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A new application of Khalouta differential transform
method and convergence analysis to solve nonlinear
fractional Liénard equation

L. Chetioui, A. Khalouta
Université Ferhat Abbas de Sétif 1, Sétif, 19000, Algeria.

Abstract

In this study, we propose a new hybrid numerical method called the
Khalouta differential transform method to solve the nonlinear fractional Lié-
nard equation involving the Caputo fractional derivative. The convergence
theorem of the proposed method is proved under suitable conditions.

The Khalouta differential transform method is a semi-analytical tech-
nique that combines two powerful methods: the Khalouta transform method
and the differential transform method. The main advantage of this approach
is that it provides very fast solutions without requiring linearization, per-
turbation, or any other assumptions. The proposed method is described and
illustrated with two numerical examples. The illustrative examples show
that the numerical results obtained are in very good agreement with the ex-
act solutions. This confirms the accuracy and effectiveness of the proposed
method.

Keywords: fractional Liénard equation, Caputo fractional derivative, Kha-
louta transform method, differential transform method, approximate solu-
tion.
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1. Introduction. Since the development of the fractional calculus, many
mathematicians and physicists have been interested in the theory of nonlinear
fractional differential equations, where many nonlinear phenomena in engineer-
ing, physics, fluid mechanics, viscoelasticity, chemistry, biology and various fields
of applied science can be described using these equations [1-9]. Consequently,
considerable attention has been given to the solutions of nonlinear fractional dif-
ferential equations of physical interest. Since many nonlinear fractional differen-
tial equations do not have exact analytical solutions due to the complexity of the
nonlinear terms included, several numerical and analytical methods have been
devloped to solve nonlinear fractional differential equations, such as: Adomian
decomposition method (ADM) [10], homotopy perturbation method [11], homo-
topy analysis method [12], variational iteration transform method [13], natural
reduced differential transform method (NRDTM) [14], general fractional residual
power series method (GFRPSM) [13].

The Liénard equation is a nonlinear second order differential equation pro-
posed by Alfred—Marie Liénard [15] and is given by

u'(x) + f(u)d/(z) + g(u) = h(z), (1)

where f(u)u'(x) is the damping force, g(u) is the restoring force, and h(z) is the
external force.

The Liénard equation (1) is a generalization of the damped pendulum equa-
tion or spring-mass system. Since this equation can be applied to describe the
oscillating circuits, therefore, it is used in the development of radio and vacuum-
tube technology. For different choices of the variable coefficients f(u), g(u), and
h(z), the Liénard equation is used in several phenomena. For example, the choices
f(u) = e(u®—1), g(u) = u, and h(z) = 0, this equation becomes the Van der Pol
equation as a nonlinear model of electronic oscillation, see [16,17]

Several researchers have studied the exact solution of particular cases of Lié-
nard equation. For example, Zhaosheng Feng 18] investigated the exact solution
of

u’ () + au(z) + bu(x) + cu®(x) = 0. (2)

He found that one of the solutions of equation (2), is given by

u(z) = \/_2ba(1 + tanh(v/—ax)),

when b?/4 — 4ac/3 =0, b >0, and a < 0.

The objective of the present article is to propose a hybrid numerical method
using Khalouta transform method and differential transform method in order to
solve the nonlinear fractional Liénard equation in the form

Du(z) + au(z) + bud(z) + cu®(z) =0, x>0, (3)
with the initial conditions
u(0) = ug, ¥ (0) = uq, (4)

where D is the fractional derivative operator in the sense of the Caputo of order
a with 1 < a < 2, and a, b, ¢, ug, and u; are constants.
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The organization of this article is as follows. In Sect. 2, we present the basic
definitions and several properties of the theory of fractional calculus, Khalouta
transform and differential transform method that will be used throughout our
article. In Sect. 3, we extend the proposed method to solve the nonlinear fractional
Liénard equation (3) with the initial conditions (4). In Sect. 4, we prove the
convergence theorem of this method under suitable conditions. In Sect. 5, two
numerical examples are proposed to illustrate the capability and effectiveness of
proposed method. In Sect. 6, we discuss our obtained results presented by figures
and tables. The conclusion is given in the final part, Sect. 7.

2. Basic definitions and results. This section presents the basic definitions
and several properties of the fractional calculus theory, Khalouta transform and
differential transform method (DTM) which will be needed in this article.

DEFINITION 1 [3]. The Riemann-Liouville fractional integral of order av > 0 of
a function w in C(R*,R) is defined as

1

= zx—T"‘_luT o«
Iu(z) = r(a)/o( ) (t)dr, «a>0,

u(x)v a =U,

()

where -
INa) = / e %z,
0

is the Euler gamma function.

DEeFINITION 2 [3]. The Caputo fractional derivative of order a > 0 of a function
u, is defined as

I R _
Do) = F(na)/o(x T) uw(r)dr, n—1<a<n,

u(n)(gj)’ o =n,

(6)

where n = [a] + 1 with [a] being the integer part of a.

Now, we present our results regarding the Khalouta transform of the Riemann—
Liouville fractional integral and the Caputo fractional derivative.

DEFINITION 3 [19]. Let u(x) be a integrable function defined for x > 0. The
Khalouta transform K(s,7,n) of u(x) is defined by

KH [u(z)] = K(s,7,1) = % /000 exp(—%)u(x)d:c,

where s, v, n > 0 are the Khalouta transform variables.
Some basic properties of the Khalouta transform are given as follows [19].

PrOPERTY 1. Let KCi(s,7,n) and Ka(s,7,n) be the Khalouta transforms of
u1(z) and ug(x), respectively. For each constants of ¢; and cg, then

KH|[c1u1(z) 4 couz()] = et KH [ug (z)] + coKH [ug(z)] =
= ca1Ki(s,7,m) + c2Ka(s,v,m).
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PROPERTY 2. Let K(s,7,n) be the Khalouta transform of w(z). Then

n n—1

S s \n—k
,Ynnnlc(8777n> - ];(](’}’77) u(k) (0)7 n = 1.

H[u(") (a:)] =

PROPERTY 3. Let KCi(s,7,n) and Ka(s,7,n) be the Khalouta transforms of
uy(x) and wug(x), respectively. Then the Khalouta transform of the convolution of
u1(x) and ug(x) is given by

KH[(ul * u2)(t)] = /OOO up(z)ug(z — 7)dr = ?Kl(s,%n)l@(s,’y,n).

PropPERTY 4. The Khalouta transforms for some basic functions:

KH[1] =1,
KH[z] = 2,
s
n n 1
KH[‘Z‘*}:VU, n—071>2) ;
n! s™
« A
KH[ v }:’7’7, a> 1,
I'a+1) s

THEOREM 1. If K(s,7,n) is the Khalouta transform of the function u(z), then
the Khalouta transform of Riemann—Liouville fractional integral of order a > 0,
s given by
o 77

KH[I*u(z)] = K(s,7v,m).

Proof. Applying the Khalouta transform to both sides of the equation (5),
we get

KH[I%u(z)] = KH [1“(104) /Ox (x—7)* " u(T)dT] = KH[F(la):Ea_l xu(x)|.

Then, using Properties 3 and 4, we get

n o 1
KH| I KH KH =
[1°u(@)] = ~HRH| 1o [ KA (@)
a—1,a—1 a,Q
myTn n
= ??K(&’Yﬂ?) T g K(s,v:m).
The theorem is proved. g

THEOREM 2. If K(s,7,n) is the Khalouta transform of the function u(z), then
the Khalouta transform of the Caputo fractional derivative of ordern—1 < o < n,
n € 77", is given by

KH[D%(@]:’;—” (5,7,7 Z( ) 9)(0).
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Proof. First, we take

v(z) = u™(z). (7)
Thus, equation (6), can be written as follows
D%u(x) = o /x(:c — 7)oy (7 dr =
F(n — O[) 0

- xx—TnfaflvT T=1""%(z
= o L @t = e @)

Applying the Khalouta transform on both sides of equation (8) and using
Theorem 1, we get

KH [Dau(a;)] = KH [I"*O‘v(x)] = %V(s,'y,n), 9)
where V(s,~,n) is the Khalouta transform of the function v(x).
Applying the Khalouta transform on both sides of equation (7) and using
Property 2, we get

KH[o(@)] = K[ (z)],
n n—1

s s \n—k
nnnqu,%n)—l;() u®)(0). (10)

V(s,v,n) = po
0

Substituting equation (10) into equation (9), we get

KH[Du(x)] = 7n;:”2_0< k(s vam Z( ) 0)> _

The theorem is proved. O

Now, we consider a function u(z) which is analytic in a domain T and let
x = xo represent any point in 7. The function u(z) is then represented by a
power series whose centre is located at xg [20, 21].

DerINITION 4. The differential transform of the function u(x) is defined as

Uk) = i i' [j;u(x)} , (11)

T=x0

where u(z) is the original function and U (k) the transformed function.
DEFINITION 5. The inverse differential transform of U (k) is defined as

ZU ZL‘—J}(] . (12)

k=0
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Combining equations (11) and (12), we get

In particular, for 29 = 0, equation (13) becomes

o= S [t
k=0

From the above definitions, the fundamental operations of the DTM are given
by the following theorem.

THEOREM 3. Let U(k), V(k) and W (k) be the differential transforms of the

functions u(x), v(z) and w(zx) respectively, then

(1) o
w(z) = Au() + (@),
then
W(k)=XU(k)+puV(k), X\ peR;
(2) if
w(z) = u(z)v(z),
then i
W(k) = U@V (k—r);
r=0
(3) if
w(z) = ui(@)uz() - up—1(2)un(z)
then

k knl 3

= > > - ZimlﬁUzkz—kl)

nlOanO k20k710
X Un—l(kn—l - kn—Q)Un(k - kn—l)-

3. Analysis of the Khalouta differential transform method (KHDTM).

THEOREM 4. Consider the following nonlinear fractional Liénard equation (3)
with the initial conditions (4). The KHDTM gives the solution of (3) and (4) in
the form of infinite series that rapidly converge to the exact solution as follows

= Ur)
r=0

where U(r) is the differential transformed function of u(x).

Proof. Consider the nonlinear fractional Liénard equation (3) with the initial
conditions (4).
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Computing the Khalouta transform to equation (1) and the use of the linearity
property of Khalouta transform, we get

KH[DYu(z)] + aKH [u(z)] + bKH [u?(z)] + cKH[u’(z)] = 0.
Using Theorem 2, this gives
KH [u(z)] = u(0) + %u'(()) - %KH lau(z) + bu? () + cu5(x)]. (14)

Substituting the initial conditions of equation (4) into equation (14), we get

KH [u(z)] = uo + ﬂul - u]K]I—]I [au(z) + bu®(z) + cu®(z)]. (15)

By inverting equation (15), we obtain
(z) = KE- (2 g bu? > 16

u(x) = up + wx — = [au(z) + bu’(z) + cu’(z)] ). (16)

Now, by applying the differential transforms method to equation (16), we get
U(O) = Uuo,

Ul) =uz,

ey (17)
Uk +2) = —KH (2]

T KH[aU (k) + bA(K) + cB(k)]), k>0,

where A(k) and B(k) are the differential transform of the nonlinear terms u?(x)
and u®(z), respectively.
The first few nonlinear terms are given by

A(0) = U%(0),
A1) =8U(0)U(1),
A(2) =3U%(0)U(2) + 3U(0)U*(1),
and

B(0) = U°(0),

B(1) =50 (0)U(1),

B(2) =5U0%(0)U(2) + 10U°(0)U*(1).

Note that the recurrence formula (17) to the iterative terms of equations (3)

and (4) is denoted KHDTM, and the &' order solution for equations (3) and (4)
is given as

k
S0 =300 19
r=0

Thus, in the following theorem, we prove that the series solution (18) which
is obtained by KHDTM converges to the exact solution if kK — oo, that is,

u(z) = kl;rilo Sk = Z U(r). (19)

r=0
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4. Convergence of the KHDTM. The main objective of this section is to
study the convergence of the KHDTM, when it is used in equations (3) and (4).

Suppose that B = (C'(R™), || .||) is the Banach space of all continuous functions
on R* with the norm

Ju(z)||g = sup |u(x)].
zERT

THEOREM 5. Let U(r) and u(x) be defined in Banach space B, then the series
solution Z U(r) stated in equation (19) converges uniquely to the exact solution

u(zx) of the nonlinear fractional Liénard equation (3), if there exists 0 < 6 < 1
such that ||U(r)|| < 0||U(r — 1), Vr € NU{0}.

Proof Let S; be the sequence of partial sums of the series given by the
recurrence formula (17), as
k
Se=>Y_U(r)
r=0

We need to show that {S;}7°, is a Cauchy sequence in Banach space B.
For this purpose, we consider

1Sk+1 = Sell < NU(r+ DI <OIU ) < U =D < --- < O™HU(0)]]. (20)

For every, n, m € N, n > m, by using (20) and triangle inequality successively,
we have

HS S ||_”S n1+Sn1 Snf2‘1""“‘Sm+1—SmH<
< HSn - n—l” + HSn—l - n—2H + -+ HSm—i-l - Sm” <
< OMUO)]| + 6" MU )| + - -+ 6™ U(0)]| =
:9m+1(1+9+"'+9n_m_1)HU(O)H <
gn—m

<o (S5 o)l

Since 0 < # < 1, we have 1 — ™"~ ™ < 1, then

9m+1
150 = Smll < T4 IU(O)]] (21)

So ||Sn, — S| = 0 as n, m — oo as U(0) is bounded.
Thus {Sk}72, is a Cauchy sequence in Banach space and consequently it is
converges to u(z) € B such that

lim Sy =Y U(r) =
r=0

k—o00

Now, suppose that the sequence {Sk}x>0 converges to two functions of u;(z),
ug(x) € B, that is,

lim S; =wi(x) and  lim Sk = ua(z). (22)

k—o0 k—o0
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Using the triangle inequality with (22), we get
l[ur(z) —ua(@)|| < [lua(z) — Skll + 1Sk — uz(2)]| = 0 as k — oc.

Hence we conclude that uj(x) = ug(x).
The theorem is proved. O

THEOREM 6. The mazimum absolute truncation error of the series solution
given by the recurrence formula (17) is estimated to be

9N+1

N
o) - Y00 < T 100,
=0

Proof From Theorem 5 and (21), we have

9N+1

15 = Snll < =4 IU(O)]] (23)
k
But we assume that Sy = > U(l) and since k — +o00, we obtain S, — u(z),
1=0
so (23) can be rewritten as
N 0N+1
futo) - 5x1l = [uta) - v < 5100
1=0
The theorem is proved. O

o0
COROLLARY 1. If the series > U(r) converges then it is an exact solution of
r=0
the nonlinear fractional Liénard equation (3) with the initial conditions (4).

5. Illustrative examples. This section provides two numerical examples of
nonlinear fractional Liénard equations to assess the applicability, accuracy and
efficiency of the KHDTM. MATLAB R2016a is utilized to generate the numerical
results.

ExaMmPLE 1. Consider the nonlinear fractional Liénard equation
Du(z) — u(z) +4ud(z) —3u’(x) =0, 1<a<2, x>0, (24)
with the initial conditions
u(0) = 1/v2, '(0) =1/V8. (25)

If @ = 2, equation (24) becomes the classical Liénard equation and its exact

solution is of the form
1 4+ tanh
u(z) =/ +&;n<w>

According the description of the KHDTM presented in Sect. 3, we have

u(@) = S U),
r=0
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and
U0)= .
U() = \}gm
1 r®
)= T4 2l(a+1)
5 xotl
U@d) = T 4/8T(a+2)
and so on.

Hence, the approximate series solution of equations (24) and (25), is given as

u(x) =U0)+U1)+UQ2)+U@B)+--- =
_1<11 1 z° 5 gotl

V2

When a = 2, the equation (26) becomes

1 1 1 5 1 + tanh(z)
— (14— T2 2,3 >: i nd Se)
u(@) ﬁ( LR ST V 2

which is the same exact solution as obtained using METSM [22].
ExaMPLE 2. Consider the nonlinear fractional Liénard equation

T T AT(at1)  8T(a+2)

+) (26)

Du(z) — u(x) +4ud(2) +3u’(x) =0, 1<a<2, x>0, (27)

with the initial conditions

w(0) = ——— . W/(0) =0, (28)

1++2

If o = 2, equation (27) becomes the classical Liénard equation and its exact
solution is of the form

sech?(z)

u(w) = \/2\/5—1— (1-— ﬁ) sechQ(x).

According the description of the KHDTM presented in Sect. 3, we have

u(z) =Y U(r),
r=0

and
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U(1) =0,

_ 44 2v/2 T
U0 =~ avayi ve T T
U@Bs)=0, ...

and so on.
Hence, the approximate series solution of equations (27) and (28) is given as

uw(x)=U0)+UQ)+UQ2)+U@B)+--- =
R (1 C4+2v2 2

1+v2 3+2v2T(a+1)
When a = 2, the equation (29) becomes

+) (29)

1 24+v2 sech?(z)
V1+42 3+2v2 2v/2 + (1 — v/2) sech?(z)
which is the same exact solution as obtained using MFTSM [22].

6. Numerical results and discussion. Figures 1 and 2 presents the graphs
of the exact solutions and approximate solutions obtained by the KHDTM with
different values of a (v = 1.7,1.8,1.9, 2) for Examples 1 and 2, respectively. From
these figures, we see that when a approaches to 1, the solutions obtained by
the proposed method approaches to the exact solutions. Therefore, the KHDTM
produces a convergent series with few terms. If we increase the number of terms,
we will get more accurate solutions. Tables 1 and 2 presents the numerical values
of the approximate solutions by the KHDTM at a = 1 and exact solutions for
Examples 1 and 2, respectively. From these tables, it can be seen that the solutions
obtained by the proposed method are nearly identical to the exact solutions.

0.25

= [xact solution /'

amnm 0 =2 4

a=19 /

0.20 - a=18 /' 1

—_—- =17 4

’/
7/
0.15 ’ 1
'/
& /
3 L4
'/
0.10 R
'/
R
0.05 7 l
'/
R
R
-
0 g‘_ I I I
0 0.05 0.10 0.15 0.20 0.25

x
Figure 1. The graph of the exact solution and approximate solu-
tions for Example 1
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0.644 T
0.642
0.640
B
< 0.638
0.636
m Fxact solution A
nmnm 0 =2 \s
0.634 - a=1.9 \
a=1.8
—_—- =17
0632 Il Il Il Il Il Il Il Il Il

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10
T
Figure 2. The graph of the exact solution and approximate solu-
tions for Example 2

Table 1

Numerical values of the approximate solution and exact solu-
tion for Example 1

a=2 Absolute error
x Uexact
UKHDTM |texact — UKHDTM|
0.00 | 0.70711 | 0.70711 0

0.02 | 0.71414 | 0.71414 5.0793 - 1079
0.04 | 0.72110 | 0.72110 8.2374-10°8
0.06 | 0.72799 | 0.72799 4.2249 -10~7
0.08 | 0.73479 | 0.73479 1.3522-10~6
0.1 | 0.74151 | 0.74151 3.3415- 1076

Table 2

Numerical values of the approximate solution and exact solu-
tion for Example 2

a=2 Absolute error
X Uexact
UKHDTM |texact — UKHDTM]|
0.00 | 0.64359 | 0.64359 0

0.02 | 0.64344 | 0.64344 3.2888 - 1078
0.04 | 0.64299 | 0.64299 5.2585 - 10~7
0.06 | 0.64224 | 0.64224 2.6590 - 1076
0.08 | 0.64118 | 0.64119 8.3902 - 1076
0.1 | 0.63982 | 0.63984 2.0441-107°

7. Conclusions. In this article, a new hybrid method called Khalouta differ-
ential transform method (KHDTM) has been proposed to find the solution of the
nonlinear fractional Liénard equation involving the Caputo fractional derivative.
The method is described and illustrated by two numerical examples. The results
were compared with those available in the literature. The obtained results reveal
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that the proposed method is a very effective and simple tool to solve this type
of equations. Therefore, we can conclude that this method can be used to ob-
tain fast convergent series solutions for the different types of nonlinear fractional
differential equations.
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AnHOTaMSA

IIpemaraercss HOBBIM TUOPUIHBINA YHUCIECHHBIA METOM C HCIIOJb30BAHN-
eM mpou3BoaHOM KamyTo jutst perennst HeJIMHEHHOTO JPOOHOTO ypaBHEHUSI
JIsenapa — meron nuddepenimanbaoro npeodpaszoBanns XaayTol. Jlokaza-
Ha TeopeMa CXOJUMOCTH JIAHHOT'O MEeTOJa IIPH OIPEIEJIEHHBIX YCIOBHAX.

Merton nuddepenimaabHOro Mpeodpa3oBaHusd XAy Thl IPEICTABISIET CO-
60il TOJIyaHAJIMTUIECKYIO TEXHUKY, OObEIUHSIIONLYIO JIBa MOIIHBIX IIOX0/1a;
MeToJ IIpeobpa30oBaHust XaIyThl U MeTol JTuddepeHInalIbHOro Ipeodpas3o-
Bauusi. OCHOBHOE ITPEUMYIIIECTBO STOTO METOJA 3aKJII0IaeTCsd B TOM, 9TO OH
[TO3BOJISIET OYEeHb OBICTPO HAXOIUTH PEIEeHUsi U He TPEOyeT JIMHeApU3alui,
BO3MYIIIEHUs WK KAKUX-JIH00 Npyrux npemamnosoxennii. [Ipeqioxxennniit me-
TOJT TIOPOOHO OIMCAH, a ero 3MPEKTUBHOCTD ITPOIEMOHCTPUPOBAHA HA JIBYX
YUCJIOBBIX IpUMepax. Pe3ysibrarsl BEIYUC/IEHNI XOPOIIIO COIJIACYOTCS C TOY-
HBIMU PEIIeHUsIMU, YTO ITOATBEPKIAET HAJIEKHOCTD U 3D (DEKTUBHOCTS MIPE/I-
JIOZKEHHOT'O TTOJIXOIA.
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[IPEIOCTaBJIEHNE OKOHYIATEIHbHOM PyKonucH B medarh. OKoHYaTeIbHAS BEPCUs PYKOIIUCH
ObL1a 0T00pEeHa BCEMU aBTOPAMI.
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Abstract

The financial system has become prominent and important in global
economics, because the key to stabilizing the economy is to secure or control
the financial system or market.

The goal of this study is to determine whether or not the approximate
analytical series solutions obtained by the residual power series method and
Elzaki transform decomposition method of the fractional nonlinear financial
model satisfy economic theory. The fractional derivative is used in the sense
of the Caputo derivative.

The results are depicted numerically and in figures that show the behav-
ior of the approximate solutions of the interest rate, investment demand,
and price index. Both methods yielded results in accordance with economic
theory, which established that researchers could apply these two methods to
solve various types of fractional nonlinear problems that arise in financial
systems.

Differential Equations and Mathematical Physics

Research Article

© Authors, 2024

© Samara State Technical University, 2024 (Compilation, Design, and Layout)

8 @® The content is published under the terms of the Creative Commons Attribution 4.0 In-
ternational License (http://creativecommons.org/licenses/by/4.0/)

Please cite this article in press as:

Liaqat M. I., Khan A., Irshad A., Akgiil A., Prosviryakov E. Approximate analyt-
ical solutions of the nonlinear fractional order financial model by two efficient methods with
a comparison study, Vestn. Samar. Gos. Tekhn. Univ., Ser. Fiz.-Mat. Nauki [J. Samara
State Tech. Univ., Ser. Phys. Math. Sci.], 2024, vol. 28, no. 2, pp. 223-246. EDN: BOLMJW.
DOI: 10.14498/vsgtu2055.

Authors’ Details:

Muhammad Imran Liagat ® https://orcid.org/0000-0002-5732-9689

PhD Student, Abdus Salam School of Mathematical Sciences'; Lecturer, Dept. of Mathe-
matics?; e-mail: imranliagat50@yahoo. com

Adnan Khan ® https://orcid.org/0000-0002-1490-8576

Full Professor, Dept. of Mathematics?; e-mail: adnankhantariq@ncbae . edu. pk

Alia Irshad @ https://orcid.org/0009-0002-2282-0627

Lecturer, Dept. of Mathematics?; e-mail: aaliairshad15@gmail.com

223



Liaqat M. I., Khan A., Irshad A., Akgiil A., Prosviryakov E.

Keywords: approximate solutions, fractional nonlinear financial model, resi-
dual power series method, Elzaki transform decomposition method.

Received: 10'" August, 2023 / Revised: 27 March, 2024 /
Accepted: 26" May, 2024 / First online: 11*" September, 2024

1. Introduction. Fractional calculus deals with fractional or even complex-
order derivatives and integrations. Fractional calculus was founded by two math-
ematicians, Leibniz and L’Hospital, and its official birthday is September 30,
1695. Due to its broad use in disciplines like image processing, biology, engi-
neering, entropy theory, physics, biochemistry, fluid mechanics, and economic
systems, fractional calculus has attracted the attention of several scientists and
researchers in recent years [1-4|. Despite the numerous approaches to defining
fractional derivatives, not all of them are routinely applied. Atangana—Baleanu,
Riemann—Liouville, Caputo—Fabrizio, and Caputo are the most commonly used
operators [5-8]. The Caputo derivative is the most appropriate fractional operator
to be used in modeling real-world problems. The Caputo derivative is useful for
modeling phenomena that take account of interactions within the past and also
problems with non-local properties. One of the main advantages of the Caputo
operator over the Riemann—Liouville fractional operator is that the Caputo defi-
nition of fractional derivatives is bounded, which means that the derivative of a
constant is equal to zero. The definition also offers initial conditions with a clear
physical interpretation [9-11].

With the help of mathematical models, a wide range of phenomena and pro-
cesses can be described. There are occurrences across economic disciplines that,
when modeled mathematically, are found to be differential equations. Fractional
differential equations can model and analyze complex structures with complex
non-linear processes and higher-order behaviors, making them sometimes a better
choice for modeling than integer-order differential equations. There are primarily
two reasons for this. First, we can choose any order for the fractional derivative
rather than being restricted to an integer order, and secondly, when the mech-
anism has long-term memory, fractional differential equations are advantageous
based on both past and present circumstances.

Several studies of the financial system have been conducted using ordinary
and fractional-order derivatives. Baskonus et al. [12] considered a fractional-order
macroeconomic system with variable household, and foreign capital inflows. For
numerical simulations, the modified Adams—Bashforth algorithm is used. E. Bo-
nyah et al. [13| considered the IS-LM macroeconomic system with Caputo and
Atangana—Baleanu fractional-order derivatives. For the numerical solution, a mod-
ified Asams—Bashforth method has been used. S. David et al. [14] proposed a
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model involving a fractional order system containing the public sector deficit, in-
terest rate, private investment, and price index. In this study, the Adams scheme
has been used for the numerical solution. K. Owolabi et al. [15] discussed a fi-
nancial system and found approximate solutions using the Chebyshev spectral
method. B. Xin and Y. Li [16] investigated a fractional-order financial system
and studied the numerical solution with the Adams—Bashforth-Moulton predictor-
corrector scheme under the Caputo fractional derivative.

The fractional differential equations provide solutions that are important and
practical. As a result, the solutions of the fractional differential equations have
received a lot of attention. Since the majority of nonlinear fractional differential
equations lack exact solutions, approximate analytical techniques have been de-
veloped to locate approximate solutions. In the last few years, several methods
have been developed to establish approximate solutions to fractional differential
equations [17-23]. The residual power series method is a very powerful method
in terms of constructing power series solutions to partial and ordinary fractional
differential equations. The Elzaki transform decomposition method is a combina-
tion of the Adomian decomposition method and the Elzaki transform. The Elzaki
transform decomposition methodalso provides the solution in a series form that
converges to the exact solution. Many fractional differential equations have been
successfully solved by residual power series method and Elzaki transform decom-
position method [24-27].

We consider the following nonlinear financial model [28]:

DYL(t) = N(t) + L) M(t) — aL(t),
DOM(t) = 1 — bM(¢t) — L(t)L(t), (1)
DN(t) = d — L(t) — eN(t),

with the following initial conditions:
L(0) = Lo, M(0)= My, N(0)= Ny, (2)

where time-dependent variables L(t), M (t), and N(t¢) represent interest rate, in-
vestment demand, and price index, respectively. Furthermore, the saving coeffi-
cient is represented by a, b stands for the cost per investment, ¢ indicates the
elasticity of market demand or the elasticity of demand with respect to the rate
of change in demand, and d represents the critical minimum interest rate.

The two different systematic methods, residual power series method and Elzaki
transform decomposition method, in the sense of Caputo fractional derivative, are
applied to the above system to discuss and analyze the different behaviors of the
said parameters. The obtained simulated results show the behavior of the interest
rate, investment demand, price index, and inflation rate. The results obtained
by both methods are consistent with economic theory. It is demonstrated that
the proposed methods are reliable, efficient, and simple to apply to all types of
fractional nonlinear problems encountered in science, technology, and economic
systems.

The rest of the paper is organized in such a manner. In Sect. 2, we pro-
vided some fundamental definitions and properties. We used residual power series
method to approximate the solution of the fractional-order nonlinear financial
model in Sect. 3. Furthermore, the graphical and numerical results are studied
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in the same section. In Sect. 4, the same model is solved by Elzaki transform
decomposition method, with graphical and numerical simulations of the results
discussed. The approximate solutions obtained by both methods are compared in
the same section. The last section presented the conclusion of the whole work.

2. Preliminaries. In this section, we go over some basic concepts, definitions,
and theorems of Caputo fractional derivative and Elzaki transform that will be
useful in this paper.

DErINITION 1. The Caputo fractional derivative of order av > 0 is given by [29]:

1 t dr
/ (t —w)rot —J(w)dw, n—-1<a<n,
DY(t) = I'(n—a) J, dw

d
dtnﬂ() a=neN.

The following properties of Caputo fractional derivative are also considered:

(i) DyC =0, C € R;

. I'(g+1)
Dl = ————————

(11) t F(q + 1— O[)

(iii) DY (C191(t) + Co92(t)) = C1 D91 (t) + Co D 95(t).

DEFINITION 2. A power series representation of the form [30]:

T n—1<a<s<n g>n—-1,neN, qgeR;

ch(t — to)na =Cpy+ Cl(t — to)a + Cg(t — to)za + -

is called a fractional power series about tg, where ¢ is a variable and C), are the
coeflicients of the series.

THEOREM 1. If 9(t) has an fractional power series representation, then the
coefficients Cy, will have the following form [31]:

D™t |i=to

Cn = [(no + 1)

DEFINITION 3 [32]|. The Elzaki transform over the set of functions
H={0(t): 3 M, hi, ha >0, [0(t)] < MelVhi, te(-1)7, X €0, 00)}
is define as

o0
T(s) = E[9(t)] = s/ e 9)dt, t>=0, hy <s< ho.

s

THEOREM 2. The Elzaki transform in the context of Caputo fractional derivative
is defined as follows [33]:

E[D{9(t)) 2320"“19Z , n—1l<a<n

The primary advantages of Elzaki transform are listed below [34, 35].
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(i) The initial value problems can be easily solved with Elzaki transform with
minimal computational effort.

(ii) The Elzaki transform can be used to solve problems without resorting to
the frequency domain because it possesses unit-preserving features.

(iii) It can be used to solve a large number of nonlinear differential equations
with variable coefficients, specifically the time-fractional wavelike equa-
tions.

(iv) It may be used to solve a wide range of challenging issues in engineering,
physics, fluid mechanics, chemistry, and dynamics, including issues with
Maxwell’s equations and fluid flow.

The Elzaki transform of several functions can be seen in the Table 1 [36].

Table 1
Elzaki Transform of Some Functions
I(t) EW@)] =T(s)

1 52

t s3

t4 qlsit?
q—1
tr(iq), q > 0 3q+1

3. Residual power series method for the solution of the nonlinear
financial model. This section provides the algorithms for the suggested method
to solve the nonlinear financial model. First of all, consider the series solutions of
Eq. (1), which have the following form:

> tna
Lt :L Ln 9
®) O+; I'(na+1)
o tna
ot I'(na+1)
> tna
N(t) = N, n .
®) 0+; I(na+1)

Using the initial conditions, which are given in Eq. (2), we have the first
coefficients of the series solutions:

Lo=L(0), My=M(0), No=N(0).

As a result, Eq. (3) can be rewritten as follows

tTLOZ
L(t) = L(0) + nzl L"F(na eyt
0 e
M(t) = M(0) —~ "T'(na +1)’
o tna
N(t) = N(0) +;an"(na ey
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The kth truncated series for L(t), M (t), and N(t) are introduced as follows:

k

tnoé
Li(t) = L(0) + ;Lnf(nam’
k tnol
My (t) = M(O);Mnf(na—i—l)’
k tnoé
Ni(t) = N(0) +;Nnr(m+1)'

The following are the residual functions for L(t), M (t), and N(¢):

Res L(t) = DYL(t) — N(t) — L(t)M(¢) + aL(t),
Res M (t) = DEM(t) — 1+ bM(t) + L(t)L(t),
Res N (t) = DIN(t) — d + L(t) + cN (t).

Now we define the kth residual function for L(t), M (t), and N () in the following
form:

Resy, L(t) = Dy' Ly (t) — Ni(t) — Li(t) Mi(t) + aL(t),
Resy, M(t) = D&M, (t) — 1 + bMy(t) + Ly (t) Ly (t),
Resk N(t) = D?Nk( ) d+ Lk( ) CNk(t)

By using the basic features of the residual power series method, we have the
following results [29-31]:

lim Resy L(t) = Res L(t),

k—o00

klim Resy M(t) = Res M (t),
—00

lim Res; N(t) = Res N(t).
k—o0

and

(k—1)«

Dt (k—1) (k—1)

Res, L(t) =0, D, '“Resy M(t) =0, D, ’"Res; N(t)=0. (4)

The kth truncated series of L(t), M (t), and N(t) are substituted into Eq. (4),
and the resulting algebraic systems are solved to get the coefficients of the series
solutions, which are defined in Eq. (3).

By using the procedure for k = 1, we get the following results:

L1 = L(0) + L(0)M(0) — aL(0),
My =1-0bM(0) — L(0)L(0),
Ny =d— L(0) — cN(0).

When k = 2, the values of the coeflicients Lo, Mo, and No are obtained as follows:
Lo = N1+ M(O)Ll + MlL(O) —alq,
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My = —bM; — L(0)L; — L1 L(0),
N2 = — L1 - CNl.
Likewise, for k£ = 3, we have
I'2a+1)
(T(2a+1))?

(5(22;:11))>2 LiLy + L(O)L2) )

Ly=No+ (L(O)M2 + LM, + L2M(0)> —aLs,

Ms= —bM — (L(O)L2 +
Ng = — L2 — CNQ,

By using the same steps, the values of the coefficients of L4, My, and Ny for
k = 4 are as follows:

Ly = Ny + (L(0)Ms + LMo i(i’)a;(;ir 5+
'3+ 1)
MNa+ )I'(2a+1)
I'Ba+1)
Mo+ 1DHI'(2a+1)

+ LaL(O))7

+ Lo My

+ LgM(O)) —aLs,

My= —bMs — (L(O)Lg + Ly Lo

I'3a+1)
Mo+ 1HI'(2a+1)
N4 = — L3 - CN3.

+ Lolg

The 4-step approximate solution of L(t) established by using the residual
power series method is given below:

tOé
LW () = L(0) + (L(0) + L(0)M(0) — aL(o))m I
+ (N} + M(0)Ly + MyL(0) — aLl)F(2ii1) N
+ <N2 + L(0) M2 + LlMlm + LoM(0) — aLg) F(giil) +
I'3a+1)
(v o an LD
F(3Oé + 1) t4a
LM ey T LM 0) - aL3) FarD ©

The 4-step approximate solution of M (t) obtained by using the residual power
series method is shown below:

tOl

M@ () = M(0) + (1 — bM(0) — L(0)L(0)) Tat1)
+ (=bMy — L(0)Ly — LlL(O»F(Qt:O;_l) +
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o 3a
+ (_bM2 — <L(O)L2 + (II“((;(M—:_ll)))QLlLl + L(O)L2>> F(3Zz—|—1) +
I'Ba+1)
+ (—sz - (L(O)L3 T e

I(Ba+1) tha

Ta+ Dl2a+1) LSL(O))) C(4a+1) ()

+ Lol

The residual power series method yielded the following 4-step approximate
solution to N (t):

a 20
NW(t) = N(0) + (d — L(0) — cN(O))F(Oerl) + (=L - cN1)F(27;+1) +
3o da
+ (—L2 — CN2)F(37;+1) + (—L3 — CNS)F(ZLZH—I)' (7)

THEOREM 3. Let w be a Banach space, then the series solution of the system
given in Eqgs. (1) and (2) converges, if there exists h > 0 such that

Lol < Rl Ln-af, Y neN.

Proof. Consider the following series
Up = Lo(t) + Li(t) + La(t) + - - - + Ly (t).

We must demonstrate that a series of nth partial sums U,, are Cauchy sequences
in the Banach space w.
For this, we have to consider

101 = Uall < 1L ll < BIZall < B2 Lol < B Lol n=0,1,2,3,....

For each n, m € N and n > m by using triangle inequality, we get

HUn - UmH = HUm—H —Un+ Um+2 - Um+1 +-- 4+ Uy — Un—lH <
< ||Um+1 - UmH + HUm - m—IH +ot HUn - Un—lH <

SA™FY| Lol + B2 Lol + -+ + ™| Lo|| =

=R 1+ A+ B2 4+ B Lo =

= (R

ﬁ) | Lol|-

Since, we have 0 < h < 1, and hence, 1 — A"~ < 1. Therefore, we can obtain

the following result:
hm+1

1-nh

Because Lg is bound, we get the following result:

1Un = Unl| <

[ Zoll-

lim [|U, — Uyl =0.

m,n—00
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As aresult, the sequence U, is a Cauchy series in the Banach space w, implying
that the series solutions defined in Eq. (3) are convergent. O

In the following subsection, the approximate solutions derived by residual
power series method to the model are analyzed and evaluated based on their
graphical and numerical results.

3.1. Graphical and numerical results of approximate solutions at-
tained by residual power series method. To illustrate the effectiveness and
efficiency of the residual power series method in handling such fractional-order
financial models, we provide graphical and numerical results for the solution of
the model in Egs. (1) and (2) in this section. By using the following values of
the parameter variables: a = 3, b = 0.1, ¢ = 1, and d = 0.9 and the initial con-
ditions L(0) = 0.1, M(0) = 4.0, and N(0) = 0.5 28] in Egs. (5), (6), and (7)
we obtained the 4th step approximate solutions for the model at various frac-
tional derivative values, such as e = 0.5, 0.6, 0.7, 0.8, 0.9, and 1.0. Fig. 1 depicts
two-dimensional graphs of the approximate solutions obtained from four residual
power series method iterations at o = 0.5, 0.6, 0.7, 0.8, 0.9, and 1.0 for ¢ in the
interval [0, 2.0]. Fig. 2 shows two-dimensional graphs of the approximate solutions
extracted from four residual power series method iterations at different d = 0.6,
0.7, 0.8, and 0.9 values for ¢ in the interval [0,2.0]. Tables 24 show how the 4th
step approximate solutions of L(t), M(t), and N (t) obtained by residual power
series method behave at different o = 0.5, 0.6, 0.7, 0.8, 0.9, and 1.0 fractional
derivative values for ¢ in the interval [0, 2.0].

The interest rate plays a vital role in the economy, and the value of an invest-
ment depends on it. Usually, a higher interest rate causes a reduction in investment
because it increases the cost of borrowing. For this reason, the required invest-
ment must have a higher rate of return to be profitable. Borrowing money from
a source becomes more expensive as interest rates rise. Inflation and investment
rates are typically inversely related. In general, if the interest rate is lower, more
people are able to borrow more money as compared to when interest rates are
high. The result is that consumers have to spend more money, which causes the
economy to grow and inflation to increase. In the opposite case, when interest
rates increase, the inflation rate decreases. The approximate solutions produced
by the residual power series method, as seen in the graphs and numerical data,
are consistent with the financial system’s actual macroeconomic behavior, and it
is proved that the suggested method is suitable for solving the fractional-order
financial models.

The following is the 4th step approximate solutions produced by residual power
series method in terms of interest rate L(t), investment demand M (t), and price
index N(t) at « = 0.5, 0.6, 0.7, 0.8, 0.9, 1.0, obtained by using the parametric
values in the in Egs. (5), (6), and (7).

At o = 0.5, the 4th step approximate solutions are as follows:

LW(#) = 0.1+ 0.677027t%° 4 0.959000£"° + 0.144302t' > + 0.874657¢>0,
MM (#) = 4+ 0.66574t°° — 0.179t10 — 0.475624¢5 — 0.505441¢>,
NW(#) = 0.5 4 0.338513t"° — 1.2¢10 4 0.181293¢"° — 0.216413399¢>.
At o = 0.6, the 4th step approximate solutions are as follows:

LW(#) = 0.1 4 0.671505t%5 4 0.870392¢"2 + 0.136979¢'® + 0.660786¢>*,
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Table 2
L(t) behavior in the range ¢ € [0,2.0] at & = 0.5, 0.6, 0.7, 0.8, 0.9, and 1.0
t a=0.5 a=0.6 a=0.7 a=028 a=09 a=1.0
0.2 0.642469 0.503275 0.404638 0.320780 0.272708 0.240003
0.4 1.088240 0.876979 0.716518 0.552406 0.471411 0.425095
0.6 1.581770 1.314300 1.095890 0.832336 0.716589 0.666932
0.8 2.135790 1.831740 1.562476 1.179275 1.024950 0.982555
1.0 2.754990 2.439660 2.132830 1.611846 1.416110 1.394364
1.2 3.441640 3.146090 2.822345 2.149423 1.912660 1.930140
1.4 4.197040 3.957830 3.645670 2.812123 2.539980 2.623050
1.6 5.021950 4.880850 4.617010 3.620740 3.326040 3.511652
1.8 5.916900 5.920600 5.750156 4.596730 4.301320 4.639834
2.0 6.882240 7.082080 7.058590 5.762100 5.498620 6.056895
Table 3
M (t) behavior in the range t € [0,2.0] at a = 0.5, 0.6, 0.7, 0.8, 0.9, and 1.0
t a=0.5 a=0.6 a=0.7 a=0..8 a=09 a=1.0
0.2 4.199172 4.1973646 4.180894 4.159291 4.135451 4.113063
0.4 4.148263 4.205674 4.231117 4.240574 4.228614 4.209446
0.6 4.005274 4.121344 4.199727 4.265453 4.280462 4.275915
0.8 3.788453 3.951234 4.083883 4.227631 4.279665 4.295183
1.0 3.505683 3.697482 3.876436 4.117493 4.212061 4.245892
1.2 3.161434 3.358947 3.569064 3.924327 4.061647 4.102654
1.4 2.758584 2.934037 3.153134 3.636665 3.810885 3.836344
1.6 2.299184 2.420867 2.619922 3.242647 3.440891 3.412422
1.8 1.784755 1.817436 1.960761 2.730062 2.931544 2.794341
2.0 1.216475 1.121750 1.167086 2.086464 2.261528 1.940130
Table 4
N(t) behavior in the range ¢ € [0,2.0] at & = 0.5, 0.6, 0.7, 0.8, 0.9, and 1.0
t a=05 a=0.6 a=0.7 a=0.8 a=20.9 a=1.0
0.2 0.418947 0.474573 0.508046 0.468397 0.486152 0.536275
0.4 0.245333 0.341173 0.413584 0.370349 0.415209 0.525835
0.6 0.048560 0.168099 0.269677 0.229862 0.299468 0.468949
0.8 | —0.166006 | —0.035799 0.085504 0.053346 0.143062 0.364788
1.0 | —0.396607 | —0.267489 | —0.135871 | —0.156992 | —0.052677 0.211413
1.2 | —0.642496 | —0.525861 | —0.393721 | —0.400998 | —0.288163 0.005783
1.4 | —0.903323 | —0.810637 | —0.688464 | —0.679756 | —0.565099 | —0.256245
1.6 | —1.178922 | —1.121975 | —1.021174 | —0.995194 | —0.886241 | —0.579921
1.8 | —1.469254 | —1.460225 | —1.393291 | —1.349865 | —1.255240 | —0.971598
2.0 | —1.774152 | —1.825914 | —1.806562 | —1.746792 | —1.676565 | —1.438723
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MW(t) = 4+ 0.660313t"6 — 0.162461¢t'% — 0400076t — 0.400294¢>4,
N®I(#) = 0.5+ 0.335752t%6 — 1.089124¢"2 + 0.143753t"8 — 0.157870¢>4.

At a = 0.7, the 4th step approximate solutions are as follows:

LW () = 0.1 4 0.660328t%7 4 0.772036t"* + 0.124544¢% 1 4 0.475926¢%%,
MW(t) = 4+ 0.649323t%7 — 0.144103t* — 0.325592¢>1 — 0.303201¢>%,
NW(t) = 0.5+ 0.330164t>7 — 0.966052t"* + 0.109664¢> — 0.109647¢>.

At a = 0.8, the 4th step approximate solutions are as follows:

LW(t) = 0.1 + 0.644203t°® + 0.530909¢ 6 + 0.0417623t>* + 0.294969¢%2
MW (t) = 4 +0.633466t"% — 0.125208t'¢ — 0.243925¢>4 — 0.146847t>2,

at =05

at a = 0.6

at o = 0.7

at =08

. .
0.0 0.5 1.0

.
0.5

0.0 1.0
at o= 0.9 6 at o= 1.0
6
5
5
4L
4
3F 3r
2 2r
— L)
1 1r M(t) 1
— N |
0 . . i , 7 , ,
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0

Figure 1. The graphic behavior of the 4th step approximate solutions obtained by residual
power series method of L(t), M(t), and N(t) at « = 0.5, 0.6, 0.7, 0.8, 0.9, and 1.0
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NW(#) = 0.5+ 0.107367t"8 — 0.839381¢"6 + 0.147927t>* — 0.0729051¢2.

