :
a / a
ub(z,0) = i |:—7T91u/($) + 92/ ;)Eslds + 7TZ520($) - 262/ ;—(_S)xds].

31ech BBeJIEHDI CIeIyIoNne 0003HaAUEHNSI:

o(z) = olM(2,0) — o (2,0); 7(z) =74} (2,0) — 72 (z,0);

u(z) = uV(z,0) —uP(z,0); v(z) =W (z,0)—v? )(:c, 0);

A= (p+r)+pr2); p=p/p K =3—4dv;

01 = plrop + 41 —v2)(1 — 1) + (1 = 202)(1 — 201)]; (5)
0y = 2M[(1 — 2V1)(1 — 1/2) + (1 — 21/2)(1 — 1/1)];

O3 =2u[p(l —2v9) — (1 —211)]; Oy = —4ufp(l —r) + (1 —11)];

95 %[52(1—2V1) —H1(1—21/2)]; 06 :ng(l—vl)u-i-/ﬂ(l—VQ);

{4 — OTHOIIIEHNe MOJLyJieli CABHUIA fi] U [l MATePUAJIOB IOJIYIJIOCKOCTEH, a Vi U
V9 — cooTBeTCcTBYyIOIME KoaddurinenTs! [Iyaccona.

VYoBiierBopsist yCJIoBUsAM IpaHudHol 3amaqu (1)—(3) ¢ yuerom yciaosus (4),
IpUeM K Paspernaioneil CucTeMe CHHIYJISPHBIX HHTEIPAIbHBIX yPaBHEHHI

e (0 [ P [ s [ )

+ mh3u’ (x) — 04 <S)als:O, z € (—a,a);

—a

WﬁT(x) — @ /a a(s) ds — w030 (z) — 04 /a w(s) ds =0, x € (—a,a);

H2 H2 J—aq8— X §—T

—a
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a /
()0 [ s niry 20 [ L d—0, e (oas ©
—aS— T M2 H2J—q8—%
a /
— b’ (z) + 02/ ;}Eslds + TI'zZO'(l‘) -

_262<—f/_1 s [ iy [f

[IPU YCJIOBUSIX CMBIKAHUS KOHIIOB TPEIIUHBI ¥ PABHOBECHSI IITAMIIA, KOTOPbIE B 000-
sHavYeHUsX (5) UMET BUJL

/ v'(s)ds = 0; / u'(s)ds = 0; / o(s)ds = Pcosa;

—a () —a —a (7)
—f e d+/ s—xd +f/ ds—Psma

j)m)za z € (be)

B nosydennoii cucreme (6) ypaBHEHHsI UMEIOT pa3jindHble 00JACTH OIpejie-
JIEHUsI, 9TO TPUBOJAT K HEOOXOMMOCTH PacCMATPUBATH NCKOMbIE (DYHKIUM Kak
CaMOCTOsITE/IbHbIE HEN3BECTHbIE Ha KayKJI0M U3 nHTepBasos (—a,b), (b,c) u (¢, a).
ITocKOJIBKY TaHIeHIMAIbHOEe KOHTAKTHOE HAIIPSKEHHE T(S) HEM3BECTHO TOJIBKO
Ha CpPeJIHEM U3 yKa3aHHBIX MHTEPBAJIOB, a ocTajbHble Tpu U (s), v/(s), o(s) —Ha
BCEX TPEX MHTEPBAJIAX, IPHIEM K ONPEJIEJCHUIO JICATH HEeN3BECTHBIX (DyHKIHIA.
AHajlorn9Ho, paccMaTpuBasi IepBble TPU ypaBHEHUs cucTeMbl (6) Ha KayKJIoM U3
YKa3aHHBIX HHTEPBAJIOB PAa3/Ie/IbHO, Oy UM HOBYIO CHCTEMY W3 JIECSTH yDaBHe-
HUil OTHOCHTEIBHO JECATH HEM3BECTHBIX (DyHKIHIL.

Perienye 101y 9eHHON CHCTEMBL HA/IEM DU HOMOIIM METO/A MEXaHUIECKHUX
kBajparyp [17]. st 910ro, oTHECST KOMIIOHEHTbBI HALIPSZKEHU K MOJLYJIIO CIBUTA
2 HUZKHEIT IOJIYIUIOCKOCTU ¥ CBEJIsl KarKJIblil 13 MHTEPBAJIOB OIIPEICJIEHNs] yPaB-
Henuit K uHTepBasy (—1,1), mepefiem k Ge3pasmepHbiM BeamunHam. HoBbiMn
HEU3BECTHBIMU OyLyT

{9017 P2, 803}(0171701“) = {ul7 Ulv U/:“Q}a 901(11) = T/IU27 (8)

KOTOpBIE OlpejiesicHbl Ha uHTepBaje (—1,1) n OTMeYeHbl BEPXHUME HHJICKCAMA
(ol) (outer-left), (i) (internal) u (or) (outer-right) B coorBeTcTBHM C HHTEpBAIAME
(—(L, b)7 (b7 C) u (C¢ a)'

B urore nosyunm cucTeMy U3 JIECATH CUHIYJISPHBIX MHTEIDAJIbHBIX yPABHEHNU
BTOPOTO POJIa, CTPYKTYPHO MOXOKUX Ha CJIE/IYIOIIee ypaBHEHNUE:

(ol) or)
(ol) w3 (£) / ]
70 + 0 [ / d€ + +
s )+ o)\ f | e e 15— 5
(ol L) o [P o5 (€)
+m03p7 " (n)+04 [/ d§+/ d§+/ df] =0, ne(-1,1),
1 §€—1 1§ — 20 16— =
e b* =b/a <1, ¢* =c/a <1,
N+1__Hw* bl 24 b
S e S g 1—c

466



CocraBHasi IJIOCKOCTh C 9aCTHIHO OTOPBaHHBIM OT MaTpPHULEI . ..

Pemenne cucrembr OyzneM HMCKaTh B Kjacce (DYHKIMI, MMEIOIUX CTEIeHHOe
OBeJIeHNe B OKPECTHOCTU KOHIIOB MHTEPBAJIa WHTEIPUPOBAHUS U MPEJICTABUMBIX
B BU/JIE

®(z) = (1-2)*(1+2)'0(2), a f>-1,

rie dbyuknust D, () yaosiersopsier yeaosuio Lenbiepa na orpeske [—1, 1].

TloncraBiss 9Tu NpenCcTaBICHUS B ONPEIEIISIONIYIO0 CUCTEMY YPaBHEHUHN U UC-
cJle/lysl OBeJieHIe YPaBHeHUIT B OKPECTHOCTH ToueK =1, ¢ y4eToM M3BEeCTHBIX pe-
synabraros H. V. MycxenummBuay o MoBeJIeHHH UHTerpaja Tuia Komm y KOHIOB
JMHUK MHTerpupoBanus (18], mosydaem cucreMy ypaBHEHWH JJIsl OLPEeIeHHUs]
nokaszareseil o u 3. YuuTbiBasi OOJIbIIOE YUCJI0 yPaBHEHHH, CUATAeM Hellesieco-
O6pa3HbIM npejacTaB/IdTh 31€Chb 9TU ypaBHeHI/ISI. OTMeTI/IM JINIIb, 9TO IIOBEIeHUue
UCKOMBIX (DYHKIIT B OKPECTHOCTH TOYEK Pa3Jlesia 30H CHEIJICHUS U CKOJIbKEeHUSs
oIpe/ieIseTcs OJHO3HAYHO M IIOBTOPSIET, KAK U CJICJOBAJIO OXKUJATh, UX IIOBE-
JIeHUe B CIydae aHaJOIMIHON 3aJavd Jis OJHOPOAHOM 1tockoctu [16], a syist
olpeJie/leHnsl MoKa3aTeseil 0cCOOEHHOCTH MCKOMBIX (DYHKIIUII B KOHIEBBIX TOUKAX
BKJIFOUEHU A HOJIyqaeM CJIe,H‘yIOHJ,I/Ie ypaBHeHI/IE{:

o (1= ap) + ol f(Bp + apBp — ¥2) —

— (14 ap —28%) + Bpf(1+ap — Bpi) =0,
BV (1 — ap) — BV F(Bp + anfip — 0) -

— B+ ap —283) — Bpf(1+ap — Bpds) = 0.

(9)

3/1ech 11 yIPOIIEHUs 3alICH HCIOJIb30Ba/INCh U3BeCTHBIE apaMerps! laniep-
ca [19]:

p(l =) — (1 —v1)
p(l—v) + (1 —v1)’

_ 1p(l—2m) — (1 —21)
2 p(l-w)+(1-w)

Bp

ap =

u 0603HAYEHUE
1— 21
Vg = ———=.
1—1

YpasHenust (9), B orMdme OT ciiydast OJHOPOJIHOM 11ockocTu [16], MmoryT B 3a-
BUCUMOCTH OT YIPYIUX XapaKTEePUCTUK MOJIYIJIOCKOCTE NMETh Kak TPU Pa3Jind-
HBIX BEIIECTBEHHBIX KOPHSI, TaK ¥ OJIMH BEIIECTBEHHBIN U J[Ba KOMILJIEKCHO-COTIPSI-
JKeHHBIX KOpHsi. [Tociennuil ciydail o3Hadaer, 4To, HECMOTPsSI Ha PACCMOTPEHHE
381091 B paMKaX MOJEJU KOHTaKTa ['ajuHa, OCHULISINA HAIPSKEHUH B KOHIIE-
BBIX TOUYKaX OyJIeT COXpaHAThCs. B IepBOM 2Ke CIydae OCIUJIAIE HAIPI?KEeH I
HA KOHIaX yjaercs u3bexkarb. B oramdne or ogHOpOIHOTO citydas [16] xopHu
ypaBHeHuii (9) He BBIMUCHIBAIOTCS AHATUTHIECKH, 8 BBIYHCIAIOTCS YUCJICHHO H 0~
STOMY 371eCh He NpuBoATcst. C JaibHelineil mpore/ypoil BBEJIEHIS HOBBIX HCKO-
MbIX DYHKIMIL, T0BejIeHne KOTOPBIX Ha KOHIAX uHTepBasa (—1,1) onpejensercs
OJIHO3HAYHO, MOXKHO O3HAKOMHTLCs B pabore [16].

B uTore perenne mocTaBJIeHHON 3a/1a91 CBOJUTCS K CUCTEME U3 JIECATH CHH-
I'YJISPHBIX UHTErPAJbHBIX YPABHEHUI OTHOCUTEBHO JECATH UCKOMBIX (DYHKITHI
C OIIpeJIeJIEHHBIMU BECOBBIMU (DYHKIMSIMU U IECTU [MOCTOSIHHBIX, IPEICTaBJIsi-
IOMUX co6Oil KOHEYHBbIC 3HAYCHHs MCKOMBIX (DYHKIUI Ha KOHIAX BHYTPEHHErO
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y4aCcTKa 30HLI KOHTaKTa. Jis onpezeseHns MOCaeIHIX, a TaKKe KOOPIUHAT KOH-
0B 30HBI CIIeIIeHus b* u ¢* ucmoab3yoTea TpancOpPMUPOBaHHBIE COOTBETCTBY-
formM obpasom ycaosust (7). Hamuaue B onpeiesisiionieil cucremMe OTIMIHBIX JIPYT
OT JIpyTa BECOBBIX (DYHKIWH IIPEIIOIaracT NCIOIb30BaAHNE METO/Ia MEXAHTICCKUX
kBagpaTyp 17| ¢ pazauaHbIMEU y3IaME 1 PA3HBIM YUCJIOM TOYEK KOJIJIOKAIMU B 3a-
BHUCHMOCTH OT TOI'0, OOpAIaeTcs JIM BecoBasi (PYHKIUsI IO, CUHTYJIAPHBIM HHTE-
rpajioM B 6ECKOHEYHOCTh Ha OJHOM KOHIIE /I HHU Ha OJHOM.

2. Yucaensblit aHanm3. Perenne pasperraiomnieii CUCTEMbI ITOCTPOUM Me-
TOJIOM MeXaHU4IeCcKuX KBajparyp. llpu oguHakoBoM Jiuist BeceX DYHKIHI MOPSIIKE
armpokcumanuu n OyneMm umersb 10n + 6 HemsBecTHbIx: 10n 3HaUYEHUi peryJisap-
HBIX YacTell MCKOMBIX (DYHKIINN B COOTBETCTBYIOIINX Y3JIOBBIX TOYKAX U IECTh
ITOCTOSHHBIX, onucaHHbIX Bbimre. [Ilects BecoBbIX (QyHKIIMI, COOTBETCTBYIOIIUX
30HAM CKOJIBXKEHUs, HA OJTHOM U3 KOHIIOB 00OPAIaIoTCs B OECKOHETHOCTD, HA JIPY-
TOM B HOJIb, & Ye€ThbIpe (DYHKIIUU, COOTBETCTBYIOIINE 30HE CIIEIUICHUs, Ha 000UX
KOHITaX obparnaiorcsd B HOMb. ClieJIoBaTe/IbHO, BBIOPAB I IIECTU YPABHEHUN 1
TOYEK KOJIJIOKAITAN, & JJIsl 9eThIpeX — N+ 1 ToUKy KoJutoKarnuu, noaydaeM 10n +4
ypaBuenuii. /[jig 3aMbIKaHUS ITOIYIEHHON CHCTEMBI JIMHEHHBIX aJIredpamIecKux
ypaBHeHHUil K Heil cieayer 100aBUTH JBa U3 JUCKPETU3UPOBAHHBIX ycjioBuil (7),
COOTBETCTBYIOIIKX YCJIOBHsIM PaBHOBECHs BKJIIOUeHus. /[Ba npyrux u3 ycaosuii (7)
HEOOXOIUMBI /I OIpeJIe/IeHnsT KOOPANHAT TOYEK pa3iesa 30H CIEIIEHUS U IIPO-
CcKaJIb3bIBaHus b* u ¢*, KoTOpble HeJMHEHHBIM 00pa30M BXOISIT B MATPHUILY ITOJIY-
YEeHHOW CHUCTEMBI JIMHEHHBIX a/IreOpanvdecKux ypPaBHEHMI.

AHajn3 pe3y/bTaToB, MOJYUEHHBIX [PU PA3/JUIHBIX MOPSJIKAX AITPOKCHMA-
U, TOKa3aj, UTo yxke npu n = 6 jid PyHKImii wliil) u Q/J,(;f) (k = 1,2,3)
un = 10 mra oyHRIMit 901(;2 (k = 1,2,3,4) mocturaercss TOYHOCTH MOPSIKA
10~*, KoTopoii BHOJIHE JOCTATOYHO /I IPadIYecKOro IPeICTABICHI Pe3yIbTa-
TOB, [TO3TOMY JIaJIbHEHIINEe PacUeThl IMPOBOIMINCE IIPU ITUX 3HAUECHUIX ITOPSIIKOB
AIIIPOKCUMAIIAN. Y Ka3aHHBIE (DYHKITUHU SIBJIAIOTCSA PETYISPHBIMEU (DYHKIUSIME CO-
OTBETCTBYIOIIUX HEM3BECTHBIX (DYHKIMI (8) COMJIACHO MPEJICTABIEHUIO DElleHust
ompeiensoneil cucteMbl U3 10 CHHTYJIAPHBIX WHTETPAJBHBIX YPAaBHEHUH B BHUJIE
[IPOU3BeeHNUsT BbIIEJIEHHON OCOOEHHOCTH Ha PEryJIsIPHYIO (DYHKIIHIO.

IIpoBemen unc/eHHbI aHAIN3 PACIPEIE/ICHN KOHTAKTHBIX HAIIPSAXKEHUIT, KO-
IJIa yroJl HaKJOHA NpuiaoxkeHHON cuibl npuaaT « = 0.02, koaddunument tpe-
vust — f = 0.075, koadbdunuent [lyaccona Bepxueii mosymiaockoctn — v = 0.2.
Ha puc. 2 npeacraBieHbl KpUBbIE paclpeeseHnss KOHTAaKTHOTO JaBJIEHUSA JJISA
Pa3HBIX 3HAYEHNM OTHOIMEHWS MOJYJeH cIaBUra mosaymiaockocTeit p = 0.9, 1.25,
1.5 mpu v = 0.25 u Kosdpdunmenra Ilyaccona v, = 0.2, 0.25, 0.3 npu p = 1.5,
Ha pUC. 3 — COOTBETCTBYIOIINE KPUBbIE PACIIPE/ICJICHIS TAHTCHITNATIbHBIX HAIPSI-
JKEHUM.

Tak>ke ObLIN pacCINTaHbl KOHTAKTHBIE HAIIPSI?KEHUsT IPU PA3HBIX K0P PUII-
entax I[lyaccona Bepxueit nomymtockoctu v = 0.2, 0.3, HO X BAUSHIE 0KA3aJI0Ch
HaMHOI'O MEHBIIE U CKa3bIBAJIOCh, [JIABHBIM 00pa30M, Ha, KOOPIUHATE JIEBOI'O KOH-
I1a 30HBI CIIEIIeHUsI b U BeJInurHe KOHTAKTHBIX HAIIPSI?KEHNIT B €r0 OKPECTHOCTH.

Cremyer OTMETUTH, UTO KPUBBIE PACIpeeeHNs KOHTAKTHBIX HAIIPSIYKEHUIT
101, BKJTIOUEHNEM KadeCTBEHHO MMOBTOPSIIOT KPUBBIE UX PACIPEJIEJIEHUS JIJIST OJTHO-
pozuoii tiockocru [16]. Kak Bugao u3 puc. 2 u 3, u3MeHeHue yIpyruX XapaKTepu-
CTUK COCTABHON IIJIOCKOCTU HE NMPUBOJUT K KAaUueCTBEHHOMY MU3MEHEHUIO KPUBBIX,
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9] 10 o)

: 112 ’ M2
sl p=09 0.8
— =125 _—
.6 pn=15 0.6
L 0.4
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3 3
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Puc. 2. Pacupeznenenue 6e3pa3MepHBIX HOPMAJBHBIX KOHTAKTHBIX HAIPSKEHUN IJIs Pa3HBIX
3HAYEHUI OTHOMICHWS [t = (11 /p2 n koaddunmenta [Tyaccona vo (ommaiin B msere)
[Figure 2 (color online). Distribution of dimensionless normal contact stresses for different
values of the ratio p = p1/u2 and Poisson’s ratio vs]

010 & 0.10 fT;(Lf)
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—0.10t —0.10 L

Puc. 3. Pacnpenesenne 6e3pa3MepHBIX TAHI€HI[MAIBHBIX KOHTAKTHBIX HAIIPSPKEHUH JJIsT PA3HBIX
3HAUEHUN OTHOMICHUS [ = W1/p2 1 Koaddunuenra [Iyaccona ve (ommaiin B npere)
[Figure 3 (color online). Distribution of dimensionless tangential contact stresses for different
values of the ratio p = p1/p2 and Poisson’s ratio vs]

a BJIMSIET Ha HUX, [JIABHBIM 00pa30M, MOCPEJICTBOM BeJIMUWH b* u ¢*, ABJISIONIMX-
¢t mpuauHON nx Tpancdopmarmu. CrenoBaTesbHO, UMes ITH 3HAYEHUS, MOYKHO
JIETKO TIPEJICTABUTE W KPUBBIE PACTIPEIETICHIST HATIPSIYKEHNH, KOHETHO, TOJTHKO Ka-
YECTBEHHO.

Ha puc. 4 npejcrapierbl KpuBble 3aBUCUMOCTH b* u ¢* OT OTHOIIEHUsT MOJTY-
Jell cABuUra f = fi1/pe Ui Tpex 3HadeHuii Kodddunuenta Tpenusi f U IByX
snadennit koadpdunuenta Ilyaccona vy. 3mech mpejcTaBieH CHMMETPUYHBIN CJTy-
qaif Harpyxkenusi (a = 0) ¢ mespio Mokasarh, 9To npu g — 0 3a7a9a CBOAUTCS
K KOHTaKTHOM 3aade [ajmuna mjis moaynaockocTu. ToukaMu Ha OCH OPJIUHAT II0-

KazaHbl 3HavUeHus b* = —c* s 3agaqn ajguaa npu vo = 0.3, KOTOphIE UMEIOTCsI
B pabore [15].

Ha pwuc. 4 npuBemennb! Tak:Ke KpUBble KOPDHIHEBOI'O IBETA, KOTOPBIE COOTBET-
crByior 3uHadenmio v; = 0.35. 3ameTHoe pas3aumvdne MeXKIy KPUBBIMHU, COOTBET-

cTByIomuMEu pusHbiM Kodddunmentam [lyaccona BepxHeil moIyIIOCKOCTH, MPO-
SIBJISIETCSI TOJIBKO IIPH MAaJIbIX KoddduimenTax Tpeuus u OJU3KUX APYT K IPyTy
3HAYEHUSIX MOJIyJIeil CIBUTa OJIYILIOCKOCTE.

Ha puc. 5 npejcraBiennbr KpuBble 3aBucuMocTu b* u ¢* oT yriia o IpuyiozKeHust
BHENTHEN CIJIBI IPU CJIEAYIOMNUX 3HaUeHnsaX mapameTrpos o = 0.3, v; = 0.23,
mu = 0.5 Jy1s pa3HBbIX 3HaUeHUN KO3 dunmenTa TpeHust f.
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[Figure 4 (color online). Dependence of b* and ¢* on the ratio p = p1 /2]

—0.5

b*

Puc. 5. Basucumocts b* u ¢* oT yryia HaKJIOHa BHEIIHEN CUJIbI (OHJIANH B IBETE)
[Figure 5 (color online). Dependence of b* and ¢* on the angle of inclination
of the external force]

KaK ITIOKAa3bIBAIOT FpaCbI/IKI/I, HaKJIOH CHJIbI IIPUBOAUT K YMEHBIIICHUIO 30HbI
CIENJIeHUsT U CMEIIEHUIO €€ B CTOPOHY HAKJIOHA CHUJIBI, UTO, B KOHEYHOM HTOrE,
[IPUBOJUT K BBIPOXKIEHUIO 30HBI CIEIJIEHNsT U IIPOUCXOIUT 3TO TEM pPaHbIIle, YeM
MeHbIIe KO3(PPUIINEHT TPEHUSI.

Yucnenusrit anaan3 3asucumoctu b* u ¢* ot koadpdunuenton Ilyaccona moka-
3aJ1, YTO 3aBUCUMOCTb UX OT KoapdurmenTa [lyaccona BepxHEl MOJIYILIOCKOCTH
MaJjia, B TO BpPeMsl KaK 3aBUCUMOCTH OT Koaddurnmenta Ilyaccona HukHel mosry-
ILUIOCKOCTH, KaK 1 B CJIydae OJHOPOIHO IIJIOCKOCTH, OY€Hb CyIeCTBeHHA,. PacdeTn
roka3zaJin, 4ro npu ko3ddunuente Ilyaccona v, ouenn 6m3kom K 3HadeHuIo 0.5,
30HA CIEIJIEHNsT 3aHUMAaeT BCIO 30HY KOHTaKTa, B TO BPeMsl KaK IPH MAJIbIX €0
3HAYEHUSIX BO3MOXKHO JIa’Ke BBIPOXKIEHNE 9TOM 30HbBI IIPU TOM 2Ke Ko3hdurmenTe
TPEeHWUSI.

3aksrouenue. BriBejieHa cucTeMa ONPEENISIIONUX YPaBHEHUN JIOCTATOYHO
CJIO?KHOII KOHTAKTHOM 381249l O BAABJIMBAHUUA TOHKOI'O KECTKOI'O BKJ/IIOYCHUS KO-
HEYHOW JIJIMHBI B Oeper TPEIIWMHbI TAaKOW 2Ke JJIMHBI, HAXOJAIEHCcs B KyCOUHO-
OJTHOPOJJHON yIpPyTOi IIJIOCKOCTH, COCTABJICHHON U3 JIBYX PA3HOPOIHBIX ITOIYILIOC-
KocTeii. 3aada pacCMaTPUBAETCsI B paMKaX KOHTaKTHON 3aaun [ajuHa, T.e. mpu
HaJINIUU 30H CHEIJICHUS 1 IIPOCKAJIb3bIBaHUA. OHpe,ZLeJIHIOI_U,aH cCucTeMa ypaBHE-
HUHA COCTOUT U3 JECATUA CUHIYJIAPHBIX NHTEI'PAJAbHBIX YPABHEHUN IPUA Y€ThIPEeX J0-
[TOJTHUTEJIbHBIX YCJIOBUSX. BhIIe/IeHbl 0COOCHHOCTH MTOBEJCHUS NCKOMBIX (DYHKITHI
Ha KOHIIaX WHTepBaJa MHTerpupoBanus. Ha ocHOBe MeTOZa MeXaHMIeCKNX KBaJl-
patyp paspaboraHa mporpamMma pacdera B cpeje makera Wolfram Mathematica,
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KOTOpasl II03BOJIICT KaK HallTh 3aKOHLI paclpele/IeHus KOHTAKTHBIX HAIlPAXKCHU,
TaK U IMOCTPOUTDH (POPMY PACKPBITHS TPEIIMHBI Ha/l BKJIOUeHueM. [Ipu momorun
9TOI MPOrpaMMBbl IPOBEIEH IOIPOOHBIN YUCACHHDBIN aHaIN3 3aBUCUMOCTH KOOD-
JAUHAT KOHIIOB 30HBI CIEIICHAS OT BCEX IIapaMeTPOB IOCTABJICHHON 3a1a4M.

Konkypupyomiie narepechl. Kondankra nHTEpecOB B OTHOIIIEHNN aBTOPCTBA U Iy0-
JINKAITAH 9TOW CTATHY HET.

ABTOpCKUIT BKJIAJT 1 OTBETCTBEHHOCTb. Bce aBTOpBI IpUHUMAJIN yYacTHe B pa3pa-
OGOTKE KOHIIENIUK CTAThU W B HAIMCAHUY PYKOIUCH. ABTOPBI HECYT HOJIHYIO OTBETCTBEH-
HOCTB 3a IPEIOCTaBJICHNEe OKOHYATEIbHON pyKomucu B medarb. OKOHYATEbHAS BEPCHs
pyxomucu 6bL1a 0100peHa BCceMrn aBTOPaMU.

dunancupoBanue. Pafora BbimosHeHa B paMkax npoekrta 21T-2C209 (Komwmrer mo
nayke, MunucrepeTso o6pazoBanusi, HAyKH, KyJIbTYphI U criopTa Pecrybiuku Apmenust).
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Elastic compound plane with an interfacial absolutely rigid
thin inclusion partially detached form the matrix subject
to slippage at the ends

Hakobyan V. N., Amirjanyan H. A.,
Dashtoyan L. L., Sahakyan A. V.

Institute of Mechanics, National Academy of Sciences of the Republic of Armenia,
24B, Marshal Baghramyan ave., Yerevan, 0019, Armenia.

Abstract

This article discusses the stress state of an elastic composite plane with
a crack of finite length on the joining line of the half-planes. An absolutely
rigid thin inclusion of the same length is indented into one of the edges of an
interfacial crack under the action of a concentrated force. It is assumed that
for the contacting side of the inclusion, there is adhesion to the matrix in its
middle part, and slippage occurs along the edges, which is described by the
law of dry friction. The problem is mathematically formulated as a system
of singular integral equations. The behavior of the unknown functions in
the vicinity of the ends of the inclusion-crack and at the separation points
of the adhesion and slip zones is studied. The governing system of integral
equations is solved by the method of mechanical quadratures. The laws of
distribution of contact stresses, as well as the lengths of the adhesion and slip
zones, depending on the coefficient of friction, Poisson’s ratios and the ratio
of Young’s moduli of the materials of half-planes, as well as the inclination
angle of the external force, are found.
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YOPO4YHEHUs HA rreOMeTpUYecKue IapaMeTpsbl
KPYTOBBbIX KOHIIEHTPATOPOB HAIPA>KEHU
B ILJIACTUHAX

B. E. I'rebos

Camapckuii rocyJapCTBEHHbI TEXHUYECKUM YHUBEPCUTET,
Poccusi, 443100, Camapa, yin. Mosogorsapaeiickasi, 244.

AHHOTaNNSA

Pazpaborana MeTo/inKa U3ydeHusI BAUSHUAS YIIPOUHSIONIEH 06paboOTKU Ha
dOpMy KOHIIEHTPATOPOB HAIPSI?KEHUIT B BUJE CKBO3HBIX KPYIOBBIX OTBEp-
CTHi B IUIACTUHAX IIOCJIE€ TPOIELYPhI IIOBEPXHOCTHO-ILIACTUIECKOTO 1edOop-
MUPOBaHUS.

Paccmorpenst gBe MonesbHbIE 3a1a90:

— ollpeJieieHIe TeOMETPUIECKOH KOHMUTIYpAIUU KPYTrOBOIO KOHIIEHTPa-
TOpa HAIPSAYKEHUSI, BBIPE3AHHOI'O B IIPSIMOYTOJIBHON ILIACTUHE, I10/I-
BepTIIeiics OlepeXKaroneMy IOBepXHOCTHO-TLIACTUIECKOMY 1eOpMU-
POBAHUIO;

— OIlpeJieIeHre TeOMETPUIECKO KOHMUTYPAIUU KPYTOBOTO KOHIIEHTPA~
TOpa HallPAXKEHUdA B KPYTOBOI ITMJIMHJPUYECKOIl IIJIacTHHE, ITOBEPX-
HOCTBH KOTOPOTO II0JIBEPIJIACH IOBEPXHOCTHO-ILIACTUYECKOMY J1eop-
MHUPOBAHUIO.

IIpusenensr dpeHOMEHOIOTTIECKTE METOIBI BOCCTAHOBJIEHHS TIOJIEl OCTa-
TOYHBIX HAIIPS KEHUH U IIACTHYECKNX JedopMaruil B IJIaCTHHAX ITOCIE IIPO-
ey pel ypounenus. Kpaesbie 3a1a9u peKOHCTPYKITAN HAIPS2KEHHO-1eOP-
MHUPOBAHHOT'O COCTOsIHUS CBE/IEHBI K KOPPEKTHBIM 3a/adaM (PUKTUBHOM Tep-
Moyupyroctu. Ha Mo/iesIbHBIX pacderax Mjisd IPsIMOYTOJIBHON IIIACTUHBI U3
criaBa 11742 u KpyroBoil MUJIMHAPUYECKON IIJIACTUHBI U3 cijiaBa D698
IIPOUJIIFOCTPUPOBaHA aJIeKBATHOCTD IIPEJJIAraeMbIX ITOX0/IOB.

Tlonygersr mpodumm 0b6pas3yomux KOHIEHTPATOPOB HAPSKEHUN TLINT.
B caygae omepekaromniero moBepXHOCTHOTO ILIACTUIECKOTO 1eOPMUPOBaA-
HUS BEpXHEH I'paHy KBaJAPAaTHON IMIAPDHUPHO OIEPTON IJIACTUHBI TOJIIIUHON
10 MM MakcHMaJIbHOE CMellleHne 0O6pa3yIomleil OTHOCUTEIBHO IePBOHAYAIIb-
HO#l KOH(pUrypanuu cocraBujio okojio 4 MM. [lokaszaHo, 9TO C yMeHbIle-
HUEM TOJIUHBI IJIACTAHBI MAKCUMAJIBHOE CMeEITeHe 00pa3yIoleil yObIBaeT.
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Biusinue ITOBEPXHOCTHOI'O IIJIACTUYIECKOI'O YIIDOYHEHHU:d . . .

B ciyuae ynpouynenust moBepXHOCTH KPYTOBOI'O KOHIIEHTPATOPA HAIPS2KEHU T
[MJINHIPUYECKON JIACTHHBI MAKCUMAJIbHOE CMEITeHIe 00Pa3yIoleil KOHIIeH-
TpaTopa HAIPSXKEHUIl COCTaBMJIO OKOJIO 1.4 MKM ISl IIACTHH, OIEPTHIX
IMIAPHUPHO ¥ C YKECTKOM 3a1esiKoit bokoBoit rpanu. [TokasaHo, 9TO ¢ yMeHb-
IIeHNeM pajinyca OTBEPCTHsI CMEIeHne 00pa3yoIeil BO3pacTaer.

KurroueBbie ci10Ba: 0CTATOYHBIE HAIIPSIZKEHI S, IIJIACTHYECKHE 1edOopMaIn,
KOHIIEHTPATOD HAIPAKEHUIL.

IMonyuenne: 11 mast 2023 1. / Ucnpasienue: 28 asrycra 2023 r. /
pungarue: 19 cenrsabps 2023 r. / Ilybnukanus omnaiin: 28 cenrsadbpsa 2023 .

Beenenmne. Ilpobsiema yBeautdenus: pecypca IPOU3BOIUMBIX MAITHHOCTPOU-
TEJIbHBIMHN KOMIIJIEKCaMM 3JIEMEHTOB KOHCprKL[I/Iﬁ HE TepdeT cBoeit aKTyaJIbHO-
cru U ceromusi. st permrenns gaHHON MPoOJEMbI pa3pabOTaHO OOJIBIIOE KOJIH-
9eCTBO TEXHOJOTMIECKUX METOJOB M IOIXOJI0B, HAMOOJIee PACIPOCTPAHEHHBIM U3
KOTOPBIX SIBJISIETCS YIPOYHEHNE MMOBEPXHOCTHBIM ILIACTHIECKUM jedopMupoBa-
HUEM [177]. IIpumenenne 3TOif TEXHOJIOTHH, C OAHON CTOPOHBI, MEHCTBUTEIBHO
IIO3BOJIACT JOCTUYDb YJAYUYIIIECHUA XapaKTEPUCTUK HSHOCOCTOfIKOCTH, MHUKPOTBEP-
JOCTU, COPOTUBJIEHUS yCTAJIOCTU JI€TaJU, & C JIPYroii CTOPOHBI, €CTECTBEHHBIM
06pa30M HPUBOANAT K ITOABJIEHUIO OCTATOYHBIX TEXHOJOIMIECKUX IIACTHIECKUX
nedopMaIii 1 K KOPOOJIEHUIO AeTajeil — M3MEHEHWIO MX MEePBOHAYAJILHON Teo-
MEeTPHUIECKOI KOH(pUIYpaIui. JHAHME TOr0, HACKOJBKO CYIIECTBEHHBIM SIBJISIET-
Cs BJIMsIHUE IIPOLEAYPBl YIPOYHEHHd Ha IIepBOHAYaJbHYIO I'€OMETPUIO JIeTaJIu,
OKAa3bIBAETCsT HEOOXOIMMBIM, [TOCKOJIBKY JIOIYCKU HA, BAPUAIIMH T'€OMETPUIECKUAX
napaMeTpoOB HNOCTABIAAEMBIX JieTajJell perJilaMeHTUPOBaHbl HODMATUBHON TeXHUYe-
ckoit jokyMenTarueii. [losroMmy 1enbio maHHOl paboOThI SIB/ISETCS W3ydeHHWe Ha-
upsizkento-edopmuposamnoro cocrosaus (H/IC) mocste mporie 1y pel HOBEPXHOCT-
HOT'O IVIACTUYIECKOT'O YIIPOYHEHUNA IPAMOYTOJBbHBIX U KPYTI'OBBIX B IJIaHE IIJIACTUH
C KPYT'OBBIM CKBO3HBIM KOHIICHTPATOPOM HAIIPAXKCHUN.

I'nmaBHoil BosHUKaOIIEH 3aa4eii spisiercst pekoncrpykins HIC obpasios mo-
cJie YIIPOYHEHUSsI, IOCKOJIbKY 3Ta HH(POPMAIIAA UCIOJIb3YETCsS B KaUeCTBe HaTa b
HBIX JAaHHBIX, HAIIPAMED, IJI KPAeBbIX 3324 IIOJI3y4eCTA YIIPOYHEHHBIX dJIEMeH-
TOB KOHCTPYKIIUiA [8, 9] JIn00 B KPUTEPHUAJIBHBIX 3aBUCUMOCTSX JIJII OIEHKU IIpe-
Jiesia ux BeiHOCMBOCTH [1,2,4-7,10-12].

Anamurnyeckuilt 0630p JIMTEPATyphl B JAHHOM HAIIPABJICHUH IIOKA3aJI, 9TO CY-
IECTBYET HECKOJILKO ITOJXOJIOB K €€ PelNleHnIo. BoJibInoil rpynnoit uccieoBare-
Jieil IPUMEHSIOTCST IKCIIepUMeHTaIbHbIe 110X0/bl [10,12-14], ocHOBaHHBIE Ha Me-
XaHUYIECKUX Pa3pyHIatomux MeTOoJaxX U IIO3BOJIAIONINE OIIPEIC/IUTL MaKCUMYM JIBE
KOMITIOHEHTBI TeH30Pa OCTAaTOYHbIX HaHpH}KeHI/IfI. ILPYFOIZ IIOAXO0 , CBdA3aH C HEIIO-
CPEJICTBEHHBIM MOJIEJTMPOBAHUEM TIpoliecca yupounenus [15-17], HemocraTkoM Ko-
TOPOT'O SIBJISIETCSI HEBO3MOKHOCTD IIOJIHOI'O yIeTa BCEX CTOXaCTUIECKIX (PaKTOPOB,
BJIUSIIONINX Ha MIPOIECC YIIPOUIHeHns. [[puMeHrTe/THbHO K TeJIsIM HACTOSIIEr0 NCCIe-
JoBanust 3(pdEKTUBHBIM TIpeJIcTaBsgeTcs TpeTuii nouxox [11,18-22], ocHoBanHbIIt
Ha MOIUMUKAINKA METOHA PACUeTa 10 IePBOHAYAILHBIM J1e(DOPMAIISIM, TaK KaK
OH, BO-IIEPBBIX, JIUIIEH HEJOCTATKOB YKA3aHHBIX BBIIIE METOJ0B, & BO-BTOPBIX,
[I03BOJISIET CBECTH OOPATHYIO KPAeBYIO 3aJa4dy PEKOHCTPYKIIUM OCTATOYHBIX Ha-
MIPSIZKEHN U IJTACTUIECKUX J1epOpMAIiil K KOPPEKTHOH 3aa1de PUKTUBHON Tep-
MOYIIPYTOCTH, UMEIOIIeil equHCTBeHHOe pereHune. J[aHHbIi MOIX0 ] UCIOIb3yeTCs

477



I'me6oB B. E.

JJTST PeTeHuns CJAeIyIOMnX 3a1ad:
A) ompezenenne reoMeTprUUecKoil KOHMUIYpaIun KPYroBOrO KOHIICHTPATOPA
HAIIPS2KEHU I, BEIPE3AHHOTO B IIPAMOYTOIBHOM IJIACTUHE, TIOJIBEPIIIIECs OTie-
PEXKAIOIIEMY OBEPXHOCTHO-IJIACTHIECKOMY 1ePOPMUPOBAHUIO! ;
B) ompegesienne reomerpuueckoii KoHdUrypaiun KpyroBoro KOHIIEHTPATOPa
HaNpsKeHUs B KPYTOBOUM TUJIMHIPUYECKON TIJTACTUHE, TOBEPXHOCTH KOTO-
POTro MOABEPIJIACH TOBEPXHOCTHO-ILIACTUIECKOMY 1ehOPMUPOBAHUIO.

1. ITocranoBka u penitenue 3anadu A. B jekaproBoil cucreme KoOOpm-
vat Ozyz paccMaTPUBAECTCS MPIMOYTOJIbHAS IIJIACTHHA TOIIIUHON H, B KOTOPOit
BBIPE3aHO CKBO3HOE KPYroBOe OTBepCTHE (KOHIEHTPATOD HAIPSYKEHWIA) pasiiy-
coM R (puc. 1). Ilepes BblpesaHueMm KOHIEHTPATOPA COIVIACHO METOJUKE OIlepe-
2KAIOIIEro MOBEPXHOCTHO-ILIACTUIECKOTO 1epOopMUpOBaHUs BepXHssd I'DAHb ILIa-
crunbl (z = 0) moaBepraercs yJabTPa3sByKOBOMY (MEXaHUIECKOMY) yIIPOYHEHUIO.
Beipesanue KOHIlEHTpaTopa HalpsizKeHWH (yaaJeHue JacTh MaTepuasa IJIACTH-
HBI) NMPUBOAUT K MEPEPACHPEICICHUIO HAIPSIKEHUI U BbI3bIBaeT jieopMannoH-
Hble IIPOIECCHI, B pe3y/ibTaTe KOTOPBIX IIPOUCXOJUT U3MEHEHUEe IeOMeTPUYECKOi
KOH(UTYPAINU UCXOTHOTO KPYTOBOI'O KOHIIEHTPATOPA HAIIPSIZKEHUN.

/y

]V

Puc. 1. Cxemarudeckoe n3obparkenre MpsiMOyTOJBHON IJIACTUHBI CO CKBO3-
HBIM KPYTOBBIM OTBEPCTHEM (KOHIIEHTPATOPOM HAIIPS?KEHUHA )

[Figure 1. Schematic representation of a rectangular plate with a through
circular hole (stress concentrator)

1.1. PeKOHCTPYKIMS MOJIEl OCTATOYHBIX HAIPAXKEHUIN U IJIaCTUYeC-
kux gedopManuii B NPSMOYTOJILHON MJacTuHe (aHAJIUTUYECKOE perie-
Hue). B coorBercTBHN ¢ TEXHOJIOIMEN OllepekatoIero e OpMUPOBaHUS Ha Hep-
BOM 3Talle YIPOYHEHUIO MOJBEPracTCs BEPXHsS I'PAHb IIJIACTUHLI 6€3 KOHIICHTPA-
Topa HamnpsiKenuii. [losroMy cHavyasa HYy»KHO BBIIOJIHUTE peKoHCTpyKIinio HJIC
IPSMOYTOJILHON TJIACTHHBI MOCAE ee YIpOuHeHHdA. DTa 3aJada pemmena’ B [19)
B IIPEIIOJIOKEHNN, ITO BCe KOMIIOHEHTHI TEH30Pa OCTATOTHBIX HAIPSIZKEHNN eCTh
bYHKIINN KOOPJAUHATHL 2, C IPUBJIEUEHUEM TUIIOTE3bI IJIOCKUX CEUCHUN U aHU30-
Tponuu ynupounenus. [Ipu 3ToM 1o/IydeHbl CJIeIyIonie COOTHOIIEHUSI, B KOTOPBIX

oz oneperkalomunM MoBepXHOCTHO-IIACTHICCKUM 1epOPMUPOBAHIEM KAKOTro-11u60 obpasna
TIOHMMAETCS MPOIECC YIPOYHEHUS TUIAIKOT0 00pa3la MEeTOJAMU MOBEPXHOCTHO-IIACTHIECKOIO
nedopMupoOBaHUS C MOCTEAYIOMNM HAHECEHNEM Ha HETO KOHIIEHTPATOPA HAIIPSIZKEHUN.

231echb CileflyeT OTMETHTh, UTO IMOJYUeHHOE pelleHHe GyIeT CIIPaBeIINBO JIMIIb s I€H-
TPaJIbHOM 00JIACTH TJIACTUHBI, UMEHHO JJIsl TOM, Tie Oy/IeT BbIpe3aThCsl KOHIIEHTPATOD HAIPsi-
JKEHUIA.
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BC€ BbIpazKaeTCd Iepe3 KOMIIOHEHTY OCTaTOYHBIX HaHpH)KeHI/IfI Oy

1+ av a(l —1?)

= — e ——— 1
Oy atuv Oz, dx E(a i I/) Oz, ( )

1—02 (1+a)(1—1v?

= ——FF—F 0. = g
T Ela+v) ™ e E(a+v) o

rae 0y = 04(2), 0y = 0y(2) — KOMIIOHEHTBI TEH30Pa OCTATOYHBIX HAIPSIKEHUIT;
@ = (%), @y = qy(2), ¢ = ¢-(2) — KOMIIOHEHTBI TEH30pa OCTATOYHBIX ILJIa-

cruaeckux pedopmaruii; E — monyins FOura; v — koaddunuent Ilyaccona; a—
deHoMeHOJIOTUYECKUT TTApAMETD, XapPaKTEPU3YIONUi aHU30TPOIUIO TEXHOJIOT I
yupounenusi [8]. OcraibHble KOMIOHEHTBI TEH30POB OCTATOYHBIX HAIPSZKEHUIT
U IJIACTUYECKHUX JeopMaIyil mMoJiaraioTcs PaBHBIMU HYJIIO, ITOCKOJIBKY WX 3Ha-
dyeHus: (110 MOJLYJIIO) Ha HECKOJIBKO ITOPSIKOB MEHbBINE, YeM y [PeJICTABIEHHbBIX
B (1) [23].

Taxum obpazom, jist pekoHcTpykinun HJIC B npsiMmoyrosibHO# 11acTuHe 1ocjie
YIPOYHEHUs ee BEPXHEN IpaHu HeOOXO/IMMO UMETh HEIPEPHIBHOE aHAJIUTUYECKOE
BbIpaXKeHHe J[JIsi KOMIIOHEHTBI 0, = 0,(2), 0 < 2z < H.

B nmanbrefimux pacuerax UCIIOJIb30BAJINUCH KCIIEPUMEHTAIbHbBIC JAHHBIC B 00-
JIACTH CXKATUS JIJIsT KOMIIOHEHTBI 0, = 0,(2) HOCJIe yIbTPa3BYKOBOTO YIIPOYHEHUST
OaJIKu MPsIMOYTOJILHOTO cedeHust u3 ciiaBa 11742, coorBeTcTByOMME IEPBOMY
PeKUMy YIPOYHEHUsI U3 YeThIPEX IIPeJICTaBIeHHbIX B pabore [8], Koropble npe-
CTaBJIEHBI TOYKAMHU Ha PUC. 2. DKCTPAIIOJISIUSI SKCIIEPUMEHTAIbHBIX JTaHHBIX JJIsT
KOMITOHEHTBI 0, BBIIIOJHEHA C UCIOJIb30BAHUEM 3aBUCUMOCTH

P 2
az(z):ao—alexp<—(b2)), 0<z<H, (2)
rzie 2* onpeiessieTcst U3 yCIoBus 05 (2%) = 0Eai<nH 04(2), a 09, 01 1 b— napamerpsl,
\Z\

METOJINKA OIPEJIe/IEHNs KOTOPBIX C UCIIOJb30BAHUEM yCJIOBUS CAMOYPABHOBEIIIEH-
HOCTH SIIOPbI OCTATOYHBIX HAIIPsI?KeHUil u3jioxkena B [19].

st mpoBeieHnsT MOJEJBbHBIX PACUETOB IO BJIUSHUIO NEOMETPUYCCKUX ITapa-
METPOB IUIACTUHBI HA U3MEHEHHEe I'eOMeTPUU KPYTOBOTO KOHIIEHTPATOPA HAIpsi-
JKEeHHH MCIOJIb30BaNCh cieyiomue 3uadenus: H = {10,8,6,4} mm, L = 100 M.
CoorBeTcTByIOIINE MapaMeTpPhl IMOJYYeHHBIX AallpoKcuManuii (2) mnpuBeIeHbl
B Tabsmre. OTKIIOHEHUSI TOJYYEHHBIX AIIPOKCUMAIII OT 3KCIIEPUMEHTATBHBIX
JIAHHBIX B CPEIHEKBAAPATUICCKON HOPMe He NpeBbicuan 5.75 %.

OrmeruM, 9TO B cilydae yJbTPa3ByKOBOIO yIpOUHeHus mapaverp o = 1 [8] u
dbopmyuiet (1) npuHIMAaOT BU

1—v 2(1-v)
E Ozy 4z = E

Oz (3)

Oy =0z, (qr=(qy = —

3HavyeHusi apaMeTpOB almpoKcuManyu (2) Jisd pasjMdHbIX 3HadeHuil H
[The values of approximation parameters (2) for different values of H]|

Thickness, H, mm 00, MPa o1, MPa b, mm
10 13.38 1100.98 0.0928
8 16.84 1104.64 0.0933
6 22.65 1110.05 0.0938
4 34.61 1120.81 0.0949
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B mozenbabIX pacuerax ucnosb3osanuck E = 221 I'Tla, v = 1/3, coorBercrByro-
miue cruiaBy I11742.

1.2. Pekoncrpykims HJ/IC B nmpsiMmoyrosibHO#i mactuse (KOHEYHO-
3JIeMeHTHOe pelieHne (pUKTUBHOM TepMOoypyroii 3aga4dn). B janHom 1yH-
KT€ OIINChIBACTCA ITOJIydeHUue H,ZLC B KOHEYHO-3JIEMEHTHOI MOJe/INn IPAMOYTOJIb-
HOII [IJTACTUHBI METOJIOM [IePBOHAYAJIbHBIX jiecpopmarniuii [11,18-20] Ha ocHoBe aHa-
JuTHYeckoro pertenusi (cM. m. 1.1). B sToM cirywae ocraTouHble ILIACTHYECKHE
nedbopmarnn q; = ¢;(z), i = x,y, 2, 33JaBaeMble COOTHONICHUSIMU (3), MOJEIUpPY-
I0TC (DUKTUBHBIMU TEMIIEPATYPHBIMMU:

qi(2) = o (2)(T(2) = To), i=2,y,2 0<z<H, (4)
rye T'(z) — UK TUBHBIN 3aKOH pacIpeieieHus TeMiepaTypsbl; 1) — HadaIbHOE 3HA-
T

denne Temueparypst; «; (z) = a;(T(z)) — koaddurmenTs! TeMIepaTypHOro pac-
HMIMPEHMUS.

Vcnonb3yst u3BectHble perenusi ¢; = ¢;(z), ¢ = x,y, z, MoJydeHHble B 1. 1.1,
U3 COOTHOITeHHIT (4) MPH HAJIMYHI 3aKOHA PACIPE/IeIeHIA TeMIePATYPhI® 110 TOJI-
IIMHE [JIACTUHBI MOYKHO MTOJIY YU Th BBIPAYKEHUS J1JIsi KOO MUIIMEHTOB TeMIIepaTyp-
HOI'O PACHINPEHUs] U TAKUM 00Pa30M CBECTH MCXOJIHYIO 3a/a9y K (DUKTUBHOM Tep-
moympyroii. [Tocsie perennst TemneparypHoit 3ajiaun u3 cootHomenuit (4) ompe-
JIeJTSIOTCS 3aKOHBI v (%), KOTOpbIe 3aTeM BMecTe C YIPYTHMH KOHCTAHTAMHI HC-
[OJIb3YIOTCS KaK MCXO/HBIE JIAHHBIE JIJIsi TEPMOYIIPYTOii 3a1auu.

B wurore cTpouTCcsi KOHEUYHO-3JIEMEHTHAs MOJEIb C 3aJaHHBIMU TeMIEePaTyp-
HBbIMU J1eDOPMAIUSIMI U METOJ0OM KOHEYHBIX 3JIEMEHTOB pelnaeTcs 3aj1ada (buk-
TUBHON TEPMOYIPYTOCTH. BaxkKHO OTMETHUTD, UTO JJIsl yueTa GOJIbIIIX IPaJUeHTOB
pacipeie/ieHnii OCTATOYHbBIX HAIPsKEHU 0, = 04(2) u 0y = 0y(z) Tpebyercs
JIOBOJTBHO MeJIKasi CeTKa B 00JIaCTH, OJIM3KOI K yIIPOYHSIEMON TPaHu.

BrinosiHeHa mpoBepKa aJIeKBATHOCTH KOHETHO-3JIEMEHTHOI'O PacyeTa aHAJINTH-
YECKOMY DEIeHHIO OCTaBIeHHO! 3a/1a4u JIjis YIIPOYHEHHOI 1iacTubl. Ha puc. 2
[PUBEIECHBI PACIPEIEICHUST KOMIIOHEHT OCTATOYHBIX HAIIPSYKEHU, BOITHCICHHBIX
1o dpopmysiam (3) ¥ pacCIMTAHHBIX METOIOM KOHEUHBIX 9JIEMEHTOB JJisl ITAPHUPHO
OIEPTOI 110 KPOMKAM HUKHEH TPaHU ILJIACTUHbI.

s kommonenTsl 0, = 0,(z) HABIIOIAETCS COOTBETCTBHE PACYETHBIX JIAH-
HBIX Ha OCHOBE DeIleHWs KpaeBoil 3ajaun (PUKTUBHON TEPMIIOYNPYTOCTH METO-
JIOM KOHEYHBIX 3JIEMEHTOB C 9KCIEPUMEHTAJIBHBIMU JAHHBIMA U C PE3YJILTATAMU
anmpoKcuManun (2), [Jist KOMIIOHEHTBI 0y = 0y(z) — ¢ 3aBucumocTbio (2). Ilpn
9TOM pacyerHbie Jarubie 10 MKD u no annpokcumanuu (2) jist yKa3aHHBIX KOM-
[IOHEHT MPAKTUIECKH He Pa3/InIUMbl.

B n. 1.1 B aHATMTHYECKOM DPENIEHUU TI0JIarajoCh, YTO KOMIIOHEHTBI 04, Ty,
pPaBHBI Hy/I0. B MOJyYeHHOM KOHEYHO-3JIEMEHTHOM DEINEeHUN OHU He HyJIeBbIE.
DTO CBSA3AHO C FPAHUYHBIME YCJIOBUSIMU M OCOOEHHOCTSIMU METO/[a KOHEUHBIX JJ1e-
MEHTOB, HO UX MaKCUMAaJbHbIE 3HAYCHUs] HA TPU—UEThIPE MOPSIKA MEHbBIIE, YeM
y KOMIIOHEHT 0y U 0y (110 Momyimo). IlosToMy mpumHsiTas rUIoTE€3a OTHOCUTEIBHO
KOMIIOHEHT 0, U T, ONpaBJaHa U MOXKHO CJIeJIaTh BBIBOJ O HECYIIECTBEHHOCTH
BJIUSIHUSI 9TUX KOMIIOHEHT Ha J1ePOPMUPOBAHHOE COCTOSTHHE ILIACTUHDIL.

30rMernmM, uTO DUKTUBHBIA 3aKOH pachpejesienus Temmeparypel T(2) B cooTHomenusx (4)
MOKHO 3a/1aBaTh [IPOU3BOJILHBIM, He 3a00TACh O €r0 Pean3yeMOCTH B 3a/a4e TEILIOHPOBOJIHO-
CTH, IIOCKOJIbKY BapHATUBHbIE WMCCJIEJ0BAHUs, BBINOJHEHHBbE B [19, 20|, nokasaau, 9T0 OH He
BJIMsieT HAa KOHEYHOE PeIlleHne Jisi OCTATOUHBIX HAIPsKeHUH B (DUKTHBHOI TepMOynpyroit 3a-
Jade.
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Puc. 2. KoOMIIOHEHTBI OCTATOYHBIX HAIPAKEHUN B IPSIMOYTOJBHON IJIACTUHE: MAPKEPBI — IKC-
nepuMeHTasbHbIe JaHHble [8]; 1 — pacder no anupokcumanuu (2); 2— pernenue GUKTUBHON Tep-
MOYIPYTOi 3a1a49n
[Figure 2. Components of residual stresses in a rectangular plate: markers — experimental
data [8]; 1 — calculation by approximation (2); 2 — solution of a fictitious thermoelastic
problem]|

1.3. BausiHue HaBeJeHHBIX IOJI€Hl OCTATOYHBIX HANPSA>KEHUI Ha ITPO-
duap KpyroBoro KoHIleHTpaTopa Hampsi>keHuii. Ha cienyromem srame u3
KOHEYHO-3JIEMEHTHOI'O PA30UEHUs IJIACTUHBI YIAJIAINCH KOHEUHDBIE 3JIEMEHTBI, CO-
OTBETCTBYIOINE KPYTI'OBOMY KOHIIEHTPATOPY HalIpsKeHuit pajmycoMm 10 M.
B ocTapimxcst KOHEUHBIX 9JIEMEHTaX COXPAHSINCH TEMIIEpATypPHbBIE HedopMalinn,
COOTBETCTBYIOIHE IIACTUHE 0e3 KOHIeHTpaTopa Hampsikenuit. llogyunsmrasics
B pe3yJ/bTaTe ITUX JIeMCTBUII KOHETHO-3JIEMEHTHAs CXeMa C 33/I[AHHBIMU HaYdaJIb-
HbIMU fedopMaIusiMu pa3peliagach B paMKax (PUKTUBHON TEPMOYIIPYTOCTH.

Ha puc. 3 npusenennr mpoduinm KOHIEHTPATOPOB HAIPSI2KEHUH, 11Oy I€HHBIE
B pe3yJIbTaTe KOHEYHO-3JIEMEHTHOI'O pacdeTa, JJis pa3HbIX 3HadeHuit H Tommmm-
HBI [JIACTUHBI B cedeHnu 1IockocThio 20z (em. puc. 1). 3aecs § = © — R —Be-
JIMIUHA CMEIEHUsT PACIeTHOrO TPOM Mg KOHIIEHTPATOPA OT ero MePBOHAYAIBLHO
[IPsIMOJINHETHOM 0bpasyroreit (J‘II/IHI/IH 6 = 0 Ha puc. 3). W3 npencraBiieHHBIX pe-
3yJIbTaTOB BU/IHO, YTO C YMEHbIIIEHNEM TOJIIUHBI IIJIACTUHBI BEJINYNHA CMEIleHUd
[IEPBOHAYAIBLHO TPSAMOI o0pasyroleil ymeHbinaercs. MakcuMaabHOEe CMeleHne
00pasyIolieil B IIPOBEJIEHHBIX pacdeTax He MPEBLICUIO 4.5 MKM.

Ha puc. 4 npuBejieHbI SMOPHI BEJIMYUHBL 0y = 04(Z) JJisl PA3JINUHBIX 3HAYe-
HUI paccTostHul A = (x2 + yz)l/ 2_Ror I'PAHUIBl KOHIIEHTPATOPa HAIIPAXKEHUN
B cedernn miockocTbio x0z (y = 0). 13 npuBeseHHbIX 310D CIeyeT, 9To BOJIH-
31 I'DAHUIBI KOHIIEHTPATOPA IPOUCXOJUT CYNIECTBEHHOE CHUZKeHHe (10 MOJLYJIIO)
ocTaToYHbIX Hampsikenuii. Kommnonenra o, = 0, (z) acummnrornyecku mpubimKa-
eTCsT K COOTBETCTBYIOIIEMY PaCIpEeIe/eHAI0 Jisl IJIACTUHBLI 0e3 KOHIIEHTPaTOpa
HampsKeHuil u yrke s 3Hadenns A = 30 MM 06a pacrpeiesieHnsl OCTATOTHBIX
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HanpsizkeHuit (Kpusble 5, 6 Ha puc. 4) NPAKTHYECKH COBIAIAIOT. DTOT (haKT TaKKe
MOKeT CJIy?KUTb OJJHUM U3 3JIEMEHTOB IIPOBEPKHU CXOIUMOCTH KOHEYHO-3JIEMEHT-
HOT'O PENIEeHNs] TTOCTABJIEHHON 3a/1a4u.

2. IlocranoBka u pemnienune 3amaunm B. B muwiumapwdeckoit cucreme Ko-
opaurar Orfz paccMaTpuBaeTcss Kpyropas IUJIUHIPUIECKAs] IUIACTHHA C PAJIAY-
com R; m Tommuuoii H co CKBO3HBIM KPYTOBLIM KOHIICHTPATOPOM HAIIPSIZKEHUIA
paguycom R (puc. 5). BHyTpenHsisi moBepxHOCTH (1 = R) KOHIEHTpaTOpa HAIPsi-
JKEHUI ITOBEPraeTcsl IOBEPXHOCTHO-IIJIACTUIECKOMY AedopMmupoBannio. T pebyer-
cs OIPEIEINTh U3MEHEHNE T€OMETPUIECKNX IIapaMeTpPOB BHYyTPEHHEH MOBEpXHO-
CTH KOHIIEHTPATOPA, KOTOPOE BO3HUKAET M3-3a MEePEPACIIPEICICHIS OCTATOTHBIX
HallPAXKEeHN.

2.1. Pekoncrpykiius H/IC B kKpyroBoii HUJINHAPUYIECKON IJIaCTHUHE
II0CJie YOPOYHEHNUsI BHYTPEHHEH MOBEPXHOCTU KOHIleHTpaTopa (aHasu-
Tu4aeckoe perenue). Ilycrs o, 0y, 0, — pajauaibHasi, OKPY?KHasl 1 0CeBast KOM-
IIOHEHTHI TEH30Pa OCTATOYHBIX HAIIPAXKEHUN, a ¢r, Gy, ¢ — COOTBETCTBYIOIINE UM
KOMIIOHEHTBI TE€H30pa ILIACTUYIECKUX JMedOpPMAaIinii, BO3HUKAIOIIUE [TOC/Ie TPOIie-
Jlypbl OBEPXHOCTHOTO YIIPOYHEHUsI MOBEPXHOCTH KOHIleHTparopa. B pabore [9)
paspaboTaHa MeTOIUKA, MO3BOJISIONAs [IPH HAJIMYHN SKCIEPUMEHTAIBHO IIOJTY-
YeHHOIT KOMIOHEHTBI 0g = 0p(r) nposectn peroncrpykimio HJIC B kpyrosoii
[UIAHIPUYCCKON IJIACTUHE I10CJIEe IIPOIEY PhI H30TPOITHOT0” YIPOYHEHUSA IOBEPX-
HOCTH KOHIIeHTpaTopa 1o cieayomum gopmynam (R < r < Ry):

or(r) = / o (t)dt, (5)

" JR
1—2v TO 5y
qe('r‘) = — / titv [Ur(t) + 209(t)] dt —
E(1+v)rie Jr
1—v v
- E UB(T) + EUT(T)J (6)
qo(r) = q=(r) = —qr(1)/2, (7)
o.(r) = —FEq.,(r)+ V(O’T(T) + ag(r)). (8)
B jnagbHefmnx pacueTax UCIOJb30BAJNCH SKCIepUMeHTaIbHbIe JaHHbIe B 00-
JIACTU CXKATUsl JJIi KOMIIOHEHTBI 0y = 0p(r), npuBejeHHble B pabore [9] syist

YIPOYHEHHOrO IMJINHIPUIECKOro obpasia u3 ciasa 6985 paguycom 3.76 mm
U [IpeJICTaB/IeHHbIe Ha puc. 6 Mapkepamu (Touku), tiae h = r— R — riybuna ynpod-
HeHHOro ciosi. Cunraem 91y 310py (B 061aCTH C2KATHs) MOJIEJIBHON U JIJISE Pac-
CMATPUBAEMON 33/[a4U. DKCTPAIOJIAINNS IKCIEPUMEHTAIBHBIX JAHHBIX JIJIs BCeil
obimactu R < r < Ry (R = 10 MM, Ry = 50 MM) KOMIIOHEHTBI 0y BbIIOJHEHA
C WCIIOJIb30BAHUEM 3aBUCUMOCTH

og(r) = oo exp(—W) — 01 exp(—W), 9)

4 Mannast MeTOANKA IpEJIIOIAraeT, YTO MpPH YIPOUYHEHHWH IIOBEPXHOCTH KOHIEHTPATODA He
BO3HHUKAIOT BTOPUYHbBIE IJIACTUYIECKHE JAedOpMaIy, & HeJAuaroHaJIbHble KOMIOHEHTHI TEH30POB
OCTATOYHBIX HANDPXKEHMH U IIacTudeckKux gedopmanuii Maabl (B CDABHEHUHU C JUATOHAJILHBI-
Mn). Takzke IPHUBIIEKAETCS TUIOTE3a O HABEJCHUH IUIACTHYECKUX JiebOpMAIi HA UIAHAPUIe-
CKOH TIOBEPXHOCTHU KAK Ha IOJIYyIIPOCTPAHCTBE.

B npeanonoxkenuu go(r) = g.(r).

5Crnnasy DU698 cooTBeTCTBYIOT Cireyromye yupyrue koncranTsl: F = 200 I'Ma, v = 1 /3.
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Puc. 3. Pacuernsle npoduin KpyroBeIX KOHIIEHTPATOPOB HAIPSI2KEHUI [IJIsT PA3IMIHBIX 3HATE-
HU TOMIUHBL IacTUHbl H: 1 —4 vmM; 2—6 vv; 3— 8 mm; 4— 10 MM

[Figure 3. Calculated profiles of a circular stress concentrators for various values of plate thick-
ness H: 1—4 mm; 2—6 mm; 3—8 mm; 4—10 mm]|
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Puc. 4. Duiopsl BeJIMYUHBL 05 = 0 (2) AU PA3IMYHBIX 3HAYEHUN PACCTOAHUNA A OT IPAHUIBI
KoHIleHTpaTopa Hanpsekennit: 1 — 0.1 mm; 2— 0.5 mm; 3—5 mm; 4— 20 mym; 5— 30 mMm; 6 — 11
ILUTACTUHBI 0€3 KOHIIEHTPATOPA HAIPSIyKEeHU

[Figure 4. Diagrams of the value o, = 0. (2) for various values of distances A from the boundary
of the stress concentrator: 1—0.1 mm; 2—0.5 mm; 3—5 mm; 4—20 mm; 5-30 mm; 6—for
a plate without the stress concentrator|

Puc. 5. Cxemarmyeckoe nzobparkeHne KpyroBoi IUJIUHIPUIECKON TIJIACTHHBI CO CKBO3HBIM KPY-
TOBBIM OTBEPCTHEM (KOHIIEHTPATOPOM HAIIPSI?KEHMUIA)

[Figure 5. Schematic representation of a circular cylindrical plate with a through circular hole
(stress concentrator)]
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rjie 0g, 01 U b, | — napaMeTrpbl, METOJUKA OIPEJIE/IEHIs KOTOPbIX ¢ UCIOJb30Ba-
HUeM YCJIOBHUSI CaMOYPABHOBEIIEHHOCTH SIOPhI OCTATOYHBIX HAIPSZKEHUN M3J10-
kena B [9]. st ucronb3yeMbIX SKCIIEPUMEHTAIbHBIX JIAHHBIX (CM. MapKepbl Ha
puc. 6) mosydeHsl cieyonpe napamerpsl annpokcumanuu (9): og = 118.9 MIla,
o1 = 1118.9 MIIa, b = 0.106 mm, [ = 1 mm. Pesynbrar pacuera KOMIIOHEHTHI gy
no (9) nokazan Ha puc. 6 cromuoil auHueir 1. OcrajbHble KOMIIOHEHTHI OCTa-
TOYHBIX HAIIPSIZKEHUI ¥ IJIACTHIECKUX JedopMaInuii OnpeessiIich o oy = og(r)
Ha ocHoBauun (5)—(8), HO B KauecTBe BepXHEro npejieia uHTerpupoBanus B (6)
HCIIOJIL30BAJIACh BeuauHa Ry .

2.2. BiausHue HaBeJeHHBIX I0JIeil OCTATOYHbBIX HAIPAXKEeHUI Ha IIpo-
¢$duiIb KPyrosBoro KOHIIEHTpATOpa HampsiKeHuit. MeTonuka olpese/eHus
BJIMSHUAS HABEJIEHHBIX IOJIel OCTATOYHBIX HAIPSKeHUil Ha IPOdHIbL KPYroBOrO
KOHIIEHTPATOpa HAIIPAKEHMI B KPYIVIOH NUIMHAPUYIECKOl IIacTUHe aHaJ OrMYHa,
COOTBETCTBYIOIIEH METOUKE TSl MPSIMOYTOJNBHON miacTunbl (cM. 1. 1.3): cHa-
qasia 110 Gopmyinam (5)—(8) ¢ npumenennem ammpoxkcumanuu (9) BBIIOJIHSAETCS
PEKOHCTPYKIUSI OCTATOUHBLIX HAIPsKeHWiT U IacTudeckux Jgedopmanuii. Jasee
OCTaTOYHLIE IIACTHYCCKHE 1eOPMAIUU MOACIUPYIOTCH (DUKTUBHBIME TeMIepa-
TYPHBIMHI C IOMOIIBIO COOTHOIICHUI

a(r)=o (r)(T(r) —Tp), i=r0,z R<r< Ry

OrmeTnM, 9TO 3/1€Ch BOJIEBBIM peIlleHreM ObLI BRIOpaH JIMHEHHBIN 3aKOH pacipe-
JeJIeHAsI TeMIlepaTyphl:

T(r)=ar+b, T(R)=100°C, T(R;)=20°C.

BaTeM MeTOJIOM KOHEYHBIX 3JIEMEHTOB DeIaeTcsi 0CeCUMMETPHYHAs 3ajada
GUKTUBHON TEPMOYIIPYTOCTH, IPU STOM B 00JIACTU YIIPOUIHEHUS CO3/1aeTcs OoJiee
MeJIKasi pacueTHasl CeTKA.

it poBejieHNsT MOJIEJIBHBIX PACYETOB O BJIUSHUIO M€OMETPUYECKUX Mapa-
METPOB ILJIACTUHBI Ha U3MEHEHHe MeOMETPHU KPYTrOBOI'O KOHIEHTPATOPa HAIPSsi-
JKEHHI UCIIOB30BANCH clreyonte 3Hadennst: Ry = {5;7.5;10} mm, R = 10 mm,
H = 50 mM. Boraucsienusi npoBOUINCH IPU TPEX BAPUAHTAX 3aKPEIJIEHUST: Iap-
HUPHOE ONUPAaHUEe HUKHEH TI'DAaHU IJIACTHHBI, MIADHUPHOE ONUPAHUE BEPXHEH u
HUZKHEH rpaHeil IJIMThI, KecTKasl 3a/1eJIKa DOKOBON MOBEPXHOCTHU ILJIACTHUHBIL.

Ha puc. 6 gna pacuernoro cay4das Ry = 50 mm, R = 10 mm u H = 50 MM
[PUBEJIEHBI TJIABHBIE KOMIIOHEHTBI OCTATOYHBIX HANDsXKEeHUil B cevennn z = H/2
KPYIJIOH IUJINHIPUIECKOH ILIACTUHBI TIOCIe YIIPOYHEHUsT TIOBEPXHOCTU KPYTOBO-
ro KOHIIEHTpATOpa HalpsiKeHuil, nosydenHble 10 dbopmyaam (5)—(9) (nmuauum 1)
u pemienneM (BUKTUBHONH TEPMOYIPYTOii 3a/a4i METOJOM KOHEUHBIX 3JIEMEHTOB
(muaum 2). CoryiaCHO TPEJICTABIEHHBIM JAHHBIM SIIOPbl KOMIIOHEHT, OJIy9IeH-
HBIX 9THMU METOJAMHU, 38 HUCKJIOYEHHEM KOMIIOHEHTBI 0 (7), MPaAKTHIECKH COB-
nazaroT. s KOMIOHEHTEI 0 (7) OTKJIOHEHHE peleHnst (bUKTUBHON TEPMOYIIPY-
roif 3aJadu OT peleHusi, moydennoro no dpopmyritam (5)—(9), cocrasiser A =
= max |a7(~1)(r) —o? (r)] < 1 MIla, rzme 07(«1)(7") COOTBETCTBYET PEIIEHUIO II0

TG[R1,R]
dbopmysnam (5)—(9), 07(2) (r) — peteHuto (GUKTUBHON TEPMOYIPYTON 3aa4U METO-
JIOM KOHEYHBIX 3JjieMeHTOB. OTMeTUM, 4TO 3HaYeHUsI BeJUIUHBI 0, (T) B obaacTu
cxkaTHs MeHbIe (10 MOJY/I0) 3HadeHuil Beaunand oy(r) u o,(r) Ha ABa-TpH 1I0-
psijika, [O09TOMY KOMIIOHEHTa 0 (7') He OKa3blBAeT CYIIeCTBEHHOIO BJISIHUS Ha
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J1ebOPMUPOBAHHOE COCTOSTHUE IMJIMHJIPUYECKON IJIACTUHBI C KPYTOBBIM KOHIICH-
TparopoMm Hanpskenuii. [losydennbie fanuble JEMOHCTPUPYIOT XOPOIIIEE COOTBET-
CTBUE PEIIeHuil, Oy IeHHBIX 110 00EUM METOINKAM.

Ha puc. 7 nupusenenst rpaduku npoduss odpasyroieii KpyroBoro KOHIICH-
TpaTopa II0C/Jae YIPOUYHEHUS €ro IIOBEPXHOCTH JIJId Pa3/INYHbIX PAJUyCOB KOHIICH-
TpaTopa ¥ JJjIs Pa3NIHbIX BAPMAHTOB 3aKpeluieHus: obpasma, 37ech f = r — R,
0 < z < H. Bujno, uTo nu3MeHeHne MepBoHAYAIbLHO IPIMOJMHEHHON 00pas3yioreit
KOHIICHTPATOPA YBEJIMINBACTCA C YMEHBIIICHIEM PaJlyCa KOHIICHTPATOPa HaIpPHA-
JKEHUN U JIJ14 IIPOBEJEHHBIX MOJE/IbHBIX PACYECTOB ABJIACTCS HE3HAYUTEJILHDIM.
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[Figure 6. Components of residual stresses in the section z = H/2 of a round cylindrical plate
after hardening the surface of a circular stress concentrator: markers—experimental data [9];
I—calculation by formulae (5)—(9); 2—solution of a fictitious thermoelastic problem)]
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Puc. 7. Ilpodwuns obpazyroreil KOHIIEHTPATOPa HANpPsKEeHW mocyie yupodnenus: R = 10 MM
(1), R=7.5 MM (2), R=>5 MM (3); a— Ipu MIADHUPHOM ONUPAHWA HUKHEH TPAHW IIACTUHBI,
b — mpu KecTKOi 3aeKe HOKOBOI MOBEPXHOCTH TLJIACTUHBI

[Figure 7. Profile of the generatrix of the stress concentrator after hardening: R = 10 mm (1),
R =75 mm (2), R =5 mm (3); a—when hinged support of the lower surface of the plate,
b—when rigidly fixed to the side surface of the plate
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BriBoasbi. B nacrosimeit pabore paspadborana METOIUKA, TO3BOJISIONIAI U3Y-
9UTh BJWSHHUE YIIPOYHAIONEH 0O0pabOTKM Ha TEOMETPUIECKYI0 KOHQUIYPAIIUIO
KOHIIEHTPATOPOB HaHpﬂ}KeHI/Iﬁ B BUJI€ CKBO3HBIX KPYT'OBBIX OTBepCTI/Iﬁ B IIJIaCTH-
Hax IMOCJIe POy PhI TOBEPXHOCTHO-ILIACTUIECKOTO Te(POPMUPOBAHUSI.

st pacCMOTPEHHBIX MOJIEILHBIX 338 TOJIYIEeHbI CJIEYIONIne Pe3y/IbTaThI.
B ciydae onepexkaroriero moBepxXHOCTHOTO IJIACTHIECKOTO J1e(hOPMUPOBAHUS BEPX-
Hell TpaHW KBaJpPaTHON IMapHUPHO OMEPTOH ILTacTWHBI ToamuHoi 10 MM Makcu-
MaJIbHOE CMeIeHne 00Pa3yIoieii OTHOCUTE/IHLHO TEPBOHAYAILHON KOH(MUTYPAIIUH
COCTaBHUJIO OKOJIO 4 MKM. I—[OKaZSaHO7 9TO C yMEHbHICHUEM TOJIIIUHBL IJIaCTUHBI
MaKCUMaJjbHOe cMelllenne obpasyionieil yorBaeT. B ciiydae ynpodneHus moBepx-
HOCTH KPYT'OBOTI'O KOHI[EHTPAaTOpa HAIIPAXKEHUN MUJINHIPUIECKON MITacCTUHBI MaK-
cUMaJIbHOE CMeIeHne 00pa3yoleil KOHIIEHTPATOPa HANPSI?KEHUH COCTaBUIO OKO-
g0 1.4 MKM JJIs TJTACTHH, OMEPTHIX IMAPHUPHO M C JKECTKOH 3a1e K0 OOKOBOit
rpanu. [loka3zaHno, 9To ¢ yMEHBIIEHUEM PaJuyca OTBEPCTUs CMeIeHue o0pa3yro-
el Bo3pacraer.

Koukypupyionine nHTepechl. KOHKypUPYIOINX HHTEPECOB HE UMEIO.

ABTOpCKast OTBETCTBEHHOCTD. ¢l HeCy IOJIHYIO OTBETCTBEHHOCTH 3a IPEI0CTaBJIEHUE
OKOHYATE/IbHOI Bepcuu pykKomucu B mevdarb. OKOHUYATEIbHAS BEPCHUS PYKOIMCHA MHOIO
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The influence of surface plastic hardening
on the geometric parameters of circular
stress concentrators in plates

V. E. Glebov
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Abstract

A methodology for studying the influence of strengthening treatment on
the shape of stress concentrators in the form of through circular holes in
plates after surface-plastic deformation has been developed.

Two model problems have been considered:

— determination of the geometric configuration of a circular stress con-
centrator cut in a rectangular plate subjected to prior surface-plastic
deformation;

— determination of the geometric configuration of a circular stress con-
centrator in a circular cylindrical plate whose surface has undergone
surface-plastic deformation.

Phenomenological methods for restoring residual stress fields and plas-
tic deformations in plates after the strengthening procedure are presented.
Boundary problems of reconstructing the stress-strain state are reduced to
well-posed fictitious thermoelasticity problems. The adequacy of the pro-
posed approaches has been illustrated through computational modeling for
a rectangular plate made of EP742 alloy and a circular cylindrical plate
made of EI698 alloy.

Profiles of the generatrix of the stress concentrators in plates have been
obtained. In the case of prior surface-plastic deformation of the upper surface
of a square hinged-supported plate with a thickness of 10 mm, the maximum
displacement of the generatrix relative to the initial configuration was ap-
proximately 4 pm. It has been shown that with a decrease in plate thickness,
the maximum displacement of the formation decreases. In the case of surface
strengthening of the circular stress concentrator in the cylindrical plate, the
maximum displacement of the stress concentrator formation was approxi-
mately 1.4 pm for plates supported by hinges and with rigid fixation of the
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side surface. It has been demonstrated that with a decrease in the radius of
the hole, the displacement of the formation increases.
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AnHOTan M
Pazpaboran meros perenns 3aa9u pacueTa HAIPSIKEHHO-T1ehOPMUAPO-
BAHHOI'O COCTOSIHMSI B ITOBEPXHOCTHO YIIPOYHEHHOM OOpasIile CO CKBO3HBIM
[TOTIEPEYHBIM HaJIpe30M V-00pa3Horo mpoduiis IPU pPa3/IMIHbIX 3HAYEHU-
X YIJIa PACKPBITHS B yIPYrOil W yHIPYroIJIaCTHIeCKONW mocTaHoBKax. Me-
Toz, 0a3upyeTcs Ha KOHETHO-IJIEMEHTHOM MOJICIMPOBAHUU U U3BECTHOM Ha-
YAJILHOM HAIPSIYKEHHO-/1e(OPMUPOBAHHOM COCTOSTHUU JIJTsT TJIAJIKOTO YIIPOY-
HEHHOro 00pasiia. BBIMOIHEHO AeTaIbHOe UCCIIeIOBAHNE BIUSHUS YIJIA PAC-
KpBITHS Hajpe3a W ero IJIyOWMHBbI Ha yPOBEHb W XapaKTep paclIpejie/IeHuUsl
OCTATOYHBIX HAIPSIPKEHUI OT JHA KOHIIEHTPATOPA HAIIPSI)KEHUIA 110 TOJIIIAHE
YIPOYHEHHOTO CJIOs Jijisi 00erX IOCTAHOBOK 3asad. Ha ocHOBaHWM JAHHBIX
pacdera 060CHOBaHA IIEJIECOOOPA3HOCTD MCCJIETOBAHNS TOCTABIEHHON 3a/1a-
YU B yIIPYTOIIACTHIECKOHN TOCTAHOBKE, KOT/Ia HAJIPE3 HAXOUTCS TOJTHOCTHIO
WU YACTUIHO B YIPOIHEHHOM CJIO€, TAK KAK BEJIMIUHBI OCTATOYHBIX HAIIPSI-
JKEHUI [IPU PeIlleHn  3a/1a91 B YIPYTOIl TIOCTAaHOBKE (DU3NYECKH HEpeasn3y-
€MBbl, [TIOCKOJIbKY WX 3HAYEHUs] [TPEBOCXOJST 10 MOJLYJIF0 BPEMEHHOU IIpejIet

COIPOTUBJIEHUSI MATEPUAJIA, B HECKOJIBKO Pa3.
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Paggenko B. Il., Numkuu /I. M., Caymxuua M. H.

B sToM cirydae mOrpentHoCTh MEXKIY PEIeHusiMA B yIPYTrofl U ympyro-
IJIACTUYIECKON ITOCTAHOBKAX JIJIsT OCTATOYHBIX HAIPSKEHUN B CPEHEKBaIpa-
tuaeckoit Hopme mocturaer 100-200 %, a npu paBHOMepHOI oreHKe (HOpMa
YebbiieBa) — HECKOJIBKUX COTEH MPONEHTOB. Ecim riyOrHa KOHIIEHTPATOPA
[IPEBBIIIAET BEJIUNINHY YIIPOIHEHHOTO ¢Jiosi 6osiee ueM B 1.5 pasa, To yrnpyroe
U YIPYTOILUIACTUYECKOE PEIeHUs AT OJU3KUE Pe3yJIbTaThl.

KurogueBblie ciioBa: onepexkarolliee IIOBEPXHOCTHOE IIacTUYecKoe 1edop-
MHUPOBaHUe, MpU3MaTUIecKuil obpaszer], V-00pasHbIil HaJpe3, OCTATOYHBIE
HAIIPS2KEHN, KOHEYHOYJIEMEHTHOE MOJIEJINPOBAHNE, YIIPYToe U YIIPOTOILIa-
CTUYECKOe PEeIeHus.

IMosnyuenne: 6 mast 2023 r. / Ucnpasiaenue: 20 asrycra 2023 r. /
punsarue: 19 cenrsabps 2023 r. / Ilybaukanus omnaita: 28 centabpsa 2023 r.

BBenenne. Ha sTalte TeXHI9eCKOro KOHTPOJIs, CJIEIYIONIEr0 OC/Ie MEXaHTIe-
CKOIf 0bpaboTKM JeTajeil pa3IndHOro Ha3HAYEHUs, 0CO00e BHUMAHUE YJIEJITETCS
KadecTBy 00pabOTAHHBIX HAPYKHBIX MOBepxHOcTel. /lake B ciiydae SIBHOTO OT-
cyTcTBUA J1e(DEKTOB HA IMIPOYHOCTHON PECypPC 3JIEMEHTOB KOHCTDPYKIWH Cephe3Hoe
BJIUSTHIE OKA3bIBAET HECOBEPIIEHCTBO MUKPOIPOMUIIS B BUE IIIEPOXOBATOCTH IO~
BEPXHOCTH TP 00paboTKe 3aroTOBOK pe3aHneM (TOYeHHeM, cBepJsieHuneM, gpese-
poBanueM, rundoBanueM u T. 11.). [Ipu sToM 06pasyrorue mepoxoBaToOCTh BIIA, U~
HbI MEKPOIPOMUIIST B ONPEJIEJIEHHOM CMBIC/IE HEe TOJBKO OCIA0/ISIOT MOIepPedHbIe
CeUeHUs JETaU, HO U 3a9YaCTYIO ABJISAIOTCS IVIABHBIME OYaraMiu BO3HUKHOBEHMUSI
U TOCJIEIYIOIIEr0 Pa3BUTHUS yCTAJOCTHBIX TPEIIUH B JIETAJISIX IIPH SKCILIYATAIUH.
Kpowme sToro B nH2KEeHEpHOI IIpaKTHKE BCe OOJIbIIIee BHUMAHNE YIEIsIeTCs U3y de-
HUIO BOIIPOCOB YCTAJIOCTHOTO Pa3pyIIeHNs JeTajeil ¢ KOHIIEHTPATOPAMHI HAIIPIZKe-
HU#l B BU/IE TEXHOJIOTTIECKUX MPOMUIBHBIX HAIPE30B IO MPUHIIAITY HOPMAJIHLHOTO
orpbiBa (paspurne TpemyH [ poja) npu IUKIMIeCKOM HATDYKeHUH.

CoBpemMeHnHasi OIEHKa YCTAJOCTHOW MPOYHOCTH M OCTATOYHOIO Pecypca Jie-
Tajieil ¢ KOHIIEHTPATOPAMU HAIPSKEHUH IpU HAJUYAN B HUX JOIMOJHHUTEIbHBIX
MHKPO- WA MAKPOTPEIIH YaIlle BCEro PeAJTU3yeTCsT IIPH OMOIIN aHAJIMN3a KPUTe-
PHABHBIX XapPaKTEPUCTUK MEXAHUKH YCTAJIOCTHOTO PA3PYIIEHUS, IOy I€HHBIX Ha
OCHOBE JIOPOT'OCTOSIIUX JIJTUTEIHLHBIX JKCIIEPUMEHTOB U PEeCypCO3aTPaTHBIX MIPO-
IPAMMHBIX BBIYHC/IEHHI Ha OCHOBE MeToJa KOHeuHbIX 3jaeMeHToB (MKD) [1-4].
HecmoTpst Ha BCIO OCHOBATEILHOCTD OIUCHLIBAEMBIX JJIsi KOHKPETHBIX CJIYYaeB IO
XOJIOB, C(hOPMYTUPOBAHHBIE PEKOMEHIAIINN 110 IOBBIIIEHUIO TapaMeTPOB ITHKJIN-
9eCKO# TPEeIMHOCTONKOCTH 3a9aCTyI0 TPYIOEMKH JINOO TPYAHOPEAJN3yeMbl B UH-
JKEHEePHOI IIPpaKTUKe.

ITpumenerMEe 10IX0/I0B MEXAHUKH TOBEPXHOCTHO YIIPOUHEHHBIX 9JIEMEHTOB KOH-
CTPYKIMI 10 OTHOIIEHUIO K BBIIIEIEPEYNCIEHHBIM BOIIPOCAM CUYUTAETCS ajIbTep-
HaTUBHBIM M HanboJiee 5PpHEKTUBHBIM BAPUAHTOM IOBBIIIEHUsT JIOKAJIBHONW ITPOY-
HOCTH JIeTaJiel, 0 9YeM CBHUIETE/bCTBYEeT HEODO3PMMOE KOJIUIECTBO HAYIHBIX IIy0-
mukanuii. Cpen HUX MOXKHO BBIJICJIUTH <«paHHHE» PaboThl [5-9|, oTHOCsIIIECS
K METOJ@M IOBEPXHOCTHOro Iuiacrudeckoro nedopmuposanus (IIIT1), B xoro-
PBIX OIUCAHBI CIIOCOOBI JJOCTUKEHUsI HAWJIY UIITUX PE3yJIbTATOB 10 MOBBIIEHUIO 110~
Kazarejeil craTM9ecKOil M yCTAJOCTHON IMPOYHOCTH, TBEPIOCTH, IIEPOXOBATOCTH,
M3HOCOCTOMKOCTH M MHBIX XapaKTEPUCTUK IMOBEPXHOCTHO YIPOUHSIEMBIX TJIIKIX
«be3iepeKTHBIX > JleTalieil Ipu MUHUMAJIBHOM TPYI0eMKOCTH. B 9acTHOCTH, TIOBHI-
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[IEHUE MPOYHOCTHBIX CBOMCTB obecriednBaeTcs OJiaronapst CHUYKEHHUIO SKCILIyaTa-
[IMOHHBIX (PACTATUBAIONINX) HAPSYKEHUH HABEJICHUEM CXKUMAOIINX OCTATOTHBIX
HalpsizKeHuit, GoOpMUPyEMbIX B TOHKOM HAPY2KHOM CJIO€ TIOCJIe IIPOIIEyPhl YIIPOU-
HEHUsI TIPU MPAKTUIECKN HEM3MEHHBIX rabapuTHBIX pasmepax jgeraju. Ciemyer
OTMETUTD, YTO B 3aBUCUMOCTU OT IMPUMEHSIEMOI'O METO/Ia U PEXKUMa, YIIPOTHEHUS
JIOCTATaeMast TOJIIIUHA YIIPOIYHEHHOTO CJIOSE MOYKET BapbUPOBATHCS B IIPEJIEIAX OT
100—200 mkM (mpu yiIbTpasByKoBoM jpobectpyiinom ynpounenun [10,21]) g0 1 My
(upu obkaTke poskoM [12]).

Hawubombiree mpukiagmnoe wucrnosb3oBanune meromaoB LTI/ ycranosieno mpu
HOBBINIEHUH TIPOYHOCTHU JieTasieli razorypbunnbix jasurareseii (I'T), nmeromux
HECILJIONTHOCTHU B MPUIIOBEPXHOCTHOM cJjioe. JlokazaHo, 4To Jijisi yIPOYHEHHBIX Jie-
Tajell ¢ KOHIEHTPATOPAMHU HAIIPS?KEHUI B YCJIOBUAX MHOT'OIUKJIOBOIO HAIDY2Ke-
HUS HaOIIOIAeTCsa yBeJnmdenne npeena BuiHocausocTu Ha 30-70% mo cpabhe-
HUIO ¢ HeynpouHeHHbIME [13,14]. Tem He MeHee npumeHeHue GOJIBIINHCTBA 110/~
xoqoB IIITJI K nerasisiM u U3IEIUAM C MEJKAME KOHIIEHTPATOPAMU HAIIPSIKEHU I
(orBepcTHsl IS TIOJAYN CMA3bIBAIOIIEH YKUJKOCTH, KAHABKHU IOJ YILIOTHUTE b
HBI€ 9JIEMEHTBI ¥ T. JI.) OTPAHIYEHO BOZMOXKHOCTSIMU YIIPOYHSIOIIET0 HHCTPYMEH-
Ta, BBUJLY Yero IOJABJSIONIAs YaCTh Pa3pabOTAHHBIX TEXHOJIOTHH yIPOYHEHUS
HeNpUMeHuMa. B 9ToM ciyvae oIHUM u3 HamboJiee paIrloOHAJIBLHBIX CIIOCODOB pe-
IIEeHUs YKA3aHHOM MIPOOIEMBbI SIBJISIETCS MPUMEHEHNE TEXHOJIOTUI OTIEPEYKAIOIIETO
HOBEPXHOCTHOTO T1acTudeckoro aedopmuposanus (OIII/T), korna Hanecenue Ha-
PYKHBIX KOHCTPYKTHUBHBIX HAJIPE30B HA JIEMEHTHI KOHCTPYKIUH OCYIIECTBIISICT-
sl TIOCJIE TIPOIIE/LYPBI IIPEIBAPUTEIHLHOTO YIIPOYHEHUS TVIAJKUX «Oe3medeKTHBIX Y
[IOBEPXHOCTEH, B Pe3y/IbTaTe Uero MPOUCXOIUT IepepacIpe/ie/IeHre OCTATOTHBIX
HAIIPSIPKEHU{T B OKPECTHOCTU KOHIIEHTPATOPOB HanpsizkeHuit [10-18].

OrneHKa BIUSHUS «OCTPBIX» MEOMETPUYECKUX KOHIIEHTPATOPOB HAIIPSI?KEHMUIT,
K KOTOPBIM B YaCTHOCTH OTHOCSTCS HAJPE3bl V-00pa3HOro nmpoduiis, Ha HAIPs-
)kerno-gedopmuposantoe cocrosiane (HJIC) meraseit nmpeacrasisier ocobblii Ha-
yuHO-IIpakTHyecKuii narepec [2—4,11, 14,19, 20]. Harnsaaao 910 0TpaskeHo B pa-
Gorax [4,11,14] Ha npumepax uccie0BaHNs KOHIIEHTPAIN HALIPSIZKEHUH B Teslax
MPU3MATUIECKOr0 POt ¢ V-00pa3HbIMU HACEUKAMEU U PA3JIMIHBIMEU yTJIAMI
PACKDBITHS UX I'DAHEl, CXOXKUX C MPOPUIIEM €JIOUHBIX 3aMKOB PADOYUX JIOIATOK
Typbun I'T/I. dertanbHoe n3yvueHne BOIIPOCA O PACIPEIECTICHIN TOJIA OCTATOTHBIX
C2KMMAIOININX HAIPsKEHUH BOJIM3U THUIIOBBIX KOHIIEHTPATOPOB MMEET OTPaKEHHUE
B paborax [19,20] Ha npumepe 06pa3IOB, U3rOTOBJIEHHBIX U3 CyllepCIlIaBa Ha HU-
K€JIEBOUl OCHOBE, IIPU BHEIPEHUU MTOBEPXHOCTHBLIX TOBPEXKJIEHUN B BUJE «TYIBIX»
BMSITUH U APAIIUH OIICHUBAETCS BJIUSHAE OCTATOUHBIX HAIIPSKEHUN B YKA3AHHBIX
JnedeKTax Ha BBIHOCJIUBOCTD IPU YCJIOBUM TOSBJIEHUS YCTAJIOCTHON TPEITUHBI HA
nue koureHTparopa. Omqanm n3 moaxoaos pacdera HJIC B metansx ¢ KOHIEHTpa-
Topamu Hanpsizkeanii mocje OIIIL siBjistercst MCIOIb30BaHHE TUIIOTE3BI 0O OT-
CYTCTBUM BTOPUYHBIX ILJIACTUYECKUX JedpopMaliuii B 00/1acTu C2KATHUsT MAaTEPUAIA,
npujieraromnieil K KOHIEeHTpaTopy (Haapesy), T. €. B 9Toil obsacTu Habro1aercs
J0O0 yIpyrasi «JI0rpy3Kay, 00 yupyras «pasrpyskas [10,12-15] u daxrudeckn
peraercs 3aja4a B yupyroii nocranoeke. Onnako B pabore [11] B npesmosnoxe-
HUY BO3HUKHOBEHUS B OOJIACTU CXKATUA MATEPHUAIA «BTOPUUHBIX» ILIACTHIECKUX
nedopMaliuii TOKa3aHO CYIIECTBEHHOE PA3JIMIUE PEIICHU B YIPYTOi U yIPyro-
IJIACTUYIECKON TOCTaHOBKaX. B ¢Bsi3u ¢ aTuM HacTosias paboTa MMOCBSIIEHa, 0~
JIPOOHOMY U3YUECHUIO BJIMSHUS 3HAYECHUS] HAYAJIBHOIO YIJIa PACKPBITUS CKBO3HOIO
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V-obpasnoro Hajipesa n €ro IJiyOMHBI B HOBEPXHOCTHO YIPOYHEHHON NMPU3MATH-
qecKoil bajke Ha ypOBeHb (POPMHUPYEMBIX OCTATOUHDBIX HAIIPAXKEHUI BOJIU3U KOH-
IEHTPATOPa HAIPAXKCHUN.

1. ITocranoBka 3amaum. B pabore paccMaTpuBaeTcsi IOBEPXHOCTHO yIIPOU-
HEHHBII pu3MaTuieckuii obpaszer u3 ciiaBa 11742 ¢ pazmepamu 100x10x 10 M,
ocsrabsennblit HagpesoM V-obpasmoro npodmuiis (puc. 1), BepxHsisi rpaHb KOTOPOTO
yipouHeHa B coorBercTBuu ¢ TexHoJiorueit OIIIIJI. B kauecTBe HCXOMHBIX JAHHBIX
JIJIST BBITIOJTHEHUSI pacdeTa OCTATOYHBIX HAIIPSI)KEHWI U BBISBAHHBIX YIIPOIHEHU-
€M IJIACTUYIECKUX JePOPMAIN UCIIOIB3YIOTCS IKCIIEPUMEHTAJIbHBIE JTAHHBIE JIJIsT
AHAJIOTUIHOI'O TVIQJIKOI0 «0e31edeKTHOro» MOBEPXHOCTHO YIIPOYHEHHOro obpas-
1A, MOJIy YeHHbBIE TOCJIe BUOPOYIAPHOTO (MEXaHUIECKOT0) YIABTPA3BYKOBOIO yIIPOI-
HeHusi Apo6bio [18]. Ilpemmosaraercs, 4ro opMUpOBaHUE IEHTPAIBLHOIO HaJl-
pesa V-obpasnoit dopmer ¢ rrybunoit b = {0.1;0.3} MM u yrioM pacKpbITHsI
© = {1°;2°;5°;10°; 15°; 30°; 45°; 60°; 90° } oCymIeCTBISIOCH YIaJIeHUEM YacTH Ma-
TepuaJia ¢ BepxHeil (ynpouHeHHOl) rpanu obpasma. Pajumyc cKpyryieHust Ipu oc-
HOBaHWM HaJjpe3a He npesbiman pg = 0.01 mm (cm. puc. 1, b).

z
7
/ N ©
o/ )4 z
X p—
/.___E____b __________ 10 mm
. 10 mm ) Ipo
100 mm \
Y a b

Puc. 1. Cxemarudeckoe IpeacTaBiIeHIe IIOBEPXHOCTHO YIPOYHEHHOIO IPU3MATHYIECKOro 0bpas3-
[a ¢ KOHIIEHTPATOPOM HAIPsi?KeHH V-06pa3Hoit hopMbl
[Figure 1. Schematic representation of a surface-hardened prismatic specimen with a V-shaped
stress concentrator]

2. BoccranoBiaenue HJIC B moBEepXHOCTHO YIPOYHEHHOM TIJIAJKOM
npu3MaTuvieckoM obpasrne. 3agada pexkoncrpyknun H/IC B moBepxuocTHO y1I-
POYHEHHOM TJIQIKOM 00pasIie Mocae BUOPOYIAPHOTO YIbTPA3BYKOBOTO YIIPOUHE-
HUsI IPaHU pelieHa B pabore [18], HO IIOCKOIBKY 9TOT MaTepuaJs BXOJAUT COCTABHOI
JACTHIO B METOJIUKY OOIIIeit 381, TIOCTABJICHHO B HACTOAIIEH paboTe, IpUBeIeM
ocHoBHbIe pacueTHbie hopmysibl. Cornacuo [18| B 1ekapToBOii crcTEMe KOOPMHAT
(cM. pue. 1) ycTaHOBIIEHO, YTO KOMIIOHEHTHI TEH30POB OCTATOYHBIX HAIPSYKEHI
U IJIACTHYECKUX J1eDOPMAInii 3aBUCAT TOJBKO OT KOODJMHATHI Y: 0y = 04(Y),
o, = 0;(y), 0y = oy(y) = 0; UpH STOM BCEMH HeJIHMATOHAJIBHBIME KOMIIOHEHTA-
MU OCTATOYHBIX HAIPsXKEHU mpeHedperaeM B CUJIY UX MAJOCTH 110 CPABHEHUIO
C IMArOHAJILHBIMU; HEHYJIEBBIMYI KOMIIOHEHTAMU JIePOPMAIIHil SBJIAIOTCST YIIPYTHE
ei = e;(y), wiacrudeckne ¢; = ¢;(y) u nonmee ¢; = €;(y), i = T,Y, 2, COOT-
BercTBeHHO. COTMTACHO TUITOTE3€ MIOCKUX CEUCHWI, JJIsT KOMIIOHEHT OCTATOYHBIX
MOJIHBIX JepOpPMAIIii BBIIOTHSIETCS YCIOBUE

ex(y) = e:(y) = 0.