At o = 0.9, the 4th step approximate solutions is are follows:

L
M

= 0.1 4 0.623852¢"? + 0.452731¢'8 + 0.0438066¢>7 + 0.195725¢3F,
= 4+ 0.613455t"? — 0.106771¢18 — 0.18855t>7 — 0.106074t>°,

(4) (t)
D)

NW(#) = 0.5+ 0.103975¢% — 0.715781¢"® + 0.105739t>7 — 0.04661¢>F.

At a = 1.0, the 4th step approximate solutions are as follows:

LW () = 0.1 4 0.6t + 0.4795t + 0.07485t + 0.140006¢*,
MW(t) = 4+ 0.59t — 0.0895¢> — 0.148983t> — 0.105625¢*,
NW(t) = 0.5+ 0.300001¢ — 0.6t% + 0.040167¢> — 0.0287555t*.

Following are the two-dimensional graphs of 4th step approximate solutions
obtained by residual power series method for the L (¢), M@ (t), and N¥(¢) at
a=0.5, 0.6, 0.7, 0.8, 0.9, and 1.0

In the following section, we solved the nonlinear financial model by using the
Elzaki transform and Adomian decomposition method.

4. Elzaki transform decomposition method for the solution of the
nonlinear financial model. The primary goal of this section is to provide series
solutions for the nonlinear financial model using Elzaki transform decomposition
method. The main algorithms of Elzaki transform decomposition method are as
follows:

— to do so, first apply the Elzaki transform to both sides of the Eq. (1) to
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convert the given model into algebraic expressions, and then use the in-
verse Elzaki transform to convert the obtained algebraic expression into the
model’s real domain;
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— in the next step, we provided the series solutions of the model by using
the Adomian decomposition method on the algebraic expressions that were
attained with the help of Elzaki transform and inverse Elzaki transform.

Following the first step yields the following:

E[DFL(t)] = E[N(t) + L(t)M(t) — aL(t)],
E[DFM(t)] = E[1 - bM(t) — L()L(t)], (8)
E[D{N(#]) = E[d - L(t) - eN(t)],
Eq. (8) can be represented as follows by using Theorem 2 and the initial conditions:
E[L(t)] = 0.1+ u*E[N(t) + L(t)M(t) — aL(t)],
E[M(t)] = 4.0 + u*E[1 — bM(t) — L(t)L(t)], (9)
E[N(t)] = 0.5+u“E[d— L(t) — cN(t)].

After performing the inverse Elzaki transform on the Eq. (9) and making some
simple calculations, the final results are given below:

L(t) =01+ E ' [u*E[N(t) + L(t)L(t) — aL(t)]],
M(t)= 4.0+ E" ' [u*E[1 - bM(t) — L(t)L(t)]], (10)
N(t)=05+E"'[u*E[d— L(t) — eN(t)]].

Then, using the expansion form shown below, we can obtain solutions of L(t),
M (t), and N(t) according to Adomian decomposition method:

=3 Ln(t), M()=> M,(t), Nt = Na(t). (11)
n=0 n=0 n=0

By putting Eq. (11) into Eq. (10), we attained the following result:

Y Ln(t)=01+E"|u"E _Z Nu(t) + > Ln(t) Y M(t) - aZLn(t)H,
n=0 n=0 n=0 n=0

- “n=0
f: M, (t) = 4.0 + B! Bl - bi M, (t) — f: Ln(t) i Ln(t)H ; (12)
n=0 L L n=0 n=0 n=0

i N,(t) =05+ E~HuE -d - i Ly (t) — ci Nn(t)” .
n=0 - n=0 n=0

The model’s nonlinear terms are as follows:

D Mu(t)Y La(t) and Y Lu(t) Y La(t)
n=0 n=0 n=0 n=0

which can be represented by using Adomian decomposition method as follows:

Z Xn(t) = Z Ln(t) Z Mn(t)
n=0 n=0 n=0

Z Yn(t) = Z Ln(t) Z Ln(t)
n=0 n=0 n=0

(13)
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o0
where Z Xn(t) and Z Y, (t) are the nonlinear Adomian polynomials. By the
=0
substltutlon of Eq. (13) 1nt0 Eq. (12), we have

i Lo(t)=014+E"! -uo‘E i Ny (t) + i X,(t)—a i Ln(t)” :
n=0 n=0 n=0

- “n=0

iMn(t) =40+ FE ' uFE -1 —biMn(t) - iYn(t)”, (14)
n=0 - n=0 n=0

i No(t) =05+ E~HuE _d - i Ln(t) — ci Nn(t)” .
n=0 - n=0 n=0

The Adomian polynomial can be determined with the help of the following for-
mulaes:

1
Xn = 'L; "M, here i =0,1,2,... 1
" ) v [Z)\ Zx\ ] , where 1 =0,1,2,...,  (15)

1 ; ir .
Yy= o NCESY dAn[Z)‘LZA L:o’ where i =0,1,2,....  (16)

Eq. (15) is used to calculate a few terms of the decomposed first nonlinear terms,
and these are as follows:

Xo = LoMo,
X1 = LoM(t) + L1 Mo,
Xy = LOM2<t) + I (t)Ml(t) + Lg(t)Mo.

Eq. (16) is used to calculate a few terms of the decomposed second nonlinear
term, and these are as follows:

Yo = LoLo,
Y1 = LoLa(t) + L1(t) Lo,
Yo = LoLa(t) + L1(t) L1(¢) + L2(t) Lo.

The following approximations are obtained by equating Eq. (14) and using
the same parametric values that are used in the previous section.

By corresponding at both ends of Eq. (14), we were able to extract the first
term of the expansion solution to Eq. (11):

0.6t 0.59t 0.3t~

S = Tlatl)

By corresponding at both ends of Eq. (14), we were able to extract the second
term of the expansion solution to Eq. (11):

0.959¢2* ot 01798
I2a+1) 72 T(a+1) TQa+1)

Ly =
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_ 09t 0.9
T Tla+1) TRa+1)

In the same way, we determined the values of L3, M3 and N3 as follows:

I t2a N 0.0411¢3 N 0.354t3°T (2 + 1)
’T T(a+1)  TBa+1)  T'@Ba+1)(a+1)?
Ma 0.1¢%  0.17398%*  0.36t°°T'(2a + 1)
T Ta+1) TRa+1) IBa-+1) I'Ba+)l(a+1)?’
0.9t 0.9¢% 0.059t3«
N3 = — —

F(@+1) T[2a+1) TIBa+1)

In the same way, the following four terms of the series solution to Eq. (1) were
established:

L= #0098 01675994 N 0.6t39T (2 + 1)
'2a+1) TBa+1) Tda+1) TBa+1)N(a+1)?
0.318t4°T (2 + 1) 0.45841t4°T (3a + 1)
Fda+ DI (a+1)? T(a+DI'Qa+ 1I'(4a+1)’
t 0.3t2 0.03t3*  0.05217t%
My = - + +
Ia+1) TRa+1) TBa+1) T(da+1)
0.108t4°T (2 + 1) 1.1508t4°T (3a + 1)
T(da+ (e +1)2  T(a+ 1)I(2a+ )T(4a+ 1)
0ot 0.9¢% 0.1¢3 N 0.0179¢%

MNa+1) T@Ra+1) T'Ba+1) TI'(da+1)
0.354t4T (20 + 1)
IMda+ 1) (a+1)2°

Finally, the 4th step approximate solutions obtained by employing the Elzaki
transform decomposition method of the L(t), M(t), and N(t) are as follows.
The 4th step approximate solution of L(t) is as below:

0.6t 0.959¢2
LAt) = 0.1 ( ) ( )
O =01 o) T Fea+ 1
N ( £ 0.096%  0.167599t N 0.6t3°T (2 + 1)
F'2a+1) TBa+1l) Tda+1) TBa+1)N(a+1)?

0.318t49T (2 + 1) 0.45841t*T (3 + 1) ) (17)
F(da+ DI(a+1)2  Tla+ 1)I'(2a+ 1) (4a+ 1)/

The 4th step approximate solution of M(t) is as below:

. a « 1 2c0
M4(t):4.0+(059t ) (F(t 0.179¢t )

T(a+1) a+1) TI(2a+1)

N ( t* 017 017396%*  0.366°°T(2a + 1) )
INa+1) TRa+1) TI'Ba+1l) TBa+1)I(a+1)?
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t 0.3t% 0.03t3*  0.05217t*
+ (F(a +1) I(2a+1) * T(3a+1) + [(4a +1)
0.108tT(2a +1) 1.1508¢4°T (3 + 1) ) (18)
Lo+ DI(a+1)2  T(a+1)I2a+ ) (4a+ 1)/

The 4th step approximate solution of N (¢) is as below:

0.3t ) ( 0.9t 0.9¢2 0.059¢3 )
INa+1) MNa+1) TR2a+1) TI'Ba+1)

( 0.9t 0.9¢% 0.13
r

N4(t) = 0.5(

(a+1) TQR2a+1) T'Ba+1l)
0.0179¢*  0.354¢*T' (2o + 1) "
T(4a+1) T(4a+1)0(a+ 1)2>' (19)

Based on their graphical and numerical outcomes, the approximations estab-
lished by Elzaki transform decomposition method for the nonlinear financial model
are reviewed and evaluated in the next subsection.

4.1. Graphical and numerical results of approximate solutions at-
tained by Elzaki transform decomposition method. In this subsection, we
give graphical and numerical results for the approximate solutions of the system
of fractional differential equations presented in Eqs. (1) and (2) to demonstrate
the usefulness and efficiency of the Elzaki transform decomposition method in
handling nonlinear models. By using the following values of the parameter vari-
ables: a = 3, b= 0.1, c = 1, and d = 0.9 and the initial conditions L(0) = 0.1,
M(0) = 4.0, and N(0) = 0.5 |28] we derived the 4th step approximate solutions
for the model at various fractional derivative values: o = 0.5, 0.6, 0.7, 0.8, 0.9,
and 1.0.

Fig. 3 shows two-dimensional graphs of the 4th step approximate solutions
obtained by Elzaki transform decomposition method at o = 0.5, 0.6, 0.7, 0.8, 0.9,
and 1.0 for ¢ in the interval [0, 2.0].

Fig. 4 shows a comparison of the two-dimensional graphs of the 4th step ap-
proximate solutions obtained by residual power series method and Elzaki trans-
form decomposition method at o = 0.5, 0.6, 0.7, 0.8, 0.9, and 1.0 for ¢ in the
interval [0, 2.0].

Tables 5—7 show how the 4th step approximate solutions of L(t), M (t), and
N(t) obtained by Elzaki transform decomposition method behave at different
a=0.5,0.6,0.7, 0.8, 0.9, and 1.0 fractional derivative values for ¢ in the interval
[0,2.0].

We concluded from a graphical and numerical analysis of L™ (t), M®)(t), and
N®(t) that these variables exhibit the same behavior as described in macroe-
conomic theory. Generally, a lower interest rate makes an investment relatively
more attractive. If the interest rate is six percent, firms will need an expected
rate of return on investment of at least six percent to justify the investment. If
the marginal efficiency of capital is lower than the interest rate, the firm will be
better off not investing but saving money. A cut in interest rates from six percent
to two percent will increase investment demand. Thus, the result indicates that
they satisfy the actual behavior of macroeconomic theory.
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Figure 3. The graphic behavior of the 4th step approximate solutions obtained by Elzaki trans-
form decomposition method of L(t), M(t), and N(t) at a« = 0.5, 0.6, 0.7, 0.8, 0.9, and 1.0

The Elzaki transform decomposition method produced the following 4th step
approximate solutions by using the Egs. (17), (18), and (19) in terms of interest
rate L(t), investment demand M (¢), and price index N(t) at a = 0.5, 0.6, 0.7,

0.8, 0.9, 1.0.

At a = 0.5, the 4th step approximate solutions are as follows:

LW(#) = 0.1+ 0.677028t%° + 2.059t"0 + 0.876954¢'° 4 0.462453t>°,

)
M®(1)
)

= 4+ 4.05088t%5 — 0.379¢'0 — 0.618552¢'° — 0.880404¢%°,

NW(#) = 0.5 4 3.38514¢%° — 2.7¢10 — 0.119608¢° — 0.216413t>.

At «a = 0.6, the 4th step approximate solutions are as follows:

LW(#) = 0.1 4 0.671505t°0 + 1.86876t"% + 0.756152t"% + 0.352844¢>4,
MW(t) = 4+ 4.01784t%5 — 0.343982t'2 — 0.513408¢% — 0.670216>4,
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at a = 0.7 ] at =08 )i

.
0.5

Figure 4. Dashed graphs of L® (1), M® (t), and N@W (t) that were achieved by using Elzaki
transform decomposition method, and non-dashed graphs were achieved by residual power series
method at a = 0.5, 0.6, 0.7, 0.8, 0.9, and 1.0

N®(t) = 0.5+ 3.35752t%6 — 2.45053t12 — 0.094841¢% — 0.142729¢>4.
At a = 0.7, the 4th step approximate solutions are as follows:

LW(t) = 0.1 + 0.660328t"7 + 1.65758t"* + 0.63087¢>" + 0.256359¢>%,
MW (@) = 4+ 3.95097t%7 — 0.305111¢"* — 0.412049t>! — 0.48642¢>%,
NW(t) = 0.5+ 3.30164¢%7 — 2.17362t"4 — 0.072351¢>1 — 0.0875269¢>5.

At o = 0.8, the 4th step approximate solutions are as follows:

LW(t) = 0.1 + 0.644203t%8 + 1.44024¢™5 + 0.510974¢>* + 0.178275¢>2,
M®(t) = 4 + 3.85448t"% — 0.265105¢' ¢ — 0.321075¢>* — 0.338317t32,
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Table 5
L(t) behavior in the range ¢ € [0,2.0] at & = 0.5, 0.6, 0.7, 0.8, 0.9, and 1.0
t a=0.5 a=0.6 a=0.7 a=028 a=09 a=1.0
0.2 0.911511 0.675695 0.512493 0.399204 0.319925 0.263782
0.4 1.647647 1.294323 1.019084 0.808128 0.647855 0.526517
0.6 2.433889 2.011651 1.649691 1.348859 1.104736 0.907503
0.8 3.276222 2.829670 2.409768 2.033095 1.706159 1.428990
1.0 4.175437 3.749264 3.305140 2.873690 2.474020 2.116176
1.2 5.131171 4.771320 4.342097 3.884412 3.884413 2.997190
1.4 6.142759 5.896912 5.527124 5.079623 4.594440 4.103157
1.6 7.209498 7.127167 6.866855 6.474257 5.994522 5.468198
1.8 8.330680 8.463277 8.367948 8.083407 7.655154 7.129036
2.0 9.505671 9.906486 10.037112 9.922820 9.603488 9.125898
Table 6
M (t) behavior in the range t € [0,2.0] at a = 0.5, 0.6, 0.7, 0.8, 0.9, and 1.0
t a=0.5 a=0.6 a=0.7 a=0.8 a=0.9 a=1.0
0.2 5.645279 5.437448 5.229187 5.034739 4.860584 4.708748
0.4 6.113050 6.031069 5.898250 5.737050 5.564026 5.390375
0.6 6.305984 6.369486 6.356636 6.284186 6.169529 6.027792
0.8 6.313966 6.515323 6.638068 6.685215 6.667450 6.598287
1.0 6.172924 6.490237 6.747398 6.929980 7.036521 7.073512
1.2 5.901833 6.303248 6.680274 7.001256 7.249243 7.419496
1.4 5.512247 5.957896 6.428452 6.877977 7.273794 7.596670
1.6 5.011917 5.455127 5.981812 6.537229 7.074769 7.559851
1.8 4.406343 4.794429 5.329239 5.954370 6.613620 7.258192
2.0 3.699669 3.974430 4.459067 5.103751 5.848991 6.635270
Table 7
N(t) behavior in the range ¢ € [0,2.0] at & = 0.5, 0.6, 0.7, 0.8, 0.9, and 1.0
t a=0.5 a=0.6 a=0.7 a=0..8 a=09 a=1.0
0.2 1.454524 1.414861 1.338370 1.243656 1.143330 1.045771
0.4 1.496060 1.587433 1.618546 1.602990 | 1.553771 1.481951
0.6 1.368620 1.563990 1.700226 1.780992 | 1.813560 1.806460
0.8 1.143678 1.414922 1.641633 1.817568 | 1.940878 2.016709
1.0 0.849116 1.169439 1.468147 1.728768 1.943360 2.109501
1.2 0.499368 0.843055 1.193479 1.525727 1.824471 2.081172
1.4 0.103047 0.445222 0.825814 1.213167 1.585199 1.927490
1.6 | —0.334190 | —0.017914 0.370298 0.793907 | 1.225764 1.643681
1.8 —0.808389 | —0.542117 | —0.169802 0.269198 0.742221 1.224441
2.0 | —1.316651 | —1.124370 | —0.792436 | —0.360849 | 0.134321 0.663933
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NW(@#) = 0.5+ 3.22101¢%% — 1.88861¢"0 — 0.0533341¢>* — 0.0503025¢%2.
At a = 0.9, the 4th step approximate solutions are as follows:

LW(t) = 0.1 4 0.623852t" + 1.22816t"® + 0.402854¢>7 4 0.119158t>C,
M@ (1) = 4+ 3.73272t%9 — 0.226067t' 8 — 0.243697¢>7 — 0.22644¢>6
NW(@#) = 0.5+ 3.11926t™ — 1.61051¢" — 0.0381235¢>7 — 0.0272624¢.

At a = 1.0, the 4th step approximate solutions are as follows:

LW(#) = 0.1 4 0.6t + 1.0295¢ + 0.30985t° + 0.076818t*,
M® () = 4 + 3.59 — 0.1895¢2 — 0.18065¢> — 0.146346¢*,
NW(#) = 0.5+ 3t — 1.35¢2 — 0.0265¢> — 0.0140042¢*.

5. Conclusions. In this study, we investigate a fractional-order financial
model using two capable approximate analytical methods. From the figures and ta-
bles, we observed that the solutions obtained by the residual power series method
and Elzaki transform decomposition method agree with the actual macroeconomic
behavior of the financial system, and both methods are compatible and useful for
solving the fractional order nonlinear financial model. It demonstrated that re-
searchers may use these two techniques to solve the fractional nonlinear problem
that occurs in financial systems. The impact of the critical minimum interest rate
has been observed graphically, which shows different results with different values
of the critical minimum interest rate but exhibits the same behavior. The results
show that interest rates are rising at the same time that investment demand is
falling because borrowing money for investment purposes becomes more expensive
as interest rates rise. It is also guaranteed that the relationship between invest-
ment demand and the price level is inverse, with lower investment demand leading
to deflation. As a result, the obtained results are consistent with economic theory
and are extremely useful in understanding the macroeconomic behavior of the
financial system.

Competing interests. The authors declare that they have no competing interests.
Authors’ contributions and responsibilities. The authors declare that the study
was realized in collaboration with equal responsibility. All authors read and approved
the final manuscript.

Availability of Data and Materials. No data were generated or analyzed during the
current study.

Funding. No funds were received.

References

1. Sun H., Zhang Y., Baleanu D., et al. A new collection of real world applications of fractional
calculus in science and engineering, Commun. Nonlinear Sci. Numer. Simul., 2018, vol. 64,
pp. 213-231. DOI: https://doi.org/10.1016/j.cnsns.2018.04.019.

2. Ramani P.; Khan A. M., Suthar D. L., Kumar D. Approximate analytical solution for non-
linear Fitzhugh—Nagumo equation of time fractional order through fractional reduced differ-
ential transform method, Int. J. Appl. Comput. Math., 2022, vol. 8, no. 2, 61. DOI: https://
doi.org/10.1007/s40819-022-01254-z.

242



Approximate analytical solutions of the nonlinear fractional order financial model . ..

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Yadav L. K., Agarwal G., Suthar D. L., Purohit S. D. Time-fractional partial differential
equations: a novel technique for analytical and numerical solutions, Arab J. Basic Appl. Sci.,
2022, vol. 29, no. 1, pp. 86-98. DOI: https://doi.org/10.1080/25765299.2022.2064075.
Tenreiro Machado J. A., Silva M. F., Barbosa R. S., et al. Some applications of fractional
calculus in engineering, Math. Probl. Eng., 2010, vol. 2010, 639801. DOI: https://doi.org/
10.1155/2010/639801.

Yasmin H. Application of aboodh homotopy perturbation transform method for fractional-
order convection-reaction-diffusion equation within Caputo and Atangana—Baleanu opera-
tors, Symmetry, 2023, vol. 15, no. 2, 453. DOI: https://doi.org/10.3390/sym15020453.
Chanchlani L., Agrawal M., Pandey R. M., et al. Applications of Elzaki decomposi-
tion method to fractional relaxation-oscillation and fractional biological population equa-
tions, Appl. Math. Sci. Eng., 2023, vol. 31, no. 1, 2154766. DOI: https://doi.org/10.1080/
27690911.2022.2154766.

Pareek N., Gupta A., Agarwal G., Suthar D. L. Natural transform along with HPM tech-
nique for solving fractional ADE, Adv. Math. Phys., 2021, vol. 2021, 9915183. DOI: https://
doi.org/10.1155/2021/9915183.

Yasmin H. Numerical analysis of time-fractional Whitham—Broer—-Kaup equations with
exponential-decay kernel, Fractal Fract., 2022, vol.6, no.3, 142. DOI: https://doi.org/
10.3390/fractalfract6030142.

Naeem M., Yasmin H., Shah N. A.) et al. Analytical approaches for approximate solution
of the time-fractional coupled Schrodinger—KdV equation, Symmetry, 2022, vol. 14, no. 12,
2602. DOI: https://doi.org/10.3390/sym14122602.

Naeem M., Yasmin H., Shah R., et al. A comparative study of fractional partial differ-
ential equations with the help of Yang transform, Symmetry, 2023, vol.15, no.1, 146.
DOI: https://doi.org/10.3390/sym15010146.

Naeem M., Yasmin H., Shah R., et al. Investigation of fractional nonlinear regularized long-
wave models via Novel techniques, Symmetry, 2023, vol. 15, no. 1, 220. DOI: https://doi.
org/10.3390/sym15010220.

Baskonus H. M., Mekkaoui T., Hammouch Z., Bulut H. Active control of a chaotic fractional
order economic system, Entropy, 2015, vol. 17, no. 8, pp. 5771-5783. DOI: https://doi.org/
10.3390/e17085771.

Bonyah E., Atangana A., Chand M. Analysis of 3D IS-LM macroeconomic system model
within the scope of fractional calculus, Chaos, Solitons & Fractals: X, 2019, vol. 2, 100007.
DOI: https://doi.org/10.1016/j.csfx.2019.100007.

David S. A., Fischer C., Machado J. T. Fractional electronic circuit simulation of a non-
linear macroeconomic model, AEU — Int. J. Electron. Comm., 2018, vol. 84, pp. 210-220.
DOI: https://doi.org/10.1016/j.aeue.2017.11.019.

Owolabi K. M., Gomez—Aguilar J. F., Fernndez—Anaya, et al. Modelling of chaotic processes
with caputo fractional order derivative, Entropy, 2020, vol. 22, no.9, 1027. DOI: https://
doi.org/10.3390/e22091027.

Xin B., Li Y. 0-1 test for chaos in a fractional order financial system with investment
incentive, Abstr. Appl. Anal, 2013, vol. 2013, 876298. DOI: https://doi.org/10.1155/2013/
876298.

El-Ajou A., Arqub O. A., Momani S., et al. A novel expansion iterative method for solving
linear partial differential equations of fractional order, Appl. Math. Comput., 2015, vol. 257,
pp. 119-133. DOI: https://doi.org/10.1016/j.amc.2014.12.121.

Xiaobing P., Yang X., Skandari M. H. N., et al. A new high accurate approximate approach
to solve optimal control problems of fractional order via efficient basis functions, Alexandria
Eng. J., 2022, vol. 61, no. 8, pp. 5805-5818. DOI: https://doi.org/10.1016/j.aej.2021.
11.007.

Liaqat M. I., Akgiill A. A novel approach for solving linear and nonlinear time-fractional
Schrédinger equations, Chaos Solitons Fractals, 2022, vol. 162. DOI: https://doi.org/10.
1016/j.chaos.2022.112487.

243



Liaqat M. I., Khan A., Irshad A., Akgiil A., Prosviryakov E.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

244

Liagat M. I., Khan A., Alam M. A., et al. Approximate and closed-form solutions of
Newell-Whitehead—Segel equations via modified conformable Shehu transform decom-
position method, Math. Probl. Eng., 2022, vol.2022, 6752455. DOI: https://doi.org/
10.1155/2022/6752455.

Rezapour S., Liaqat M. 1., Etemad S. An effective new iterative method to solve conformable
Cauchy reaction-diffusion equation via the Shehu transform, J. Math., 2022, vol. 2022,
4172218. DOI: https://doi.org/10.11565/2022/4172218.

Liagat M. I., Etemad S., Rezapour S., Park, C. A novel analytical Aboodh residual power
series method for solving linear and nonlinear time-fractional partial differential equations
with variable coefficients, AIMS Math., 2022, vol. 7, no.9, pp. 16917-16948. DOI: https://
doi.org/10.3934/math.2022929.

Liaqat M. 1., Akgiil A., Abu-Zinadah H. Analytical investigation of some time-fractional
Black—Scholes models by the Aboodh residual power series method, Mathematics, 2023,
vol. 11, no. 2, 276. DOI: https://doi.org/10.3390/math11020276.

Alquran M. Analytical solutions of fractional foam drainage equation by residual power
series method, Math. Sci., 2014, vol. 8, no. 4, pp. 153-160. DOI: https://doi.org/10.1007/
s40096-015-0141-1.

Prakasha D. G., Veeresha P., Baskonus H. M. Residual power series method for fractional
Swift—-Hohenberg equation, Fractal Fract., 2019, vol. 3, no.1, 9. DOI: https://doi.org/10.
3390/fractalfract3010009.

Shah N. A.; Chung J. D. The analytical solution of fractional-order Whitham—Broer—Kaup
equations by an Elzaki decomposition method, Numer. Methods Partial Differential Eq.,
2024, vol. 40, e22748. DOI: https://doi.org/10.1002/num.22748.

Varsoliwala A. C., Singh T. R. Mathematical modeling of atmospheric internal waves phe-
nomenon and its solution by Elzaki Adomian decomposition method, J. Ocean Eng. Sci.,
2022, vol. 7, no. 3, pp. 203-212. DOI: https://doi.org/10.1016/j.joes.2021.07.010.
Farman M., Akgiil A., Baleanu D., et al. Analysis of fractional order chaotic financial model
with minimum interest rate impact, Fractal Fract., 2020, vol.4, no.3, 43. DOI: https://
doi.org/10.3390/fractalfract4030043.

Kumar A., Kumar S. Residual power series method for fractional Burger types equa-
tions, Nonlinear Eng., 2016, vol.5, no.4, pp. 235-244. DOI: https://doi.org/10.1515/
nleng-2016-0028.

Alquran M., Jaradat H. M., Syam M. I. Analytical solution of the time-fractional Phi-4
equation by using modified residual power series method., Nonlinear Dyn., 2017, vol. 90,
no. 4, pp. 2525-2529. DOI: https://doi.org/10.1007/s11071-017-3820-7.

Moaddy K., Al-Smadi M., Hashim I. A novel representation of the exact solution for dif-
ferential algebraic equations system using residual power-series method, Discrete Dyn. Nat.
Soc., 2015, vol. 2015, 205207. DOI: https://doi.org/10.1155/2015/205207.

Rashid S., Hammouch Z., Aydi H., et al. Novel computations of the time-fractional Fisher’s
model via generalized fractional integral operators by means of the Elzaki transform, Fractal
Fract., 2021, vol. 5, no. 3, 94. DOI: https://doi.org/10.3390/fractalfract5030094.
Khan A., Liagat M. I., Younis M., Alam A. Approximate and exact solutions to frac-
tional order Cauchy reaction-diffusion equations by new combine techniques, J. Math., 2021,
vol. 2021, 5337255. DOI: https://doi.org/10.1155/2021/5337255.

Liagat M. I., Khan A., Akgil A., Ali M. S. A novel numerical technique for fractional
ordinary differential equations with proportional delay, J. Funct. Spaces, 2022, vol. 2022,
6333084. DOI: https://doi.org/10.1155/2022/6333084.

Jena R. M., Chakraverty S. Solving time-fractional Navier—Stokes equations using homotopy
perturbation Elzaki transform, SN Appl. Sci., 2019, vol. 1, 16. DOI: https://doi.org/10.
1007/s42452-018-0016-9.

Hajira, Khan H., Khan A., et al. An approximate analytical solution of the Navier—Stokes
equations within Caputo operator and Elzaki transform decomposition method, Adv. Differ.
Equ., 2020, vol. 2020, 622. DOI: https://doi.org/10.1186/s13662-020-03058-1.



BectH. CaMm. roc. texH. yH-Ta. Cep. Pus.-mat. Hayku. 2024. T. 28, Ne 2. C.223-246
ISSN: 2310-7081 (online), 1991-8615 (print) https://doi.org/10.14498/vsgtu2055
EDN: BOLMJW

VK 517.968.7

ITpubsim>keHHbIe aHAJIUTUYECKUE PellleHUsl HeJUHeHOoi
duHaHCOBOII MOoAes M APOOHOTO NMOPsAKa ABYMsI

3¢ PEKTUBHBIMU METO/IaMi CO CPABHUTEJIbHbIM
HCCJIeJOBAHUEM

M. I. Liaqat'?, A. Khan?, A. Irshad?,
A. Akgiil>*®, E. Prosviryakov®”

I TIpaBuTenbcTBeHHBIH KOJLIeMK YHUBEpcHTeTa, Jlaxop, 54600, Ilakucram.
2 HanmoHasbHBIH KOJITEIK AEJOBOIO aIMUHHCTPHPOBAHUS U SKOHOMUKH,
Jlaxop, 54660, ITakucran.

JluBanckmit AMepukanckuii yHuBepcurer, BeiipyT, 1102 2801, Jlusasn.
Yuusepcurer Cuupra, Cuupr, 56100, Typrus.

BmmkueBocTounerit yausepcurer, Hukocus, 99138, Typrus.

Ypanbckuit denepasibublil yauBepcureT, Exarepunbypr, 620137, Poccus.
NMucruryr mammuaosenenns YpO PAH, Exarepunbypr, 620049, Poccus.

N OOtk W

AnHHOTan M

QuHaHCOBAsl CUCTEMA SIBJISIETCS BaXKHOM COCTABJISIIONIENl B peryJimpoBa-
HUU TJIOOAJIBHBIX SKOHOMHYECKHUX IIPOIECCOB, IIOCKOJIBKY oObeciieueHue Oe3-
OITACHOCTH WJIM KOHTPOJIb (DUHAHCOBOW CUCTEMBI UM PHIHKA SIBJISIETCS KJTIO-
YOM K CTAOMJIM3AIINU SKOHOMUKH.

Iesbio JaHHOTO UCCIEIOBAHUST SIBJISIETCS BhISICHEHUE, HACKOJIBKO TPUOJIN-
JKEHHbIe aHAJINTUYECKHE PEelIeHUd, IIOIydeHHble C IIOMOIIbI0 MEeTOAa OCTa-
TOYHOI'O CTEIEHHOTO Dsfa M METONA DPA3JIOKEHWS IJIb3AKU A IPOOHOI
HeJIMHEeTHOW (DMHAHCOBOW MOJIEJIH, COOTBETCTBYIOT SKOHOMUYECKON TEOPHH.
31ech TOHSTHE JIPOOHOI TPOU3BO/THON MCIIOJIB3YETCs B CMBICJIE TPOU3BOIHOMN
KamyTo.

TTosyuenubre yncieHHbIE PE3YILTATHI TIOKA3BIBAIOT, KAK TPUOJINKEHHbIE
pellleHnd pearupyloT Ha U3MEHeHHUs IIPOLEHTHOI CTaBKU, HHBECTUIIMOHHOTO
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AnHHOTaNMs

IIpemraraercss HOBBI aJrOPUTM HAXOXKIEHUS MPUOJIMKEHHBIX CAMMET-
puit aysa apobHO-IudGEPEHIHANBHBIX YPABHEHUN C MPOU3BOIHBIMYU THUIIA
Pumana—JIuysunnsa u I'epacumoBa—KaryTo, mopsiiok KOTOPBIX OJU30K K T1e-
Jiomy. AJIrOpUTM OCHOBaH Ha pa3JIOXKEHWU JPOOHOI IMPOU3BOIHON B PsiJl 110
MaJIOMY IIapaMeTpy, BhIIEISIEMOMY U3 IOPSIIKa JIPOOHOTO I depeHImpoBa-
Husi. B TuHeitHOM Tpub/IMKEHNN TaKOe Pa3JI0YKEHNE COIEPKUAT HEJTOKATHHBII
nHTerpo-auddepeHInaIbHbI 0IIepaTop ¢ JOrapuMUIECKUM sIIPOM.

B pesynbrare ncxommnoe gpobHo-muddepeHmaabHoe ypaBHeHne TPUOIn-
JKaeTcs UHTerpo-nuddepeHImaibHbIM yPaBHEHHEM C MAaJIbIM IapaMeTPOM,
JIJIsSI KOTOPOI'O MOI'YT OBITH Hali/IeHbI IIPUOJINKeHHbIe cuMMeTpun. Jloka3biBa-
ercsi TeopeMa, O BHUJE IIPOIOJIZKEHUST OMHOIAPAMETPUIECKONH IPYIIIbl TOYEU-
HBIX [IPEOOPA30BAHUI Ha HOBYIO IIEPEMEHHYIO, TTOPOXKTAEMYIO HEJTOKAJIHHBIM
OIIepaTOPOM, BXOMAIINM B PA3JIOXKEHUE APOOHON ITPOM3BOIHON. 3HAHUE Ta-
KOT'0 IIPOJIOJI?KEHNUSI TIO3BOJISET IPUMEHUTD K PACCMATPUBAEMOMY YPABHEHUIO
IPpUOJIMKEHHBITT KPUTEpUil MHBAPUAHTHOCTH.

IIperaraemslii aaropuTM WILIFOCTPUPYETCS HA 3a/a4Ue HAXOXK JIEHUsI IIPH-
OJIMKEHHBIX CUMMETPHUIi JIjIs HEJIMHEHHOTO JIpoOHO-Iud depeHnaIbHOr0
ypaBHeHust puiibrpanun cyomuddysnonnoro tuna. [lokazano, 9To pasmep-
HOCTB aJIre0PhI MPUOINKEHHBIX CHMMETPHI TAKOIO yPABHEHHS OKA3bIBAETCS
CYIIECTBEHHO OOJIbIIIE PA3MEPHOCTH AJreOpbl TOYHBIX CHMMETPUN, UTO OT-
KPBIBAeT BO3MOXKHOCTH IIOCTPOEHUS OOJIBIIIOrO YUC/Ia IPUOIMKEHHO NHBAPU-
aHTHBIX pelreHuii. Tak»Ke Ha IIpuMepe JIMHEHHOTO JIpoOHO-1ud depeHnaib-
HOTO ypaBHeHus cy0nddy3un TOKa3bIBaeTCs, YTO aJITOPUTM JTaeT MPUHIIN-
MAAJIBHYI0 BO3MOXKHOCTb HAXOJUTh HEJIOKAJbHBIE MPUOJINKEHHBIE CHMMET-
pUU OIIpEIESIEHHOTO BU/IA.
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BBenenwne. ['pymnmosoit anammn3 auddepeHnaabHbIX 1 HHTErPo-auddepen-
[MAJbHBIX ypaBHeHuil [1-3] siBiasiercs 3¢hbdeKTuBHBIM MaTeMaTuIecKUM HHCTPY-
MEHTOM HCCJIEJIOBAHUS X CUMMETPUIHBIX CBONCTB, IIOCTPOEHUS 3aKOHOB COXPa-
HEHUsI U HAXOXKJCHUS TOYHBIX pereHuil. OMHUM U3 COBPEMEHHBIX HAIPABJICHUI
€ro Pa3BUTHUS sIBJISETCs CUMMETPUNHBIN aHam3 quddepeHnnaabHbIX ypaBHEHU I
C TIPOU3BOJHBIMU JPOOHBIX TIOPSIIKOB PA3JIMIHBIX TUIOB |4, 5|, HA3BIBAEMbIX TaK-
ke JpobHo- b depenimanbabiMu ypaBHerusivu [6]. B redenne nociaeganx 15 ser
I TaKAX YpaBHEHUN aKTHUBHO Pa3BUBAJIUCHL KAK METOILI KJIACCUYIECKOTO I'PYII-
nosoro anamusa (cM. [7-9] u nmTUpyeMyo Tam JmTeparypy), TaK U HEKOTOpbIe
METOJIbI COBPEMEHHOT'O TPYIIIIOBOTO aHAJIN3a, HAIIPABJIEHHBIE HA HAXOXKIEHUE TIPU-
Gimzkenubix [10] u Beicimx [11] cummerpuit.

ITocTpoenne mpuOIMMKEHHBIX CHUMMETPHil s ApOoOHO-TuddEPEHITNATEHOIO
YPaBHEHUSI BO3MOXKHO B TeX C/IydasixX, KOIJIa B HEM HMMEETCS MaJiblii mapamMerp
JinbO KOTJIa TAaKoe YpaBHEHHE MOXKET ObITh MPUOIMKEHO B HEKOTOPOM CMBICTIE
yPaBHEHHUEM C MaJIbIM ITapaMeTpoM. Eciu mopsijioK BXO/sIell B ypaBHEHUE JIpO0-
HO#l IPOM3BOJIHOM OJIM30K K MEJIOMY YUCIIY, TO U3 TAKOTO MTOP/IKA BO3MOYXKHO BbI-
JleJIEHE MAJIOrO IapaMeTpa C IOCIeYIONMM Pa3JI0yKeHUeM 10 HEMY B Psij CO-
OTBETCTBYIOIIEH ApoOHO#T Tpou3BogHON. Hampumep, /jist JIeBOCTOpOHHEH TPOOHOIT
npousBoauoil Pumana—/J/IuyBusnisa

« 1 dr t f s)ds
(6 D f)(t) = F(na)dt"/to (t.(s))anﬂ’

st caydas o« = n — ¢, rae € € (0,0.5], B pabore [10] mosydeHo ciejyroiiee
PAa3JIoKEHHe 10 £:

n=la]+1,

(o DI 1)(t) = 1 (1) { W+ 1) — In(t — )l F (1) —

— (—1)F " nl
-2 (kl—)nk;(t - to)k_"f(’“)(t)} +o(e). (1)

JlaHHOE pazsioKeHue CIIPaBEJINBO i Bcex t > to npu € — 0 B ciydae,
korja dyuknus f(t) 6eckoneuno auddepennupyema npu t > tyg. Ecau & —ma-
aetit mapamerp (0 < € < 1), To B (1) MOXKHO OrpaHUIUTHCST TPUBEICHHBIM JIU-
HeHbIM pa3JiozKeHneM, 0TOpocuB Masible nopsijka o(e). Ecan nqpobuo-muddepen-
[UAJIbHOE YPAaBHEHHE COJICPIKHUT TOJIBKO JAPOOHbIE MpOU3BOAHbIC BHIa o, D" ° f
(m=1,2,..., M), 10, 3aMeHsIsl UX HA COOTBETCTBYIOIIUE JIMHEHHBIE 110 £ PA3JIO-
skerust Buia (1), mosyIuM ypaBHEHHE ¢ MaJIbIM MapaMeTpoM. B HysieBoM mopsijike
10 € Takoe ypaBHeHHe OyaeT nuddepeHnnalbHbIM YPABHEHHEM IIeJIOr0 MOPSI-
Ka M.
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Heobxomnumo, ofiHAKO, OTMETHTh, 9TO JIHHejiHoe pasyioxkenue (1) He siBisieT-
Csl PABHOMEDHBIM, OHO CIIPABEINBO ¢ TOYHOCTBHIO 0(e In(t — tg)). Ilosromy myst
JI06010 (PUKCHPOBAHHOTO € 3aMeHa JIPOOHO-IndepeHInaILHOIO YPABHEHUS CO-
OTBETCTBYIOIIMUM YPaBHEHUEM C MaJIbIM IIapaMETpPOM 6y,ZLeT CIIpaBe/JInBa JIUIIIb
st t € [e,d], tne ¢ = ¢(e) u d = d(g) coryacoBaHbI € yCJIOBUEM MaJIOCTH OTOpa-
CBIBAEMOI YaCTU PA3JIOZKEHUSI.

3aMeHa, IIyCTh U B OFPAHUIEHHO 00J1acTH, IpobHO-/1nddhepeHITnaIBLHOrO ypaB-
HEHUsI YPABHEHUEM C MAJIBIM [1apaMETPOM, MOJIyYaeMbIM C UCIOJIH30BAHUEM Pa3-
noxkenust Buja (1), Jaer BO3MOXKHOCTb IPUMEHSITH K €r0 UCCJIeJ0BAHUIO METOJIbI
Teopun IPUGIMKEHHBIX Py ipeobpasosanuii [12-14]. Ha ocroBe manHOro moj-
xo/ia B paborax |15, 16| 6bLIH yCIemnHo pelenbl 3a/1a91 TPYIHoBoil Kiaccuduka-
[N 110 JIOIYCKAEMbIM IPUOJINKEHHBIM I'PyIIIaM Ipeobpa3oBaHuil st HeJIUHEH-
Horo ypasuenus cyoanddysun u qpoduo-muddepeHnnaabHOro 0600IIeHnsT ypaB-
Henust Broprepca, a B paborax [17-19| mus psima apobHO-uddepenimaibHbIX
ypaBHEHUI Hall/IeHbl TPUOIUKEHHbIE CUMMETPUH, ITPUOIMKEHHO WHBAPUAHTHBIE
peIlieHnsT U TPUOJINKEHHBIE 3aKOHBI COXPAHEHUSI.

Baxxro ormernThb, 9TO jgomyckaeMasi JIpoOHO-auddepeHnaIbHbIM ypaBHe-
HUEeM TPYIIa Mpeodpa30oBaHUN MPAKTUYECKH BCEI/Ia OKa3bIBaeTCs Oosee «Oe-
HOi1», 1eM IpyIia COOTBETCTBYIOIIETO eMy JudDepeHITnalbHOr0 yPaBHEHUST 1EJI0-
ro TopsijiKa. DTO 00YCJIOBJIEHO B MIEPBYIO 0Yepe/ib TPeOOBAHMEM HEIOBUKHOCTH
ITOCTOSIHHOT'O IIPE/IeJia HHTErpUpOBaHus JIpOoOHO-IuddEPEHITHATIBHOIO OlIepaTopa
pu npeobpazoBanuu. [lepexos kK mpubIMKEHHBIM TPEOOPA30BAHUSM CYIECTBEH-
HO PaCIIUpsieT IPYHIy CUMMETPHUil, YTO JaeT BO3MOXKHOCTb CTPOUTH HOBBIE HPU-
6HI/I)K6HHO NHBapUaHTHBIE DEIIEHUA W 3aKOHbI COXPaHEHMHA, KOTOPbIE HE MOI'YT
OBITH TIOJIYUEHBI Ha OCHOBE TOYHBIX CUMMETPUNA.

Tem He Menee paszjoxkenue (1) 06s1aaeT PsiJIOM CYIIECTBEHHBIX HEJIOCTATKOB.
Bo-nepsbix, ono Tpebyer 6eckoneunoit quddepennupyemoctu dyukinun f(t) npu
t > tg, uTo JU1s JipobHO-nddepEeHITHAILHBIX YPABHEHU CIIPABE/JINBO JIAJIEKO HE
Beerjia. Bo-BTOPBIX, IpaKTUIecKoe UCHosb3oBanue (1) Jyist HaXOXKJIeHUs JIOIyC-
KaeMOil COOTBETCTBYIONINM yPaBHEHUEM ITPUOIMKEHHOM TPYIIIILI ITpeoOpa3oBanmit
TpebyeT MOCTPOEHUsT TIPOJOJIZKEHU TPYIIIIBI, JOMYCKAEMON YpaBHEHUEM B HYJIEBOM
nopsijIKe 110 €, Ha Bee npomssommeie fF)(t) (k= 1,2,...). Pemenue ompeesiome-
o ypaBHEHUsI JJIsi IPUOJINYKEHHON IPYIIBI B 9TOM ciiy4dae TpebyeT akKypaTHOI
paboThl ¢ OECKOHEYHBIME DsiJIAMH, CXOJUMOCTH KOTOPBLIX HEOOXOIMMO JIOTIOJIHU-
TeJIbHO KOHTPOJUPOBaTh. B-Tperbux, pasioxkenune (1) HenmpuMeHHMO Ipu GECKO-
HEYHOM HIXKHEM IIpejesie MHTeIPUPOBAHUsI B orepaTope japobHoro muddepen-
nupoBanust. OJHAKO YPABHEHUsI ¢ TAKUMU OIEePATOPAMH BO3HUKAIOT IIPU OIUCA~
HUU IIPOIECCOB C IIOJIHON CTEIEeHHON IMaMATbhIO UJIU CTEIIEHHOW NPOCTPAHCTBEHHOMN
HEJIOKAJILHOCTHIO B R™.