B paccmarpuBaeMoMm ciryuae H30TPOIHOTO TOBEPXHOCTHOTO YIIPOYHEHHUS C Y€~
TOM ILTACTHYECKON HeCKUMAEMOCTH ¢z +(y+¢q, = 0 M THIOTe3k!I ¢; = ¢, pacueTHbIC
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dbopmystbr npuaEMaioT Buj [18]

1—v 2(1 -v)
Oy =0gx, qr=qy = ——F7 0z, (Gy=——F7— O, (1)
E

e v — koaddunument [lyaccona, E — momyas FOnra.

Kak ciegyer uz (1), Bce KOMIOHEHTBI TEH30POB OCTATOYHBIX HAIIPSZKEHUI
U IJIACTHYECKUX JiecpopManuii BBIpaxKaloTCst yepe3 KOMIIOHEHTY 0, = 0, (y). Tlo-
9TOMY €CJIM SKCIEPUMEHTAJILHO M3BECTHA BEIWYUHA 0, = 0,(y), TO 3ajada pe-
koncrpykiuu HIC perrena. OiHaKO 9KCIIEPUMEHTAIBHO OIPEIEUTE 3Ty 3aBUCH-
MOCTh MOYKHO TOJILKO B TOHKOM YIIPOYHEHHOM CJIO€, & Jlajiee HeOOXOIUMO ITOCTPO-
UTH AIIPOKCUMAIIMIO TOM 3aBUCUMOCTHU U SKCTPAIIOJUPOBATDH €€ Ha BCE 3HAUEHUSI

0 <y < H (rme H = 10 MM — BbICOTa TPU3MATHYIECKOTO 06pa3na) ¢ y4eToM

CaMOYPaBHOBEIIEHHOCTH OCTATOYHBIX HAIPAKEHUI / ox(y)dy = 0. s sroro
0

B [18| mpe/yioxkena cieyromas 3aBUCHMOCTb:

Y=y \?
ox(y) = o0 —ovexp|— (L)), (2)
rJie 0o, 01, b, y* — napaMeTphl anIpPOKCHMAINN SKCIIEPIMEHTAIBHOMN SIOPBI 0y =
= 0,(y), MeTonUKa OLpeIeIeHns KOTOPLIX IIOAPOOHO n3moxkena B [18]. 3aBucumo-
cru (1) u (2) aBrstioTes nexomHoit nadopmanueii 3a1a9u 1Jist TPU3MATHIECKOTO
obpa3Ia ¢ KOHIEHTPATOPAMU HAITPSAXKEHUH.

3. HucieHHoe pellieHne 3aJa49M O MepepacnpeiesieHud OCTATOYHBIX
Hanpsi>keHuii B obJiactu V-obpasuoro Hazapesa mocie OIITII. Ilpumene-
HHEe aHAJIUTHYIeCKOro mnoaxoaa st oreHku H/IC moBepXHOCTHO yIPOYHEHHBIX TEJ
¢ npodumababiMu Hagpesamu nocyie OIII/I nmpakTrndeckn HEBO3MOXKHO, ITOCKOJIb-
Ky 9TO CBSI3aHO CO CJIOKHOCTSIMHU MaTeMaTUIeCKOTO XapaKTepa IIPU OIMMCAHUN Ha-
MIPSIZKEHHOI'0 COCTOSTHUS B ODJIACTH KOHIIEHTpAINN Hammpsizkenuit. Tak, Hanpumep,
B pabore [15] jyist TOHKOI IIACTHHBI € HOJIyJUINITUYIECKUM HaJIPE30M B yCJIOBU-
X IJIOCKOT'O HAIIPSI2KEHHOI'O COCTOSHUS B YIPYTOil TOCTAHOBKE THUIIOBas 3a/a4a
peleHa MeToJaMu TeoprHr (PYHKIUHA KOMIIEKCHOI'O IIEPEMEHHOI0, OJHAKO ITOJIY-
YeHHbIE PE3YTHTAThl IMEIOT YaCTHBIN MPUKJIaTHOI XapaKTep M HEMPUMEHUMBbI JIJTs
00 bEMHBIX TEJ.

JLJist 9UCJIEHHOTO PellieHusl TOCTaB/JICHHON 3a/[a9 B yIPYTOILIACTHIECKON 110~
CTaHOBKE MO2KHO HCIIOJIb30BaTh YHHUBEPCaJIbHBIC ITOAXO/bl C IIPDUMEHEHUEM IINUPO-
KO PaclpoCTpPaHEHHBIX B HACTOSAIIEE BPEMsI TPOTPAMMHBIX KOMILJIEKCOB Ha OCHOBE
MKD, rakux kak MSC Nastran, Abaqus, ANSYS, Solid Works u T. Ji., KOTOpBIE
B OOJIBIIIUHCTBE CIY9IAEB ABJISIOTCS HEOTHEMJIEMBIMI CPEICTBAMU MATEMATHICCKO-
ro anajuza. C 5TOil 1eJbI0 B HACTOsIIIEH paboTe MCIOJIB30BaJICS IPOrPAMMHBII
KOHEYHO-3JIEMEHTHBIN ITaKeT WH2KEeHepHOT'o aHam3a ANSYS, ¢ ITOMOIIBIO KOTOPOTr'O
aJITOPUTM YUCJIEHHOTO PEIIeHUs] 3aJIaun CBOJUJICI K CJIEYIONIEN TOCIe 0BaATE/b-
HOCTH.

1. Ha mepBoM 3Tale 9UCICHHOrO PEIIeHus 110 U3BECTHON SKCIepUMEeHTAILHOI
3aBUCUMOCTHU JIJIsi KOMIIOHEHTBI 0, = 0,(y) (JaHHbIe 10 KOTOPOIi JIjIsl CILIa-
Ba DI1742 npusenenst B paborax [10, 18, 21| u mokasanbl Ha puc. 2) pe-
aIM30BaHa METOJMKA BOCCTAHOBJIEHUS MOJIEH OCTATOYHBIX HAIPSKEHUN 1
maacTuIecKnx JaedopManmii mocse yJaIbTpasByKOBOIO YIPOYHEHUs BepXHEit
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Puc. 2. Jlanuble 1j1s1 KOMIIOHEHTHI 0y = Oy (y)

MOCJIe  YJILTPa3BYKOBOTO YIPOYHEHUs MOBEPX-

HocTH OaJsiky u3 cruiaBa DI1742: skcrepumen-

TaJbHble (MapKephl), pacdeTHble (CILIONIHAS

JuHMs) 1o annpoxkcumanuu (1) m pacderHbie

(mTpuxoBas JMHUS) IJIS TEPMOYIPYTOH 3a/a-
qu (BocupousseeHo 1o [22])

[Figure 2. Data for the component o, = 04 (y)
after ultrasonic hardening of the surface of a
beam made of EP742 alloy: experimental (mar-
: kers), calculated (solid line) by approximation
01 0.2 (1) and designed (dashed line) for the thermo-
elastic problem (reproduced by [22])]

Depth, y, mm

IPaHU [IAJIKOTO «6e31edeKTHOro» npu3MaTiHIeckoro obpasna (Ha puc. 1 3a-
JITA [[BETOM). [IJIST 9TOTr0 BBIMOIHSETCS ANMTPOKCHMAIINS SKCIIEPIMEHTAI b
HO M3BECTHOIl 3aBUCHMOCTU 0, = 04(y) mo dopmyre (2) (cuiommnas -
HUs Ha puc. 2) ¢ yderom mapamerpos y* = 0.034 mm, op = 13.38 MIla,
o1 = 1100.98 MIla, b = 0.0928 mm, nocse dero 1o coorHommernusim (1) pac-
CUUTBIBAIOTCST OCTAJIbHBIE KOMIIOHEHTBI OCTATOYHBIX HAIPS2KEHUN U ILJIACTHU-
qecKux gedopMarnii Ajst TIaIKoro obpasiia.

Crenmytomuit mar 3aK/I09YaeTCs B MPOBEPKE AJEKBATHOCTH METOJA TIePBO-
HavYaJbHBIX Jedopmarnuii Ijsi TIagKkoro obpasiia B BBIYUCIUTENIBHON cpe-
ne MKD. CyTp 3akiodaeTcss B 33JIaHUA HEOIHOPOJHOTO MOJIST TEMIIePa-
TYP, TPAJMEHT KOTOPOIO U3MEHSIETCsI TI0 KOOpAuHaTe Yy (110 TOJIIIUHE CJIOs)
T = T(y). HezaBucumo or crocoba mnpejcrasienus 3apucumoct 1 = T'(y)
[IOJIyYeHHbIE Ha TEKYIEM 3Talle Pe3yJbTaTbl He BJIUAIOT Ha IIOCJIE/LYIOIIEee
pellieHne, o3TOMy TeMIIepaTyPHOe 110Jie MOKeT ObITh J1t06biM [21]. TIpu sToM
OCTATOYHBIE TIJIACTUYECKUE JTeOPMAIMN TPUPABHUBAIOTCA K TEMIIEPATYD-
HBIM /1ehOPMAIAM €] € UCIOIB30BAHIEM COOTHOIICHMUIT

el(y) = ai(y) = Bi(TW)T(y) — To), i=2y2 0<y<H, (3)

rie ¢i(y) — KOMIIOHEHTBI TEH30pa OCTATOYHBIX IIACTHIECKUX jedopmManuii,
BBIUKCIIEHHBIE B cooTBeTcTBuN ¢ (1). B pacuerax Ha HuKHEl rpaHu 3a/aBa-
Joch pukcupoBanHoe 3Hadenne remneparypsl Ty = T'(H) = 20°C, a Ha npo-
TUBONOJIOXKHO# yripounennoit rpauu — 17 = T'(0) = 400°C, ocrajbHble Tpa-
HU TOJIATAJIICH TEIJION30/IMPOBAHHBIMEU. TakuM 00pPa3oM, ¢ UCIIOJIb30BAHIEM
coortHoIenuii (3) omnpenesnsamucek 3uadenus koabdurmentos F; = 5;(T(y))
U pelrnajach 3a1a9a (GUKTUBHONW TEPMOYIIPYTOCTH JIJIsT TJIAIKOIO YIIPOIHEH-
HOro obpasria. Pe3ysbraThl pacieToB IpeiCTaBIeHbI Ha PUC. 2.

Ha Tperbem srane B coorBercrBun ¢ rexuosorueit Ol na npeaBapure/ib-
HO YIIPOYHEHHBIN IVIaJIKuii 0b6pa3er; HaHOCUJICSH Hajpe3 V-00pasHoro npodu-
JIsT ¢ KOHKPETHO 33/IAHHBIM 3HAYEHUEM YIIa PacKpbiTus ¢ (cM. puc. 1) mo-
CPEJICTBOM Y/IAJIEHUsI YaCTH MaTepuaJia ¢ HaBeJIeHHBIMU OT YIPOIHEHUST 110~
JISIMA OCTATOYHBIX HAIIPSIPKEHWI U IJIACTUIECKUX JiepopMaIiii, 9T0 IPUBO-
JIAJIO TIOJIE TIOJTHBIX JIepOPMAIHii K HEYy paBHOBEIIIEHHOMY COCTOsIHIIO. PaBHO-
BECHOE COCTOSIHHE B 9TOM CJIyYae JIOCTUTAJIOCH 3a CUeT MEePEPACIIPEICICHUS
[10JIell OCTATOYHBIX HAIIPsI?KEHU, KOTOpoe Hanbojiee NHTEHCUBHO IIPOTEKAET
B 30He HaJpe3a, TMOITOMY JAJbHEHIee pellienne CBOIMIOCh K THCTEHHOMY
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pereHnio 3a7a49u (PUKTUBHON TEPMOYIPYTOILIACTUIHOCTH C yIETOM 30HBI
IJIACTUYECKOI'O II0BEJICHUA MaTepuaJia.

MaremaTrudaeckoe MOJIEIUPOBAHUE TLIACTUIECKOTO TIOBEJICHIST MATEPHUAJIA B IIPO-
rpaMMHO# cpesie ANSYS mpu pereHun TepMOYNpPYTOILIACTHYIECKON 3a/1a91l OCY-
MECTBSIIOCh € YIETOM CJIEYIONNX MIPE/IMTOIOKeHn . Bo-TIepBhIX, IuarpaMMb
JepOPMHUPOBaHUSI MaTepuaja Ha C:KaTHe MOJIYUNTh KpailHe CJIOXKHO, a JIJIT Ma-
tepuajia 11742 ee B HayUdHOIT JiuTepaType, K COXKAJIEHNIO, He nMeercs. [loaromy
[IPEJIITOIArAIOCH, ITO JIMArPAMMbI «PACTSXKEHUE—CyKATHE» JIJIsT BRBIOPAHHOT'O CILIa-
Ba MJICHTUYHBI (C yIETOM 3HAKA). BO-BTOPBIX, YPOBEHb OCTATOYHBIX HAIPSZKEHUI
B 00JacTH CxKATHs TJIAJIKOrO 00pasiia JOCTATOYHO BBICOKHUIT (CM. puc. 2), a JJis
TeJl ¢ KOHIEHTPATOPaMU HaIIPsI?KEHUH OHU MOT'YT ObITh erre GosibIie (110 MOJLYJIO),
9TO, OYEBU/IHO, IIPEBLINIACT IPEAE/I TEKYYIECTU U NPUBOJIUT K IOABJIEHUIO BTOPUY-
HBIX IJIACTUYIECKUX JedopMaliuii 60JIbIIO MHTEHCUBHOCTH B 30HE, IIPUJIETAONIEi
K Hajpesy. ust aroro B Hacrosieil pabore UCIOJb3yeTcs He JuarpamMma yIipy-
TOILJIACTUYECKOTO 1ebOPMUPOBAHNS B KOODINHATAX «HOMWHAIHLHOE HAMPSIKEHITE—
nosHas gedopmanusy (og~e), a IuarpaMMa «ICTHHHOE HAIIPSIYKEHUe—TIOTHAS J1e-
dbopmarusi» (o~e). CBsi3b MEXK/[y UCTUHHBIM 0 ¥ HOMUHAJIBHBIM 0() HAIIPSYKEHU-
sIMA YCTAHABJIMBAETCSI B COOTBETCTBUM C TEOPHUEH PEOJIOrMIecKoro JedopMupoBa-
HUsI M HAKOIIEHUsI OBPEXKIEHHOCTU B Bujie [23]

oc=o09(l+w), w=aoq, (4)

e w— IapaMeTp IMOBPEXKJIEHHOCTH, ¢ — IUIACTUYHAas JedopMalius, o = const
(denomenomornuecknit mapamerp), o m 0y COOTBETCTBYIOT OJHOMY WM TOMY K€
YPOBHIO I1acTudeckoii nedopmanuu q. B pabore [23| st sKecTKOro pexkuMa Ha-
Ipy>KeHHsI OJJHOOCHOIO obpasia (€ = const) mosyueHa HesIBHO 3a/[aHHAsST 3aBUCH-

MOCTH 7 = G0(q):
0= C[Uo exp ( I omo(f)d£> - aT} § (5)

rJie 0p — IpeJiesl TEKY9ecT (IIPOHOPIMOHAIBHOCTH); ¢ U 1 — MAPAMETPbI AIlllPOK-
CUMAIMH HAYAJBHOIO YIACTKA JUATPAMMBI YIIPYTOILIACTHIECKOrO JehopMUpOBa-
HUs CTEIIEHHON 3aBUCUMOCTBIO

q=c(oo = ox)" (6)

JYIst caydas, Korja w &~ 0 u o =2 gg.

Ha puc. 3 npuBemeHbl KpUBbIE « MIHOBEHHOI'O» yIIPYTOILIACTUIECKOTO 1edop-
MupoBaHus s ciiaBa 11742 npu remmeparype 20°C, mojydeHHbIE HA OCHOBE
9KCIIEPUMEHTAJBHBIX JaHHBIX (KpuBasi 1), a TakyKe pacCYUTaHHBbIE B KOODJUHA-
Tax op~e C HUCHAJAMONMM YIaCTKOM (KpuBasi 2) 1 KOOPJIUHATAX 0~E MOHOTOHHO
BO3pacTaomeil Gynknnu B coorsercrsuu ¢ dopmynamu (4)—-(6) (kpusas 3) ¢ ma-
pameTrpamu, IPUBEIEHHBIMI B Ta0JI. 1.

Yder yupyromjaacTuieckux CBoucTB ciiaBa 911742 B mporpamme ANSYS B co-
orBercTBuE ¢ TpeboBanusiMu MKD-nakera JI0/2KEH BBIMOJHSTHCS IPU YCJIOBUU
CTPOT'O BO3PACTAIONIEH 3aBUCUMOCTH MEXKJy HAIps2KEHUEM U jedopMariueil, st
4ero yZ00HO MCIOIb30BaTh pacdeTHbIe JaHHble KpuBoii 3 (puc. 3). Ha mporpamm-
HOM YPOBHE 3aJlaHu€ YIPYIOILIACTUYECKONH KPUBOH JeOpPMUPOBAHUSA CIIIaBa
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[Figure 3. Elastoplastic deformation curves of

EP742 alloy at a temperature of 20°C: 1 —

experimental data, 2 — calculation in coor-

dinates oo~e, 3 — calculation in coordina-
tes or~ve |

Tab6uma 1
3uavenust napamerpos ciutasa DI1742 st onucanus miacTuaHoCTH [23]
[The values of the parameters of EP742 alloy to describe the plasticity [23]]

T,°C or, MPa c, MPa™" n a, MPa™1
20 863.3 1.356 - 1076 1.776 1.916 - 1073

OI1742 B UCTUHHBIX KOODJUHATAX O~E PEATU3OBBIBAJIOCH C MOMOIIBIO TTOJTUIU-
HEHHOM MOJe/In MaTepuasa, IPeJACTABIAIONEel coboil KycOUHO-TUHEIHYIO (DYHK-
[0 B KOODJMHATAX <«HAIPsKeHHe—TIoIHas nedopManusty 1mo ToIkaMm (oj,&;),
i=1,2,3,...,100. 3xecp nepsBas 3amaBacMasi ToUKa (0, ) ONUCHIBACT Mpe/IEIb-
HOE YIIPYroe COCTOsSHUE MaTepuaja npu j1epOpMUPOBAHUU TeJia, TJe PacUeTHOE
HalpsXKEHUe 0] = 0 — OPeJiesl TEKYIeCTH MaTepuaa, a gedopMalus Ha MOMEHT
HavaJsla [UIACTUYECKOTO TeUeHUsl €1 = ¢ Iojaraercd paBHoil mymio. Hagambnas
COCTaBJIAIONIA KPUBOMI ([Lo JOCTUZKEHNA 3HAUYCHUN paCYeTHBIX HAIIPAXKEHUN O'T)
OIHO3HATHO OMpeJiesisieTcsl TapaMeTpaMy JUHEHHOU ynpyrocTu v 1 E.

Koneuno-siemenTHoe MojenpoBaHnie MOBEPXHOCTHO YIIPOUHEHHBIX [VIAIKOIO
«beznedekTHOrO» 0Opazia m 0bpa3ioB ¢ V-00pasHbIM HaJIPE30M JIjIsi BCEX pac-
CMATPUBAaEMbIX B paboTe PaCUETHBIX ciIyuaeB B cpejie ANSYS ocyIecTBIIsijioch cJie-
ayroruM obpasoM. [Ipu momorn BocbMuy3/10BbIX 3j1eMeHTOB SOLID70, TOJTHOCTHIO
MIPEJICTABIAIOINX PACYECTHYIO MOJE/b, Pellajach TeMIepaTypHasa 3a/1a49a, II0CTIe
Yero YKa3aHHBII THUII 3JIEMEHTOB 3aMeHSIJICSI Ha aHAJIOTUYHbIE BOCBMUY3JIOBBIE JIe-
MeHThl SOLID185 jiyist mocteytorreit orerku HJIC obpasios mocjie ynpodHeHus.
Baxkno zameTuTnb, uTo 37eMeHThl SOLID185 mpu mpoBe/ieHn CTPYKTYPHOTO aHa-
JIN3a MO3BOJISIOT yYECTh TAKUE CBOWCTBA, KAK IJIACTUYHOCTD, IMOJ3Y4eCTh, OOJIb-
mre gedpopMaIul 1 T. .

Peaymzamus rexunosoruun OIIIT/L ¢ rommuaoit ynpouneHHoro cjiost 200 MKM
npu nomoru MKD, kak ObL10 yKazaHo paHee, IPOBOAUIACH YIAJECHUEM U3 TJIa/l-
KOl MOJIeJTN YIIPOYHEHHOT0 00pa3Iia yacTu 06beMa, MPeJICTaABIISIONIEro cobOoil 1eH-
TPaJIbHBIN [OIEPEYHbIl Haspe3 V-00pa3Horo npodusis, 9To MPUBOJUIO K IIe-
PErpyHIInpOBKEe KOHEYHBIX JJIEMECHTOB B 30HE KOHIICHTPATOpa HAlPAKCHUN 1A
KaxKJIOro pacdeTHoro ciydast. C 1eJIbio MOBBIMIEHUSI TOYHOCTH MOJIEJIBHBIX pacde-
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TOB IIPH OIIEHKE OCTATOYHBIX HAIpPSI?KEHHUI JIMHEHHbIe pa3Mepbl pebep KOHETHBIX
3JIEMEHTOB He TPEBBIMAIN 7 MKM, & PaJUyC CKPYTJIEHUs JTHA KOHIIEHTpPaTOpa pg
BapbUpoBaJjicd B mpejesax or 7 jio 10 MKM B 3aBHCUMOCTH OT 3HAYEHUS yTJIa
PACKPBITHS ©.

4. PesynbraThl pacyeToB U uX ananus. [Ipu anammse moseit 0CTATOTHBIX
HaIpPsKEHU B MOBEPXHOCTHO YIIPOYHEHHOM oOpa3siie ¢ V-00pa3HbIM HaIpe30M
HauUOOJIBIIUN UHTEPEC C MO3UIUNA MEXAHUKU Pa3PYIICHUs TPEJCTABIACT KOMIIO-
HeHTa 0, = 0,(Y), TAK KaK OHA B 3HAYMTEILHOI CTEIeHH BJIMsieT HA TPEIIUHO-
CTOMKOCTb U MPEJIESI COIPOTUBJIEHUS YCTAJIOCTU TPHU IIOMEPEIHOM PACIIOJIOYKEHIH
KOHIIeHTpaTopoB [13-15].

Ha puc. 4-7 mpencrapieHsl pacupeneaeHnss KOMIIOHEHT TEH30Pa OCTATOYHBIX
Hanpsikenuii o; = 04(y) (i = x,y,2z) 10 rIybUHE YIPOYHEHHOIO CJIOsi h OT JHA
KOHIIEHTPATOPA, HOJIyIEeHHbIE U3 PEIIeHUs] YIIPYTOILIACTUIECKON 3a/1a9 B 3aBU-
CUMOCTH OT PA3JIMYHBIX 3HAUCHUN yTJia PACKPBITHS @, TVIYOMHBI KOHIIEHTPATOPA
b u pammnyca 3akpyriienusi p. VI3 anaiusa JJaHHBIX, IPEJICTABICHHBIX HA puc. 4-7,
cyemyer, 9TO HAOJIOMACTCS CYIECTBEHHOE BIIHSTHUE BEIUYIUHBI YTJIa PACKPBITHS
(p Ha BEJINUMHY U XapaKTep pacipeiesieHus] OCTATOYHbIX HanpsikeHuit. Murepec
PEeJICTaB/IsIeT CPABHEHNE JAHHBIX PACUeTa sl BEJIMIUHbL 0, = 0, (y) ¢ V-00pas-
HBIMU HAJ[pe3aMU Ha PUC. 4 U JJisi 9TON »Ke KOMIIOHEHTBI JIJIst TJIAJIKOro («6e3ie-
dbekrHOrO» ) 06pasna Ha puc. 2. V13 anaimsa 9TUX JAHHBIX CJIEYET, YTO HAHECEHHEe
MEJIKUX HAJPE30B IPUBOJUT K YBEIMIEHUIO (IO MOYJIIO) BEJIMIHHBI OCTATOYHDBIX
HAIPsIKEHUi 0, = 0,(y) B HEIOCPEJICTBEHHON 6JIM30CTH OT JIHA KOHIEHTPATOPA
10 CPABHEHUIO C IJIAJIKAM 0OPA3IIOM.

DT1oT 3 hEKT ¢ NHKEHEPHBIX TO3UIUI MOKHO CUUTATH TIO3UTUBHBIM, TOCKOJIb-
Ky TIPU HAHECEHUHU Ha TVIAIKYIO TTOBEPXHOCTHO YIPOYHEHHYTO JeTajlh «IKCILTyaTa-
IIOHHOTO» JleheKTa PACCMOTPEHHOTO TUIIA (HAIIPUMED, B PE3YIIBTATE COY/IAPEHUST
C KAKUM-TM00 JKECTKUM O0'bEKTOM) OCTATOYHBIE HAIIPSIXKEHUs C2KaThsl B 00JIaCTH,
HENOCPEJICTBEHHO IIPUMBIKAIOIIEH KO JIHY KOHIIEHTPATOPa, CTAHOBATCS 110 MOJLYJIIO
Jlayke BBIIIE, YeM B IJIaJIKOM 00pasrie.
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Puc. 4. Pacnpenenenne KOMIOHEHTBI 0, = 04(h) 1m0 TiiyGuHe h OT JAHA KOHIEHTpATOpa s

YIPYTOITACTAYECKOTO PEIIeHWs] B 3aBUCUMOCTH OT HAYAJBHOTO YTJIa PACKPBITHS (0 TpH b =
=01mm(a) ub=03mm (b): 1 —p=15°2—¢p =30° 3—¢ =40°,4—p =60°, 5—¢p = 90°

[Figure 4. The distribution of stress component o, = o,(h) by depth h from the bottom of

the concentrator for the elastoplastic solution depending on the initial opening angle ¢ when

b=0.1mm (a) and b =03 mm (b): 1 — ¢ =15°, 2 — ¢ =30°, 3 — ¢ =40°, 4 — ¢ = 60°,
5— ¢ =90°
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YIPYTOILIACTHYECKOTO PENIeHNsI B 3aBUCUMOCTH OT HAYAJIBHOTO YIJIa PACKPBITUSA ¢ TpU b =

=01mm(a) ub=03mm (b): 1 —¢=15°2—p=30° 3—¢ =40°,4—¢p =60°, 5— ¢ = 90°

[Figure 5. The distribution of stress component o, = oy,(h) by depth h from the bottom of
the concentrator for the elastoplastic solution depending on the initial opening angle ¢ when
b=0.1mm (a) and b =03 mm (b): 1 — ¢ =15°, 2 — ¢ =30° 3 — ¢ =40°, 4 — ¢ = 60°,

5— @ =90°
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Puc. 6. Pacnpenenenne KOMIOHEHTBI 0, = 0.(h) mo riaybune h OT JHA KOHIEHTpATOpA JJIs
YIPYTOIJIACTUYECKOTO PENICHUsI B 3aBUCUMOCTH OT HAYaJbHOTO YIJIa PACKPBITHS (o npu b =

=01mm(a) ub=03mm (b): 1 —p =15°2—¢p =30°, 3—¢p =40°,4—p =60°, 5—¢p = 90°

[Figure 6. The distribution of stress component o, = o.(h) by depth h from the bottom of

the concentrator for the elastoplastic solution depending on the initial opening angle ¢ when

b=0.1mm (a) and b =03 mm (b): 1 — ¢ =15°,2— ¢ =30°, 3 — ¢ =40°, 4 — ¢ = 60°,
5— o =90°]

JlJist cpaBHUTEIBLHOrO aHaIu3a Obla pelleHa 3a1a49a U B YIPYroi OCTaHOBKE,
Pe3yJIbTaThl KOTOPOM JIjisi KOMIIOHEHTHI 0, = 0,(h) npusegensl Ha puc. 8-10.
Ormernm akThl, CIEAYIONNE U3 aHAIU3a PACIpeJeeHns] KOMIIOHEHTbl 0, =
= 0,(h) nust yupyromiacrudeckoro (puc. 4 u 7) u yupyroro (puc. 8-10) pemenwuii:
1) yupyroe peleHue JaeT Upe3MepHO 3aBbIICHHBbIE (110 MOJLYJIIO) 3HAYEHHUSI
0y = 0x(h) n0 cpaBHEHUIO C yIPYTOIIACTUYECKUM PEIeHneM B 00JIACTH,
HEIOCPEJICTBEHHO MPUJIeraronieil Ko JHy KOHIEHTPATOPA,;

2) 10JIyYeHHbIe 3HAYEHNs 9TOH KOMIOHEHTBI IPU UCHOJIb30BAHUN YIPYTOii 110-
CTAaHOBKM (PU3UIECKH HECOCTOATEIBHBI B OKPECTHOCTH 0OJIACTH MaTepHaJIa
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30 Puc. 7. Pacnpenenenne KOMIIOHEHTBI 0, =
£ 0 = 04(h) 1o rmybune h OT nHA KOHIEHTPATO-
= = Da A yOPYTOIIACTHYECKOTO DEIeHUs B 3a-
= 30 —— BHCHUMOCTH OT HAYaJbHOIO YIJIa, PACKPBITUS
S et mpu b = 0.1 vmv: 1—¢ = 1°, 2—¢ = 5°, 3—
) p=10°%4—p=15°
i 2
5 10 N /’" [Figure 7. The distribution of stress component
E 1400 A 0z = 0z(h) by depth h from the bottom of
% L2 the concentrator for the elastoplastic solution
TR0 e depending on the initial opening angle ¢ when

Coq00 L3 b =01 mm: I — ¢ = 1°, 2 — p = 5°
0 0.02 0.04 006 008 0.1 3—¢=10°4— p =15

Depth, h, mm

OKOJIO JTHA, KOHIIEHTPATOPA, [TOCKOJIbKY TaKHe YPOBHU HAIIPSKEHUI MaTepu-
ajia HEBO3MOXKHBI (CM. puc. 3).

IlosroMmy amexkBaTHBIE PE3Y/AbTATHI MOXKHO IOJIYYUTH TOJBKO IPU PEIICHUN
3aJa91 B yIPYTOILIACTHYECKON ITOCTAHOBKE. IMC/IEHHBbIE 3HAYEHUST TOTPEITHOCTH
MEXK/Iy PelIeHUSIMU B YIPYTOil W yIPYTOIJACTUIECKON MOCTAHOBKAX Ha WHTEP-
Basie 0 < A < 200 MKM B 3aBHUCHUMOCTU OT TJIyOMHBI HaJipe3a b u HAIaIbHOrO
yIJla PACKPBITHSI €10 OEPEroB ¢ JJjIs BCEX TPEX KOMIIOHEHT TE€H30pa OCTATOTHBIX
HalpsI>KeHU, BRITUCICHHBIE B HOPME

Ao — | Ziet [0 () — ot ()]
7 n 2
S 0¥ ()]

npuBesieHbl B Tads. 2. 3mech hy € [0,200] MKM — TOYKM JIMCKPETU3AIUN YKa-
3aHHOrO OTpe3Ka; oF (hy) u o] (hy) — 3HAUEHHS] KOMIIOHEHT TEH30POB OCTATOUHBIX
HaIPsKEHUHN B TOYKAX JIMCKPETU3AIUN JIJI YIIPYTOILIACTUYIECKOT'O U YIIPYTOro pe-
meHuit cooTBeTCTBEHHO; N = 21 — KOJIMYECTBO TOUYEK JUCKPETU3AINN YKAZAHHOTO
OTpe3Ka.

OcHoOBBIBasiCh Ha pe3yJibTaTax, [IPUBEJEHHBIX B TabJI. 2, MOXKHO CJIeJIaTh BbI-
BOJ[, YTO 110 Mepe yBeJUYeHUs yIJia PACKPBITUS (o JIJIsi BCEX KOMIIOHEHT TEH30Da
OCTATOTHBIX CXKUMAOIINX HanpsizkeHni B ipefenax 200 MKM HaOIOIaeTCsT aCHMII-
TOTUYIECKOE CHUYKEHUE PACXOXKICHUS PE3YIbTATOB MEXK/IY YIIPYTUM U yIPYyTOILIa-
CTUYECKUM DEIIeHUSIMEU ITPU 000UX PACUETHBIX CJIydastX riayOuHbl gedekra b. 1o,
B CBOIO 0Y€PE/Ib, XOPOIIO COIVIACYETCS ¢ TEOPUEil CUHTYJISIPHOCTH YIPYTUX HAIIPSI-
JKeHUil BOJIM3U BEPIIUHBI TPEIUHBIL.

PesyabraTnl perenust 3a/1a9u PEKOHCTPYKIIUU TIOJIEH OCTATOYHDBIX HAaIPsZKe-
nuit BOn3n fedexTa TPenmHOIoI00HOT0 BUAIa B yIPYTOILIACTUIECKON TTOCTAHOB-
K€ MO3BOJISIOT CJIeJIATh BBIBOJ, UYTO IIPU YBEJTUIECHUN HAYAIHLHOTO YIJIa PACKPBITUS
nedekra V-obpasznoro npoduiist ot 1° 10 15° mpu b = 0.1 MM B OKPECTHOCTU 30HBI
JIHA, KOHIIEHTPATOPA HAIPSZKEHUIT TPOMCXOUT Bo3pacTanue (110 MOJLYJII0) CKUMAa-
IOIUX OCTATOYHBIX HAIpPSKEHUil, a yBejmdeHne 31oro yria or 15° mo 90° compo-
BOXK/IAETCSI CHUYKEHUEM UX BEJIUUIUHBI JJIT BCEX KOMIIOHEHT TE€H30Pa OCTATOTHBIX
nanpsikenuii. B ciy4dae, korma gedekT naxomurcs Ha riaybune b = 0.3 MM OT
YIPOYHEHHON MOBEPXHOCTH, /I 3HAUEHUN OCTATOYHBIX HaIpsKeHuil nabJroma-
€TCsi MOHOTOHHOE UX CHUKEHHE 110 aDCOJIIOTHON BEJIMYUUHE IIPU YBEJIUICHUH YIJIa
packpsiTus @. Orciona ciejyer, yro npumenenne meto o8 11111 npu yupounenun
MIPU3MATUIECKOTO TEJ1a CO CKBO3HBIM V-00pa3HbIM KOHIIEHTPATOPOM HAITPSI?KEHUIT,

-100%, i==z,y,z,
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Tabmra 2

Pacxoxenne komnonenr o; = 0;(y), ¢ = &,Y, 2z, MEXKJy YIPYIUM M yUODPYTOILJIACTUYIE-

CKUM DEIIeHUSIME 3aa4u JjIst 06pa3iia ¢ V-00pa3HbIM HAJPE30M B 3aBUCUMOCTU OT ¢ U b

[The discrepancy of the components o; = o;(y), ¢« = x,y, 2, between the elastic and

elastoplastic solutions of the problem for a specimen with a V-shaped notch varies
depending on ¢ and b]

Defect depth, b, mm Opening angle, ¢, degrees A7 Ay A7
1 168.27 70.83 139.61
) 80.29 20.39 51.32
10 75.15 19.21 47.13
0.1 15 73.89 18.66 46.58
30 73.53 18.36 44.51
40 72.79 18.29 43.3
60 70.22 17.25 41.28
90 58.87 13.42 33.29
15 45.06 9.97 16.88
30 43.12 8.13 16.07
0.3 40 31.37 6.29 11.71
60 29.41 5.42 11.23
90 18.76 4.33 5.93
1000
Puc. 8. Pacnpenenenne KOMIIOHEHTBI 0, =
g 0 | = 0¢(h) mo rmybune h OT IHA KOHIEHTPATO-
- T pa JJIst yIPYTOTO PEIIeHUS 3aJ]a91 B 3aBUCHMO-
3—1000 P CTH OT HAYaJIbHOI'O YIJVIa PACKPBITUA ¢ IIPHA b=
§—2000 // =01vm: 1—p=1°2—¢=5° 3—¢=10°
%73000 3 4 / [Figure 8. The distribution of stress component
& 5 N 0z = o0z(h) by depth h from the bottom
E 4000 Y of the concentrator for the elastic solution
% / depending on the initial opening angle ¢ when
& —5000 7 b =01 mm: I —¢ = 1° 2 — ¢ = 5°
~6000 3 =10%]
0 0.015 0.03 0.045 0.06 0.075
Depth, h, mm
1000
Puc. 9. Pacnpenenenne KOMIIOHEHTBI 0, =
g 0 = 0, (h) mo rry6bune h oT JHA KOHLEHTPATOpA
= p i JIUTSl YTIDYTOTO PEMIEHUs 33/Ia91 B 3aBUCAMOCTH
5:1000 1 OT HAYAJIBHOIO yTJIA PACKPBITHS (0 U TJIyOUHbI
€ 00 |- nazpesa b 1 — ¢ = 15°, b = 0.1 g 1/ —
g g e=15°0=0.3Mm; 2 — ¢ =30° b=0.1 mym;
=300 ; 2" —p=230°b=0.3 Mm
S _4000 P2 [Figure 9. The distribution of stress component
% e = 04(h) by depth h from the bottom of the
& —5000 concentrator for the elastic solution depending
6000 on the initial opening angle ¢ and the depth

0.02 0.04 0.06 0.08 01 of the notch b: 1 — ¢ = 15°, b = 0.1 mm;
Depth, h, mm 1" — 9 =15° b = 0.3 mm; 2 — ¢ = 30°,
b=0.1 mm; 2" — ¢ =30° b= 0.3 mm]
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700

Puc. 10. Pacnpenesenue KOMIIOHEHTBHI 0, =
= 0, (h) mo rry6bune h OT JHA KOHIEHTPATOpA
. S = = JIISE YIIPYTOT'O PENIeHHs 3a/1a491 B 3aBUCUMOCTH
= 700 s OT HAYAJBLHOTO yTJIA PACKPBITHAS O W TJIyOWHBI
Hagpesa b: 1 — ¢ = 40°, b = 0.1 vm; 1’ —

@ =40°,b=0.3 Mmm; 2 — ¢ =60°, b=0.1 mm;
—2100 - 2 — o =60° b =03 mMm; 3 — @ = 90°,

b=0.1mm; 3 — 9 =290°b=0.3 Mm

[Figure 10. The distribution of stress
component o, = o5(h) by depth h from the
bottom of the concentrator for the elastic
0 0.02 0.04 0.06 0.08 0.1 solution depending on the initial opening angle
Depth, h, mm © and the depth of the notch b: 1 — ¢ = 40°,
b=0.1mm; I’ — p=40°b=0.3 mm; 2— ¢ =60°, b=0.1 mm; 2' — ¢ = 60°, b = 0.3 mm;
3— 9 =90°b=0.1mm; 3 — ¢=290°b=0.3 mm]|
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rIyOMHA KOTOPOT'O HE IPEBBIIIAET TOJIIMHY YIPOYHEHHOTO CJIOS JIJIS [JIAJIKOTO 00-
pasia y ~ 200 MKM (cM. puc. 2), uMeer HauOOJIbIIY0 3DHEKTUBHOCTD JIUIITH TP
3HAUEHUsIX yTJia packpbitust @ < 60°. 31eck 1m0 9 HEeKTUBHOCTHIO TOHIMAETCSI
CUTYyAIUsI, KOIJIa BeJIMINHA OCTATOUHBIX HAIPSI)KEHUI 110 MOJYJI0 B 00JIaCTH JTHA
KOHIIEHTPATOPA, HAHECEHHOI'O HA YIPOYHEHHYIO TOBEPXHOCTH HPU3MATHIECKOTO
obpasria, He MEHBIIE, YeM Ha [VIAJKON yIpodHeHHOU jetasu. [Ipu sTom yBesmude-
HUe pacKpbITUus yriia cBbiire 60° mMexy GeperamMu IIPUBOJAUT K 3aMETHOMY CHU-
JKEHUIO YPOBHSI CXKUMAOIIUX OCTATOUHBIX HAIIPSXKEHUI BOJIM3K BEPIIIUHBI HAIPE3a
ISl KOMIIOHEHT 0y = 0y(y) U 0, = 0,(y) AJIsl BCeX PaCCMOTPEHHBIX PACIETHBIX
CJIyJaeB.

5. BoiBoibI. BoimosiHeHHBIE HCCIE0BAHNS TTO3BOJISIOT COPMYJIUPOBATD CJIe-
JIYIOTIHE PE3YIbTATHL.

1. Paspaboran meroj pemenus 3ajadn pacdera HJIC B mpusMarndeckom
obpa3siie co CKBO3HBIM OIMHOYHBIM IIOTIEPEYHBIM HAIPEe30M V-00pa3Horo
npOU/Isi TPU PA3IUIHBIX 3HAUYEHUSIX YIJIa PACKPBITHS [TOCJIE TEXHOJIOIUU
OIIII/ B yupyroit u ynpyromiacTuIecKoil MOCTAHOBKAX, OA3UPYIOMIUNCS
HA KOHEYHO-9JIEMEHTHOM MOJIEJTMPOBAHNN M M3BECTHOM HAYAHLHOM HAIPSI-
YKEHHO-Ie(DOPMUPOBAHHOM COCTOSTHUU JIJIsT TJIAIKOTO YIIPOIHEHHOTO TPH3-
MaTHUIeCKOro obpasiia.

2. ObocHoBaHa 11eJ1ecO00PA3HOCTD yueTa jedpopMaIuil MIaCTUIHOCTA MaTe-
puajia IpHU OIEHKE OCTATOYHBIX HANPSKEHUN B MPU3MATUIECCKOM YyIIPOU-
HEHHOM 00pa3Iie PN HAJTUINH TIOBEPXHOCTHBIX KOHIIEHTPATOPOB HATIPSIIKe-
Huit V-06pasnoro Tuma, Korjaa KOHIEHTPATOP HAXOMAUTCS MOJHOCTHIO MJIN
JaCTUIHO B YIIDOYHEHHOM CJIOE.

3. IlokazaHo, 9TO ec/i KOHIEHTPATOP HAXOJUTCS YaCTUIHO UJIU MOJTHOCTHIO
B YIPOYHEHHOM CJIOE, TO HADJIIOIACTCS CYIIECTBEHHOE PACXOXKIEHUE YIIPY-
TOTO PEIIEeHNUs] ¢ YIPYTOIMIACTUIECKUM JIJIsT OCTATOYHBIX HAIPSI)KEHUH B Cce-
YeHMdAX OT JHa KOHLUEHTPaTopa, JocTuramollee norpemnoctu go 100-200%
B CPEJ/IHEKBaJIPATUIECKON HOpPME UM HECKOJIbKUX COTEH MPOIEHTOB 110 MaK-
CHMAJIBHBIM (110 MOjtyJmi0) 3nadenusM (Hopma Hebpimesa). Ecin ke riry6u-
HA KOHIIEHTPATOPa IIPEBBIIIAET BEJUYIUHY YIPOYHEHHOI'O CJIos Hojiee dem
B 1.5 paza, To yupyroe m ymupyroijacTHIecKoe peIeHus AT OJIn3Kue
pPEe3yIbTATHI U TI0 Mepe YIAJTEHUSI OT KOHIEHTPATOPa OHM ACHMITOTHIECKN
HpUOIMKAIOTCA JIPYT K JIPYTY.
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Koukypupyioiiiue nutepechl. KondankTa nHTEpecoB B OTHOIIIEHNN aBTOPCTBA U y0-
JINKAIAH 9TOM CTATHY HET.

ABTOpCKUT BKJIAJT 1 OTBETCTBEHHOCTDb. Bce aBTOpHI IpUHUMAJIN yYacTHe B pa3pa-
6OTKE KOHIICIIUU CTAThU U B HAIUCAHUY PYKOMUCH. ABTOPBI HECYT MOJIHYIO OTBETCTBEH-
HOCTH 3a IIPEJIOCTABJIEHNe OKOHYATEJbHOM pyKonuch B medarh. OKOHYATEbHAS BEpCHUs
pykomucu 6bL1a 0100peHa BCeMru aBTOPaMU.

®unancupoBaHue. lcciesioBanne BBIIOJHEHO 3a cueT rpanta Poccuiickoro nayvaHoro
donma Ne 23-29-00434, https://rscf.ru/project/23-29-00434/.
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Abstract

A method has been developed for solving the problem of calculating
the stress-strain state in a surface-hardened prismatic V-notched specimen
at different values of the opening angle in both elastic and elastoplastic
formulations. The method is based on finite element modeling and the known
initial stress-strain state for a smooth hardened specimen. A detailed study
was conducted on the influence of the notch opening angle and its depth on
the level and distribution of residual stresses from the stress concentrator
bottom throughout the thickness of the hardened layer for both formulations
of the problem. Based on the calculation data, the feasibility of investigating
the problem in the elastoplastic formulation was justified when the notch is
located completely or partially in the hardened layer, as the magnitudes of
residual stresses in the elastic formulation are physically unrealizable, since
their values exceed the material’s yield strength several times.

In this case, the error between solutions in the elastic and elastoplastic
formulations for residual stresses reaches 100-200 % in the root-mean-square
norm, and reaches several hundred percent in the uniform estimate (Cheby-
shev norm). If the depth of the stress concentrator exceeds the thickness
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of the hardened layer by more than 1.5 times, the elastic and elastoplastic
solutions yield similar results.
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shaped notch, residual stresses, finite element modeling, elastic and elastic
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Camapckuil HalMOHAJIBHBIN HCCIIEJOBATE/LCKUN YHUBEPCUTET
umenn akajemuka C.I1. Koponesa,
Poccus, 443086, Camapa, MockoBckoe 111., 34.

AHHOTaINSA

IIpemmerom wnccrenoBaHus SBISETCA AHAIU3 IOJIEH, aCCOIMUPOBAHHBIX
C BEPIINHON TPEIUHbBI, HAXOAAIMIEHCS B YCAOBUAX O3y YeCTH IIPU IPUHATUN
BO BHUMAHUE SIBJIEHUs HAKOIIEHHs 1ToBpekIeHuii. Ilesbio paboTs! sBisieTcst
IIPOBEJIeHNEe KOMIIBIOTEPHOT'O KOHEYHO-3JIEMEHTHOI'O MO/JIeJINPOBAHMS OJHOOC-
HOTO PacCTAKEHUsI INIACTUHBI C IIEHTPAJIbHON TOPU30HTAJIBHON U HAKJIOHHON
TpeIHAMHA B YCJIOBHASAX IIOJI3yYECTH B IIJIOCKOI IIOCTAHOBKE 3aJa49l U aHAJIA3
[TOJIs CIUIONTHOCTHU BOJIM3U BEPIIUHBI TPemuubl. 11pyn 9ucienHoM Moempo-
BaHWH MUCIIOJIB3YETCs CTEIEHHON 3aK0H nossydectu Beitnmm—Hoprona. Mosme-
JINDOBAHME BBIIIOJHEHO B MHOIO(MYHKIMOHAJILHOM IIPOIPAMMHOM KOMILJIEKCE
SIMULIA Abaqus. IIpoBesien aHa/M3 OKPY’KHBIX PACIIpPeJIeJIEHUI HaIpsiKe-
Huit u jgedopMaIuii Moa3ydecT B OKPECTHOCTH BEPIITUHBI TPEITUHBI.

CrereHHO 3aKOH IOJI3YyYeCTH C ITOMOIIBIO MMOJIb30BATEILCKOI TPOIeTy-
pbl UMAT (User Material) nmakera SIMULIA Abaqus GbUI JIOIOJHEH KHHETH-
9eCKNM ypaBHEHHEM HAKOILIeHHsI moBpexkaeHHocTH KaganoBa—PabornoBa
B CBg3aHHOM mocTamnoBke. [Ipumenennas moamporpamMmma UMAT mMmeeT MHOTO
NIPEUMYIIECTB IIPU IIPOTHO3UPOBAHUN IIOBPEXKICHHOCTU MaTepraJia U I103-
BOJIIET paboOTaTh C MATEPUAJAMU U OIPEICSIONIUMI UX COOTHOIIEHUSIMH,
OTCYTCTByMOImUME B OubnoTeke marepuasioB Abaqus. Iloamporpamma UMAT
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Yanuauit /I. B., Ctrenanosa JI. B., Bearosa O. H.

BBI3BIBAETCS BO BCEX TOUKAX PacyeTa ¥ OOHOBJISIET HAIPAYKEHUS U IIePEeMeH-
HBIE COCTOSIHUS, 3aBUCAIINE OT PEIleHus, 0 UX 3HAYEHU B KOHIIE IIpUpaIlle-
nus. [locse gero paccauThIBaIOTCsT OOHOBJIEHHBIE 3JIEMEHTHI MATPUIIbl KO-
ou.

Tlonydennl pacmpenesienns HaIpsizKeHU, m1edOopManyii W CILIONIHOCTH
B YCJIOBHUSIX TOJI3YUECTH C YIETOM HAKOIJICHUST TTOBPEXKACHHOCTH C TE€ICHU-
eM BpeMeHHU. I1oCTpOeHbI yIJIOBBIE PacCIpee/IeHUs] CILUIOIIHOCTY, HaIlpsizKe-
Huit n JedopManuii ¢ Te4eHnEM BPEMEHU Ha DPa3JIMYHBIX PACCTOSHUSX OT
BEPIIMHBI TPEINHBI ¢ IpuMeHeHneM Oubsmorekn Matplotlib. IIposemeno
CpaBHEHUEe YTJIOBBIX DACIIPEIEIEHUl HAPSKEHUN U j1eOpMAIil IPA MO-
JEeTUPOBAHNU 0e3 yveTa MOBPEXKIECHHOCTH W B CIydae ydUeTa HAKOILICHUs
nospexaennii. [TokazaHno, 4To HaJIMYNE TOBPEXKIAEHHOCTH IIPUBOINUT K 0OOJIb-
UM 3HAYeHUsIM JeopMaluil MOJI3yYeCT U MEHBIINM 3HAYEHUSIM HaIlpsi-
KEeHUU.

KurogyeBbie ci1oBa: 1013y 9eCThb, IOBPEXKIEHHOCTD, [I0JIb30BATEIbCKA IIPO-
nexypa UMAT, SIMULIA Abaqus, [OJIsI HAIPS2KEHUH, 1104151 Jecbopmanuii, Tpe-
MIUHA.

TMonyuenne: 10 mapra 2023 1. / Ucnpasnenue: 24 asrycra 2023 r. /
Mpunsarue: 19 cenrsabps 2023 r. / Ilybaukanus omnaita: 27 cenrabpsa 2023 .

BBegenue. 3ajiaua MOJeUPOBAHUsT OJIEH, aCCOIMUPOBAHHBIX C OKPECTHO-
CTBIO BEPHIMHBI TPEIIMHBLI B YCJIOBUSAX IIOI3y9IeCTH, ABJISIACH (DyHIAMEHTAILHOM
IpobIeMOil HeJIMHETHOM MEeXaHUKHU Pa3PyIIeHUs U OCTaeTCs aKTyaJbHOI B HACTO-
sitiiee BpeMst [1-15]. Cerogitist 0coObIil MHTEPEC BBI3BIBAET UCC/IEIOBAHUE PA3PYIIe-
HUSI MaTEPUAJIOB M MOJIETMPOBAHKE MOBPEXKJIEHHOCTH TeJI ¢ TPENUHAME B YCJIO-
Busix nousydectu [13-15]. Ilepeble paboTbl, rje GbLIN PEJIOKEHB] TAPAMETPDI
CILIONTHOCTH U TIOBPEXKIEHHOCTH JIJIsl OIUCAHWST HAKOILIEHHSI TIOBPEXK ICHUI — CTa-
teu JI. M. Kauanosa 1] u }O. H. Pa6ornosa [2| — craim KracCHaecKuMI UCCIIE0-
BaHUSIMU, [OJIOXKUBIIAME HAYAJIO COBDEMEHHON MEXaHUKHU MTOBPEXKIeHHOCTH |3, 4].
3arem ObLIO TPEJIOKEHO MHOXKECTBO MATEMATHYECKUX MOJIeIell (OIpeIesiionmx
COOTHOIIIEHUI ¥ KMHETUIECKUX yPaBHEHUI Jjisi ONUCAHWS IBOJIOIUH TTOBPEKIe-
HMIH), KAK COBEPIIIEHHO HOBBIX [6—8|, Tak u 6a3upyOMUXCst Ha MOJIEJIU IOBPEK IeH-
nHocrn Kauanosa—Pabornosa [9]. B pabore [5] aBropsl npoBojsit 0630p Kcmepu-
MEHTAJIbHBIX U TEOPETUIECKUX HCCJICIOBAHUN MOI3Y9eCTH IPH HECTAIIMOHAPHBLIX
CJIOZKHBIX HAIIPSYKEHHBIX COCTOSHUSAX; OIIMCAHBI PE3Y/IbTaThl yIeHbIX, BHECIIUX CY-
IIIECTBEHHBIN BKJIQJI B UCCJIEIOBAHUE TIOJI3Y9IECTH C YIETOM MOBPEXKIEHHOCTH, KO-
TOpasi MOXKET ObITh IPEJICTABIEHA B CKAJISIPHOM, BEKTOPHOM, TEH30PHOM BUJIE WJIN
ux kombunaimeii. B pabore [6] npuBeseH mesblit psiji MaTEMATHYECKUX MOJIeJIeil
U30TPOIHON U AHU30TPOITHON MOBPEXKJICHHOCTH IIPH TI0JI3y I€CTH, KazK1asd U3 KOTO-
PBIX IPUMEHUMA K OIPEJIeIeHHOMY KJIacCy pelaeMbIX 3a/ad, yIUThIBAeT pa3Hble
ACIeKThl HAKOIJIEHUsI [TOBPEXKJICHUI U 10JI0UpaeTcsi B COOTBETCTBUU ¢ HEOOXO -
MBIMH YCJIOBHUSIMU. B 0fIHOM U3 mocae HuX 0030poB [6] aBTOpBI BBOJAAT Kiaccu-
bukanmio, cormacHo KOTOpoii MO/ TIOBPEXKIEHHOCTH B YCJIOBUSX IOJI3YIECTH
MOTYT OBbITH IIOJPA3/IeJIeHbl Ha JiBe TPYIIIbI: OCHOBAHHBIC HA HAIPSIKEHUSX (MO-
nesib Kauanosa—Paboraosa) u Ha jedopmarusix (mogesns Ban—Ty [10]). B coor-
BETCTBUU ¢ Kjaccudukanueil B MepBoil rpyIie BBOAUTCS TAPAMETP CILIONTHOCTH
WM TOBPEXKIEHHOCTU ¥ UCIOJIB3YeTCss KOHIENus 3hDdEKTUBHOrO (MCTUHHOTO)
HAIIPSIYKEHUsI, U, KaK [PABUJIO, B TAKON MOJIEJIH, 110 MHEHUIO aBTOpOB [6], BBe1eH-
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HBIIl CTPYKTYPHBII TapaMeTp He CBSA3BIBAETCS C TEM WJIM MHBIM MEXaHU3MOM Ha-
KOILTIeHUs TOBpeXAeHuil. Bo BTOpoii rpyiiie Mojiesieil mapaMeTp HOBPEXKIEHHOCTH
CBSI3BIBAETCS C OIPEJIeJIeHHBIM MEXaHU3MOM HAKOILIEHUs! IMOBPEXKIEHUN, U aBTO-
psl |6] Ha3bIBarOT 3TH MOJiesn dhusndeckn obocHoBaHHbIME. [{aHHas Kiaccuduka-
IUsi, 110 BCEH BUJMMOCTH, TpeOyeT YTOUHEHUS U HE SBJISETCS COBEPIIEHHON, nbo
B dyHmamenTaabHoit Monorpadun PaborHoBa [4] B onpeessironye cCOOTHONIEHNUST
BBOJISITCS N CTPYKTYPHBIX [IAPAMETPOB, KOTOPbIE MOTYT OTBEYaTh 33 PA3JIndHbIE
MeXaHU3Mbl MUKDOIIOBPEXK IeHui [4]. Bblian monbITKy Ha/lemTh napaMerp HoBpe-
JKJIEHHOCTH (DU3HMYECKUM CMBICJIOM, HalpuMep, B pabore [16] mapamerp mospe-
JKJIEHHOCTH OBIJT CBSI3aH C MUKPOIIOBPEXKIEHHOCTBIO MaTepHUAJIa.

B niociieiaee BpeMsi ipesioykeHbl MOIMMUITTPOBAHHBIE OLPEJIETISIONINE U KHU-
HETHYECKUE YyPABHEHUS JIJIsI MOJICJIUPOBAHUS TTOJI3YYECTH B YCJIOBUSIX TTOBPEXK I€H-
Hoctu. B pabote [17] aBTOpBI HCCIIELYIOT MOJIEJN TIOBPEXKJAEHHOCTH [IPU [OJI3Y de-
CTH JIJIs OIIUCAHWST OTHEYIIOPHBIX MATEPHUAJIOB, B YACTHOCTH BBICOKOTJIMHO3EMHICTO-
ro Kupnuda. ABTOpPbI pacCMOTPE/IN TPU MOJIEJIN T0JI3ydecTu: Mojiesib Kadanosa—
Pa6orrosa, Mojienb runepbosmdeckoro cunyca [18] n mozgens JTio-Mypakamu [19].
Tpu BhIIIEyTOMSHYTBIE MOJIEJIN TTIOBPEXKIEHUN TIPHU MTOJI3YIECTH BKJIIOYAIOT BTO-
PYIO ¥ TPETBIO CTAJIUU IIOJI3YYECTH, HO OHU He MOTYT OIMCATh HEPBYIO CTA/IHUIO.
YT00BI y4ecTh MEPBYIO CTAIUIO MOJI3YIECTH U MAKCUMAJIBHO YIIPOCTUTH OIIPEjIe-
Jsitolee ypasHenue, B 17| BBIOpAHO BbIpakeHue Jlst IepBoOil cTajmn Mojenn ['a-
podano [20]. Urorosoe ompe/iesisitolnee ypaBHEHHE MOJIYYAETCsI [IYTEM CJIOXKEHUSsT
YacTH, OTBEYAlOIIeil IepBoil cTauu moa3ydectu u3 dhopmysisbl l'apodasio u oiHO
13 TPeX BBIIIeyKa3aHHBIX Mojiesiell. B pe3ysibrare aBTOPBI IPUIILIN K BBIBOJLY, UTO
BCE TPU MOJIEJIHN, TIPeJJIOKEHHbBIE B [17], MOy T ObITH UCIIOIB30BAHBI JIJIsI OLMCAHUST
BCEX TPEX CTaJUil MOJI3YIeCTH, CPEIA KOTOPBIX JIYUIIE ¢ TOUKU 3pEHUs] COBIIAJIE-
HUSI C 9KCIIEPUMEHTAJIBHBIMU JAHHBIMU JJIsT JehOpMAIIiN MOI3YIeCTH U e CKOPO-
CTU C TEYEHUEM BPEMEHHU SIBJISETCS MOJE/Ib TUIepbomIeckoro cunyca—l apodadio,
3a KOTOpoOii ciejyer Moseib Jlio-Mypakamu-T'apodadro.

Apropsl paborsl 21| u3yuasan BOIpOC JIUTETHHOCTH CPOKA CJIY2KObI 3JIEKTPO-
cTaHmit st 6e3onacHoil sxciyaranuu. OCHOBHBIM OIACHBIM (PaKTOPOM Pabo-
TOCIIOCOOHOCTH 3JIEKTPOCTAHIIAY IIPU MTOBBIIIEHHBIX TEMIIEPATYPAX SIBJISETCST BO3-
JIEHCTBUE YCTAJIOCTU MPU MOJI3y4uecTh. 1Ipomo/KuTeIbHOCTD KU3HU B3aUMOJIEi-
CTBHS IIPHU MOJI3YUIECTU U YCTAJIOCTU ABTOPHI OIEHUBAJIHU C TOMOIIBIO MOJIEJTUPOBA-
HUsI METOJIOM KOHEYHbIX 3j1eMeHTOB. B pabore [21] oneHuBasach IpO0JIKUATE b
HOCTB Ku3Hu Mojuduiupoantoil crajgn 9Cr—1Mo B ycjoBUSIX B3anMOI€HCTBHSI
«II0JI3Y 9€CTh—yCTAIOCThY. UTOOBI OTPA3UTDh KaXKIYIO CTAINI0 HEJTMHEIHON 1013y~
YECTU W HAKOIJIEHUE YCTAJOCTHBIX IMOBPEXKJIEHUN B CTPYKType 3epHAa, ObLIN HC-
[OJTH30BaHbI MOJIeIN noBpekaeHus Jlaiicona [22] u mopudunupoBanubie MojeIn
nospexiennit Baxaba [23]. ITockosbKy nepBudHasi cTajus HOJI3YIeCTH OKa3bl-
BaeT HauOOJIbIIee BJIUSTHIE Ha B3aMMOJEHCTBHE MTOI3YIECTH U YCTAJTOCTH MEXKITY
TpeMsl CTaJIUsIMU MOJI3YIeCTH, BHIOpaHA MOJE/Ib, KOTOPas MOYXKET COOTBETCTBYIO-
UM 00pa3soM OTpakaTh MEPBYIO CTAUIO 1moa3ydecT. [losroMmy ObLIa MCIIONb-
30BaHa Mojesih JlaficoHa, KOTopas MOXKET OTPa’KaTb BCE TPU CTAJUU PA3BUTHUS
nedopmaruit mossydectu. Mogens /laiicona BeIpazkaeT dBIeHNE HAKOILIEHUS 10~
BPEXKJIEHNH B YCJOBHUSX IOJI3YyYeCTH Uepe3 TPHU MEePEMEHHBIX COCTOosiHUs. Kpome
TOr0, OHA UMEET HEKOTOPbhIE MMPEUMYIIECTBA JIJIsT IIPOrHO3UPOBAHMS JOJINOCPOTHO-
'O TTOBEJICHUSI TIOJI3YIEeCTH 10 PE3YJIBTATAM KPATKOCPOYHBIX TECTOB Ha MOJI3Y9eCTh
C UCMOJIb30BAHMEM TUIEePOOIMIECKOl CHYCOnIaabHOoil dyukiyn [21]. Anaaus na-
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KOILIEHUS] YCTAJIOCTHBIX [MOBPEXKJIEHUI BBIIOJIHEH C MOMOIIBI0 MOIUMUITTPOBAH-
HOit Moziesn Baxaba [23]. Hakonsienne moBpesKICHUI OT HOJI3YyYeCTH U YCTATIOCTH,
OIIEHUBAEMOE MOJIEJISIMU TIOBPEKIEHNI KOHTUHYYMA, (PYyHIAMEHTAJIHLHO OIUCHIBA~
eTcs Kak HezaBucumble dyHkimu. [loBpexkienue npu Moa3ydecTd yIUTHLIBACTCS
KNHETUYeCKNM ypaBHEHHEM, KOTOPOe IIPOIecC NOBPEXKAEeHUI CBA3BIBAET C 3BOJIIO-
el HanpsizkeHHo-Iedopmuposantoro cocrosiuust (HJIC) ¢ reyennem Bpemenn,
a CKOPOCTb YCTaJIOCTHOI'O TOBpPeXKjieHns cBsizbiBaeTcs ¢ 3posionueir HJIC ¢ po-
CTOM HYHCJIa IUKJIOB Harpyxkenus. [loBpexienus, KOTOpble HAKOIIMJIUCH BHYTPH
MaTepuaJa, COIJIaCHO MEXaHUKe CIJIOIIHBIX Cpell MPOABIAITCA KaK paBHOE CHU-
JKEHUe HeCyIeil CIIOCOOHOCTH MaTepuaJsia BCJIEJICTBHE IOJI3YYECTH M YCTAJIOCTH.
[ToBpexmenust OT MOM3YIECTH U YCTAJIOCTU HE SBJIAIOTCI HE3ABUCUMBIMUA U MOTYT
paccMaTpUBATBHCS KaK OJIHU U Te Ke (paKTOPhl nu3Hoca Marepuasa. [losromy, aro-
OBl BBIPA3UTH B3AUMOJIEHCTBHE MEXKJY IIOBPEXKJIEHUSIMUA B YCJIOBUSIX I0JI3yYECTH
U YCTAJOCTHBIMU TTOBPEXKICHUAMU, aBTOPhI UCIOIL30BAIN UX JIMTHEHHYI0 KOMOU-
HAIUIO IS TOJIyueHus o0Ieil moBpexKieHHocTu. B HacTosIIee BpeMsi IIPOBOJISIT-
Csl WICCJIEJIOBAHUS IIOJI3YYEeCTH C YUYETOM ITOBPEXK/ICHHOCTH HE TOJIBKO B JIeTaJIsAX
1 KOHCTDYKIHSIX, HO U B Pa3JINYHBIX MOPHBIX Nopojax. Hampumep, B pabore [24]
aBTOPAaMU MCCJEIyeTCA HEeJIMHEHadA MOJIE/Ib O3y IeCTH C yI€TOM MOBPEXKICHHO-
cTH COJISTHBIX Topo. OcraBImmuecs: mocje M00bIMH KAMEHHONW COJIU IMaXThl MOTYT
CJIy’KUTDH BBICOKOI((PEKTUBHBIM M KPYITHOMACIITAOHBIM CIIOCOOOM XPAHEHUS Pa3-
JINYHBIX (DOPM SHEPIUH, HaupuMep HedTU U IMPUPOIHOTO raza, dyarofaps HU3-
KO TIPOHUTIAEMOCTH COJISTHBIX TIopoji. [loposia B pedysibrare 100bIYMN, 3aI0JHEHUS
U 9KCILIyaTalluy MaxT HOBPEXKaeTCsl B yCJIOBUSX mos3ydect. ABrop [24] ynomu-
HaeT B paboTe TEebIi Psi/i MOJIe el JIjIsI OMMMCAHUS TIOBPEXKICHUI B YCIOBUSIX IOJI-
3y4ecTH MMEHHO coJieBbIX 1opoj. Ilpeuioxkena HenmHelHas MOJIEb 10JI3yYECTH
JJIA COJITHBIX MOPOJ, KOTOPble UMEIOT PeoJIorndecKne CBOMCTBa U HU3KYIO IIPOY-
HOCTh. ABTOD |24] BBOSIUT MO Bsiskoynpyroctu [oiirunra—Tomcona jiiist omu-
CaHMs IMOJI3YyYeCTH, KOTOpasd MOJIydaeTCd IIyTeM IIOC/IeJOBATEJIBHOTO COeINHEHNA
YIPYIOro 1 BI3KOTO 3J1eMeHTOB (Mojiesib MakcBesuia), a 3areM nxX HapaJljieIbHOro
COEJIMHEHUSI C JIDYTUM YIIPYTUM 3JIEMEHTOM. 3aTeM JI00aB/ISIETCS BA3KUN 3JIEMEHT
AbGestst u BsI3KUIT 97IEMEHT ¢ HEJIMHENHOI TTOBPEXKIEHHOCThI0. HemnHeiHbIi Xapak-
Tep gedopMaryu moa3ydecT 6eToHa MOJIEJIUPYIOT U aBTOPBI paboThl [25].

B obmem cityuae st perieHust BBIMIEYIIOMSHYTBIX 3a/1a9 ITUPOKO HCIIOJIb3Y-
€TCA KOMIIBIOTEPHOE MOJEJINPOBAHME C IOMOIIBI0 MHOXKECTBA PA3/JIMYHBIX IIPO-
FPAMMHBIX KOMILJIEKCOB, OCHOBaHHBIX Ha METOJIe KOHEUYHBIX 3JIEMEHTOB. B perre-
HUU WHXKEHEPHBIX 3a/iad OJHUMH N3 CaMbIX U3BECTHBIX MOXKHO Ha3BaTh IIaKe-
Tbl Mechanical ANSYS u SIMULIA Abaqus. B mamHHBIX IporpaMMHBIX KOMILIEK-
cax MMeeTCd BO3MOXKHOCTb MOJICINPOBAHUS HOBBIX MaTEPHAJIOB, OIPEIC/IAIONINe
ypaBHEHUS KOTOPBIX He BKJIIOYEHBI B CTAHIAPTHBIN HAOOP MOJieJIeil IpOrpaMMHOTO
KOMIL/IEKCa. BBeeHne HOBBIX OIMPEIEIAIONTINX COOTHOIICHUHN jIsi OIMCAHUs TTOBe-
JeHUs MaTePUaJIOB MOYXKET OBITH OCYIIECTBJIEHO C IIOMOIIBIO MOJIb30BATEIHLCKUX
nojporpamm, Hanpumep, takux kKak UMAT (User Material) B SIMULIA Abaqus.
DTOT MHCTPYMEHT TO3BOJISIET CMOJIEIUPOBATH IMIUPOKUI KJIACC MATEPUATIOB U Pe-
IIATH MHOYXKECTBO Pa3HOOOPA3HBIX 3a/1a4, HEKOTOPbIE U3 KOTOPBIX OIHUCAHDLI B Pa-
6ore [26], uro u cocTaBisIeT IPEJMET HACTOSIIErO MCCJIE[OBAHMUSL.
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1. MoaenupoBaHue MoJieil, acCCOMMUPOBAHHBIX C BEPHIMHOIW TpeIu-
Hbl B peXXUMe NoJj3ydecTu. B MHOrodyHKIIMOHAILHOM IaKeTe MOJIEIUPOBa-
Hua SIMULIA Abaqus, OCYHIECTBIIAIONIEM PACcIeThl METOLOM KOHEYHBIX 3JICMECHTOB,
IPOBEAECHO MOAEJIMPOBAHUE IIJIOCKOHN IJIACTUHBI C IIEHTPAJbHON TPEIIUHON B yCIIO-
Bugx nonzydectu. [Inacruna nmeer pazmeps 100X 100 MM, 1jinHA TPEITUHBL PABHA
10 M. Tpemmnaa MozeTUpyeTCs pa3pe3oM C 3aKPYTJIEHHBIMA BEPITUHAMU, PAJIHYC
zakpyrierns cocrapiasgeT 0.001 mm. IImacTraa HAXOAUTCS B YCIOBUAX OTHOOCHOTO
pacTsikenus. B KadecTBe MaTepuala IJIACTUHBI BEIOpAHA CTAJb, HMEIOIIAs CJIe1y-
1omme yrpyrue Moymu: Moyiab FOnra E = 210 kH /ym?, kosddumuent Iyaccona
v = 0.3. g MonenupoBaHus OJI3YyUeCTH HA OCHOBE MOJIb30BATEIHLCKOM MTOIITPO-
rpammbl UMAT uzbpan crerieHHOi 3akoH Beitin—Hoprona, nMmeromuii ciemyonuit

BUT:
é‘ij = (3/2)302718”‘, O = \/352']'8”‘/2, (1)

rJie €;; — KOMIIOHEHTbBI CKOPOCTH JlechOPMaIIUK HOJI3yYeCTH; 0 — KOMIOHEHTBI Ha-
npsizkennit Komm; 0, — MHTEHCUBHOCTD HAIIPSXKEHUs; N, B — KOHCTAHTHI MaTepra-
73 8ij = 045 — Okk0ij/3 — KOMIIOHEHTBI JIeBUATOPA HALPSI?KEHMI, T71e 035 — CHMBOJI
Kponekepa. Marepuasnbhble KOHCTAHTBI 1, B B coorHorrennn (1) — mapaMeTpsl
MarTepuaJia, B 00IIeM Cilydae 3aBHUCHIUE OT Temieparypbl. llpumem st mose-
smposanust, uro B = 1-10713 (H/Mm?) ™™ (1)~ u noxazarenns nonsyuecrn 3ako-
wa Beitin—Hoprona n = 3. O6bIYHO MOKa3aTe/ b MOJ3YyYECTH 7 JJIsi METAJLIOB
U CILIABOB IIPUHUMAET 3HAYEeHUs OT 3 70 8. L1 OTHeTbHBIX COBPEMEHHBIX BBHICO-
KOIIPOUHBIX CIIaBOB 1 & 18 [6,9,12], misa amucTsix MeTawioB n ~ 4 [27|. Makcn-
MaJIbHOE BPEMsI MOJIEINPOBAHUS IpoIecca aedpopMupoBanus coctanistiio 5000 o,
HAIPy3Ka BO BCEX PACCMOTPEHHBIX C/IydasiX MpUHUMAasach pasaoi 10 H/ MmZ.

Pacuernasa cerka ObLra MOCTPOEHA C WCIOJIHL30BAHUEM CHUHTYISPHBIX KOHEU-
HBIX 3JIEMEHTOB B OKPECTHOCTH BEPIIWHBLI TpeluHbl. KoHIeHTpriecKne OKpyK-
HOCTHU TIOJIEJIEHbl HA TpH OOJIACTH: IE€peJl BEPIIUHON JIyTra OKPY2KHOCTU BEJUYIU-
noit 180° pasbura Ha 36 CEKTOPOB, TAKMM 00PA30M, PACTBOP CEKTOPAJIBLHOTO 3JIe-
MeHTa paBeH 5°, JiBe NPyrue YacTh IojeseHbl Ha 17 ceKTopoB. Tum 3/1eMeHTOB
cetku — CPS4. Mogenb pazouta Ha 41948 snementos. B Teuenue 5000 4 K 1ia-
CTUHE C IEHTPAJLHON TPEIMHON NMPUKJIAIbLIBAJIACH OJHOOCHAS PACTITHBAIONIAS
Harpys3ka. B pesyibrare pacuera ObLIA MOJIYUEHBI 110JIS HANPSKEHUN, YIPYTUX
snedopmaruii u redopMariuil 1oJI3y4ecTu B OKPECTHOCTU BEPIINHBI TPENIUHDI, Ha-
XOIATIENCS B YCJIOBUSX O3y IECTH.

Ha puc. 1 npeacrasiensr uroru Berauciennii B cucreme SIMULIA Abaqus, pe-
aJIU3YIONIEHl MeTO/T KOHEYHBIX 9JIEMEeHTOB. KOMIIOHEHTHI TeH30pa HAIPSIKEHUN 011
" 09 BOJIM3M BbIpe3a moka3aHbl Ha puc. 1. [los HanpsikeHuit npuBeieHbl B pas-
simanble MoMeHTh Bpemenu: 0.2, 103, 1003 u 5000 4. Takum ob6pazom, IyTeM Huc-
JIEHHOT'O KOHEYHO-3JIEMEHTHOI'O MOJIEJTUPOBAHUS TIOJIY YEHBI [IOJIs BOJIM3H BEPIITUHBI
TPEIUHBI B YCJIOBUAX MMOJI3yIecT. TOTHOCTD MPOBEICHHBIX KOHETHO-3JIEMEHTHBIX
PAacUIeTOB OIIPEJIE/IsIeTCs COBIIAJICHUEM PE3YJIbTATOB, HAMJEHHBIX C IIOMOIILIO KJIac-
CUYECKOH MOJIEJIN CTEIMEHHOTO 3aKOHA MOJI3YYEeCTH U C IOMOIIBIO pa3paboTaHHOM
mporieypbl UMAT. JIoCcTOBEPHOCTD ITOJIy9eHHBIX ¢ ToMOIbio UMAT yrjioBBIX pac-
IpefiesIeHNit KOMIIOHEHT T€H30pa HaIPsyKeHUH IOITBEPKIAeTCsl UX COBIAIEHIEM
C aCUMIITOTUIECKUM pereHneM XaraumHcona—Paiica—Pozenrpena.
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e f g h
Puc. 1. Tlossa kommoneHT 011 (a—d) u 022 (e—h) B yC/IOBUSIX ITOJIBYYIECTH C T€IEHHEM BPEMEHHU;
pe3yabTaThl OTpazkeHbl i1t MoMeHToB BpeMenu 0.2, 103, 1003 u 5000 u

[Figure 1. Distributions of the stress tensor components o11 (a—d) and 22 (e-h) under creep
conditions at 0.2, 103, 1003 and 5000 hours]

e f g h

Puc. 2. Pe3ynbraTbl KOHEYHO-3JIEMEHTHOTO aHAJU3A: TOJs KOMIOHEHT o011 (a—d) u o22 (e-h)
B YCJIOBULAX MOJISYYIECTHU C YICTOM IMOBPEXKACHHOCTHU C TEICHUEM BPEMEHU; PE3YJIbTaThl OTPazKEHBI
a7st MoMmenToB Bpemenu 0.2, 103, 1003 u 5000 1
[Figure 2. Distributions of the stress tensor components 011 (a—d) and o22 (e-h) under creep
conditions taking into account damage accumulation processes at 0.2, 103, 1003 and 5000 hours]
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2. AHaiu3 06/1aCTH MPOrpPEeCCUBHOI0 HAKOIJIEHUS PAaCCEeIHHBIX MUK-
POIIOBpEXKJIeHNI Y KOHYMKA MIeJu. 3aaadeil MOCIeIyIOnero uCCiaeI0BaHms
BbICTyHaeT O6Hapy)KeHI/Ie " aHAJIU3 II0J1dA pa.3BHTOI71 IBOJIIOINN HOBpe)KILeHHOCTI/I
B6JII/ISI/I BepH_H/IHbI mieJinl B Hpe,ZLHOJIO}KeHI/II/I peaJII/ISaL[I/II/I IIJTIOCKOI'O Hal‘[pﬂ?KeHHOI‘O
COCTOSIHUSA JIJIsl CTEIIEHHOI'O 3aKOHA YCTaAHOBUBIIEHCS 1OJI3YYECTH M KAHOHUIECKO-
ro KuHeTHIecKoro ypasHenns KadamoBa—PabornoBa. CremeHHOI 3aKOH IOJI3Y-
9eCTH, CJIejlysl KJIACCHIecKoi mporenype [4], 6bL1 Joo/IHeH KUHETHYECKIM yPaB-
HeHneM HaKOILJIEHUs MOBpekaeHHoCcTH Kadanopa—PaboTHOoBa 1 MaTeMaTuIecKasi
MOJIEJIb [IPEJICTABJISIETCS B CJIEYIOINEM BHJIE:

éij = (3/2)3(0’6/1/))”_1(&]'/1/}), 7/1 = _A(O-eqv/w)m> (2)

rze 1) — napamerp ciuomHocT Kauanosa [1]; 0eqy = aoe+Bo1+ (1 —a—f)og, —
9KBUBAJIEHTHOE HAIPsKEHUE; 0] — MaKCUMaJbHOE TJIABHOE HAIIPSKEHUE;, Ok —
TUJIPOCTATUYECKOE HAIPSIZKEHNE; KOHCTAHTBI (v ¥ 3 HAXOJSATCS KCIIEPUMEHTA b~
Ho. HemoBpexxkneHHOMY, IIEJIOCTHOMY MaTepUay COOTBETCTBYeT 3HAUEHUE Iapa-
Merpa 1 = 1, a ¢ = (0 o3mHadaeT, 9TO MaTepHas IOJHOCTHIO UCUYEPHAJ HECY-
Iy CIIOCOOHOCTh. BMecTo mapamMerpa CILIONIHOCTA YacTO UCIOIb3YyeTCs Iapa-
MeTp HoBpexKIeHHOCTH PaboTHOBa w |2|, CBsI3aHHBI ¢ TApAMETPOM CILIONTHOCTH
BhIpakeHueM w = 1 — ). jisi KOHETHO-3JIEMEHTHOIO pacyeTa HeOOXOAUMO 3a1aTh
nocrosinable Marepuaia A u m, durypupyiomnme B ypaBuerun (2). O6braHo m
BBIOMPAIOT TAKUM 00Pa30M, ITOOBI BBIMIOJIHAIOCH COOTHOIIeHNE M 2 (.7n, moJIy-
YeHHOe sMnupudeckuM nyrem [12]. B pacuerax npunumaercs, ato m = 2.5, A =
= 0.1 (H/vm?)~"(a)~ L. IIpu mpoBeieHNN KOHETHO-3IEMEHTHBIX PACIeTOB TIOCTO-
sSIHHBbIE MATEPUAJIa B DBOJIONMOHHOM YPAaBHEHUHU U OIPEIEJISIONIEM COOTHOIIIEHUN
(2) BBIOMpaIUCh HA OCHOBAHUU SKCIIEPUMEHTATBHBIX JIAHHBIX IIPEJICTABICHHBIX
B paborax [6,9], ry1e npuBe/IeHBI 3HAUEHUST MATEPUAJLHBIX KOHCTAHT J1J1sT GOJILIIO-
ro psijia MeTasoB u ciiaBoB. C MCHIOMB30BAHUEM TIOAMPOTPAMMGBI, SIBJISTIOTIEHCST
nponeaypoit UMAT kommsiekca SIMULIA Abaqus, KOHCTUTYIIHOHAJIBHBIE COOTHOIIIE-
HUSI CTEMEHHOI'O 3aKOHA C IIPUMEHEHUEM WJIeH UCTUHHOIO HAIPSXKEHUST U IBOJIIO-
nuonnoe ypapuenne KadanoBa—PaborHoBa (2) ObLIM BHECEHBI B BBIYHCIUTE b
HBI ClIeHAPUI METO/Ia KOHEYHBIX 9JIEMEHTOB TakeTa Abaqus/Standart, 4To Jiajio
BO3MOXKHOCTb HalTH pacHpesiesieHns] IapaMeTpa CIJIONTHOCTH W MeXaHMIeCKIX
nosieit. B pacuerax mpuauManock, uto B = 1-1071 (H/mm?) ™" (u)~L n = 3.

IIpoBenen mmpokmit Kjracc pactueToB OHOOCHOTO PACTZKEHNUS TIJIACTUHBI C [I€H-
TPAJIBHON TPEMUHONW B YCJIOBUAX IMOJI3YYECTH C YIETOM IPOIECCOB HAKOIIEHUS
noBpexkaeHHoCcTH. [IpocTpancTBEeHHBIE 3aBUCUMOCTH COCTABJISIONTNX TEH30pa Ha-
NPsPKEHN OT KOOPJWHAT T W T B Pa3/IMIHbIE MOMEHTHI BPeMeHHW IIPUBeIEHBI
na puc. 2. HanpsizkeHHoe cocTosHIe TPOUIIIOCTPUPOBAHO I TEX K€ MOMEHTOB
Bpemenu: 0.2, 103, 1003, 5000 1. Ha puc. 3 npencraBiieHbl pacupeie/eHus CILIONI-
HOCTH C TeUYeHHeM BpeMmeHU; mokazanbl KapTunbl mjiag 103 u 1003 u. [loxydenunie
00J1aCTU HAKOILJIEHUS TIOBPEXK/IEHNN KAYECTBEHHO COBIAJIAIOT C PE3YJIbTATAMH TEO-
PeTHYeCKuX OIeHoK [13,14].

Oco0bIil HHTEpEC MTPEICTABIISIET aHAJN3 PACIIPeIe/IeHUsT HAIIPSKEHU, 1edop-
Maluif U CILIONTHOCTU BJOJIb KPYTOBBIX TPAEKTOPUil ¢ IIEHTPOM B BEpIIUHE TPe-
IUHBI U CPABHEHME DACIIPEJIeJICHUsI HAIPsiXKEHU 1 fnedopMalinii B OKPECTHOCTH
BEPIIUHBI TPEITUHBI B YCJIOBHUAX IOJI3YUECTU O€3 yUueTa sIBJIEHUs] HAKOILIEHUsI 110~
BPEKJIEHHOCTU U C YYE€TOM IIOBPEXKJIEHHOCTU. 3aBUCHUMOCTH KOMIIOHEHT TEH30Da
HanpsiKeHuit u jedopmanuii oT IMOJSIPHOTO yIvia IPUBEIEHbI Ha puc. 4 (371ech
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a b
Puc. 3. Pacnpenenenus crutomraoctu B MoMenTbl Bpemenu 103 u 1003 4

[Figure 3. Continuity distributions at 103 and 1003 hours]

U Jlajiee HAIPSIKEHUsI OTHECEHBbI K MPUJIOXKEHHON Harpyske). CIulontHoil JuHuei
0003HAYEHBbI KPUBbIE, COOTBETCTBYIOIINE MOJAEIN 0e3 ydeTa HaKOILICHHUS ITOBpe-
JKJIEHHOCTH, IyHKTUPHON JInHUeH 0003HAYEHBI PACIIPEIC/ICHIUS B C/IyYUae BBEICHUS
B MOJIE/Ib ITIOBPEXKJIEHHOCTU. Pe3yIbTaThl IPUBEACHBI i1 Y3JI0B, HAXOISIITUXC Ha
paccrosiauu 0.01 MM OT BepIIUHBI TPENMIUHBI, C TedeHneM BpeMmeHnu. [IpuBeneHb! pe-
3yJbTaTbl B MOMEHTHI BpeMenu 22.9, 422.9, 1423, 1423, 1923, 2923, 3923, 5000 4.
W3 puc. 4 BoITekaeT, 9TO B HaUaIbHbIE MOMEHTHI BPEMEHH COOTBETCTBYIONINE KPH-
BbIe MOJieJIell ¢ ydeToM u 0e3 ytuera IMOBPEXKJCHUIN COBIIAJAIOT, HO C TEUECHUEM
BpeMEHUN pPa3/JIndud MeXKJ1y HUMU CTaHOBATCIA 60J1ee SHAYUTEJIbHBIMAU BBUJ/Y Ha-
KOILJICHUSI TTIOBPEXKJICHUIA.

Ha puc. 5 npejicraBiieEbl KAPTUHBI paclpe/ie/ieHus KOMIIOHEHT TEH30POB Ha-
npsizkennit u gedpopmariuii moazydectu B MoMmeHT BpeMmeru 5000 1 Ha pasHoM pac-
CTOAHHNHN OT BEPIINHBI TPEIIUHBI, CILJIOIIHON JINHUEN 0603Ha.qubI KpuBbI€, COOTBET-
CTBYIOIIUE MOJIEIN 0e3 yueTa HaKOILICHUS TOBPEXKICHHOCTH, Iy HKTUPHON JIMHUEH
0003HAYEHBI PACIIPEJIETICHUS B CJIydae BBEJICHUS] B MOJIE/Ib TOBPEXKICHHOCTH.

Ha puc. 6 npescrasiieHbl yIJIOBBIE PACIpEIEEHUs CIIONTHOCTH B 3aBUCUMO-
CTU OT PACCTOSIHMSI OT BEPIINHBI TpenuHbl B MOMeHT Bpemenu 5000 1. Obo3HadnM
paccTostHuEe OT BEPINUHLI TpemuHbl depe3 r. Ha puc. 6 BuaHo, Kak mpu ymajie-
HUHM OT BEPUINHBI TPEHIUHBI YIJIOBOEC pacIlpeJesicHre CIIJIOIMMHOCTU BbIpaBHUBAECTCsA
U cTpeMuTcsd K 1.

B pamkax NmpoBeJIEHHBIX HCCJIEJOBAHUN BBIMOJHEHBI BBIYUCICHUS C JIPYTUMHA
3HAYEHUAMH MaTePUAJHLHOW KOHCTAHTHI M. [Ipn yMeHbIIeHNN 3HAYEeHUs JaHHOMN
KOHCTAHTBI HAKOILJIEHNE TOBPEXKICHII TPOXOAUT NHTEHCUBHEE U ObICTpee, MO3TO-
My, HaIpuMep, npu m = 1.5 yxke 1mocje 53 9 pacdera MPOUCXOJUIO0 Pa3PyIIeHne
B OKPECTHOCTU Tpenuubl. HarnpoTus, nmpu yBeJuvYeHUU KOHCTAHTBI 1M ITPOUCXO-
JUT IJTAaBHOE BO3pacTaHme NoBpekiennoctu. Hampumep, npu m = 4 3a 5000 u
MUHHMAJIbHOE 3HadeHne cIiomHocTu gocturiio 0.96.

Ha puc. 7 npeacrasiensl pacupeeeHns CIJIONHOCTH Tpu m = 1.5 B MOMeHT
BpeMeHU 53 4 u nipu m = 4 mocse 5000 u.

3. Anasin3 00JIacTU HAKOILJIEHUsI TOBPEXK/IEHUIN B 00JIACTUA BEPIIUHbBI
HaAKJIOHHOW TpPeIuHbl. 3ajajdeil HacTodAIel 9acTh paboThl sIBJISIETCSI IIPOBEIe-
HUE BBIYUCIIEHUN C TEJIBI0 OlpesesieHus ToJell CIIONTHOCTH B OKPECTHOCTH Ha-
KJIOHHO# Tperunbl. Hak/IOH TpemuHbl 33aeTCs YIJIOM 7Y, COCTABJISIONIAM B IIPO-
BEJIEHHOM YHUCJIEHHOM 3KcrepumenTe 45 m 60° ¢ ropm3oHTAJIbHON OChIO; JIJINHA
TpemuHbl — 10 MM; pagmnyc 3akpyriaennust Tpemuabl — 0.001 mMm. KoHcTaHTB Ma-
TepuaJia B pacdeTax NPUHUMAIOTCH TEMH K€, UYTO U IPH MOJCJIUPOBAHUU TI'O-
pusonTabHON Tpemuuel: B = 110713 (H/mm?)™(a)" Y, n = 3, m = 25 u
A=0.1 (H/mm?)~"(a)" L.
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0861170}

-3 -2 -1 0 1 2 3 0
Puc. 6. ¥YrioBsie pacnpenesienust CILUIONTHOCTH

[Figure 6. Angular distributions of the continuity parameter 1]

a
Puc. 7. Pacupeznenenus: cruiomsocTu: a) upu m = 1.5 B MOMEHT
BpeMenu 53 4; b) npu m = 4 nocse 5000 4

[Figure 7. Continuity distributions near the tip of an inclined crack:
a) when m = 1.5 at 53 hours; b) when m = 4 after 5000 hours|

1]

Puc. 8. Pacupefesienust CIUIOMHOCTH BOIN3N BEPIIMHBI HAKIOHHOM
rpemuusl (7 = 45°) B MomenTs! Bpemenn 103 u 1003 4

[Figure 8. Continuity distributions near the tip of an inclined crack
(v =45°) at 103 and 1003 hours]

Puc. 9. Pacupejiesienusi CrulomHocTn BOJIN3U BEPUIMHBI HAKIOHHOM
rpemuusl (7 = 60°) B MomenTs! Bpemenu 103 u 1003 4

[Figure 9. Continuity distributions near the tip of an inclined crack
(y =60°) at 103 and 1003 hours|
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Puc. 10. Pacnupenesienusi nHTeHCUBHOCTH HanpsikeHuii mo Musecy (a—d) u KOMIIOHEHTBHI TeH-
3opa gedopmanuii mossydectu £11 (e—h) B yCJIOBUSIX IIOJ3YyHUECTH C yIETOM HOBDEXKIEHHOCTH
B OKPECTHOCTH BEPIIMHBI HAKJIOHHON TpemmHbl (7 = 45°) B MomentTsl Bpemenu 0.2, 103, 1003
u 5000 g
[Figure 10. Distributions of the Mises stress intensity (a—d) and creep strain tensor component 11
(e=h) under creep conditions taking into account damage accumulation processes in the
neighborhood of the tip of the inclined crack (v = 45°) at 0.2, 103, 1003 and 5000 hours]

a b c d
e f g

Puc. 11. PacupenesieHusi HHT€HCUBHOCTH HamnpsikeHuii o Musecy (a—d) u KOMIIOHEHTBHI TeH-
3opa gedopmanuii mossydectu £11 (e—h) B yCJIOBUSX IIOJ3YyHUECTH C yIETOM HOBDEXKIEHHOCTH
B OKPECTHOCTHU BEpIIMHBI HAKJIOHHON TpemmHbl (7 = 60°) B Momentsl Bpemenu 0.2, 103, 1003
u 5000 g
[Figure 11. Distributions of the Mises stress intensity (a—d) and creep strain tensor component 11
(e-h) under creep conditions taking into account damage accumulation processes in the
neighborhood of the tip of the inclined crack (v = 60°) at 0.2, 103, 1003 and 5000 hours]

h
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Ha puc. 8 u 9 npejicraBieHbl pacnpejiesieHusi CIIONTHOCTUH ¢ TeYeHUEeM Bpe-
MEHU B OKPECTHOCTHU HAKJOHHON TPEITWHBI; MOKA3aHbl KAPTUHBI pacIpeaeseHus
crtomuocTH Jyist 103 m 100 .

Ha puc. 10 npencraBieHbl KapTUHBI PaCIpeie/ieHius THTEHCUBHOCTUA HaIIPsi-
xeHuil 1o Muzecy u KOMIIOHEHTBI TeH30pa JedopMaliuil mojI3yIecT €11 C y4e-
TOM TIOBPEXKJICHHOCTH C T€UEHUEM BPEMEHU B OKPECTHOCTH HAKJIOHHON TPEITMHBI
(v = 45°); nokazaHbl KApTUHBI B MOMeHTHI Bpemenu 103 u 1003 w.

Ha puc. 11 npescraBiieHbl KAPTUHBI PACIIPE/IE/IEHISI THTEHCUBHOCTH HAIIPSI?KE-
nuit mo Musecy u KOMIOHEHTHI TeH30pa AedopMalinii MoI3yIecT €11 C yIETOM
IIOBPEXKJIEHHOCTHU C T€YeHUEM BPEMEHU B OKPECTHOCTH BEPIIMHBI HAKJIOHHOU Tpe-
mwmHb! (7 = 60°); mokasanbl KapTuHbl B MoMeHTbI Bpemenu 0.2, 103, 1003 u 5000 w.

Ha puc. 12 npeacraBiaenbl KapTHHBI pacipe/ieleHnsd KOMIIOHEHT TEH30POB Ha-
npsizkeHnit u gedpopmarnuii moazydectu B MomeHT BpeMmeru 5000 1 Ha pasHOM pac-
CTOSTHUU OT BEPIIUHDLI TPEIIUHDI; CILIONIHON JuHuel 0003HaYeHbl KPUBBIE U3 MO-
nen 6e3 yueTa HAKOILIEHUS MTOBPEXKIECHHOCTHU, IIyHKTUPHON JTMHUE! 0003HAYEHBI
pacrpesiesieHus B CJiydae BBEJICHUsI B MOJIE/Ib ITOBPEXKIEHHOCTH.

Ha puc. 13 npejcraBiieHbl yriioBble paclpeaesieHus CILJIONTHOCTA B 3aBUCUMO-
CTHU OT PACCTOSAHUSA OT BEPIIMHBI HAKJIOHHON TpemuHbl B MOMeHT BpeMeHu 5000 w;
YTOJI HAKJIOHA TPEITUHBI paBeH 45°.

Ha puc. 14 npencraBieHbl KAPTUHBI PACIpeie/IeHns KOMIIOHEHT T€H30POB Ha-
npsi>keHnit u gedopmanuii mo3ydectu B MoMeHT BpeMeHu 5000 1 Ha pazHOM pac-
CTOSTHUU OT BEPIIUHBI TPEIIUHBI; CIUIOIIHON JnHMel 0003HaYeHbl KPUBBIE U3 MO-
Jean 6e3 yueTa HAKOILIEHWS MTOBPEXKACHHOCTH, IIyHKTUPHON JTuHIEH 0003HAYEHDI
pacIpejiejieHns B CJIydae BBEJEHUS B MOJEIb TOBPEXKJIEHHOCTH.

Ha puc. 15 npencraBieHbl yriioBble Pacpeie/ieHus CILUIOITHOCTU B 3aBUCUMO-
CTH OT PACCTOSIHUS OT BEPIIMHBLI HAKJIOHHON Tpemuubl B MoMeHT BpeMenu 5000 w;
yTOJI HAKJIOHA TPEIuHbI paBeH 60°.

OTMeTnM, 9TO MOJIETMPOBAHIE TIPUJIOXKEHUS K IIJIACTHHE C HAKJIOHHOM Tpern-
HOU paCTATUBAIONIENl HArPY3KU COOTBETCTBYET CMENTAHHOMY HArpYXKEHWIO ILIa-
CTUHBI C IEHTPAJILHON TOPM30HTAJIBHON TpemuHoil. Ilo pacupenenenusim, mpe-
CTaBJIEHHBIM Ha puc. 3, 8, 9, MOXKHO HAOJIOIATH, KAaK KAUeCTBEHHO MEHSIETCs I10-
Jie CIUJIOIITHOCTH IIPM PA3HBIX yIjlaX HAKJIOHA TPeIuHbl. MOXXHO 3aMeTUTh, YTO
qeM OOJIbITIe HAKJIOH TPEIINHBI, TEM MEHbIIe MUHUMAJIbHOE 3HAYEHNE CIIJIOIIHO-
cru. CpaBHEHHE pacipeieseHnii Hallps2KeHni 1 e OpMAaIyii, IOCTPOEHHBIX B pe-

P
1.00

0.98

-3 2 1 0 1 2 3 0

Puc. 13. VYryoBble pacrpejiesieHust CIUIONTHOCTH 1P B OKPECTHOCTH
BEPIIMHBI HAKJIOHHOM TperuHbl (v = 45°)

[Figure 13. Angular distributions of the continuity parameter 1 in
the neighborhood of the tip of the inclined crack (y = 45°)]
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1.00

0.98

0.96

0.90

-3 -2 -1 0 1 2 3 0
Puc. 15. VYrmoBble pacupeseeHns CIJIONIHOCTHA Y B OKPECTHOCTH
BEPIIKHBI HAKJIOHHOH Tpemunsl (7 = 60°)

[Figure 15. Angular distributions of the continuity parameter ¢ in
the neighborhood of the tip of the inclined crack (y = 60°)]

3yJIbTaTe MOJEINPOBAHUS IIOJI3YIeCTH 6€3 yueTa MOBPEXKIEHHOCTH U C €€ YIEeTOM,
[I0Ka3aJ10, YTO HaJUYIHe IOBPEXKIEHHOCTH IPUBOANT K MEHBIINM 3HAYEHUSIM KOM-
[TOHEHT TEH30Pa HAIPSXKEeHUH BOJIU3M BEPIIUHbL IEIH 1 OOJIBIIIM 3HAUECHUIM JIe-
dopmanum 1moJ3yIecTn.