IIpeomosieTs yKa3aHHBIE HEIOCTATKH IIO3BOJISIET TIEPEXO] K APYTOMY BHLY Pas-
JIOXKCHUH JIPOOHBIX ITPOU3BOIHBIX, KOTOPbIE MOTYT OBITH IOCTPOEHBI Ha OCHOBE
u3BecTHOl [4] bopmyiiel jyist ApobHOrO MHTErpasia nopsijika € npu € — 0:

WD) = £+ <270+ 5 [ mie =95 s] w00 @)

to
rie

WiN® =15 | A5 e
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— JIEBOCTOPOHHUI MHTErpaJi JIpoOHOTO mopsijika €, ¥ &~ 0.57721566 — nocrostHHAast
Aitnepa. C ucnomab3oBanueM (2) MOIYT OBITH HOJIYY€HBI COOTBETCTBYIOIIIE PA3JIO-
JKEHUsT JIJIsl JIECBOCTOPOHHUX JAPOOHBIX Mpon3Boaubix Pumana—/Inysuiisa u Kaiy-
TO, TIOPSJIOK KOTOPBIX OJIN30K K TiesioMy. B paborax [20-22| pasnoxenue (2) 661710
HCIIOJTh30BAHO JIJIsi HAXOXKJIEHUsI IIPUOJINYKEHHBIX PelteHuit JpobHo-muddepeH -
AJIbHBIX yDABHEHMUIA.

B pesysbrare npumMenenust passioxkenus (2) 1pobHo-1uddepeHuaibHoe ypas-
HeHUe NPUOINKAETCH YPABHEHUEM C MAJIBIM IaPAMETPOM £, COJIEPYKAIIUM B £-110-
psisike nHTErpo-auddepeHInaabHbI OepaTop ¢ JOrapudMuIecKumM sapom. Pas-
paboTKa aJropuT™Ma HAXOXKJICHUS TPUOJIMKEHHBIX CUMMETPHUIl TAKUX ypaBHEHUI
U SIBJISIETCS TIEJIBIO JIAHHOW PAOOTHI.

1. ®opmynsl npogoskenusi. Paccmorpum dyukmo u = u(t, z), rae x =
= (2!,...,2™), onpenenennyio B obmactu Qr = {(t,7) : —oo < tg <t < T < o0,
x € Q C R™}, cymmupyemyto 1o epeMenHoii ¢ Ha unrepsade (tg,1'). Torua cymie-
crByer apobubLit unrerpal (y,Ifu)(t, z) (0 < e < 1) n moYTH BCIOLY CIPABEIINBO
passoxkenue Buja (2) (cm. [4, 3ameqanue 2.5]):

(o I5u)(t,7) = u(t, z) + 2 [w(t, )+ ;(Lu)(t, 2)| +o(e), (3)

(Lu)(t,z) = / In(t — s)u(s,x)ds. (4)
to
st mocTpoeHnsT KOHCTPYKTUBHOI'O AJIPOPUTMa HAXOXKIAEHUST MPUOINKEHHBIX
CHUMMETpH#l ypaBHEHHWI ¢ MAJIBIM IMAPAMETPOM, MTOJYyYIaeMbIX nu3 JIpobHO-mIudde-
PEHIUAJIbHBIX YPABHEHUIT ¢ MCII0JIb30BaHUEM Da3jiozKeHust (3), HeoOXOIUMO 3HATD
POJIOJIZKEHUE TPYIIIbL ipeobpasoanuii Ha unrerpasn (Lu)(t, x).
PaccMoTpuM opHomapaMeTpuduecKyo rpynny G TOUeUHLIX Ipeobpa3oBaHmil

t=ot, z,u,a), T =v¢(t,z,u,a) (i=1,....,m), u=0(tz,u,a), 5)

90|a:0 - ta wi’a:() = :1:7: (Z = 17 ceey m)7 0|a:0 =u,

rae a € A —mnapamerp rpynibl © A € R — cuMMeTpUYIHBI OTHOCUTEIBLHO HYJIsI
uaTepBai. Kak oObl4HO B rpynmoBoM aHaimuse (cM., Hanpumep, [1]), dyHxiym
@, " 1 0 npeanonaraiorcs 6ecKoHEYHO JU(OEPCHIIPYEMBIME 110 BCEM CBOMM
aprymenTtam 1ipu (t,x) € Qp n a € A.

IIycTh coorBercTByfOITe MHMDUHUTE3UMAIBHBIE TPeobpa3oBaHus Ipynmnbl G
UMEIOT BUJT

(e 3

=t+ar(t,z,u) + o(a),

7=+ afi(t,z,u) +ola) (i=1,...,m), (6)
u=u+an(t,z,u) + oa).
Torma omeparop
o .0 0
X=ra +Eo g (7)

sIBJIsIeTCsl MH(DUHUTE3NMAJIBHBIM ollepaTopoM (reHeparopom) rpymmbl G. 37ech
U JlaJiee UCHOJb3YeTCd PABUJIO CYMMUPOBAHUA 110 MOBTOPAIONIAMCS UHJICKCAM.

B jasnbHeiimeM j1jisi COKpaIeHHON 3anucu cIoKHbIX dyHKIwmiA or u(t, x), ee
[IPOU3BO/IHBIX U UHTErPAJIOB OYIEM UCIOIb30BATH 0D0O3HAUECHHE

flt,zu(t,x),u(t,x),...) = f[t, =]
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Yepes Dy u D; 6ynem 0003Ha4YaTh OIIEPATOPHI TOJHOTO JuddepeHInPOBaHIS 1O
nepemeHHbIM ¢ 1 ' (i = 1,...,Mm) COOTBETCTBEHHO, a Yepe3 U; — IaCTHYIO [POU3-
BOJIHYIO (DYHKIIUA U 1O X*.

TrOPEMA. ITycmy u(t,z) € CH(Qr) N L1(to, T) u svnoaneno ycaosue
T[t,.TU”t:tO =0, tg> —o0. (8)

Tozda ungunumesumarvroe npeobpazosarue urmezpasra (Lu)(t, ) nod deticmeu-
em epynno, G ¢ onepamopom (7) umeem 6ud

(Lu)(t,z) = (Lu)(t, ) + alrylt, x] + o(a), 9)
2de (ryu[t, x] onpedeasemes dopmyaot npodossrcenua

Crult,z] = L(n — Tug — Euy)(t, ) + 7Dy (Lu)(t, x) + £ D;(Lu)(t, ). (10)

Jloxasamenavcmeo. Vcnonb3yst obparroe st (6) nHbUHUTEZUMAIBHOE
peobpazoBaHue

t=1t—arlt,z] + o(a),
' =z —al'[t,T] + o(a) (i=1,...,m),
u=1u—anlt,z] + o(a),
3aIUIIeM
a(f, 7) = ulf - ar[f, 7,7 — a€ff, 7)) + anlf, 7] + o{a),
e & = (€1,...,¢™). C yueroMm 3TOro Tpe/CTaB/eHUs] W3MeHeHHe WHTErpasa

(Lu)(t, Z) nox neiicrBuem nHMGUHANTEIUMAIBLHOTO IIpeobpasoBanus (6) MOKHO pe/I-
CTABUTH B BH/IE

t+ar(t,x]

(LO) (L, 7) = /t In(t + arlt, 2] — 5) x

0

x {u(s — at[s, x], x + a&[t, x| — a&[s, x]) + an[s, x]} ds + o(a).

BeimosiHuM 3aMeHy II€pEMEHHBIX 110 PaBUILY § = S+ aT[s, x]. 3ameTuM, 4To B
cuity yesioBust (8) HUXKHUIL TIpejiesl KHTerPUPOBaHUsI ty IPU TaKOi 3aMeHe 0CTaeTCst
HeusMeHHBIM. MeeMm

(Lu)(t,z) = / In(t — s+ at(t,z] — at[s, x]) x

to
x {u(s,z + allt, z] — a&ls, z]) + anls, z] } (1 + aDs7[s, x])ds + o(a).
Ncmonb3yst pasioskeHust

In(t — s+ art,z] — at[s,z]) = In(t — s) + aw

+ o(a)

t—s

u(s, z + aft, z] — alls, x]) = u(s, z) + a(E't, z] — '[s, z])us(s, z) + o(a),
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IIoJIy9aeM

(Lu)(t,z) = /t In(t — s)u(s, z)ds + a/t{WU(S,x) +

to to t—s

+In(t — s)[n]s, 2] + (Ds7[s, z])u(s, z) + (&'[t, 2] — E'[s, 2])ui(s, z)] }ds + o(a).
Tax kak u(t,z) € CY(Qr) N Li(tg,T), cipaBeIMBLI COOTHOITCHHST

(Ds7[s, z]))u(s, ) = Dg(T[s, z]u(s,x)) — T[s, x]us(s, ),

/ In(t — s)&t, 2|ui(s, x)ds = E't, x| D; (Lu)(t, x).

to

B pesyabrare mosydaem

(La)(t,7) = (Lu)(t,2) + alL(n — Tup — E'u) (t,2) + €' (8, 2) Dy(Lu) (t, )] +

+ a/t:{T[t’x]_T[S’w]u(s, x) + In(t — s)Ds(7[s, x]u(s, :L“))}ds + o(a).

t—s

st mpeobpazoBaHust MOCIETHETO HHTETPAIA B 9TOM BBIPAXKEHIH BOCIIOIH3Y-
eMcsi pOPMYJIOit

t

Dt/tln(t_s)u(s,x)ds=1n(t_t0)u(t7x)+/ uls, @) —ult,z) |

)
to to t—s

CIIPaBEeUIMBOCTH KOTOPOIi BBITEKaeT u3 auddepernupyeMoct u(s, ) mo s mnpu
s > tg. Umeem

/tt{Wu(s,x) + In(t — s)DS(T[s,m]u(s,x))}dS -

t—s

_ /tt{T[t, zult, @) = 7ls, dJul,2) |y (e, afus, ) s +

t—s
+ 7t 2] /t us,o) —ulh @),

t—s

= / Dy (In(t — 8)[7[s, z]u(s, z) — 7[t, z]u(t, z)]) ds +

to

+ 7]t ] (Dt / "In(t — syu(s, 2)ds — In(t — to)ult, x)) -

to

= lim {In(¢t — s)[r[s, z]u(s, z) — 7[t, 2]u(t, z)]} —

s—t—0

—In(t —tp) lim 7[s,x]u(s, ) + 7[t, x| Dy(Lu)(t, ).

s—to+0

B noJryueHHOM BbIpayKeHUH IIepBbIil Ipejies1 obpallaeTcss B HyJlb B CHILy Jud-
dbepennupyemoctu gyuknuii s, x] u u(s, ) 1o s upu s > ty, a BTOPOH — B CHILY
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nuddepenipyemoctu byHKIuu T[t, x| B Touke t = tg, ycaoBus (8) u cymmMupy-
emoctu u(t, z) o nepemennoit t. B pesynbrare mosmydaem

z) = (Lu)(t,z) +
+ a[L(n — Tug — %) (t, ) + £ (t, 2) D;(Lu)(t, )] +
+ ar[t, z]Dy(Lu)(t, z) + o(a).

(Lu)(t,

Taxum 06paszoM, crrpaBeIIMBOCTb MHPUHATE3NMATIBHOTO Tpeobpazosamust (9), (10)
nokazaHa. [

BAMEYAHUE. B mpefenbiom ciaydae tg — —oo yeaosue (8) ne Tpebyercs.

Ha ocroBe dopmysibl ipogoskenus (9) moydaiorcst GOPMYJIbI TPOIOJIZKEHIST
J7IsI MTHTErpo-aud depeHnnaabHbIX TepeMeHHbIX Df(Lu):

DF(Lu)(t, &) = Df(Lu)(t, &) + alpi () [t, 7] + o(a),
e

Cpp(ralt: @] = DEL(n — Tug — E'w) (¢, @) +
+ DM (L) (t, ) + £ D;DF (Lu)(t, ) (11)

(byuknus Lu B aTOM cirydae npejmnosaraercs uddepeniupyemoii k + 1 pas 1o
[IePEMEHHOIA t).

2. IIpubnukenue apodbHO-AUdPepeHINATbHBIX YPaBHEHU ypaBHe-
HHUSIMU C MaJIBIM mapameTpoM. Paccmorpum apobHo-aud depeHIinaibHoe ypas-
HEHMe

toDfu = F(t,z,u,uny,...,up)), n—1<a<n, n,reN, (12)
e o Difu = D (;, I{" “u) — npobnas nponssoanasa Pumana—J/Inysumna u
ULy = Uiy, o5 Ue) = Uip iy
o =Dpu, ..., U4, =D ...Dju, i1,...,0% =1,...,m.

[Iyctb « = n—¢, 0 < ¢ < 1. Torga ¢ yuerom pasnoxenust (3) ypasuerne (12)

C TOYHOCTBIO JI0 0(£) NpUbIMKAETCsl yPABHEHUEM C MAJIbIM [1apaMeTPOM &:
" an+1
875” o+t

BJech u jiasiee npubIIMKEHHOE PABeHCTBO f & g o3Hadaer [ = g + o(¢).
Amnayornuno, apobuo-and depeHnuaabHoe ypaBHEHTe

(1+ey)— (Lu) = F(t,z,u,uy, -, u@y), n,7 €N, (13)

tCODf‘u =F(t,z,u,upy, -, up)), n—1<a<n, n,reN, (14)
¢ ipoGHoil ponseoHoil Tepacumosa—KaryTo § Dfu = 41"~ *(Dju), npn a =
=n—¢,0<e <1, crounocrsio 10 o(g) HpI/I6J'[I/DKaeTC${ ypaBHEHHEM

J"u 0 n
(14—6’7)% +€a L(D ) F(t,l’,u,U(l),...,U(r)), n, r € N. (15)
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OrmernM, 4ro B cmity Hagmunst B ypasHenusx (13) u (15) mmarerpanbHOoro
oneparopa L, oupeesieHHOro B (4), JaHHbIe yPaBHEHUs SBJISAIOTCH MHTEIPO-ud-
dbepennmanbapiMu. OJHAKO B HYJIEBOM IODsIJIKE [0 € 9TU YPABHEHUsI SABJISAIOTCS
s depeHIaibHBIME YPABHEHUSIMU 1[EJION0 HOPsIIKA 1 [0 ¢ ¥ HOPsiIKa T 110 .
[TosroMy JlaHHBIE YPaBHEHUS MOTYT PACCMATPUBATHCs Kak JuddepeHIuaibabie
YyPABHEHHsI C MaJIbIMH HEJOKaJIbHBIME BO3MyIleHHsMH. Hasmdane Takmx Bo3Mmy-
mieHnit coxpanger B ypasHenusx (13) u (15) HesloKaJIbHYIO TPUPOIY HCXOIHBIX
nipobHo-nuddepenimanbabix ypasaennii (12) u (14) coorBeTcTBEHHO.

OJiHAKO B HEKOTOPBIX HPOCTENINNX CIydasiX HEJOKAIbHOCTh B yPABHEHUSIX C
MaJIbIM [1apaMeTPOM MOKET OBITh MCKJIIOYCHA.

I[TPuMEP. PaccmoTpuM mipocTeiiiiiee 0ObIKHOBEHHOE IPOOHO-Tud hepeHIInaIbLHOE
ypaBHEHHE
QD?U:O, OéE(l,Q), t>0.

Ero pemienue xopomio nzsectHo [4]:
u(t) = Ot ! + Cot*™2, (16)

rie Cp, Co — npon3BoJIbHBIE TIOCTOSTHHBIE.
ITycrb o = 2 — e. Torma coorBercrByomee npubinkenHoe ypapaenne (13)

IpUuUMeT BU
2 3

t
u
(1+ 67)@ + €3 /0 In(t — s)u(s)ds = 0. (17)

DT0 ypaBHEHHE JIBarXKbl UHTETPUPYETCS:

d t
(I+ey)u(t) + gdt/ In(t — s)u(s)ds = At + B,
0

rae A, B —nocrosinuble narerpuposanns. C TOYHOCTBIO 0(£) OTCIOA MMeeM
eu(t) ~ (At + B).
ITocJte IOJCTAHOBKHI STOIO TIPE/ICTABJICHHS B HHTEIPAJ M €10 BHIUMCIICHUS HAXO/ M
(1+evy)u(t) +e[At(lnt — 1) + Blnt] ~ At + B.
C rouHOCTBIO 710 0(€) Moy IaeM
u(t) = At(l14+ e —ey—clnt)+ B(1 — ey —Int)
win, oboznavast C1 = (1 + e —ev)A, Cy = (1 — e7y) B, Haxonum
u(t) = (Cit 4+ C2)(1 — elnt),
YTO COOTBETCTBYeT Pas3jioyKeHuto perenus (16) npu o = 2 — € B psiji 10 € ¢ TOU-
HOCTBIO J10 0(€).

Teneps 3aMeTuM, 9TO BTOpoe cjiaraeMoe B ypaBaeHuu (17) MOXKHO yIPOCTUTH
¢ yueToM npubIMzKenHoro pasencrsa cu” &~ 0:
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3t 3t
Edt?’/O In(t — s)u ()ds-ejg/ In(s)u(t — s)ds =

2

6% [U(O) Int + /Ot In(s)u'(t — s)ds] =
= 5[(0) +/(0) lnt] + % /Ot In(s)eu” (t — s)ds

Q

t 12

t 5[@ e

B custy ypasrenust eu” &~ 0 cupaseyusbl pasercrsa eu’(0) ~ eu(t), eu(0) =
= cu(t) — eu/(t). B pesyasrare ypasuenne (17) npuBogurcst K BULY

d2u+€(2du u(t)) ~0

dt2 tdt 2

TO €CThb CTAHOBUTCH OOBIKHOBEHHBIM JuddepeHnaIbHbIM YPaBHEHUEM BTOPOTO
MOpsIJIKa ¢ MAJIBIM TapameTpoM. Ero uccienoBanme MOKeT ObITH BBIITOJTHEHO KJIAC-
CUYEeCKUMU METOJAMU TEOPUU BO3MYIIEeHUH 1yt nuddepeHImaabHbIX yPaBHEHUH
€ MaJIbIM IIapaMeTPOM.

Tem He Menee moaBJIsIONIee OOTBITUHCTBO MOy YAIOITUXCS B PE3YJILTATE OIIH-
CAHHOMl BBIIIE TPOIEyPhl MPUOJIMAKEHHBIX HEJIOKAJBHBIX YPABHEHUI, 0COOEHHO
HEJINHEHHBIX, HE MOXKeT OBITh NPUBEJIEHO K JIOKAJbHBIM. B 9To#l CBsI3u npu ux
CUMMETPHUITHOM aHAJIM3€ BO3HUKAET DPsiJi BAXKHBIX OCODEHHOCTEH, KOTOpbIe OyyT
PacCMOTpEHBI JaJiee.

3. IIpubsim>keHHble TO4YeuHble cuMMerpun. [Ipubimkennsie nmpeobpazo-
BaHMSA MOIYYAIOTCS B pesy/bTaTe BBeennd B dbyHKmn ¢, ' u 6 u3 (5) gomosHu-
TeJIbHOI IlepeMeHHO! — MaJIOTro IIapaMerpa € C IOCIeLyIOINNM Pa3jIoKeHHeM II0
HeMy 31ux yHKIMA B psaj Teitsopa ¢ yuepKaHueM HeCKOJIbKUX (OOBIYHO JIBYX)
LIEPBBIX 4IEHOB Pa3JioykeHust. Teopust rpyIin Takux IPUOJIMKEHHBIX IIpeodpa3oBa-
HUH IPUMEHUTENLHO K JuddEPEHITNAILHBIM YPABHEHUAM € MAJIBIM [1apaMeTPOM
6bl1a paszsuTa B paborax [12,13] (em. takxe [14]). C Trounocrsio o(e) nndunure-
3UMAaJIbHBII OIlepaTop TaKOil IPYNIIBI IMeeT BH/T

0 (9 0
X =Xy +eXq) = (1) + 7)) 5, + (o) + €60 Vg T o) +enw) g (18)

Baecn T 5(0)7 f s 1(0)> (1) ABJIAIOTCA (DYHKIMAMY MEPEMEHHDIX &, T, U.

OHPE,HE,HEHI/IE. ]Ypu6/tu9fceHH012 mouevHot cummempueti tuddepeHnnaIbLHO-
10 U UHTErpo-1udPepeHInaJIbHOr0 yPaBHEHNsT ¢ MAJIBIM IapaMETPOM Ha3bIBa-
ercst orieparop Buja (18), coorBercTByOMUIl TPyIIIe TPUOINKEHHBIX IPe0bpazo-
BaHUil, JIOMYCKAEMBIX STHM YPABHEHHEM C TOUYHOCTHIO 0(€).

PaceMoTpuM anropuTM HaXoXKIeHUsT TPUOJINKEHHBIX CUMMETPHIi Ha IpUMepe
ypasrenuii (13) u (15). OH cBOAMTCS K CJIEIYIONIMM OCHOBHBIM IITATAM.
1. Meromamu KJIacCHIeCKOro IPYIIIOBOTO aHAJIN3a HAXOAUTCS TPYIINa TOYeU-
HBIX CHMMeTpHil (Bce omepaTopbl X)) HEBO3MYIIEHHOTO yPABHEHHsT

o"u
%:F(t,.’,U,U,U(l),...,U(T)), n, reN.
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2. C ucrob30BaHneM NPUBEICHHBIX B pasjiesie 1 hopMysr mpo/ioszKe s, Haii-
JIeHHAasi HEBO3MYIIEHHAs! TPYIIIA HPOI0JIKAeTCsl Ha nHTerpo-auddepenu-
apieie niepemennbie DI (Lu) i Dy L(Du), a takxe ma Bee mudde-
peHIaJIbHbIE IIEPEMEHHbIC, BXOJAIIMUE B COOTBETCTBYIOIIEEC YPpaBHEHUEC.

3. Ha ocHoBe Kpurepusi NpuOIMZKEHHONH HHBAPUAHTHOCTHU, MMEIOIIErO BUJL

n

~ ~ o"u
{(X(O) + EX(l)) [% - F(t,x,u, ULy, - - - ,U(r))} +

- oty ot
+eX) [7 o gt (L“)} H(ls) ~0
111 ypasaenust (13), u

> - 0"u
{(X(O) +eX) [% = F(t,r,u,ugy, . - - ,u(r))} +

"

+eXo g + gUO]} , ~0

11t ypasHenus (15), crpourcs onpe/iesisiioniee ypaBHeHNe, PElIeHIeM KO-
TOPOTO ABJIAIOTCSA KOOPJMHATHI orepaTopa X (1). 371ech X ()| X(l) — COOT-
BETCTBYIOIIHE [IPOJIOJIZKEHHBIE OLIEPATOPBI.
B pesynbraTe pereHusi OLPEIENSIONIEr0 YPABHEHNST HAXOAATCS IIPUOJINKEHHbIE
TovedHble cuMMeTprn Buja (18).

BazKHO OTMETHTB, YTO OLPE/IE/IAIONIee YpaBHEHHE, BO3HUKAIOIIEE U3 KPUTEPHUST
npubJIMKEHHOH NHBAPUAHTHOCTHU, SIBJISETCSI OTHOCUTEJLHO KOODMHAT MCKOMOI'O
oreparopa X () mmHeiHbM T depeHmaibubiv ypaBHeHHeM B TaCTHBIX ITPOU3-
BOJIHBIX II€JIOTO MOPsijIKA, a He HHTerpo-1uddepeHIalbHbIM YPaBHEHIEM.

I[TPUMEP. PaccMOTpUM B KadecTBe TpuUMepa HeJnHeiHoe JpobHo-auddepen-
HMaJbHOE ypaBHeHne GUIbTPAIIN CyOaudOy3nOHHOTO TUIIA!
oDfu = e"*ug,, t>0 a€(0,1). (19)

B upesenbaom ciaydae o = 1 9T0 ypaBHEHHE NEPEXOIHUT B KJIACCHYECKOE YPaB-
HeHne (pUIBTPAIUE ¢ TIPOU3BOHON IEPBOTO TIOPSI/IKA 10 BPEMEHH, JIOIYCKAIOIIEee
HATUMEPHYIO aJrebpy ToYedHbIX cuMmerpuil (eM. [26]) ¢ 6asucom

=2 xpo0?,.2.,9

Ox ot Ox ou

0 0 0 0 (20)
nga, X4:ta—$aiu, X5:§

Cummerpun apobuo-muddepennuaabaoro ypasaenus (19) naxomasres no aji-
ropuTMy, npuBeseHHoMy B [8]. B arom ciaydae anrebpa TOYEUHBIX CHUMMETDUii
OKa3bIBAETCsI JIBYMEPHOU ¢ Ga3ncoM

0 0 0 0
Xi=—, Xo=2t—4+ax— + au—.
ox ot ox ou

Taxum obpazom, ajnredbpa cummerpuii 1pobHO-TudGdEPEHIINATIBHOTO YpaBHe-
HHUsT OKA3bIBAETCS CYIIECTBEHHO GejHee aaredpbl CUMMETPHUIl COOTBETCTBYIOIIETO
YPABHEHUSI C TPOU3BOIHBIME TIEIOTO TIOPSIIKA.

256
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Teneps paccmorpum ypasaenue (19) B npubmmkennn o = 1 — e, 0 < ¢ < 1.
Torzia oHO ¢ TOIHOCTBIO 0(€) IMPUOIMKAETCH yPaBHEHHEM

(1 + ey)us + eD?(Lu) = "y, (21)

rie oneparop L onpenensiercs (4) ¢ to = 0. Haiigem npubimKeHHbIe CHMMETPHH
J@HHOI'O YpaBHEHUNA, UCIIOIb3Ysd HpeﬂCTaBﬂeHHbeI BBIIIIE€ aJITOPUTM.

ITpu e = 0 ypasuenue (21) coBuajaer ¢ (19) u mosTOMy JoIycKaeT HATHIIA-
paMeTpuUecKyto rpyliy npeobpasosanuii ¢ oneparopamu (20). O6mumit oneparop
TaKO I'PYIIIBLI MOXKET OBITH 3AIIMCAH B BUIE

5

0 0
X(O) = ZAzXZ = (A5 + (2A2 - A4)t)a + (Al + Agx)% +
=1

0
+ (Agu + Az + A4$)%, (22)

rie A; — HpOW3BOJIbHBIE [TOCTOSTHHBIE. TakuM 00pa3oM, 1. 1 NpUBEIeHHOIO BBIIIE
aJITOPUTMa, BBIIIOJTHEH.

Jlajiee B COOTBETCTBUU C II. 2 ajJrOPUTMa HalJIeM HPOJOJIKEeHnEe WHMUHUTE-
3MMAJILHOTO oreparopa (22) msruinapaMeTpHIecKoil Tpymiibl Ipeobpa3oBanuii Ha

HeoKaIbHyTo lepeMennyio D? (Lu). @opayna npogormkenus (11) mocre snemen-
TapHBIX IPeoOpa30BaHmil jgaeT

Az + Asx

— Ao D?(Lu) — AsD?(Lug) — (245 — Ag)D? L(tuy)+

-+ (A5 =+ (2A2 — A4)t)D§’(Lu)

Cp2(Lu) =

BocnosbayeMest ToXK 1ecTBaMu
DyL(tu) = tD?(Lu) — u, L(ut) — D¢(Lu) = u(0,z) Int,

CIPaBeIJIMBOCTb KOTOPBIX JIEFKO IIPOBEPSIETCS HEIOCPEICTBEHHBIMUI BbIUMCJICHUS-
mu. Torma

As

A3+ A

+ (2A2 - A4)Ut + (A4 - AQ)D?(LU)

[Tpomosmkenust oneparopa (22) HA MEPEMEHHBIE Uy, Uy U Uy, HAXOISTCS TO KJIAC-
cugeckuM dbopmysam (cM., HanpuMep, [1,2]) u uMeroT, cooTBETCTBEHHO, BUL

Coye = (Aa — A2)ur, (0w = Aa,  ((0)ze = —A2Uga.
B pesy/iabTaTe IPOJ0JIKEeHHbI olepaTop HYyJIeBOr0 NPUOJINKEHN UMeeT BUT

) ) )
Xy = [A5 + (242 — A)t] = + [A1 + Asz] o~ + [Aou + A + Aga] o~ +

ot ox ou
0 0 0
Ay — A — 4+ A — A T ——
+ [(Ag g)m]autJr D 2U auer
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A
+ T5u(0,x) +

A3+ Ayx

S+ (242 — AgJus + (As — Ag) D} (Lu)|

)
S
aD7(Lu)
HpO,H,OJI)KeHHbIIL/’I orepaTop 1nmepBoro HpI/I6JII/I}KGHI/I$I 3allUChIBa€TCA B BHUIEC

~ 0 0 0 0 0 0
Xay = UCi-viny 5(1)% g, Tt C(1)t87ut + C(l)xai% + C(l)m%’
e 7(1), §(1) ¥ 7(1) — GYHKIME HePEeMEHHBIX T, T, U, & ((1)¢, ((1)z ® {(1)zz OUPEE-
JSIOTCS KJIacCuuecKuMu hbopMysiaMu 1pojiosizkenust [1, 2]

Gyt = De(ngy) — (T )Jug — D ( 1)Uz
¢y = Da(n(1y) — ( ))ut — (5(1))%,
C(l) D2(17(1 ) ( (1)) (g(l )UJB — 2D, (T(l))ut:v — 2D, (5(1))“%2

B pesysnbrare omnpejessoriee ypaBHEHNE U3 I1. 3 AJITOPUTMA, IIOCJIE HECTIOKHBIX
peobpazoBaHuit mpuobpeTaeT BUI

As

u u As + Az
Cyt — )€ Uzz — C(1)zz€" " = —TU(O, r) - S

7 + (A4 — 2A2)ut. (23)

D10 ypaBHEHUE COOTBETCTBYET IEPBOMY IOPSJIKY PA3JIOXKEeHUs M0 €, HOITOMY
JIOJIZKHO BBINOJIHATHCS B CHJIY HEBO3MYIIIEHHOI'O YPABHEHUS Uy = € Uy,

B (23) dyukius nagamsaoro yeaosus u(0, ) T0MKHA PACCMATPUBATBCA KAk
CaMOCTOdATEe/IbHaA HE3aBUCUMas IlepeMeHHasd, T.K. YpaBHEHUE ITOJIZKHO 6bITB BbI-
IIOJIHEHO TIPU JTI00BIX TakuX pyukmusx. [TosTomy paciienienue mo 3Toi nmepemMmeH-
Hoii jaer Ay = 0, T.e. IpyIia MMEPEeHOCOB MO0 BPEMEHU, COOTBETCTBYIONIAS Olle-
paropy Xj, He HacJieyeTcsi BOSMYIIeHHBIM ypasHeHueM (21). HacTHoe perenne
OCTaBIIENCsl 9aCTU ONPEJIEJISIIONIEr0 YPABHEHNS, COOTBETCTBYIOINEe IPABOH YacTu
ypasHeHust (23), umeer Bu/L

T) = [242 — Aa(2 = Int)]t, )y =0, na) = —(A3+ Agz)Int.

B pesyibrare mosyueHo, 4To BO3MYyIeHHOe ypasHenue (21) Haciemyer mep-
Bble YeThIpe M3 ISTH TOYEYHBIX cuMMerpuii (20) HEBO3MYIIEHHOTO YpPABHEHUSI.
CooTBeTcTByIOMINE MTPUOJIMIKEHHBIE TOYETHBIE CAMMETPUN UMEIOT BU/T

0 0 0 0

X]_:%, X2:2(1+€)ta+$£+’u%,
X3=(1- lnt)3 Xy=[1+ (2—1nt)]tg—(1— Int) 9
3T T e, ATl ot cMNTe.

[Tpu sTom, kak o6braHO [12-14], Bo3mynenHoe ypasaenue (21) Oymuer Takxke ob/a-
JIATh TPUOJINZKEHHBIMU CUMMETDHSIMHE, [0y YeHHbIMU u3 cumMerpuii (20) HeBo3-
MYIIEHHOI'O ypaBHEHUA YMHOXKEHUEM Ha MAaJIbIil IapaMmerp £:

0
X5 =€§, X6 :EXl, X7:€X2, Xg :8X3, Xg :€X4.

Takum 0b6paszom, BosmyIieHHOe ypasHenue (21) obramaer 9-MepHOit aarebpoit
npubJIMKEHHBIX TOYeYHbIX cumMeTpuii ¢ 6asucom X; (i = 1,...,9). Bugno, uro
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Pa3MEpHOCTD aJIreOpbI MPUOJINYKEHHBIX CUMMETpHUil 1pobHO-1uddepeHITnaIBHOTO
yPaBHEHHUS OKa3bIBAETCH CYIIECTBEHHO OOJIbIlIE PA3MEPHOCTU COOTBETCTBYIOIIEH
aJIredphbl TOYHBIX CUMMETPHUI, UTO JAeT BO3MOXKHOCTH CTPOUTH HOBBIE ITPUOJIU-
JKEHHO WHBapHUAHTHBIE PEIIeHNs] TAKOI'O YPaBHEHUsI, KOTOPbIe HE MOI'YT OBITH IO~
JIYIEHBI U3 COOTBETCTBYIOIIUX TOYHBIX NHBAPUAHTHBIX DEIICHUI.

B zaksrouenne npuMepa ¢iesiaeM JiBa 3aMedaHus.

Bo-niepBbix, ecin B ucxonHoMm ypasaenun (19) BmecTo 1pobGHOi TPOU3BOIHOMN
Pumana—JIuysuiisa Oymer ucnosib3oBana ApobHast mpousBogHas Karyrto, To a-
rebpa CHUMMETPUII TAKOIO YPABHEHHSI OKA3bIBAETCS TPEXMEPHOMN, TaK KaK B 9TOM
cJlydae JIOTOJIHUTEIBLHO Oy1eT joiyckaThest onepaTop X3 u3 (20). Oueparops Xy
u X5 HO-TIpeXKHEMY He HacjeaytoTcs. Anredbpa mpub/IMKEeHHbIX CUMMETPHI COOT-
BETCTBYIONIET0 BO3MYIIIEHHOTO YPABHEHUS IIPU 9TOM OCTAHETCS 9-MEPHOI.

Bo-Bropsix, eciim B ypaBHenun (19) MCHOIB3yIOTCS IPOOHBIE TPOU3BOIHBIE
¢ tp = —oo (ciydail MOJIHOM MaMATH CHCTEMBI) C JIOHOJIHHUTEIbHBIM €CTCCTBEH-
HbIM usndeckuM orpanndenueM limy, o u(t,z) = 0, To Takoe ypasHeHue Oy-
JIET [IOIMYCKATD IPYIIILY TEPEHOCOB 10 BPEMEHH, COOTBETCTBYIOILYIO 0o1epaTopy Xs.
Hannas cummerpust Oyer 6e3 M3MEHEeHU HACJIEI0BATBCS COOTBETCTBYIOIIIM BO3-
MYIIEHHBIM YPaBHEHUEM, B Pe3yJIbTaTe dero ajredpa MpuOINKEHHBIX TOYEIHBIX
CAMMETpHI TaKOro ypaBHeHUs craHeT 10-MepHOil.

4. HenokajibHble MPUOIM>KEHHbIE CUMMETPUM. BaKHbIM IIperMyIecTBOM
IPEeJTaraeMoro B JIAHHOI paboTe MOJXO/a ABISETCA BO3MOXKHOCTH HAXOXKJICHUS
B pAJIE CAydYaeB He TOJBKO TOYEUHBIX, HO M HEJOKAJIbHBIX cuMMmerpuii. Takue
cuMMeTpun st TudPepeHImaIbHbIX YPABHEHUH IEJI0T0 MOPSIKa U3BECTHBI J10-
CTATOYHO JAaBHO [23-25]| 1 K UX HOCTPOEHUIO PA3BUT IEJIbIi psiJ| 101X010B [26-28].
st apobno-mnd depeHnuaabHbIX ypaBHEHHI HeJIOKAIbHBIE CAMMETPHHI IIPEICTaB-
JITIOTCS €CTECTBEHHBIMU B CHJIY HEJOKAJBLHOCTH caMux ApobHo-mnddepennuaib-
HBIX orepaTopoB. OJIHAKO B HACTOSIIEE BPEMS U3BECTHBI JIUIIb OTJEJbLHBIE TTPHU-
MepBbI [IOCTPOeHHsi Takux cummerpuii [11,29,30].

Jlnst paccmaTpuBaeMbIX B paboTe HEJOKAJBHBIX YPaBHEHUN ¢ MaJibIM Iapa-
METPOM IIPOIE/lyPa HAXOXKJICHUS OINPEIEICHHOIO BUIA HEJOKAJIBHBIX CUMMETPHIA
OKa3bIBAETCS HECKOJILKO TIPOIIE, YeM JJIsi HCXOAHBIX JIpoOHO-1nddepeHmanbHbIX
yPaBHEHHI. DTO CBA3aHO C TEM, YTO PACCMATPHBAEMBIE YDABHEHUS SIBJISTIOTCS
HeJIOKaJIbHBIMU TOJIBKO B IIEPBOM IIOPAJIKE II0 € 1N HEeJIOKaJIbHasd IIepeMEeHHasd OIIpe-
JleJIeHa IBHO B BHJle MHTerpo-auddepennmanbaoro ciaaraemoro Dy (Lu). B pe-
3yJILTATE HEJOKAJIbHbIE CUMMETPHU MOTYT OBITH HANIEHBI AHAJOIUYIHO BBICIIUM
CHUMMETPUSIM IIPU YCJIOBHUHU, UTO KOOPAMHATHI MHMUHUTE3NMAILHOIO OIepaTopa
B £-TOpsijIKe Oy/IyT JONOJHATENLHO 3aBUCETH OT HEJOKAJIBHBIX TTEPEMEHHBIX.

UsgecrHo [2], uro nndunnTesnMaibablii oneparop (18) Moxker ObITH 3alKcaH
B KAHOHMYECKOM BuE B popMme oneparopa JIu—Bexiynma:

5 ; .
Y = (woy +ewy) g wi) =06) — U= Epui, I =0,1.

ECHI/I JOITIOJIHUTEJIBHO IIPEAIIOJIO?KUTL 3aBUCHUMOCTDH KOOPJAMHATDBI w(l) OT HeEJIO-
KaJbHON mmepemMeHHoM Lu 1 ee MPOU3BOIAHBIX, TO TaKas KOOPAWHATA MOXKET OBITH
HaiijleHa M3 £-9aCTHU OIPEHEJISIONEro ypaBHeHusI. AJINOPUTM HAXOXKJICHUSI IIPHU-
OJIM>KEHHBIX CUMMETPHI IIPU 9TOM HE U3MEHSAETCH, IIPOUCXOAUT TOJIHKO YBeInde-
HU€e pa3MePHOCTH IIPOCTPAHCTBA HE3aBHCHUMBIX ITe€peMeHHbIX. IIpu sToM mpomoli-
JKeHwne oreparopa Y Ha J00yio mepemennyio Buga Mu, riae M — nmuHelHbIH ome-
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parop (auddepennuanbHbil, HHTErpaIbHBIH W HHTErPO-TuddepeHIuaabHbIii )
umeeT BUJ,
0

Y=Y+ CMuma CMu = M(W(O) + Ew(l))'

[TpoumocTpupyeM ONMUCAHHBIN TOIXO0/T MPOCTHIM IIPUMEPOM.

I[TPuMEP. PaccmoTpuM JimHeitHOE ypaBHEHNEe CyO1uddy3un ¢ MOJTHON TaMsIThIO
(6%
—coDf U = Uy, € (0,1).

IIpr o = 1 — € ¢ TOIHOCTBIO 0(€) OHO MPUOJIIKACTCS YPABHEHUEM

82
(I+ey)us + E@Lu = Ugy. (24)
Xopomio u3BecTHo [1|, 9TO HEBO3MYIIEHHOE YDABHEHUE U; = Uy, OOJIAJAeT
cuMMeTpuein
X 2t 0 + 0 (25)
= —2t—+zu—.
© ox ou

C momMoIpo ajropuTMa, OIMUCAHHOIO B IPEIBIIYIIEM Pas/iese, MOXKHO OKA3aTh,
9TO JaHHAS CUMMeTDHsl He Hacjeyercs: ypasHeHueM (24) B Bujie npubiinKeHHOI
TOYEYHONH CUMMETPUU.

B kanonuveckoit popme oneparop X gy umeer Buj

0

Y = (zu + 2tu,) —,

) = ( x) 5

a KOODJIMHATA ero MPOJIOKeHNsT Ha HeJIoKaTbHyIo mepemennyto DZ(Lu) ecThb

Cp2(1uy = DilwLu + 2L(tug)).

Omnpenensioniee ypaBHeHe B HYJIEBOM NMPHOJINKEHUN B CUILy ypaBHeHus (24)
obpalnaercs B HyJIb, & B E-IPUOJIMKEHUN TTPUHUMAET BHJ

Dy(w(1y) — D2(wy) = —2vuq + 2tD} (Lug) — 2D7 L(tuy).

Tak Kak HIKHUI TIepeJies] UHTErPUPOBaHUS B onepaTope L paBen —oo, crpa-
BEJJINBO 1IPEJICTaBJIEHIE

D?L(tuy) = Dy(Lug) + tD?(Lug) — ug.
B pesyabrare npuxoinM K ypaBHEHHUIO
Dy(wqry) — D3 (wqy) = 2(1 = 7)ug — 2Di(Luy),

KOTOPOE€ JOJIZKHO BBIIIOJIHATHCA B CHUJIy YPaBHCHHUA Ut = Ugy- B pesysibraTe Haxo-
M

Takum obpaszom, jist ypaBaerusi (24) HaiijieHa npub/MKeHHAs HEJIOKAJIbHAST CHM-
MeTpUd

Y = {ou+ 2tug + €201 = ), — 2D (L)}
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ﬂaHHaH CUMMETPUA MOXKET OBbITH pejacTaB/JI€eHa 1 B KJIaCCUIECKOM BHUJIE KaK

0 0
X =214+ (1—-7v)ejt=— + |[zu — 2etD¢(Lug)| .
14 (=)t | ()
Tem caMbIM HOKa3aHO, YTO TOUEUHAsl CUMMeTpusi (25) KJIacCH9IecKoro ypas-
Henust juddysun (WM TEIONPOBOIHOCTH) Uy = Uy, HEJOKAJBHO HACIIEYeTCs
BO3MYIIIEHHbIM ypaBHeHueM (24).

3akmrouenne. IlpenioykeH HOBBI aJrOPUTM HAXOXKIEHUST TPUOJIMKEHHBIX
cuMMeTpuit Jyist 1podbHO-TuddepeHnalbHbIX YPABHEHN, OCHOBAHHLIN Ha pa3-
JIO2KEHUU JIPOOHBIX ITPOUBBOJIHBIX B PsJi 110 MAJOMY MAPAMETPY, BBIIC/ISTEMOMY
u3 nopsjyika japobuoro jpuddepeniuposanus. [[pUHIUIHAIBHBIM €0 OTIHIHEM
OT aJI'OPUTMa, UCIOJIB30BAHHOIO paHee B paborax [10, 15|, siBiisiercst npumere-
HUE Pa3JIOKEHUsI Ha OCHOBE HMHTErpO- I epeHIna bHOr0 oeparopa ¢ Jora-
pudmMmyeckuM sgiapom. lIpenmyinecTBa HOBOIO AJTOPUTMa 3aKJIOYAIOTCA B 0O-
Jiee HU3KUX TPeDOBaHUSX K TJIAJKOCTU PeIleHust IpoOHO-TuddepeHInaIbHOTO
yPaBHEHUSI, B BO3MOXKHOCTU pPacUeTa IMPUOJUKEHHBIX CUMMETDPUN JIJIs ypaBHE-
HUN ¢ JIPOOHBIMU MTPOU3BOIHBIMU ¢ HECKOHEUHBIMU IIPEJIESIAMI HHTEIDUPOBAHUS,
a TaKXKe B BO3MOXKHOCTHU IOCTPOEHMST HEJIOKAJBHBIX CUMMETPHUIl OIPEeIeIEHHOIO
Brj1a. DPPEKTUBHOCTD aJropuTMa MPOUJIIFOCTPUPOBAHA Ha HEJIMHEHHOM TPOOHO-
i depeHuaIbHOM ypaBHeHu GuibTpanuu cyoanddy3noHHoro Trua. JHaHTE
pUOIMKEHHON aaredpbl cuMMeTpuit ApooHO-Tud depeHITnaIbHBIX YPABHEHUHN OT-
KPBIBAET BO3MOXKHOCTH IIOCTPOEHUS JIJIst HUX HOBBIX IPUOJINYKEHHO MHBAPUAHTHBIX
pelenuit 1 npubJIMAKEHHBIX 32aKOHOB COXPAHEHUS.

Koukypupyroriue mHTEpechl. ABTOPHI 3asBIAI0T 006 OTCYTCTBUU KOHKYPHUPYIOIIIX
WHTEPECOB.

ABTOpPCKUIT BKJaJa M OTBETCTBEHHOCTBH. Bce aBTOPBI IPUHUMAJIN yIacTUE B ITOJIY-
YEHUHM OCHOBHBIX PE3YJIBTATOB CTATHY U B HAIMCAHUU PYKOIHUCU. ABTODPBI HECYT TOJIHYIO
OTBETCTBEHHOCTH 3a MPEJOCTABIEHNE OKOHUIATEIHbHOM pyKomucu B nedarh. OKoHIATE b~
Hasl BEPCUsS PYKOIMCH ObLIa 0700peHa BCEMU aBTOPAMIU.
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Abstract

A new algorithm for finding approximate symmetries for fractional dif-
ferential equations with the Riemann—Liouville and Gerasimov—Caputo frac-
tional derivatives, the order of which is close to an integer, is proposed. The
algorithm is based on the expansion of the fractional derivative into a series
with respect to a small parameter isolated from the order of fractional differ-
entiation. In the first-order, such an expansion contains a nonlocal integro-
differential operator with a logarithmic kernel.

As a result, the original fractional differential equation is approximated
by an integro-differential equation with a small parameter for which approx-
imate symmetries can be found. A theorem is proved about the form of
prolongation of one-parameter point transformations group to a new vari-
able represented by a nonlocal operator included in the expansion of the
fractional derivative. Knowing such a prolongation allows us to apply an
approximate invariance criterion to the equation under consideration.

The proposed algorithm is illustrated by the problem of finding approxi-
mate symmetries for a nonlinear fractional filtration equation of subdiffusion
type. It is shown that the dimension of approximate symmetries algebra for
such an equation is significantly larger than the dimension of the algebra
of exact symmetries. This fact opens the possibility of constructing a large
number of approximately invariant solutions. Also, it is shown that the al-
gorithm makes it possible to find nonlocal approximate symmetries of a
certain type. This possibility is illustrated on a linear fractional differential
subdiffusion equation.
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Beenenwue. IIporecchl mocTerneHHOro M3HOCA U HAPYIIEHUS IIEJIOCTHOCTH Ha-
DPY?KHBIX ITOBEPXHOCTEN JjieTasedl siBISIOTCA HEOTbEMJIEMON YacTbIO IKCILIyaTaIU-
OHHOT'O ITUKJIa 3aﬂel‘/)lCTBOBaHHbIX METAJIJINYECKUX DJIEMEHTOB KOHCprKL[I/Iﬁ nu Me-
XAaHU3MOB. KOHTpO.Hb CTelleHu ux (baKTI/ILIeCKOFO IIOBPEKJICHNA II0O3BOJIAET BbI-
JABUTH HauboJIee yA3BUMbIE K PA3PYIIEHUIO YIACTKU JJIsl IPOBEICHUST PEMOHTHO-
BOCCTAHOBUTEJIBHBIX PAOOT OO, €CJIM B 3TOM MMEETCs HEOOXOMMOCTh, IIPOTIE/LY-
PBI IPOTHO3UPOBAHNUs JaJIbHEIell paboTOCIIOCOOHOCTU U3 YCIOBUM HATDYKEHU,
JIeiCTBUS BHEIHEN CPEJIbl U MHBIX SKCIIyaTallnoHHbIX (hakTopoB. IIpu srom ocy-
meCTBUTDh HereprBHbIﬁ MOHUTOPHUHI' COCTOAHUA JTazKe JIJId OTBETCTBEHHBIX KOH-
CTPYKTUBHBIX 3JIEMEHTOB 3a4acTyIO0 ObIBaeT IMPOOJEMATUYHO WU ITPAKTUYIECKU
HEBO3MOKHO, UTO HE MO3BOJISIET OIEHUTH OMACHOCTH MPEXKJICBPEMEHHOTO BBIXOJIA
U3 CTPOsi KaK IMOBPEXK/IEHHON JIeTAIN, TAK U BCET'O UBJEHUS B IIEJIOM.

B nacrosiiee Bpems B 00J1aCTH UHKEHEPHOI'O ITPOEKTUPOBAHUS IIIHTPOKOE Pac-
MIPOCTPaHEHNEe TOJIYIHI IOIXO0, KOT/Ia IIOCPEICTBOM I POBOTO MOJIEIUPOBAHUS
IIPOBOJAUTCA UMHUTAIIALA pa6OT]:>I ,ZLeTaJ'[efI C O6pa30BaHHbHVH/I B XO/ie IKCILJIyaTallun
HECIIONTHOCTSMU (CKOJIBI, TIAPAIIUHDBI, BMATUHBL U T. J1.). C IeJIbIo onpejieeHus
KPUTHYIECKOTO COCTOSTHUS TAKUX TEJI BBIIOJIHAETCS UNCJICHHBIH KOHEIHO-3JIEMEHT-
HBI aHasm3 HanpsizkeHHO-jIedopmupoBannoro cocrosnus (HAC) [1, 2] nau xo-
JIMYECTBa [UKJIOB yCTaJIOCTHOrO Harpyzkenus [3-5,20]. TlosyueHHble pe3yabTaThl
IIO3BOJIAIOT KOPPEKTUPOBATh TEXHUICCKHE PCIICHUA Ha CTaJUN U3TOTOBJICHUA JJI€-
MEHTOB KOHCTPYKIIHIA ¢ yI€TOM BO3MOXKHBIX [TOCJIE/ICTBUI, CBEJIsi PUCK BHE3AITHOTO
oTKaza K MUHUMYMY. Hanbosibinuii Hay 1HO-IIPAKTUYIECKUIT HHTEPEC P ITOM Y/ Ie-
JisieTcs pa3paboTKe YHCIEHHBIX METOJ0B pPAcyera 10 OIEHKE YCTAJOCTHOW ITPOU-
HOCTHU JieTaJjieil ¢ MOBEPXHOCTHBIMU TPEIMHOIOI00HBIME JeeKTaMt, INCIeHHBIE
pPeE3YyIbTaTbl KOTOPBIX 9aCTO COIIOCTAaBJIAIOT C JaHHBIMU IPOBEACHHBIX IIO aHAJIO-
IUU SKCIEPUMEHTAJBHBIX HCCJIEIOBAHUN COTJIACHO KPUTEPUIM MEXAHUKU Pa3py-
I[IeHNsI Ha TPUMepe CIEeNnaIbHO U3rOTOBIEHHBIX 00pa3nos [3,4,20]. Hecmorpst Ha
KaXKyIILyIOCsi OCHOBATEJILHOCTD TOJOOHBIX METOJOB, UX peau3allusi B HWHXKEHED-
HOIl NIpaKTUKE BEChbMa TPY/I0EMKA, [OJIyUYeHHbIE B X0/l IIPOBEIEHHBIX HCIIBITAHUIT
pe3y/IibTaTbl HE BCEr/Jla OJHO3HAYHBLI BBU/LY CTOXaCTUYIHOCTHU IIPOIECCa PA3BUTHUA
TpenuH, a chOpMYJIUPOBAHHBIE PEKOMEHIAIUK IO TMOBBIIMIEHUIO CTONKOCTU TeJs
K TPEIMHOOOPA30BAHUIO, KAK ITPABUJIO, CIIPABEJJIUBBI JINIIb B PAMKAX KOHKPETHO
paccMaTpUBAEMOIO CJIyYast.

Nuoii ojixo K yBeJNYEHUIO IIPOYHOCTH U3Je/nil 6a3upyercs Ha IIPUMEHEHUH
TEXHOJIOI'MYECKUX OHepaHI/Iﬁ IIOBEPXHOCTHOI'O IIJIACTUYIECKOI'O ,I[e(bOpMI/IpOBaHI/IH
(ITJ) neraseil, OJBEPKEHHBIX TEMIIEPATYPHO-CUTIOBOMY SKCILIYATAIMOHHOMY
BozjeiicTBuo. Vcrosb30Banue JTaHHONW TEXHOJOTUU IMUPOKO PACIPOCTPAHEHO B
ABUAJIBUTATEJIECTPOCHUN U SHEPTETHYECKOM MAIUHOCTPOEHUU 1O MPUUNHE OTHO-
CHATEJIBHO IIPOCTOr0, HO 3(MPEKTUBHOTO CITOc0o0a MOBLINMIEHUsT HAMEKHOCTA METAJI-
JIOUBJIE/IN C COXPAHEHNEM MAaCCOrabapUTHBIX XaPAKTEPUCTUK, ITO IOITBEPIK 1A~
eTcst OCHOBoOIOJIaraoIuMe padoramu [6-11]. YBesuuenne mpoYHOCTHOTO pecypcea
JIOCTUTAETCS 33 CIeT (POPMUPOBAHUSI B ITPUIOBEPXHOCTHOM CJI0€ 0OpabOTaHHBIX
merozgom IIITJT meraseit Tonkoro ciost (or 100-200 mxwm [15,17] mo 1 mm [18]
B 3aBHCHMOCTH OT IPHMEHSIEMOTO METO/a YIPOTHEHHsI) CKUMAIOIINX OCTATOY-
ubix Hanpsikenuit (OH), kommeHcupyromux obpasyromumecs: Ipu IKCILIYaTaIum
OITaCHBIC HaIIPA2KCHUA PACTAKCHUA. HOMI/IMO OYEeBUIHOI'O IpenMyniecTBa METOI0B
IITTT, ngist jeradtedi ¢ roiajikoii «6e3edekTHol» cTpyKTypoil noepxHoctu [15,17]
HEOJTHOKPATHO J0Ka3aHa 3PHEKTUBHOCTb TPUMEHEHUS METOJOB YIIPOUHEHUsI 110
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TEXHOJIOTUU OIIEPEXKAIOINIEr0 MOBEPXHOCTHOIO ILIACTUYECKOIO JePOPMUPOBAHUS
(OIII[) st meraseii ¢ TIpeayCMOTPEHHBIMU KOHCTPYKIIHEH Pa3JIMIHOIO POJIA
KOHIIEHTPATOpaMy HAIIPAXKEHUI B BUJIE KAHABOK, HaIPE30B TEXHOJOIMYIECKOI'0 Xa-
pakTepa Jub0 IPUOOPETEHHBIMY SKCILIYATAIIMOHHBIME JIepeKTaMu TOBEPXHOCTHO
YIPOYHEHHBIX JIeTajieli OT COyapeHusi ¢ UHOPOIHBIMHE TIpeMeTaMu (HAIpUMep, B
ABUAJ[BUTATE/IECTPOCHNN ) TUIIA [APAIINH, TPEIIUH, BMSTHH (B TOM YHC/Ie paboTao-
KX B YCJIOBUSX YCTAJIOCTHOTO HArpyenus) [8,12-14,16,19|. Cremyer ormeTnTs,
9TO JJIsT YIIPOYHEHHBIX JeTajeill ¢ KOHIEHTPATOPAMH HAIPSKEHUN B yCJIOBUSIX
MHOT'OITUKJIOBOT'O HaI'PDYy>KEHUN A Ha6JIIO,ZLaeTCH yBesam4deHue 1mnpejejia BbIHOCJINBOCTU
Ha 30-70 % mo cpaBHeHuto ¢ HeynpodHeHHbIME |12, 13].

Hasnuune yrnpoyHeHHOr0 1MOBEPXHOCTHOTO cJiosi ¢ HaBejgeHubiMu OH cxxartus
[II1/1 61aronpusaTHO BAWSET M Ha YBEJIUIEHHUE MUKIXIECCKON TPEIMHOCTONKOCTH.
Corsnacuo paboram [20,21] moka3aHo, YTO TEXHOJIOIMYECKasl Ollepalis, HalpuMep,
JApobecTpyitHoit 06PabOTKU TIO3BOJIAET JOCTUTHYTh yBEJIUYCHUS ITOPOTOBBIX 3HA-
YeHUN KPUTEPUAJIbHBIX ITapaMeTPOB MEXaHUKU Pa3pyIICHUsI MAaTEePUAJIOB, BCIICI-
CTBHE 9ero yBEJUIUBACTCS CPOK CJIY2KOBI TIOJIBEPKEHHBIX PA3PYIIEHUIO CTATBHBIX
ob6pasios. [Ipu sTom aBrop paborsr 21| orMeuaeT, 9To cpe/ii OOIMPHOrO KOJIHYIe-
CTBa OITyOJIMKOBAHHBIX IKCIIEPUMEHTAILHBIX PAOOT, MOCBAIIEHHBIX BIAUSHAIO CHKH-
marormx OH Ha yBesimueHre CONPOTUB/ISIEMOCTH MaTEPUAJIOB YCTAJIOCTHOMY Pac-
TPECKUBAHUIO, OOJIBIIIMHCTBO WCCJIEIOBATE e He VessieT JIOJI>KHOTO BHUMAHUSI
addekTy yiIydieHns: mapaMeTpoB TpermHocToiikocT. 3 Beero aroro cieyer,
9TO MOJIOKUTENIbHOE BiusHue obpazoBanubix nocse [T/ cxxumarornux OH B 00-
JIACTH TPEIINH HeJI00IeHeHo. B 9Toil cBs13u HacTosmas paboTa MOCBIIIEeHa paspa-
0OTKe YHCJIEHHOr0 MeTojia pacdera moJeir OH Jjist HOBEpXHOCTHO yIPOYHEHHOTO
MIPU3MATUYIECKOTO 00pa3Iia ¢ HEeCKBO3HOU V-00pa3Hoil TPeIuHON B yHpyroiuia-
CTUYIECKON TOCTAHOBKe ¢ 11eiibio uzydenuns HJ/IC B obactu qeificTBUsi OCTATOUHBIX
CXKUMAIOIINX HAIIPAXKEHHHA.

1. ITocranoBKa 3azaun. Tak Kak YUCIEHHBIM METO/ pacUueTa Ha OCHOBE Me-
Toj1a KOHeUHBIX 371eMeHToB (MKD) MOXKHO pean30BaTh TOJIBKO JJisi KOHKPETHOTO
3JIEMEHTa KOHCTPYKIMH, B HACTOMAIIEH paboTe BIMsHUE HECKBO3HON TPEIUHbLI V-
obpasnoro npoduis na HIC paccMoTpeno Ha npuMepe HOBEPXHOCTHO yIIPOYHEH-
HOT'O MPU3MaTHIeCKOro obpasna u3 ciiaBa 11742 ¢ pazmepamu 100x10x 10 M.
Tpemuna pacrosioxkeHa B IeHTpe obpasma (puc. 1). B kadecrse mapamerpos,
OIACHIBAIOIINX IeOMETPHIO JedeKTa, PACCMOTPEHBI CEAYIONINE: JJINHA TPEITNHBI
[ = 3 MM, rory6una b = {0.1;0.3} MM, HaYAIBHBIH yTroJI PACKPBITHs GEperos Tpe-
muHbl ¢ = 15° u pajinyc ckpyriienusi pponTa Tpemunsl 1 = b. [Iponeaypa ympou-
HEeHWsI BepxXHeHl rpaHn 00pasiia OCYNMIEeCTB/IAIACh YILTPA3BYKOBOW MEXaHUIEeCKO
06paboTKOI, MeTO KA [IPOBEJIeHHsI KOTOPOIl oApobHO usiioxkeHa B pabore [15],
B COOTBETCTBUU C TEXHOJIOTHEH OIEPEXKAIOIIEr0 MOBEPXHOCTHOIO TLIACTHICCKOTrO
nedopmuposannst (OIIITT) [14,16,19].

YHucyieHHOE pellleHne TTOCTABJIEHHON 3a/1aui OCHOBAHO HA METOJEe HaYaJIbHBIX
nedopMmariuit, cBOISINEl NCXOAHYIO 3ada4dy K (DUKTUBHON 3a/ade TePMOYIPyTro-
wiactuaHocTu [13-19], Kora Ha mepBOM dTale OUPEIeIsIFOTCs MO OCTATOUHBIX
HAIpsKEeHni n mractudeckux JedbopMaluii mocjie yupouHeHus: MaJIkoii (6e3me-
bexTHOIN) sleTasu, a 3aTeM OCTATOUHBIE ILIACTHYECKHEe JedhOpMAIiU IPUPABHIBA-
IOTCSI K TeMIIEPaTyPHBIM gedopMaliusaM B PUKTUBHO 33 JaHHOM TEMIIEPATypPHOM
rojie o obbeMy gerasnu. Ha BTopoMm 3Talte Ha YIIPOYHEHHBIH 0Opaser; HaHOCHTCS
V-obpazuas TpemnmHa, T. €. yIAJIAeTCs 9acTh MaTepruaja o0pasia, u JJid OCTAIb-
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Puc. 1. Cxemarndeckoe m300paskeHne MOBEPXHOCTHO YIIPOYHEHHOTO MPU3MATHIECKOTO 00pasia
C HECKBO3HO# V-00pa3HOoil TperuHoi

[Figure 1. Schematic representation of a surface-hardened prismatic sample with a non-through
V-shaped crack]

HOI1 00J/1acTH peraercsd 3a/iada TEPMOYIIPYTOILIACTUYHOCTH O II€PEPACIIPE/IETICHIT
OCTaTOYHBIX Ha,IIpH}KeHI/IfI. I/IIVIeHHO B TaKOIl IocJje10BaTe/JIbHOCTU IIpeJaCTaBJ/IEeH
Jlajiee MaTepuajl CTaTbHU.

2. Metoa pacyeTra OCTATOYHBIX HAIPAXKEHUN M IJIACTUYECKUX [de-
dopmalnii B MOBEpXHOCTHO YIIPOYHEHHOM TIJIaJKoM obpasme. Hauaib-
HBII (HepBbIﬁ) 3Tall OIMCAHHOIO B HACTOSIIIEH paboTe IOIX0Aa OCHOBAH Ha MeTO-
ne onpegenenns noseii OH u miacruaeckux nedopmanmii (IT1) B nmosepxuoct-
HO YIPOYHEHHOM IVIQJIKOM <«0Oe3medekTHOM» obpasie Mpu3MaTHuIecKOi (pOpMBbI,
HOJIBEP’KEHHOM BHOPOY/IAPHOMY YIIbTPa3ByKoBoMy ympodneruio (Y3Y) Bepxmeit
rpanu [15]. Hecmorpsi HAa TO, 9TO 9TOT METOJ| XOPOIIO U3BECTEH, JJIsl JIy9IIero
JaJIbHeHIero moHNMaHUsI MaTepruasa CTaThd U3J0XKUM €ro MoJApoOHO B COOTBET-
creun ¢ [15]. Maremarndeckoe onucanue mporecca MOBEPXHOCTHOIO YIIPOTHEHUsI
cBoauTCs K pacdery kommnoneHT TeHzopoB OH u I1J1 B aekapToBoii cucreme Koop-
nuHAT (CM. pHC. 1), 3aBUCSIIIX TOIBKO OT KOOPAWHATHL i: 04 = 0,(Y), 0, = 0,(y),
oy = oy(y) = 0, a 3HAUEHHsT BCEX OCTABIINXCH HeAMATrOHATIBLHBIX KommonenT OH
u II/] mosararorcst paBHBIMEU HYJIIO, YTO TeOpeTHIecKn JokasaHo B [15]. Henyse-
BbIMH KOMIIOHEHTAMU SIBJISIIOTCsE yupyrue e; = e;(y), wiacrudeckue ¢; = q;(y)
u nosiHble €; = £;(y) aedopMalym, COOTBETCTBEHHO, i = X,Yy, z. B cooTBeTCTBIM
C TUIOTE30M MJIOCKUX CEeUYEHUI JIIT KOMIOHEHT £; = £;(Y) BBIIOIHSAETCS YCIIOBHE

s paccMaTpUBaEMOTO CJIydasi M30TPOITHOTO MOBEPXHOCTHOTO YIPOUHEHUS
B HAIIpaBJIEHUU OCEfl T U Y C y4EeTOM ILIACTUYECKON HECXKUMAEMOCTH MaTepuaJia
¢z + @y + ¢z = 0 u runoTessl ¢, = ¢, pacdeTHble GOPMYIIBI IPUHUMAIOT BHT [15]

1—w 2(1 —w)

0:(y) = 0a(y), @:(y) = @) = ——5—0(y), @ly)=——F—0u(y), 1)

rae v — koadduruent Ilyaccona, F — momyns FOnra.
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Kak cieqyer u3 3aBucumocteit (1), Bce kommonentsl Terzopos OH u T/ BbI-
ParKaloTCst Yepe3 KOMIIOHEHTY 0y = 04 (YY), II09TOMY DU HAJINYIUN U3BECTHON KC-
HEePUMEHTAJIbHOI 3aBHCHMOCTH 05 = 04(Yy) (puC. 2) ocTaBIInecst KOMIIOHEHTbI TEH-
sopos OH u IIJI onpegensitores coorrnomenusivu (1).

O1HAKO 9KCIIEPUMEHTAJILHOE OITPEJICJIEHUE 9TOH 3aBUCUMOCTH BO3MOKHO JIUIID
B TOHKOM YIIPOYHEHHOM CJIOE€, TIO3TOMY HEOOXOJUMO ITOCTPOUTDH AIPOKCUMAIIIIO
9TOH 3aBUCHMOCTHU M IKCTPAIOJIUPOBATH ee Ha Bce 3Hadenus 0 < y < H B npege-
JiaX BBICOTBI prOLIHeHHI_OIFO obpasna H = 10 MM ¢ y4eToM yCJIOBUS CaMOypPaBHOBe-

menHoctu OH Buma ox(y)dy = 0. st 917010 UCHOIB30BAIACH 3aBUCHMOCTD,

npejyioxKeHnas B |15]:

S | .

rie 0o, 01, b, y* — mapamMeTpbl alIPOKCUMAINN KCIIEPUMEHTAIBHON SMIOPBI 0, =
= 0,(y), MeToiuka ujeHTHhUKAIIMI KOTOPBIX IpHUBe/eHa B padbote [15]. HanbHeii-
IIee UCIoJsib30Banue 3aBucumocreii (1) u (2) B kadecTBe mexoHoN nHMOPMAIIN
0 HAYAJBHOM HAIIPSI?KEHHO-/1e(POPMUPOBAHHOM COCTOSIHUN ITOBEPXHOCTHO YIIPOU-
HEHHOI'0 00pasiia HeobXoauMO i peajnsanun Meroia pacdera OH u ITJ1 B sToM
2Ke obpasIie, HO y2Ke C yIeTOM HEeCKBO3HOH V-00pas3HOol TpernHbI.

; ; Puc. 2. lauHble /1Ji1s1 KOMIIOHEHTBI 0y = 0 (Y)
: ] mocjie yaLTPasByKOBOTO VIPOYHEHHUS MOBEPX-
HocTH OOpasma u3 cmiaBa I11742: skcmepu-
MEHTAJIbHBIE (MApPKEPHI), PACIeTHBIE (CILTONI-
Has JIMHW:A) N0 anmpokcumarnmu (2) m pacdaer-
uele (IITpUXOBasl JIMHUS) JJis TEPMOYIPYTOi
3aa4n (BOCIPOM3BEIEHO 110 [27])

, 0z, MPa
[e=]

—400

[Figure 2. Data for the component
0g = 0z(y) after ultrasonic hardening of
the surface of a sample made of EP742
: : alloy: experimental (markers), calculated
0.1 0.2 (solid line) by approximation (2) and
designed (dashed line) for the thermo-
elastic problem (reproduced by [27])]

—800

Residual Stresses

—1200
0

Depth, y, mm

3. HucneHHblli MeTO/ pacdyeTa OCTATOYHBIX HANPsi>)KEHUUl B oOpasie
c V-ob6pas3Hoii TpeluHoii B yIpPYTroOILJIACTUYECKON ITocTaHOBKe. B pabo-
te [14] nokazano, uro pemenus 3a1a4 o nepepacnpesenennn OH B obiactu ckBo3-
HOro V-o0pa3Horo HaIpe3a, PAcIOI0?KEHHOT'O IePIEHIUKYISIPHO OCH &, B YIIPYTOi
U YIPYTOILIACTUYIECKON MMOCTAHOBKAX B 00JIACTH, IPUIETAIONIEH K KOHIIEHTPATOPY
HAIPS’KEeHUil, B CpejiHeKBapaTAIHOi HOpMe oTmyatores Ha 100-200 % u Gouee.
[Tpu sT70M KOMIIOHEHTA 0, = 0,(y) B yIPYrOM DEIIEHUHU MPEBBIMAET 10 MOLYJIIO
BPEMEHHO IIPeJIes CONPOTUBRJIEHNS MaTepuaJa bojiee YeM B 3—H pas, 4To roBOPpUT
0 He(PU3UIHOCTH STUX Pe3yabTaToB. OCHOBHON IIPUIUHON 9TOTO C TO3UIHI JIMHE-
HOI MeXaHUKU pa3pyleHnd dB/IdeTCA HaJINIUe CUHTYJ/IAPDHOCTU B BEPIINHE TPEI-
HBI JIIsT YIIPYTOTO MaTepuaJia. JT0, B CBOIO 0UepPe/ib, P YUCJIEHHON peaim3aiun
3a/1a9U PUBOJIUT K OOJIBIITUM 3HAYCHUSM HAIPSKEHUN B KOHEUHBIX IJIEMEHTAX
reoMeTPIIECKON CETKH B CJIOSX, HEITOCPEACTBEHHO MPIUMBIKAIONTNX K TPAHATIE TPe-
HIMHBI, YTO OTMeYaeTcsi BO MHOruX paborax [23-26]. Hanpumep, npu ucrosb3osa-
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Hun J-uHTerpaja B Ka4ecTBe KPUTEPUs PACKPBITHS TPENTUHLI €70 3HAUEHUS B CJIO-
sax K9, npuMbIkaomux K TpeIuHe, CyIMIeCTBEHHO OTJIMYAIOTCS OT €ro CTabU/Ib-
HbIX 3HadeHuit B KO Bmanu or Tpemuabl. [lo 9T0il npudnHe MbI paccMaTpuBaeM
3a7a4y paclpeiesieHus OCTaTOYHBIX HAIIPAXKECHUN B IIOBEPXHOCTHO YIIPOYHEHHOM
IPU3MATUIECKOM 00pasiie ¢ V-00pa3Hoil HeCKBO3HOM TPEITIHON MCKITIOIUTETHHO
B yIIPYTOIIACTHYECKON MOCTaHOBKE.

Peammzanus uncieHHOro MeTOa pacieTa BBULY HOBBIIEHHON CIIOXKHOCTH Me-
TOAVKHN DPEIICHNAs 3373891 BO3MOXKHA JINIIb C IIPAMEHEHHEM COBPEMEHHBIX IIPO-
I'PAMMHBIX KOMILIEKCOB Ha OCHOBE MeTO/1a KOHEUHBIX djieMerToB (MKD). IToaromy
B KaveCcTBe KOMIILIOTEPU3UPOBAHHON BLIYUCIUTEILHON Cpelibl ObLI BHIOPAH IIPO-
IPAMMHBIN KOMILJIEKC WHXKeHepHOro anajm3a ANSYS Mechanical APDL. Awajo-
rudHO [19] asropurT™ YHCIEHHOTO METO/IA PEIeHNs 3a/1a9 CBOAMIICS K CIICIYIO-
UM STalraM.

1. HavaypHBIH 9TAll YUCIEHHOTO pacdeTa 3aK/IF0YaJiCsl B allllPDOKCAMAIIUN U3~
BECTHON 9KCIIEPUMEHTATIBHON 3aBUCUMOCTH JIJIsi KOMIIOHEHTBI 0, = 0, (y) 1o
dopmyse (2) (cruiomubasi KpuBasi Ha puc. 2 ¢ napaMeTpaMi AIlPOKCUMA-
mnm: y* = 0.034 MM, o9 = 13.38 Mlla, o1 = 1100.98 MIlIa, b = 0.0928 vMm
[14-17,19,27]) u pacuere noseit OH u IIJT jist roiajkoro obpasna 1o ¢dbop-
mystam (1).

2. Ha Bropowm sTare pacuera B peIBAPUTEHFHO IIOCTPOEHHON MOJIE/N IJIaJIKO-
ro «6e371eheKTHOrO» MPU3MATHIECKOr0 00pa3iia 3a/1aBajloCh HEOTHOPOIHOE
dukruBHOE pacnpeesnenne st Temieparypbl T = T'(y), 3aKOH U3MeHEHUsT
KOTOPOH He BIMSET Ha MOCIEIYIONee PEIieHne TePMOYIIPYTOIIACTHIECKOH
sajgaqn [14-17,19].

Kowmmonentst ocrarounsbix 11T ¢; = ¢i(y), paccaurannble peBapuTeIbHO
1o 3aBucuMocTsM (1), MOJIEJIUPOBAIMCH TEMIIEPATYPHBIMU JepOpMAIUsIMU
C UCIIOJIb30BAHUEM COOTHOIIEHUMN

qi(y) = Bi(T(y)[T(y) —To), i==z,y,2 0<y<H, (3)

rie B3 (T (y)) — koaddunumenrsr remmeparyproro pacmupenusi, H = 10 mm —
BbIcoTa 00pasna, T = T(y) — HeoAHOPOIHOE TeMIepaTypHOe IOoJe C Ma-
JIBIM T'PAJEHTOM TeMIIepaTyp, He 3aBUCHINee OT 3aKOHA DPaclpejieeHusl,
To = T(H) = 20°C — dbukcupoBaHHOe 3HAYEHHE TEMIIEPATYPbl Ha HUKHEeI
rpanu obpasna (puc. 1), T3 = T(0) = 400 °C — 3HaveHune TeMueparypbl Ha
[IPOTUBOIIOJIOKHO YIIPOYHEHHON IPaHU.
ITo u3BecTHBIM 3HAYEHUSAM @;(Y) ¥ IIPU 3aJ]AHHOM PACIPEJICIEHIN TeMIIepa-
typol 1" = T'(y) no dopmyne (3) BoIIHCIATICH KOIDDUIMEHTH TEMIIepa-
rypsoro pacumpenust 3; = 5;(T(y)).
Hajtee ¢ stumu 3HadeHusIME dncjaerHo MKD pemasacsk Tepmoympyrast 3a-
Jlaga Jjis IJIaJIKoro oopasia Jjis IPOBEPKH aJIEKBATHOCTH METOJIa CBEICHUSI
MCXOIHOM 3a7a91 K (PUKTUBHON TEPMOYIIPYTOii.
Ha puc. 2 mrpuxoBoil JuHUEH peicTaB/IeHbl Pe3yIbTaThl pacyera 3a1adu
dbukrusHON TepMoynpyroctu Merogom KD st KOMIOHEHTHI 0, = 04 (Y),
KOTOpBIE TIPAKTUYECKU COBIAJIAIOT C JAHHBIMU pacdeTa IO aIlllPOKCUMAIINN
(2). DU JaHHBIE CJYXKUJIM MCXOAHON MHMOPMAaNUel IIpu OCyIIECTBICHUN
CJIEJIYIOIIEro PacueTHOro dTala.

3. Ha tperbem srane B coorBercTBun ¢ rexuosiorueit O] na Bepxueii rpa-
HU [IPEJIBAPUTEIBHO YIIPOYHEHHOIO 06pasiia OCyIEeCTBIIAIACH IMUTAIIUST €r0
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MIOBPEXKJICHUS ¢ 00pa30BaHMEM HECKBO3HOH V-00pa3HOil TPEIUHBI ¢ HEHY-
JIEBBIM yIJVIOM PacKpbITusi ¢ = 15°.

Ha mporpaMMHOM ypoOBHE 3TOT MPOIECC PEAJM30BBIBAJICS yIAJeHUEM W3
MOJIeJIA TJIAJKOI'O TIOBEPXHOCTHO YIIPOYHEHHOTO 00pasiia JacTh MaTepua-
Jia, MPEeJICTABJISIONEro oobeM jiedexra ¢ HapejgeHHbIME yipouneHuem OH
u I/, aTo mpuBOAMIO TI0JIe TIOJIHBIX JieOopMaIiil K HEypPABHOBEIIEHHOMY
COCTOSTHUIO.

CocTosiHIEe PABHOBECHST YIIPOTHEHHOTO 00pA3Ia € TPENIUHON JOCTUTATIOCH
nocpejicrBoM  repepacupeseneaust noiaeit OH wu I1JI B obsiacTi TperuHb
U3 YUCJEHHOTO PEIIeHUs] 3aJa91 TePMOYIPYTOILIACTUIHOCTH C COXPaHEHU-
eM TeMIIepaTypPHOro MoJist U BbIaucjaeHHbIX 3Hadenuit §; = 5;(T(y)) B ocras-
1mefics ocsie yaajJeHus 9acTu MaTepuasia 00JIacTH.

Vder mIacTHIHOCTH MaTepuaJjia 00pa3ia B MOIE/IbHBIX pacdeTax B IPOrpaMMe
ANSYS ocCyIecTBIIsICs 3aJaHueM IUArPaMMbI YIIPYTOILIACTHIECKOro 1edopMupo-
BaHHdA B KOOpJAMHATaAX «HUCTHHHOE HAIIPAZKEHUE — ITOJIHaAd ,I[erOpMa.LLI/IH» (0' - 8).
[Ipu sTOM mpe/Iiosaragoch, 9To JUATPAMMBI «PACTIAKEHUE — CyKATUE» JIJIsl Pac-
CMATpPUBAEMOro B paboTe cIiuiaBa yHIpodHeHHOro obpasma 1742 upeHTHIHBI
(c yuerom 3HaKa), a ypoBeHb obpasyromuxcsts OH B obsacTu cxkaTust Bblle npeje-
JIa, TEKy4IeCTH (IPOMOPIMOHAJIBLHOCTH) o BOJIM3M OCHOBAHUS KOHIIEHTPATOPA Ha-
MpsiZKEHUit 71 caydast obpasia ¢ 1edeKToM, ITO IPUBOIUT K IOsIBJICHUIO 371€Ch
BTOPUYIHBIX ITJIACTUICCKHUX ,ZLerOpl\laL[I/IfI. HOCKO.HI)Ky HNCXO/AHasd SKCIIEpUMEHTAJIb-
Has jguarpamma s civiaBa 911742 npencrasiisiercs B Bl «HOMUHAJIBHOE HAa-
npsi>kenue — noJiHast Jedopmarysi» (0 — €) ¢ HECHAIAIONINUM yIacTKOM J1edopMu-
pOBaHUs Ha 3aKPUTUIECKON cTaaun 1epOpMUPOBAHNS, I IepecieTa HOMIHA b
HBIX 0( HAIIPS2KEHWH B UCTUHHBIE 0 C YI€TOM TEOPHUH PEOJIOTHIECKOro j1epopMu-
POBaHUA U HAKOILJICHUS IIOBPEXKICHHOCTU HUCIIOJIL30BAJINCH 3aBUCUMOCTH [22]

o=o00(l tw), w=aoq, (4)

e w— IapaMeTp MOBPEXKICHHOCTH; ¢ — IIacTuIHast jedopMarus; o = const —
dberoMeHOIOrnYeCK Ul ApaMeTp; 0, 0 — HOMHHAJILHOE W HCTHHHOE HALIPSIZKEHUS,
COOTBETCTBYIOIIUE OJHOMY U TOMY K€ YPOBHIO ILJIACTUYECKOli jiechopmanuu q.

JlJ1st KecTKOro peskuma 0JJHOOCHOTO HArpy»kenust obpasia (¢ = const) ucnosib-
30BaJIaCh HESIBHO 3a/laHHAsl 3aBUCUMOCTB 0o = 0¢(q) [22]:

g= c[ao xp ( I aao(f)d§> - aTr, (5)

rJie o7 — Ipees TEKydecTH MaTepruaJia; ¢ U N — MapaMeTphl allllpOKCUMAITUN Ha-
YaJbHOr0 YYaCTKa JUATPAMMBI YIIPYTOILIACTUIECKOrO NeOPMUPOBAHUS CTEIICH-
HOI 3aBUCUMOCTBIO IIp w ~ 0 u 0 = oy¢:

q=c(op—or)". (6)

TumoBble KPUBbIE «MIHOBEHHOTO» YIPYTOIIACTHIECKOTO J1ebOPMUPOBAHUS JIJIsT
ciiapa 11742 npu remueparype 20 °C npejcraBieHsl Ha puc. 3. 371ech KpuBoit 1
n300pakeHa KCIepUMEHTAIbHAST TuarpaMMa, KpUBbIMU 2 1 3 — JimarpaMMbl, pac-
CUNTAHHBIE B KOODJMHATAX 0) — € (C HHUCIAJAMONIMM yYaCTKOM) M KOODJIUHATAX
0 — € (MOHOTOHHO Bo3pacraromas dyHKIws) 110 dhopmynam (4)-(6) coorBeTcTBEH-
HO. Jljist TIOCTpOeHMsI KPUBOI 3 MCIIOJIL30BAJIUCH CJIEyIOlIue TapamMerpsl [22]:

or = 863.3 MIla, ¢ = 1.356 - 1076 MITa™™, n = 1.776, o = 1.916 - 103 MIIa—".
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temperature of 20°C: 1 — experimental data

[22], 2 — calculation in coordinates oo — €, 3 —
calculation in coordinates o — €|

0 5 10 15 20
Strain, e, %

HeobxomumocTs B pacdernoit kpuboit 3 Ha puc. 3 s ciurapa 911742 nukryer-
cs1 TpeOOBAHUSIMI KOHEYHO-3/IEMEHTHOTO makera ANSYS, COrjlacHO KOTOPBIM yUeT
VIIPYTOIJIACTUYECKAX CBOUCTB BO3MOYKEH TOJBKO IPU YCJIOBHU 33JIaHUS CTPOTO
BO3PACTAIOINICH 3aBUCUMOCTH MEXKIy HAIpsiKeHueM u jedopmarnueit. s sroro
B UCTUHHBIX KOOD/IMHATAX 0 — € UCIOJIb30BAJIACH OJMJINHENHAST MOJIE/Ib MaTepH-
aJjia, 3a3JlaBaeMasi B BUJI€ KYCOUYHO-JINHEHHON (DYHKIINU B KOODJIMHATAX «HAIIPSI2KE-
HEIe — noJTHas JedopMaliisay» o ToukaM (o4, €;), ¢ = 1,2,3,...,100.

IIporecc KOHETHO-9IEMEHTHOTO MOJICTUPOBAHUS JI/IsI PACCMATPUBAEMOTO CJIy-
“asl 33191 TOBEPXHOCTHO YIIPOYHEHHOT'0 00pa3iia ¢ HECKBO3HOM V-00pas3Hoit Tpe-
HIMHOI 110 CpaBHEHUIO ¢ panHuMu paboramu [14,16,19| B 3TOM HampaB/ieHUN, B KO-
TOPBIX UCIOJIb30BAIUCH 00PA3Ibl CO CKBO3HBIMU HAaJpPe3aMU, UMEET CJICILYIONLYTO
0CODEHHOCTb.

3/ech MOCTpOEHNE MOMEN 00pa3ia HAUMHAJIOCH ¢ MOJIETNPOBAHNS TTEHTPA b
HOT'O 00'beMa, COJIepKaIero V-o0pasHyo TPEIUHY, [TOC/Ie 9ero BhITOHIIOCH «Ha~
paluBaHues ITONH MOJENH JI0 JOCTHXKEHUS O00BbEMOM NPU3IMATUYUECKON (DOPMBI
¢ pazmepamu 100x10x10 mm. [Ijist 9T0ro B ropu30HTAJILHON IJIOCKOCTH Tz (CM.
puc. 1) Mo MCXOAHBIM TEOMETPUIECKUM MTapaMeTPaM TPEIINHBI BBIIOIHSIIOCH T10-
CTPOEHME MAJION MOBEPXHOCTU ¢ V-00pPa3HbIM BBIPE30OM, IIOCJIE Yero Ha Heil ocy-
IIECTBJISIACH T€HEPAIUs IIJIOCKON CeTKM n3 (DUKTUBHBIX IMOBEPXHOCTHBIX Y€ThI-
pexy3JioBbIX 3jieMeHTOB Tuiia MESH200. Jlajee MeToI0M SKCTPY3UU BIOJb IPEI-
BapUTEJIbHO MMOCTPOEHHOI KpUBOW BbITAruBaHus (Oyryiieil juaun GbpoHTa Tpe-
mUHBL) HOPMUPOBAJICS 0ObEM € TPEIIUHON, MPEICTABIEHHbBIl BOCHMITY3JIOBBIMU
ssremernTamu SOLID185. B zamepienne mosydeHnas 4acTb MOJENH C AedeKToOM
JOCTPANBAJIACH TAKXKE METOJOM SKCTPY3UHU 10 (POPMUPOBAHUS ITOJTHOIEHHON KO-
HEYHO-3JIEMEHTHOM MOJIE/IN MPU3MATUIECKOr0 00pa3Iia, COCTOSIIEH TaKXKe U3 dJie-
menToB SOLID185. OMHOPOIHOCTD CETKU MOCTPOEHHOUW KOHEYHO-3JIEMEHTHOU MO-
JeJTU TIPUA 3TOM JIOCTUTAJIACH TIOCPEICTBOM MIPABUIBLHOIO COOTBETCTBUS BCEMU dJIe-
MeHTaMH CBOUM Y3JIOBBIM TOYKAM, UTO MCKJIOUIJIO BEPOSITHOCTH MOSBJIEHUS IIPO-
rPpaMMHBIX OITHOOK IIPU IIPOBEeJAeHNN pacdeToB. lIporeaypa MoenpoBaHust TOH-
KOT'0 yIPOYHEHHOTo CJIosi TojruHoit 10 200 MKM, HeoOXoauMmasi Jis TPABUIb-
HOiT peanuzanuu pacdera OH Ha Bcex pacueTHBIX ITallaX MOJIEIN TOBEPXHOCTHO
YIPOYHEHHOrO 00pa3na (Kak MpU UMHUTAINH MPOIE/YPhbl YIPOYHEHHUs [JIaJIKOTO,
TaK ¥ IPU WHUIUAAIIHA KOHIIEHTPATOPA HAIIPSI?KEHMUIT ), pean30BbIBAJIACH BBIOOPOM
KOHEYHBIX 3JIEMEHTOB C JIMTHEHHBIM pa3MepoM pebep He 6osiee 7 MKM.
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Baxxno orMeruTsb, 4TO BBIOOD THIIA KOHEYHBIX 3j1eMeHTOB SOLID185 obocHO-
BaH HEOOXOIMMOCTBIO IIPOBEJIEHUS CTPYKTYPHOT'O aHAJN3a HOCTPOEHHON MOJIEIN
C Y4Y€TOM CBOMCTB NJIACTHYHOCTUA M OOIBINUX JedopMalinii, a Tak»Ke penieHus
TEeMIIEpaTyPHOI 3a/1a4u 3a CUeT BCTPOeHHOI B nporpammy ANSYS dyukmuum 3a-
MeHbI Ha 3jeMeHThl SOLID70 u 06paTHO 6e3 HeOOXOMMOCTH EPECTPOCHUST CETKI
3JIEMEHTOB pPacdYeTHON MaTeMaTUIeCKON MO/ICIIN.

4. Anpobarnusi MeTOZIa U AHAJIN3 MOJYUYEHHBIX PE3yJabTaToOB. AHaan3
paspaborannoro metoga pacdera OH B obmactu V-06pa3Hoil TpermmHubl MOBEpX-
HOCTHO YIIPOYHEHHOTI'O IIPU3MATUYECKOro 00Pa3Ia BBIIOIHSIICS Ha IIPUMEDPE JBYX
pacUeTHBIX CaydaeB Mojeau ¢ riyounoit gedekra b = 0.1 mm u b = 0.3 MM coOT-
BETCTBEHHO.
Heranbaoe ucciienoBanne pacipeeneauss OH BBITOTHSIOCH IO TTOJIYY€HHBIM
3HAYEHUSIM HAIPSKEHUN B y3/1aX KOHEIHO-3JIEMEHTHON MOJIEJIN, PACIIPEIeIEHHBIX
BJIOJIb Y€THIPEX OCHOBHBIX HallpaBiieHuil (puc. 4):
— 1o rybuHe h OT Havyasa TPEIUHbI B1oJb ocu Y oT Touku A (koHTyp I);
— 1o riaybuHe h OT JiHa TPEIWHBI B IEHTPAJBHOM CEYeHHM BJIOJIb OCH Y OT
rouku B (kouTyp II);

— BJOJIb JIUHAN (PPOHTA TPEIIUHBI OT TOUYKN A B HampasjieHnn T09Kn B (KoH-
Typ III);

— BJIOJIb JIEBOI KPOMKM Oepera pacKpbITHsSI TPEIWHBI OT TOYKH A B Halpas-
sennn roukn C (koHTyp IV).

Baxxno ormeTnTh, 4TO B 3aBHCUMOCTUA OT BBIOPAHHOW CXEMBI UCCJIEIOBAHUS
orenka xapakrtepa pacmpenenenus OH mpoussoauiacek mo riaybure h oT yopod-
HEHHO IMOBEPXHOCTHU [JIsi KOHTYpa I u 1o riybutne h oT jiHa TPEIIMHBI JIJIsi KOH-
Typa II, a BBUJYy CUMMETPHUH MOJEJIM OTHOCUTEJIHHO IIPOJIOJIBHOIO IEHTPAJIBLHOTO
ceveHust — 110 1oty uinHe (hpoHTa TpermuHsbl {1 (KouTyp III) u mosyiuHe JeBoii
KPOMKH Gepera TperuHb! lo (KoHTyp IV).

Ha puc. 5-8 nupusenennr pacupejenenuss komnonenr OH oy, ¢ = z,y, 2, 110
BBINE0003HAYEHHBIM KOHTYyPaM HECKBO3HOU V-00pa3Hoil TPEIUHBI B TOBEPXHOCT-
HO YIPOYHEHHOM IPU3MATUIECKOM O0Opa3sIe /i ciaydaeB riyouubl gedexrta 0.1

Puc. 4. Cxemaruueckoe n3o06pakeHre OCHOBHBIX KOHTYPOB J|jIs BU3yaJU3alluu PaCIPeIeICHUs
OCTATOYHBIX HampsiKeHwit: I —mo rrybmHe OT Hadasjga TpemmHbl, 11 — 1o riybmHe OT IEeHTpa
TpemuHbl, 111 — B1oJib ppoHTA TpeluHbl, IV — BII0JIb JI€BOM KPOMKHU Oepera TperuHb

[Figure 4. Schematic representation of the main contours for visualizing the distribution of
residual stresses: I — with depth from the crack origin, IT — with depth from the crack center,
III — along the crack front, IV — along the left edge of the crack bank]
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u 0.3 mm. Ormerum, uTo Ha puc. 7, 8 upusejennl 3HadeHuss OH B obsactu Bep-
IIUHBI HECKBO3HON TPEIIMHBI, TAK KaK 3a IPEJeJaMU BEPIIUHbI TPEIIUHBI OHU
BBIXOJISIT HA [IOCTOSIHHBIE 3HAUEHUs ([IPOUCXOUT UX CTAOUIIN3AIINS).