3akuodenue. B xose ucciie10BaHus BBITOTHEHO KOHETHO-3JIEMEHTHOE MOJIE-
JIMPOBaHUE OJTHOOCHOTO PACTSAKEHUA JIBYMEPHOI IIJIACTHHBI C IeHTPAaJIbHOU Tpe-
IUHON, HaXOJAIIEHCA B YCIOBUAX MTOJI3YYECTH, C yIETOM IOBPEXKIECHHOCTH B CBA-
3anHoil nocranoBke. MojenupoBanue Bbinosineno B koMmiuiekce SIMULIA Abaqus
¢ IpUMEHEHHeM I10J1b30BaTesIbcKoi mporeaypbl UMAT. CrerneHHON 3aKOH ITOJI3Y-
YECTU C MOMOIIBIO IT0JIb30BATEIBLCKON MPOIIEIYPhI OBLI JIONOJHEH KMHETHYECKUM
ypaBHEHHEM HaKOILJIEHUsI NoBpexKjaeHHocTn KadanoBa—PaboTHoBa B CBA3AaHHOI
IIOCTAHOBKe. B pe3ysbTaTe MOAETUPOBAHUS MOJIYUEHBI PACIPEIEICHIS HAIPIKe-
Huii, gedopMaluil U CIUIONIHOCTA B YCJIOBHUAX IOJ3YYECTH C y9eTOM HaKOILIe-
HUsl TOBPEXKJIEHHOCTH C T€YEHNEM BPpeMeHU. BhINoJIHeHO MOJIeJIMPOBaHNEe HAKJIOH-
HOII TpEeIUHBI 0[] AEWCTBUEM PaCTATUBAIONICH HAIPY3KHU B YCJIOBUAX IIOJI3y4de-
CTH C y4Y€TOM IIOBpeXKJieHHOCTH. 1IpoBesieHO cpaBHeHME TOJIyYEHHBIX 3aBUCHMO-
cTeil KOMIIOHEHT TEH30pa HAIPsiXKEHUH 1 JedopMaIinii 0T MOJISTPHOTO yIJia IIPH
MOJIEJINPOBAHNE 0e3 ydera MOBPEXJIECHHOCTH U B CJIydae ydueTa HAKOIJIEHHUS I10-
BpexieHnii. Bpto 1moJiydeHo, 4To deM OO0JIbIlle HAKJIOH TPEIIUHBI, TeM MEHbIIIEe
MHUHUMAJbHOE 3HatMeHue CIonrHocTu. CpaBHEHNE pacripese/eHnil Hamps KeHnH
n nedopMaliyii, HOCTPOEHHBIX B PE3YIIBLTATE MOJIEJIMPOBAHUS [T0JI3y4eCTH 0e3 yde-
Ta IOBPEXKJICHHOCTA U C €€ y4eTOM, II0Ka3aJIo, YTO HaJW4he ITOBPEXK/ICHHOCTU
[IPUBOJIUT K MEHBIITUM 3HAYEHUSAM KOMIIOHEHT TE€H30pa HAIPs2KEHUil BOJIM3U Bep-
IIUHBI eI U OOJIBIINM 3HAYEHUIM JiepOPMAIUN 013y YECTH.

Konkypupytoniye nHTepechl. KOHKYpUDYIOINX NHTEPECOB HE UMEEM.

ABTOpCKUT BKJIAJT 1 OTBETCTBEHHOCTDb. Bce aBTOpPHI IpUHUMAJIN yYacTHe B pa3pa-
6OTKE KOHIIEIIUU CTAThU U B HAIUCAHUY PYKOMUCH. ABTOPBI HECYT MOJIHYIO OTBETCTBEH-
HOCTh 3a IIPEJIOCTABJIEHNe OKOHYATEJbHOM pyKonucH B medarh. OKoHYATENbHAS BEpCHUs
pyxomucu 6bL1a 0100peHa BCeMn aBTOPaMU.

®unancupoBaHue. llccieioBanne BBIIOJHEHO 3a cdeT rpanta Poccuiickoro nay<THOro
donma Ne 21-11-00346, https://rscf.ru/project/21-11-00346/.
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Parametric analysis of the stress-strain and continuity fields
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Abstract

The subject of this study is the analysis of the stress-strain and continuity
fields in the proximal nearness of the crack tip, which is in creep regime
conditions with due regard for the accumulation of damage. The aim of the
work is to conduct computer finite element modeling of uniaxial stretching of
a two-dimensional plate with a central crack under creep conditions and to
analyze the continuity field around the crack tip. The Bailey—Norton power
law of creep is used in numerical modeling. The simulation was performed in
the software multifunctional complex SIMULIA Abaqus. The analysis of the
circumferential apportionment of stresses, creep deformations and continuity
in the direct of the crack tip is carried out.

The power law of creep with the help of the user procedure UMAT (User
Material) of the SIMULIA Abaqus package was supplemented by the kinetic
equation of damage accumulation of Kachanov—Rabotnov in a related for-
mulation. The UMAT subroutine has many advantages in predicting material
damage and allows you to work with materials that are not in the Abaqus
materials library. The UMAT subroutine is called at all points of the material
calculation and updates the stresses and state variables depending on the
solution to their values at the end of the increment. After that, the updated
elements of the Jacobi matrix are calculated.
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Chapliy D. V., Stepanova L. V., Belova O. N.

Stress, strain and continuity distributions under creep conditions are
gained, considering the damage accumulation of over time. Angular distri-
butions of continuity, stresses and deformations are constructed using the
Matplotlib library over time at various distances from the crack tip. The ob-
tained angular distributions of the stress and strain tensor components are
compared when modeling without taking into account damage and when
taking into account damage accumulation. It is shown that the presence of
damage leads to large values of creep deformations and lower stresses.

Keywords: creep, damage, user procedure UMAT, SIMULIA Abaqus, stress
fields, strain fields, crack.

Received: 10" March, 2023 / Revised: 24" August, 2023 /
Accepted: 19" September, 2023 / First online: 27" September, 2023

Competing interests. We have no competing interests.

Authors’ contributions and responsibilities. All authors were involved in developing
the concept of the article and writing the manuscript. The authors take full responsibility
for submitting the final manuscript for printing. The final version of the manuscript has
been approved by all authors.

Funding. The research was funded by the Russian Science Foundation grant no. 21-11—
00346, https://rscf.ru/en/project/21-11-00346/.

References

1.

10.

11.

528

Kachanov L. M. Time of the rupture process under creep conditions, Izv. Akad. Nauk. SSSR,
Otd. Tekhn. Nauk, 1958, no. 8, pp. 26-31 (In Russian).

Rabotnov Yu. N. On a mechanism of delayed failure, In: Voprosy prochnosti materialov i
konstruktsii [Questions of Strength of Materials and Construction]. Moscow, USSR Academy
of Sci., 1959, pp. 5-7 (In Russian).

Kachanov L. M. Teoriia plastichnosti [Creep Theory|. Moscow, Fizmatlit, 1960, 455 pp. (In
Russian)

Rabotnov Yu. N. Creep Problems in Structural Members, North-Holland Series in Applied
Mathematics and Mechanics. Amsterdam, London, North-Holland Publ., 1969, ix+822 pp.
Lokoshchenko A. M., Fomin L. V., Teraud W. V., et al. Creep and long-term strength of
metals under unsteady complex stress states (Review), Vestn. Samar. Gos. Tekhn. Univ.,
Ser. Fiz.-Mat. Nauki [J. Samara State Tech. Univ., Ser. Phys. Math. Sci.], 2020, vol. 24,
no. 2, pp. 275-318 (In Russian). EDN: 0QCCVC. DOI: https://doi.org/10.14498/vsgtul765.
Meng Q., Zhenqging H. Creep damage models and their applications for crack growth analysis
in pipes: A review, Eng. Fract. Mech., 2019, vol. 205, pp. 547-576. DOI: https://doi.org/
10.1016/j .engfracmech.2015.09.055.

Meng L., Chen W., Yan Y., et al. Modelling of creep and plasticity deformation consid-
ering creep damage and kinematic hardening, Eng. Fract. Mech., 2019, vol. 218, 106582.
DOI: https://doi.org/10.1016/j.engfracmech.2019.106582.

Murakami S. Continuum Damage Mechanics. A Continuum Mechanics Approach to the
Analysis of Damage and Fracture. Dordrecht, Springer, 2012, xxx+402 pp. DOI: https://
doi.org/10.1007/978-94-007-2666-6.

Riedel H. Fracture at High Temperatures. Berlin, Heidelberg, Springer-Verlag, 1987, 418 pp.
Wen J.-F., Tu S.-T., Gao X.-L., Reddy J. N. Simulations of creep crack growth in 316
stainless steel using a novel creep-damage model, Eng. Fract. Mech., 2012, vol. 98, pp. 169—
184. DOI: https://doi.org/10.1016/j.engfracmech.2012.12.014.

Rabotnov Yu. N. Vwedenie v mekhaniku razrusheniia [Introduction to the Mechanics of
Destruction|. Moscow, Nauka, 1987, 80 pp.


https://rscf.ru/en/project/21-11-00346/
https://elibrary.ru/OQCCVC
https://doi.org/10.14498/vsgtu1765
https://doi.org/10.1016/j.engfracmech.2015.09.055
https://doi.org/10.1016/j.engfracmech.2015.09.055
https://doi.org/10.1016/j.engfracmech.2019.106582
https://doi.org/10.1007/978-94-007-2666-6
https://doi.org/10.1007/978-94-007-2666-6
https://doi.org/10.1016/j.engfracmech.2012.12.014

Parametric analysis of the stress-strain . ..

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Boyle J. T., Spence J. Stress Analysis for Creep. Glasgow, Scotland, Butterworth-Heine-
mann, 1983, viii+283 pp. DOI: https://doi.org/10.1016/C2013-0-00873-0.

Shlyannikov V. N.; Tumanov A. V. Force and deformation models of damage and fracture
during creep, Phys. Mesomech., 2018, vol. 21, no. 3, pp. 70-85 (In Russian). EDN: XRGSGD.
DOI: https://doi.org/10.24411/1683-805X-2018-13008.

Shlyannikov V. N.; Tumanov A. V. Creep damage and stress intensity factor assessment for
plane multi-axial and three-dimensional problems, Int. J. Solids Structures, 2018, vol. 150,
pp. 166-183. EDN: XWIKMX. DOI: https://doi.org/10.1016/j.ijsolstr.2018.06.009.
Stepanova L. V. Computational simulation of the damage accumulation processes in cracked
solids by the user procedure UMAT of Simulia Abaqus., PNRPU Mechanics Bulletin, 2018,
no.3, pp. 71-86 (In Russian). EDN: YLJEXZ. DOI: https://doi.org/10.15593/perm.mech/
2018.3.08.

Astaf’ev V. L., Radaev Iu. N., Stepanova L. V. Nelineinaia mekhanika razrusheniia [Non-
linear Fracture Mecahics]. Samara, Samara Univ., 2001, 632 pp. (In Russian). EDN: RVXEBX.
Wu Y., Li G., Tan F., et al. Research on creep damage model of high alumina bricks,
Ceramics Int., 2022, vol. 48, no. 19, Part A, pp. 27758-27764. DOI: https://doi.org/10.
1016/j.ceramint.2022.06.076.

Stewart C. M. A Hybrid Constitutive Model for Creep, Fatigue, and Creep-Fatigue Damage,
Ph.D. Dissertation. Orlando, Florida, University of Central Florida, 2013. https://stars.
library.ucf.edu/etd/2789/.

Liu L. Y., Murakami S. Damage localization of conventional creep damage models and
proposition of a new model for creep damage analysis, Eng. Fract. Mech., 1998, vol. 41,
no. 1, pp. 57-65. DOI: https://doi.org/10.1299/jsmea.41.57.

Vanaja J., Laha K., Mathew M. D. Effect of tungsten on primary creep deformation and
minimum creep rate of reduced activation ferritic-martensitic steel, Metall. Mater. Trans. A,
2014, vol. 45, no. 11, pp. 5076-5084. DOI: https://doi.org/10.1007/s11661-014-2472-1.
Ro U., Kim S., Kim Y., Kim M. K. Creep-fatigue damage analysis of modified 9Cr—1Mo
steel based on a Voronoi crystalline model, Int. J. Pressure Vessels Piping, 2021, vol. 194,
Part B, 104541. DOI: https://doi.org/10.1016/j.ijpvp.2021.104541.

Dyson B. Use of CDM in materials modeling and component creep life prediction,
J. Pressure Vessel Technol., 2000, vol.122, no.3, pp. 281-296. DOI: https://doi.org/
10.1115/1.556185.

Abdel Wahab M. M., Ashcroft I. A., Crocombe A. D., Shaw S. J. Prediction of fa-
tigue thresholds in adhesively bonded joints using damage mechanics and fracture me-
chanics, J. Adh. Sci. Techn., 2001, vol.15, no.7, pp. 763-781. DOI: https://doi.org/
10.1163/15685610152540830.

He Q., Wu F., Gao R. Nonlinear creep-damage constitutive model of surrounding rock in
salt cavern reservoir, J. Energy Storage, 2022, vol. 55, Part B, 105520. DOI: https://doi.
org/10.1016/j.est.2022.105520.

Dummer A., Neuner M., Hofstetter G. An extended gradient-enhanced damage-plasticity
model for concrete considering nonlinear creep and failure due to creep, Int. J. Solids Struct.,
2022, vol. 243, 111541. DOI: https://doi.org/10.1016/3.ijsolstr.2022.111541.

Belova O. N., Chapliy D. V., Stepanova L. V. Application of the UMAT subroutine for
solving continuum mechanics problems (Review), Vestn. Samar. Univ., Estestvennonauchn.
Ser., 2021, vol. 27, no. 3, pp. 46-73 (In Russian). EDN: STPKCU. DOI: https://doi.org/10.
18287/2541-7525-2021-27-3-46-73.

Ilin V. N., Mordashov S. V., Pusach S.V. Laws of creep for computation of fire resi-
sance for steel equipment, Technology of Technosphere Safety, 2008, no.6, 10 (In Russian).
EDN: MSMCAF.

529


https://doi.org/10.1016/C2013-0-00873-0
https://elibrary.ru/XRGSGD
https://doi.org/10.24411/1683-805X-2018-13008
https://elibrary.ru/XWIKMX
https://doi.org/10.1016/j.ijsolstr.2018.06.009
https://elibrary.ru/YLJEXZ
https://doi.org/10.15593/perm.mech/2018.3.08
https://doi.org/10.15593/perm.mech/2018.3.08
https://elibrary.ru/RVXEBX
https://doi.org/10.1016/j.ceramint.2022.06.076
https://doi.org/10.1016/j.ceramint.2022.06.076
https://stars.library.ucf.edu/etd/2789/
https://stars.library.ucf.edu/etd/2789/
https://doi.org/10.1299/jsmea.41.57
https://doi.org/10.1007/s11661-014-2472-1
https://doi.org/10.1016/j.ijpvp.2021.104541
https://doi.org/10.1115/1.556185
https://doi.org/10.1115/1.556185
https://doi.org/10.1163/15685610152540830
https://doi.org/10.1163/15685610152540830
https://doi.org/10.1016/j.est.2022.105520
https://doi.org/10.1016/j.est.2022.105520
https://doi.org/10.1016/j.ijsolstr.2022.111541
https://elibrary.ru/STPKCU
https://doi.org/10.18287/2541-7525-2021-27-3-46-73
https://doi.org/10.18287/2541-7525-2021-27-3-46-73
https://elibrary.ru/MSMCAF

Vestn. Samar. Gos. Tekhn. Univ., Ser. Fiz.-Mat. Nauki
|[J. Samara State Tech. Univ., Ser. Phys. Math. Sci.], 2023, vol. 27, no. 3, pp. 530-543
ISSN: 2310-7081 (online), 1991-8615 (print) d  https://doi.org/10.14498/vsgtul968

OfzetiO

MSC: 35C10, 76D05, 35G20

Inhomogeneous Couette flows for a two-layer fluid

N. V. Burmasheva'?, E. A. Larina'?,
E. Yu. Prosviryakov'?3

1 Ural Federal University named after the first President of Russia B. N. Yeltsin,
19, Mira st., Ekaterinburg, 620002, Russian Federation.
Institute of Engineering Science, Ural Branch of RAS,
34, Komsomolskaya st., Ekaterinburg, 620049, Russian Federation.
3 Udmurt Federal Research Center, Ural Branch of RAS,
34, T. Baramzina st., Izhevsk, 426067, Russian Federation.

2

Abstract

The paper presents a new exact solution to the Navier—Stokes equa-
tions which describes a steady shearing isothermal flow of an incompressible
two-layer fluid stratified in terms of density and/or viscosity, the vertical
velocity of the fluid being zero. This exact solution belongs to the class of
functions linear in terms of spatial coordinates, and it is an extension of the
classical Couette flow in an extended horizontal layer to the case of non-
one-dimensional non-uniform flows. The solution constructed for each layer
is studied for the ability to describe the appearance of stagnation points
in the velocity field and the generation of counterflows. It has been found
that the flow of a two-layer fluid is stratified into two zones where the fluid
flows in counter directions. It is also shown that the tangential stress tensor
components can change their sign.

Keywords: stratified viscous fluid, exact solution, field stratification, coun-
tercurrent.
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Inhomogeneous Couette flows for a two-layer fluid

Introduction. The Couette flow is one of the first examples of an exact so-
lution to the Navier—Stokes equations [1-3]. It describes the isobaric flow of a
viscous incompressible fluid, which is induced due to the motion of one or both
boundaries of an infinite horizontal fluid layer. Recall that the steady Couette flow
is described by a linear velocity profile, and this has predetermined the popularity
of this solution in the theory of hydrodynamic stability for studying secondary
flows generated by different disturbance classes. There is an interesting observa-
tion for the unsteady Couette flow. It is described by the simplest linear parabolic
equation having a general solution to an extensive class of functions |2, 3|. Thus,
the first and second Stokes problems are described by the non-stationary Couette
profile, and they are its particular case 2, 3].

Besides studying the hydrodynamic stability of the Couette flow for a viscous
incompressible fluid, there are various modifications of the exact Couette solution
for regions without plane symmetry. Note that there exists the well-known exact
Taylor—Couette solution on the fluid flow in the gap between coaxial cylinders
[2,4-8], as well as the solution describing isobaric fluid flow on a sphere [9,10]. The
Couette flow is fundamental in the study of fluids with non-Newtonian properties
[11,12]. The three-dimensional Couette flow, which is potential and non-isobaric,
has been recently exemplified [13].

It is difficult to study Couette flows, different from unidirectional ones, since
the reduced Navier—Stokes system becomes overdetermined [14-17]. The overde-
termined Navier—Stokes equation system describing two-dimensional flows of vis-
cous fluids began to be studied in [17], a complete list of exact solutions for
two-dimensional hydrodynamics being given in [18]. An example of a nontrivial
exact solution to the Navier—Stokes equation system for incompressible fluids with
nonstationary and steady two-dimensional velocity fields depending on three co-
ordinates was found in [15,16]. The first exact solution describing the non-uniform
Couette flow was constructed in the class of solutions for velocities linearly de-
pendent on two coordinates (the Lin—Sidorov—Aristov family) [19-21|. The studies
along this line were continued and summarized in [16].

This paper studies a boundary value problem for 2.5D Navier—Stokes equa-
tions, which describes steady flows of a two-layer fluid. The study is based on the
exact solution of the Navier-Stokes equations for incompressible fluids [15, 16|,
which was constructed by functional variable separation. It was shown in [22] that
the exact solutions found in [15,16] and describing non-uniform Couette flows can
be used to describe isobaric multilayer fluids. It was reported in [15,16] that exact
solutions with a velocity field linear in coordinates describe equatorial countercur-
rents in the World Ocean [2,15,21]. Multilayer fluids are often used to model large
oceanic flows [2,21]. In [22] it was found useful to extend the study of boundary
value problems of steady flows from single-layer streams [15,16] to multilayer flu-
ids. This should be done in order to have a store of exact solutions for studying
the hydrodynamic stability of flows, for comparing model representations with
natural observations, and most importantly to understand the applicability of the
substitution of continuous density stratification by a discrete saltus function.

1. Problem Statement. Consider a steady flow of a viscous two-layer fluid
in an extended horizontal layer. We denote the lower layer by the subscript “1” and
the upper one by “2”. Each of the two layers of the two-layer fluid can have its own
thickness (hy and hg, respectively, see Fig. 1), density (p; and p2), and viscosity
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Figure 1. The scheme of a two-layer fluid

(m and 72). Note that the heavier phase is located below in density-stratified
fluids, i.e., p1 > po.

It is assumed here that the flow takes place at a constant temperature and in
the absence of external forces, except for gravity. The sum of pressure (ratioed
to density) and the gravity potential is constant through the flow; therefore, the
gradient of this sum, entering the Navier—Stokes equations, is zero. The steady
flow of fluids of this type is described by two systems of nonlinear equations
(each layer is described by its own system) consisting of the vector Navier—Stokes
equation and the scalar incompressibility equation [22-24]:

p (VO V)V =g avl v vl = (1)
p2 (VA V)IVE = ppAv® v.vE@ =, (2)

Systems (1), (2) have the following notations: V(1 = ( gc(l),Vy(l), 2(1)) and
v = (Vm@), Vy@), VZ@)) are the vector velocity fields for the lower and upper
layers, respectively; V. = (9/0x,0/0y,0/0z) is the Hamilton operator; A =
(0% /022 +0%/9y*+0?/02?) is the Laplace operator; (V, V) = (V,0/dx+V,0/dy+
V,0/0z) is a convective derivative. Note that both system (1) and system (2) are
overdetermined, i.e., the required velocities Vx(z), Vy(l) for each layer must satisfy
three scalar equations (the third Navier—Stokes equation is fulfilled identically
since a flow with zero vertical velocity is considered). Note that the equations
V-VW =0 and V-V® = 0 (velocity divergence is zero) is termed in two
ways in the scientific literature. They are termed the continuity equation in the
physical literature and the incompressibility equation in the hydrodynamic liter-
ature [25,26].

In what follows, the solution of systems (1), (2) is sought in the form of
functions linearly dependent on one of the horizontal coordinates [22—24]:

VoW = uM () + MV (2)y, Vy(l) =vW(z); (3)
Ve = u@(2) +u®(2)y, Vy(2) =V (z). (4)

For the class (3), (4) the incompressibility equation in systems (1), (2) is sat-
isfied identically. This circumstance dismantles the problem of overdetermination
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of systems (1) and (2), i.e., each system is now reduced to finding two projections
of the velocity vector from two ordinary differential equations (projections of the
Navier—Stokes equation onto the axes Oz and Oy):

prV Dl = g (@ a0 (5)
" " "
pVOu® = (" 0@y V@ =0, (6)
Hereinafter, the double prime marks derivation with respect to the vertical coor-

dinate z. In view of the independence of the spatial coordinates x and y of the
selected Cartesian system, equations (5) and (6) can be represented as

u(l)” =0, V(l)” =0, u(l)” — ﬂv(l)u(l); (7)
m
u(2)” =0, V(2)” =0, u(2)” — %V@)u@). (8)

The first two equations in both system (7) and system (8) are isolated, and the
solution of the third equations in these systems is the last to be found. Double
integration of systems (7) and (8) results in their general solution

GO C) JUSp ) IRV BN C) PR V)

uV = 1;17 (224 + 2(c, Ve @ + ;W) 28 + 6, Vo D 22) +
1

+ 8z + 85 (9)

u® = % (02(2)a2(2)z4 + 2(02(2)a1(2) + 01(2)a2(2))23 + 661(2)041(2)22)—1—
2

+ 8Pz 4+ 53 (10)

The solutions represented by equations (9) and (10) are polynomial, the highest
degree of these polynomials corresponds to expressions for velocities U L, U@,
and this is attributable to the sequence of integration of the equations in sys-
tems (7) and (8). The constants cgl), 02(2), agl), az(?), ,Bi(l) and 552) (1 =1,2) in the
exponential solutions (9) and (10) must be found from the boundary conditions;
therefore, it is necessary to formulate twelve conditions for the determination of
these values.

2. Boundary Conditions. Since the vertical fluid velocity is assumed to be
zero, the fluids of the different layers do not intermix in the shear flow under
study. In other words, the interlayer boundary (the boundary z = hj) is here
considered to be rigid (Fig. 1). For convenience, in what follows, h = hy + ho.

Assume that a no-slip condition is set at the lower boundary z = 0 [15]:
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Taking into account the representation (3), (4), we arrive at three conditions
uMo)y=0, «P0)=0, vB©O) =o0. (11)
A velocity field (wind effect) is set at the upper boundary z = h [15]:

V.2 (h) = W cos ¢ + Qy, Vy@)(h) = Wsinp.

Here, Q2 is the horizontal gradient of the velocity VQC(Q) (spatial acceleration) at the
upper boundary; W is the absolute value of the uniform velocity component at
the mobile boundary z = h of a two-layer fluid; ¢ is the angle between the uniform

velocity component ‘/;(2) and the axis Ox. Taking into account representation (4),
we obtain three more conditions

UD(h) =Wcosp, uP(h)=9Q, VP(h)=Wsine. (12)

Besides, it is required that two additional conditions be met at the interlayer
boundary z = hy (conditions for “sewing together” the solutions for the two lay-
ers). They are

— the solution continuity condition for velocities

VIO (1) = VP (), VD (hy) = VD (h),

and taking into account the structure of classes (3) and (4), we have three
equalities

U (h) = U (h),  uV(hy) = u® (1), VW (k) =V (hy);  (13)
— the solution continuity condition for tangential stresses
() =72 (), 7D () = 752 (h).

As distinct from expressions (13) resulting (in view of the independence of the
spatial coordinates) directly from the condition of equality of the velocities at the
interlayer boundary, the case with the continuity condition for tangential stresses
is not as apparent, the continuity condition for the velocity field proves to be
insufficient. By the Newton law, the relation of the stress tensor components to
velocities is known,

avx@ av v, ® v | av.®
()+277 10 z( U(>) m( 8z() o ) (3),(4)
; (1) av av, av, O] ;
70 = i (%% 5—) —()+2iayy (e + %) | =
avz(ﬂ asz’) ov,( | av,® asz
Z( 0z + oy ) 'L( dy ayz ) ()+2
(@)
—p® mu(l) niia‘gz(_)
; ; av, (i
— ,rhu(l()) _p(z()‘) i é)yz ,
i ov, (¢ ;
Ul el
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where p(¥) is hydrostatic pressure (the pressure of a moving fluid column, depend-
ing not only on the transverse coordinate, i.e. changing only with depth, similarly
to the main equation of hydrostatics) in the layer under study. This representa-
tion of the stress tensor can easily yield the following equivalent of the continuity
condition for tangential stresses:

du® du® du® du®
n dz z=h1 — e dz Z:hl7 n dz z=h1 e d z:h17
dv(® av®

n dZ ‘Z:h1 — e dZ Z:h1‘

Thus the boundary value problem (9)—(14) becomes closed.

3. An Exact Solution to the Boundary Value Problem. Conditions (11)—
(14) allow us to find a particular solution to systems (7), (8) for each layer, which
would meet the selected boundary conditions:

hn982
W (7 — LA 15
u
( ham + hina (15)
hnoW sin ¢
vO(zy= 2727 % 16
2) ham + hina (16)
W Z

ul(Z) = [Qp175 (hamy + hina)h® sin 9 Z°+

1201 (hamy + hane)®
+12mm2(hamt + hanz)® cos o — Qsin p(4hShamin3 1 + hinsp1+
+hin}p2 + AhaB3n3naps + 6h1h2771772/72)}7 (17)

OZ) = — L (nZ 4 il — 18
u b
( ham + hin2 (hn 1(m —m)) (18)
W sin ¢
vO(Z) = I G 7 4 b — ), 19
( ham + hina (i 12 = m)) (19)

ul?(Z) = s{h*n5 (ham + hinz) paSdsin 2" —

12n2(ham + hine)
—4hPhami (m — n2) (hamt + hanp) paQsin 9 Z°+
+6h2h3 (m — n2)* (ham + hino) p2Qsin 2%~
—hZ[(=3hin3p1 + (ha(4R3 + h3)ni + 4hy (K3 — 3hihg + h3)mama+
+6h3 (—2h7 + 2h1ha + h3)mns + 12h1n3) p2) Qsin p—
—12mm2(hom + hana)? cos o]+
—ha(hy + ho)W sin o (3hin3p1 — hihani p2 + hahinipa — hin}pa—
—hinsnap2 + Shihatsnepa(hn — ha) + h3maiaps + 4himi p2—
—10h3 hamni pa + 4hihsmns pa + 6hin5 pa(he — b))
—12h1(n1 — m2)n2(ham + han)? cos o} (20)
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Solutions (15)—(20) involve the substitution Z = z/h € [0,1]. The motion of the
lower layer (Z € [0;hy/h]) is described by expressions (15)—(17). The values of
Z € [h1/h;1] correspond to the other (upper) layer, where the flow velocity is
determined by solutios (18)—(20).

It is of interest that, despite seemingly simple structure of boundary condi-
tions (11), (12) and velocity field representation (11), (12), the obtained solu-
tion (15)—(20) depends on the parameters of the boundary problem under study
and the physical characteristics of the fluid in an extremely non-trivial way. There-
fore, in a general form, it is impossible to make any conclusions about the effect
of a specific parameter on the structure of the final solution. First of all, this con-
cerns the uniform components U™ and U®). The only conclusion (fairly obvious)
that can be made concerns the effect of the values of W and 2 on the value of
velocity in the Oy direction (the velocities V(1) and V) and the non-uniform
velocity component along the Oz axis (the spatial gradients u® and u(Z)) since
functions (15), (16) and (18), (19) depend in direct proportion on these parame-
ters.

Note also that, when W = 0, the velocity field determined by solutions (15)-
(17) and (18)-(20) assumes a trivial form; therefore, it is considered hereinafter
that W # 0.

Besides, note that the functions v and u(® become zero when Q = 0, i. e., we
obtain an extension of the classical Couette flow to a non-one-dimensional case.
The velocities V(1) and V() become zero only if sin¢ = 0. In this case, there is a
unidirectional flow along the Ox axis with a non-uniform velocity distribution. In
addition, the exact solutions for the components u(!) and V(1) are linear functions
of Z, whose zero is only the point Z = 0. The stagnation (zero) points of the fluid
are of particular importance due to the fact that both simply flow suppression
and flow reversal (the appearance of counterflows) are possible at these points.

4. Analysis of the Exact Solution for the Lower Layer. Expression (17)
for velocity U can be written as

1201 (o + hame)®

[aZ3 + 1], (21)

where the following nomenclature is introduced:
a = Qp1n3(hany + hin)h3 sin @, b= 12mmn2(hom + h1n2)2 cos p—

—Qsin p(4hShamnzpy + hinspr + hani p2 + 4hihin3naps + 6hTh3mmnspa).

The case a = 0 in Eq. (21) is not discussed here due to its triviality. Assume
further that a # 0, then the velocity U™ becomes zero inside the layer under
study only if the point Zy = — W falls within this layer. The latter condition
is equivalent to the fulfillment of the inequality

b(ah? 4 bh3) < 0.

The corresponding velocity profiles U1 are shown in Figs. 2 and 3. These figures
show the value of angular velocity, corresponding to the first Coriolis parameter,
for the equatorial zone of the World Ocean (the latitude is w/12 rad).
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O frmmmrm e
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0 2 4 6 8 1.0 U, m/s

Figure 2. The U-velocity profiles (the dashed line UM for the lower layer and the solid line U®
for the upper layer) for W =10 m/s, ¢ = 7/12, hy = 0.4 m, hs = 0.6 m, Q = 1.4584-107° rad/s,
p1 = 1100 kg/m?, ps = 1057.6 kg/m?3, 1 = 1.7-107° Pa-s, 2 = 1.2-107° Pa s
Z
1.0

0.8

0.6
04 F

0.2

0 2 4 6 8 10 U,m/s

Figure 3. The U-velocity profiles (the dashed line UM for the lower layer and the solid line U®
for the upper layer) for W = 10 m/s, ¢ = 7/12, hy = 0.6 m, hs = 0.4 m, Q = 1.4584-107° rad/s,
p1 = 1100 kg/m?, po = 733.1 kg/m>, 1 = 1.7-107° Pa-s, 92 = 1.2-107° Pa-s

In view of the above notations, the tangential stress ng) is defined as
nin28dy

1 _ W '
hom + hina

= 4aZ3 +b) +
o 12(ham + hang

)3[

(1)

Note that, when W = 0, the tangential stress 7., assumes a constant value
(different for each section y). Therefore, it is further assumed that W # 0, and
(1)

hence the stress 7, can be represented as
hipmaQy
hont + hins
hW

= [4aZ3 + C], (22)
12(ham + hame)®

Tz [4CLZS + b] +
12(hamy + hine)®

where C' denotes the following expression:

12012 (ham + hane)*Qy
7 .

C=b+

Note that the structure of expression (22) is similar to formula (21). Hence, by
analogy with the analysis of the expression (21), it follows that, when a # 0, the
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(1)

stress 7, becomes zero only at one point inside the layer, namely at the point

Z = —3/C/(4a). This value belongs to the interval of interest only if
C(4ah} + Ch?) < 0.

Thus, the profile of the tangential stress represented by expression (22) is defined
by a cubic parabola, which cannot have more than one point in common with the
0Z axis (Figs. 4 and 5). The profiles of the tangential stress 7., in Figs. 4 and 5
are constructed for those values of the boundary conditions, layer thicknesses, and
physical fluid parameters for which a calculation is made and presented in Figs. 2
and 3, respectively.

Z
1.0

0.8
0.6

O

§.2

—0.01 0 001 002 003 004 005 0.06 7, kg/(m-s?)

Figure 4. The profile of the stress 7. (the dashed line 72 for the lower layer and the solid
line 72 for the upper layer) for W = 10 m/s, ¢ = 7/12, h1 = 04 m, hs = 0.6 m, Q =
1.4584-107° rad /s, p1 = 1100 kg/m?®, p2 = 1057.6 kg/m?> 1 = 1.7-107° Pa-s, n2 = 1.2-107° Pa-s

04} .

0.2

0 0.01 0.02 0.03 0.04 0.05 7oz, kg/(m - s?)

Figure 5. The profile of the stress 7o, (the dashed line ng? for the lower layer and the solid
line 72 for the upper layer) for W = 10 m/s, ¢ = w/12, hy = 0.6 m, ho = 0.4 m, Q =
1.4584-107° rad/s, p1 = 900 kg/m? p» = 733.1kg/m® n = 1.7-107° Pa-s, 2 = 1.2-107° Pa-s

Note that, in view of the structure of solutions(16) and (19), the tangential
stress 7,, assumes a constant value determined by the problem parameters:

dv ™ _ @dv(l) _ nineW sin ¢ L@
dz h dZ ~ hop+hipp

ngi) =m

5. Analysis of the Exact Solution for the Upper Layer. The expres-
sion(20) for the velocity U?) can be represented as

@ = L kZ* +nZ° +mZ* + qZ +
u n m .
1212 (ham + h1ﬁ2)3[ ! ]
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The coefficients k, n, m, ¢ and r can be easily written from exact solution (20).
Let us now study the properties of the tangential stress defined by the velocity

Vz(z). Using the above notations, we obtain

hm Q2
2= 2{ W 514kZ° + 3072+ 2mZ + g+ — L.
h L1205 (ham + hana) hany + hine
Note that, when W = 0, the stress Tg) assumes a constant (through the se-

lected section) value, hence the stratification of this field does not occur. In the

(2)

assumption that W £ 0, the stress 75, can be represented as

W
@ - 2 . {4kZ3 + 3022 + 2mZ + ¢+

h 12n5(hom + hang)

n 12hmima(hom + hlﬂQ)QQy}
W b

and this illustrates stratification on the change in the sign of the tangential stress
(2)

relative to the Z-coordinate. The examples of the tangential stress 7>’ corre-
sponding to this solution are given in Figs. 4 and 5.

Conclusion. The problem describing the isothermal flow of a viscous incom-
pressible two-layer fluid in a horizontal layer has been studied. The properties
of the layers differ in thickness, density and/or viscosity. An exact solution has
been obtained to describe velocities in each of the layers for a set of boundary
conditions describing no-slip of the fluid at the lower boundary of the fluid flow
region under study and the non-uniform effect of wind at the upper boundary
of this region. At the boundary between the layers of the two-layer fluid, it was
required that the velocities and stresses be equal. The analysis of the obtained
solution for the layers has shown that this exact solution is able to describe the
appearance of reverse flow zones and stratification of the tangential stress field.

Competing interests. Authors declare that they have no competing interests.

Authors’ contributions and responsibilities. Each author has participated in the
development of the concept of the article and in the writing of the manuscript. The
authors are absolutely responsible for submitting the final manuscript in print. Each
author has approved the final version of the manuscript.

Funding. The study received no funding.

References

1. Couette M. Etudes sur le frottement des liquids, Ann. de Chim. et Phys. (6), 1890, vol. 21,
pp- 433-510 (In French).

2. Drazin P., Riley N. The Navier—Stokes equations: A classification of flows and exact solu-
tions, London Mathematical Society Lecture Note Serie, vol.334. Cambridge, Cambridge
Univ. Press, 2006, x+196 pp. DOI: https://doi.org/10.1017/CB09780511526459.

3. Aristov S. N., Knyazev D. V., Polyanin A. D. Exact solutions of the Navier—Stokes equations
with the linear dependence of velocity components on two space variables, Theor. Found.
Chem. Eng., 2009, vol. 43, no. 5, pp. 642—662. EDN: LPGJRJ. DOI: https://doi.org/10.1134/
S0040579509050066.

539


https://doi.org/10.1017/CBO9780511526459
https://elibrary.ru/LPGJRJ
https://doi.org/10.1134/S0040579509050066
https://doi.org/10.1134/S0040579509050066

Burmasheva N. V., Larina E. A., Prosviryakov E. Yu.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

540

Taylor G. I. Stability of a viscous liquid contained between two rotating cylinders, J. Phil.
Trans. Royal Society A, 1923, vol. 102, no. 718, pp. 541-542. DOI: https://doi.org/10.
1098/rsta.1923.0013.

Shlikhting G. Teoriia pogranichnogo sloia [Boundary-Layer Theory|. Moscow, Nauka, 1974,
712 pp. (In Russian)

Ilin K. I., Morgulis A. B. Critical curves for the Couette—Taylor throughflow, Izv. Vuzov.
Severo-Kavkazskii Reg. Natural Sci., 2019, vol. 1, pp. 10-16 (In Russian). EDN: ZBZEWT.
Devisilov V. A., Sharay E. Yu. Hydrodynamic filtration, Safety in Technosphere, 2015, vol. 4,
no. 3, pp. 68-80 (In Russian). EDN: TZKMCL. DOI: https://doi.org/10.12737/11885.
Lebiga V. A., Zinoviev V. N.; Pak A. Yu., Zharov I. R. The circular gap Couette flow
modeling, Vestn. Novosib. Gos. Univ. Ser. Fizika, 2016, vol. 11, no. 4, pp. 52-60 (In Russian).
EDN: XRUKWH.

Astaf’ev N. M. Structures formed in a rotating spherical layer under the influence of condi-
tions simulating global heat fluxes in the atmosphere, Sovr. Probl. DZZ Kosm., 2006, vol. 3,
no. 1, pp. 245256 (In Russian). EDN: NDPOWR.

Belyaev Yu. N., Monakhov A. A., Yavorskaya I. M. Stability of spherical Couette flow in
thick layers when the inner sphere revolves, Fluid. Dyn., 1978, vol. 13, no. 2, pp. 162-168.
DOI: https://doi.org/10.1007/BF01091664.

Puhnachev V. V., Puhnacheva T. P. The Couette problem for a Kelvin—Voigt medium,
J. Math. Sci., 2012, vol. 186, no. 3, pp. 495-510. EDN: RGHYXH. DOI: https://doi.org/10.
1007/s10958-012-1003-0.

Skul’skiy O. 1., Aristov S. N. Mekhanika anomal’no viazkikh zhidkostei [Mechanics of Ab-
normally Viscous Fluids]. Moscow, Izhevsk, R&C Dynamics, 2003, 156 pp. (In Russian).
EDN: OWGAFL.

Prosviryakov E. Yu. Exact solutions for three-dimensional potential and vorticity Couette
flows of an incompressible viscous fluid, Vestnik natsional’nogo issledovatel’skogo yadernogo
universiteta "MIFI", 2015, vol. 4, no. 6, pp. 501-506. EDN: VLRBSB. DOI: https://doi.org/
10.1134/S2304487X15060127.

Aristov S. N., Prosviryakov E. Yu. On laminar flows of planar free convection, Nelin. Dinam.,
2013, vol. 9, no. 4, pp. 651-657 (In Russian). EDN: SAHAZJ.

Aristov S. N., Prosviryakov E. Yu. Inhomogeneous Couette flow, Nelin. Dinam., 2014,
vol. 10, no. 2, pp. 177-182 (In Russian). EDN: SHVJGX.

Zubarev N. M., Prosviryakov E. Yu. Exact solutions for layered three-dimensional
nonstationary isobaric flows of a viscous incompressible fluid, J. Appl. Mech. Tech.
Phys., 2019, vol. 60, no.6, pp. 1031-1037. EDN: VKJMMQ. DOI: https://doi.org/10.1134/
50021894419060075.

Berker R. Sur quelques cas d’intégration des équations du mouvement d’un fluide visqueuz
incompressible. Paris-Lille, Imprimerie A. Taffin-Lefort, 1936, 161 pp. (In French)

Shmyglevskii Yu. D. On isobaric planar flows of a viscous incompressible liquid, USSR
Comput. Math. Math. Phys., 1985, vol. 25, no. 6, pp. 191-193. DOI: https://doi.org/10.
1016/0041-5553(85)90030-8.

Lin C. C. Note on a class of exact solutions in magneto-hydrodynamics, Arch. Rational
Mech. Anal., 1957, vol. 1, no. 1, pp. 391-395. DOI: https://doi.org/10.1007/BF00298016.

Sidorov A. F. Two classes of solutions of the fluid and gas mechanics equations and their
connection to traveling wave theory, J. Appl. Mech. Tech. Phys., 1989, vol. 30, no. 2, pp. 197—
203. EDN: LZHPWE. DOI: https://doi.org/10.1007/BF00852164.

Aristov S. N. Eddy Currents in Thin Liquid Layers, Dr. Sci. [Phys.-Math.] Dissertation.
Vladivostok, 1990, 303 pp. (In Russian)

Burmasheva N. V., Prosviryakov E. Yu. Exact solutions to the Navier—Stokes equations
describing stratified fluid flows, Vestn. Samar. Gos. Tekhn. Univ., Ser. Fiz.-Mat. Nauki
[J. Samara State Tech. Univ., Ser. Phys. Math. Sci.], 2021, vol. 25, no.3, pp. 491-507.
EDN: JKXFDQ. DOI: https://doi.org/10.14498/vsgtul860.


https://doi.org/10.1098/rsta.1923.0013
https://doi.org/10.1098/rsta.1923.0013
https://elibrary.ru/ZBZEWT
https://elibrary.ru/TZKMCL
https://doi.org/10.12737/11885
https://elibrary.ru/XRUKWH
https://elibrary.ru/NDPOWR
https://doi.org/10.1007/BF01091664
https://elibrary.ru/RGHYXH
https://doi.org/10.1007/s10958-012-1003-0
https://doi.org/10.1007/s10958-012-1003-0
https://elibrary.ru/OWGAFL
https://elibrary.ru/VLRBSB
https://doi.org/10.1134/S2304487X15060127
https://doi.org/10.1134/S2304487X15060127
https://elibrary.ru/SAHAZJ
https://elibrary.ru/SHVJGX
https://elibrary.ru/VKJMMQ
https://doi.org/10.1134/S0021894419060075
https://doi.org/10.1134/S0021894419060075
https://doi.org/10.1016/0041-5553(85)90030-8
https://doi.org/10.1016/0041-5553(85)90030-8
https://doi.org/10.1007/BF00298016
https://elibrary.ru/LZHPWE
https://doi.org/10.1007/BF00852164
https://elibrary.ru/JKXFDQ
https://doi.org/10.14498/vsgtu1860

Inhomogeneous Couette flows for a two-layer fluid

23.

24.

25.

26.

Burmasheva N. V., Prosviryakov E. Yu. A large-scale layered stationary convection of a
incompressible viscous fluid under the action of shear stresses at the upper boundary. Tem-
perature and presure field investigation, Vestn. Samar. Gos. Tekhn. Univ., Ser. Fiz.-Mat.
Nauki [J. Samara State Tech. Univ., Ser. Phys. Math. Sci.], 2017, vol. 21, no. 4, pp. 736-751
(In Russian). EDN: YUGZXQ. DOI: https://doi.org/10.14498/vsgtul568.

Burmasheva N. V., Prosviryakov E. Yu. Studying the stratification of hydrodynamic fields
for laminar flows of vertically swirling fluids, Diagnostics, Resource and Mechanics of Mate-
rials and Structures, 2020, no.4, pp. 62-78. DOI: https://doi.org/10.17804/2410-9908.
2020.4.062-078.

Landau L. D., Lifshitz E. M. Fluid Mechanics, Course of Theoretical Physics, vol. 6. Oxford,
Pergamon Press, 1963, xii+536 pp.

Kochin N. K., Kibel I. A., Roze N. V. Theoretical Hydromechanics. New York, John Wiley
and Sons, 1964, v+577 pp.

541


https://elibrary.ru/YUGZXQ
https://doi.org/10.14498/vsgtu1568
https://doi.org/10.17804/2410-9908.2020.4.062-078
https://doi.org/10.17804/2410-9908.2020.4.062-078

Bectn. Cam. roc. texH. ya-rta. Cep. ®us.-mat. Hayku. 2023. T. 27, Ne 3. C.530-543
ISSN: 2310-7081 (online), 1991-8615 (print) d  https://doi.org/10.14498/vsgtulo68
EDN: YOWQMI

VK 532.5

Heoanopoauoe tedyenne KysaTTta ABYXCJIOWHON >KUJTKOCTH

H. B. Bypmawesa'?, E. A. Jlapuna'?,
E. FO. IIpoceupsaxos"?3

L Vpanbckuit benepabublii yHIBEPCHTET

uMmenu nepsoro I[Ipesugenrta Poccun B. H. Enbiuna,

Poccus, 620002, Exarepunbypr, yi. Mupa, 19.

Mucruryr mammuosenenus ¥ pO PAH,

Poccus, 620049, Exarepunbypr, yia. Komcomoinbckast, 34.
Vamyprekuii denepanbublii uccaenosareabckuii nearp ¥YpO PAH,
Poccus, 426067, Nxkesck, yn. T. Bapam3unoit, 34.

AHHOTaNNsA
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Abstract

The article is concerned with a further development of the Active Princi-
ple of parametric system identification in the class of linear, time-invariant,
completely observable models. As the identification target model, the opti-
mal Kalman filter (OKF) is designated that is present, no more than con-
ceptually, in the system’s discretely observed response to a training excita-
tion of the white noise type. By modifying the physically given structure
into the standard observable model in both the observed response and the
Adaptive Kalman Filter (AKF), a so-called Generalized Residual (GR) is
constructed equaling the mismatch between the adaptive and the optimal
filter state estimates plus an AKF-independent noise component. By virtue
of this modification, the GR mean square becomes a new model proximity
criterion for these filters. Minimizing this criterion via conventional practi-
cal optimization methods produces exactly the same result (AKF = OKF)
as would be obtained by minimizing the theoretical criterion being, unfortu-
nately, inaccessible to any AKF numerical optimization methods. The article
presents a detailed step-by-step procedure explaining the above solution in
terms of a parameterized transfer function. For the sake of clarity and for
stimulating real world applications of the approach, the article employs the
transfer function model of a twisted-pair line in a typical xDSL system. The
implementation challenges of theoretical provisions of the method are dis-
cussed. The issue of extending the proposed approach to the problems of
identifying linear models for nonlinear systems is outlined in the directions
for further research.

Keywords: LTI model, complete observability, Kalman filter, adaptive fil-
ter, indirect performance index, implementation challenges.
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Transfer function identification by minimizing the adaptive vs. optimal filter state estimates mismatch

1. Introduction. The theory and practice of system identification (SI) in
their more than half a century of history have received a powerful development
reflected in hundreds of thousands of scientific publications around the world. As
Gianluigi Pillonetto and Lennart Ljung note in their recent paper [1], ‘Despite
its long history, such research area is still extremely active.” Indeed, even in a
nonlinear setting, research is being done on how to deal with the presence of
nonlinear distortions in systems by using linear SI techniques [2].

The abundance of publications in this field signaled the need for some serious
cleanup work in order to single out the truly independent concepts. According
to Ljung, in SI there are two independent and universal key concepts: the choice
of a Parametric Model Structure, PMS, and the choice of a Model Proxzimity
Criterion, MPC, the latter is the criterion of fit indicating erroneousness of a
model with respect to a target [3|. Looking generally at what takes us in the
identification process from observed data to a validated model, there are four
main components: ‘(1) The data itself, (2) The set of candidate models, (3) The
suitability criterion, and (4) The validation procedure’ [4].

Indeed, at the heart of SI—or, in the modern Al terminology, of system math-
ematical model machine learning—is the principle of fitting the response data
of an adaptive predictive model to the data of the real system response, which
actually exists as a ‘black box,” under conditions of the same excitatory (learning
or training) input for them, by some predefined cost function. Nevertheless, the
question of interest remains: Given the PMS, HOW to use the available data to
predefine the MPC'?

In the ST community, the impressive Prediction Error Framework, PEF, [5]
reflects a generally accepted understanding of this issue. Such a view has been
expressed [6] on more than one occasion: ‘All existing parameter identification
methods can be seen as special cases of this prediction error framework.” At that,
existing PEF methods fit the adaptive model in the system response space, not
wn the state space. This is due to the fact that the useful concept of ‘state space’
is intended for purely theoretical work to formulate and minimize the system
model optimality criterion, which we call direct performance indexr, DPI. This
limiting feature is generated by the certainty that it is impossible to overcome the
obvious barrier, namely, the inaccessibility of state space elements in explicit form
and, hence, of DPI. In fact, DPI cannot be accepted as MPC for identification
algorithms.

Putting this barrier overcoming on the agenda, this article proposes an alter-
native solution to the HOW question posed above. That is, in formulating the
research question, the intention here is to form an Indirect Performance Index,
IPI, and then organize the minimization of IPI so that it is equivalent to mini-
mizing the discrepancy between the internal states of the adaptive model that is
available, and the internal states of the optimal model, which is only theoretically
known as Optimal Kalman Filter, OKF, but is not accessible because of param-
eter uncertainty and, moreover, is sought as the target result of the parametric
optimization of the Adaptive Kalman Filter, AKF.