Ananus pesysbraros jis cirydaes pacupeeiennst OH o xourypy I (puc. 5),
koHTYDPY III (puc. 7) u kouTypy IV (puc. 8) mokasaj, 4ro NpakTHIECKH JIJIs BCEX
KOMIIOHEHT 0y, © = &, Y, 2, upu riyoute nedexra 0.3 MM HaOIIOHAI0OTCS OOIBIITTE
(110 MOJLYJTIO) 3HAYECHUST OCTATOYHBIX CKIMAIOIINX HAIPSZKEHUIT, YeM [Ipu TIyOuHe
nederra 0.1 MM. DTO siBIeHHE OOYCJIOBJIEHO JIOMOJHUTEIbHBIM n3MeHeHneM OH
HaIPsKEHU BCJ/IE/ICTBUAE TOsIBJICHUST M3TUOAIONIEr0 MOMEHTa, OT 3 dekTa 3aKpbI-
THS TPENIUHBI, IPUIEM 110 MEpe YBeJMIeHusl TUIyOUHbBI TedeKTa WHTEeHCUBHOCTH
HanpsikeHuit Bo3pacraet. [losromy cxkumaromue OH jyjist BceX KOMIIOHEHT TEH-
30pa (3a MCK/IIOYEHHEM KOMIIOHEHTBI 0, HA PHUC. 7,C W puc. 8, ¢) upu riaybuHe
nedekTa 0.1 MM B yIIPOYHEHHOM CJIO€ IPUOOPETAIOT MEHbIIINE 3HAYEHUS B IIPeIe-
aax or 0.008 MM Jiisi KOMIIOHEHTBI 05 (puc. 8, a) 10 1 MM st Kommonentsr OH
oy (puc. 5, b), mocse dero HabJIIOZAETCs CTAOMIN3AIMS YHCIeHHBIX 3Hadernit OH
10 JiJIsi ODOUX PACUYETHBIX CJIYYaeB B 3aBUCUMOCTH OT TJIyOMHBI TPEIUHBI.

IIpu ananuze pacmpegenenus OH 1o BeicoTe h OT JiHA TPEIUHBI B IIEHTPAJIb-
HOM cedeHn (puc. 6) Moy deHHbIe Pe3yIbTATHI /IS COOTBETCTBYIOMINX KOMITIOHEHT
npu riybuaax gederrta 0.1 u 0.3 MM gaior Ou3KMe Pe3y/IbTATHI.

YacruuHast aJleKBaTHOCTb pa3paboTaHHOro MeToja pacdera noseir OH B 30He
JedeKTa oleHnBaIach UCX0/Is U3 XapaKTepa paclipe/le/IeHIi HAIIPSKeHUI 0, 1 0y,
PACCUNTAHHBIX BJIOJIb KPOMKHU OJHOTO U3 OEpPEroB TPEIIMHBI 10 IOJY/JInHE [o
U OPaKTUYIECKW PABHBIX Hymo (puc. 8,a,b), 3a HCKIOYEHHEM O0JIACTH, HETO-
CPeJICTBEHHO IPHUMBIKAOIIEil K BepinHe TpenuHbl. COrIaCHO TEOPUN MEXaHUKH
pa3pyIeHusl, HAIIPSKEHUSI B MECTaxX pa3pbiBa MaTepuaJa, Ije HabIIIaeTcs pac-
XOXKJIeHHe OEeperoB TPeIIUHbBI, PABHBI HYJIIO, TOCKOJBKY MaTepuas KOHCTPYKIUU
B 9TOM MeCT€ He OKa3bIBaeT colpoTunjeHus. [Ipu 3ToM KOMIIOHEHTa 0, pacipe-
JieJIEHHAST BJIOJIb OEPEroB TPEIIUHBI, JIJI PACCMATPUBAEMOrO CJIydasi OTJUYHA OT
uyns (puc. 8, c¢). Baxkmno ormernts, 4T0 9KcTpemasibible 3Hadenns OH s Beex
UCCJIe/lyeMbIX KOMIIOHEHT [IPUHUMAIOT B 00s1acTH BOIM3K JHA KOHIIeHTpaTopa (J1u-
HUK (DPOHTA TPEIUHBDI).

Eme ofinH acmekT YacTUYHON MPOBEPKU aJEKBATHOCTH YUCJECHHOIO METOJIA
COCTOUT B TOM, 9TO, KAK 9TO CJIEJyeT U3 pUC. 5 U 6, KOMIIOHEHTBI 0y U 0, C yIa-
JIEHHEM OT YIIPOYHEHHOW MOBEPXHOCTH CTPEMSTCS K 3HadeHuto oy = 13.38 Mlla
B anupokcumaiun (2) Jyisi I IKoro obpasi@a. 9To CBS3aHO C TeM, UTO TPEIInHA
BJIUSIET HA HAIPSKEHHO-e(OPMUPOBAHHOE COCTOSIHUE TOJBKO B HEIOCPeICTBEH-
HO#T 6in30cTH OT cebst, B TO BpeMsi Kak Ha boJibiieM paccrosann OH npakTuaeckn
COBIA/IAIOT C COOTBETCTBYIONUMU 3HAYEHUSIMU T8 TJIaKOr0 obpasia. Kommonen-
Ta JKe 0y C ylaJeHneM OT yIPOIYHEeHHOH MOBEPXHOCTH IPUO/INIKaeTCa K HYJ/IIO, ITO
He IpoTuBOpednT ycaoBuio oy, (y) =0 (0 <y < H) st riiaakoro obpasia.

ITomumo HOpMasTBHBIX KOMITIOHEHT OH uncciienoBanck u KacarebHbIE HAIIPSI-
xenust. OIeHKa ypPOBHS U XapaKTepa UX paclpesiesieHnsi B YIPOYHEHHBIX IeTa-
JISIX U 9JIEMEHTaX KOHCTPYKIIMII TAKXKe BBI3bIBAET MHTEPEC, ITOCKOJIbKY IIPU IKC-
IUIyaTalui U3/IeJIuil TaKue HAIPSAKEHUs Yallle BCEro MPUBOJAT K MIHOBEHHOMY
paspyienuio mo Hanbosee ocjaabiieHHOMYy cedueHunio. VcceremoBanne KacaTe/ IbHbIX
HAIIPSIPKEHUil IIPOBOJIMIIOCH 1O TeM ke KoHTypaMm I-IV (cm. puc. 4), 910 U jyist
HOpMaJIbHBIX KoMIToHeHT OH.

276



YuciieHHBI METO/] pacdeTa I0JIelf OCTATOYHBIX HAIIPSIXKEeHHI]. . .

_ ’ P
< 0 = < /
S / & s /
=] / & 300 g
8 ! /
© 600 |-t M b
g / g L)
! L oo ]
A ] A
£ _1200 |- @
< <
5 | £ 900
K ¥ 3 \/
& 1800 =
—1200
0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0
Depth, A, mm Depth, A, mm
a b
300
< e o —
& 0 R Puc. 5. Pacnpefesienie KOMIIOHEHT OCTaTOY-
5 _ag0 i’ / HBIX HAIpsKeHuil o, (a), oy (b) u 0. (¢) o
bR KOHTYPY I misi citydaeB ryOmHBI JedekTa
2 600 N ! 0.1 mm (crtomraste ymanu) u 0.3 MM (mITpH-
I3 N\ XOBbIE JINHUM )
Z I
i ! . N . .
g —900 |-\ [Figure 5. The distribution of residual stress
32 \\/ components o, (a), oy (b), and 0. (c) along
e —1200 contour I for defect depths of 0.1 mm (solid
lines) and 0.3 mm (dashed lines)]
—1500
0.2 0.4 0.6 0.8 1.0
Depth, A, mm
c
0
0 =
g > g
= = 300
8 =
© —600 S
g g
5 £ —600
& &
= —1200 = \
= = /]
£ S 900
8 8
& 1800 ~
—1200
0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0
Depth, A, mm Depth, h, mm
a b
300
<
% 0 7—-—— Puc. 6. Pacnpenenenne KOMIOHEHT OCTATOY-
-~
N Py HBIX HaUpszKeHuii o, (a), oy (b) u o, (¢) mo
S 300 ,’/ KOHTYPY II misi ciydaes IuryOumbl fgedexTa
8 0.1 mm (crtomaste ymanu) u 0.3 MM (mITpn-
= XOBbIE JINHUM )
& 600 |f
Tg | [Figure 6. The distribution of residual stress
3 —000 ! components o, (a), oy (b), and o, (c) along
= / contour IT for defect depths of 0.1 mm (solid
lines) and 0.3 mm (dashed lines)]

0.2 0.4 0.6 0.8 1.0
Depth, A, mm

c

277



Panguenkxo B. Il., Caymxuua M. H.,, Illumkwuu /. M.

Residual Stresses, o, MPa

Residual Stresses, o,, MPa

Residual Stresses, o, MPa

Residual Stresses, o, MPa

278

—1200
—1500 AN
|
i
| / \\
v
—1800 =
—2100
0 04 0.8 1.2 1.6 2.0
Half-length of the crack front, /;, mm
a
0
—300
—600 ‘
\\\,-\
\
\
—900 |-y
\\\
—1200
0 0.4 0.8 1.2 1.6 2.0
Half-length of the crack front, /;, mm
c
0 S =
—600
l/
/
—1200
—1800

|
w
=)
S

|
=)
S
S

—900

0 0.02 0.04 0.06

0.08 0.10

Half-length of the left edge of the crack, ly, mm

a

0 0.02 0.04 0.06 0.
Half-length of the left edge of the crack, ly, mm

c

08 0.10

0
<
[a W}
=
5 —300
N
& |
2 1 /\7[
g [ i Sttt vt ————= = —
& —600 ,,
g I
] J]
8
~

—-900
V

0 0.4 0.8 1.2 1.6 2.0
Half-length of the crack front, I;, mm

b

Puc. 7. Pacnpenenenne KOMIIOHEHT OCTaTOY-

HBIX HalpsKeHHi o, (a), oy (b) u 0. (¢) no

KOHTYpy III myst ciyvaeB TiryObuHbI JedpekTa
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[Figure 7. The distribution of residual stress

components o, (a), oy (b), and o, (c¢) along

contour III for defect depths of 0.1 mm (solid
lines) and 0.3 mm (dashed lines)]
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lines) and 0.3 mm (dashed lines)|



YuciieHHBI METO/] pacdeTa I0JIelf OCTATOYHBIX HAIIPSIXKEeHHI]. . .

Harnsirass nnmocTpaliis pacupeie/ieHns KOMIOHEHT TeH30pa HAIPSIKEeHUiT
Ozy, Ogz U Oy, B 0bJtacT HECKBO3HOM TpelmuHbI 110 KouTypaMm I, III u IV mjs ze-
dekros raybunoit 0.1 u 0.3 MM npusenena wa puc. 9, 10. Heobxoanmo ormernTs,
4TO rpadUUecKoe IPeJICTaB/IeHNE [0 BCEM TPEM KOMIIOHEHTAM KaCATEeIbHBIX Ha-
MPSIZKEHUH TPUBEJIEHO JINITE pu u3ydennn pacupejenerns OH no rimybune h or
Toukr A HApYKHOI MOBEPXHOCTH TPENUHBI (KOHTYD I), MOCKOJIBKY IOy YeHHbIe
3HAYEHNsT OTJIMIHBI OT HYJIsI, & UX YPOBEHb COM3MEPUM C YPOBHEM HOPMAIBHBIX
komnonent rensopa OH oy, ¢ = z,y,z. st Apyrux KOHTYPOB (3a UCKIIIOYEHH-
eM KOHTypa II) HeHyjieBble 3HAYEHHUs IIPHCYTCTBYIOT TOJIBKO Y KOMIIOHEHTBI Oy .
[Ipu amajuze KacaTe/IbHBIX HAIPSKEHH 110 KOHTYPY 1l yCTAHOBJIEHO, UTO BCE
3HAYEHHsT ITUX HANPSKEHUN B IMEHTPATHLHOM CEYEHWH TPEIUHBI MTPEeHeOPEsKNMO
MaJIbl M TPAKTHIECKH PABHBI HYJTIO.

W3 pucyHKOB BUIHO, 9TO KACATEIbHBIE HAMTPSAKEHISA TIPUHAMAIOT MAKCHMATb-
Hble (110 MOJIYJII0) 3HAYEHUS NIPH MX PACHPEJIEIEHUN 110 KPOMKe Gepera TperinHbl
Ha paccTosuuu 0koJio 5—10 MKM oT dpponTa HedeKTa /i KOMIIOHEHT 0y, IIPH 000-
UX cjIydasx riyounsl jedexra b u j1a oy, 1pu riyoune gedexTa, pasnoii 0.3 MM,
MOCJIe 9ero HAbJII0IAeTCs aCUMIITOTHYECKOe MPUOJINKEHNe UX 3HAYEHUH K HYJIIO.
Takyke yCTAHOBJIEHO, UTO JIJI BCEX PACCMATPUBAEMBIX KOMIIOHEHT 3HAYEHUS Ka-
caTeabHBIX HAMpsKeHnuit mpu riayouse medexra 0.3 MM TpUHAMAIOT OGJIBINTE 3HA~
4eHus, yeM 11pu riyoune jgedekra 0.1 mm (em. puc. 9, a, 10, a, 10, ¢), 6o paBHbie
3HAYEHWsI, & B HEKOTOPBIX CAydYasdx WX 3HAYEHUs] OJUBKU JJIS CIYIaeB TJIyOMHBI
nmedekra b = 0.1 mm u b = 0.3 mm (puc. 9, b, 10, b).

OrtnesibHO pacCMOTPUM JIaHHBIE HA pHC. D, a, 6,a, 7,a u 8, a. 31ech 3aduKCcH-
POBaHBI OUYEHb BBICOKHE PACUETHBIE 3HAYEHUS] KOMIIOHEHTHI 0. UHMC/IEHHOE pellre-
HU€ B YIPYTOILIACTUIECKO 001aCTH OBLIO TOJIyYeHO JIJIsi UCTHHHBIX HAIPSKEHUI
(em. puc. 3). Ecin cpaBHUTH pacdeTHble 3aBUCHMMOCTH UCTHHHBIX HAIPsIZKEHUIl
0 = o(g) u HOMUHAJIBHBIX 09 = 0¢(e) Ha puc. 3, To HoMuHAIbHBIE 3HadeHnss OH
OKaXKyTCs 3HAYUTEHHO MEHBITUMHU MO MOJY/I0. JIjIst 9TOro, yInThiBas CKaJIsIp-
HBIIT TapaMeTp MOBPEKJIEHHOCTU W COMJIACHO (4)), JI0CTaATOYHO B IIEPBOM TPUbIH-
JKEHNH BBIYHCIIUTH KOI(MMDUIMEHT OTHONIEHNsI 0 /0( IPU OJMHAKOBOM 3HAYEHUU
IUIACTUYIECKON jedopmaliun ¢, UCnoJib3ys rpadgukn Ha puc. 3. Hampumep, jjist
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[Figure 9. The distribution of residual stress components o4y (a) and o,. (b) along contour IV
for defect depths of 0.1 mm (solid lines) and 0.3 mm (dashed lines)|
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HOMUHAJIbHBIX HALPSZKEHUI 0 UX MaKCUMaJibHble (110 MOJIYJII0) 3HAYEHUS] COCTa~
BT 10001100 MIIa, u corsacuo rpadukam s oy = og(€) caeiyer, 9To 1O
COOTBETCTBYeT 3aKPUTUIECKOI cTajun 1eOpMUPOBAaHUs, TIO3TOMY B 9TOH 061a-
CTH BO3MOYKHO HAJIMIHE IJIACTHYECKOTO Pa3ylpPOYHEHUs MaTepuaJa.

5. BeiBoapi. Ha ocHoBe 1ipejicTaB/IeHHBIX PE3YIHTATOB MOXKHO C(HOPMYJIHPO-
BaTh CJIEJLYIONINE BHIBOJIBI.

1. Paspaboran meroy pacuera OH u I1/] B TOBEpXHOCTHO YIIPOYHEHHOM IIPU3-
MaTUYeCKOM 0D0pa3iie ¢ HEeCKBO3HOII MOBEPXHOCTHON V-00pa3HOoil Tpemiu-
moit mocste mpumenenns texuosiorun O/ B ympyrommactiudeckoit mocra-
HOBKe, 0a3upYIONIUiics Ha KOHEYHO-9JIEMEHTHOM MOJIEJINPOBAHUH U U3BECT-
HOM Ha4aJIbHOM HaHpH)KeHHO-jIed)OpMHpOBaHHO]VI COCTOAHUU JIJIA TJIaJKOI'O
YIPOYHEHHOTO MPU3MATHIECKOr0 00pasia.

2. st pacCMOTpEHHBIX B paboTe CJIydaeB pelleHus 3aJadu ¢ KOHIEHTPATO-
POM HAaIIPAKEHUN B BHUJIe HECKBO3HO IIOIIEPEYHON TPEIIUHbI I0JIy YeHHbIe
pesyabraThl pacupenensennss OH jijist Bcex ucciieryeMbIX KOHTYPOB J€MOH-
CTPUPYIOT HEIECO0OPA3HOCTD UCIIOJIb30BAHUS YIIPYTOILIACTUIECKOI TOCTa-
HOBKU 3a/Ia%U.

3. Hanuuune 3uauunrenbuoro yposus cxkumatoriux OH Biosb Bcex paccmarpu-
BaeMbIX KOHTYPOB B obsacTu JedeKTa (B 4aCTHOCTH, BIOJIb JTHHUH (BDPOHTA
TPEIINHBI) TOKA3bIBAET BO3MOXKHOE BJIMsIHUE HE TOJIBKO HAa OCTAHOBKY pas3-
BUTHUA TPEIIUHBI, HO U HA €e 3aKPBLITHE, UTO JIOKAa3biBaeT 3PHEeKTUBHOCTH
[MOBEPXHOCTHOTO yrpounenusi 1o TexHosiorun OTIIT/L.
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Koukypupyiomniye nHTepechl. ¥ HAC HET KOH(MJINKTA HHTEPECOB B OTHOIIEHUH aBTOP-
CTBa ¥ IyOJIMKAIINN ITOH CTATHU.

ABTOpCKUT BKJIAJT 1 OTBETCTBEHHOCTDb. Bce aBTOpHI IpUHUMAJIN yYacTHe B pa3pa-
6OTKE KOHIIEIIUU CTATh! U B HAIUCAHUYM PYKOIMUCH. ABTOPBI HECYT MOJIHYIO OTBETCTBEH-
HOCTB 3a IPEJIOCTABJICHNEe OKOHYATEIbHON pyKomncu B medarb. OKOHYATEbHAST BEPCUsT
pyxomucu 6bL1a 0100peHa BCeMU aBTOPAMU.

®unancupoBaHue. llccieoBanne BBIIOJHEHO 3a CUeT rpanTa Poccuiickoro Hay<IHOTO
donma Ne 23-29-00434, https://rscf.ru/project/23-29-00434/.
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Abstract

The article presents a numerical method for calculating the residual stress
fields in a surface-hardened prismatic specimen with a non-through V-shaped
crack, based on an elastic-plastic solution to the problem. A detailed analysis
of the distributions of residual stresses near the defect will be conducted
based on the obtained results across several contours. It is determined that
at a crack depth of 0.3 mm, almost all studied components of compressive
residual stresses have greater (in absolute value) values than at a depth of
0.1 mm or are equal.
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7X 3HAYEHUS OTHICKUBAIOTCS B PE3YJIbTATE PEIeHUs! IOy 9€HHOM 329N 1a-
pameTpuveckoil onrumusanuu. s pernenns moydenHoil 3a1a9n MaTeMa-
THYECKOr'0 IIPOrPAMMUPOBAHUAS OTHOCUTEIBHO ONITUMAJIBLHBIX 3HAYEHMI BEK-
TOpa apaMeTPOB UCIOJIb3YIOTCsl, aHAJOTUYHO OJIHOMEPHOMY CJIydalO, ajlb-
TepHAHCHBIE CBOMCTBAa MCKOMBIX SKCTPEMAaJiell, B pe3yJibTare Yero 3ajada
CBOJUTCA K 3aMKHYTOHI cHCTeMe COOTHOIICHUN.

Tlonyaenmnie pe3yabTaThl JEMOHCTPUPYIOT 3P HEKTUBHOCTH PACIIPOCTPA-
HEHUsI KOHCTPYKTHUBHOI'O METOa II0CJIeI0BATENbHON TapaMeTpUYecKoil Oll-
THUMU3AIUN, OIIPOOOBAHHOIO Ha OJIHOMEPHBIX OOPATHBIX 3aJladaX TeIIOIPO-
BOJHOCTH, Ha PEIleHre JIBYMEPHBIX 3aJ1a9 C KCIIOJIb30BAHUEM WX MOJIAjIb-
HOTO TIPEJICTABJICHUS. ¥ BEJIMUEHNE YHCJIa [ApaMeTPOB perteHuii, oopasyo-
IIX KYCOYHO-IIAPadOINIECKy0 (OPMY HUCKOMON 3aBUCHUMOCTH, TPUBOIUT K
YMEHBIITEHUIO IOTPEITHOCTHA BOCCTAHOBJIEHIS KAK NCKOMOII COCPEIOTOYEHHOM
dbyHKIUM, TaK ¥ IPOCTPAHCTBEHHO-BPEMEHHOI'O TEMIIEPATYPHOIO IIOJIS BO
BCell JIBYMEpHOI 00JIACTH OIIPeJieJIeHUs] ITPOCTPAHCTBEHHBIX [I€PEMEHHBIX.

KurouyeBbie ciioBa: 1BymMepHast obparTHast 3a7a4a TEIIOMPOBOIHOCTH, a-
pameTpuyecKas OITUMU3AIS, METOJ, [TOCJI€I0BATEIbHBIX [IPUOIHKEHNN.

Iouyuenue: 2 despans 2024 r. / Ucnpasienune: 19 mapra 2024 1. /
Ipunsarue: 29 anpess 2024 r. / ITy6uukanus onsaiin: 17 nostops 2024 .

Beegenne. O6iast npobiema yseandeHust 3pOeKTuBHOCTH (PYHKIIMOHUPOBAa-
HUA TEXHOJIOI'MYECKOI'O O60py,Z[OBaHI/IH IIpu peajgn3aluu IIpou3BOACTBEHHBIX IIPO-
[IECCOB MPUBOJIUT K HEOOXOJUMOCTHU IOUCKA CKPBITBIX PE3€PBOB TEXHUYIECKOTO,
METOINIECKOTO M AJTOPUTMHUIECKOr0 ODecIedeHnsl Ha BCEM ITPOM3BOICTBEHHOM
[UKJIe: HAUUHAs OT IPOEKTHPOBAHUS TEXHOJOINIECKAX YCTAHOBOK M 3aKAHIHBAS
ONTUMUBAIUEH PEXKUMHBIX [TaPAMETPOB IIPHU UX PYHKIINOHUPOBAHUM.

OtHUM U3 BOBMOXKHBIX IIyTell JJOCTUXKEHUST 33 IaHHON IEJIN SIBJISIETCS IOCTPOE-
HUE U JlajIbHelIIee NCIoIb30BaHNE B pacdeTax TOUHBIX MaTeMaTUIeCKUX MOIesIeit
ONTHUMU3UPYEMBIX IIPOIECCOB, YIUTHIBAIOIINX KaK CYIIeCTBEHHbIE 3aKOHOMEPHO-
CTH WCCJIEAYyEeMOr0 fABJIEHUs, TaK U CHENN(MUKY PEeATU3AMNA ITPON3BOICTBEHHBIX
IIPOIIECCOB WJIN PEKUMOB PabOTHI 000PYIOBAHUSA B KarXKJIOM OTACTBHOM CJIydae.
HecranunonapHocTh uccieyeMbIX siBJCHU, HEyITeHHbIE B3aNMOICHCTBHUS TPUBO-
JAT K OTKJIOHEHUIO OCHOBHBIX XapPaKTE€PUCTUK OT CBOUX ITPOEKTHBIX 3Ha,‘-IeHI/II'7I7 qTo
BBI3BIBAET HEOOXOIMMOCTD UX OIIEHUBAaHUsI B peabHBIX ycjIoBuax. [locrpoenne Mo-
Jeseil, comeprKalux He IMOJIeKallle HEITOCPEACTBEHHOMY KOHTPOJIIO (DAKTOPHI,
HEBO3MOXKHO 0€3 HMCIOJIb30BAHUS JOCTYITHOW SKCIEPUMEHTAJILHON WH(MOPMAIINNT.
Ha OCHOBE€ 9KCIIEpUMEHTAJIbHBIX JaHHBIX, ITOJYY€HHbIX B OFpaHI/I“IeHHOI‘;I O6ﬂaCTI/I
(OT/IeIBHBIX TOUKAX KOHTPOJISI) MCCIIEYeMOro 00beKTa, ¢ IIOMOIIBIO Teopuu 06-
pPaTHBIX 3aJa4 MaTeMaTHYecKOoil (pU3MKH BO3MOXKHO BOCCTAHOBHTDL HE IIOJIjI€XKa-
Iye HEeIOCPEeICTBEHHOMY M3MEPEHHIO XapaKTepUCTHKHU mporecca |1, 2].

B cdepe texnosornueckoit Temmodusnku akTyaseH psi 3aad, MPELycMaT-
PUBarOIINX I/IﬂeHTI/I(bI/IKaL[I/IIO HeHa6.HIOI[aeMbIX B CHJIY HUCIIOJIb3yEMbIX TEXHOJIOT U
BHYTPEHHUX WUJIN 'PAHUTIHBIX YIIPABJIAIOIUX BOS,Z[GﬁCTBI/IfI 110 SKCHepI/IMeHTaﬂbHOﬁ
nH(MOPMAIUH O TeMIIepaType, MOJyIEeHHOH B HEKOTOPBIX TOYKAX TEePMOMETPHUPO-
BaHMsI, PACIIOJOKEHHBIX II0 00beMy HarpeBaeMoro reja. JlaHHBIA Kiaacc 3amaad
oTHOCHUTCSI K obpaTHbIM 33ad9aM Temtonpopognoctu (O3T), u mast ux pernenus
CO3JIAHO U TIPOJIOJIZKAET Pa3pPabATLIBATHCS OOJIBIIOE TUCIO PASIHMIHBIX METOJIOB:
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YUCJIEHHBIX U AHAJTUTUIECCKUX, METO/IOB M0I00Pa, Ha, OCHOBE PA3JIMYHBIX CIIOCOOOB
peryJsipusanuu u Apyrux [3-8].

JLjis1 ToJTy9enus MaTeMaTHIeCKOTO OIUCAHNS ¢ TOYHOCTBIO, HEOOXOTUMO 1
pereHns peabHbIX TPOU3BOACTBEHHBIX 3814 YIIPABJIEHUS ITPOIIECCAMU TEXHOJIO-
TUYeCKOil Teropu3nKu, MaTeMaTHIecKas: MOJIEIb JTOKHA MaKCUMAJIbLHO ITOJIHO
BOCCO3/IaBaTh MPOIECCHl HATPEBa BO BCeil IpOCTpaHCTBeHHOU obsiactu. [jist aTo-
IO HY?KHO HCIIOJIH30BATH MHOTOMEPHBIE MOJe/N (TPeXMEpHbIE WM JIByMEPHbIE B
cJIydae oCceCHMMeTpHYHOro Harpesa) [9,10].

B pa6orax [11,12] BoccraHOBIIEHIE HEN3BECTHBIX IIPOCTPAHCTBEHHO-BPEMEHHbIX
BHYTPEHHUX WJIM BHENTHUX BO3JIEUCTBUU B pe3yJIbTaTe PEIIEHUs OJIHOMEPHON M
asymepHoit O3T ocyIecTBIEHO ¢ TTOMOIIBIO MOJIAJILHOTO OITUCAHUST TEMIIEPATYP-
HOT'O TI0JIsi U UCKOMBIX XapaKTEPUCTUK B (DOPME PA3JIOKEHUs B PSIbI IO COOCTBEH-
HBIM (DYHKIUIM TeIoBoi 3agaan. OMHO3HATHAS 3aBUCUMOCTD MEXKIY UHUCTIOM
TOYEK KOHTPOJIS TeMIEPATYPhl M KOJUIECTBOM MOJIAJIBLHBIX COCTABJISIONIAX, WC-
[IOJIb3YEMBIX JIjIs MOJAJILHOIO ONMCAHUSA OOBHEKTa, OrPAHUYIUBAET BO3ZMOXKHOCTH
IIPUMEHEHUsI JIAHHOTO MeToja. HeobXOoMMMOCTh HOBBIIIEHUsT TOYHOCTH PENICHUS
3aJa41 33 CUeT yBeJINIeHUs KOJTMIECTBA YINTHIBAEMBIX MO BCTYIIAeT B IPOTUBO-
peune ¢ TpeOOBAHUSAMU MUHUMM3AIUN YUCJIA PA3MeNIaeMbIX JIATIYNKOB, HAPYIIIa-
FONUX MEJIOCTHOCTh KOHCTPYKITUH U BHOCATINX UCKAXKEHUS B PE3YJ/IHTATHI U3MePe-
HUI.

[Tosromy paspaboTka METOJIOB pEIleHrnsI MHOTOMEPHBIX OOPATHBIX 3a/1a4 Tell-
JIOITPOBOJIHOCTH T10 IKCIIEPUMEHTAJIHHON HHMOPMAIIMH, [TOJIYI€HHON B TOYKaX KOH-
TPOJIsT TEMIIEPATYPBI, YUCJIO KOTOPBIX Oy/leT MUHUMAJbHBIM, Ha CETOHSITHUI
JIeHb OCTAeTCs aKTyaJbHON HaydIHO-TEXHUIECKOH mpobJiemoii. B crarpe meron
IIOCJIETIOBATE/ILHOM ITapaMeTPUIECKON ONITUMU3AINY UACHTU(MDUIINPYEMBIX BO3ICH-
creuii [13-15|, nokazasmuii cBoto 3bhEKTUBHOCTD IPU PEIIEHUN OJJHOMEPHBIX 32~
Jlad, pacupoctpaHeH Ha ciaydait mHOoromepubix O3T. Pemena obpartnasi 3amada
TEIIONPOBOIHOCTH O HJIEHTU(MDUKAIIME COCPEJIOTOYEHHOI0 3aKOHA paciipejelie-
HUS BHYTPEHHUX HCTOYHUKOB TeIlIa HA MPHUMepe IIpoIlecca MHAYKIMOHHOTO Ha-
rpeBa JBYMEPHOT'O OCECUMMETPUIHOTO Te/I1a MPAMOYTOJIbHON (POPMBI.

1. MopasnbHOe ommcaHue JUHEHHBIX MoJeJell ITpoliecca TeIJIompo-
BogHoctu. [loseienne remneparypHoro 1osist 0(z, y, ) B Ipolecce WHLYKIMOH-
HOI'O HAIPeBa 0OCECUMMETPHYHOI GECKOHEIHON MPsiMOYTOIBHOM pu3Mbl [20] oru-
CBIBAETCs JIMHEWHBIM HEOIHOPOSHBIM ypaBHenneM Pypbe B OTHOCHUTEIBHBIX Ie-
KapTOBBIX KoopjuHarax (r,y) Ha 3aJaHHOM BpeMeHHOM uHTepBaJe ¢ € [0, p*]:

M.y, ) _ 00(x,9,9) | 520"0(z,.¢)
Op Ox? Oy?

0<zx<l 0O<y<l O0<p<y”

+ (2,9, ), (1)

1 JOIIOJIHAETCA HadaJIbHbIMUA (B JaHHOM CJIydae Hy.HeBbINH/I)
0(x,y,0)=0, z€l0,1], yel0,1]

U IPAHUYHBIMU YCJIOBUSIME (3/1€Ch — OJIHOPOIHBIMYU TPDAHUYHBIMU YCJIOBUSIMU BTO-
poro poja)

9600.y,0) _ 90(L,y,¢) _ 4
Ox Ox

20(x,0,p)
dy

00(x,1, )
dy

= B =0, ¢pe€ (0790*] (2)
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Baecw V(x,y, ) — DyHKINS BHYTPEHHUX TEIJIONCTOYHUKOB, KOTOPasi, KaK Ipa-
BUJIO, B PEAJIbHBIX ITPOMBIIIJIEHHBIX YCIOBAAX MOXKET ObITH IIPEJICTAB/IEHA B BHUIE
U(z,y,¢) = F(z,y)u(p), rue F(z,y) n u(e) — 3aKOH NPOCTPAHCTBEHHOI'O PACIpPe-
JIeJIEHUST 9JIEKTPOMATHUTHBIX HCTOYHUKOB TEILIa U UX MOIHOCTH COOTBETCTBEHHO,
koaddunment § = X/Y onpezensier OTHOIEHUE NEOMETPUYECKUX PA3MEPOB Te-
jga, rae X u Y — moJsioBuHa OOJIBINEH 1 MEHbIIE CTOPOH CEYEeHMSI IPU3MbI COOT-
BETCTBEHHO.

[IpumeHeHre MeTO/IA KOHEUHBIX MHTErPAIbHBIX IpeobpasoBanuii [16] nmpuso-
JIAT K IIPEJICTABJIEHUIO TEMIIEPATYPHOIO TOJIsT

0(z,y,0) = > > C2CiOmk(ttm, me, ) cos(mma) cos(rky) (3)
m=0 k=0

B opme ero pasiokeHusi B OECKOHEUHBIN cxomsiiuiics B cpeaueM psia [16] mo
coberBenubiM byHkusM cos(mmz) u cos(mky) 3amaun (1), (2), onpeenseMbiM
COGCTBEHHBIMI YHCTAMA f12, = m>m? 1 77,3 = m2k?; C2 u C’%—HopMprIomHe
MHOXKUTEIU, KoTophie paBHbl 1 ipu m = 0, k = 0 uim paBubt 2 ipu m > 1, k > 1.
MopasbHble cocraBiistionye (BpeMeHHbIE MOJIbI) TEMIIEPATYPHOIO T0JIsl TAKKE 10~
JIyYeHbl B Pe3yJIbTaTe IPUMEHEHHs] KOHEYHBIX WHTEeIPAIbHBIX IIPe0OPa30BaHUl 110

IIPOCTPaHCTBEHHBIM KOOpANHaTaM!:

1 1
O (e s ) = / / 0(x,y, ¢) cos(mma) cos(rky) dxdy, (4)
0 0

a UX I[TOBEJIEHNE 3a/1aH0 OECKOHEUHOH CuCTeMOil OOBIKHOBEHHBIX HU(DepeHInaIb-
HBIX YpaBHEHUN

emk

o = —(12, + B2 0ttt e ) + Frate (i, M) (), (5)

m,k=0,1,..., € (0,¢],

IJie MOZAJIbHbIE IepeMeHHble (DY HKINH BHY TDEHHIX TEIIONCTOYHIKOB MOTYT GBITH
OIpE/IE/ICHBI AHAJIOTTIHO (4):

1,1
ka(um,nk):/o /0 F(z,y) cos(mmz) cos(mky) dxdy (6)

U TIO3BOJIAIOT IIOJIYHYUTH €€ COOTBETCTBYIOIIEE IIPEeICTaB/ICHUE!

oo [e.e]
F(x,y) = Z Z C2 CEE i (pm, i) cos(mma) cos(mky).
m=0 k=0
J1J1s1 0JTHO3HAYHOIO ONUCAHKS [IPOIECCa NHLYKIIHOHHOTO HArPeBa cucTeMa -
bepennmaabubIX ypaBHeHUit (5) JOMOIHSIETCS HYJIEBBIMU HAYATBHBIMA YCIOBUSIMI
JUIST MOJIQJIBHBIX TIE€PEMEHHBIX

Ok (s M, 0) =0, m,k=0,1,... (7)
U COOTBETCTBYIOIMIMMHA TPAHUYHBIMA YCJIOBHIME (2).
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2. ITocranoBKa u perienne o6paTHO 3a4a49M TEIJIONPOBOAHOCTU. Ta-
KUM 00pa30oM, MOJIAJIbHOE TIPeJICTABJIEHE IPOIecca MHIYKIIMOHHOIO HArpeBa 3a-
JIlAaHO MaTeMaTH4eckoil Mozeinsio (2), (3), (5), (7). Ha ocnoBe sToro maremarn-
gyeckoro onucanus paccmarpusaercss O3T, B koropoit dyukims u(p) saBasercs
HEM3BECTHOH 1 TojIexKalneil njaeHTuduKanu Ha OCHOBE JIONOJIHUTEIHLHON WH-
dbopmanun o TemneparypaoMm pacupegenenun 0 (@) = 0*(x*, y*, @), nosyuennom
B ojHOll dukcupoBanHoil Touke ¢ kKoopaunaramu (x*,y*): x* € [0,1], y* € [0, 1]
Ha uHTepBase uaeHTudukammu ¢ € (0, ¢*]. B KauecrBe TOUKM KOHTPOJISI MOYKET
OBITH BhIOpaHa Jii00as TOYKA U3 MPOCTPAHCTBEHHON 00/1aCcTH, 3aHUMAaEMOi 00bek-
TOM, 3TO OKAXKeT BJIMsIHUE JIUIIL HA TOYHOCTD PEIIeHUs 3a/1a491, HO BCe OCHOBHBIE
CBOICTBA IPEJTIAraeMoro MeTojia OCTaHyTCsl 6e3 U3MEHEHUH, 9TO 06YCIOBIEHO €r0
yHuBepcaabHbM xapakrepoM. [Togobro O3T B omnomeproM cirygae [13—15], dop-
MYJIUPYeTCs MUHUMAKCHAs TIOCTAHOBKA 3aJa4i, B KOTOPOil 110 9KCIIEPUMEHTA/b-
HbIM JaHHBIM 0% (@) Tpebyercst onpenesnTb GyHKIWIO 1(y), MUHUMUZUPYOILYO
dyHKIIMOHA

Io(u) = max |0y (2, y", @) — 0"(p)| — min, (8)
p€e(0,0%) u(p)

rie Oy (z*, y*, @) — paccunranHast Ha ocHOBe Mojeau mporecca (2), (3), (5), (7)
TeMIeparypa B Toil xKe Touke (z*,y*) Ha 3aJaHHOM MHTEpBaJe UICHTUhDUKAIIH.

Anasornaro [13-15] ocymiecTBisiercst cyzKeHne MHOKECTBa, pelieHuit 10 (husn-
vyeckn peasusyeMbix dyHkuuii. Tak, nepexoj| Kk kiaaccy dyHKIuUii, HEIPEPbIBHBIX
BMECTE CO CBO€l MPOU3BOIAHON, IIPOU3BOJIUTCS HA OCHOBE COOTHOIIEHU

dZiZ’”=U<¢>, mcfgf):ww); u(0) = up; v(0) = (0)=vy  (9)

M1 BBIITOJIHEHU A OI‘paHI/I‘IeHI/Iﬁ Ha MaKCUMaJIbHO JOIIyCTUMOE€ 3HAYCHUE Wmax HOBOT'O

yIIpaBJICHUSA
"

ug| = [w()] < [wmax], ¢ € (0,¢7). (10)

B Takom citydae ocymiecTBIIsSIeTCs epexost OT 3a1adn (8) K MHHUMAKCHOI 3a-
J1age

Li(w) = max [0y (z",y", ) — 0%(¢)| = min (11)
0€(0,%) w(p)
C YCJIOBHBIM YIPABJISIIONIUM BO3JeiHCTBIEM w((p), KOTOPasi JIOMOJHSETCSI COOTHO-
mernsMu (9), (10), 9T0 B COBOKYIHOCTH COOTBETCTBYET HOHUCKY PEIIEHNST HCXOI-
HOIl 331891 B 33 IaHHOM KJjacce (PyHKITUI.

Permtenne 3aja4m najiee OCyIIeCTBIISIETCS 110 CXE€Me AHAJUTHYECKOIO METOJIa
HapaMeTpUIecKoil ONTHMU3AIMHI, IpejacTaBieHHoro B [13-15|, u cBogurcs K 1e-
PEXOo/ly OT 3aJia4i ONTUMAJILHOIO yIIPABJIECHUs ¢ MUHUMAKCHbIM Kpurepuem (11)
K 3a/lade C UHTEerpajbHbIM (DyHKIINOHAIOM

1 [ _
L(w,a) =— adp = o — min (12)
¥*Jo w0
[pU y9eTe JONOJHATETBHOTO (ha30BOro OrpaHUYeHHs]
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B [13]| obocHoBbIBaercs, uTo daszoBoe orpanmdenne (13) He Hapymaercs Ha
BCEM MHTepBaJie UIeHTUMUKAIN, CJIe0BATEILHO, PEllleHne 0Ty YeHHON 3a1aun
(12) ocymecrBisiercst 6e3 ero yuera Ha OCHOBe NpHHIUIA Makcumyma [loHTpsi-
runa. [Tponenypa npuHIuma MaKCUMyMa U [OCJIE/IYOIee HHTeIPUPOBAHIE COOT-
HomteHuit (9) MO3BOJISIIOT IOJIYYUTH HAPAMETPUYECKOe IIPEJICTABJICHUE HCKOMOIL
XapaKTEPUCTUKH B BHJIE KyCOTHO-IAPabOIMIecKoii (byHKIMI BPEMEHH:

+1 < ~
ug + v + ()2wm<p2, pel0,A], N>
+1
up + Vo + ()2wnmxﬁ,02 +
* _ ] q_1 N 2
U (907 A) = + (il)wmaXZ(_l)q+1 <<,0 o A$> ’ (14)
q=2 i=1
Jj—1 _ J ~ -
Ai<e<) A, j=2,N, N>2
i=1 =1

Bzech anciao N cOOTBETCTBYET KOJIMYECTBY HHTEPBAJIOB MOCTOSHCTBA, UMEIOIIETO
peJIeiiHBIi XapaKTep OIMTUMAJBHOIO YCJIOBHOTO yrpasienus w*(p, A), A = (A;),
i = 1, N — BeKTOp JJIMTeJIbHOCTE!i HHTEPBAJIOB IIOCTOAHCTBA W (¢, A), a BEKTOD
A= (A’, Wmax, U0, Vo) KOIDOUIMEHTOB TapaMeTpuIecKoro npejcraBierns u*(y)
JIOTIOJTHEH COOTBETCTBYIOIINME HapaMeTPaMMU.

Janee ¢ MCIOIB30BAHUEM IIOJIYYEHHOIO IIAPAMETPUYECKOTO IPeICTABICHUS
(14) nHa Gase obiero pereHnst ypaBHeHUsI TerionpoBogHocTu (1) ¢ cooTBeTcTBY-
IOIUME HYJICBBIME HAYAJIBHBIMI U TPAHUYHBIMU yCIOBUAME (2) BHIA

_ (paA(:’Uaya@_T)UT .
bapp) = [ L E T (ryar, (15)

rie OA(x, y, ) /O sBsieTcst UMILYILCHOM niepexoHoit dyukimeii (dbyuknueit I'pu-
HA KPaeBoii 3a/1a1n ), OCYIIECTBIISIETCS TIEPEXO0/] K TapaMeTPU30BaHHOI (hopme Tem-
HepaTypHOro MOJIS:

A(a:,y,cp,u(),vg,wmax), RS [OaAlL N = 1;
A(xvyagaau()vv()?wmax) +

J
B(z,y,0,A) = * QZ;—W“A(m

j—1

<
AN
|
>
S
g
IS
~
N———
. no
—
=

>

J

i=1 =

[y

Haiinennoe napamerpudeckoe npezcrasienue (16) 6(x, y, ¢, A) noszpossier pac-
CYATATH MOJIETIBHYIO TEMIIEPATyPHYIO 3aBUCHMOCTD Oy (2%, y*, ¢, A) B TouKe ¢ 3a-
JIAHHBIMU KoopjuHaramu (z*,y*) Ha BpeMEHHOM WHTepBaje UeHTU(UKAIUN
¢ € (0,¢*], aro B HasbHeiieM HCHOIb3yeTCst Jyist Tlepexoa or 3aza4du (11) K 3a-
Jade ImapaMeTpUdecKoil ONTUMUABALNI

I(A) = max |Oa(2",y", ¢, A) — 67(p)| = min. (17)
©€(0,9%) A
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Janbueiinee perenne Moy IeHHON CHEIUAIBHON 3a/1a49i MaTeMaTHIeCKOIO
nporpaMmMupoBainst (17) oCyIecTBIISeTCS ¢ HOMOIIBIO ATBTEPHAHCHBIX YCIOBHIL
sKcTpeMyMa [17], cOOTBETCTBYET OIEHMBAHUIO TEMIIEPATYDPHON HEBSI3KH MEKJLy
MogziestbHOM Oy (2%, y*, v, A) u sxcnepumenTaabHON 0*(p) KPUBBIMU B paBHOMED-
HO{1 (1eDBIIeBCKOlT) METPHKe M PEAN3yeTCsl aHAJIOIUTHO OJIHOMEPHOMY CJIYYalo
[13-15].