Thus, the alternative approach considered in this paper should, as is conceiv-
able, minimize the discrepancy between the AKF and OKF state estimates. This
would be reasonable, since the notion of ‘state’ is intended to exhaustively charac-
terize the behavior of an object. Moreover, such minimization, if implemented in
practice, corresponds one-to-one to a theoretically optimal filter designing. This
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feature prevents the SI algorithm deviating from theoretical results of the OKF
design and, therefore, from the bias errors inherent in some other SI methods.

To make such a solution feasible, the real system observed output is repre-
sented as if it were generated by the desired but hidden from us optimal filter
rather than the given physically structured system. In the interest of realizing
such a conceptual vision, the system is supposed to be completely observable
to gain access to the ability to change the basis of the system’s internal states
formally without changing its input-output description, which is called the trans-
fer function, TF, in the class of linear time-invariant, LTI, systems the article
addresses to.

Building an LTI model for a dynamic system is usually being made either in
the frequency domain (by a TF) or in time domain (by differential or difference
equations) |7] to answer the challenge of reducing model uncertainty. The LTI SI
theory and practice have reached a high degree of maturity and are frequently used
in many disciplines where an object of interest exists, for example, in mechanical
[8], electrical [9], electronic [10], chemical [11], civil [12], and even in biomedical
[13, 14| applications. Besides, the point is that the object of interest for which
it is necessary to parameterize the model in the form of TF can be not real,
but fictitious. The most striking example of this is the construction of a dummy
filter forming a model stationary random process from a white-noise process,
which should approximate by its correlation function the experimental correlation
function of a real process in a real system. An example may be identification of a
parameterized instrumental errors model of a multi-component inertial navigation
system [15].

The novelty of this article is that it encourages the application of the ap-
proach in the real world where it has not previously been considered. As an
original example and for clarity, it uses the twisted-pair model in a typical Digital
Subscriber Line, xDSL system [16]. As known, there exists a computational cost
reduction challenge to solve the crosstalk precoding problem and this problem
cannot be solved without knowing the direct and cross channel TFs, DCTFs and
CCTFs [17]. There are several solutions to this engineering task in the literature of
recent years, to exemplify [18-23]. Most of them are similar in that they propose
to estimate channel TFs in the frequency domain, which is quite understandable
since TF itself is a function of signal frequency and is to be known for each tone
to eliminate the crosstalk phenomenon. Such methods of TF estimation narrow
the field of their possible application, reducing it to the xDSL technology, where
they are recognized to be effective. In contrast, this work proceeds from the fact
that the problem of TF estimation can be solved in a more general formulation,
considering it as a problem of parametric LTI model identification for a dynamic
system in the state space time domain.

This article addresses the following research issues.

@ First, we intend to overcome the obvious problem that the state vector of
a dynamical system is unattainable explicitely, or, put this differently, is
beyond of reach in a perfectly measured form, just as a signal disturbed by
noise in filtering problems is, by definition, immeasurable in a pure form. The
same applies to optimal state estimators, since the optimal filter remains
machine-unrealizable or, put it tentatively, covert in the mesurement data
until the necessary parameters are identified.

@ The solution to overcome this unattainability barrier in [24] considered indi-
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vidual cases of a’priori uncertainty level constraints under which the solution
works. We aim to show that this solution is in fact feasible with no limita-
tions on the size of a’priori parametric uncertainty of the system model. We
must make sure that this method of solution makes it universally applica-
ble under the only unencumbered condition: the LTI model under study is
completely observable and can be considered adequate to reality. We want
to show that this quality of solution is achievable by converting the model
into a standard observable form, SOF, to gain a solution in a computer-
implementable tool.

® As for common xDSL applications, we have to check whether it is possible
to use time-domain formulas instead of traditional frequency-domain for-
mulations to estimate the DCTFs or CCTFs, and show how to do so for any
frequency (or tone) of interest in the channel operating frequency range.

@ Further, to organize the computational process with its numerical robust-
ness and also to translate all decisions into a software design, reasonable
suggestions are needed.

® Finally, a determination has to be made about the novelty of this work in
terms of its results, advantages, and limitations, and concerning objectives
of further research in the proposed direction.

Consideration of these issues constitutes the main content of this article. Sec-
tion 2 is devoted to an illustrative example for which the IPI-based LTI sys-
tem identification method may be of practical interest. Section 3 presents a for-
mal statement of the problem with two generalizations. Section 4 explains a de-
tailed procedure of how to identify a parametric OKF estimator in terms of a
parametrized TF. Section 5 discusses three practical challenges associated with
implementing the solution: (1) organizing the computation time; (2) ordering the
computation in terms of its numerical robustness; and (3) scheduling the work
for a software project. The final Section 6 summarizes the work, describes the
limitations, and outlines possible research on the approach.

2. An illustrative example. Only within this example, symbol f is to desig-
nate the signal frequency in the electronic RgLsGsCs-circuit of Fig. 1 that mimics
a very short—of length Al—section of a twisted-pair line in the typical xDSL
system [17, Chapter II]. The circuit can help the DCTF evaluation for transmis-
sion line of [ full length. Primary transmission line parameters are R = R(f),
L =L(f), G = G(f) and C = C(f) being functions of frequency f can be seen
as expressed through the secondary cable parameters for standard twisted pairs
depending on cable diameter, material and design. Taking these values from [17,
p. 19| yields the parameters of a short section: the section resistance Ry = R-Al,
the section inductance Lg = L-Al, the section conductivity Gy = G-Al, and the
section capacitance Cs = C-Al.

REMARK 1.The subscript ¢ written in roman typestyle for lowercase index
should not to be confused with the below Laplace variable s. It serves to remind
that the quantity refers to a twisted pair section as shown in Fig. 1. The square
brackets below denote the dimensionality of physical quantities in units of SI.

The formula called Generalized Ohm’s Law (GOL) in the complex domain
defines the impedance of an electronic two-terminal element as across variable
(voltage) divided by through variable (current), both in terms of the Laplace
transform. When it is coupled with Kirchhoff’s Current and Voltage Laws (com-
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Figure 1. Line section of length Al for a twisted pair transmission line of full length [

monly shortened to KCL and KVL), one has a sufficient set of tools for analyzing
circuits. By writing KCL and KVL for the circuit in Fig. 1 (a), the equivalent
linear Two-Port Network (TPN) shown in Fig. 1 (b) is obtained, yielding the
following equations (1) in terms of the Laplace transform variables:

R
1

[
Fy(s) = (Rs + sLs)(

-~

S

(s)

(s) Gs + sCs); [Fo(s)] =1, (1)
B(s) = (Rs + sLs); [B(s)] =,
C(s) 2 (Gs +s5C5); [C(s)]=S=Q7!,
D(s) £ 1.

REMARK 2. In this notation, referring to variables and their transforms inter-
changeably, Laplace transforms are distinguishable by the use of an uppercase letter
or (in more detail) the complez-valued argument (s = o+ jw) with w, [w] =Rad/s,
equaling angular velocity 2rf and f, [f] =s~!, meaning the frequency variable,
. A
j=+v—1L

Define the dimensionless TF of a Al-length line section as Ty(s) = Va/Vo.
Applying KVL yields V) and KCL I; in (2)

Vo + [Zo + (Rs + SLS)]Il

[ o } | Va/Zo+(Gs+sC)Va | )
I \T_/ \_\I,_/
2 3

It follows that Ty(s) is the quantity inverse to
L+ [Zo + (Rs + sLs)] [ 251 + (Gs + 5C5)] -

Together with (1), it leads to (3)

-1

={A(s)+ 2o [2;" + C(s)] + Z;'B(s)} (3)

From now on, consider a mathematically idealized experiment with, condi-
tion (i), a voltage source Vj connected to the section input thus assuming Zy — 0;
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and with, condition (ii), a voltmeter having a very large inner impedance Zy — o0
connected to the section output to measure V5. In this scenario, Ty(s) — Ty(s) £
A~Y(s). Ty(s) is the section intrinsic transfer function, SITF, we are interested in
to move closer to the reality of xDSL multi-user transmission, xDSL-MU'T.

As known from [17, Chapters II and III|, the DCTF denoted by H(f,I) is
frequency-dependent and changes with the cable length . When the transmission

line is connected to a source Vg with source impedance Zg and terminated with
load impedance Zp, this H(f,1) is expressed by (4)

Zs+ 271,
H(f )=
(£, (Zs + Zp)cosh(yl) + Zzsinh(41) ()
Zs - 4y,
AN
* + Z*

through the characteristic line impedance Z, defined as

R+j2nfL
7,2 | AT
G+j2nfC (5)

and the propagation constant v £ v(f) calculated by

v(f) = V(R +j2nfL)(G +j2r fC). (6)

If the line terminates ideally at Z, (5), so that Z;, = Z, = Zg, the channel transfer
function simplifies [17, Chapters II and III] to

H(f, 1) =e "L (7)

Now, noticing a similarity between (6) and Fy(s) in (1), we obtain Fy(s) =
(Al)2~2%(s) after substitution s = j27 f. Hence

V(F) = (A6 gy — 1 (8)

If one manages to evaluate the expression under the square root sign in (8) as
a complex-valued magnitude in dependence on frequency f, then the problem is
solved for any f value desired. Thus, the solution is to parametrically identify the
SITF, that is, Ty(s) to use it in (8) and then substitute in (7).

REMARK 3. Everywhere, the fact that a value {-} is unknown and so is to be

estimated is reminded by the notation {-} with the overscript *. When moving later
to the solution, we change marking the estimated parameters to the commonly used
{-}, instead of true {-}.
Directly from equations (1) and/or Fig. 1 (a), the following expression
o éo
Ts(s) = 54—
5(s) s2+a1s+ aop
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is obtained with the following three parameters

éo 2 1/(LyC5), [éo) =72,
a0 2 (RsGs +1)/(LsCs) = w?, i) =572, (10)
. a R Gs Q -1
= — - = 2 n» = '
M= T, TR ol =

Here are some intermediate values

wn = \/ag, [wn] = s
(="
2V/ag
D=y it/a=ul(1~ ), [D]=s7
a ¢
— = Xl =1

XTob il

introduced through the basic parameters (10) for further convenience, checking
¢? < 1 for the literature obtainable secondary cable parameters [17, Table 2.1].

(11)

3. Problem statements. Given the specific case A with TF (9), good-quality
estimates are required for parameters (10) of the numerator and denominator of
this TF. In the most general case B, given an LTI ‘black-box’ as an nth order
ordinary differential equation (nth order ODE), good-quality estimates are re-
quired for the numerator and denominator parameters of the corresponding TF.
The solution is sought for the below A and B cases.

A. Tllustrative example (9). The DSL environment is a multi-user trans-
mission environment enabling a Central Office and the Customer Premises Equip-
ment (CPE) to communicate in the downstream (from the CO to the different
users) or in upstream (opposite) directions. The CO and the locally distributed
CPEs are connected via twisted pair lines, each line belonging to one user. The
twisted pairs are physically close to each other because they are bundled in a cable
binder. Electromagnetic coupling between lines results in mutual interferences at
all modems operating within the same cable [25]. These interferences known as
crosstalk channels must be mitigated or, better, canceled.

Of two different kinds of crosstalk, namely near-end crosstalk (NEXT) and
far-end crosstalk (FEXT), the latter represents the largest performance limiter in
the xDSL system. A variety of suggestions have been made to reduce the impact
of FEXT.

Most DSL and discrete multi-tone transmission (DMT) scenarios use the
decomposition-based zero-forcing precoding (DBZF) to deal with FEXT. In DBZF,
the transmit vector signal is pre-perturbed by the [N x N| precoder matrix P
defined for each tone, where IV is the number of users. For each tone, this number
may be in thousands, matrix P is the inverse of the normalized (i.e. unit-diagonal)
channel matrix H ;olrm. Formally, Hopm is the channel matrix H pre-multiplied
by matrix H (;i;g’ the latter being a diagonal matrix composed of inverse transfer
coefficients of direct channels [16; 17, pp. 34-35|. Hence, for downstream transmis-
sion with efficient precoding, i.e. full crosstalk cancellation, it is necessary to know
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the channel [N x N] matrix H, which consists of the DCTFs (on the diagonal)
and crosstalk channel transfer functions, CCTFs (off the diagonal).

For a very short section (see Fig. 1), the generally accepted model DCTF is
given by formula (9). A large number of such DCTFs cascade to form a DCTF
of the entire line. It is shown in Fig. 2 with approximations dR £ R-dl ~ Rj,
dL & L-dl = Ls, dG £ G-dl = Gy, and dC 2 C-dl ~ Cy, igut = iin + digm
and vout = Vin + duyp, given Al ~ dl. Therefore, the resulting DCTF will be
of a higher order, while remaining a proper fractional-rational function of s. As
for the CCTF, solutions for its modeling include various approaches that have a
solid physics basis but high computational complexity [17, p. 28|. Nevertheless,
the adopted CCTF model does not escape the proper fraction form we move to
Now.

i dR dL i dR dL
mn out
Vin d0—= dG  |Vout d0 == dG

Figure 2. Equivalent lumped RLCG-circuit of a 2-wire transmission line

B. General case. In the most general form, the transfer function of a channel
to the jth output from the ¢th input is defined as follows:

em8™ 4 18T - és + &

Tols) =
iils) 8" 4 Gp18" L 4o+ a1s + ag

(12)

where m+n+1 < 2n+ 1 parameters may be unknown. With (12), a DSL system
is thought of as a MIMO-—specifically, [N x N]—system, for which the crosstalk
is modeled as an input rather than noise and the acronym MIMO stands for
Multiple-Input Multiple-Output (Fig. 3).

Thus, the ith input U;(s) causes a direct response z; on the (j = i)th output
and creates crosstalk contributions z; on all other, (j # i)th outputs, plus an
external noise Vj(s) in every jth channel:

N
Yi(s) =) Tyi(s)Ui(s) + Vi(s), j =1,2,...,N. (13)
=1

The fact we are seeking to solve the inverse problem of recovering (12) from
(13) dictates the only possible identification scenario (cf. Fig. 3): feed only one,
namely ith input U;(s) per single, namely ith identification session, into the MIMO
system: .

Yj(s) = T;i(s)Ui(s) + Vi(s), j=1,2,...,N. (14)
(As for the uppercase variables notations in (13) and (14), ¢f. REMARK 2.) The
time of each ith session (14) needs to be spent to determine the ith column
T(s)(iy = [Ti(s)], 5 = 1,2,..., N of matrix T(s) = [T}i(s)], and the whole
scenario will require repeating N sessions: i = 1,2,..., N as in (14).

4. Problem solution framework. Focusing the research on the class of
linear constant-coefficient ODEs to describe the wide range of LTI dynamical
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Figure 3. The distributed MIMO channel estimation structure. Legend: CE — Channel Estima-
tion; SCO — System Central Office; SI — System Information; CI — Channel Information; CPE —
Customer Premises Equipment; N — the number of customers, j =1,2,..., N

systems, we first state that the choice of the excitation signal u;(t) (cf. Fig. 3)
is extremely important for parameter system identification. Gaussian white-noise
random excitations w(t) are very popular among practitioners because they seem
to be simple to design. We also stick to this choice, assuming w;(t) = w;(t). How-
ever, using random-phase multisines for u;(t) is also possible, given the design of
the amplitude spectrum of the multisine is such that the equivalence between the
random-phase multisine and the Gaussian random noise concerning the system
behavior is guaranteed. Such signals are known as Riemann-Equivalent Fxcita-
tion Signals, REESs [2, p. 44]. Using random input excitations makes the system
output under study a stochastic process.

4.1. Cauchy form ODE system. Since there is no uniformity in the struc-
ture of matrices for the general Cauchy form and little else can be said about this
form without additional knowledge of the particular dynamical system, we assume
that the output, i. e. measurement data are generated by a completely observable
physical system whose observability index is designated p. Hence, we focus the
attention on the SOF among the known three standard system forms [26, pp. 28—
32|. The SOF provides a sort of unified approach to TFs of general form (12), not
just (9). Besides, using SOF is beneficial to the below solution.

Given (9), using the notation mentioned in REMARK 3 yields the following
system of equations

aln] = ][5 [a]vo w

with w(t) as a stationary input voltage v1(t) (cf. Fig. 1). Let w(t) be REES, that
is Riemann-equivalent to the Gaussian white-noise excitation with the correlation
function Ry, (7) = Q0(7) in terms of Dirac’s delta function d(7) with some @ > 0,
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[Q] = V2.5 where Q is possibly given. Next, assume that the output voltage
va(t) = x1(t) is measured with random error v(t) of Gaussian type with correlation
function R,,(7) = RS(7), R > 0, [R] = V2-s, to obtain the measurement data as

71

t)y=11 0 t).

v =1 01 7] ot 16)
H

SOF model (15)4(16) corresponds to conditions (i) and (i) of the experiment

above mentioned on page 549. Its characteristic polynomial ¢(s) £ s + a15 + do

has the discriminant —D < 0. Besides, Tx(s) = H®4(s)" with ®4(s) = (Is—F) 1,

)

in matrix notation. The inverse Laplace transform of ®4(s) yields the continuous-
time state transition matrix

° t t
s =[] ar)

with its entries
P11(t) = e~ Swnt [cos(t\/ﬁ) + Xsin(t\/ﬁ)} ,
bua(t) = €51 —sin(1/D),

P21 (t) = —wida(t),
Poa(t) = e~ Cwnt [cos(t\/ﬁ) - Xsin(t\/ﬁ)] .

(18)

Given (12), it leads to the general SOF

i1 0 1 0 1 by
i) 0 0 0 X9 bQ
— : + w(t),
Tn—1 0 0 01 Tn—1 b1
Tn —ap —a1 —Qp—1 Tn | bn ]
o N—
Fji f‘ji
y(t)=[1 0 -~ 0 0]z(t)+v(t)
H J

instead of (15)+(16), where lo)l, lo)g, ce by, satisfy the following equation

0 T 0 0 ... 0 07 by

: Coln_l 1 0 0 0 132

0 &n72 &nfl 1 0 0 bg

ém | T : ;

: (Dlg (Dlg s CDLnfl 1 0 l;n—l
N | @1 g 0 Gp_2 Gp-1 1 | .
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and Fﬂ is the Frobenius companion matrix for the characteristic polynomial
G(s) & 8" +ap_18" L+ -+ a5+ ag of (12). Acting as before (17) yields the
check relation T]Z(s) = H(I)]Z(S)F]Z, in which <I>ﬂ(s) =(Is— ﬁj-)_l serves to find
qoﬁjz-(t) as the inverse Laplace transform of &)ji(s), quite similar to (17). Check: the
Tj(s) thus found must coincide with (12).

REMARK 4. What will be done in the next Subsec. 4.2. and Subsec. 4.3 based on
the preceeding Subsec. 4.1 for the illustrative example given in (9) can be repeated
sitmilarly for the general case given by (12), furnishing the results with the subscript

ji- We omit these details and j; subscripts due to the obviousness of the technique.
We also omit subscript s as is done at the transition to (17).

4.2. Discrete-time model (DTM). Belonging of {-} to the discrete-time
model is indicated below by the subscript 4 as in {-}4. Before making the change, it
is necessary to reasonably choose the sampling interval 7. Obviously, the sampling
rate 1/7 must be much higher than the natural frequency f, = 1/T,, = wy/(27)
of the system to be able to track the system behavior. This requirement means
Tf, < 1. From the other side, (2, ¢f. (11), must remain less than one for the
consideration to stand. As a result, requirement 7" < T}, in the transition to the
discrete-time model means that parameter

& et ] (19)

appearing in (18) at t = T must lie within the sufficiently wide boundaries of
inequality e ™2™ < d < 1, that is be less than one, but possible insignificantly less.
Given (9) and its continuous-time model (15)4(16), the DTM

(tiy1) = Paz(t;) + wa(t), Pa 2 G(T),
y(t:) = [1 0] z(t:) +va(t:) (20)
——
H
yields by the standard method [26]. Here it is checked that (20) is observable with

the observability index p = n = 2 and has physical dimentionalities [x1(t;)] = V,
[z2(t;)] = V-s71. The discrete white-noise wq(;) in (20) is a zero-mean process

tiv1 | o
wq(t;) = / P(tip1 — 7)I'dB(7)

ti

definded via the Brownian motion 5(t) related formally with w(t) in its differential
dB(7) £ w(r)dr. The covariance [2 x 2]-matrix of wq(t;) is [26]

. tiv1 o o orm o
Oq 2 / S(tiss — IEOTTGT (b1 — 7)dr. (21)
t;

For the illustrative example (cf. 550), four entries of (21) are calculated directly
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using (10) and (11); the result is in

09 A

qu1 = :2523 [1— (d*+ 2X\/5¢11(T)¢12(T))],
09 A

Q12 = %ﬁﬂjﬂ) = qa1, (22)
09 A

q2 = 46221 [1— (d® = 2xV/Dé12(T)22(T))].

REMARK 5. Calculations like (22) are technically trivial, so they are omitted
here. They may seem complicated if done manually. Manual work can be avoided
by using Maple to obtain the result quickly, easily and accurately. Additionally,
although dimensionality analysis does not guarantee the correctness of result, it
can be an auziliary tool as in this case: [q11] = V2, [q12] = V571, [goo] = V2572

To finalize formulating DTM, it is worth going from wq(¢;) to a dimensionless
vector quantity &q(t;) for which wq(t;) = Lq&q(t;) with a matrix Lq such that
Q4 = LqL] by the lower triangular Cholesky decomposition [27, p. 40]. From (22),

hi=vaqi, [l]=V,
Iy = qi2/l, [l =V-s7!, (23)

laa = 1\/q22 — I21%, [log] =V-s!

being three non-zero real-valued entries of [2 x 2]-matrix Lg. The model (20) now
takes the final form

o(tiv1) = Paz(t) + Laba(ti), ®a2 o(T),
y(ti) =[1 0]x(ts) + va(ts). (24)
Y
H
As a result, the discrete white sequence £4(t;) in (24) has the unit covariance ma-
trix, and the measurement discrete white sequence vq(t;) may have some unknown

covariance Io%d > 0. Vector § £ [91 2 ¢ ‘ ég £ G0 } 003 24 ‘ 54 = Q | §5 £ }E{d]T.
Vector 6 2 [él £ % ‘ ég £ G ‘ é3 L4 ‘ é4 £ Q ‘ é5 £ Rd]T will be the estimator
for 6. The explicit dependence of the in (24) matrices on 6 can be easily traced
from the above formulas.

4.3. Standard Observable Discrete-time Model (SODM). Turning back

to the general solution of the problem, case B, let us introduce
MEHT [ (He)T |- | (HEFH],

the observability matrix for a linear n-dimensional one-way derivable DTM. It is
invertible as the observability index p is supposed to equal n. Performing a nonsin-
gular basis transform in the state space by relation z* £ M x, we obtain the Stan-
dard Observable Discrete-time Model, SODM, with d, 2 Midl\;l_l, H, 2 JSI]\QJ_I,
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and L, 2 M [O/d. Let us note that we use {x} as a superscript or subscript for any
magnitude {-} belonging to the SODM, keeping in mind that the transfer function
does not change when the basis changes nonsingularly. For this general case, notice
REMARK 4. For the specific case of (20), (24), we obtain the following SODM:

¥ (tiy1) = ‘i’*ﬁ*(ti) + [Of*fd(ti)y )
y(t;) = Hoa* (t;) + va(ts),

0 1
d? 2d cos(TVD) |’
HA2AM '=[1 0],

hidn +ilngrz  lasdie |’

P11 = $11(T), d12 = d12(T), o2 = ¢a(T). )

Every SODM thus obtained has matrix ®, in the form of the Frobenius companion
matrix, and matrix H, with its first element equal to 1 and the rest to zeros.

4.4. OKF as the Target Model (OKF-TM). Using the above technique
culminated in (25) and taking into account REMARK 4, one obtains the following
unique Optimal Kalman Filter—Target Model, OKF-TM, in the SODM basis for
the general case arising from (12):

B (i |ti) = @ud* (tilts)
*(tilt) = 2 (tiltir) + Kav(tiltioa)

é*éMéM%ﬂz[
(25)

Lémm—[

(26)

together with

y(t:) = Hod* (tilti 1) + v(tilti1),
v(tiltic1) £ y(t;) — Hoa* (t5]ti—1) is defined as
Innovation Sequence, 1S, (27)
K, = Py HI (H, P, H + Ry) ™,
Py =d,[P7 - KH,P7]9T + L,LT.

We aim for a parametric identification of the steady-state OKF-TM (26)+(27).
In this filter, v,;_; is a white-noise Gaussian sequence (WGS), and the last two
equations in (27) form a Discrete-time Algebraic Riccati Equation, DARE. Note
the IS behaves like an WGS because 6 in (26)4(27) is assumed to be a true, albeit

unknown, real parameter vector of some dimension ¢: 8 € R9.

Thus, algorithm (26)+(27) is a set of steady-state Kalman filter equations op-
timal for the true parameter 0. It is written under the unrealized assumption that
0 is known and that steady-state operation of this algorithm has been achieved
by a theoretically assumed numerically stable DARE solution.

REMARK 6. The preceding contains the correct characterization of v(t;|ti—1)
provided that the mathematical model on which the filter (26)+(27) is based accu-
rately represents the real behavior of the system.
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Thus, we can imagine—and consider this representation fair reasonable and
therefore bearable—that the observed output y(t;) provided in fact by the real sys-
tem is as if were generated, very conventionally, by the target model, that is, by
the optimal Kalman filter, as presended in the first line of (27).

4.5. Concurrent Candidate Models (CCM). Since 6 is unknown, one

can only use its estimated value é, which is located in some © space. Where the
object of interest exists with no specific constraints, the real-valued space © = R¢
is formed by all possible values 6 [7] of the estimator vector 0. Here and below j
denotes the order number of value 6 in some scanning trajectory over the space
O: é[j] €0,57=0,1,2,..., Jiotal, i-e. over an imaginary set of Concurrent Can-
didate Models, CCM. The CCM set plays the role of Machine Learning Models
if one prefers to use Machine Learning terminology. When implementing a nu-
merical iterative filter optimization method capable of sequentially converging to
the OKF-TM (26)+(27), j has the meaning of the method step number, since
it is common to test suboptimal models sequentially, their total number Jiotal,
even if we admit, quite theoretically, the possibility of testing them in parallel
(i.e. synchronously). It is important that in both variants, sequential or parallel,
of the target model (26)+(27) identification, it is possible and even expedient to
base the work on the same observational data y(t;) supplied (conditionally as said
in REMARK 6) by the target model (26)+(27), using processing and analyzing the
responses to these data of the suboptimal models under test as candidates for the
role of the target, that is, optimal, model.

Assuming that 6 has taken a particular 9[ ] value in O, imagine that instead
of optimal Kalman filter (26)4(27), we have managed to implement a suboptimal
steady-state Kalman filter we refer to as jth Standard Observable Kalman Filter,
the jth SOKF, or SOKF(6[j]), for short. The latter is the jth candidate model

g]( i+1]ti) = Dy, 395 i (tlti)
9j (t1|t2) gj(tzﬁz 1) +K*]77)(tz|tz 1)
y(ti) H *9;j F(tilti-1) +nj(tilti-1),
ni(tiltio1) 2 y(t;) — Hegl (ti]ti—1) is defined as (28)
the jth Residual Sequence, RS;,
K., = P HY(H,PCHT + Ryy),!

P =&, [P, - K HP|®] + Ly, LT,

7

with @, £ @,(0[j]), Rq; 2 Ra(0]5]), and Ly, £ L.(8[j]). The model is intended to
participate in testing to come as close as posmble to the optimal filter (26)+(27),
provided that the target model is also in the CCM set.

However, what does it mean: ‘we have managed to implement (28) 7’ In the real
case scenario, this means that when trying to test candidate models sequentially,

i.e. SOKF(A[j]) after SOKF(A[j — 1]), SOKF(A[j + 1]) after SOKF([5]), and so
on, we must solve DARE, i.e. the last two equations in (28) at each such step.

Doing this job iteratively for each SOKF(0[j]), we introduce the local notation
(1) for the iteration number, (i) = (0),(1),..., (Ipare), where Iparg denotes the
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final iteration number, and compute as follows, labeling the computed quantities
with j:

w0 = Py Upars+1) (29)
and then
Koy = P HY (HoPy o HY + Raj) ™ !
Pa(_j(z-i-l) =, [P @) T *j(iﬁ*P;(i)]q’*j + (30)

L*jL;Fj . (i) =1(0),(1),...,(IDARE)-

The final value K*j( Inare) Should be used as K. x5 in the second equation of (28),
that is, IA(*]. = A*j([DARE) and the final value P s (Ipars+1) 25 the starting point
P*;H(O) = P*;(IDAREJFD by the (29) type but now for the SOKF(0[; + 1]) at

the (7 + 1)th optimization step if any, over the CCM set. ‘Real-case scenario’
means that these Riccati iterations should be stopped at Iparg when a reasonable
convergence criterion is satisfied. It also means that by the time of the final
iteration (i) = (Iparg) we assume that the so iterated filter (28) has reached the
desired steady-state operation defined by equations (28).

Iterations (30) may and should be performed on an accelerated time scale in
the form of known numerically robust algorithms, e.g. [28], for each value j, in
other words, at each jth step of the numerical approximation to the optimum,
that is to the target algorithm (26)+(27). This numerical optimization should be
performed by a single AKF scanning sequentially the elements of the theoretically
unbounded CCM set.

4.6. Predictors to form the AKF. We supplement the jth candidate model
(28) with the predictors and make them operate as follows:

..
55 tisalt) 2 ey sl } heto 31)

95 (tignlts) 2 Hogl (tignlts)

where p is the total observability index of the system.

REMARK 7. In an n-dimensional system with m outputs, any %4’th output of
m outputs can be assigned a partial observability index p;. The sum of partial
observability indices is always equal to the dimensionality n of the system if only
the system has the property of complete observability. The total observability index
p of the system is defined as the greatest of the partial indices. The case p < n is
possible if only m > 1. In the problem under consideration, m = 1, therefore p = n
elsewhere in what follows. Nevertheless, we distinguish between the notations p and
n, intending further work to extend the solution to the case where the number m
of system outputs exceeds one. Only then p may occur less than n.

The fact that §;(t;p|t;) in (31) and beyond depends on [5] can also be de-
noted by the subscript , L bearing in mind the equivalence of the two possible

notations: §;(tipnlti) = yem( irnlti), h=1,2,...,p. In (32) that follows for the
case of (20)+(25) when p = 2, the first line comes from (31) while the second equa-
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tion in (32) comes from the first three lines of the target expressions (26)+(27):
a
[ g Z;i i)] [H b, ]gg*‘(tiﬂlti),

y(tisn) ] 1 0 [ v(tipalts)
. titlts oo ‘
{y@m) e, T T g e k1] [tialtn)
The composite (stackable) vectors opening expressions (32) in the specific case

p = 2 are to be redefined when turning to the general case. Their definitions
follow using notation p for the total observability index:

. . T
Yayj) (ifﬂt) [ (Eisalts) | -+ | 95(tirplts)]
T
y(t57) 2 [ylte) | - | wltin)] . (33)
tiiﬁ) £ (tig1stiva, - tigp) -

For the case of a single-output completely observable linear n-dimensional DTM,
we have p = n. Thus, we obtain the advantages of changing to the SOF, viz.,

[H, (H®,) - (L] =1, (34)
f, () - (HAP] = 1

Equations (34) are true regardless of j and the non-trivial entries in the Frobenius
matrices &, as defined in (25) for (26) and ®,; as commented for (28).

4.7. The generalized residual (GR). What follows is the general case of
using p = n in the key relations (34) as a result of computing these composite
(stackable) vectors:

Doy (8 163) = 1 - g}t |ta),
y(tih) =12 (tigalts) +
L 0 0 v(tivalt:)
H*q)*K* 1 - 0 I/(ti+2‘ti+1) (35)

a (titpltitp—1)] (5
&5 [ygrlr] )

Expressions (35), obtained at intervals equal to the system’s observability in-
dex p, show that the discrepancy between the system outputs y(tl’f{) and the
corresponding predicted data 3)9[ ( 21”1] |ti ) both expressed in SODM terms, con-

tain a valuable but explicitly unavallable mismatch between the states Z* (t;41]|t;)
of the optimal filter (26)+(27), which is latently present in the discretely observed
system output in response to the learning excitation w(t), and gj(ti+1]t;) being

computed at the jth iteration of SOKF(A[5]) (28)+(31).
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REMARK 8. The mismatch of the optimal filter (26)+(27) compared to the
suboptimal filter (28)+(31) is the difference between the object state estimates
given by the optimal and suboptimal filters.

Naming the difference between the second and first lines in (33), or equally in
(35), the Generalized Residual, GR, calculated to be the (n x 1) vector process

GR: ep (¢ ilt) £ y(tI) = gy (G5 16) € R (36)

and introducing the notion of adaptive filter state estimation error, or better to
say, the concept of Adaptive vs. Optimal Filter State Estimation Mismatch,

AOFSEM: egm (tig1lti) = 2*(tig1lts) — gf (L |t:) € R™ (37)

yields the key result:

THEOREM 1. Let GR be calculated as (36) and AOFSEM, which does not have a
computer-manipulable representation, defined as (37). Based on the fact that the
Direct Performance Index

pPT2 JPPI(G) 2 E {Heg[j](ti—i-lﬁi)W} € R, (38)

t+1

or in other words, Expected Direct Cost Function, EDCF, is not explicitly available
to optimize the suboptimal filter (28)+(31), we introduce the Indirect Performance
Index

P12 g™ 0) 2 E{||e, (6h1)||} € RY (39)

or in formal words, the Expected Indirect Cost Function, EICF. Then minimizing
the IPI (39) by any numerical optimization method in 0 = 0[j] € © at each discrete
time t;yp is equivalent to minimizing the DPI (38) in 6 = 0[j] € O at time t;4;:

{min; t]P[( )} <= {min, tDP]( ):O}. (40)

Proof. Given definitions (36) and (37), relations (35) show that
* l+ (ti+pltitp—1) 0
oy (EERIt) = € (b t) + 6 [ 7m0 ] (6)

with 0 [V((:?Ii’l‘:_i;”’*l)} (6) defined in (35) being, first, independent of the estimated

value § = 6[j] € © and, second, uncorrelated with error egm (ti+1]ti) (37) since

the stackable vector [V((tt:f “Z;’ P _1)} formed by the white-noise IS in (26)+(27) is

separated by one sample time interval T" from all preceding IS values that deter-

mine error egm (tix1|ti) (37). It is this circumstance, together with the theoretical

fact that IS has the properties of a white-noise sequence, that entails statement

) ) o (|12
IPI = DPI + Const ‘, where Const; equals E {H(5 [V((f?:"‘ff)“’fl)] (0) ‘ }, a value
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independent of § = é[]] € O, which definitively proves statement (40). It is also
easy to verify that

Doy (00 165) = g7 (i [t2) (41)
by virtue of the predictors (31) and first line in (34). O

REMARK 9. The data y(t Hp) defined in (33) and used in (36) does not de-

pend on (9[ ], so only these measurement data can be collected and stored in com-
puter memory before running the method’s algorithm aimed at analyzing any
SOKF(0[j]) in terms of its state (behavior) closeness to that of the target optimal
filter and ability of further diminishing the mean square discrepancy between these
states.

5. Method implementation challenges. An attempt to implement the
given solution with its advantages poses several challenges concerning the organi-
zation of computation time, calculation sequence, and numerical stability. Let us
briefly discuss these challenges.

5.1. Computation time organization. As noted above, it is possible and
even expedient to calculate parameter estimates in the accelerated off-line mode,
that is, after the accumulation of measurement data in a database. We come to the
contents of the database having defined the function to be minimized as follows.

By shifting IPI (39) back by p time points, we determine the Ezpected Indirect
Objective Function, EIOF,

70) 2 E{ |5, (topalti-p) |} (42)

to be minimized in § € RY. For practical work, we have to turn to the Averaged
Indirect Objective Function, AIOF (43)

TPI £ J”iéc(é[ = M +1 ZH%[ ] p+1|ti,p)H2 = fu@=06)  (43)

considered as a real-valued function fy;(8 = 0[j]) to be minimized in parameter
0 € RY instead of (42), the latter being the shifted back EICF (39).

REMARK 10. The use of the upper index ¥ k = 0,M 2 0,1,..., M, from
(43) on as the sample number is especially justified when averaging M + 1 sample
paths of the process, if necessary. Otherwise, it is sufficient to let M = 0 and so
release of using (&) M may be as large as desired positive integer number for better
averaging. We relate t, the time the computer starts up to process the data, to the
real time t; by which the data is ready.

As seen from (43), each (k)th 52[(;]) (tﬁ_pJrl |ti—p)-path must result from a one-to-

one time-mapping—no more than in the algorithmic computations computer-time
formal representation—of interval ¢;_ . [t;—; to the real-time (k)th segment

i(k k
tz(—zzﬂ = {tic e 1yp+ 15 Lkt D)p2s - o Lim (ke D)pap | = t:;—(lf+1)p+1 J (44)
k=0,1,...,M
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of a set of points. We imagine an entire record (M + 1)p-length of all data

y(t (M+1)p+1) Syt rsp+1), Yo aypr2), - 5 y(tior), y(ts) }
in the Measurement Data Base, MDB, as composed of (M + 1) portions (45)

y(k) (t;:—p—i—l) = y(t::l(e]f+1)p+1) ) k= Oa 17 s 7M (45)

obtained in real time but referenced to the computer-time stackable p-vectors

y O (1) 2 [y tiprr) | 4™ Fimpro) | - |y )] } (46)

REMARK 11. The idea of notation (46) explained as regards the (k)th sample
*(k)
0l) (&
rithmic computations in computer-time—to the real-time segment (44) should be
clear below when applied to other quantities as well. One can always see how real-
time data, such as (45), relates to the same data, such as (46), when the latter
is stored in the MDB for further computer processing. Additionally, the upper in-
dex (®) indicates that the (k)th sample data is considered as being in the MDB.

path €, _pt1lti—p) notation by relating the té_p+1\ti_p interval—for the algo-

Given (35), (36), and (37), let us write down all (k)-sampled time-shifted
values

0[( ]) (tZ praltic p) £yt )( ;:—p—i-l) - Q(g’[?] (ti:—p—i-l’ti—p)

(47)
k=0,1,...,M
of the GR, (36), stored in the MDB to compute fy, (é) and, respectively, all
*(k o *(k
egiy (timpriltiog) 2 O (tipaltiop) — g5 (tipraltizy) )
k=0,1,....,M

)

AOFSEM, (37), to go from (43) to optimization algorithms.

According to THEOREM 1, the (k)th sample value (47) of the random vector
(36) varies, if we consider it in the Mean Square, MS, sense, by Const; remain-
ing constant during the numerical scanning—does not matter sequentially or in
parallel—of the parameter space ©, from the (k)th sample value (48) of the p-

points delayed random discrepancy (37) between (A) state (k) (ti—pt1lti—p) of
the target optimal filter (26)+(27) and (B) state g; x(k )( ti—pti|ti—p) of the sub-
optimal filter (28), that is from the error commltted by (B) if used as the jth
estimator of (A) based on the (k)th sample data (45)=(46). The theorem also

proves equation (41), which we use hereafter as the p-point delay for any (k)th
sampling path thus obtaining (49)

Yals) (tg—p+1|tifp) = g (timp+1[ti—p)- (49)

REMARK 12. The delay by (k + 1)p points of discrete time from the current
moment t; =t in (45), and in (47), (48) as well, if we relate (47), (48) to the
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real time, is irrelevant because of the stationarity assumption of the system under
study and the MS sense used.

Note in passing that, by virtue of Remark 7, vectors in the (k)th sample defined
by expressions (45), (47), and (48) have dimension n, due to equality p = n in the
situation of scalar system output, m = 1.

Assuming that the 0 parameter has no explicit constraints, the unconstrained
optimization is applicable. The most straightforward way of doing this gives rise
to what is known as Newton’s method (50) [29, pp. 44-79|:

(a) solve G(A[j]) A = —Vfu (0= ¥ ]) for vector A; } (50)
(b) set A[j + 1] = 0[5] + A(A = [j]) with A0 = d[j]) £ A

Hereafter, gradient operator is used as

Vi) 2 [Z@) || 2@ || 2]

0
[. 2 (o) .Lzm (51)
to be applied to each scalar element of vector or matrix (¢); if (¢) = fas (é =0[j 1),
we have (50) with the matriz of second partial variables G(0[j ]) known as Hessian
matriz and defined by ngM(H = 0[j ) £ é(VéfM(G = 0j ]) ). When M =0,
(50) is treated as a pure stochastic approximation of Newton’s method.
The following gradient descent optimization

0j + 1] = 0[j] — Vg fae (0 = 0[5]) (52)

can be a reasonable alternative to (50) with a lower computational burden. It uses
a small enough step size 7; € R, to guarantee fis (6 = 0[5 + 1]) < far (60 = 6[3])
and thereby performs the transition to the next SOKF(4[j + 1]), as shown in

Fig. 4 and mentioned in Subsec. 4.5 to test candidate models sequentially. In
this figure, the arcs directed by arrows from points ¢;_p1, ti—py2, and ¢; to t;—,

on the horizontal line tell us, c¢f. (31), that all predictors g;(k) (ti—p+nlti—p), their
numbers h = 1,2,...,p, involved in obtaining the estimates yAgE])} (ti—ptnltiop) =
ﬁ*g;(k) (ti—p+n|ti—p) are conditioned, in the probabilistic sense, on the entire mea-

surement history y(t ) 2 {y(tip )yt yltip 1) y(ti )},
(theoretically, I — oo) which is incorporated in the predictors and precedes their
calculation immediately after time t;_,.

Thus, upon a closer look at what the theory requires, we realize that it requires

the cost of time intervals (44) depicted in Fig. 4 by boxes as tz(k;+1(é[j]), then

tz(_k;_s_l(G[j +1]), and so on, as related to SOKF(6[;]), then SOKF(4[j + 1]), and
so on during the AKF step-by-step accelerated optimization.

5.2. Computation scheme and numerical robustness challenge. Let us
perform the necessary calculations for the above algorithm (52).
Using (49) to obtain

Vi (legin thopltio))™) = =4 ([ Cicpaltip)] ) o
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62[]](t1 —prilti-p)

TP (61)

i—p+1

) (4
tip tipi1 [] (t p+1‘tz p)

tiop [liprs  lipro-- tiy li]

- —
5 L 6L), k=0.M[t:

;[]+1](t’b AI)+1|tL P)
T (017 + 1))

i—p+1

%\%\\

tiop

ticp  [fipr1  lipro -~ tia L]

k
6% @li+1), k=0,M]ti—p

Figure 4. A timing diagram for minimizing the average (43) of the indirect performance index
(39) by a gradient sequential method (52) using the AIOF as defined in (43)

and further (43) as (¢) in (51) yields (54), the Objective Function Gradient, OFG:
Vofu (0= A[ 0l])

1 fv < p—i—l‘tifp)]T) X [ Eﬁ)( i—p+1lti p)}

(54)

D

M 1% ( AU P+1’ti—p)]T> X {%Eﬁ(tipﬂ\ti—p)}

Controlling whether the OFG norm reaches a neighborhood of zero, that is check-
ing it for values ‘greater than/equal to’ (=) or ‘less than’ (<) a small threshold ¢
is a convenient criterion for continuing or terminating the procedure:

7

Cont>inue
: 4. (55)

stop

195030 = 03)|

The identification procedure will continue repeating operations numbered (Fig. 5)
by blocks @, ®, @, ®, ®, and @ with the same data stored in block @ after
updating the parameter estimate in block ®:

01j +1] := 0] (56)

or will stop with capturing the result in block ®@:

A~

éFINAL = 0[]] . (57)
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The most important thing about these repeatable operations (cf. Fig. 5) is
that the calculations in block @ — the AKF, and in block ® — the AKF Sensitivity
Model being an algorithm to compute values of partial derivatives of state vector
estimates and covariance matrix elements relative to the g-vector parameter esti-
mates 6[j], must be numerically stable and robust with respect to ill-conditioned
models. In this regard, it should be noted that practical projects using Kalman
filtering, KF, since the very first one [30], have opened a wide field for research and
development on giving KF algorithms, including Riccati equations, required nu-
merical stability and robustness properties. The fundamental ideas of Bierman [27]
about matrix factorization served as a powerful impetus.

For the method of Active System Identification developed in this article and
earlier works by the author, the greatest contribution from Russian scientists was
made by Julia Tsyganova and Maria Kulikova in their dissertations [31,32] and
numerous publications, partly co-authored [33,34] with the author of this syn-
thesis paper. More references on the pioneering titles can be found in a recent
survey [35]. In there, one can find discussions and current developments for the
efficient and robust computation of derivatives on the parameters of discrete filter
equations, including a set of vector-valued filter sensitivity equations and a set
of matrix-valued Riccati-type sensitivity equations arising in implementing the
(steepest) gradient descent method (52); the necessary experimental proofs are
there also available. In promising software projects, it is strongly recommended
to create modern implementations of @ and @ blocks (in Fig. 5) based on orthog-
onalized array methods for parametric identification of discrete linear stochastic
systems [31].

9; (timprilti-p)

&) ®

I

j‘ oy (ti-pialtiop)
véfM(é = é[]])
@

@

OpiNaL = é[]] ®

Figure 5. Generalized Parametric Identification Scheme by the Active Principle. Legend:
@ = (45)=(46); @ = (31)—=(29)—(30)—(31)—(49); ® = (47); ® = (53); ® = (54); ® = (55);
@ = (52); ® = (56); @ = (57)
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5.3. Sequence of work for a software project. If there is an object of
interest in the application domain, an appropriate mathematical model must first
be written for parametric identification of the TF, considered to be an adequate
description based on the laws of Physics. An example of such preprocessing op-
erations is given in Sect. 2. It is highly expedient to perform further actions on
the application of this method not manually, but in the automated mode on the
Maple software, according to the guidelines in REMARK 5. The calculation proce-
dure recommended for identifying the TF of an object according to the method
outlined above is shown graphically in Fig. 6. This diagram can be useful when
creating a specialized software tool to solve similar problems if such a project
arises. Application-specific (AS) calculations for the problem taken in this article
as an illustrative example are dictated by the following intermediate quantities:

® parameters wy, ¢, D, and y in (11);

@ matrix ¢(t) in (17) with its entries in (18);

® parameter d in (19);

@ matrix Qq in (21) with its entries in (22);

® matrix Jid with its three non-zero entries in (23);
® matrix &4 in (24); and

@ matrices ®, and L, in (25).

These quantities are all continuous and differentiable functions of elements HZ
of vector 6 introduced after (24) for this application problem. Following the form
of these functions, we apply not the true parameter value é, but its estimated

value 6 to have continuous and differentiable, over é, functions. These properties

make it possible to compute the gradient Véjtfgg(é = 0[j]) in algorithm (52)

tuning the parameter 0.

TF

N ERTR

l

ODE
1] 6368

l

DTM

20), (22
12| B B3

AS

SODM

e e e e e e e e e e e e e e e e

4.3 | (25)

l

4.4, 4.5, 4.6, 4.7

5.1, 5.2, 5.3

P

}SA{

Figure 6. Flow-diagram of works for a software project to implement the Active Principle of

parametric system identification in the class of linear, time-invariant, completely observable

models. AS = application-specific and SM = standard matrix calculations. The paper section
numbers and equation numbers (within parentheses) are shown
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6. Conclusions. Returning to the problem issues posed at the beginning, we
believe the goals have been achieved.

The incompatibility of the theoretical (direct) criterion of optimality of the
system model and practical methods of optimization has shown itself to be the
most difficult or even impossible obstacle to overcome under conditions of un-
certainty directly. In this article, incongruity between theoretic perception of the
system optimality and practical on-computer optimization is overcome through
the construction of an indirect proximity criterion of the adaptive and optimal
system models to each other, which can become a practical tool for parametric
system identification. This is done here for a class of linear time-invariant models
characterized by a transfer function, relying on Kalman filter theory. As proven
here, it is necessary and sufficient to modify a physically specified structure into
the discrete-time standard observable model in both the observed data and the
adaptive Kalman filter to implement this idea.

The advantage of this modification is twofold. First, the restrictions on the
permissible size of a’priori parametric uncertainty are removed because the mea-
surement channel parameters are transfered formally into the modified state equa-
tion. Second, and most importantly, we replace the direct, but unattainable for
identification, objective function with the indirect objective function, which is
equivalent to the original direct function, but—to our satisfaction—attainable
and suitable for conventional optimization methods. The work of this preliminary
modification is difficult to perform manually. Fortunately, it is greatly facilitated
and accurately performed using well-known symbolic computation tools (Maple).

We prefer to denote the above-used concept of ‘equivalence’ of the two objec-
tive functions by the new term ‘equimodality,” which simply means the coincidence
of their minimizers in the argument space. This coincidence is important because
ensures that minimization of the constructed practical indirect cost function does
lead to the unbiased state estimates along with the unbiased parameter estimates,
as it should be in the optimal filter.

The inclusion of a new illustrative example from modern digital communica-
tion technology increases the visibility of the approach and thereby encourages
its extension to broad real-world applications.

Theoretical questions should not overshadow the practical side of the case.
Therefore, this paper also includes practical critical issues: the organization of
calculations in the computer time-scale, the structural algorithmic construction
of the identification procedure, and the planning of the corresponding design work.