Anpreprancuble cBoiicTBa pacupesenenus neBssku Oy (z*,y*, o, A) — 0*(p)
TIPOABISIOTCA TIpU onTuMabaoM perernmn AY m BBIpazKaioTcst B JIOCTHKCHUH B
OIIPEICJIEHHBIX TOYKaX, KOJIMNIECTBO KOTOPBLIX, KaK IIPpaBUJIO, Ha €JIUHUILY IIPEBbI-
IAET YUCI0 UCKOMBIX IIAPAMETPOB, 3HAKOUEPEILYIOINXCsl MAKCHMAIbHbIX 110 ab-
comoTHoit Besranne orkaonennit Io(AC). Ilanmbie ycioBIs COBMECTHO C YCIOBHS-
MU CyIIECTBOBAHUS SKCTPEMYMa TEMIIEPATYDPHON HEBsI3KH BO BHYTPEHHIX TOYKAX
aJIbTEPHAHCA HA HHTEPBaJe HACHTUMDUKAIMI IPHBOJAAT K 3aMKHYTONH OTHOCHTEb-
HO BCEX HEM3BECTHBLIX IIapaMeTpoOB cucTeMme ypasHenuil. Pemenne chopmupoBan-
HOII TaKUM O6paSOM CHUCTEMbI ypaBHeHI/Iﬁ n orpezaesideT OollTUuMaJIbHble 3HaYCHUA
A" pexTopa mapameTpos.

3. BerunciauTesIbHBIN SKCIEPUMEHT U pellleHrne AByMePHOUl BHY TPEH-
Heii oOpaTHOIl 3a/jaum TemyonpoBogHOCTU. Ha 6a3e mpescraBiieHHON Me-
TOJMKHU ObLIa pelleHa cepusi 0OpaTHBIX 3aJa4 TEIJIONPOBOIHOCTH, TTO3BOJISIONIA
BOCCTAHOBUTH HEM3BECTHOE COCPEIOTOYEHHOE BO3/IEHCTBIE IO MOIIHOCTH BHYTPEH-
HHUX MCTOYHUKOB TeIlta u(y).

Hnst samaqu (2), (3), (5), (7) obuiee pererne (15) npuanmaer Bu

Y _
‘9(%, Y, SO) = Umax (/ FOOU(T)dT +
0

> ®
+2 Z Fro cos(wmx)/ e*“QmQ(W*T)u(T)dT +

m=1 0
> @
+2 Z Foy, cos(mky) / e_ﬁ2”2k2(”_7)u(7)d'r +
k=1 0
> > — ¥ 2,2 2,212
+4 Z Z mk cos(mma) cos(Trky)/ e~ (mm Bk )(‘P_T)u(T)dT), (18)
m=1k=1 0

re HeobxomuMble KoadbdurmenTs! Foo, Fino, Fok, Fini ONPEIETSIOTCS IO COOTHO-
merusiM (6).

B zajagax MHIYKIIMOHHOIO HArpeBa MOJ JefCTBUEM 3JEKTPOMArHUTHOIO I0-
JI MHIYKTOPa aKTUBUPYIOTCA BHYTPEHHUE MCTOYHUKHU, U HAXOXKIeHHE (DyHKIMH
F(x,y) cBsi3aHO ¢ ONpeIeIeHHBIME TPY/HOCTSIMU PEIIECHUsT CJIOXKHOIT 37IeKTpoMar-
HUTHOI JByMepHOit 3aa4u [18,19]. B 6osbIMHCTBE TUIIOBBIX IPOIECCOB UHILYK-
IMIMOHHOI'O HarpeBa FJ'[y6I/IHa IIPOHUKHOBCHUA SJIEKTPOMATrHUTHOI'O BOS,[[GIL/iCTBI/ISI7
3aBUCAITas OT 9aCTOThI TOKa MHAYKTOPa, HACTOJIBKO MaJia, 9YTO B IIEPBOM IIpI/I6.HI/I—
JKEHUH II0JIAraloT, YTO BCE TEILIOBBIJIEC/ICHHE ITPOUCXOAUT B IMOBEPXHOCTHOM CJIOE
MeTaslIa. B TakoM ciiydae mpub/ImKeHHasd aHAJIUTHIECKAs 3aBUCHMOCTD

Fz,y) = 0(x — 1) + Bo(y — 1), (19)
KOTOpasd OoTpazKaeT JeCTBUE TOYCYHBIX UCTOYHUKOB TEILJIA B BUJIE ,ZLeJIbTa—beHK—
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UM, COCPEJOTOYEHHBIX B TOYKAX Ha BHEIIHUX I'DAHUIAX TeJa, JOCTATOYHO ajleK-
BATHO OIKCBIBAET pacipejesenne januoi gynknuu [18,19].

HpI/I BBITUCJIUTEIBHOM 3KCIIEPUMEHTE I10 C60py 9KCIIEpUMEHTAJIbHBIX JTaHHBIX
0* (¢) xapakTep U3MEHEHHsI MOITHOCTHU TEILJIOBBIIEJIEHHsI COOTBETCTBOBAJI TLIIABHO-
My HarpeBy

u(p) = k(1 —e™7%). (20)

BrerancnTenbHBIN 9KCTEPUMEHT GBI TMPOBEJIEH Ha OCHOBE MaTeMATHYECKOM
Moziesn (18) TeMmepaTypHOro moJist B IIPOIecce MHYKIMOHHOTO HArPEeBa, IPH [IPH-
HATBIX pactpejenenusx F(xz,y) u u(p) cormacuo (19) u (20). dasee, mnosarast
dbyHKIWmIO u() HEM3BECTHOI U HoIeXkKAaIel 1IeHTH(hDUKAIMNA HA OCHOBE TeMIIepa-
TypHOIl KpuBoii 6% (), noaydennoii B dbukcuposannoit rouke (z* = 0.9,y = 0.9)
Ha unrepsase ¢ € (0, ], 6buta pereHa obpaTHas 3aada TEIIONPOBOAHOCTH (8)

coryacuo (11), (14), (16), (17).

4. Pe3ysnbTaThl periieHus obpaTHOil 3aJa4du TemjionpoBogHoctu. Ha
puc. 1-4 u B Tabi. 1 u 2 mpeacTaB/IeHbI HEKOTOPHIE IIOJIYIeHHBIE PE3Y/IbTATHI Pe-
menust cepun ayTperrnx O3T B 3aBucumoctu ot unciaa N = 1,2, 3 uaTEpBaIOB
HOCTOSIHCTBA YCJIOBHOTO YIIPABJISIIONIErO BO3eiHcTBIs w(p).

Ha puc. 1 nokazana koHpuUryparus

€g = QM(x*vy*7§07A) - 9*(90)

[IOTPENTHOCTH TPUOIMKEHNS IKCIIEPUMEHTAIHHOM 3aBUCUMOCTHU B KJIaCCe KyCOIHO-
napabosmueckux dyuknuii (16) npu N = 1,2, 3 Ha unTepBaje njeHTUdUKAIUT
B TOUYKe KOHTpoJist (2™, y*).

Ha puc. 2 npojemoncTprpoBana pa3HOCTh

cu = u(p, A) — u2(p)

MEXK/Iy BOCCTAHOBJIEHHOM 1 MIEHTUMDUIIPYEMON 3aBUCUMOCTBIO COCPEIOTOUEHHOMN
MOIIHOCTH TEILIOBbIIEIeHNsI B TOM Ke Kjacce dynknuii npu ¢ € (0, p*].

Tabu1. 1 orpazkaeT MUHIMAKCHYTO [OTPEIIHOCTD J[JIsi BOCCTAHABJIMBAEMOli TeM-
NEepaTypBl £ = MaX,e(o,0+) |00 (27, y%, 0, A) — 07 (p)| m MomHOCTH TENTOBbIE-
MeHus €, = MaX,e (0,00 |u* (0, A) — u’(¢)| ma unrepsane ¢ € (0,9*] B Touxe
C 3aJIaHHBIMI KOOD/IMHATAMH.

Ocobbliit MHTEpEC IPH PEIIeHn: JBYMEPHBIX 3a/1a4 IIPEJICTABIISET aHAINU3 [10-
IPENTHOCTH BOCCTAHOBJIEHHsI PE3Y/IBTUPYIOIIEr0 TEMIIEPATYPHOI'O T0JIsl U UJIeHTH-
dburpyemoit XapaKTepUCTHKE HE TOJBKO B TOYKE KOHTPOJISI TEMIIEPATYDBI, HO U
BO BCeil IIPOCTpaHCTBEHHON 06/1acTH, 3aHnMaeMoil obbekToM. Puc. 3, 4 u Tabu. 2
JIEMOHCTPHPYIOT HEKOTODBIE PE3YJIbTAaThl I0JI00HOTO AHAJII3A.

Tak, Ha puc. 3 npejcraBieHa TeMIepaTypHas HOIPENTHOCTD

HM(:U’ Y, (p*v A) - 9*(:’6’ Y, @*7u0(@*))

BO Bceil 00/1acTi U3MEHEHUsI IPOCTPAHCTBEHHBIX KoopauHar 0 <z < 1,0 <y < 1
B KOHEYHBI MOMeHT BpeMenu mipu N = 3. MakcuMmajibHOE OTKJIOHEHHE BOCCTAHOB-
JIEHHOTO TEMIIEPATYPHOT'O TOJIS OT TOJIyIEHHOIO ¢ UCIIOJb30BAHIHEM TOYHOI'O BbI-
pazkenust uneHTHUIMpPyeMoii xapakrepuctuku (20) gocTuraercs B Touke T = 1,
y = 1. Arajornunast curyanust Habromaercss u upu N = 1,2.
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0.8

1.0 1.0 -

Puc. 3. TemneparypHOoe OTKJIOHEHHE PACIETHOIO 3HAYUEHUS OT IIPUHATOTO BO
BCeil IPOCTPAHCTBEHHON 00JIACTU B KOHEYHBI MOMEHT BPEMEHU

[Figure 3. The temperature deviation of the calculated value from the one
taken in the entire spatial region at the final moment of time]
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Tabmuma 1
[TorpernHoCcTh BOCCTAHOBJICHHST TEMIIEPATYPHI U UIeHTUMDUIUPYeMOil (DYHKIMN B TOYKE
KOHTPOJISI B 3aBUCAMOCTH OT 4ncja N + 3 yIUThIBAEMBIX [1apaMeTPOB
[The error in restoring the temperature and the identified function at the control point,
depending on the number of N + 3 parameters taken into account]

N 1 2 3
€o 0.0198 0.0115 0.0074
Eu 0.1465 0.0947 0.0657

Tabsmmia 2
IlorpernaocTs BoCCTAHOBIIEHNS TEMIIEPATYPHI BO BCEil IPOCTPAHCTBEHHOM 00JI1aCTH B 3a-
BrucuMocTH OT yucyia N + 3 yIATHIBAEMBIX TAPAMETPOB
[The error of temperature recovery in the entire spatial domain, depending on the
number of N + 3 parameters taken into account]
N 1 2 3

) 0.0503 0.0268 0.0166

Puc. 4 oTrpakaeT HOIPeIIHOCTh TEMIIEPATyPHOTO PACHpPee/IeHus
GM(l', 17 ©, A) - 0*(1.7 17 ®, uo((p))

ma rpannne 0 < x < 1, y = 1 Ha OpPOTS>KEHUNM HHTEPBaJa WICHTH(MOUKAIITI
¢ € (0,0*] upu N = 3. BesiescrBre CUMMETPUYHOIO XapakTepa HarpeBa TeM-
repaTypHoe OTKJIOHeHUE BI0Jb ocu & = 1, 0 < y < 1 Oymer uMeTh aHAJIOTUIHOE
[IOBEJICHHE.

B Tabs. 2 npuBeaeHo MaKCUMaJIbHOE abCOJIIOTHOE OTKJIOHEHNE

g0 = max|f(x,y, 9", A) = 0°(2,y, 0", ("))

PaACCIUTAHHOTO TEMIIEPATYPHOIO IT0JIsI OT SKCIEPUMEHTAIHLHOIO BO BCEIl ITPOCTpaH-
crBerHON obmacTn 0 < x < 1,0 <y <1 mma N =1,2,3.

Kak BuaHO 13 MaHHBIX, IPEACTABIEHHBIX B TabI. 1 1 2, ¢ pocTom uncaa N, 3a-
JAIOIIEro KOJIMIECTBO UCIIOIb3YEMBIX ITapaMETPOB B MOJIEILHOM OIMUCAHUN TE€MIIe-
parypsr (16), (18), omubka npub/mzKeHns KCTUHHOIO TEMIIEPATYPHOIO COCTOSTHUS
YMEHBIIAETCsT KaK B TOUKe KOHTPOJIst (¥, y*) Ha BceM MHTepBaJie UIeHTUMDUKAINH,
TaK 1 BO BCEil MPOCTPAHCTBEHHOM 001aCTH, 3aHUMAEMO 00bEKTOM. AHAJIOTHIHO,
¢ yBeJuvueHneM 3HadeHus N CHUXKAETCs MMOTPEINTHOCTb BOCCTAHOBJICHUST HICHTH-
duImpyemMoro Bo3aeiicTBUS — COCPEIOTOUCHHON MOIITHOCTH BHY TPEHHUX UCTOTHU-
KOB TeIlia. 3aBUCUMOCTb TOYHOCTU HJIEHTU(DUKAIUN UCKOMON XapaKTepUCTUKU
1 AIIPOKCUMAIN TEMIIEPATYPHOIO COCTOSIHUS OT KOOPIHUHAT TOYKH KOHTPOJISI
TeMIIepaTypbl UMeeT CJIOXKHBI HEOJHO3HAYHBIN XapakTep W TpedyeT IOIOJIHU-
TEJILHOTO MCCJIEIOBAHUSI.

Sakirouenue. [Iposejennoe ncceroBanne MOKa3bIBAET BO3MOXKHOCTD Perle-
Hust MEOroMepHbIX O3T 110 BOCCTAHOB/IEHWIO HEM3BECTHBIX XapPaKTEPUCTHK IIPO-
IIECCOB TEXHOJIOTUIECKON TeIIOPU3UKU HA OCHOBE IKCIEPUMEHTAIBHON WHMOD-
MaIlid O TeMIepaType, MOJyIeHHON B OHOI Touke KOHTpojsd. [Ipeacrasiiennbie
PE3YJIbTATDI JIEMOHCTPUPYIOT 3(hDEKTUBHOCTD PEIJIOKEHHON METOJUKHU KaK JIJIst
olpesesieHlsI HeU3BECTHOI cOCPeJOTOYEHHOM MOIIHOCTU TEIJIOUCTOYHUKOB, TaK U
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ITapamerpudeckasi HAeHTH(UKAILUS COCPEAOTOYEHHBIX BO3JICHCTBHIT . . .

JI7IsI BOCCTAHOBJIEHUST TEMITEPATYPhI IO BCEil TPOCTPpaHCTBEHHOI 00/1acTH, 3aHIMAa-
eMoil 0OBEKTOM, B JIFOOOI MOMEHT BPEMEHH.

[IpeitosKeHHBIH TOIX0/T Ha OCHOBE MOJAJIBHOIO OIHUCAHUS 00BEKTa ¢ pacIipe-
JeJeHHBIMI TIapaMeTPaMi B IIPOIECCE HECTAIMOHAPHON TEILIONPOBOIHOCTHA MO-
JKeT OBbITh PacCIpPOCTPAHEH C HEOOXOAMMBIMU M3MEHEHHSIMUA U JOIOJHEHUSIMU Ha
HIeHTH(UKAIIIO IPYyroro KJaacca XapaKTePUCTUK — IIPOCTPAHCTBEHHO pacipeie-
JIEHHBIX UJIM IPOCTPAHCTBEHHO-BPEMEHHBIX BHYTPEHHUX U BHEITHUX BO3IEHCTBUIA.

KOHKypI/IpyIOI]_[I/Ie nHTEepeChI. Y mac mer KOH(bHHKTa nHTEepeCOB B OTHOIEHUN aBTOP-
CTBa 1 Hy6.HI/IKaI_II/II/I 3TOU CTaThU.

ABTOpCKUIT BKJIAJ 1 OTBETCTBEHHOCTDb. Bce aBTOpHI NPpUHUMAJN yIaCTHE B pa3pa-
6OTKe KOHIIEIIUU CTAThH U B HAIUCAHUK PYKOIUCH. ABTOPBI HECYT MOJIHYIO OTBETCTBEH-
HOCTB 3a IIPeoCTaBjIeHe OKOHYATEIbHON pyKomucu B medarb. OKOHYATebHAsI BEpCUst
pykorucu ObLIa 000peHa BCEMU aBTOPAMU.

®unancupoBanue. llccaemoBanne BBITOJHEHO 3a cUeT TpanTa Poccniickoro Hay<IHOTO
donma Ne 23-29-00521, https://rscf.ru/project/23-29-00521/.
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Abstract

The study is dedicated to further research and development of construc-
tive methods for sequential parametric optimization of unknown character-
istics of nonstationary processes in technological heat physics on a com-
pact set of continuous and continuously differentiable functions. The pro-
posed methodology extends the algorithmically accurate method developed
for solving inverse problems in technological heat physics to the multidi-
mensional case of the inverse heat conduction problem, allowing the iden-
tification of a physically justified characteristic on sequentially converging
compact sets.

The research focuses on a two-dimensional axisymmetric body of canon-
ical shape. The problem is formulated in a uniform metric for assessing the
temperature deviation of the calculated state from the experimental one.
The mathematical model of the studied object is based on its modal de-
scription, which led to the reduction of the original inverse heat conduction
problem, formulated in an extremal setting, to an optimal control problem.

The use of preliminary parameterization of the sought-after characteristic
of the process results in its representation in the form of piecewise-parabolic
functions defined by a parameter vector. The number of considered parame-
ters determines the specific type of approximating function, and their values
are found by solving the obtained parametric optimization problem. To solve
the mathematical programming problem for optimal parameter vector val-
ues, alternating properties of the sought extremals are used, similar to the
one-dimensional case, leading to the formulation of a closed system of rela-
tionships.
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The obtained results demonstrate the effectiveness of extending the con-
structive method of sequential parametric optimization, tested on one-dimensional
inverse heat conduction problems, to solving two-dimensional problems using
their modal representation. Increasing the number of parameters of solutions
forming the piecewise-parabolic form of the sought dependence leads to a
reduction in the reconstruction error of both the sought concentrated func-
tion and the spatial-temporal temperature field throughout the domain of
spatial variables.
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AHHOTaMsA

Bompoc nceie1oBanus rpaBUTAIMOHHOTO MO/ TEJ CJIOKHON bopMbl (HE
OTHOCSIIMICA K IAapoobpa3Hoii) mpeacTaBisger GOJBLIION UHTEPEC JJId Ieo-
dbusukn, acrpodusnku, MareMaTnIeckoil puzuku u Apyrux obsacreir. Cra-
ThsI COCTOUT U3 BYX UacTeil. B mepBoit 1acTu mpeacTaBieH KpaTKuil urepa-
TYPHBIN 0030p PA3JIUYHBIX METOOB pacdera IIOTEHINAIA TPABATAIHOHHOIO
TI0JIsT OJTHOPOJTHOTO Ky0a B paMKaX KJIACCUIECKON MEXaHUKU: MTOJTyI€HIEe aHa~
JIMTUYECKOT'O PEIeHNs]; KaK YaCTHBIN CIydail 3a/la9i HaX0XKJIEHHUs T'PaBUTa-
IIMOHHOT'O IIOJISl TIOJIU/IPA; METOJIOM KOHEYHBIX JIEMEHTOB; METOJ0M MYJIb-
THUIIOJBHOTO Pa3JIoXKeHns. bojiee OAPOOHO MPOAHATN3UPOBAH METOJ, pacde-
Ta [MOTEHITNAJIA [PABUTAIIMOHHOIO I0JIs OJHOPOIHOTO Ky0a C IOMOIIBIO aHAa-
JINTHYECKOTO PEIeHNsT U MYJIbTHIIONBHOIO Pa3JiiokeHus. Bo BTOpoil dacTu
CTaThW ONUCAH PEJIATUBUCTCKHUI CJIydail I'PABUTAIMOHHOTO TOJIS OJIHOPO/I-
HOTO Ky0a B paMKaX ITOCTHBIOTOHOBCKOI'O (bOPMAJIM3Ma, B IIEPBOM U BTOPOM
npubsmkennn. JlaHHBIN MeTO/ pacdera BBIOPAH 110 IPUYINHE UPE3BBIYAITHOMN
CJIO?KHOCTH TIOJIyI€HUE PEIIeHus] C TIOMOIBIO ypaBHeHuit Jitnirrelina. Panee
TO00HBIE 331841 I TeT ¢ hopMoit Kyba He paccMaTpuBaIuch. s perre-
HUs 33/a4u BbiOpaHa (bu3ndecKasi MOJEIb — KOODJIUHATHBIN PABHOBECHBII

MaremaTnyeckoe MOZAEJINPOBAHUE, YUCJIEHHBIE METOAbI ¥ KOMIIJIEKCHI IIPOrPaMM
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I'paBuTanmonHOe moJe 0OJHOPOJHOTO Kyba . . .

Ky0, 3aI0JIHEHHBIN HEC2KMMAEMOM YKUIKOCTHIO C HYJIEBOH CKOPOCTBHIO M IIO-
CTOSTHHOH TIOTHOCTBIO. Il0TyYenbl peIITHBACTCKYE TIONPABKY J1JIs1 BPEMEH-
HOIl U MPOCTPAHCTBEHHON KOOpAWHATHI. lloydeH TOYHDBIN aHAJTUTUIECKUiT
BHJI 9TUX I[IOIIPABOK JIjisi 00JIACTH BHE KyDa, a Tak»Ke KOMIIOHEHThI MeTpUYe-
ckoro TeH3opa. JlaHo kpaTkoe cpaBHEHUE IOy IeHHBIX Pe3yJIbTaTOB JIJIS pe-
JIATUBUCTCKOTI'O CJIydasl C Pe3yJIbTaTaMi KJIaCCHIeCKOTI'O HbIOTOHOBCKOI'O CJIY-
qas. st obsractu BHyTpH Ky0a pelenne moIyIeHo ¢ MOMOIIbI0 YUCIEHHBIX
MetozoB. [losydyenmble pe3yIbTATHI C TOCTATOYHOW TOYHOCTHIO OIPEIEISIOT
rapaMeTpbl I'PABUTAIMOHHOIO II0JIS JJIsi OJTHOPOJHOrO Kyba, pacCMOTPEHHO-
I'0 B paMKaX PeJIITUBUCTCKOro moaxo/1a. OCHOBHOE IPUJIOXKEHUE ITOI 3a1a49u
B PaMKaX PEJISTUBUCTCKON (PU3UKU OTHOCUTCS K OOJIACTA MaTEMaTHIECKON
dbusukn (nau, mupe, MaTEMATUKH).

KurouyeBbie ciioBa: OmHOPOIHBIN Ky0, TPABUTAIIMOHHOE II0JIE, TOTEHIINA
IPABUTAIMOHHOIO I10JIs1, HHIOTOHOBCKAsS MEXaHUKA, TOCTHHIOTOHOBCKIT (DOp-
MaJIA3M.

Hounyuenue: 26 despans 2024 r. / Vcnpasienune: 12 mapra 2024 1. /
punarue: 26 anpens 2024 r. / [y6aukanus omnaitn: 13 cenrsabps 2024 1.

BBenenune

Borpoc ucciieioBanusi rpaBUTAIMOHHOTO TOJIA TEJ CJOXKHOUN (hOPMBI TIpej-
cTaBJisieT OOJIBIION UHTEPEC JJist Te0PU3NKN, aCTPOMDUINKY, MATEMATUIECKON hu-
3UKM U Apyrux obsacreit. B Hacrosimeit pabote paccMaTpuBaeTCsI IPABUTAIIMOHHOE
10JIe OJTHOPOJHOIrO Kyba JIjIst KJIACCUIECKOTO U PEJIATUBUACTCKOrO ciaydaeB. Pop-
Ma KyOa BbIOpaHa HE TOJBKO M3-33 HAJIMYHMS HETPUBUAJBHON cummeTrpuu. Panee
B Jsureparype [1,2] He BcTpeuanuch peleHusi ypaBHeHWH DUHIITERHA JJIs TeJ,
umMeromux GopMy OIHOPOIHOTO Kyba, B CHJIy 4Yero 3aja4da akTyaJbHa B paMKax
MaTeMaTUIeCKOl (DU3UKU.

Kpome dyHmamMeHTaIBHOrO 3HAUEHHUSI, 9Ta 33/1a98 UHTEPECHA CBOUM MPAKTHU-
YeCKUM npuiozkeHneM. HecMoTpst Ha TO, YTO AaCTPOHOMUYECKHE Tejia KyOUIecKoi
¢dOPMBI HEU3BECTHBI, HEKOTOPBIE 00LEKTHI MOI'YT HMETH (hOpMY, 001 TAIOILYIO CXO-
Kumu napamerpamu. Tak, acrepon Piory mmeer dpopmy, O/IM3KYIO K KyOH1IecKoit,
XOTsI ee MOYKHO OIMcaTh Kak Kyrosoobpasuyio |3]. Takzke B [4] paccmarpuBasiach
MOJeJIb CTOJIKHOBEHUI1 JaCTHUIL IIbLJIX C aCTEpOudaMU, IIPUBOALAIINX K O6paSOBa,HI/IIO
BOJIBINIUX OTHOCUTEJIBHO IJIOCKAX 00JIACTEl U OCTPBIX KPAEB, UTO MOXKET CBU/IE-
TeJIbCTBOBATDH B I0JIb3Y BO3MOYKHOCTH 00pAa30BaHUs aCTEPOUIOB KyOUIEeCKON UJIH
IMOIOOHOM CHOXKHON (POPMHEL.

B psizie cityuaer qeTKoe IIpejicTaB/IeHne O I'PABUTAIIMOHHOM I10JIe 00 bEeKTa HMe-
eT BayKHOEe 3HAUEHMe JJIsT KOCMIIECKUX alllapaToB, UMeIonX Kyondeckyo Ghop-
My (Hampumep, NpH [JIAHUPOBAHUM BBICAJKHU Ha HEOOJIBINNE acTepOUibl U IPU
BBINOJIHEHNH JIpYTuX 3aa4) [5]. CupaBe/yinBa u akTyaabHa Tak»Ke obpaTHast 3a-
Jlada 10 pacdeTy OpOUT JNBUKEHHS TeJ, HAXOIAIINXCA B I'DABUTAIIMOHHOM IIOJIE
Test ¢ dpopmoii Kyba [6-8].

Taxkke BaXKHO paCcCMOTPETH 3TY 3a/1a9y C TOYKHU 3PEHUSI €€ 3HAUEHHUsI B 00/ 1aCTH
reodusuku. Jljisi ONEHKH IPABATAIIMOHHOTO MOJIsI MACCHUBHBIX OO'bEKTOB (BO3BbI-
[IEHHOCTEli, TOP ¥ TOPHBIX XPEOTOB) UCIOJIB3YETCsl METOJI PACUeTa UX IPABUTAI-
OHHBIX I10JIefl, AaHAJOTUIHBIII METOJ/y KOHEYHBIX 3JIEMEHTOB, IJie B Ka4ecTBe €/IU-
HIYHOTO 3JIEMEHTa BBICTYIIAT OJHOPOJHBIN Ky6 nin kBajpar [9]. AHasormdHbM
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00pa30M MPOU3BOJIUTCS OIEHKA IMOTEHINAJIA IPABUTAIIMOHHOIO II0JIS ACTEPOUIOB
u rajakTuk [8,10].

CToUT OTMETHTH, 9TO PACCMATPUBAEMAST 33/1a1Ua MMEeT W HAyTHO-METOI0JI0-
rUYeckKoe 3Ha4YeHue W Oblila IpejjIoyKeHa JJIs OIHMCAaHUs OCOOEHHOCTeN (DU3MKHU
IPaBUTAIMOHHBIX TOJIH JjIst TeJ pa3Hoii dopmbr [11,12].

K macrosiemMy BpeMeHU OIyOJIMKOBAHO JIOCTATOYHO MHOT'O PabOT, MOCBSIIEH-
HBIX pacdeTaM I'DABUTAIIMOHHOIO T10JIsi OJHOPOIIHOIO Ky0a B PaMKaX KJIaCCUIECKOit
HBIOTOHOBCKOIl MEXaHWKH, OTHAKO JTOJKHOI CHCTEMAaTH3aIliN Pe3yJbTAaTOB ITUX
paboT ¥ IEJI0OCTHOrO IPEJICTABIEHUS 000 BCEX METO/AX PEIIEeHHUs JI0 CUX 10D HET.
[TosToMy aBTOPHI MOCYUTAIN BaXKHBIM ITPUBECTHU JIUTEPATYPHBIH 0030 MOIMOOHBIX
pertennii. Kpome Toro, sra TeMa mojHUMaeTCsi B COBpeMeHHbIX paborax [13,14].
Taxxke cBesieHust, IPUBEJICHHBIE B JINTEPATYPHOM 0030pe, OY/IYT HCIIOIB30BATHCS
JITST PACCMOTPEHUST PEIITUBUCTCKOTO ciydast. OCHOBHOE MPHUIOXKEHHE ITON 3a1a-
Y1 B paMKaX PEISITUBUCTCKON (DUBUKHM OTHOCHUTCS K ODJJIACTH MaTeMaTHUIeCKOM
busuku (uau, mupe, MaTeMaTUKN ).

B pazgesne 1 npuBeseH oOMIUPHBIA JUTEpATYPHBI 0030p pacuera rpaBUTa-
IIMOHHOT'O TOJIS JIJIST KJIACCHIECKOI0 HBIOTOHOBCKOT'O TATOTeHUs. B paznesne 2 g
PEJISITUBUCTCKOTO CJIydasi PACCMOTPEHO I'PABUTAIMOHHOE TI0JI€ OJIHOPOIHOrO Kyba,
IIPUBE/IEHBl OCHOBHBIE MOJIE/IA U MPUOJINZKEHUsT, IPUBOIAIINE K ITON 3a1ade.

1. Knaccuyeckmnii ciay4ait

CriocobbI pacuera MOTEHIUAA W HAIIPSI)KEHHOCTH T'PABUTAIIMOHHOIO TIOJIST Ol
HOPOJIHOTO Ky0a MOXKHO pa3lenuThb Ha 4 Kjiacca:
1) mosiydeHmMe aHATMUTUYIECKOTO PEICHUS;
2) Kak JaCTHBIN CIIydail 3a/1a9u HAXOXKICHIS IPABHUTAIIMOHHOTO MOJIsT TIOJIND/T-
pa;
3) IpUMEHEHHE METOJ/a KOHEUHBIX 3JIEMEHTOB;
4) UCHOJIL30BAHKE MYJIBTHIIOIBLHOTO PA3JIOXKEHUSI.
PaccmoTpuM KaxKablit criocob pereHus.

1.1. ITony4YeHne aHAJIUTUIECKOrO peleHus. BeposaTHO, BllepBLIe JaHHas
3aja4a 6pL1a copmyrposana B [15], oqrako B [16, p. 522| pemasnacs 6n3Kast 1Mo
nocraHoBKe 3ajada. B pabore [15] aBrop paccmarpuaer hoOpMysLy JJIsi BBIYUC-
JIEHUsI TIPOEKIUN IPABUTAIIMOHHOIO ITOTEHITHAJIA TIapaJsljIeselliiieia CO CTOPOHAMHE
a, b, ¢ Bmonb ocu 0z, ogHAaKo 00IIYI0 (POPMYIIY JJIsT TPABUTAIIMOHHOTO MTOTEHITA~
Ja Kyba (mapaJuiesienumesia) OH He IPUBOJIUT, CChLIASICh HA U3JIUIIHE TPYJI0eMKIe
pacuersl. Ilo3zke ObLIM HOJIyYeHBI OOLINE BHIPAYKEHUs IJIsl IPABUTAIMOHHOTO II0-
TeHIMaJIa IPU3MBI 110 TPeM IIpoeKIusiM Ha ocu [17, pp. 93—-104].

B paGore [18] aBTop ucxoms u3 TeopeMbl Ditepa 06 OJXHOPOJAHBIX (YHKIIUAX
JIOKa3bIBa€T, 9TO II€PBbIC IIPOU3BO/HBIC IIOTCHI[NaJIa U CaM IIOTECHITUAJI I'PaBUTaIlU-
OHHOT'O II0JISI MOYKHO JIETKO BBIYUC/IATDH U3 BTOPBIX IMPOU3BOIHBIX, HE HMHTEIPUPYSI
ux. JlaHHBIHA pe3yJbTaT HO3BOJISET BLIYUC/IATD IPABUTAMOHHBIA IOTEHIA IIPSs-
MOYTOJIBHOM mpu3Mbl. [10100HBIH TOAXO0I K PEIIEHNIO JaHHOR 38,1891 BCTPEIAETCS
B pabore [19].

[IpakTuaeckoe UCIOIB30BaHUE IOy IEHHBIX PE3YJIbTATOB OIMMCAHO B paboTax
[20,21], B KOTOPBIX pemaIuch 3a/1a9 BHIYUC/IEHHs] TPABATAIIMOHHOTO [OTEHIUA~
JIa IPSIMOYTOJIBLHON IPU3MBI B CBSI3U C MOIEJIMPOBAHUEM I'PABUTALMOHHOIO IIOJIS
Semsin 1 MaCCHBHBIX TOPHBIX 0oOpaszoBanmii. IloTeniman (HaIpszKEHHOCTDb) Tpa-
BUTAIMOHHOIO T0JIsl KyOa BIepBble 06CyK1ajicsa B pabore [22], B ToM 4ucie s
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aHaJIM3a NOTeHIAaa (HAPSYKEHHOCTH ) TPABUTAIOHHOTO TIOJIsi MACCUBHBIX 00b-
€KTOB CJIOYKHOM (DOPMHEI.

K ocroBHBIM HejocTaTKaMm 9Tux pabor [15-23| MOoKHO OTHECTH:

— [PUBEJICHNE HEYI0OHOU B IIPUMEHEHHUH 00IIelt TPOMO3IKON (hOPMYJIbI;

— OTCyTCTBHE 00IIel (DOPMYJIbI, XOTS MPUBOISTCS BBIKJIAJKH, TTO3BOJISIIOIIIE
JIEPKO PACCYUTATH MPABUTAIIMOHHBII TOTEHIMAN (HAIPSIKEHHOCTD) Kyba (mpsi-
MOYTOJIBHO} TIPU3MBI);

— HEepaCKpPBITBIE TIPeJiesibl CyMMUPOBaHUsl (MM MHTEIPUPOBAHNUs) B KOHEUHOI
BAIMCH UJIU PACUYET TOJBKO JJIsl TPOEKITNH Ha, OCH.

DTUX HeJOCTATKOB JiniieHa paboTa [24], rie naercs dbopmysia pacuera MOTEH-

nuaJja, 3aluCaHHast ¢ TTOMOIIBIO CYMM:

U(zo, Y0, 20) = i:zl:zl:[xly] - th™1 (ﬁ) n

=0 7=0 k=0 Tijk
2
Ly i x; ¥4
+ Y2k thfl( : ) + 2px; - thfl(y—J> — itg! (7‘% i ) -
Tijk Tijk 2 TiTijk
y? P Ty
J -1 1 2 —1 1JJ
- () e () o
2 YiTijh g zkrie /A7
rme r; = a — X9, Y1 = b — yo, 21 = ¢ — Yo; a, b, c— pebpa IpAMOyTOJILHOI

NPU3MBIL; T, Yo, 20 — HAYATO KOOPIAUHAT; Tijk = 1/xl2 —|—yj2- —l—zi, i,7,k = 0,1;

3716Ch KOHCTAHTBI OlpeiesieHbl Kak G = p = 1.

Onnako dopmysa (1), npejcrasiennast B pabore [24], nmeer HeTOYHOCTD (HJIH
olleYaTKy), a MMEHHO BMECTO z; HeoOXO[uMO 3amucarh z:/2. Takum obpazoMm,
KOppeKTHas POPMYJIa BBLILJISIAT TaK:

U(xo,y0, 20) = iii[:c,y] -th*1<ﬁ> I

=0 j=0 k=0 Tijk
2
+ Yz - th71< i > + zpx; - thfl (yij> _ % tgil (7:% k ) —
Tijk Tijk 2 TiTijk
y7 2Ty z2 Tiyj
_ itg—l(ﬂ> _ itg—l(#ﬂ, 2)
2 YiTijk 2 ZkTijh

Kpowme Toro, ypasaenue (1) HeCUMMETPUYIHO, XOTsI OT KyOa OKHJIAETCS CHM-
MeTpUYHOCTb. B sasnbHeiinem nogobuble 3aja4qu permaiaucsk B [13,14], HO oHu He
JIMIIIEHBI TPOOJIEM, KOTOPbIE OBLIN ONKUCAHBI PAHEe.

1.2. Kak 4YacTHBII ciaydail 3aga4y HAXO0XKJAEHUsI T'PABUTAIMOHHOTO
roJist moJimadpa. Tak Kak KOCMHYECKHE Tejla MOTYT MMETh CJIOKHYIO (hopmy
MHOTOIDAHHUKA, HAXOXKJIEHNe MOTeHIHa a (HANPSKEHHOCTH) IPABUTAIIMOHHOIO
nosist Kyba, B TOM 9HCJIe, MOYKHO PACCMATPUBATH KAK YACTHBIH CIydail HAXOXK1e-
HUs TOTeHIMaa (HAIPSKEHHOCTH) ToJInIpa. B HacTosmelr pabore moapoOHbIii
JIUTEPATYPHBIN 0030p CTAHOBJIEHUSI JJAHHOTO METOJIa He IIPOBOJIUTCS, TAK KAK OH
xopomio omucan B [25|. Takxke B pabore [25]| mpejcraBieH OpUIHHAIBHBIN O/
XOJI K PENIeHNIO 3TOM 3a/1a4M C IIOMOIIBIO 3JIEMEHTAPHBIX TEOPEM BEKTOPHOTO HC-
qucaeHns. 3HAYEHNE TTOTEHINA/IA TPABUTAIIMOHHOTO MOJIST OJJHOPOHOTO TOJIA3IPa,
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IUIOTHOCTBIO p (B COOTBETCTBHN ¢ paboToii [25,26]) naiirem Kak
P S o o
U(F')ZZZni-(r—r')%Qz(r—r) 7! (3)
(2

rye Q(7) — JONOTHUTE IbHBIH BEKTOPHBIN MOTEHIUAJ, TIPUIEM

HU )dS = 7{@

a 7; — eJUHUIHbIE HOPMAJIH.
CyTb MeTOZa COCTOUT B OIEHKE BEJINYUNHBI IIOBEPXHOCTHOI'O MHTErPAJIa OTHO-

POOAHOIO MHOI'OI'paHHHUKA:
S as’
r(7) = jf ma (4)
S;

rie I (F) — uHTerpajbHOe BhIpazKeHHe 110 4-TOi IPaHi HOJIUPa; S; — Jrobast u3
IJIOCKUX MOBEPXHOCTEH TOJMIIPA.
Bammrrem cBsi3b ypasreruii (4) u (3):

7{@(77—7" ) di’ = ZI,J
C;

OCHOBHOII TPYIHOCTBIO UCIIOJb30BAHUS TAHHOIO METOA SIBJISTFOTCST BBIUHCTIE-
HUsI HWHTerpasibHOro Boipaxkenusi (4). Hecmorpst Ha To, 4TO B pe3ysbrare BBIYHC-
JIEHHMSI PA3HBIMU METOJaMHU IIOJIYYalOTCA OTJIMYHBIE APy OT JAPYra 3HAYEHUs I10-
TEHIHAJIa OJHOPOIHOrO KybHa, Bce OHI OTIMYAIOTC B 7—8 3HAKE IIOCJIE JIECITHIHOM
3ansToit [25].

B ob1meMm Bume mHTErpaabHOE BhIpaskKeHNe MMeeT BIT

ciqi(1—b;
Iij =d;; tg_1< i ( J) ) +
2.—D 2 \/ ,J—b2 —c”\/l—i—a”—Qb?’j
Cijbi > n
ai,j
2 2
1—0;;+4/1 +ai7j — 2bi,j
+In — , (5)
17] ,L?]
e
__r=Tigl _ (T =7ig) - (g = Tij)
@ij = = - b= = -7 ;
i1 = 7] i1 — Tl

- (F=7ig) o (X (F=Ti5)) - (Fijer = Tij)
J T *

|71 — Tigl |7i5+1 — i g

Cij =

B ypaBuenun (5) apryMeHTHI Pa3aHdHBIX YICHOB KBAJPATHOIO KODHS M Ha-
TYPaJbHOIO JioTapudMa MOTYT ObITH HYJIEBBIMHU TOJIBKO TOTJIA, KOIJIa TOYKA IT0JIs
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7 JICZKUT Ha KPAeBOIl JIMHUYM WM IIPOIOJIKCHUH KPaeBoil TMHUU moausapa. Moxk-
HO 3aMeTUTh siBHOe cxojcTBO dopmyin (2) u (5). Hecmorpst Ha BBICOKYIO pecyp-
COEMKOCTB C BBIYUCJJIUTEIBHON TOYKU 3peHud, 3TOT METO/ pacYdeTa IIOTEHI[HaJIa
IPABATAIIMOHHOIO TI0JIsI OJIHOPOJHOIO Kyba ucnosb3yercsi B paborax |6, 7].

1.3. MeToa KOHEYHBIX 3JIEMEHTOB. 3aJa9i pacueTa IPABUTAIIMOHHOTO II0-
TeHIna a cucteMbl N TeJl aHAJU3UPYETCs] Ha OCHOBE HAJIOXKEHUS HA I'PYIITY TO-
YEUHBIX TeJl KBaJPATHOIl ceTKu, HanpuMep, kak B [27]. Takum obpasoM, yciaoBHO
TaKue 3aJ[a4 MOYKHO OTHECTH K PACUeTy I'PDABUTAIMOHHOIO MOTeHInAaa (Hapsi-
JKEHHOCTH ) KBaJIPATa.

1.4. MynpTunojibHOe pa3JjioyKeHue. B cuiy csoeil IpocTOThl METOJI, pacue-
Ta ToTeHnuana (HANPSIKeHHOCTH ) MPABUTAIIMOHHOTO MO/ MYJILTHIIOJIBHBIM Pas-
noxkerueM (psgom Jlammaca) B mocsieiHee BpeMsi CTajl BOCTPeOOBAH JIJisi UCCIIE0-
BaHUsi OPOUT, CO3/IaBAEMbBIX BOKPYT Tesl Kybudeckoii ¢hopmbl [8]. Briepsbie 3a1aua
Ha BLIUHUCJIEHUe OTeHIInAa A 33 IpeJieaMi Kyba 10 4eTBepTOro IopsiKa MYyJIbLTH-
HOJILHOI'O pasJioyKeHus Obliia periena B 28], a nosxke obcyxganack B padore [21]:

M  TMa*

Uest(2,y,2) = Py (2 + oyt + 2* 4 307y 4 39227 + 32%27),  (6)

rie Uegt(x, y, 2) — HOTEHIMAN IPABUTAIMOHHOIO 110Jist BHE Kyba, M — macca Kyba,
a — TIOJIOBUHA, CTOPOHBI pebpa Kyba.

OKBUIIOTEHIIMAJIBHBIE [TOBEPXHOCTH, HOJIy9IeHHbIE ¢ TOMOMILI0 (opmysl (6),
n3o0parkeHnl Ha puc. 1.

Qopwmyisia 60j1ee BBICOKUX MOPSIJIKOB MYJIBTUIIOIBEHOTO Pa3JI0XKeHUs JJisi 0bJra-
cTu BHYTpH Kyba npuBoauTcsi B padbore [14]:

Uint(z,y,2) = (24 In 1_:/%/3 — 271') — EW(JS2 + 92 + 22)} +

4 2, 2 2.2 2.2
Ay +27)+ =@y +rztyz }Jr
(z* +y* +2%) 3\/5( y Y z)
(x2y4—l—x224+az4y2+$422+y2z4—|—y422)—

+[5v

+ [—#(x6+y6+26) e
162v/3 108v/3
0 x2y222} (7)

9Vv3

rie Uint(x,y, 2) — NOTeHIMa TPABUTAIIMOHHOTO TI0JIsi BHYTPU Ky0a.

DKBUIIOTEHIMAJBHBIE [TOBEPXHOCTH, TOJIyYeHHbIE ¢ TIOMOMILI0 (opmyibl (7),
n300pasykeHbl Ha puc. 2.

PaccMorpuM moTeHIMA TPABUTAIIMOHHOIO TIOJIS OJJHOPOJIHOIO Ky0a, MMOJIyIeH-
Hblii ¢ nomorsio dhopmyi (6), (7) n (2) u u3006parKeHHbIH Ha puc. 3.

[To puc. 3 BuHO, 9TO JJIst aHA/IN3a TPABUTAIMOHHOIO MOJI 32 TIpeJieiaMu Kyba
B PEJIATUBUCTCKOM CJIydae BIOJIHE 000CHOBAHO UCHIOJIb30BaHue hopmyibl (6) u3-3a
ee TPOCTOTHI TI0 CPABHEHUIO ¢ (opMyJIoit (2) 1 crrocobHOCTH 06ECTIEIUTh MIIIOCKOE
IPOCTPAHCTBO Ha 7 > 2a. AHAJIOTUYIHOE yTBEPKIEHUE CIPaBEIUNBO U JiJist (HhOp-
myJibl (7) juist obsiacT BHYTpHU Kyba.
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Puc. 1. Busyasmuzarusi skBunoreniuaab- Puc. 2. Busyanusanmsi 3KBUIOTEHIINATIb-
HBIX IIOBEPXHOCTEH, IMOJyYeHHAasl C I[OMO- HBIX IOBEPXHOCTEH, IMOJydeHHas C IIOMO-

mpio dopmysst (6) mpio opmyast (7)
[Figure 1. Visualization of equipotential [Figure 2. Visualization of equipotential
surfaces obtained using the formula (6)] surfaces obtained using the formula (7)]

2] - Uczt
— Uint
1r
-3 -2 -1 0 1 2 3
—1r
_9t

Puc. 3. TloreHrmasl TpaBUTAIMOHHOIO IIOJISI OJHOPOIHOIO KyOa OT KOODIMHATHI T, [TOJIy YeHHbIE
¢ momompio dopmy (6), (7) u (2), npuaem G = ¢ = p = 1; BepTUKAIBHbBIE JIMHAY TTPEJICTABIISIIOT
coboit rpauunsl Kyba: a = 0.5
[Figure 3. Potentials of the gravitational field of a homogeneous cube as functions of the
coordinate z obtained using the formulas (6), (7) and (2), with G = ¢ = p = 1; the vertical
lines represent the boundaries of the cube: a = 0.5]
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2. PensgTuBucrckuii ciry4daii

2.1. Ob1ras TocTAaHOBKA 33129/ O I'PABUTAIIMOHHOM I10JI€ OJHOPOIHO-
ro Ky6a. CoBpeMeHHasT TEOPUsT TATOTEHUST B CBOEH OCHOBE MCIOJB3YET CUCTEMY
ypaBHeHUIT DUHIITERHA, 10 KOTOPBIM U OIIPEeIesIsSIeTCsl TPABUTAIMOHHOE T0JIe TeJla;

R _ leaﬁ - %Taﬂ. (8)
2 ct

O/1HaKO TOCKOJIbKY YPABHEHUS TSTOTEHUS SIBJISTIOTCS CUCTEMOM HEJIMHEHHBIX -
depeHnna bHbIX YPABHEHUN B YACTHBIX IPOU3BO/IHBIX, PENIEHUE TAKOW CUCTEMBI B
00IIeM BHUIE SIBJISIETCST OUEHDb TSIXKEJION 3a1aveil Kak ¢ MaTeMaTUIeCKOM, TaK U Ppu-
3uvecKoil Touku 3penusd. [loaTomy B HacTOsIIIEE BPEMs TTOJIY U€H JIUIITb HEOOIBITOH
KJIacC TOYHbIX perenuii [1,2|. B nauHoil 3a/1aue py onncanuy rpaBATAIIMOHHOTO
nois Kyba B pamrax OTO ciemyer pemarb uMeHHO ypasHenust (8), u aBTOPBI
[IPEJITIOIAraI0T PACCMOTPETD 3TOT BOIIPOC B OYJIyIIHUX ITyOJIUKAIUSAX, HO BBUJLY €TI0
YPEe3BbIYAlHON CJI0KHOCTU PACCMOTPUM JAPYrOil METOH, PEIIeHUs.

B [29] omucan criocob npubInKEHHBIX pellleHnii ypaBHeHuil Tsrorenus. B co-
BPEMEHHOl JTUTepaType JAHHBIH CIIOCOO MOIYyYUJI Ha3BaHUE TOCTHBIOTOHOBCKOT'O
dbopmanusma, wmm PNN [30, 31]. [Tpumenum JaHHBIA HOAXO/ B HAIEM HCCJIEI0-
BaHUU U, KAK CJIEJICTBUE, [TOJYyIUM HPUOJIMKEHHBIE BBHIPDAXKEHUS! JIJIsi KOMIIOHEHT
METPUIECKOT0 TeH30pa OJHOPOoaHOro Kyba. HecMmorpst Ha 001MIen3BecTHOCTD JaH-
HOT'0 MeTOJIa, paHee K OJHOPOIHOMY KyOy OH He mpuMeHsiicsa. [ locTHBIOTOHOBCKMit
dopmasn3M JijTsl pelrenns 3Toi 3a/1a4uu BEIOpaH 110 IPUIHHE HAJUYINS U3BECTHOTO
HEPEJISTUBUCTCKOTO periernst u 3(h(MEeKTUBHONO UCIIOJIb30BAHUS B IIPAKTHUIECKUX
3a/1adax. TakaKe MOCTHBIOTOHOBCKUN (POPMAJIN3M XOPOIIIO IMOIXO/IAT JIJIsi pacdeTa
IPABUTAIIMOHHBIX 0JIEH MAJION HAIPS2KEHHOCTH, B OCOOEHHOCTU B IIPUMEHEHUN K
TesaM Hecepudeckoit hopmbl, HAITpuUMeEp, ¢ popMmoit Kyba.

B pamkax paccmarpuBaeMoil 3aiadu ompenesuM KyO CeayIonumM oOpa3oM.
[IycTh B MJI0CKOM ITyCTOM IIPOCTPAHCTBE, KOTOPOE 331aeTCs OOBITHON TaJInIeeBOii
METPUKO#, HAXOIUTCs KyO CO CTOPOHON 2a  METPHUKOit

dsg = dt* — da® — dy® — d2?, (9)

HeHTp Ky6a COBMeIeH ¢ HauajioM Koopaunat; V = 8a® — obben Kyba.

B mamnoit meTpuke BCce KOMIIOHEHTBI TEH30Pa IHEPTUU-UMITYJIHLCA KyDa PABHBI
HYJII0, HUKAKOT'O BO3JEHCTBUs Ha T€OMETPUIO IPOCTPAHCTBA OH He OKa3biBaeT. Ko-
ra KyO 3aIlOJTHEH BEIeCTBOM, JAHHAS METPUKA JOJKHA, OBITH CIIPaBE/JINBA HA
OECKOHEYHOCTH, TIO9TOMY Ha, OOJIBIINX PACCTOSTHUSX KOMIIOHEHTBI METPUYECKOTO
TEH30pA CJIeIYIOIHeE:

900se = €, Gikoo = —Ojk.

Teopusi DitninTeiina, ocHOBaHHAsI Ha ypaBHEHUsIX (8), B EPBOM MPHUOJIUKE-
HUU JIOJIKHA JIABATH TO K€, 9TO U HbIOTOHOBCKas Teopus TArorenus. [1ockoabKy
Teopus HpioToHa HepesIsiTUBUCTCKAs!, a IepeJ] HAMU CTOUT 33/a4a PellaThb peJis-
TUBHUCTCKUE YPaBHEHUSI, HeOOXOINMO BbIIC/IUTh HEKUI TapaMeTp, XapaKTepu3yio-
muit mepexon. Takum mapameTpoM HopMaTbLHO OVIAET ABIIThCI CKOPOCTb CBETA C.

s pertenuit ypaBHEHUN TATOTEHUS C JOCTATOYHONW TOYHOCTHIO MBI OyJieM
UCIIOJIB30BATh PUOIIZKEHHBIH MeTost [29]. DToT MeTo/ OCHOBaH Ha PA3JIOKEHUN
BCeX MCKOMBIX (bYHKIM MO OGpaTHBIM cTemeHsaM ckopoctu csera U/c?. Hamra
3a/1a4a 0bJier4yaercs TeM, YTO METPHUKA Be3Jle MaJIo OTJIUYAETCH OT €BKJIMJIOBOI.
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Takum obpazom, B pe3ysbTaTe PEIIeHUs 3aJa4d Mbl HOJIYUUM TPUOJIMKEHHBIE
BbIpaKeHUs JJId METPUYECKOI'0 TE€H30pa.

2.2. ®dusuyeckass Mmogeb. llycrs koopauHaTHbIl Ky B pocTpancrse (9)
3aI0JTHEH HEC2KIMMAaeMOH JKUIKOCTBIO C HYJIEBO CKOPOCTBIO U IIJIOTHOCTLIO p. Pas-
HOBecHe 00eCIIeINBAETCS] U30TPOITHBIM JIABJIEHUEM 2KIJIKOCTH, KOTOPOE MOYKHO Haii-

TN KaK
oU _ Opik
p@xi N 8951 ’

e T = T,Y, 2, a U — rpaBUTAIIMOHHBIHA TOTEHITHAJ KyDa.
Korma p = const, moxyaum, 9T0

p=pU.

JJ1st TeH30pa SHEPrUU-UMITYJIbCA B IPABOil YacTu (8) MbI HCIOJIb3yeM MPUOJIU-
2KeHHBbIE BbIParKeHUs, KOTOPbIE COOTBETCTBYIOT €BKJINI0BOI METPUKE:

T =p/c?, TO*=0, T*=p/c> (10)

IIpu pemtenun BHEITHUX ypaBHEHHUil OyjeM CYATATb, YTO TEH30P SHEPIUU-
UMITYJIbCA BO BCEM IIPOCTPAHCTBE PABEH HYJIIO, KPOME HEKOTOPOTO OTIAEIBHOTO
obbema 8a?, mosTomy Macca Kyba

a a a
Meype = / / / Tdxdydz = 8pa®, (11)
—aJ—aJ—a
rae T = Toogoo.

Pemmas ypaBaenus TsroreHusi, HeOOXOIUMO yIUTHIBATH BJIMSHUE METPUKU Ha,
BUJI TeH30pa sHeprun-umiry/bea (10), mosromy masee jjisi ynporieHus npesedbpe-
raeM obpaTHOI peakIiiueil MIPOCTPAHCTBA Ha BEIIECTBO.

2.3. IlepBoe nmpubsmkenue. [locie 3amnonnennss KOOPAUHATHOIO Kyba Be-
IIIECTBOM I10 33JJAHHOMY PacIpeieJIEHUI0 MacC MOXKHO HAlTH pacmpeseseHue rpa-
BHUTAIMOHHOI'O TOTEHIHAJA. B 1epBoM mpub/IMKEeHUN €JIMHCTBEHHOW KOMIIOHEH-
TOM, BHOCAIIEH BKJIa I, OyIeT KOMIOHEHTA

T = p/c2.
[Mepenumiem ypasuenue (8) B Buje
1
R — —%(T’“’ - 5gWT),
OCTaBJIsIsl B IEPBOM IPUOJINYKEHIN KOMIIOHEHTHI TeH30pa Puaun:
00 1 00 ik 1 ik ik
R :iAg’ R ziAgé. (12)
Taxum 06pa3omM, MeTpruKa BHYTPHU KyOa yIOBJIETBOPSIET YPaBHEHUSIM

8rG i 8rG
Mg =—="rp, AgF=—=pdi. (13)
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Perienne ypasuenuit tsirorenusi (13) onpeiesnt npubIMKeHHbIE BIPDAYKEHUST
JJ1s KOMIIOHEHT MEeTPUYeCKOI'0 TeH30pa B BUJE

1 2U . 2U
00 _ ~ ik _ _ .
g - C2 (1 + 02 )7 g - <1 62 ) 5’Lk" (14)

Hepexo;L K KOBapruaHTHBIM KOMIIOHCHTaM Ja€T BbIDazKCHUA

2U
goo = ¢ —2U, gi = —<1 + 67)51%;.

Jlamable BbIpaXkKeHUs JJjIsd KOMIIOHEHT METPUYECKOTO TEH30pa YIOBJIETBOPSIOT
B IIePBOM IPHUOJIMKEHUHU ypaBHeHUsM TaroreHusi. COOTBETCTBYIOIIEE UM BbIparKe-
HUE JJId KBaJpaTa UHTepBaJla UMEET BU/JL

2
ds? = (& — 2U)dt?> — (1 + C—QU) (dz? + dy? + d2?)

C COOTBETCTBYIOIIMM HBIOTOHOBBLIM IIOTEHIIUAJIOM (7) " yAOBJIETBOPAET BbIpazKe-
HHIO

AUy = —4nGp.

HpI/I6HI/I}KeHI/Ie HaKJ/JIaJIbIBaeT OrpaHUYCHNEe Ha IIOTEHIINaJI B BUIE
U, 2/92
max <K ¢°/2,

YTO B CBOIO O4Y€pe/b OrpaHUnYInBacT IIJIOTHOCTHL BeHIIeCTBa Ky6a
62

p< —=.
a’G

2.4. Bropoe npubsim>kenune. Bo BTopoM npuOIM:KeHNN HEOOXOINMO €IIe
pa3 penmTh ypaBHeHUsT TATOTEHNsI, HO HA TOT Pa3 yIeCThb CJIEIYIONNN MOPSIIOK
rogrocTH 110 1/c. IToaTromy TOUHOCTD, ¢ KOTOPOIT HEOOXOAUMO BBIUUCIUTH BPEMEH-
HYO KOMIIOHEHTY METPHUYECKOTO TEeH30pa, pABHA

00 1 f(.fC,y,Z) +f($7y72)

=<+
g c? ct b

Y
a TOYHOCTH, C KOTOPOIl OYIyT BBIYUCIEHBI ITPOCTPAHCTBEHHBIE KOMIIOHEHTHI, —

ik __ ik g(a:,y,Z)
gz — 5t +T

[IpaBast 4acTh ypaBHEHHIl TATOTEHUSI OCTaHETCd O€3 M3MEHEHHUil, OJ[HAKO y4TeM
IIPOCTPAHCTBEHHBIE KOMIIOHEHTHI. 10T/1a BO BTOPOM IIPUOJIUZKEHUN UMEEeM

T =p/c?, T* =pU/c. (15)
Kountpasapuanrubiit Terzop Puaun npejacraBuM B Bujie

1. 079"

R =
2g 0z, 0xg

+ AT g — TH, (16)
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ITepserit wien (16) B HploTOHOBOM Hpub/mkeHnu jgaer (12); mociaeanuii daeH B
(16) stBAsIeTCsE CIOXKHOI KBaIpaTHIHON (DYHKIME, cofepKailieii nepBble Ipous3-
Bozmbie oT g, [losToMy BO BTOPOM IPUOINKEHUN JOJI2KHO YIUTHIBATHCS ITOIAP-
Hoe mpoussenenne ckobok Kpucroddens ¢ Toit TOUYHOCTBIO, KOTOPOro Tpedyer
npubsimkenne. Bo BropoM mpubIMKEHU Mbl OPPAHUYUMCST IJIeHAMU TOPSIIKA

Fgu ~ 1/027 F?k ~ 0(1/04)¢ ?cl ~ 1/02'

IIpu perennu ypaBHeHUIT TATOTEHUS MBI CBOOOIHBI B BEIOOPE CUCTEMBI KOOD-
nuuat. Hambostee mpocToit By npub/MKeHHbIE yPABHEHUS TATOTEHUS UMEIOT B
FapMOHUYIECKUX KOOP/IMHATAX, TAKUX, ITO

0
5, (VIS =0, T =0, a7
o
st ymoberBa, a/ibHERINEro mpe/ICTaB/IeHus BBEIeM BETTIHHY
g =+/—gg"", —g=ec.

Kommonentsr GM' B 1epBoM 1pubJIMKEHUN PaBHBI dSy:

1

4 . .
g00:7—|- 3U, ng:—(SlkC.
C

c
KommonenTsr G*¥ Bo BTOpOM NpUOJIMYKEHUN PABHBI dSyT:

1

4 7
gOO = E + 3V(x7y) Z) + C—SV(x,y,z)Q,

c3 18
ik sk, 4o (18)
g =—0"c+ Cgszk(x7y7 2)7

rjge Vo u S —Hekoropbie (DYHKIMH PA3JIOXKEHUs, KOTOPBIE YIOBJIETBOPSIIOT [IPU-
6/IMPKeHHBIM ypaBHeHHsIM DifHInTeliHa (B COOTBETCTBUU ¢ 0003HAYECHUSIMHE, [IPU-
HATHIME B [29)]).

Ucnons3ys yeaosue (17), moxcrasum pasinoxenue (18) B rernszop Puuaan (16).
[IpupaBHUBasI IOJIy IEHHOE BHIPAZKEHIE KOMIIOHEHTAM TEH30Da YHEPIHH-IMITY/IbCa
(15), mosyuum JBa ypaBHeHWsl JjIsi PeJSTUBHCTCKUX monpasok. [Tonpaska s
KOOpAWHATHI ¢:

AV = 47er(c2 + %U) (19)

[TonpaBKka MPOCTPAHCTBEHHOH KOOPAUHATBI, KOTOPAs MO3BOJHUT BBIYHCIUTD JIAB-
JIeHUe D:
1 ,0U\2

AS = ~4rGpU - 2 (5-) 20

V=5 5m (20)

Ypasuenust (20) u (19) 1151 peJIITUBACTCKUX MOIPABOK HPEJICTABIISIIOT COBOIT

ypaBrenust [TyaccoHa, KOTOpbIE DENIAIOTCsl, HAIIPUMED, C UCIOIb30BaHUEM (DYHK-

muu [puna [32,33]. Ho tak kak dusuyeckasi Mojesib npecraBiisierT coboii Koop-

JUHATHBIT KyO B mpocTparcrse (9), pemars ypasuenus (20) u (19) crout nmento
B JIEKAPTOBBIX KoOpauHaTax (z, Y, z).
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[Mosyuenne anannruaeckux permennii aist ypasuennit (20) u (19) ms obractu
BHyTpH KybOa (T.e. 0bjacTu Ha HEKOTOPOM paccrosiuun R < a) ¢ ucnonb3oBaHuem
BHyTpeHHero norennuaina Kyba (7) mpejcrasisier coboit KpaiiHe HEIpOCTyIO 3a-
naday. [Tosromy pemtenue st ypasuenuit (20) u (19) st obiactu BHyTpH Kyba
[IOJIy9€HO C ITOMOIIBIO YUCEHHBIX METO/IOB.

I'panntnbie yerosust npu pentennn ypasuennit (20) u (19): S(a) = 0; V(a) = 0.
Pesynbrar npejcrasien Ha puc. 4 u 5.

W3 puc. 4 Bunno, uTo 3HadeHue V B meHTPe Kyda OyIeT MUHUMAJIbHBIM.

W3 puc. 5 BujHO, 9T0 3HaUeHHe S B IeHTpe Kyba OyaeT MaKCUMaJbHBIM, UTO
coryiacyercsi ¢ (bU3UIECKOIl MOJIENIbIO, T.K. OKHUJIAETCs, UTO JIaBJICHUE P B IECH-
Tpe Kyba Oyzmer TakKke MakCHUMaJbHBIM. [losiyuennbie pacupejesenust S(x,y) u
V(x,y, z) COOTBETCTBYIOT BU3ya/M3alii, IPEJICTABJICHHON Ha puUC. 2.

1.0F T T T i

0.5

0.0

—12.5
—0.5
—15.0

-1.0 " i
-1.0 —0.5 0.0 0.5 1.0

Puc. 4. Pesynbrar pacuera pesnsituBucrckux noupasok V(z,y) u V(z,y, z) B cucreme Wolfram
Mathematica 13.0 ¢ MCIIOJIB30BAHMEM YUCJEHHBIX MeTOJOB (¢ = G = p =1)

[Figure 4. The result of the calculation of relativistic corrections V(z,y) and V(z,y, 2z) in the
Wolfram Mathematica 13.0 system using numerical methods (¢ = G = p = 1)]

0.5
25
20

15

0.0

—0.5}

-1.0 N J
-1.0 —0.5 0.0 0.5 1.0

Puc. 5. Pesynprar pacuera peastusucrckux monpasok S(z,y) n S(z,y,z) B cucreme Wolfram
Mathematica 13.0 ¢ HCIOJIB30BAHMEM YUCJEHHBIX MeTOHOB (¢ = G = p = 1)

[Figure 5. The result of the calculation of relativistic corrections S(z,y) and S(z,y, z) in the
Wolfram Mathematica 13.0 system using numerical methods (¢ = G = p = 1)]
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Paccmorpum ananurndeckue pemenns ypasraennit (20) u (19) s obimactn na
HEKOTOPOM PaccTosgHum oT Kyba R > a. Ypasuenus (19) /11 BpeMeHHOI monpas-
K 3aIMIIEeM TaK:

/
G P Uext

/
2 P ! '
R) = d av 21
V(R) GCAWR_WV+2 L R= (21)

e 1’ = .CE; — KOMITOHEHTBI PaIUyC-BEKTOPa, IPUHAIEKAIINE JIEMEHTY 00beMa
Kyba, R = T; — KOMIIOHEHTBI PAJINYC-BEKTOPA JI0 TOYKHU BLIYUC/ICHUS ITOTCHITAAIA.
st cayuast, korma R > a, pasnoxum |R — 7/| B psin o mysnbrmnossv [28].
s xyba u3-3a HaIM4IHs CUMMETPHU KBAJPOYIOIbHBIN MOMEHT pasen (Qng = 0,
= 0. BoraucauMm ciiemyomumii MoJInHOM — OKTOVIIOJNbL. BBeieM KoopanHaThI
aBy
paauyc-BekTopa 1’ u R, mpudem

/ /

r=nr;, R=mn;z;.

OKToyHOJH) ABJIAETCA 9€TBEPTBIM ITOJIMHOMOM ﬂemaHﬂpa:

4

O=3w

(35 cos? oo — 30 cos® a + 3),

TOorJa IIOJITYy4INM

TiT|T Ty

O=—"3R

(xi;gjlmx‘/u;p/ﬁ) [35’Yilomkmuﬂ - 30niklm66“6a'y + 355“5km5il5a7]7
TIO€ YilaykmuB = niklm(éaﬂévu + 5&755/,L + 5au557)/2257 Niklm = (5zk6lm + 5zl5km +
+ 0imOr)/15 — ycpejiHeHHbIE 3HAYEHUS €JUHUTHOIO BEKTOPA.

Hns kyba paznoxkenue 1/|R — r/| B pgj 110 MyJIBTIOJISIM UMEET CJIEJLY 0TIt
BUJ;

1 1 (xi)z(xj)2 IN2(0\2
= = T ()22, 22

rae v = 0.16(20;0 + 1)(20,8 + 1) — 2(20;0 + 1) + 3.

IMoxcrasmsist pasioxkenue (22) B (21), mosydnm

Gc? Gy (x)%(x4)?
V(R) = R// pldv’ + 7(8];)9<J) /V’ PI(UCQ)Q(x/ﬁ)de/ +
G / / 9+n
+ — P UertdV' + O(1/R”™™).
2R Jy
PaccMmoTpuM aHaIuTHYeCKOE pelleHne ypaBHeHNs JIJIsI IIPOCTPAHCTBEHHBIX I10-
npaBok (20). [Tockosbky niepBbiii wien ypaBuerust (20) 3aBucuT or p, BHe Kyba OH
obparraercsi B HOJIb, O3TOMY HepBbIii nHTerpaJs KoHeden. Bropoit qien B (20) He
obpalraeTcst B HOJIb BO BCEM IIPOCTPAHCTBE, OIHAKO Ha OECKOHEUHOCTH OOpaInaeT-
Cs B HOJIb, 9YTO TaKzKe I'OBOPUT O KOHEYHOCTU MHTEerpaJia. HepeHI/IHIeM ypaBHeHI/Ie
(20) B BHIEC

1
77

_ G2 IBN/Awii " 1 ! "
AS——47TGpUext+2///Npp v( v <‘R_T”‘>dVdV . (23)

rie v’ u r” — paamyc-BeKTOpPbI, IpuHaIexKaue s1eMenTaMm oobema V' u V'’ ky6Ga.
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Pemenne (23) npunnmvaer Bu

G 2(1
S(R) = /V pUuuedV + O(1/R*™) + / / / v P ,;‘Z,, dv'dv”,
rae lnz =In(|R — |+ |R —r"| — |r" = r"'|) u ynoeaersopsier ypaBHeHUIO
1
Alnz = .
YETIR—VR =]

s HaXOXKIeHNsT BHEITHErO pPelieHns Ha OOJIBIINX PACCTOSHUSAX OT Kyba R >> a
pazsoxkum HYHKIUIO 2 10 obpaTHbIM cTeneHsMm K. B pazioxkennu ordpocum we-
b1, y6biBatomue 6eictpee 1/R%, u yuarem cummerpumio Kyba, Toria

0?(In 2) 1 11

oxlox!! T 2R?2 R v’ —r"|

SBammuinemM pelrenue jiyist (GyHKIUU S Ha OOJIBIINX PACCTOSHUIX OT Kyba R > a:

G
stm=3 /V pUvuidV + O(1/ ™) +

16G?p?
—L__qv’'dv”. (24
TR R ///// |’r' —’F”‘ V V ( )

Wurerpadsl, Bxomsiue B S u V, SIBJISIIOTCS BIIOJIHE OLIPEIEIEHHBIMU (PU3UIECKIMHE
BEJIMUMHAMU:

W = 5 pUdV — rpaBuranuonHast sHeprust tesa |14, 34,
\%

M = / pdV = 8pa® —macca xy6a (11).

\%4
B (24) 6-kpaTHbIii HHTErPAJ MOXKHO yIIPOCTUTH, UCIIOJIL3YS OIPEIe/eHIe HbIO-
TOHOBOI'O IIOTEHIIAAJIA!

G GW
PP qviay” = NV ==
/1/1/ T' —T'//‘ V V 2R pU(T) V R

Takum obpazom, pemrenne S u V' cHaApyKHU Ky6a AMeeT BUJT

M Ma*
V(R) = GR - 718;9 At +yt + 2t + 322 + 39222 + 322%) +
GW

+ =5 +O(/R™™); (25)

G*M?

— 1 9+n 9
S(R) = — g + O/R™™). (26)
KowmmonenTst METPHUYIECKOI'O TEH30Ppa BO BHEIITHEM ITPOCTPAaHCTBE 6y,ZLyT METb BUJT
4GM  3Ma* 4GW
00 - ~00 , __
~GTe=1 T—WA(%%Z)JF R2 T
7/GM , TMa* G\ 2

a7 ¢ T Aend+ ) @
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G2M2)’ (28)

g"* =~ G = =6y, (1 T RZA
rie A(z,y,z) = (z* + y* + 2% + 32%y? + 3y?2% + 32%2?).

PaccmorpuM mapamerpsl TPaBUTAIMOHHOIO T10JIsl OJJHOPOJIHOTO Kyba, MOJIy-
deHHbIe ¢ noMoIbio Gopmy (6) u (27) n orparkenusie Ha puc. 6.

G-
sl gOO

- cht
4_
3_
2,
1,

—10 ) 0 ) 10

Puc. 6. CpaBreHue napaMeTpoB IPaBATAIIMOHHOIO II0JIsI BO BHENTHEM IIPOCTPAHCTBE O€3 PesIsaATH-
BUCTCKHX IIOIIPABOK ¥ C MX HAJUYIHEM OT KOOPAMHATHI X, npuieM ¢ = G = p = 1; BepTUKaJIbHBIE
JINHUAU TIPEJICTABISIOT coboii rpaHuIpl Kyba: a = 1

[Figure 6. Comparison of the gravitational field parameters in outer space without relativistic
corrections and with their presence as functions of the x coordinate, with ¢ = G = p = 1; the
vertical lines represent the boundaries of the cube: a = 1]

Ha puc. 6 oueBneH BKIa, pelIsTHBUCTCKUX NONpaBoK. CTOMT 00paTUTh BHHU-
manme, ato by g0 (x) yobsaet ¢ 6ombineit ckopocTbio, dem Gy HKIIs Uy (),
a TaKzKe uMeeT OoJIblee 3HaYeHne (DYHKIUY IIPU PABHBIX 3HAYCHUSX apIyMeHTa T
YepHble JIMHUU, TPEACTAB/ISIONINE IPAHUIBI KyOa, SBJIAIOTCS TaKyKe aCHMITOTOM
K bynxmm g% (z). Tlomydentble pesyIbTaThbl ¢ TOYHOCTBIO JOCTATOMHOM /I Ha-
mieft 3a/1a41, ONpPEEIAIOT HapaMeTPhl IPABUTAIIMOHHOTO TOJIS [T OTHOPOJHOTO
Ky0a, PacCMOTPEHHOI'O B paMKaxX PeISTHBUCTCKOTO IIOIXOJA.

BriBoapbl

B pabote nipoBesieH auTepaTypHbIii 0030p pacdeTa IMOTEHIINAJIA TPABUTAITHOH-
HOTO TI0JIs OJIHOPOJHOTO Kyba B PaMKax HBIOTOHOBCKOi#T Mexanuku. JIjisi pessaru-
BUCTCKOTO CJlydasl olrcana (pu3ndeckas MOJIeb, B KOTOPOH KOOPIUHATHBIH Ky0
B pocTpancTBe (9) 3amoIHeH HeCXKIMAeMON KUJKOCTBIO ¢ HYJIEBOI CKOPOCTBIO 1
IJIOTHOCTBIO p. MeTo/I0M HOCTHBIOTOHOBCKOTO hopMasin3Ma (B IIEPBOM U BO BTO-
poM HpI/I6.HI/I)KeHI/II/I) aHaJIUTUYIECKHN OIIMCaHa BpeMeHHasd U IIPOCTPaHCTBECHHasd I10-
npaska S u V' s obsiactu BHe Kyba (cm. dopmyiist (25) u (26)), a s obaactu
BHYTpH Kyba peIlleHre II0JYYeHO C IIOMOIIbIO YUCIEHHBIX MeTOIO0B. [losyueHs
KOMIIOHEHTBI MEeTPHYECKOI0 TE€H30Pa BO BHENIHEM IPOCTPAHCTBE B IIEPBOM (CM.
dopmysbt (14)) u Bo Bropom (cM. dopmyist (27) u (28)) npubimzkeHun.
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Konkypupyiomniye nHTepechl. KOHKypUPYIOIUX WHTEPECOB HE UMEETCS.

ABTOpPCKUIT BKJIAJ 1 OTBETCTBEHHOCTb. Bce aBTOpPHI IpUHUMAJIU yYacTHe B pa3pa-
OGOTKEe KOHIIENIUK CTAThU ¥ B HAIIMCAHUK PYKOIHUCH. ABTOPBI HECYT IIOJIHYIO OTBETCTBEH-
HOCTB 3a IIPeIOCTaBJIeHNe OKOHYATEILHON pyKomncu B medarb. OKOHYATEbHAST BEPCUst
pykorucu ObLIa 000peHa BCEMU aBTOPAMM.

dunancupoBauue. VcciieioBanne BBIMOIHAIOCH 0e3 (DUHAHCUPOBAHUSI.

BaarogapaocTu. ABTOpBI CTaThby BbhIpaXKaT OJarogapHocTb ApjeeBy BsiyeciaBy
I0pbeBuuy (Pusnueckuii uncruryt um. [1.H. Jlebenesa PAH, naboparopus maremarude-
cKuxX MeTo1oB 00paborku, Mocksa, Poccust), HesicoBy Ilerpy Ilerposuuy (Openfyprekuit
rOCY/IapCTBEHHBIN YHUBepCUTeT, Kadeapa DUINKKA U METOAUKH IIPENofaBaHus (PU3NKU,
Openbypr, Poccust) 3a GecrieHHbIE COBETHI 10 HAIMCAHUIO PYKOIMCH CTaThbu; VBaHIUKY
Anekcannpy Binagumuposuay u Bapcykosy dmurpuio Ierposuay (OTU um. A.®. Nod-
de PAH, cekrop Teopernyeckoit acrpodusuku, Canxr-IlerepOypr, Poccus) 3a pexomen-
JAIIU B PENIeHNuN 3aa4n.
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Abstract

The problem of studying the gravitational field of cube-shaped bodies is
of great interest to geophysics, astrophysics, mathematical physics, and other
fields. The first part of the article presents a brief literary overview of various
methods for calculating the gravitational field potential of a homogeneous
cube within the framework of classical mechanics: obtaining an analytical
solution; as a special case of the problem of finding the gravitational field of
a polyhedron; by the finite element method; multipole decomposition. The
method of calculating the gravitational field potential of a homogeneous
cube using an analytical solution and multipole decomposition is analyzed
in more detail. The second part of the article describes the relativistic case
of the gravitational field of a homogeneous cube within the framework of
post-Newtonian formalism in the first and second approximations. To solve
the problem, a physical model was chosen that involved a balanced coordi-
nate cube filled with an incompressible liquid with zero velocity and constant
density. Relativistic corrections for the time and spatial coordinates are ob-
tained. A precise analytical expression for these corrections in the region
outside the cube, together with the components of the metric tensor, are
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obtained. A brief comparison of the results obtained for the relativistic case
with the results of the classical Newtonian case is provided. The solution is
obtained using numerical methods for the region inside the cube. The results
obtained determine, with sufficient accuracy, the gravitational field parame-
ters for a homogeneous cube considered in the framework of the relativistic
approach.

Keywords: homogeneous cube, gravitational field, gravitational field po-
tential, Newtonian mechanics, Post-Newtonian approximation.
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Annoranus

MaccomepeHoc B 971€KTPOMEMOPAHHBIX CHCTEMAX B PEKUMAX WHTEHCHUB-
HOT'O TOKa COIIPOBOXKIAETCS BOSHUKHOBEHUEM JIOTIOJTHUTEIHHBIX MEXAHU3MOB
TIepEeHOCa, KOTOpPbIE CYIIECTBEHHO BIUAIOT HA 3(MDPEKTUBHOCTD UX (DYHKITH-
ormpoBanusi. CoryiacHO COBpEMEHHBIM IIPEJICTABJIEHUSM JIJIsi Pa30aBJIeHHBIX
PacCTBOPOB JIEKTPOJINTOB CPEJIN TAKUX MEXAHU3MOB OCOOEHHO BarXKHBIMU SIB-
JISTIOTCsl 9JIEKTPOKOHBEKIHS U PEAKIIUY JUCCOIUAIMU / PEKOMOUHAIIAU MOJIe-
KYJI BOJIBI. DTH IPOIECCH OKA3BIBAIOT IPOTUBOIIOJIOXKHOE JeiicTBIE HA -
PEKTUBHOCTD JIEKTPOMEMOPAHHBIX TEXHOJIOTHIA.

B uccireioBannsix MeMOpaHHBIX CHCTEM AKTUBHO IIPUMEHSIIOTCS MaTeMa-
THYECKUE MOJIEJIN, YINTHIBAIOIINE BJIUsIHUE YKA3aHHBIX MEXAHU3MOB, OJIHAKO
OHU OOBIYHO OIMHUCHIBAIOT TOJIBKO TOTEHITUOUHAMINIECKUI PEKUM, IPU KOTO-
POM yCTAHABJIMBAETCS CKAYOK MOTEHInaja B cucreme. /i nHTEpIIpEeTariuun
OOIMPHO 6a3bI YKCIIEPUMEHTAIBHBIX JAHHBIX 10 FAJbBAHOIMHAMAIECKOMY
pexkuMy (npu (DUKCHPOBAHHOI IJIOTHOCTU TOKA) TaKyKe HEOOXOIUMbBI WH-
CTPYMEHTBI TEOPETUIECKOIO aHAJIU3A.

e annoit paboThI 3aK/II0YAETCS B Pa3pabOTKe MATEMATHIECKON MO-
JIeJTI MACCOIEPEHOCA B CJI0E PACTBOPA JIEKTPOJIATA ¥ MOHOOOMEHHON MeM-
OpaHbI C YyIE€TOM 3JIEKTPOKOHBEKIIUU U JUCCOIUAIINNA BOIbLI B T'abBAHO/IU-
HAMUYIECKOM pekuMe. Moiesib 0OCHOBaHA Ha CHCTEME CBI3AHHBIX yPaBHEHUN
Hepucra—ILianka—Ilyaccona—HaBbe—CTOKCa, TOTOTHEHHON! HOBBIM TAJIb-
BaHOAMHAMUIECKIM IPAHUIHBIM YCJIOBUEM JIJIsI TIOTEHITHAIA.

C wucrosib30BaHreM pa3pabOTaHHONW MOJIE/U BIIEPBBIE PACCYUTAHBI XPO-
HOTIOTEHIIMOTPAMMBI MEMOPAHHON CUCTEMBI C YI€TOM BJIUSTHUS KaK 3JIEKTPO-
KOHBEKIIUM, TaK U PEAKIMU TUCCOIUAIMU/PEKOMOUHAIIMU MOJIEKYJ BOJIBL.
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MaremaTniyeckoe MoAeIHPOBaAHUE MaCCOIIEPEHOCA

PesympraTer mokazasm, 9TO OTHOIIEHHWE KOHIIEHTPAIIUN MPOILYKTOB JTHCCO-
UMK BOJLI K KOHIIEHTPAIINN MOHOB COJIM OmpeesseT bajanc 3pdeKTon
9JIEKTPOKOHBEKIIUU U JIMCCOIMAIIUN.
Paccemorpenst ciiemyrornue BapuaHThl COOTHOIIEHUSA YPDEKTOB JIEKTPO-
KOHBEKIMH U JUCCOIUAIMHA MOJIEKYJ BOIBI:
1) 3HAYMMOE BJIUFHUE HA MACCOIEPEHOC OKA3BIBAET JIEKTPOKOHBEKIHS,
B TO BpeMs KaK BJIUSHUE JUCCOIUAIMH BOIBI MUHUMAJILHO;
2) 3JIEKTPOKOHBEKIMS ¥ JIUCCOIUAIMS CYIIECTBEHHO BJIMAIOT HA [IPOIIEC-
CBI TIepeHoca: 00pPa30BaHue JOMOJTHUTEIbHBIX HOCUTEJIEH 3apsijia B Pe-
3yJibTaTe JUCCOIUAIIME MOJIEKYJI BOJbI CHUXKAET CKAYOK IIOTEHINAJIa
B CJIO€ PACTBOPA JIEKTPOJIUTA, IYTO YMEHbBIIIAET HHTEHCUBHOCTD DJIEK-
TPOKOHBEKINH, B TO BPeMsI KaK Pa3BUTHE 3JIEKTPOKOHBEKIINN, B CBOIO
0Yepeib, 3aMEeIJIAET POIECC ANCCOINAIIIN;
3) UPOAYKTHI UHTEHCUBHOM JIUCCOMAIINE MOJIEKYJI BOJBI TOPMO3AT Pa3-
BUTHUE JIEKTPOKOHBEKIINN.

KiroueBbie cJjioBa: 3jieKTpoMeMOpaHHasl CUCTEMA, TIEPEHOC MOHOB, JIEK-
TPOKOHBEKI[W, DEAKIIUs JUCCOLUAINT / DPEKOMOUHAIIUN MOJIEKYJI BOZbI, [aJlb-
BaHOIMHAMUYIECKNH pexkuM, ypaBaenust Heprcra—Ilranka—IIyaccona—Ha-
Bbe—CTOKCA.

Ionyuenue: 3 mapra 2024 r. / Ucnpasienue: 29 anpesns 2024 r. /
Ipunsitue: 4 urons 2024 r. / Iy6nukanus onnafin: 23 cenrsiopst 2024 .

1. BBenenme. DyeKTpoMeMOpaHHbIE CHCTEMBI (3JIEKTPOJIMAJIN3HBIE allllapa-
ThI, HAHO- U MUKPOMIIIOUIHbIE YCTPONRCTBA) IPUMEHSIIOTCS Jisi 00eCCOIMBAHMS U
JEMOHM3aIINN BOJBI, IPOU3BOJICTBA KUCJIOT W OCHOBAHMUIA, IIPU IpeoOpa30BaHUK 1
POM3BOJICTBE SHEPIUU U B Apyrux obnacrsx [1-3|. B ocnoBe npunnunos dyHk-
[MOHUPOBAHUS IJIEKTPOMEMOPAHHBIX CHCTEM JIE?KUT CEJIEKTUBHBIN IIePeHOC MOHO-
0OMeHHBIX MeMOpaH, TO €CTh IPOHUIIAEMOCTD JIJIsi HOHOB OJIHOI'O 3HAKA (HpOTI/IBO-
HOHOB) U OIDaHUYEHUE JBUYKEHUsI MOHOB JIDYroro 3uaka (KOMOHOB). B cTpykType
BOJIBT-aMIIEPHOI KPHUBOI 9JIEKTPOMEMOPAHHON CUCTEMBI BBIAEISIIOTCA CJIEIYIOIIIE
XapakTepHble ydacTku [4, 5|:

— JIOIPEEJIbHBIA TOK — Ha4YaJIbHbIA JIMHEHHBIA y4aCTOK, KOIJIa KOHIICHT DAl
MOHOB PaCTBOpPa 3JEKTPOJIUTA B IpuMeMOpaHHOM 00JIaCTH JTOCTATOTHO BbI-
COKay;

— IJIATO IPEIEIbHOINO TOKA — MOPU30HTAJIbHBIA yIaCTOK ¢ HEOOIBIITNM HAKJIO-
HOM, KOIJIa CEJIEKTUBHBII IepeHOC IPOTUBOMOHOB B MeMOpaHe IPUBOIUAT
K ITPAKTHUIECKHU TTOJTHOMY 00ECCOTNBAHUIO PACTBOPA JJIEKTPOJIUTA B IPUMEM-
O6panHOl 00J1aCTH;

— CBEPXIIPEAEJIBHDBII TOK — yYaCTOK BTOPUYHOI'O POCTA TOKA.

CorytacHO COBpPEMEHHBIM IIPEACTABIEHUAM OCHOBHBIM MEXAHH3MOM CBEPXIIpE-
JeJIBHOIO0 MAaCCOIIEPEHOCa JIjIsi PacCMATPUBAEMbBIX B JaHHON pabore pa3baBiieH-
HBIX PACTBOPOB 3JIEKTPOJIUTOB siBJsieTcs nekTpokonsekims (DK) [6, 7], To ecrsb
yBJIEYEHUE MOJIEKYJI KUJIKOCTA MOHAMHU, OOPaA3yIONIMMHU MPOCTPAHCTBEHHBIN 3a-
PsL Y MOHOCEJICKTUBHON IOBEPXHOCTHU II0J, ACHCTBAEM 3JICKTPUYECKON CHJIbI [6]
B pezkuMe cBepXIIpeIe/IbHOrO TOKa Ha TPAHUIE pasjiesia pacTBop/Membpana dhop-
MEPYEeTCsi paCIIUpeHHasi 00/acTh mpocTpancTertoro 3apsiga (OII3), neiicreue
JIEKTPUYIECKOTr0O TI0JIA Ha KOTOPBIA I'eHepupyeT 3HAYUMOE 3JIEKTPOKOHBEKTHUBHOE
reuenue [6], koTopoe nHTEHCHDUIMPYET IIpoliece Maccoreperoca. Hapsiy ¢ nosis-
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gernem OII3 npu cBepxmpeae/bHBIX TOKax (PUKCHPYeTCs CMEeNIeHUe MoKa3aTeIs
pH pacTBOpa, 4TO 0ObsICHSCTCA JUCCOIHalueil MOJICKYJ BOJAbI ¢ 0Opa3oBaHueM
nonos Bojiopoga H' u ruyjpokcuna OH™ [8]. OTk/oHeHne oT paBHOBeCUs B pe-

k _
akiuu HyO % H* + OH™ (tye kq u k, — KOHCTAHTBI CKOPOCTH JIMCCOIUAIIN

U PEeKOMOUHAIINU BOJbI COOTBETCTBEHHO) MPUBOUT K MOSIBJIEHUIO HOBBIX HOCHTE-
neit zapsya (monos HY u OH™), urto cumkaer acdbdekTuBHOCTL 06eccoMBaHUs
pacTBopos [9], ymenbmaer Tosmuny pacumpensoii OII3 u sesmuaunny 3apsiga [10,
29|, Bei3bIBaeT ymeHnbinenue narencusrocT DK [12, 13]. ITosromy ocoboe 3Haue-
HUE MMEET MATEMATHYECKOEe MOJIEJIUPOBAHUE CBEPXIIPEIETHLHOIO MIEPEHOCa NOHOB
¢ yuerom DK u peakiunm muccorpanuu/pekombunanuu Mosekysn soabl (PIPB),
KOTOpbIE OKAa3bIBAIOT IIPOTHBOIIOJIOXKHOE JeiicTBrue Ha 3MDPEKTUBHOCTD SJIEKTPO-
MeMOPAaHHBIX IIPOIECCOB.

O/IHUM W3 OCHOBHBIX IOJIX0JIOB MATEMaTUIECKOIO OIMCAHUSI TIEPEHOCA HOHOB B
MeMOpaHHBIX CHCTEMAaX sIBJISETCs UCIob30BaHue ypapHenust Hepucra—ILranka,
YUIUTBIBAIONIETO JMuddy3U0 U MUTPAIAIO HOHOB, & TAKXKe KOHBEKITUIO PACTBOPA.
Vpasuenne Hepucra—Ilianka coBMecTHO ¢ ypaBHEHHEM MaTepHUaIbHOIO OaJiaH-
ca OIMCHIBAIOT KAK CTAIlMOHAPHBIE, TAK U HECTAIMOHAPHBIE IIPOIECCHI, YIUThIBAS,
B YACTHOCTH, IIPOTEKaHNe XuMnieckux peaknuii. Ha ocHoBe ypapaennit Hepacra—
[lnanka u ycjaoBUS 3J€KTPOHEATPAJIBHOCTH MOCTPOEHBI MOJIEJIA TIEPEHOCA MOHOB
COJIU ¥ MOHOB BOJIOPOJia U TUJPOKCUJIA, 00PA3yIOIIUXCS B PE3yJIbTaTe PaCIIell-
JICHUST BOZBI, B CTAIIMOHAPHOM COCTOSIHUY TPEXCJIONHON crucreMbl (HOHOOOMEHHAsT
MeMOpaHa U J[Ba CMEXKHBIX C Heil cJios pacTBopa v1ekTposnta) I'. 'pocemanom [14]
U B HEIIEPEMEITUBAEMOM CJIO€ IJIEKTPOJINTA y HoHOOOMenHoit MeMmOpannl 1. Pyoun-
mrreiinom [15].