As a limitation of the work, it could be pointed out that underlying its results
are the assumptions that the system to be modeled is linear and time-invariant.
There is nothing to argue against this, except for the famous aphorism by George
E.P. Box [36, p. 2]: “Models, of course, are never true, but fortunately it is only
necessary that they be useful”! Accordingly, if the system output measurement
shows the presence of nonlinear distortions, it may mean that the suitability
of the proposed method to identify a nonlinear model with a dominant linear
kernel defined by the Best Linear Approzimation concept, BLA, based on [2]
propositions, should be considered and recommended for extended study.

1https ://www.tandfonline.com/doi/epdf/10.1080/01621459.1979.104816007
needAccess=true&role=button
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N nearndukanmus rnmepegaTodHon (pyHKIINU NOCPEICTBOM
MUHUMUA3AUN PACCOIJIACOBAHUS OLIEHOK COCTOSIHUSA
a/IaITUBHOTO U ONTUMAJIBHOTO (bUIIBTPOB

. B. Cemywun

VAbAHOBCKUN MOCYJapPCTBEHHBIN yHUBEPCUTET,
Poccus, 432017, Yabsaosck, yi. JI. Toscroro, 42.

AHHOTaINSA

Crarbsl TOCBSIINEHA JIaIbHERIIeMy Pa3BUTHIO AKTUBHOIO IIPUHIIUIA TIa-
paMeTPUIECKON NIeHTHMOUKAIINNA CUCTEMbBI B KJIACCE JTUHEITHBIX, MHBAPUAHT-
HBIX BO BPEMEHH, II0JIHOCThIO HabJIIojaeMblix Mojeseil. B kadecrse mesieBoit
Mozesn uieHTuduKanuu Boiopan onruManbablii Guistp Kamvana (ODK),
KOTODBIl He OoJiee YeM KOHIENTYaJbHO IIPUCYTCTBYET B JUCKPETHO HAOJIIO-
JIaeMOM OTKJIMKE CHCTeMbI Ha 00ydJaroliee Bo30yXKIeHe TUIa H6€JI0r0 IIyMa.
IIyrem momudukanum dusndeckn 3a1aHHON CTPYKTYPbI B CTAHIAPTHYIO Ha-
O/II0TaeMyI0 MOJZIEJIb KaK B HAOJIIOIA€MOM OTKJINKE, TAK W B AJAIITUBHOM
dunbrpe Kamvana (ADPK), crpourcs Tak Ha3bIBaeMblii 0000IIEHHDIH 0CTa-
Tok (OO), paBHBII PACCOTIACOBAHUIO MEXK]LY OIEHKAMU COCTOSIHUS a/IAIITHB-
HOTO U ONITHUMAJIBLHOrO (GUILTPOB ILTioc HezaBucuMast or ADPK mrymosast co-
crapJsitoniasi. B cuity 9Toit momgudukanuu cpeaauii kBagapar OO craHOBUATCsE
HOBBIM KpHUTepUEM OJIM30CTH MOJENN i ITHX (PUIbTPoB. MuHMMU3AIMSA
9TOr0 KPUTEPHUS C MOMOIIBIO OOBIYHBIX MPAKTUIECKUX METOIOB OINTUMU3a-
U Jiaer ToIHo Takoi ke pesyibrar (AOK = OPK), kak u MUHUMHU3AIUS
TEOPETUYIECKOI'0 KPUTEPUsl, KOTOPBIH, K COXKAJEHHUIO, HEJOCTUXKNAM JIJIS JIIO-
ObIx MeTomoB unciaennoit onrumuzanun ADK. B crarbe mpepcrasiiena 1mo-
JpOobHasl ToIIaroBasi IpoIeypa, O0bsCHSIOIAsT BBIIEYKA3aHHOE PeIleHne
B TEPMHUHAX [TapaMeTPU30BAHHON IepeaaToyunoit dyukiwu. s HarmsHo-
CTH W CTUMYJIHPOBAHUSI TPUMEHEHUS IIOIXO0/Ia B PEAbHOM MHUPE B CTATHE
HCITIOJIB3YEeTCs MOJIEJIb [TePeIATOYHOM (DYHKINN JIMHUU BUTOW ITaphl B TUITAY-
noit cucreme xDSL. O6cy»k1a0Tcs TpobIeMbl pean3aiii TeOPEeTHIeCKUX
oJIOXKeHuit MeToma. Bompoc o pacnpocTpaHeHUn MPEJIOKEHHOrO TOIXO01a
Ha pobJIeMbl UIeHTU(DUKAIUN JTUHEHBIX MOJIeJIel JJIsl HEeJTMHEHHBIX CHCTEM
0003HaYEH B HAIIPABJIEHUSAX JTAJIbHEHIITNX NCCIIEI0OBAHMIA.
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CrepeonanopaMHblii aHeMopyMboMeTp P

AJId CUCTeMbl OpueHTalun I‘OpI/I3OHTa.TIbHO-OceBOﬁ E

BETPOYHEPreTUIECKON yCTAHOBKHU

E. B. Coaomun, A. C. Mapmvsanos,
A. A. Kosanés, I H. Pasxun,
K. B. Ocunues, 5. C. Boaxos, /I. C. Avmunun

FOxH0-YpasibcKuii rocy1apCcTBEHHbINA yHUBEPCUTET
(HAIMOHAILHBIN MCCIIEI0BATENILCKUI YHUBEPCUTET ),
Poccus, 454080, Hensibuuck, np. Jlennna, 76.

AnHOTanus

TpaaunuoHHBI TOAXOJ K OPUEHTAIMHA POTOPA TOPU30HTAIBHO-OCEBOM
BETPOIHEPIeTUIECKOIl YCTAHOBKU II0 BETPY IIPUBOJAUT K IOsIBJIEHUIO U3BECT-
Hoit muddepeHnuaIbHON OMMUOKN OPUEHTAIINKA W3-33 BPAITAIONINXCS JIOTa~
cTell W MEepPUOIMIECKOr0 OTKJIOHEHWsS BO3IYIIMHOTO MOTOKA. Jjisi CHIKeHwUst
ee BeJINYMHBI B TPAJMIIMOHHOM IIOJXOJE UCIIOIb3yeTcsi (JIForep, paciiojio-
JKEHHBIH CBEPXY T'OHJIOJIBI.

B nmacrosimem mccienoBanuu mpeiaraeTcs HOBBIN MOIXOM, — HCIOJIB30-
BaHUE KOMILJIEKCHOTO WJIM «CTE€PEeOJIaTINKay B BUJE JIBYX YCTPONCTB, CHM-
METPUYHO PACIOJIOKEHHBIX 110 06€ CTOPOHBI MOHJIOJbI (AHAJIOIMYHO CTEPEo-
ckonmueckuM yerpoiicrsam). s nokazarensersa 3pOeKTUBHOCTH HOIX01a
ObLIM BBIOPAHBI HECKOJIBKO XapPAKTEPHBIX TOYEK BOJM3U T'OHJIOJBI JIJIsI I10-
CJIEJTYIOIIET0 MOJIETMPOBAHUS BO3/IYIIHBIX IIOTOKOB B €€ 00JIACTH B IIPOIPaM-
Me ANSYS®) CFX c ucnonb3oBanueM k—& Mojean TypOyJIeHTHOCTH HA OCHOBE
muddepeniuaibabix ypaBaennit Hapbe—CTokca.

B kaxk 101t TouKe ObLIa paccanTaHa CpeTHss BeJININHA ONMMTUOKU YTJ1a, OpU-
EHTAINY IIPY CJIEIYIONNX YCIOBUAX: PA3IMIHBIX CKOPOCTSIX BETPA, SHATEHU-
sIX OBICTPOXOJIHOCTHU ¥ YTJIOB HAaIIpaBJIeHHWs Ha BeTep. B pedyibrare BhisBIIe-
HBI JIBe HAanOOoJIee TIOIXOIATINE T PA3MEIeHus TPUOOPOB TOUKK. B uncien-
HOM BHJI€ TIOKA3aHO IPEMMYIINECTBO CTEPEOITAHOPAMHOIO aHEeMOpPyMOOMeTpa
repeJi TPaJIUIMOHHBIM Ha [PUMEpPE PAaCcUYeTHOrO CJIydasi C HOMUHAJIBHBIMU
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Comomun E. B, Mapresanos A. C., Kopaunén A. A. u jap.

napamerpamu. Anajm3 B Matlab/Simulink mokazaj MpuUpoOCT MPOU3BOJIA-
TEJIbHOCTH BETPOIHEPreTUYECKON YCTAHOBKU 34 CUYeT ITOBBIIMIECHUS JOCTOBED-
HOCTU OlIpeJie/IeHUs HallpaBJIeHUsd BeTpa IPHU IIPUMEHEHUH NPaBUJILHO pac-
IIOJIO?KEHHBIX JJaTYNKOB BETPOBOI'O IIOTOKA.

Jlannast cTaTbsd He [aeT MPEICTABIEHUS O KOHCTPYKIIUU IATIUKA, I0-
CKOJIbKY [IJIsl OIIpeJleJIeHUsl NIPABUJILHOIO HAIIpABJICHUSA BeTpa MOXKHO HC-
0JIb30BaTh J1000i npuHImn. OHAKO aBTOpaMU PACCMATPUBAETCS HOBBIN
«CTEPEeoIaATINK », KOTOPBIN Oy/ieT OoJiee NeTaabHO UCCIIEIOBATHC B CIIEIYIO-
mux paboTax.

KiroueBbie cy10Ba: ropu3oHTAIBHO-0CEBAsT BETPOIHEPTETUIECKAST YCTAHOB-
Ka, cucrema yrpasienusi opuentanueit, CFD-anamus, muddepennuanbprast
omubKa, UMUTAIMOHHOE MOJIEJINPOBAHUE OTKJIOHEHWsT (JIiorepa, COKpaIre-
HUE SHEPreTHIECKUX MOTePbh.

IMonyuenne: 3 mast 2023 1. / Ucnpasaenne: 29 mas 2023 1. /
punsarue: 25 uons 2023 r. / Ily6iukanus onnaita: 26 cenrsopsa 2023 r.

Beenenune. Ha ceromnsimuumii 1eHbL CyIIECTBYeT HECKOJBLKO CHOCOOOB OIIpe-
JleJleHrs HalIpaBJeHnsl HaGeralomero MoToKa BeTpa Ha TOPU30HTAIbHO-OCEBYIO
BeTposHeprerndeckyio ycranopky ('O BOY). [ljist 9T0ro B COBpEMEHHBIX CHCTe-
MaxX OpHEHTAINM WCIOJb3yoTcs Takne nmpubopsl, Kak LiDAR, SoDAR, u ¢itro-
repbl Pa3aMYHON KOHCTPYKIIMHU, O YeM TOBOPUTCA B MHOIOYHMC/ICHHBIX IIyO/IMKa-
musx [1,2]. B nocsiennee Bpemsi uccienoBaresn Takxke 0OpAIAIOTCA K METOJaM
IPOrHO3UPOBaHusl [3]|, HEKOTOpPbIE U3 KOTOPBIX UCHob3yioT cucreMbl SCADA [4]
u Heiiponnble cetu [5]. B yacTu npeioxKeHHbIX METOJIOB JIATYUKE JIJIsT OlIpe/Iieie-
HUS HAIIPABJIEHUS BETPOBOIO MMOTOKA HE IIPUMEHSIOTCA BOBCE, UCHOIB3YeTCA TOhb-
KO MHMOpPMAaIHsi 0 MIHOBEHHO{I reHepupyemoii MorHoctu [6].

OpHako mpuMeHeHue JI0O0r0 M3 HUX, OCOOEHHO KOIJIa JATIMK PACHOJIOXKEH
Ha ronjose BOY, maer ompeneseHHyIo MOIPEITHOCTh W3-3a TOTO, UTO JIONACTH,
BpaIIAIONINECs HepeJ TOHIO/OM, BIUAIOT Ha MCTUHHOE HAllpaBJIeHUE BETPOBOTO
noroka [7|. Tlogpo6Hoe omnmcanme TOro siBjEeHUsI, Ha3bIBaeMOro «uddepenry-
AJIbHOI OMMOKOI opreHTAIMN» (MM [EPUOJMIECKOil), OBLIO IpejcTaBIeHo B [8].
[TorpemnocTh BOBHUKAET M3-3a OTKJIOHEHHS IIOTOKA BETPa BPAIAIOIIUMUCH JIOTIA-
CTAMM U JaJIbHeell perucTpanui HeIpaBUIbLHOTO CPEIHEro HalpasieHus g.Jro-
repoM, PACIIOJIO?KEHHBIM Ha TOHJIOJIE.
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Anaians my6GiuKalnnii IOKA3LIBAET, YTO OLIMOKA OPHEHTAUN M3Y4IaeTCsl MHO-
ruMu uccegosareasiMu. B [9] aBTOPBI PEJIOKUIN €€ yMEHbBIIUTh, UCIOJIb3Ys
naruble SCADA 151 0OHapy»KeHUsT TIOMPEITHOCTH CMeIeHusT HyJ1eBoi Touku. O0-
30p AKTUBHBIX CHCTEM OPUEHTAIMH U JTaTIYMKOB, MPUMEHSIEMBIX B COBPEMEHHBIX
B3Y, npusezen B [10].

Opnnako 11000#1 M3 yHOMSIHYTBIX TIOJXOJOB HE JIAET UCTUHHOTO OTBETA, €CJIH
M3BECTHO peajibHOe HAIIPaBJIEHNE BETPOBOIO MIOTOKA. B 9acTHOCTH, MEXaHTIECKUE
dbmrorepsr Ha rormonax, a rakxke LIDAR u SoDAR (ucnosb3yembie B 0OCHOBHOM
B BETPOIIAPKAX ) U3MEPSIIOT IOTOK BETPa, OTKJIOHAEMbIIl BDAIIAIOIINMIICS JIOTIACTsI-
M. DTO O3HAYAET, YTO JAHHBIE, 3aPErUCTPUPOBAHHBIE JATINKOM(-aMH), haKkTu-
YeCKH HeCyT B cebe ommoKy 00 M3HAYaJIbHOM HAIIPAaBJIEHNU IOTOKa. B ciyyasax 6e3
MIPUMEHEHNs JATINKOB METOIbI OCHOBAHBI HA pacdeTe JIEKTPUIECKUX IapamMeT-
poB remeparopa BOY B TeKyImeMm MOJIOXKEHIH TOHIOJbI, HA KOTOPbIE M3HAYAIHLHO
BusteT quddepernuaibaas ommbdka. Kpome Toro, B 3TUX METOJIAX UCIIOTB3YeTC st
ITOCTOSIHHBIN TIONCK HAIPABJIEHUS, UTO IPUBOAUT K OOJIBIIUM MOTEPSIM SHEPIHH.

Ha puc. 1 nokazanbl 3aBUXpeHns B BUe 00TEKAEMbIX JIMHUI, BLI3BAHHDBIE BPa-
IAIOITUMICS JIOTIACTSIME, Pa3Pe3aIONIIMI BO3AyX U BLI3LIBAIOIIMMU TazKe IPOTHU-
BOIIOJIOXKHOE HAIPABJIEHUE MMOTOKA. 3ABUXPEHUS, CO3/[ABAEMbIC BPAIAIOIINMICS
JIOTIACTSIMU, BBI3BIBAIOT KOJIEOAHUS BO3/YIITHOI'O IIOTOKA, KOTOPBIE B JlajbHEHIIEM
perucTpupyorcsa (GpJIIOrepoM ¢ MIHOBEHHOH cpeaneir muddepennuaibHoil ommb-
KOH yIjla OpUEHTAIUNU.

ITo Mepe npubJ/IMKEHUsT JIONACTH K BEPXHEMY MOJIOYKEHUIO U OT Hero (Ha puc. 1
CHU3Y-BBEPX) BUXPHU CTAHOBSITCs 60JIee CUIIbHBIME, MEHsIsl HallpaBJIeHNE [1ePBOHA~
9aJIbHOIO TIOTOKA, TeM CAMBIM BHOCS HCKAYKEHUE B JAHHBIE, KOTOPbBIE Jlajiee CUu-
THIBAIOTCS (DIIIOrepOM (CXEeMATHIHO MOKa3aH KPACHBIM KPYTOM Ha 3aJiHeil 9acTu
TOH/TOJIBI).

Bosauknaopenne auddepeHnuabHOM omMMOKN TPUBOAUT K HealeKBaTHON pe-
aKIMKM CHCTEMBI yIIpaBjeHus opueHTarmeii BRY, Koropasi MoBopaYnBaeT pOTOP
Ha HEIOCTATOYHBIN MJIM JaXke HempaBUIbHBIN yros. [lockosbky mormaocts BOY
3aBHUCHT OT OMETAEeMOI ILIOIMAJU POTOpa, a MaKCHMaJbHas BBIPAOOTKA IHEPIUU
IIPOUCXOIUT TOJILKO TOTJIa, KOrJa OHA IEPIEHINKY/ISIPHA HAIPABJICHUIO HAaOerao-
IIEro MOTOKa (KOIJia BEKTOP MOTOKA KOJUIMHEAPEH OCH BPAIEHUs] POTOPA), OIub-
K& OPUEHTAIINN IPUBOIUT K 3HAUUTEILHBIM IOTEPSIM 3JIEKTPOIHEPTHUH, KOTOPbIE
B Mupe onenuBaiorcs B $7 mapa B rojg. Cerojmsi mouru Bce Kommepdeckue 'O
B3V ocHarenbl pasjimdHbIME BUIaMU (DJIFOTEPOB Ha TOHJIOJIAX, KOTOPhIE CUUTHI-
BaIOT JlaHHble ¢ quddepennmanbHoil omubkoii. B [11] roBopurest o cpejaeii Besn-
quHe OmMMUOKY Ha ypoBHE 4° B 3aBUCHMOCTH OT CKOPOCTH BeTpa, crocoba ympas-
JIEHUsI TIarom, ObicTpoxomHocTu u T.J. Omubka OpHeHTAINK TPOIOPINOHAIbHA
KBaJIpaTy ee KOCHHYyca, Kak ykasaHo B [11]. Cucremarndeckas ommbka B 4° cHE-
JKaeT TOJI0BYIO BBIpAOOTKY sHepruu npumepHo Ha 1.5 % cormacuo pesyiabraram,
ykazaHHBIM B [12]. B HekoTOpBIX cirydasx ona MoxkeT gocrurartb or 30 go 40°
C COOTBETCTBYIONMMU moTepsivu 10 24 % [13].

Y100l KaK MOXKHO OOJIbIIIE CHU3UTH JUM@PEPEHIINAIBLHYIO OIMNOKY OpHeHTa-
AU, IPEJJIAraeTCs CJIeIYIOIIee PeleHne: ecjiu 1Ba rorepa OyayT pPacioI0KEHbI
CHUMMETPHIHO C O0EUX CTOPOH 110 OOKAM TOHJIOJIBI, TO UX COBMECTHDIE TTOKA3AHMS
MOI'YyT OIPE/IEJINTh UCTUHHOE HallpaBjeHne BeTpa. [Ipu TakoM pacioioXKeHnu, ec-
JI U3MEPEHHUsI OJIHOrO MPHOOpa (HAIPUMED, JIEBOIO) MOKAXKYT HEKOTOPOE JIaBJIe-
HUE BeTpa, a IIPaBblii HE 3aPErnCTPUPYET HUKAKOTO BETPa, TO OYEBHUIHO, UTO OH
JIyeT € OJTHOIA (JIEBOIT) CTOPOHBI U, CJIEIOBATEILHO, TOHJI0JIa OPUEHTHPOBAHA HElIpa-
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0 0500 1.000 (m)

1.000 (m) 2, o 1,000 (m) z
— 3

%

Puc. 1. Bupg cBepxy Ha TOHIOLY IpU MOAEJIMPOBAHUU ITOTOKA: & — ITOJIOXKeHHue 1; b — mostoxke-
Hre 2; ¢ — noJioxkenue 3; d — nosnoxenuve 4; e — noJioxkenue 5; f — nosioxkenue 6

[Figure 1. Nacelle top view in the flow simulation: a — Position 1; b — Position 2; ¢ — Position 3;
d — Position 4; e — Position 5; f — Position 6]

BUJIbHO. Kcitn mokazanust 060oux mpubOPOB PABHBL, TO ¢ OOJIBITION JT0JIel BEPOSATHO-
cru BOY opueHTHpOBaHa MPABUIBHO WK OJIU3KA K MIeAJIBHOMY MOJoKeHno. Ha
OCHOBE 3TOM I'UIIOTE3bI, OBLIO HAYATO IPEJACTABICHHOE HIKe NCCienoBanne. B man-
HOIT paboTe B3AT HAOOP TOYEK B IIPOCTPAHCTBE, CPEIU KOTOPBIX OIpPeIeIeHbl Hau-
6oJiee MOXOJISIIIUE JIJIsI PA3MEIIeHUs] YCTPONRCTB(-a) B COOTBETCTBUY C HECKOJIb-
KMMU KpUTepUsIMU. Pacuernl BIIOJIHEHBI B IporpaMme ANSYS®) CFX st pa3iind-
HBIX CKOPOCTEl BeTpa, 3HaAYeHU T OBICTPOXOIHOCTH U YIJIOB HAIlPABJICHUS Ha BETEP.
B nmammoit pabore He npe/onaraioch 00CyKIaTh yCTPOcTBO diriorepa, Tak Kak
B II€JIOM HET Pa3HUIbI, KAKO#l BUJ npubopa ycTaHosjieH. Viess ucciieloBanms co-
CTOUT B TOM, YTOOBI OIPEJEJIUTh HAWIYHUIIEe MECTO I €r0 YCTAHOBKU, UTOOBI
OJTHOBPEMEHHO YMEHBIINUTDL BIUsAHNE TYPOYJIEHTHOCTA B MPUCTEHOYHDBIX CJIOSIX.

576



CrepeonanopaMHbIH# aHEMOPYMOOMETD A/ CHCTeMbI OPHEHTALIHH . . .

1. ITocTpoenue reomerpum m ceTkKu. llcciemoBanue cOCPemOTOYEHO Ha,
U3yYEHUHN adPOJUHAMUIECKUX YCJIOBUN B 00JjiacTu ToHI0/bI BOY Siemens SWT-
3.6-120 [14], 3D-mo/1e/16 KOTOPOIH, HOKa3aHHAs HA PUC. 2, HocTpoeHa B SolidWorks
u 3aTeM ucnosb3osana B ANSYS® CFX.

Ykazanuass BOY BoiOpaHa 110 KpUTEPUIO HAMOOJIbINEN PACIPOCTPAHEHHOCTH
B MeraBaTTHOM KJIacce.

,H.HH OIITUMU3 AN BBIYNCJIUTEILHONI MOIIHOCTHU 1 IIOBBIMICHHNSA TOIHOCTU DeE-
3yJIBTATOB B 00JIACTH MOHIOJIBI BJIUSIHAE MAUThI HE YIUTHIBAETCS, & JIOIACTH yCe-
YEHBI 110 32-METPOBOMY PaluyCy. DTU JOIYIIEHHs [I03BOJIAIOT CHIU3UTH TPeboBa-
HUS K BLIYUCIUTE]LHLIM PECYPCaM U BLIIOJHUTL PACYETHI JIJI PA3INYHLIX YIJIOB
HaIlpaBJIeHUs Ha BeTEP, CKOPOCTel BeTpa U 3HAYEHUN OBICTPOXOMHOCTH 38 PUEM-
JIEMBIi TIPOMEXKYTOK BPEMEHMU.

Ha puc. 2, b oTueT/IMBO BUIHO, YTO CHCTEMAa KOOPAMHAT IIOBEPHYTA B HAIIPaB-
JICHUW TOHJIOJIBI (BOKPYT OCH Z ) Ha yroJi HakjaoHa mMojesnn B 6°. OHa BBeJeHA st
MIPABUILHOTO BPAIIEeHUsT POTOPa BO BpeMsl MoJenpoBanus. IIpu ncmoip30BaHnn
CUCTEMBI KOOPAMHAT I10 YMOJUAHUIO POTOP MEPUOIUIECKH CJIUBAJICS OBl ¢ T'OH-
JIOJION WJIM OTHEJISIICS OT Hee, YTO He COOTBETCTBOBAJIO Obl PEAJbLHOMY IIPOIECCY
BpAaICHHS].

IlocTpoenne cerku BeIIOTHEHO B Momaysie ICEM, MO3BOJSIIOINIEM IeTabHO €ee
HacTpouTh. Jljist pacyeToB B JUHAMEKE OHA CO3JIaHa [0 OT/IeJIBHOCTH JIJIsl Bpalla-
OIeiics M HeOJBUKHOM dacTeil. B mpucreHodnoit 061aCcTH TOH/I0/IBI BBIITOJIHEHO
CI'YILIEHUE CeTKH C LEJIbIO IOy YeHHs 00JIee TOUHBIX JAHHLIX B MECTE, IIPeICTaBIIs-
foreM HaubOJIBIHII UCC/IeI0BATeIbCKUil nHTepec. KoniecTBo 9/1eMEeHTOB CceTKu
HEIOJBUXKHOI JacTu Mojiesin (craTropa) cocTaBisieT 5.3 MJIH sideeK. Y Bpalaio-
nieiicst yacTu (poropa), K KOTOPOil OTHOCSTCS JIONACTH U CTYIHIA, — | MJTH sT9€eK.
dopMma sTUeeK — TeTpasapuiecKas.

v R

0 15,000 30,000 {m) 0 15,000 30.000 (m)
—

7.500 22500 7.500 22500

a b
Puc. 2. 3D-momens BOY: a — Buj ciiepenn; b — Bug c60Ky
[Figure 2. 3D model of the wind turbine: a — Front view; b — Side view|
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2. Hasnauenue pacueTHbIX ycjoBuii. [Ipu HacTpoiike pacyeTHBIX Iapa-
METPOB IIPUHSATA, MOJIEJTb TYPOYIEHTHOCTH k—¢€, TPUEMJIEMOCTh UCIIOJIb30BAHMS KO-
TOPOI JIst TOZ06HOTO Citydast obocHoBaHa B [15].

Jlst MomempoBaHus OIpeIeIeHHOrO yIjla HalpaBJIeHHs Ha BeTep CKOPOCTH
3a/laHa Yepe3 COCTABJIMIONE ee BEKTOPLI 10 ocaM X u Z. HyxKHble BeIumIuHbI
OIIPeJIeJIEHBI TI0 TTPABUJIY CJIOYKEHUST BEKTOPOB.

CHI/ICOK pacCHdEeTHbIX CJy4YaeB C HAa3HAYECHHBIMU ITapaMeTpaMM IIpeJCTaBJICH
B Tabir. 1. YroJ HampaBeHnsI Ha BETep MMeeT 0DO3HAYEHNe (. Y TJIOBasi CKOPOCTh
BpAIlleHNsI POTOpa, 3aJaBaeMas B IporpaMMe, HaxXOOuTcs 110 popMyJie

w = VAR [pan/c],

rzie V — cKopocTh HABEraloIero NoToKa BeTpa, M/ ¢; A — OBICTPOXOTHOCTH POTOPA;
R —pammyc poropa, M.

BrICTPOXOMHOCTD TPUHUMAETCST TOCTOSTHHONW BO BpeMsl MOJICJTUPOBAHUSI, TaK
KaK OHa He JIOJXKHA MEHSAThCsI, eciiu BOY paboraer B yCTAHOBUBIIEMCSI PEKUME.

Tabuma 1
IMTapamerpsr pacuerHbix ciaydaes [Parameters of calculated cases|

nos. | A | V,m/s | a,deg. | w,rad/s || nos. | A | V, m/s | «,deg. | w,rad/s

1 3 3 1 0.15 15 5 7 30 0.58
2 3 3 20 0.15 16 ) 12 1 1

3 3 3 30 0.15 17 | 5 12 20 1

4 3 7 1 0.35 18 5 12 30 1

5 3 7 20 0.35 19 7 3 1 0.35
6 3 7 30 0.35 20 7 3 20 0.35
7 3 12 1 0.6 21 7 3 30 0.35
8 3 12 20 0.6 22 7 7 1 0.81

9 3 12 30 0.6 23 7 7 20 0.81
10 5 3 1 0.25 24 7 7 30 0.81
11 5 3 20 0.25 25 7 12 1 1.4
12 5 3 30 0.25 26 7 12 20 14
13 5 7 1 0.58 27T |7 12 30 14
14 | 5 7 20 0.58

3. Pacnosoxkenmne ucciienyembrx To4dek. [IoKoopuHATHOE pa3MelleHne
UccjeJyeMbIX TOYEK Ha BBICOTE CpeﬂHeﬁ FOpI/ISOHT&J’IbHOf/i JIMHUUW T'OHJOJIBI IIPpeI-
CTaBJIEHO Ha PHUC. 3. DTO PACIOJIOKEHIE 00YCIOBIEHO HEOOXOIUMOCTHIO N30eKaTh
BJIMSIHUsT KPaeBbIX 3(heKTOB BepxHell n HukHell dacteil. Berep naberaer c Jje-
BOIl CTOPOHBI O] ONPEJEIEHHBIM YIVIOM (v. BOJIBIMMHCTBO TOYEK B HUXKHEN dYa-
CTH pHC. 3 MMeeT 3epKaJjbHble Koluu B BepxHeil dactu. OleHOYHBbIE TOYKU E
(estimated) u SE (specular estimated) B3siTBI jJIs1 IPOBEPKH IIPABUJIBHOCTU Bbi-
CTaBJICHHOI'O yTIJIa HalpaBjeHus Ha BeTep. Hampumep, eciin B pacieTHOM CiIydae
Ha3HAYEH OIPEJIEJEHHBIN yroJl HAIPABIEHUS Ha BETEeP, TO B YKA3AHHBIX TOYKAX
6y,ZLeT TOYHO TaKad KE BeJINYNHA. B APYIrux TOYKaX 3Ha4YCHUA ABHO 6y,ﬂyT OTJIn-
4aTbCsd. JIeBble 10 OTHOIIEHUIO K IIOJIOYKEHWIO TOHJO0JIBI TOYKM L U SL JI0JIZKHBI
[I0Ka3aTh BBICOKHMI YpOBEHb KOJeHaHU BETPOBOTO IOTOKA /I OIEHKH BepXHEH
rpaHuIpl Bo3myinenus noroka. Touku C, SC, RS, SR5, D u SD (1ieHTpaJibHbIe, IIpa-
BbI€ " ,Z[I/IaI‘OHa.HbeIe) ABJIAIOTCA TEOPETUYICCKHU IIPUTOAHBIMU JIJIsd paSMeEIleHU A
npubopa W MPUHATHI JJIsT PACCMOTPEHHSI B HUX XapakTepa Tedenus. [lepsoie we-
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SE . SL SC SR5 SD
[ ] L ] ® ® ®
S1 8283
eee. —— S4S556
s S7 S8 89
l
e R1
* R2
* R3
E ¢ R4 D
. ¢ R5 °

0 5.000 10.000 (m)

Puc. 3. Pacnosioxenune pacyeTHbIX TOUEK (BHJ| CBEPXY )

[Figure 3. Location of calculated points (top view)]

TBIPE V/AAJIeHbI HA D M OT CTeHOK ToHj0Jibl. Touku R1-R5 HYXKHBI I IPOBE/IE-
HUS aHAJIN3a U3MEHUYUBOCTHU JIBUKEHUA BETPOBOI'O IIOTOKA 110 Mepe OTJIAJICHUA OT
crenku. Kaxkast u3 3Toif rpynmnsl umeer mar B 1 M. Hanbosiee BeposiTHbIMI 1151
pasmertiennst mpudbopa sIBISIOTCsT TouKu 5 u S5. B Hux nckaodaeTcs mpobiaema
¢ OOJIBITION JIJIMHOM OIIOPHOIO IITOKA, XapaAKTePHAas /I PaHEe OIMUCAHHBIX TOYEK.
Touku 5 n S5 pacrojaraioTcsi Ha PacCTOTHUU 1 M OT TOHAOJBI. OHM OKPY?KEHBI
CKOILJIEHWEM U3 JIDYTUX TOUeK Ha paccTossauu 0.5 M JIpyT OT JApyTra JIJIsd TOJIY YeHusT
boJiee YeTKOI KapTUHBI MOBEJEHUsST BO3YIIHOTO MMOTOKa B 5Toi objactu. OjHa-
KO OYEBHUIHO, UTO €M OOJIbIIE PACCTOSTHUE OT TOYKHU O CTEHKH, T€M JTHHHEE
U MacCCUBHEE JIOJI?KEH ObITh OMOPHBIN IMTOK.

Bo Bcex ToYKax BBIIOJHEH pacyeT CJEIYIONUX IapaMeTpPOB:

— Velocity — cKOpPOCTh HAGEraromero noToka, M/c;

~ Velocity u — COCTABJIAIOIAsl BEKTOPA CKOPOCTH 110 ocu X, M/c;

— Velocity w — cocTaBisiomas BEKTOPa CKOPOCTH IO OCH Z, M/C;

— Pressure — naBienwue, Ila.

4. IITar no BpeMmeHu. [IponsBoanTcs BEITUCICHNAE ONITUMAIBHOTO IIAra 1 Bpe-
MEHH pacyera. YCTaHOBUBIIHICA PEeXKUM OOBIYHO JTOCTUTAETCsI IIOCTIE IIEPBOrO IIe-
pexojia JomacTu Ha MecTo Apyroit. IlepuomuvaHoCcTh BpalleHnst MOXKHO BBIPA3UTh
Yepes CHHYCOMIAJIBHBIN 3aKOH JJIsl YIVIOBOW CKOPOCTH B 1 pajm/c, 4ro OymeT J0-
CTATOYHBIM JIJISI PACUYETHBIX CJIY9IaeB C HU3KOH OBICTPOXOMIHOCTBHIO U CKOPOCTHIO
BETpA.

Oyuknus sin(t) jyist ISATH I€PUOJIOB COOTBETCTBYET PACYETHOMY BPEMEHH

or-A 215
UL ”1 = 31.416 [c].
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OjiuH nIepuo/; paBeH

2 27
tper = U = T = 6.2832 {C]

JLJ1sT TOCTATOYHOTO UTEPAITMOHHOTO COBITAIEHNST C CHHYCOUJION ITEPHUOJT JJIUTCS Ha,

40 gacreit: ; 6.9839
tstep = Z—Sr = T = 0.15708 [c].

5. ObpaborkKa pe3yJbTaTOB. BhIUnc/ieHre MITHOBEHHBIX 3HaUYeHui ude-
PEHITHATLHON OIMTHOKN OPUEHTAIINN TTPOU3BOIUTCS 110 (DOPMYIIe

Vel

Brinmonnsiercs IIoJACYEeT CpeaHero apI/I(l)MeTI/I‘IeCKOI‘O JJIA Ka)K,ILOfI TOYKU:

0; = arccos( ) + «a [rpaz.].

(©) =130, [rpax] (1

TIe N — KOJIMIeCTBO UTeparinii.

JlaHHBIN MOXOM, CIIPABEJINB TOJBLKO IIPU OTCYTCTBUU IEPUOJIMTHOCTH KOJIe-
baunuii. B nporuBHoM ciydae, eciu Ha rpaduke ee MOXKHO YETKO OTCJIEIUTDH, TO
BEJIETCS MTOCUET CPEIHEro apudPMETUIECKOTO HATNHASL C MOMEHTA TOsIBJICHUSI TIeP-
BOI'O BBIPAXKEHHOTI'O Tepuoja. Takoil 1monxo/| mo3BojisgeT 0oJjiee TOYHO OIPEJIETUTh
pesyJIbTUpyIoliee 3HadeHne B Kaxk10il Touke. Torma dopmysia (1) npunumMaer ciie-
JIYIOIIUIA BUJI:

(©) = -3 O [rpan @
i=1

T7e M — KOJUYIECTBO UTEPAIil yCTAHOBUBIIIETOCS PEYKUMA.

Ha ocnoBanum mpencTaBIeHHBIX BBIIIE UCXOTHBIX JAHHBIX U JOMYIIEHUN ObI-
JIO BBITIOJTHEHO MOJIEJIMPOBAHNE M3MEHEHUST adPOJMHAMIIECKUX MapaMeTpOB s
KaXKJIOro pacdeTHOro cjydas. B pesysibrare ObLIN MMOJIyYeHbl 3HaUYeHUs i de-
PEHITHATLHON OIMUOKHN JIJTsT KaXK/I0M TOYKHU MPU PA3IUMIHBIX BEJUIUHAX CKOPOCTH
BeTpa, OBICTPOXOTHOCTH POTOPA W yTJIa HAITPABJIEHUS Ha BETep.

Bce sTi mannbie ObLTH TPOBEPEHBI HA HAJTUYIE 3aBEJIOMO HEBEPHBIX PE3YIIbTa-
TOB B BUJIE CJIYUANHBIX BBIOPOCOB, CYIIECTBEHHO OTJIUYAIOIINXCS 10 BEJIMIMHE OT
coceHUX 3HadeHul. Takne MTHOBEHHBIE 3HAYMEHUS MPUHSITHI 38 OIMMTHOKU THCICH-
HOTO METOJIa M CKOPPEKTUPOBAHBI BPYIHYIO JI0 PSIIOM CTOSIIITAX BETUIUH.

Jasee snadenus auddepeHInaabHORl OMMOKN A1 PAa3JINIHBIX PEKUMOB ObI-
JIN CBEJIEHBI B €INHYIO TaDJIMILYy IO CJIEIYIOMIEMY MPABUIY: CPeJHUE apudMeTH-
JecKue 110 KaxKJIoi Touke, nocunTanube o dpopmyiaam (1) u (2) B 3aBucuMocTH
OT XapakTepa KojebaHuil, CpaBHUBAIOTCS MeXK Iy co0O0il Ha mpeaMeT HauMeHbIei
BesmanHbI (Tabu1. 2). Pacuernble ciydan UMEIOT COKpAIIEHHbIe 0603HAYCHUST BI/IA
A(3uauenue)V (3Havenne) o (3HadeHne), IT0 O3HAYACT YKA3AHHE 110 HOPSIIKY Iapa-
METPOB OBICTPOXOIHOCTH, CKOPOCTH BETPa M yTJIa HAIPABJICHUS HA BETEP.

B tabs. 2 npencraBieHbl TOJILKO HAMOOI€e 3HATMMbIE TOYKH, BHIOOD KOTOPBIX
Oymer ?6OCHOBaH nasiee. Takzke B TaOJIUIE HE IIPEICTABICHBI CTOJIOIBI OIEHOTHBIX
TOYEK.

Tomuble pe3yabTaTsl PACUETOB MOTYT ObITh MPEIOCTABIIEHBI YHTATEIIO0 ABTOPAMI CTATHH 110
OTHEJIBHOMY 3allpocy.
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Tabmra 2
CpozHast TabamIa pe3yabTaToB 10 ToukaMm [Summary table of results by points]

Case Study D | Rl | RS 5 S5 Case Study D R1 R5 5 S5

ABYV(3)a(l) [5.9] 5.2 |6.7| 7.4 |10.2 || A(5)V (7)(30) | 5.33 |14.56| 4.95 |17.56| 93.61

AB)V(3)a(20) [ 1.5[10.1[2.5 (132|734 || AB)V(12)a(1) | 4.4 | 3.9 | 5.9 | 3.9 | 4.7

A(3)V (3)a(30) [2.25(15.89(5.02(19.56(55.75||A(5) V (12)a(20)| 7.7 | 9.6 | 7.6 |12.3 | 133.5

ABWV(TYa(l) [5.4] 6.7 |5.7] 8.2 |12.2|IA(5)V (12)a(30)| 8.48 |15.05 8.01 [18.23]112.64
ya(l

ABYV(T)a(20) [3.2[12.2[4.6 [13.5[69.7 || M(T)V(3)a(1) | 8.1 | 4.9 | 6.9 | 3.7| 6

A(3)V (T)a(30) [3.44[15.33[5.04[19.05(60.93|| A(7)V (3)(20) | 11.3| 9.1 | 6.9 |10.8 | 33.4

ABYWV(12)a(1) [5.7] 6.1 [7.3| 9.4 | 30 || M7V (3)a(30) | 5.2 [13.62/5.08 [16.44] 48

A3V (12)a(20)[ 3.7 | 10 4.6 |12.3[91.6 || M7V (Ta(1) | 42 | 51 | 51 | 42 | 65

A(3)V (12)c(30)[3.69(15.72|4.89(18.71|74.37|| \(T)V (7)r(20) | 9.2 | 8.8 | 8.7 |11.3 | 66.6

ABYW(B)a(1) [5.1] 5.3 |5.4| 4.6 | 3.9 || M)V (7)a(30) | 8.43[13.72| 8.46 | 16.9 | 79.26
(MV( )

ABV(3)a(20) [3.7] 9.1 | 3 | 9.9 [282|| M7V (12)a(1)| 5 | 6.5 | 6.4 | 7.6 | 6.6
A(5)V (3)r(30) [3.95(14.94|5.52(17.84(51.19| (A (7)V (12)a(20)| 12 | 9.6 |12.3|12.4{105.5
AV (Tha(1) |6.7] 5.6 [9.7] 5.6 | 5.3 [[AN(7T)V(12)ar(30)[11.99]14.09|14.24|18.31|139.72

AV (T)a(20) [2.8| 8.9 |4.4|11.1|65.5

Ilocienyromast 06paboTka cocTosiia B 0000IIEHNN Oy YeHHBIX PE3yILTATOB
JJ1sT Kaxk 1ol Touku. HeobxomumMo ObLI0 yIecTh, 9TO BETEP Uallle BCEro MEHSIET CBOe
HalpaBJIeHIEe HEe MTHOBEHHO, a OOJIBIIINE yIJIbI HAIIPABJICHUS IPEICTAB/IAIOT COOOM
peKoe sBJIEHNE JaXKe Ha MaJIOM ITPOMEKYTKE BpEMEHH M3-3a TOI'0, YTO MIPH TOCTe-
IIEHHOM W3MEHEHUHU yTIJla CHUCTEeMa YIIPABJICHUsI yCIeBaeT IEePEOPUEHTHPOBATH PO-
TOP BCJIE/T 338 BETPOBLIM MOTOKOM. [[03TOMY 1718 KaXK 01 TOUKHU ObLIa pacCIuTaHa
OTHOCHUTEJ/IbHadA CyMMapHad OLHI/I6K&, YaIuUTbIBaIOIlad CTAaTUCTUIECCKOE DpacIipesie-
JIeHUE /BEPOSTHOCTD KaXKJO0To pexknMa 1o Bpemenu. OTHOCHTENbHAS CyMMapHast
ommbKa paccunuTana 1mo Gopmysie

e = Z k‘iei,

rJe e; — 3HAYeHUe OTKJIOHEHUS JJIs ¢-T'0 pekuMa; k; — BeCOBOil Ko UIUEHT J1Jist
-0 PeXKMMa, YIUTHIBAKOIIUI OTHOCUTEJIBHYIO IIUTEJIbHOCTD paboTsl BOY B a3TOM
pexume.

Paccunrannbie 3Ha9€HIST OTHOCUTE/IHHOM CyMMapHO# OMMOKK B OOJIBITNHCTBE
TOYEK JJIsi HAIVISJIHOCTU OBbLJIU BBIBEIEHBI HA JIMAIDAMMY, IPEICTABJIEHHYIO Ha
puc. 4.

AHan3upyst MOJIyYeHHbIE TaHHBIE, MOXKHO 3aMETHUTb, UYTO HAMMEHBIIHE 3HAa-
9eHMsI OTKJIOHEHUsI BO3IYIITHOIO IMOTOKA Hab/IoaaoTcsa B Toukax D, SD, R1-R5, 5
u 8. IIpu 3ToM 00HAPYKEHO, UTO HU3KNME BEJIUINHBI JuddepeHITuaIbHON OIOKI
opuenTaiuu HabJsonaoTca B Toukax D, R4, R5, SD Ha HU3KUX CKOPOCTSIX BETpa
7 MaJIoi ObICTPOXOAHOCTH. [Ipr BBICOKOH OBICTPOXOIHOCTH MIPEUMYIIIECTBO HMEIOT
Touk R2 m R3. Ho ¢ mpakTuyeckoil TOYKW 3peHUs HU OJHA U3 HUX HE SABJIAETCS
ONTUMAJIBHON MO YIAJEHHOCTU OT TOHAOJBL. [Ipr 9TOM Ha yrilax HampaBJ/IeHus Ha
Betep B 1 u 20° Touku R1 u 5 UMEIOT HEBLICOKUI yPOBEHDL OMUOKU IIPU CPABHEHUN
¢ 0003HaYEHHBIME BhIIIe TOYKaMu. O0e TOUKM PaciioiOyKeHbl Ha PACCTOSTHUHM 1 M
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Puc. 4. OtHOcuTenbHast cymmapHas BeaudnHa qudOepeHIna bHON OMMUOKT
B HUCCJIEIYEMbIX TOYKAX

[Figure 4. Relative total value of the differential error for the studied points]

OT CTEHKU TOHJOJIBI U MOTYT OBITh MCIIOJIb30BAaHbI [IJId Pa3MeIleHus Ipudbopa Ha
IITOKE [IPUEMJIEMOH JIJIUHBI.

Jlns 6ojiee HADVISITHOTO TPEICTABJICHUS PE3YJIBTATOB MOJIEIUPOBAHUS OBLIO
BBITIOJIHEHO TIOCTPOEHIE TPEXMEPHBIX I'PaUKOB JJIsI YKA3AHHBIX TOYEK C MCIIOJIb-
30BaHUEM ITOJIMHOMUAJILHOTO OCPEIHEHUS IIPU PA3HOM OBICTPOXOIHOCTH U Pa3INt-
HBIX CKOPOCTsIX BeTpa (puc. 5).

[Tpu anasuze rpadUKOB TPHOPUTET OTIACTCS YIJIaM HAIIPABJIEHUs HA BEeTEP B 1
u 20° B ¢BSI3U ¢ T€M, UTO yIJIbl TOPsijika 30° U BBIIIE SIBJISIOTCS PEIKUM STBJIEHUEM.
Yarme Bcero cucrema opuweHTaIuu poropa BV kKoppekTupyer HallpaBjeHUE Ha
BeTep paHbllle, YeM yCTAHOBUTCSH TAKON yroJl HAIIPABJIEHUS.

W3 rpacdukoB BUHO, 9TO aMILIUTYIHbIE 3HAYEHUs] OTKJOHEHUI JIJIsi TOUKU 5
BBINIE, YeM it R1, mpu JII0OBIX yrjlax HallpaB/ieHusi Berep. BimsiHne 3aBuxpe-
Huil B cepeinHe IPUCTEHOYHON 00/IaCTH TOHIO0JIBI CUJIbHee, ueM Ha ee Koure. [Ipu
BBICOKOH OBICTPOXOHOCTH M HU3KOM CKOPOCTU BETPa BO BCEX CJIydasiX HAOIIO/A-
ercs cHmkenne guddepeHnnaabHoi omubKku. B Touke 5 HanboJIbIIast BeJIMInHA
OIMIMOKU TMPOSIBJISIETCS TPU HU3KOM OBICTPOXOHOCTH U BBICOKOW CKOPOCTH BETpPa
HE3aBUCHUMO OT BEJIMYMHBI YIJIa HAIlPpaBJIeHus Ha BeTep. Takum obpazom, Touka R1
sABJIsIeTCs DOJIee PEIIOYTUTETHHOMA.

YT00BI OIEHUTH MPEUMYIIECTBO CTEPEOITAHOPAMHOIO aHeMOpyMboMeTpa, T.e.
pasmernenust IpubopoB 110 GOKaM TOHI0JIbI (1711 TOYKU R1 1 3epKaJibHOI €if) riepe;r
CTaH/IAPTHBIM OJIMHOYHBIM (Ha PACCTOSHUU 8 M OT POTOPA U Ha BbICOTE 3 M), ObLIH
BBITIOJTHEHBI JIOTTOJIHATEIBHBIE PACTETHI TP HOMUHAJIHLHOM peknMe paboTsr BOY
(ckopocth Haberatomero moroka 12.5 M/c [14]|) mpu GBICTPOXOTHOCTH, PaBHOM 5.
B Tabs. 3 mpejcraBieHbl 3HAUCHUS CpeiHeApUMMeTHIecKoi T depeHnnaabHOl
OH_[I/I6KI/I OpUEeHTaluU JIJigd 9€ThIPEX YIJIOB HallpaBJICHUA Ha BETEP.

MojiemupoBanue 1moKasaJso, 9TO TOYHOCTb OIpeJIesIeHIsl HAIIPABIECHUS BETPO-
BOI'O ITIOTOKa B CJIydae C PACIIOIOXKEHHEM ITPUOOPOB B TOYKax R1 1 3epKajbHOM eit
Oy/JleT 3HAYUTEIbHO BBIIIIE, T.K. IIPU MAJIBIX YIVIAX HAIPABJICHUS BeJIMIMHA OO~
Ki B 3—4 pasa MeHbIIle, 9eM IIPU CTAHIAPTHOM pacuoJioxkeHun mpubopa. OmHako
[P 3HAYEHUN yTJjia Hanpasjenusa Ha Berep() HadmHas npubansuTeabHo ¢ 15° ona
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Puc. 5. I'padukn cpemgueapudmernaeckux 3nadeHuii guddepeHmaibHoil omubKku: a — yroJ
HarpaBsJieHus: Ha Betep 1° mist Toukm R1; b — yron manpagnenus Ha Berep 20° myis Touku Ri;
¢ — yroJ HanpasJyienusi Ha Berep 30° st Touku R1; d — yron HanpasieHust Ha Betep 1° juist
TOUKH 5; e — yros Hampasjenus Ha Berep 20° g Touku 5; f — yros HAIpaBJIEHWs Ha BETEP
30° nuis Touku 5
[Figure 5. Graphs of the arithmetic mean values of the differential yaw error: a — the yaw angle
1 deg. at the point R1; b — the yaw angle 20 deg. at the point R1; ¢ — the yaw angle 30 deg. at
the point R1; d — the yaw angle 1 deg. at the point 5; e — the yaw angle 20 deg. at the point 5;
f— the yaw angle 30 deg. at the point 5]
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Tabauma 3
CpaBrenne 3HadeHuil nuddepeHuajIbHONl OMuOKN
[Comparison of differential error values|
Wind direction Error for the standard Error for the location of the stereo
angle (yaw error), deg. | location of the common devices on both sides
single weather vane, deg. of the nacelle, deg.

1 14.87 3.93
10 14.53 3.77
20 8.6 9.6

30 6.73 15.05

OKa3bIBAETCs JIOCTATOYHO BBICOKOI, YTO MOXKET OBITH CBSI3aHO C TYPOYJIEHTHBIM
O0TeKaHMeM TOHJOJBI IIPU UPE3MEPHOM YBEJIMYEHUH YIJIa HAIPaBJIEHUsI, KOr/a
CyIIEeCTBEHHAsI JOJIsI BO3MLYIIHOIO [IOTOKA HMeeT IOIepevHOe HallpaBJIeHNe.
Takum 06paszoM, MOXKHO yTBEp:K/IaTh, 9TO TOYKa R1 M 3epKaJibHas e€il siBJisi-
[0TCsI HamboJ1ee MPeIoYTUTEILHBIMA U YIOOHBIME IS PA3MEINeHUs 1aTIinKa, Ha-
[IpaBJIEHUs] BETPA. 3aMETHUM, 9TO B 3TOM CJIydae MPUCYTCTBYeT HECUMMETPUIHOCTh
[TOKA3aHUI [JIsT JIEBBIX U IIPABBIX HAIIPABJIEHUI BETPa OTHOCUTEIbHO IIPOIOJIb-
HOIt ocu ToHmOJbI. JIas ycTpaHeHHs aCHMMETPHU CHUTHAJBI OT ODOMX JATYUKOB
CKJIAJBIBAIOTCS JIPYT C IPYrOM, a OIIMOKa OJHOIO M3 HUX BBIYUTAETCS U3 OIIHOKM
apyroro. Ilpemmoaraercsi, 9T0 TaKoi MOIXOJ, MTO3BOJISIET YMEHbBIIUTD BEJUINHY
muddepeHnnaabHON OMMUOKY OPUEHTAINN TPAKTHIECKU 10 HYJIA.

6. Monenuposanue B Matlab/Simulink. [[jist nmojrBepK ieHust mpeiosio-
JKeHns OBLIO MTPOBEJIEHO MOJIeMpoBaHue paboTel BIOY ¢ cucremamu yripaBieHust
OpHeHTAIlnell Ha BeTep JIBYX THUIIOB: C UCIOJb30BAHUEM OJIHOTO JATINKA HAIIPAB-
JIEHUsI, PACIIOJIOKEHHOI'O CBEPXY TOHJIOJIBbI, W C MCIIOJb30BAHUEM JIBYX JIATUYNKOB,
PACIIOJIOKEHHBIX B ONTHMAJBHBIX MeCTaX 10 00eMM CTOpoHaM roH0Jbl. CTpyK-
TYpPHBIE CXeMbI TAKMX CUCTEM YIIPABJIEHUs IPUBEJIEHBI HA puc. 6,a u b.

[IpesicraBiieHHbIe CXEMBI CUCTEM YIPABJICHUS OBLIA PEAJU30BaHbI B COOTBET-
CTBYIOIINX UMUTAIMOHHBIX MOJIEJISIX, COJIEPIKAIUX MOJIETH OO bEKTOB YIIPABICHUS
C OJIMTHAKOBBIME XaPAKTEPUCTUKAME U OTJIMIAIONIIXCS JIAIIb AJITOPUTMaMU YIIPaB-
senusi. B cpeme Matlab/Simulink mocTpoeHa OJIOK-TuarpaMma UMATAITMOHHON
mozesin BV, npejcrasiennas Ha puc. 6, c.

31ech 6J10k System Input rerepupyeT CUrHAJIBI CKOPOCTHU U HAIIPABJIEHUS] BO3-
JIYIITHOTO TIOTOKAa, JeiicTyromero Ha BIY. JIBa momymns — Single Sensor WPU
u Double Sensor WPU umutupytor pabory BOY. Dt Momyninm uaeHTHIHBI O
CBOEIl CTPYKTypE U OTJIUYAIOTCH aJropuTmMoM paborsl Os10ka Sensor Unit. Kax-
JIBLiE MOJTyJib cocTouT u3 Tpex OjokoB: Wind Turbine, Sensor Unit u Yaw Control
System. Bjok Wind Turbine npunumaer 3ajarorue curaajbl or System Input,
B KOTOPBIX COJIEPKUTCS MHGOPMAIUA 0 CKOPOCTU U HallpapjieHuu Berpa. BuyTpu
OJI0Ka 3TH CUTHAJIBI IIOABEPTAIOTCsT 0OPAbOTKE TaKMM 00PasoM, ITOOBI cHopMU-
pOBATh CUTHAJI, COOTBETCTBYIOIIHI TapaMeTpaM BO3JIYIITHOTO TIOTOKA, A IAKIIET0
HA JIATYNK /IATYNKK HAIPABJIEHUS BETPa. 3/1eCh MOJIEIUPYETCs OTKIOHEHUE BO3-
JIYIITHOTO TIOTOKA JIJISI COOTBETCTBYIONIETO PEKIMa PabOThI pOTOpa (yINTHIBAIOTCS
CKOPOCTH BETpa U TeKyIasi OBICTPOXOIHOCTh POTOPA) U 3aa€TCs MECTO PACIIOJNIO-
KeHus naranka. Takum obpasom, Ha Bbixose Flow Deflection 6;10ka Wind Turbine
dopMupyeTcst CUrHaJI, IeHCTBYIOMMI HA JATIYNK, PACIOJIOXKEHHBIN CBEPXY T'OHJIO-
gl st Momyast Single Sensor WPU. Awnajiormano, st moaysist Double Sensor
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Sensor
Sensor Contor System Contor System
Sensor
Drive Drive
a b
| Single Sensor WPU
Wind Speed. m/s - P Wind Speed
‘Wind Direction, deg — - Wind Direction Flow Defiection v—H Sensor Input  Direction —» Set Yaw Angle
System Input | Vo gl
Sensor Unit Yaw Control System

Wind Turbine

[ Double Sensor WPU

1 Wind Spaed

‘Wind Direction Flow Deflection — Sensor Input  Direction —# Set Yaw Angle

P Yaw Angle

Sensor Unit1 Yaw Control System1

Wind Turbine1

| Measurement area

hmd_ Direction > >
aw_Angle_1
Yaw_Angle_2 >—b

C

Puc. 6. MonpenupoBanue B Matlab/Simulink: a — cxeMa CHCTEM yIIPABJIEHUS OPUEHTAIINNA HA

BETED C OJHUM JATIYNKOM HAIPABJIEHNs]; b — CXeMa CUCTEeM yIIPABJIEHUsI OPUEHTAIINN Ha BETEP

C IByMsl JaTIYNKaMU HAITPABJIEHUsT; ¢ — OJIOK-IuarpaMMa HUMATAIMOHHOM Mojenun BOY B cpeme
Matlab/Simulink

[Figure 6. Simulation in Matlab/Simulink: a — the block diagrams of yaw control systems
with one direction sensor; b — the block diagrams of yaw control systems with two side-based
sensors (“stereo” sensor); ¢ — the block diagram of simulation model in Matlab/Simulink]

WPU dopmupyercs maBoiiHoi# curnali, TefiCTBYIOMN Ha Hapy JATINKOB HAIIPAB-
JIEHUsI BETPA, PACIIOJIOXKEHHBIX 110 00EHMM CTOPOHAM I'OHJIOJIBL.

Jastee curnas nocrymnaer Ha 6Ji0k Sensor Unit, B KOTOPOM MOJEIMPYETCS Pa-
0oTa HaTYNKA HAIIPABJIEHUS BO3IYIITHOIO IMMOTOKA, KOTOPBIM IO 9TOMY CUTHAJY
OIleHMBaeT HalpabjeHue Ha Berep. s momyns Single Sensor WPU peanunzoBan
AJIPCOPUTM OIpeIesIeHNs] HAIPABIEHUSI IO OJAMHOYHOMY CHULHAJLY, a JIsI MOIYJIsI
Double Sensor WPU namnpasiienne ompeaessiercs o JIBYM CUTHAJIaM JIJIs JIEBOIO
n IpaBoro JaT4YmKOB.

B caenyromem 60oke Yaw Control System momenupyercst paboTa CHCTEMBI
OpHEHTALUN Ha BeTep. BXOOHLIM CUTHAJIOM MJIsL 9TOr0O OJIOKA SIBJISETCS 3HAUECHUE
HEOOXOIUMOr0 yIJIa HallpaBJIEHHsI, I CHCTEMa yIpaBJIeHus oprueHTanueit BIY mo-
BOpaduBaeT rou1o1y BOY Ha 3ajanubIi yrosi. CucreMa OpUEeHTAIIME PeAJIM30BaHa
10 3aMKHYTOMY THILY C IIPOIOPIINOHAILHO-MHTErPAILHBIM PEryIsaTOPOM u o0paT-
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HON CBA3LIO 1O MOJIOXKEHUIO. B KavuecTBe MCIOJHUTEIHHOTO YCTPOMCTBA TPUHAT
JIEKTPUYIECKUI ITPUBOJ, C MOHUKAIOIIUM PEyKTOPOM, & 0OBHEKTOM YIIPaBJICHUS
SIBJISIETCS PACIIpe/ie/ieHHas Macca ¢ MOMEHTOM WHEPIINU, SKBUBAJIEHTHBIM MOMEH-
TY WHEPIUU TOHIO0JIBI, MojaeaupyeMoit BIY.

Jlns cpaBHUTEIBHOIO aHaJM3a pabOThI ABYX cucTteM B Mojysie Measurement
Area Ipou3BOMIIACH PETUCTPAIINST BXOJHOTO CUTHAJIA, COIEPIKAIIET0 U3MEHSTIOIIIEe-
eCsl BO BpEMEHHU HAIIPABJIEHNE BETPA, U JIBYX BBIXOJIHDBIX CUTHAJIOB, COOTBETCTBYIO-
X PacCINTAaHHOMY 3HAUEHWIO HAIPABJIEHUS T'OHJIOJBI JJIT CUCTEM YIIPaBJIEHUS
C OTHUM JATUYNKOM HAIIPABJIEHUS U ABYMsI B COOTBETCTBUU C PACCMATPUBAEMBIMU
CITyIasIMU.

PesynbraThl MoieTupoBanust CUCTEMBI yIIPaBIeHus: opueHTaueit BOY na Be-
Tep C NUCIOJIb30BAHUEM ABYX IOIXOJ0B IPUBEIEHBI HA PUC. 7.

Ha puc. 7 3eeHbIM 1IBeTOM MOKa3aH BXOIHOM CHUTHAJI, COOTBETCTBYIONINI Ha-
npasjieHno Berpa. Curaan GopMUpyeT BXOJHOE BO3IEHCTBUE B BUJE HAIIPABJIE-
HUsSI BETPa, B HAYAJIbHBLIII MOMEHT BpPEeMEHU PaBHOTO 3HadeHuio 0° B riobajbHOM
cucreme koopaunat. [Tocie atoro maunnas ¢ 20 mo 30 ceKyHIy HaIpaB/eHUe BET-
pa mensiercsi ¢ yriia 0 mo 10°, mocste wero J10 KOHIIA MOJETUPYEMOIO BPEMEHHOTO
WHTEpBaJIa COXpaHseT 3T0 3HadeHue. /st 60JIbIIEro COOTBETCTBUS PEAJIbHON Kap-
TUHE B CUTHAJ J00aBJICHA CydaiiHas KOMIIOHCHTA.

CuHUM I[BETOM TOKa3aH OTKJIMK IpU PaboTe ¢ OIHUM JATIMKOM HallpaBJ/ie-
nusi. I3 pe3ysibraToB MOJIEIMPOBAHUS BHJIHO, YTO C CAMOIO Hadaja paboThl BO3-
Hukaer jguddepeHiuaibias OMmrOKa OPUEHTAIINN, U CUCTeMa ylpaBjienus BIY
pasBopaduBaeT roHJI0/Iy Ha BeauduHy or 6 jgo 7° (ygacrok or 0 0 20 cexyH[).
3areM HACTYIAeT CMeHa HallPABJIEHHUsSI BETPa, CUCTEMA YIIPABJIEHUs] OpUEHTAIHel
3aMevaeT 9TO U HAUWHAET ITOBOPAYNBATE TOHOMY JJIs yCTPaHEHUs PacCOriacoBa-
nust (yuacrok 20-30 cexkynz). IIpu arom Busso, uTo quddepeHuaibHast OnmoKa
COXPAHSIETCSI U He yCTPAHSIeTCsl, 9TO MPUBOJUT K HeahpdekTuBHOil pabore BOY
U CHUZKEHUIO BHIPAOOTKH 3JIEKTPUIECKON SHEPTHH.

I'paduk KpacHOro 1BeTa COOTBETCTBYET PAbOTE CUCTEMBI YIIPABJIEHUS] OPUEH-
tarueit BOY Ha Berep ¢ UCIOJb30BAHUEM JBYX JIATUYUKOB, PACIOJIOXKEHHBIX I10

20 T T

= =
(==l (2

Wind Direction, deg.
ot

-5 | | I 1 |
0 10 20 30 40 50 60
Time, sec.

Puc. 7. PesynbraTel MmomenupoBanus B cpeae Matlab/Simulink (omnaitn B msere)

[Figure 7 (color online). Simulation results in Matlab/Simulink: the green line represents the

input signal corresponding to a wind direction; the blue line represents the operation of the wind

turbine orientation system with a single direction sensor; the red line represents the operation
of the wind turbine orientation system using two sensors|
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06euM CTOPOHAM IOHIOJLI B ONTHMAJBLHBIX MecTax. VI3 Hero BUIAHO, YTO CHCTEMA
YIIPABJICHUSI BEPHO OIpeJIesIseT HallpaBIeHHe BeTpa, YCTPaHsisd OIMMOKY OpUeHTAa-
AN JI0 HYJIA.

Takum 00Opa3oM, CpaBHUTENBHBIN aHaaun3 paboTel BOY, rie BMECTO OIHOTO
JaTdiKa HallpaBJIeHHs BeTpa, PACIOJIOXKEHHOI'O CBEPXY TOHIOJIbLI, HCIIOJIbL3yeTCs
JIBA JIATYUKA, DPACIOJIOXKEHHBIX 110 OOEUM CTOPOHAM TOHJIOJBI B ONTUMAJBHBIX
TOYKaX, [TOKa3aJ/I, 9TO IPEJJIOXKEHHBIN CI1ocob OIpesesieHnsT HAlPpABJIEHUSI BETPa
MIPAKTUIECKN ITOJIHOCTBIO yCTpaHseT auddepeHInaabHyo OMNOKY OpHEeHTAITIN
u obecriednBaeT MPaBUIbHYIO OpHEHTAINI0 poTopa BIY.

Bakmrouenue. ChHopMyMpoBaHbl BBIBOJIBI, OCHOBaHHbIE HA aHAJIU3e IIy0/Iu-
KaIliil U Pe3ysIbTarax MOJIEeJINPOBAHUS.

1. B pesysbrare ananuza myOjuKalinii BbISIBJIEHO, YTO yCPEIHEHHAs ONMINOKA
opuernTaiuu 'O BY cocrasisier ot 3 10 4°, 9TO COOTBETCTBYET HEpIe-
THYecKuM 1oTepsam nopsaka 1 %. OgHako B psaje ciydaeB OmubKa MOXKET
nmocrurath oT 30 1m0 40°, 9TO COOTBETCTBYET TOTEPAM mopsaka 24 %.

2. Anajms pe3yabTaTOB YUCICHHOTO MOJIETNPOBAHNS BUXPeoOpa30BaHNs B TPU-
CTEHOYHBIX 0OJIACTSX TOH0JBI B TakeTe ANSYS®) CFX MO3BOJIUI PACCUNTATD
ycpeaHeHHoe 3uaxdenne auddepeHImaabHoi oMok B 0TOOPaHHBIX /Il UC-
CJIEJIOBAHUS TOYKAX [PU PA3JIMIHBIX 3HAYEHUSIX CKOPOCTH IIOTOKA U OBICT-
POXOJITHOCTH POTOpA, TEM CAMBIM OINTUMHU3UPOBAB OINTUMAJIBHOE MECTOIOJIO-
JKEHUe JaTIrKa HAIIPABJIEHUS] U CKOPOCTH BETPA € YIETOM KOHCTPYKTHUBHBIX
0COOEHHOCTEN TOHMIOJBI U HEIIOCPEICTBEHHO CAMOTO HATIUKA.

3. Amnajms moBejieHUsT BO3IYIITHOTO MOTOKA B MIPUCTEHOTHON 00JIACTH TOHTOJIBI
[IOKA3BIBAET, YTO UCIIOJb30BAHUE JIBYX CUMMETPUYHO PACIOJIOKEHHBIX JAT-
YMKOB HAIPABJIEHUS] ¥ CKOPOCTH BeTpa (HA3BAHHBIX <«CTEPEOJIATINKAMIY )
¢ 06enx CTOPOH TOHJOJIBI IIPEIIIOUTUTE/ILHEE, UeM OJINH JATINK CBEPXY I'OH-
JIOJIBI, TIPU 9TOM OIMHOKA OPHEHTAIINN MOXKET ObITh yMeHbIIeHa B 3-4 pasza’?

BozmoxHO, 60J1bIIIEe KOJIMYIECTBO JJATIUKOB €IIle CHIILHEE yMEHBIITUT ONNOKY

OPHEHTAIIUU, HO TAKXKE OKaXKeT HEKOTOPOEe BJIUSHUE HA B3aUMHBIE MTOKA3a-

Hust 3

4. MonenupoBanue pabOThl JATINKOB B akeTe Matlab/Simulink moka3zaJio

[IOJTHOE yCTPAHEHUE OIMMOKU OPUEHTAIUN POTOPA [IPU UCIIOJIb30BAHUH «CTe-

peoJiaTIrKay M COXPaHEHUe OMUOKH IIPU MCHOJIb30BAHUU OJHOIO (<«KJIACCH-

"eckoro» ) jardmkat

IIpuBenennbie pe3yIbTATHI MOKA3LIBAIOT IIPEUMYIIIECTBO UCIOIB30BAHUS «CTE-
peosaTunkas B cucreMe yipasijenus opueHrtanueir 'O BIY no cpasnenuio c
«KJIACCHUIECKUM>.

Ciremyer OTMETUTD, UTO CYIECTBYET MUPOKUIl CIIEKTP JATINKOB, KOTOPBIE MO-
I'yT OBITH KCIIOJIB30BAHDBI JJIsi PACCMATPUBAEMON 3a/1a9u, TOITOMY KOHCTPYKITUS
pubopa /1t GOKOBOI'O PACIIOIOKEHHS B JJAaHHOM pabore He packpbiBaercs. C 3Toit
TOYKHU 3PEHUS, MPEJICTABJIEHHBIC PE3YJIBTATHI TOPOXKIAIOT MHOXKECTBO obJracTeit
JIJIsl UCCJIEJIOBAHU.

KOHKypI/IpyIOIJ_[I/Ie NHTEpPeECHI. BaHBJIHel\I, YTO B OTHOIIECHUU aBTOPCTBa U Hy6JII/IKaLLI/II/I

2T, KOHIIEIIIHST TOXOZKA, HA, CTEPEOBHIEHNE, KOT A KAPTHHKA BEITJISANT Gostee uerkoit. Taxske
OHA TIEPECEKAECTCs C TPUHIUIIOM HABUTAIMN «4IeM GOJIbIIIE JATIYUKOB — TEM BBIIIE TOYHOCTb», KAK
ykasaHo B [16].

3910 yTBepIKIEHME TPEGYET JOMOJHATELHEIX HCCIIEI0BAHMIA.

4TakuM 06pa3OM, pe3yIbTATH JAHHOIO UCCJICIOBAHUS OYLyT HOJIE3HbI PaspaboTInKaM IaT-
YUKOB HAIIPABJIEHUSI BETPa, a TakKe HMHKeHepam BIY.
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9TOI CTaThbU KOHMJINKTA HHTEPECOB HE MMEEM.

ABTOpckuit Bkjaa u oTBeTcTBeHHOCTh. E.B. Coslomun — pa3spaboTka KOHIIEIIUT HC-
CJIEJIOBAHUSI, CACTEMATU3AIUsI MaTepuaJia, pabora ¢ uncroBukoM pykornucu. A.C. MapTbs-
HOB — 000011IeHrEe pe3ysbTaToB pacdera B ANSYS®) CFX, pacuer OTHOCUTE/IBHONM CyMMap-
HOI BeTmIuHBI quddepeHnaabHoi ommrOKN, UMATAIIMOHHOE MOJieinpoBanne B Matlab/
Simulink. A.A. KoBanés — Beimosaenue pacaeroB B ANSYS®) CFX, 06paboTKa pe3yJsibra-
TOB, pabora ¢ yncroBukoM pykomucu. I.H. PsBkun — Buzyaausaiius u mOAroTOBKa rpa-
duyecKkux MaTepuaJioB, pabora ¢ yepHoBukoM pykonucu. K.B. OcuniieB — Busyasuzaiiust
¥ TOArOTOBKa Tpaduvecknx Marepuayion, pabora ¢ depHoBukoM pykorucu. 5.C. Bos-
KOB — IIpeiBapuTeabublil pacder B Excel u MathCad. /I.C. Anrunun — 0630p Jurepary-
pBI, paboTa ¢ YePHOBUKOM pyKommcu. Bce aBTOpBI yTBEpAMIN OKOHYATE/HHBI BAPUAHT
PYKOIIUCH ¥ HECYT OTBETCTBEHHOCTDH 3a BCE aCIEKThI pabOTHI.

®unHaHcupoBaHue. lccienoBaHue BBIIIOJHEHO 3a CYeT I'PaHTa POCCHiiCKOro HaydHO-
ro domuga Ne 23-11-20016, https://rscf.ru/project/23-11-20016/, a TakxKe rpaHTa
Donpa CopeiicrBus unnosanusm, Ne 169181V /2021. UccienoBanust BBIIOJHEHBI C UC-
[IOJIb30BAHUEM CYIIEPKOMITBLIOTEPHBIX pecypco FOYpI'Y.

Ncnonp3yemoe nporpammHoe obecrieueHme. udopmamnus o JIUIEH3UAX Ha IIPO-
rpaMMHOe OOecIIedeHIe HAXOAUTCS 0 CJIELYIONIIM CChLIKaM:

— https://supercomputer.susu.ru/users/simulation/ansyscfx/

— https://supercomputer.susu.ru/users/simulation/SolidWorks/

— https://supercomputer.susu.ru/users/simulation/matlab/

Bubaunorpaduyeckuii crimcok

1. Scholbrock A. K., Fleming P. A., Fingersh L. J., et al. Field testing LIDAR based
feed-forward controls on the NREL controls advanced research rurbine: 51lst AIAA
Aerospace Sciences Meeting including the New Horizons Forum and Aerospace Exposition
(Grapevine, Texas; January 7-10, 2013). Conference Paper NREL/CP-5000-57339, 2013.
8 pp. DOI: https://doi.org/10.2514/6.2013-818.

2. Steven L., Eamon McK. LIDAR and SODAR measurements of wind speed and direction in
upland terrain for wind energy purposes // Remote Sens., 2011. vol. 3, no. 9. pp. 1871-1901.
DOI: https://doi.org/10.3390/rs3091871.

3. Dongran S., Yang J., Fan X., et al. Maximum power extraction for wind turbines through
a novel yaw control solution using predicted // Energy Con. Man., 2018. vol. 157, no.4.
pp. 587-599. DOI: https://doi.org/10.1016/j.enconman.2017.12.019.

4. Qu C., Lin Z., Chen P., et al. An improved data-driven methodology and field-test verifica-
tion of yaw misalignment calibration on wind turbines // Energy Con. Man., 2022. vol. 266,
no.4, 115786. DOI: https://doi.org/10.1016/j.enconman.2022.115786.

5. Liu Z., Gao W., Wan Y.-H., Muljadi E. Wind power plant prediction by using neu-
ral networks: IEEE Energy Conversion Conference and Exposition (Raleigh, North Car-
olina; September 15-20, 2012). Conference Paper NREL/CP-5500-55871, 2012. 7 pp.
DOI: https://doi.org/10.1109/ECCE.2012.6342351.

6. Karakasis N., Mesemanolis A., Nalmpantis T., Mademlis C. Active yaw control in a
horizontal axis wind system without requiring wind direction measurement // IET Re-
newable Power Generation, 2016. vol.10, no.9. pp. 1441-1449. DOI: https://doi.org/
10.1049/iet-rpg.2016.0005.

7. Mamidipudi P., Dakin E., Hopkins A., et al. Yaw Control: The Forgotten Controls Problem.
Virginia: Catch the Wind, Inc., 2011.

8. Solomin E., Terekhin A., Martyanov A., et al. Horizontal axis wind turbine yaw differential
error reduction approach // Energy Con. Man., 2022. vol. 254, no.9, 115255. DOI: https://
doi.org/10.1016/j.enconman.2022.115255.

588


https://rscf.ru/project/23-11-20016/
https://supercomputer.susu.ru/users/simulation/ansyscfx/
https://supercomputer.susu.ru/users/simulation/SolidWorks/
https://supercomputer.susu.ru/users/simulation/matlab/
https://doi.org/10.2514/6.2013-818
https://doi.org/10.3390/rs3091871
https://doi.org/10.1016/j.enconman.2017.12.019
https://doi.org/10.1016/j.enconman.2022.115786
https://doi.org/10.1109/ECCE.2012.6342351
https://doi.org/10.1049/iet-rpg.2016.0005
https://doi.org/10.1049/iet-rpg.2016.0005
https://doi.org/10.1016/j.enconman.2022.115255
https://doi.org/10.1016/j.enconman.2022.115255

CrepeorraHOpaMHBIH aHEMOPYMOOMETD /IS CHCTEMbI OPDUEHTAIHH . . .

10.

11.

12.

13.

14.

15.

16.

Pei Y., Qian Z., Jing B., et al. Data-driven method for wind turbine yaw angle sensor zero-
point shifting fault detection // Energies, 2018. vol. 11, no. 3, 553. DOI: https://doi.org/
10.3390/en11030553.

Kim M.-G., Dalhof P. Yaw systems for wind turbines — Overview of concepts, cur-
rent challenges and design methods // J. Phys.: Conf. Ser., 2014. vol. 524, no.1, 012086.
DOI: https://doi.org/10.1088/1742-6596/524/1/012086.

Total Energy: World Energy & Climate Statistics — Yearbook 2023 [Electronic resource].
URL: https://yearbook.enerdata.net/total-energy/world-energy-production.html
(Accessed: May 29, 2023).

Astolfi D., Castellani F., Becchetti M., et al. Wind turbine systematic yaw error: Operation
data analysis techniques for detecting it and assessing its performance impact // Energies.
vol. 13, no.9, 2351. DOI: https://doi.org/10.3390/en13092351.

Churchfield M., Lee S., Moriarty P., et al. A large-eddy simulation of wind-plant aero-
dynamics: 50th ATAA Aerospace Sciences Meeting including the New Horizons Forum
and Aerospace Exposition (Nashville, Tennessee; January 9-12, 2012). Conference Paper
NREL/CP-5000-53554, 2012. 19 pp. DOI: https://doi.org/10.2514/6.2012-537.
Siemens SWT-3.6-120 Offshore — 8,60 MW — Wind turbine [Electronic resource]. URL:
https://en.wind-turbine-models.com/turbines/669-siemens-swt-3.6-120-offshore
(Accessed: May 29, 2023).

Comomun E. B., Tepexun A. A., Mapteanos A. C. [u ap.] Ouenka BiusHuA Mozeei Typoy-
JIEHTHOCTH Ha OIMCAHUE IIPOIECCOB BUXpeobpasosanus B Berposuepreruke // Becmu. Cam.
2oc. mexn. yn-ma. Cep. Dus.-mam. nayxu, 2022. T.26, Ne2. C. 339-354. EDN: SVRJIGF.
DOI: https://doi.org/10.14498/vsgtul885.

Mueller K., Atman J., Kronenwett N., et al. A multi-sensor navigation system for outdoor
and indoor environments / Proceedings of the 2020 International Technical Meeting of The
Institute of Navigation. San Diego, California, 2020. pp. 612—625. DOI: https://doi.org/
10.33012/2020.17165.

589


https://doi.org/10.3390/en11030553
https://doi.org/10.3390/en11030553
https://doi.org/10.1088/1742-6596/524/1/012086
https://yearbook.enerdata.net/total-energy/world-energy-production.html
https://doi.org/10.3390/en13092351
https://doi.org/10.2514/6.2012-537
https://en.wind-turbine-models.com/turbines/669-siemens-swt-3.6-120-offshore
https://elibrary.ru/SVRJGF
https://doi.org/10.14498/vsgtu1885
https://doi.org/10.33012/2020.17165
https://doi.org/10.33012/2020.17165

Vestn. Samar. Gos. Tekhn. Univ., Ser. Fiz.-Mat. Nauki
[J. Samara State Tech. Univ., Ser. Phys. Math. Sci.], 2023, vol. 27, no. 3, pp. 573-592
ISSN: 2310-7081 (online), 1991-8615 (print) d  https://doi.org/10.14498/vsgtu2016

MSC: 76G25, 76N15, T6F05

Wind direction stereo sensor
for the wind turbine active yaw system

E. V. Solomin, A. S. Martyanov,
A. A. Kovalyov, G. N. Ryavkin,
K. V. Osintsev, Ya. S. Bolkov, D. S. Antipin

South Ural State University (National Research University),
76, Lenin pr., Chelyabinsk, 454080, Russian Federation.

Abstract

The traditional approach to the horizontal axis wind turbine yawing
process leads to the appearance of a known differential yawing error due to
the periodic deflection of the air flow by the rotating blades. To reduce its
amplitude, usually recorded by a single weather vane located on the top of
the nacelle.

This study proposes a new approach, namely the usage of a complex or
“stereo” sensor in the form of two devices symmetrically located on both
sides of the nacelle (similar to stereoscopic devices). To prove the effective-
ness of the approach, several specific points near the nacelle were selected
for subsequent modeling of air flows in ANSYS® CFX software using the k—
turbulence model based on the Navier—Stokes differential equations. At each
point, the average value of the orientation angle error was calculated under
the following conditions: different wind speeds, tip speed ratios, and wind
direction angles. As a result, two points most suitable for the placement
of devices were identified. Also, the advantage of a stereo-panoramic device
over a traditional one is clearly shown numerically by the example of a case
study with nominal parameters. The Matlab/Simulink analysis showed an
increase in wind turbine performance due to improved reliability of wind di-
rection determination when properly positioned wind flow sensors are used.

This article does not give any idea of a sensor design, since any principle
can be used to determine the correct wind direction. However, the authors
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are considering a new “stereo sensor”, which will be studied in more detail
in the following articles.
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Abstract

An analysis has been conducted on the continuous dependence of the
function describing the behavior of the real structure on the characteristics
of initial imperfections. A condition has been obtained, imposed on the pa-
rameter of external influence and the stiffness coefficient of the foundation,
when that is violated, the shape of the cross-section of the strip will no
longer be close to a rectangle, i.e. the strip loses shape stability. During the
study, the parameters of external influences remained independent.
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Introduction. During the operation of products, various internal processes
occur, which can lead to changes in the geometric and physical parameters. How-
ever, when designing such products, it is typically assumed that these changes are
insignificant. Additionally, during production, there are tolerances for the geo-
metric dimensions of parts as well as for their mechanical, physical, and chemical
properties [1-5]. By conducting a study based on a mathematical model, it is
assumed that such imperfections do not have a significant effect on the stress-
strain state. Thus, the solution describing the stress-strain state is continuously
dependent on the initial data (imperfections) [1].

The works on this problem include studies of the stability on the solution
of quasi-static problems [2-4]. In most studies, the load parameters ceased to be
independent at a certain stage of research and a loading trajectory was introduced.

In this study, an analysis of the continuous dependence of the solution for the
state of a compressed elastically supported strip on the functions that characterize
the geometry of its cross-section was carried out.

1. Problem statement. Consider a strip made of elastic material. The shape
of the cross-section is rectangular. The classical model of a one-parameter Winkler
foundation with stiffness coefficient k was chosen as the foundation model. The
strip is compressed along the side edges by forces, which makes it impossible to
set the exact boundary conditions for the normal stresses. Let them be reduced
to the main vector equal to modulus 2ph, where p is the parameter of external
influence, and h is the cross-section height. Similar situations arise, for example,
if the load is a concentrated force or a distributed force is applied along a line
running along the strip.

Let the upper and lower edges of the strip before deformation be characterized
by the following functions:

y=(D'(h+ f(2), zel[-Ll, i=12,
and after deformation:
y=gi(z), wel-Ll, i=12,
where f(z), gi(x) € CY[~1;1]; i = 1 corresponds to the upper edge of the strip,

i = 2 corresponds to the bottom edge. In the case of plane strain, the stress-strain
state of the strip is described by solving the following problem [6]:

b 0r_, 0o o7 _
Ox Gy_a’ oy Bx_a’

u v
Oy = Ae + QM%, O'y = Ae + 2#@, (1)
T = (@4,@) 9_@+@
~ Moz oy) Oz Oy’
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with boundary conditions:

where
& =—h— f(l), & =h+ f(l),
53:_h_f(_l)v f?zh—'_f(_)a
m=—h— f(l)+v(l,&), n2 =h+ f(l) +v(l, &),
n3 = —h— f(=1)+v(=1,&), na=h+ f(=1)+v(-1,&)

w=o® =gy o L L A .
vy 2 4 N —(kh+2u+N2u+ A"
kh +2u+ A
u=u0 3 el (4)
2 2 2
szag(go):—)\ (kh + 20+ AN)( M+)\)52§
oy = 0750) = —k:heg; =70 =0o.

If the functions that are the solution of problems (1)—(3), depend continuously*
on f(x) for f(x) = fo(x) = 0, then we obtain that, when there is a small difference
in the unloaded state between the cross-sectional shape of the strip and a rectangle
(|f(x)] < h), the stress-strain state after loading is close to (4). In particular, the
shape of the cross-section of the strip remains close to rectangular.

2. The study of continuous dependence. Let us determine the conditions
under which the solutions of problems (1)-(3) continuously depend on f(z) for
f(z) = 0. To do this, as shown in |7,8], it is necessary to compose the following
problem regarding auxiliary functionsit is necessary to compose the following task
regarding auxiliary functions which are indicated by a prime:

dol, O day, O
or "oy =Y oy Tan =Y
/ / 8”’ / / ’Ul
oL =N +2u—, o, =" +2u—, (5)
ox Y oy
T = (871}/4_%) /_iul_{_aivl.
RN oy /’ 0z Oy’

!By the continuous dependence of the solution of the original problem on f(x) it is meant
here that the solution found for f(z) from a sufficiently small neighborhood of fo(z), will differ
little from the one corresponding to the given fo(z) [10, the result arising from the implicit
function theorem; p. 492]. In this paper we consider the case when fo(z) = 0.
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(T2+T7/L)’ =¢9(x)+¢/(x =0,
y=g; (z)+g;(v) (6)

(o) + U;z)’y:gg(xprg;(r) = k(vo(@g + ¢/, k) + V' (@) + ¢, h)), 1 =1,2;

15 +nf 0 n3+n) 0
[ ety = [ oty = 2
n

P+ 13 +14
15 +nf o n3-+1} o

/ (Ux + Uw)ydy = / (Ux + Uw)ydy = 07 (7)
7+, n3+nj
€9 £9

/ (0 + ) dy = / (v° + v )dy = 0,

134 34

where 0 0 o o

g1 =(1+ 6y)ha} g5 = —(1+ey)h;

— _ _0 —

1= P2 11 Ega
R
¥1 'U,<1+ g?'i_ ) ) U 1_’_627 )
r_ T ) ;o /( x )

h = —h

gl U<1+€27 ) 92 (% 1+€9:7 )
¢ = (l Y ) ¢ = u’(—l i ) (8)
1 14 662 ’ 2 14 62 ’
?:_h’ Q_h) gg:_hv 2=h7
W= —h+®(—h), b =h+ O h),

7]:(3) = —h-i-’ljo(—l,—h), 772 :h+vo(_l7h)a

ny =v'(l,—h), nhy =v'(l, h),

ny =v' (=1, —h), ny =v' (=1, h).

For the solution of the original problem to depend continuously on the function
f(z) for f(x) = 0 it is necessary that the homogeneous problem corresponding
to linearized (5)—(8), admits only a trivial solution [8,11]. It is quite difficult
to conduct research on the general case; therefore we will consider a case that
often occurs in practice when p/u < 1. Then the deformations will also be small
(0] < 1, |2 < 1).

This allows the linearized boundary conditions [11], corresponding to (6) and
(7), to replace by the following approximate ones (here, it is already taken into
account that (4) is the solution of the problem (1)-(3) for f(z) =0):

for y = +h:

0 , (0,00 _ o (9)
T/—(O'm +Uy )%—U;‘i‘kvl—o,

for x = +I:
h
Uéo)h(v/(x, h) +'(z, —h)) / (ol (z,y)ydy = 0,
—h

h
(V'(z,h) — ' (2, —h)) / (o (z,y)dy = 0, (10)

—h

h
/ V' (z,y)ydy = 0.

—h
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The general solution of the system of equations from (5) is presented in the
form [2]
u' = q(n)cosax, v =r(n)sinax, n=ay. (11)
As a result of substituting (11) into (5), we obtained a system for finding
unknown functions ¢(n), 7(n):

d2q 2

MdTﬂ -
From here we obtain

q(n) = C1chn + Cyshn + C3nchn + Cynshn,

r(n) = (C2 — a1Cs) chn + (C1 — a1Cy) shn + Cinchn + Canshn,

where a1 = (A +3p) /(A + p); C1,Ca, Cs, Cy are arbitrary constants.
From (5) and (11) follows

dr r dq
A2 g+ A+ p)—=0, A+2u)-— —pur—A+pu)— =0.
(+2a+ O+ G =00 G2 (A

d
ol = a(Ad—; — (A + 2,u)q) sin ax.

Then the boundary conditions (10) are satisfied when a = mn/I. For other
unknowns we obtain

dr )
oy, = a((i\l—k Z,u)% - )\q) sin az,
q

o au(— + r) cos ax.
dn

As a result of substituting (11), (12) into the boundary conditions (9) we
obtain the following system of equations:

a11C1 + a120% + a13C3 + a14Cy = 0,
—a1101 + a1202 + 1303 — a14Cy = 0,

(12)

a31C1 + 3209 + ag3Cs + a34Cy = 0, (13)
a1 Cr + ag2Cs + ay3C3 + ayaCy = 0;
a1 = (2pu — 0;&0) — 015,0)) sh 3, are = (2u — 0;&0) - J?SO)) ch g,
o3 = (1+a1(1+ o) + 01(/0))) ch g+ B(1 - ot — U::SO)) sh S,
oy = (1— 0'9(00) — O'Z(/O)) ch s+ (1 - al(aéo) + 03(,0))) sh 3,
a31:2uchﬁ—|—§shﬁ, a32:2ushﬁ+§chﬁ,
Qg3 = (()\+2u)(1—a1)+ﬁg> sh 3 + (Zuﬁ—alg) ch 3, (14)
a3t = (A 421 —an) +62 ) chf+ (248 — a1 ) sh,
a41:2uchﬁ—§shﬂ, a42:—2ushﬁ+§chﬁ,

Q43 = (—()\ +2p)(1 —a1) + 5%) sh3 — (QMﬁ + a1§) ch 3,

oas = (A 421 —ar) — 52 ) chf+ (uB + a1 ) sh,
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where 8 = ah.
From (13) and (14) we have a relation that, when satisfied, the problem (5),
(9), (10) has a non-trivial solution:

arz 33
Qr2 32

11 014
Q31 Q34

12 02
Q13 043

a1l Q14

a1 o = 0. (15)

Conclusions. Equation (15) is the equation of a curve at the points where the
continuous dependence of the solution of the original problems (1)-(3) on f(z) is
violated when f(x) = 0. In particular, (15) determines the critical values of the
external action parameter p and the stiffness parameter of the foundation k. On
the plane of these parameters, equation (15) sets a statically special curve when
crossing by the loading trajectory, in which the shape of the cross-section will no
longer be close to rectangular (the strip loses stability).
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COCTOSIHUSI yNPYTOIO/IKPENJIEHHON CXKATOil MOJIOChI”

H. B. Munaesa', C. FO. I'pudnes®>, FO. U. Cxaarvro®,
B. C. Cagpporos?®, E. E. Aaexcandposa'

1 BopoHEXKCKHil TOCYIapCTBEHHBIH YHUBEPCUTET,

Poccusi, 364018, Boponezk, YHuBepcuTeTCKas IJIOMIA b, 1.
Boponexckuii rocyapcTBeHHbBIN TEXHUYECKUN YHUBEPCUTET,
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(HanMOHAIBHBIN HCCIIE0BATEILCKII YHUBEPCUTET ),

Poccust, 141701, Honronpymusiit, Uacruryrckuii nep., 9.

2

AnHOTanMs

IIpoBesen anam3 HEMPEPBIBHONW 3aBUCUMOCTU (DYHKITUHU, OTIMCHIBAIOIIEH
TOBEJICHNE PEeaTbHO KOHCTPYKITNHU, OT XaPAKTEPUCTUK HAYAJbHBIX HECOBED-
mencTB. [lojrydeHo yciioBue, HakjaJIbplBaeMoOe Ha IIapaMeTp BHEITHEro BO3-
JeiicTBUs 1 KO3(MDDUITMEHT KECTKOCTH OCHOBAHUSI, IPU HAPYIIIEHUH KOTOPOTO
dopMa MOmepeTHOro CeYEHNSs OJIOCHL y2Ke He Oymer OJIu3KO0i K IPAMOyTOJIb-
HUKY, T.€. TI0JIOCA TepsieT YCTONInBOCTh opMbl. [Ipu nposeiennn ncceno-
BaHUS [APAMETPHI BHEITHUX BO3JEHCTBUI OCTABAIICH HE3aBUCHMBIMU.

KurouyeBbie ciioBa: ympyrasi moJioca, yIupyroe MOIKPEeIIeHne, HeITPEePbhIB-
Hasl 3aBUCUMOCTb, YCTONYNBOCTb.

Hounyuenue: 15 ausapsa 2023 r. / Ucnpasienue: 18 mas 2023 1. /
punsarue: 25 mas 2023 r. / [ly6nukanus onnaita: 21 asrycra 2023 r.

*Ucxomuplit BApUAHT CTaThbU OBLI OMyOJIMKOBaH B COOPHUKE AKMYaasbHvie npobaemov, npursadHot
mamemamury, urngopmamury u mexanuru. Boponex, 2022. C. 1265-1269. EDN: HZAHMU.
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Koukypupyioiiiue nutepechl. KondankTa nHTEpecoB B OTHOIIIEHNN aBTOPCTBA U y0-
JINKAIINY TOH CTaThU HET.

ABTopcKuii BKJjiag u oTBeTCTBeHHOCTh. H.B. Munaesa — njest nccijieJoBaHUs; TOCTa-
HOBKa 33J1a9 UCCJIEIOBAHUS; aHAJIN3 PE3yIbTaTOB UCCAEOBAHUI; paboTa ¢ mepepaboTan-
vbIM BapuanToM pykonucu. FO.J. Ckajbko —MareMaTHdeckoe MojiempoBanue aedop-
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http://www.ural-press.ru/

Yeaxncaemvie uvumamenu!

O6parure BHMMaHMe, 4TO € 1 ceHTsA6ps 2023 I. IPOBOJUTCS
MOANMCHAsA KaMIaHMA Ha >XypHanbl CaMapcKOro rocylapCTBEHHOTO
TEXHUYECKOrO yHuBepcurera Ha 2024 rop

18106 BectHuk CaMapcKoro rocyfapCTBEHHOTO TEXHMYECKOTO YHUBEPCUTETA.
Cepusa «TexHudeckue HayKu»
ITIpombimnenHocTb. JHepreTnka. Crpoutenbcrso. TpaHcoOpT.

18108 BectHuk CaMapcKoOro rocyapcTBEHHOTO TEXHIMYECKOTO YHUBEPCUTETA.
Cepusa «Pusnko-MareMaTmyeckie HayKm»
Oo6pasoBanue. Hayka.

70570 IpamocTpOMTENbCTBO M apXUTEKTypa
IIpombimneHHOCTh. CTPONTENBCTBO.

18107 BectHuk CaMapcKoOro rocyapcTBeHHOTO TEXHNYECKOTO YHUBEpPCUTETA.
Cepusa «Ilcuxonoro-negarormyeckie HayKm»
Oé6pasoBanue. Ilegarornka. Pemurua. ®urocodusa. Conuonornsa. Ilcuxomorns.

41340 BectHuxk CaMapcKOro rocyfapcTBEHHOTO TeXHMYECKOTO YHUBEPCUTETA.
Cepus «durocodpus».
O6pasoBanue. Ilegarornka. Pemurusa. ®urocodusa. Conuonornsa. Ilcuxomorns.
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TexHO0JIOrus1 MPOU3BOACTBAa CMa30YHBIX MaceJl H CIeUIIPOIYKTOB. Yuel-
Hoe mocobue / B.A. Teienko, M.A. Aradonos, A.A. ITumep3un, HH. TomuHa,
C.A. AuTOoHOB, E.O. Kunkusa. - Camapa: Camap. roc. TexH. yH-T, 2014 - 240 c.

HomorpaMmwmsbl, rpaduKH U TaOIHYHBIE JaHHBIE /IS TEXHOJIOTHYE€CKHX
PacYeToB MPOIECCOB NepepadoTKu HedTH U rasa: CIpaBOYHOE rocobue /
B.I'.Bmacos, W.I'. AradoHnoB, A.A. ITumep3un, HM. Makcumos, E.E. BuiHeBckas,
IO.H1. UmyTteHKo. - Camapa: Camap. roc. TexH. yH-T, 2017.-91 c.
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VH-T, 2018. - 159 c.
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Karanuruueckuit pudopMuHr: yued.-MeTon, nocobue / JLU. 3a6otus. - Cama-
pa: Camap. roc. TexH. yH-T, 2016. - 166 C.

IIpoekTHpoBaHue HedTenmepepadaThHIBAIOIMINX 3aBOAOB: yuel. mocobue /
JLU. 3a6otuH, A.A. [Tumep3uH, A B. Moxaes. - Camapa: Camap. roc. TEXH. VH-T,
2018.-129c.

MeToabl OUYHCTKH He)TSIHBIX q)paxunﬁ: yuebGHoe mocobue / H.H. TomuHa,
H.M. MakcumoB, A.A. ITumep3us. - Camapa: CaMap. roc. TeXH. YH-T, 2014. - 293 c.

Karaim3 B XHMHYECKOHM NPOMBIIUIEHHOCTH: ydeGHOe mocobue /
H.H.Tomuua, ITA. Hukynemua, HM. Makcumos, A.A. Tlumep3uH. - Camapa:
Camap. roc. TexH. yH-T, 2017. - 374 c.

IIpoueccrsl HedpTEXUMHUIECKOr0 CHHTe3a B HedrenepepadboTke: yyeGHOE
noco6ue / B.A. ITunpimukos, AnLA. [Tumep3us, A.A. ITumep3uH. - Camapa: Camap.
roc. TeXH. yH-T, 2017. - 207 c.

IlogroroBKa M mepBUYHaAs nepepadorka HedTH. [IpoeKTHPOBaHKe yCTa-
HOBOK JJIOY-ABT: yueGHO-MeTOomuueckoe mocobue / B.I' Bmacos, U.A. Ara-
¢onoB. - Camapa: Camap. roc. TeXH. yH-T, 2015. - 327 c.

KaranuTuyecKu# KpeTHHr: yuel.-Mmetof. nocobue / JL.U. 3a6otun. - Camapa:
Camap. roc. TexH. yH-T, 2020. - 97 .

CHHTETHYeCKHe MOTOPHbIE Macjia M IpUCcagKu: yiebHoe nocobue / BA. Trl-
menko, C.B. KoTos, A.A. [Tumep3uH. - Camapa: Camap. roc. TexH. yH-T, 2020. - 260 c.

AnkunupoBaHHe CIUPTOB ojedpuHamu. [IoTryyeHHe TOIUIMBHBIX OKCHIe-
HaToOB: yueOHoe nocobue / BA. [Tunpimukos, AnA. [Tumep3uH, A.A. ITuMep3uH. -
Camapa: Camap. roc. TexH. yH-T, 2020. - 115 c.

MeToabl 0uuCTKH HeDTAHBIX Ppakuui 4. 1. yueGHoe nocobue / H.H. TomuHa,
H.M. Makcumos, B.A. TeimieHko, A.A. [Tumep3uH. - Camapa: Camap. roc. TEXH. yH-T,
2014.-293c.
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