N. Pybunmreiin u JI. Hltuipman Ha ocHOBe cucteMbl ypaBaenunit Hepacra—
[Inanka u ypaBuenus [lyaccona Jijist 3J1eKTPUYECKOTO TTOTEHIMAIA TIOCTPOUIIH O/l
HOMEPHYIO MO/IEJIb IIepeHoca MOHOB 1 :1-BajIleHTHOIO 3JIEKTPOJINTA B HellepeMe-
[ITIBAEMOM CJIOE PACTBOPA Y MMOBEPXHOCTHU WJIEAIbHO CEJIEKTUBHON MeMOpaHbI IpH
[OCTOSIHHOM CKadKe [OTEHINAasa B CTalmoHapHoM cocrostaun [16]. Yucienuoe pe-
IIIEHUE COOTBETCTBYIOINIEH KPAeBoil 3a/1a41 MOJE/IN TIOKA3AJI0 CYIEeCTBOBAHUE Pac-
mmpennoit OII3 y rpanumer pacTBop ssieKTposnTa/MeMOpaHa, KOTOpas 3HAIH-
TeJIbHO OOJIbIIE, YeM 00JIaCTh PABHOBECHOI'O JIBOMHOIO SJIEKTPUYECKOIO CJIOS, TIPU
HAJIOXKEHUH JIOCTATOYHO BBICOKOTO cKadka moreHnmana [16]. B. 1. Babosornkmit
u coant. [10] o6obmumin oxHOoMepHyIO Mozenb V. Pybunmreitna u JI. Hlruibma-
Ha (TO €CTh MOJIEJIb TIEPEHOCA MOHOB coJu 1 : 1-BaJIEHTHOTO 3JIEKTPOJINTA B Helle-
PEMEITMBAEMOM CJIOE€ PACTBOPA y IMOBEPXHOCTU UJEAJBbHO CEJIEKTHBHONW MeMOpa-
Hbl) [16] st onmcaHus IEPEHOCA MOHOB YETHIPEX BHUJIOB: KATHOHOB U aHUOHOB
COJIN, MOHOB BOJIOPOJIA U TUAPOKCUIIA, OOPA3YIOMINXCST B PE3YIbLTATE TUCCOTTHAIIAN
MOJIEKYJI BOJibl. [loKazaHo, 9T0 MosiBIeHe HOHOB BOJOPO/Ia U IUIPOKCUIA B 0061
HEHHOM (G HY3UOHHOM CJIOE YMEHBINAET BEJIMYUHY [TPOCTPAHCTBEHHOTO 3apsijia
u romuuny OII3 [10]. TTomuMo YmCIEHHOTO aHATM3a MATEMATHYIECKONW MOJIEIN
IIepEHOCa NOHOB B CTAIIMOHAPHOM COCTOSTHWH I aHam3a Biausane PIIPB na me-
PEHOC TakKe TI0JIyIeHO acuMITOTHYecKoe perenue 17, 18].

M. X. Vprenos u coast. [19] ¢ ucnoabp30BaHIEM MOJIE/IH IEPEHOCA HOHOB C yde-
toMm PJIPB B quddysuortoM cioe y mOHOOOMEHHOI MEMOPAHBI B CTAIIMOHAPHOM
COCTOSTHMM TIOKA3aJIl, YTO MHTEHCUBHOE HEKATAJUTUYECKOE PACIIEIIEHUE BOJIBI
npoucxout B paciupentoin OII3 u ycioBre XUMHUIECKOTO paBHOBECHUS BBIIOJI-

326



MaremaTniyeckoe MoAeIHPOBaAHUE MaCCOIIEPEHOCA

HsieTCs BCIOAY B UM @Y3UOHHOM CJI0€, 38 UCKJIIOUEHHEM 00JIACTH PEKOMOUHAIIN
n OII3. Ilosxke momobHBIH mOAX0 (HAa OCHOBe cmcreMbl ypasHenuii Heprcra—
[Tnanka—IIyaccona) nmpuMeHeH Jijisi ONUCAHKSI IEPEHOCA B OJHOMEPHOM CEYeHUN
9JIEKTPOIMAIN3HOTO KaHasa, 00pa30BaHHOIO MEXKIy aHMOHO- M KATHHOOOMEHHOIT
MeMOpanamu Jijis craimorapuoro [20] u mecramuonapuoro [21] ciayuaes. Pesyib-
TaThl YUCJAEHHOrO MojeaupoBanus padbor [20, 21| mokasamnu, uro PIPB moxker
cozzarh OII3 B nenTpanbHOil YacTn MEMOPAHHOIO KaHaja 00eCCOTMBAHUS.

B paborax [22, 23] maremMarnveckas MOJeb CTAIMOHAPHOTO MIEPEHOCA UOHOB
cosu ¢ yuerom PJIPB B quddysuonnom cioe [19] 6buia moudunuposana ¢ 1e-
JIBIO OIMCAHUS BIUSIHUE TeMIIePATyPHBIX 3 dPeKToB, cBazanubix ¢ PIIPB: cucrema
ypasuenuit Hepucra—Ilianka u [lyaccona jonosinena ypaBHEHUEM TEILIONPOBO/I-
HOCTH, a KO3 DUIIEHT CKOPOCTH JIUCCONNAINN OIpeeeH Kak (DYHKIIN TeMIIe-
paTyphl.

B. B. Hukonenko u coaBT. B pabore [24| mosydmin 4ucjieHHOE U HOJIyaHa-
JINTHYIECKOE PEIeHre 33 1a91 ONMMCAHUS CTAIMOHAPHOI'O TIEPEHOCA MOHOB U MOHOB
BOJIOPOJIa U THIPOKCHUIA, 00PA3YIONUXCS B PE3YIbTAaTe JUCCOIUAINNA BOJbI. Pac-
cMarpuBaemasi B pabore [24| moziens ocHoBaHa Ha cucreme ypasHenuii Hepacra—
[Tnanka u Ilyaccona n y9uThiBaeT OTKJIOHEHUE OT JIOKAJHHON JIEKTPOHEHTPAH-
HOCTU B 00eIHEHHOM Tu(d@dY3MOHHOM Cjioe. AHAJUTHIECKOE PENIeHne MTOJIyIeHO
IIyTeM pas3ieeHnst 00eIHeHHOTO JndOYy3MOHHOIO CJI0sT Ha 3JIEKTPOHEHTPAIBHY IO
YACTh, PACIIUPEHHYIO 00JIACTD MPOCTPAHCTBEHHOTO 3apsi/ia U KBA3UPABHOBECHYIO
30HY y HMOBEPXHOCTH MeMOpaHb! [24].

A. B. Kosasenko B pa6ore [25| mist uccnenosanust siusaus PIPB u 9K npe-
JIOXKEHa JIByMepHasi MOJIeJIb Ha OCHOBe cucTeMbl ypapHeHuit Hepucra—ILanka—
[Tyaccoma—Hasbe—CToKCa 77151 TTOJIOBUHBI KaHaJa 0DECCOTMBAHUS ¥ KATHOHOO0-
MeHHOI MeMOpaHbl. BBLIO MOKA3aHO, 9TO JUCCOIUAINS BOJBI TPUBOJUT K yBEJIU-
YEHUIO 3HAYEHNs CKadKa [MOTeHIraa, Ipu Koropom passusaercs DK [25]. B pabo-
Te [21] obsacTb paccMOTpeHUsl JJAHHON Mojiesin OblIa PACIIUPEHa, OHA BKJIIOYAET
KaHaJ 00ecCONMBaHUSA OT AHMOHO- O KaTHOHOOOMeHHO#N MemOpanbl. [lokaszamo,
YTO KOIJIa KOHIEHTPAIMd WOHOB BOJOPOJa W TMIPOKCHUJIA CTAHOBSITCSI COIIOCTAa-
BUMBIMU C KOHIleHTparueit nonos cojiu, PIIPB Mmoxker BosBars nosibienne OI13
B IIEHTPaJIbHON YacTu KaHasa obeccosmBanusi. B nemasueil pabore [26] na ocuo-
Be MOJIEJIM IEPEHOCA B JIEKTPOIUAJMIHOM KaHase 00eCCOIUBAHUS HCCJIEIOBAHO
coMecrHoe Biusnue PIIPB, 9K u creiiecepos Ha MacconepeHoc.

B pa6orax [8-26]| 3a/102KeHbI OCHOBBI TEOPETUIECKOI0 aHan3a BiusHus PJIPB
Ha MaCCOIEPEHOC B 3JIEKTPOMeMOpaHHBIX cucTeMax. Padorst [21, 25, 26| nocssie-
HBI U3YYIEHUIO MaccorepeHoca ¢ yaetroMm kak JK, rak u PIPB. B aux BbImosiHeHo
UCCJIe/IOBAHIE TOJIBKO JIJIsI TIOTEHITMOMHAMIIECKOro (KOrja 3a/1aeTCsi CKAYOK 110~
TEHIIHAA) PEKUMA IJIEKTPUIECKOro ToJist. 1Ipn 9TOM B MCC/IeIOBAHUSAX U MTPAK-
THKe (PYHKIMOHUPOBAHUS 3JIEKTPOMEMODAHHBIX CHCTEM BaykKHOE 3HAYEHUE HMe-
€T U raJIbBaHOJMHAMUIECKUI pesKiM (KOrJa 3a/1aeTCsl IJIOTHOCTD [TPOTEKAIOIIErO
yepe3 CHCTeMy TOKa), TaK KaK JIJIs XapaKTEePUCTHKHU IIPOIECca MacCOIePeHoca
UCIIOJIB3YIOTCS PA3JIMIHbIE KOHKPETHBIE KPDUTUYECKUE 3HAYEHUsI TOKA, TAKUE, Ha-
puMep, Kak IpeesbHbII TOK, 9K3aJbTAIIMOHHBIA TOK, TOK XapKalla 1 T.JI.

B jammOil paboTe BIEpBBIE BBITOJIHSIETCS MATEMATHIECKOE MOJIEJINPOBAHEE
CBEPXIIPEJIEJIBHOTO TIEPEHOCa MOHOB B JIBYMEPHOM CEUEHUN CJIOS PacTBOpa OIMHApD-
HOT'O 9JIEKTPOJIUTA y TOBEPXHOCTU KATHOHOOOMEHHO MEMOPaHBI B ra/ibBAHOTITHA~
MudeckoM pexkume ¢ yaerom DK u P/IPB. Brepsbie paccunrana XpoHOIIOTEHITHO-
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rpamma MeMbpanHoit cuctembl ¢ yaerom DK u PAPB. C nesnbio oneHkn BinusiHus
PIPB u 9K Ha XapakTepUCTHKU MaCCOIIEPEHOCA COIMMOCTABJISIIOTCA PEe3yJIbTaThbl
pacuera ¢ yaerom u 6e3 yuera PIIPB, a takxke ¢ yuerom n 6e3 yuera K.

2. MaremaTu4deckasi MOA€Jb. PaccMOTpUM TOKOSIIIUNCST CJI0M pas3baBiieH-
HOT'O PacTBOpa OMHAPHOIO JEKTPOJIUTA Y MOBEPXHOCTH KATHOHOOOMEHHOM MeM-
OpaHbl, Yepe3 KOTOPBIA MIPOTEKAET MMOCTOSIHHBIN TOK IIOTHOCTBIO ¢. CeJIeKTUBHBIE
cBOCTBA MEMOPaHbBI 3313 IMM I'PDAHMYHBIMI YCAOBUsIMU. [1710THOCTE, TeMiepary-
Py U AU3JIEKTPUIECKYIO ITPOHUIIAEMOCTh PACTBOPA IIPUMEM ITOCTOsTHHBIMU. IIycTh
T W Yy — HOpMaJibHas M KacaTelbHasd KOOPAMHATHI K ITOBEPXHOCTH MEMOPAHbBI CO-
orBercTBenHo; H u L — TommmuHa u JjInHa paccMaTpuBaeMoit objactu, puc. 1.

I110THOCTL TIOTOKOB MOHOB cosm (Katmonos Na®, m = 1, m ammonos Cl,
n = 2) u npoayKToB aucconmaruu Boabl (monos HY n = 3, u OH™, n = 4)
onpegessiercs ypasuennamu Hepacra—ILianka

j_,; = —ﬁannchgo - D, Ve, + ch (1)

U MaTepHuaJbHOro Gasanca [27]

O — _div,+ R (2)
ot

rie jn, Cny Dp, 2Zn — INIOTHOCTB ITOTOKA, KOHIIEHTpalusi, KoaddurueHt guddy3un
7 3apsiJIOBOE UHCJIO M-TO WOHA COOTBETCTBEHHO; (0 — MOTEHIIHAN JIEKTPUIECKOTO
110J14]; 1% — CKOPOCTB TedeHUs pacTBopa; F'— mocrosanas Papames; R — razosas
nocrogaHas; 1 — abcosiorHas Temneparypa; R, —ckopocts dhopMupoBaHus n-
ro nona. Ckopocru dhopMupOBaHUSI MOHOB COJIM paBHbl HyMO (R = Re = 0),
TaK KaK OHM HE YYACTBYIOT B XUMUUIeCKOil peakimu. CKOPOCTb JIUCCOIAAIIT
MOJIEKYJT BOJIBI OIIPEJIEJISIeTCsT BeJIMINHOM Kqci,0 (I/1e CH,0 — KOHIEHTPAIUS BO-
JIbI ), CKOPOCTH peKoMbOuHanm — k,cs3cq. Pesynbrupytomias CKOpocTh 00pa30BaHust
noros HT m OH™ paBHa pasHOCTH CKOPOCTeil JHCCONMAIINE U PEKOMOMHAIAML:
Rs = Ry = kgcn,0 — kresea = kp(Ky — c3c4), tie Ky, — MOHHOE TIPOU3BeJIeHNE
Bosbl (K = 1078 momn? /M),

Y Electrolyte

CEM
solution EA

Puc. 1. JIBymepHOe ceueHue CJiosi pacTBOpA L
NaCl y nmoBepxHOCTH KATHOHOOOMEHHON MeM- o Na*
6panbt (KOM). CxeMarn4ecKu HOKA3aHbI 0~ e )
Toxu monos comu Na®, Cl7, a Takske BOIO-
poma HT u ruapoxcuna OH™, o6pasyromuxcs
B PACIIUPEHHOI 00JIaCTH IPOCTPAHCTBEHHOI'O -
sapsaga (OI13) B cBepXIIpeIeIbHOM peXKUMe + 2
E -

[Figure 1. Two-dimensional cross-section of a

layer of NaCl electrolyte at the surface of a

cation-exchange membrane (CEM). The flows

of salt ions Na™, Cl7, as well as hydrogen C:':'JOH_ H'

H™ and hydroxyl OH™, generated in the

extended space charge region (SCR) in the
overlimiting mode]
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[ToJte asteK TPUYIECKOro MOTEHITHAIA C yIETOM IIPOCTPAHCTBEHHOTO 3apsijia, 00y-
CJIOBJIEHHOT'O HApyIleHHEeM OajiaHca KATHOHOB U aHUOHOB, OIIPEJIEJIsieTCs ypaBHe-
nuem Ilyaccona

4
coerAp = —F Z ZnCn, (3)
n=1
e £9 — JEKTPUIECKas IIOCTOSTHHAS, €, — JIUJIEKTPUIECKast IPOHUIIAEMOCTh Pac-
TBOpa, NpaBas 9acThb ypasHeHusl (3) mpejcTraBisieT co0OH IIOTHOCTD MPOCTPAH-
CTBEHHOTO 3apsna p = F Zizl ZnCr.-

Teuenue pacTBOpa JEKTPOJIUTA C YIETOM 3JIEKTPUUECKON CHUJIBI, ITEHCTBYIO-
mieil Ha IPOCTPaHCTBEHHBII 3aps/l, onucbiBaeTca ypapHenusymu Hapbe—Crokca n
HEpa3pbIBHOCTH HEC2KUMAEMOM KU IKOCTH:

ﬂiwvwvz—lvp+mmﬁriﬁ,dwvza (4)
ot Po P0
rne P, po, v — JAaBjaenue, IIOTHOCTh ¥ KAHEMATUIECKAs BAZKOCTh PACTBOPA JJIEK-
tposura; f, = pVp — IIOTHOCTD CHJIBL JIEKTPUIECKOr0 1O/, JeHCTByIomeil Ha
3apsifl, IJIOTHOCTBIO p.

Benuanusr ¢, V, P, jn, cn, n=1,2,3,4, B cucreme ypapHeHuii (1)—(4) stBtsi-
JOTCSl HEM3BECTHBIMU (DYHKIMSIMUA KOOPJIMHAT X, i U BPEMEHH .

B npearaemMmyio MaTeMaTHIeCKyIO MOJETb BKJIIOYEHBI CJIETYIONNE TPAHI-
HbI€ YCJIOBUA: JIJIsdI CKOPOCTU TEYCHUsA PaCTBOpPa 33a/1a€TCsd yCJIOBUE TTPUJINIIAHWA
Ha I'paHule pasjena pacrBop/membpana (x = H) u HyseBas HOpMaJbHasi CKO-
POCTH Ha OCTAJIbHBIX IPAHMIAX:

V(H,y,t)=0, V-@(0,y,t)=0, V-ii(x,0,t)=0, V-ii(z,L,t)=0, (5)

re 7 — HOpMaJlb K IPAHUIIE.

Ha rpanume £ = 0 KOHIEHTpaIlMM MOHOB COJMM ODOMX 3HAKOB (PUKCHPOBAa-
HBEl U PaBHBI HAYAJBLHOH KOHICHTPAIUN 3JIEKTPOJINTA; KOHIeHTpanuu nonos HT
u OH™ pasubl K, = 107* momn/M3 (uTo coorsercTByeT HeiiTpasbHOMy pact-

BODY):

Cl(oa%t) = Co, CQ(Oa yat) = Co, 03(07%75) =V Kwa C4(O7y7t) =V Kw- (6)
Hepe‘{I/IC.HI/IM I'PaHUYIHBIE YCJIOBUSA IIPU T = HZ KOHIIECHTPpAaINsA KaTUOHOB COJIN
3aJ]aeTCA MMOCTOAHHON; yCJIOBUE HEIIPEPLIBHOCTH IMOTOKA MOHOB HA T'DAHUIE pa3-
Jlesia pacTBop/Membpana Jiist anunonos coyu; wonbl HT, OH ™, dopmupyomuecs
B pe3yJibTaTe JIUCCOIUAINHI BOJbI, OECIPENATCTBEHHO IIEPEHOCSTCS U3 30HBI pe-
aKIUK Yepe3 KaTHOHOOOMeHHY0 MeMOpany [21]; paccMaTpuBaroTCs HEKATAIUTH-
qecKas JUCCOTHMAIMS U IIOTHOCTh MOTOKA WHXKEKIMS MOHOB Tuapokrcmaa OH™
C IIOBEPXHOCTU MEMOPaH, j4. HE YUUTHIBAETCSH:

CI(H Y, ):NCCOa

F 8 0 T2c .
_ X D D H,yt) = =24, (H,y, 1),
( T2 262&% ;6 +C2V)( Y, t) Fzgl (H,y,t) .
8761(}[ y,t) =0,
F Oy v Ocy
(—ﬁZ4D4C4% - D4% + C4Vy) (H,y,t) = jac =0,

re (H,y,t) —apryMenTsl COOTBETCTBYIONIIX BBIPAXKCHUIA.
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Ha rpanunax y = 0 u y = L npuHATHl «MsIrKue» ycjoBust |28, 29|:

dcy,
dy

Zn(2,0,8) =0, %c;(a:Lt) 0, n=1,234. (8)

IIpn MomenmpoBaHNN TraJbBAHOAMHAMUYECKOTO PEXKHMA C HCHOJIH30BAHUEM
ypasuenus [lyaccona jyis nmoreniuasia ojHa u3 IPOJOJILHBIX IPAHUIL CUCTEMBI, T1a-
paJUIEIbHBIX IOBEPXHOCTH MeMODPAHBI, IIPEII0IAraeTCsd SKBUIIOTEHIINAIBHOI (3a-
JIA€TCsl HEKOTOPOE TIOCTOSIHHOE 3HAYEeHHe CKadKa IMOTEHIUAJIa, HAIPUMED HOJIb),
a Ha Apyroil rpaHulle 3aJaeTcd I'PaHUIHOe yCJIOBHUe, CBA3bIBaOIIee IIPOU3BOIHYIO
[IOTEHITUAJIA U IJIOTHOCTH TOKA. 3aJIa UM HYJIEBOI [MOTEHINAJ Ha Ipanule r = H:

(p(H7y7t) =0. (9)

lNanbBaHOIMHAMIYECKOE I'PAHUYIHOE ycjIoBue Ha rpanuiie xr = 0 BbIBeIeM Ha
OCHOBE CJIEJLYIOIEero COOTHOIEHUs JJisi IJIOTHOCTH 1oJIHOTO Toka [30, 31]:

4
itot = F E Znjn — E0Er — =t

n=1

O(Vy)
2, (10)

IJIe IEPBOE CJIAraeMoe B IIPABOI YaCTH SBJISI€TCS TOKOM ITPOBOJIUMOCTH, 8 BTOPOE —
TOKOM CMEIIEHUS.

IIycts rpanuma paccMaTpuBaeMOro CJOsi PACTBOPA JIEKTPOIUTA C 00HEMOM
(x = 0) mocrarodHo yiajieHa OT IIOBEPXHOCTH MeMOpaHbl, Yy KOTOPOii dhopmu-
pyercsi OII3 u pazBuBaercst 9K npu mporekannn Toka. Torjga Ha 9TOi rpaHu-
Ile IJIOTHOCTH TOKA CMEINIEHUs IIPEeHeOPEKUMO MaJjia, a TaKyKe MOXKHO MPUHSITH
paBHOMEDPHOE paclipe/iesieHne HOPMAaJIbLHOM COCTABJIAIONIEN IJIOTHOCTH TOKA, T. €.
i2(0,y,t) =i, rjie i — IIOTHOCTH 3a/[aBAEMOI0 TOKA.

C yuerom JaHHbIX ynpomienuii u3 ypastenus (10) MOXKHO 3ammcaTh cJiejiyro-
mmee rpanundHoe yciaosue npu x = 0:

890 RT<Z+Zn 1FZnDn ar

7(07y7t) = 2 Zizl ZnDnCn )(07y7t)' (11)

ox

Ha rpammmax y = 0 u y = L 11s MOTEHIMA/IA YCTAHABINBACTCA <«MSTKOE»
TPAHUYIHOE yCJIOBUE

P2z, L,t) = 0. (12)

©
t) =
z,0,8) =0, 8:5(

ox (

HauajabHble yCI0BHUsS COOTBETCTBYIOT IPEIIOIOXKEHHIO, YTO KOHICHTPAIIUN
HOHOB COJTH PaBHBI HaYa/ILHON KOHIIEHTPAIMH PACTBOPA 3JIeKTPOJIITa BO Beeil pac-
cMaTpuBaeMoit 06act (KpoMe rpanunst & = H ); KOHIIEHTPAIMI HOHOB BOIOPOIA
u rujipokcrta pasabl 10~4 Moab /M3, 4T cooTBeTCTBYET HETpaIbHOMY PACTBOPY:

c1(z,y,0) = e ) = co,
c3(w,y,0) = cu( )= ﬁa (13)

¢(z,y,0)=0, 0<z<
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Yucsennoe perenne kpaesoit 3ajadn (1)—(9), (11)—(13) naitgeno meTo0M Ko-
HEYHBIX 9JIEMEHTOB C MCIIOJIb30BaHueM nakera Comsol Multiphysics [28]. Ypas-
HeHWUsl /U1l KOHIleHTpanuu noHos (2) u ypasuenue [Tyaccona (3) mocTpoensl Ha oc-
HOBE MOJyJis 001ieit hopMbl ypaBHEHUSI B YaCTHBIX IIPOU3BOIAHBIX General Form
PDE; ypasnenusi Hapre—Crokca 1 HepaspbiBHOCTHU (4) peain30BaHbI ¢ MOMOIIbIO
MOJLYJIsT IAMHUHAPHOTO TeveHusi Laminar Flow [28]. /luckpernsanus o mpocTpaH-
CTBEHHBIM KOODJIMHATAM IOJIell KOHIEHTPAIIMH U ITOTEHIINAJIA HCIIOJIb3yeT KBa/l-
paTUYHblE HHTEPHOJIAINOHHBIE DyHKINK Jlarpanka; B MO/ysle JIAMUHAPHOI'O Te-
YEHUs UCIOJIL3YIOTCS JIEMEHTBI BTOPOrO IOPSIKA JJIsi COCTABJISIONINX CKOPOCTH
U JINHEHBIE 9JIEMEHTHI JIJIst oJIst faBieHus [32]. Beraucienns no Bpemenn peau-
3YIOTCS C UCIIOJIb30BAHUEM CEI'PErMPOBAHHOIO y3JIa ¢ HESIBHBIM METOJIOM BBIOOpA
Bpemennoro mara BDF (dopmyna obparnoro nuddepentuposanust) [32]. Kax-
Jlas OTJe/IbHAS UTEPAINS BKIIIOYAET BBIIIOJHEHNE JIBYX OT/I€JIHLHBIX IIIAr0B: EPBLIT
[Iar — pacdeT KOHIEHTPAIUi MOHOB M IIOTEHIINAJIA; HA BTOPOM 3dTalle PaCCUUTHI-
BAIOTCS CKOPOCTD 1 jiapjenue. [Ilar o Bpemenn ornpeiesiseTcst Tak, YTOObI BBIIOJ-
HSJI0Ch TpeboBamme Jyls OTHOCHTEILHOM morpemnocTu (ycranapausaerca 1073).
Kpowme Toro, npu perernn KpaeBbIX 3a/a4d MOJejieil yCTaHABIMBAJIOCH OIDaHUYIe-
HU€e HA MAKCUMAJILHBIH MAT 110 BpEMEHHU, YTOOBI OIPENTHOCTH PACUIETa IIJIOTHOCTH
TOKa Ha IpaHuIax cocrasisia Menee 1 %. Bee pacueTsl NpOBOJANINCE ¢ UCTIOIB30-
BanueM 1poreccopa Intel(R) Core(TM) i9-10900K (10 simep 3.70 I'Tn), 64 I'B
OIlepPATUBHOW TIAMSITH.

Bmuanvne P/IPB ma XapaKTepUCTUKH MacCONEPEHOCa 3aBUCUT OT COOTHOIIIE-
HUsl KOHIIEHTPAIIMM WOHOB COJIM U IPOJYKTOB JUCCOIUAINH, & CJIEIOBATEIbHO,
7 OT UCXO/HOW KOHIIEHTPAIINU PacTBOpa 3jeKTponTa. [Ipu onucannu mporeccos
MaCCOIepeHOCa B MEMOpPaHHBIX CHCTEMAaX ILJIOTHOCTb TOKA PACCMATPUBAETCS OT-
HOCHUTEJ/IBLHO MPEJIeIbHOTO 3HAUEHUsI, KOTOPOE IMPSAMO ITPOIOPIIMOHATLHO UCXOTHOM
KOHIleHTparmu syekrposnta ¢g [33|. Tlosromy mist onenku siusinus PIPB Ha
MaCCOIIEPEHOC BBIIIOJIHEHBI PACYETHI [IPU PA3JIMYHBIX 3HAYEHUSX KOHIIEHTPAIUH
€y ISl CJIEJLYIONIUX 3HAYEHUN IIJIOTHOCTU TOKA!

i=10 A/m? ana o = 10 mosn/M3;
i=1A/M?>  anacy =1 momn /M3,
i=0.1A/M> anacop=0.1 mMomn/n3,

PaccmarpuBaercst pacreop astekrposinra CuSOy npu remueparype T = 298 K
mroTHOCTBIO pg = 1002 kr/M3 u BaskocTeio v = 0.89 - 1076 M2 /c; kosdbbumm-
enTsl quddy3un HOHOB 3a7aioTcs 3HadenHusMu Dy = 0.72 - 1079 w2 /e, Dy =
= 1.065- 107 m?/c, D3 = 9.34 - 107 m?/c, Dy = 5.23 - 1079 m?/c; umcna te-
peHoca KaTHOHOB B KaTHMOHOOOMEHHON MeMOpaHe W PacTBOPE HMEIOT 3HATEHUS
Tic = 1 u t;y = 0.403 cOOTBETCTBEHHO; 3apsiIOBbIE UNCJIa WOHOB CJIEIYIOIIHe:
z1 =1, 29 = =1, 23 =1, 24 = —1. Toamuua u JJuHA PACCMATPUBAEMOTO CJIOS
pacrsopa sstekTposmta H = 1073 M u L = 1073 M COOTBETCTBEHHO.

YKazaHHBIE TapaMeTPbl CHCTEMBI COOTBETCTBYIOT IKCIEPUMEHTATBHOMY WC-
CJIe/IOBAHUIO, BBIIIOJIHEHHOMY B pabore [34], ¢ Toil pasHuIieil, uro JymHa paccmar-
pUBaeMoil cucTeMbl BhIOpaHA MEHBINEH. DTO MO3BOJIUIO YMEHBIIUTH BBIUUAC/IU-
TEJBLHYIO TPYIOEMKOCTh 33JIa4uu 06€3 3HaUUTEILHOIO MCKAXKEHUS XPOHOIIOTEHITHO-
rpaMMbl, TaK KaK BBIHYKJIEHHOE T€UYEeHNE PACTBOPA OTCYTCTBYET U 00ECCOINBAHIE
pacTBOpa He 3aBUCHUT OT ITPOJIOJIBHON KOOpAWMHATHI. J[JIs yIrporneHnst 9ucaeHHOro
peIIeHusl OTHOIIEHIE KOHIEHTPAIM KaTHoHOB pn ¢ = H K ¢y (mcnosnb3yemoe
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B rpanngHoM yciaosuu (7)) 66110 puHsaTo paBHbiM N, = 1. D10 3HaYEHNE MEHb-
1Ie, YeM B peaJibHbIX cucremax [35]; onrako B pabore [36] nokasano, 4ro 3HaueHue
N, cyIecTBEHHO He BJIMSIET Ha pellleHne 3aja4dn B pacmupenHoin OI13.
Bosbime rpajueHThl KOHIEHTPAINH KOHOB U MOTEHIIAAJIA JJIEKTPUIECKOTO T10-
Jist BOJIM3Y TPAHUIIBI Pa3/ieia pacTBOP/MeMOpaHa 00yCIaBIMBAOT 3HAYUTE/IbHY O
BBIYUCTUTEIHHYIO CJIOKHOCTh paccMaTpuBaeMoil 3agaqau. [losromy st ympore-
HUsT 9UCTEHHOTO PENTeHNsT 381841 ObLIa TTOCTPOeHA HEOJHOPOIHAS pACIeTHAST CeT-
Ka, B KOTOPO 33 MOTPaHUIHBIX CJIOST ¢ KO3d durmeHnToM pacTszkennst 1.16 u ToJ-
munoit mepsoro cyiog 0.001 MkM pa3merneHbl y mpaBoil rpanuibl. B ocTasbHO
YaCcTH PACCMATPUBAEMON 00JIACTH pacyeTHAs CETKa MOCTPOEHA C UCITOIH30BAHIEM
TpeyrosbHOil cerku (omrust Free Triangular) [32|. Ilosyuennas cerka cocTout
n3 163911 snemenTtoB obsiactu u 2811 rpanudnabix ssementoB. CTpyKTypa pac-
YeTHOW CEeTKM OIpeJiesIeHa Ha OCHOBE CJIEYIONIET0 AJTOPUTMA
— IPOBOJISATCS PACUETHI XPOHOIIOTEHIIMOIPAMMBbI d@y, (t) IpU HEKOTOPOIi TLI0T-
HOCTH TOKa Ha MHTepBaJjie BpeMeHu or 0 JI0 yCTaHOBJIEHUS KBA3UCTAIMOHAP-
HOT'O COCTOSIHUS  [JIsl PACUETHON CeTKH, COCTOSIEH 13 k| 9IeMEHTOB;
— 3aTeM CeTKa yTOYHsieTCs (M COJMEPXKUT Terepb kg JEMEHTOB), TPOBOISATCS
pactersl 3HadeHns dyy, (t);
— 3aTeM OIpPeAeJIsieTCsd MAKCUMAJIbHAsA OTHOCHTEIbHAS MOIPEITHOCTh PACIETa
CKadKa I0TeHIuaa 1o ¢hopmysie y; = m[a>g](|d<pk1 — dog,|/dpr,) - 100%.
tel0,i

)

HpI/IBe,ZLeHHbIe oraru IOBTOPAIOTCA 0 TeX IIOP, IIOKa He BBLIITOJIHEHO yCHOBI/Ie
T, < 5 %.

3. Pesyaprarbl. Yrobnl onenurh Binsgaue YK u PIPB Ha maccomnepenoc,
JIJIST KaXKJI0T0 3HAYEHUST KOHIIEHTPAIUHU SJIEKTPOJIUTA BBIIOJHEHBI CJIEYIOIIIE Ba-
PHAHTHI PACUETOB:

— 0e3 yuera 9K u PIPB;

— ¢ yuerom IK u 6e3 yuera PIPB;

— 0e3 yuera 9K ¢ yuerom PJIPB;

— ¢ yaerom DK u P/IPB.

Ha puc. 2, a mokazanbl XpOHONOTEHITHOIPAMMBI, PACCIUTAHHBIE JIJIs YKA3aH-
HBIX BAPWAHTOB ydYeTa MEXaHU3MOB CBEPXIPEJIEIbHOTO TOKA, a TaKyKe XPOHOTIO-
TEHIIHOTPAMMA,, IOy IeHHAS IKCIIEPUMEHTATBLHO /TSI KATHOHOOOMEHHOH MeMOpa-
il Neosepta CMX u pacrtsopa ssexTposnta CuSOy konmnenTpanuei 10 Mosn />
npu miotHOcTH ToKa 10 A /M2 u momasu Membpanbt 3 x 4 mm? [34].

Ha xpomomoTeHmuorpaMme, paccunTanuoil ausa cg = 10 mosin/M? ¢ yderom
9K u PIPB, M0XXHO BBIIEIUTH yIACTOK HAYAJIBHOI'O OBICTPOIO OMUYECKOT'O PO-
cTa ckadka oTennuana (mpn t < ¢’ = 1078 ¢). Ha puc. 2 sT0T y9acTok orépomnren
U HCTIOJIb3YeTCsl IPUBe/IeH B CKauoK rmotentmaia dy,(t) = dy(t) —dy,(t'), Tax xax
9TO UCKJIIOYAET BJIMSHUE OMUYECKOTO COIPOTUBJIEHUS, KOTOPOE sBJsgeTCd (DyHK-
el pacCTOSTHUS ME¥Kly U3MEPUTEJbHBIMU JIEKTPOJAMHU, TOJIIUHBI MEMOpaHBI
U HEKOTOPBIX JIPYTHX MapaMeTpoB, KOTOPBIE TPYIHO HAWTH, TOT/Ia KaK OHU He
UMEIOT 3HAYEHUs /Tl TTOBEICHNsT MEMOPAHBI M HE YIUTHIBAIOTCS B MOJICIIH.

JlaJtee cieyer y9acTOK MOHOTOHHOTO POCTa CKadKa ITOTEHINAIa, BhI3SBAHHBIN
3J1eKTpOo P Y3UOHHBIM 0beccomBarreM pacTBopa. CKOPOCTb pocTa CKavdKa I0-
TeHIasa OBICTPO BO3PACTAET IIOCJIe YMEHbBIIEHUsI KOHIIEHTPAIUU Ha I'PAHUIE Pas3-
Jiesia pacTBop/MeMbpaHna. B MomenT Bpemenu T & 71.15 ¢ KacaresnbHas K npodu-
JISTM KOHTIEHTPAINU B JEKTPOHEHTpATbHOM 00/1acTh BOJIM3U TIOBEPXHOCTH MEM-
O6panbr mpoxoauT uepes 0 mpu z = H.
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Puc. 2. Xpononorernuorpammer d;,(t) n cpeJHue 3HAYEHUsI TOJIIUHBL 91EKTPOKOHBEKTUBHOTO
BUXPEBOTO CJ0s dec(t), PACCUMTAHHBIC AJIf KOHIEHTpAImu ¢o = 10 Moan/M%, mpu mioTHOCTH
toka i = 10 A/m? (a), (b); co = 1 moms/M3, i = 1 A/M? (c), (d); co = 0.1 momb/M>, i =
= 0.1 A/m? (e), (f). Pacuerst ¢ yuerom (CILUIOMIHbIC TUHEHE) U Ge3 ydeTa (MyHKTHPHbIC JIAHHH)
DK, c yuerom (cunue junn) u 6e3 yuera (kpacusle juann) PIIPB. Ha puc. (a) Takke npuse/ieHa
IKCIIEPUMEHTAJIbHAS XPOHOIIOTEHIINOTPAMMA /1T KAaTHOHOOOMeHHO! MeMmOpanbl Neosepta CMX
B pacrsope CuSO4 10 moss/M* (vepnas suwms) npu i = 10 A/m?, nony«ennas B pabore [34]

[Figure 2. Chronopotentiograms d, (t) and average values of the thickness of the electroconvective
vortex layer de.(t), calculated for concentration co = 10 mol/m? at current density i = 10 A /m?
(a), (b); co = 1 mol/m? i = 1 A/m? (¢), (d); co = 0.1 mol/m?, i = 0.1 A/m? (e), (f).
Calculations with (solid lines) and without (dashed lines) considering EC, and with (blue
lines) and without (red lines) considering DRRW. Fig. (a) also shows an experimental
chronopotentiogram for the Neosepta CMX cation exchange membrane in the 10 mol/m?® CuSO4

(black line) at i = 10 A/m? from reference [34]
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ITocne sroro MmomenTa naunnaercst hopmupoBanue pacimpenabix O3, a Ha
XPOHOIOTEHITMOIPAMME OTMEYaeTCs ObICTPOE YBeJIMYEeHHE CKAdKa I[TOTEHIUAJIA.
ITpu ¢t ~ 71.5 ¢ pa3BUBaeTCsa FIEKTPOKOHBEKTUBHOE TEUYEHUE, UTO BLI3LIBAET CHU-
JKEHUE CKadKa IIOTEHIINaa, 38 KOTOPBIM CJIEJIyeT €r0 POCT C MEHbIIEll CKOPOCTHIO;
POCT CKadKa MOTEHITHAJIA COMPOBOXKJIAETCS yBeJINIeHneM HHTeHCUBHOCTH DK.

C TeveHrEeM BpEMEHU CKAYOK ITOTEHITHAJIA HAUMHAELT KOJIeOATbCS OTHOCUTEIHLHO
HEKOTOPOI'O 3HAYEHUsI, CHCTEMA HEPEXOJIUT B KBA3UCTAIIMOHAPHOE COCTOSHUE.

B skcrnepuMeHTAIBHBIX U3MEPEHUSAX XPOHOIOTEHIIMOIPAMM HOHOOOMEHHBIX
MeMOpaH [34] MOMEHT BpeMeHH, IpeJIIecTBYOInii GbICTPOMY POCTY CKAadKa IO-
TEHINAJA, ONpeHessdeTcd KakK Iepexojanoe Bpems. [l aHaJIuTHYIECKOU OIEHKHU
BPEMEHHU I1epex0/la UCIOJIb3YeTCs ypPaBHEHHE

D C()FZ1 1

_— . 14
4 Tio —tqi? (14)

TS =

Ypasuenue (14) 6b110 noaydeno Cangom (Henry J. S. Sand) ma ocHoBe Teo-
PETUYIECKOro aHAJIN3a [IEPEHOCA NOHOB B OeCKOHETHOM /(b y3UOHHOM CJI0€, B KO-
TOPOM BBIIIOJTHSIETCSI YCJIOBHE JIOKAJIBHOI 3sieKTponeiiTpansroctu [37]. Coracho
teopun Canjia, IEPEXO/IHOE BPEMS OIPEJIEIIETCS 10 MOMEHTY, KOT/ia KOHIIEHTPA-
ISl TPOTUBOMOHOB y TOBEPXHOCTH MEMOpPAaHbI YMEHBIIAETC 0 HYJIsI, & CKATOK
roTeHImaJa 66IcTpo Bo3pacTaeT. s paccMaTpuBaeMbIX ITapaMETPOB CHCTEMBI
corytacHo cooTHomrennio (14) mepexonuoe Bpemst Canga 7¢ ~ 70.55 c. ITepexon-
HOE BpEMsi, PACCUMTAHHOE II0 IMPEJJIAraeMON MOJIEJIH, ONPEJIEJCHO 110 MOMEHTY
BPEMEHH, KOIJIa KacaTelbHas K KOHIEHTPAIMOHHBIM TpOhuiIsM (B IPOU3BOJIb-
HOM HOPMAaJIbHOM CEYEHUU PACCMaTPUBAEMOIO CJIOsi, HAIIPUMED, B CEYEHUU IIPU
y = 0.5L) B 371€KTpOHEATPAILHON 00J1acTH BOJIN3U HOBEPXHOCTH MEMOPAHBI I1PO-
xoaut yepes 0 npu x = H.

st Bcex paccMaTpUBaeMbIX 3HAYEHUN KOHIIEHTPAIMH PACTBOPA JIEKTPOJIATA
(cM. Tabsuily) 3HAYEHHUsS [EPEXOJHOrO BPEMEHH, paccunTaHHble 6e3 ydera DK n
PJIPB, coBnaiator gApyr ¢ ApyroMm, a Takzxke ¢ aHAJIUTHIecKOoil onerkoii Canya (o1-
smame coctapiaser menee 0.03 %). st KoHIeHTparum pacTsopa ¢g = 10 Mosb /a3
9K u PJ/IPB cj1abo BIUSIIOT Ha TEPEeXOIHOE BPEMsI: JIJIsT BCEX YEThIPEX TUIIOB Pac-
YeTOB pas3jimdue 3HaYeHUH MepexoHoro Bpemenu He npesbimaer 1 %. ns KoH-
HeHTpaImn pactsopa co = 1 Momn /M3 DK yeemmuusaer nepexonnoe spems (0.2 c,
To ecthb 0.3%), a P/IPB ysesmunsaer ua 3.63 ¢ (=~ 5 %). /lia KoHIEHTpanum pac-
tBOpa cg = 0.1 Mosb/M3 B pacderax ¢ yuerom PIIPB cucrema crabummsnpyercs
co BpeMeHeM 6e3 JIOCTHKEHUSI 1IPE/IEJIBHOIO COCTOSHUS.

CTpyKkTypa pacCUMTaAHHBIX XPOHOIIOTEHIIHOTPAMM KAYECTBEHHO COBIIAIAET CO
CTPYKTYPOii 9KCIEPUMEHTAIbHON KpUBOi [34|, B KOTOPOi BBIIEISIOTCS CJIeIyTO-

[TepexoaHoe BpeMsi, paCCYUTAHHOE C MCIIOJIb30BAHUEM IIpejIaraeMoi MoJIesu
[Transition time calculated using the proposed model]

Calculations for cases co = 10 mol/m?® | ¢y =1 mol/m?® | ¢o = 0.1 mol/m?
Without EC and without DRRW 70.53 s 70.53 s 70.53 s
With EC and without DRRW 70.60 s 70.72 s 70.53 s
Without EC and with DRRW 70.85 s 74.15 s —

With EC and with DRRW 71.15 s 74.35 s —
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e XapaKTepHbIe y9IacTKU (pHUC. 2): MEJJIEHHBI POCT CKAIKa MOTEHIHAJA, TIPe-
JIEJIHOE COCTOsIHUE OBICTPOrO POCTA CKAYKA [TOTEHIUAJIA, [IEPEXOIHA CTA A Pas3-
BuTHusI DK 1 KBas3uCTAIlMOHAPHOE COCTOSTHUE.

OKCIepUMEHTAIBHOE EPEXOHOE BPEMs COCTABIIACT Tezp A 77 C, UTO Ha 8.4 %
0oJIbIlle 3HAYEHUsI, PACCIUTAHHOTO C UCIOJIb30BaHueM Mojiesn. 11oto6Ho0e oBe te-
HIU€ SKCIIEPUMEHTAJIBHON U PACUeTHON KpuBbIX HaO onaeTcd upu t < 7. [lepexo-
Hast crajus pasputus DK ormiimdaercs 60jiee CyIieCTBEHHO.

Ha paccuunTannoii XpoHOIIOTEHIIMOTPaMMe B MOMEHT BPEMEHU T HaOJII0IaeTCs
pe3Koe CHUYKeHMe CKadKa IOTeHInaja, CBsi3aHHoe ¢ pasputueM JK. B skcrepu-
MenTasibHOM XII cKOpocTh pocTa cKavKa MOTEHIINAJIA IIABHO YMEHBIITAETCS U3-3a
[TOSIBJICHUST JIOTIOJIHUTETbHBIX MEXaHU3MOB, OCHOBHBIM M3 KOTOPBIX siBjisieTcs DK
[34]. To-Bummmomy, 5TO pasjndne CBsI3aHO C ME€OMETPHYECKON U IJIEKTPUICCKOM
HEOTHOPOTHOCTHIO TIOBEPXHOCTH, UTO BUseT Ha pas3suTne DK, B TO BpeMs Kak
B pacdyeTe IPEJI0/aracTcs, IYTO MOBEPXHOCThL MEMOPAHBI SABJISIETCSI COBEPIIIEHHO
OJTHOPO/THOM.

Pazjinane XxpoHONOTEHITMOPAMM, PACCINTAHHBIX ¢ yueToM u 6e3 yuera P/IPB
(puc. 2), MOKHO OOBbSICHUTH C MCIIOJIb30BAHIEM BPEMEHHBIX 3aBUCUMOCTEH OTHO-
IEHUS KOHIIEHTPAIMI MTPOJIYKTOB JIMCCONMAIMN U MOHOB conu. Ha puc. 3 npu-
BEJICHBbI 3aBUCUMOCTH OT BPEMEHHU OTHOIIEHUI CPEIHUX 3HAYEHUN KOHIEHTPAIIUN
MOHOB BOJIOPO/IA €34y U TUJAPOKCUJIA Cqgy K COOTBETCTBYIONINM 3HAYEHUAM HOHOB
COJIU Clgy U C2qy, KOTOPBIE paccuuTanbl ¢ yiaeromM YK u PIPB mo dopmyse

1 H pL
Cnav(t) = I‘IL/O /0 Cn(fb,y,t)d%dy, n=1234.

W3 puc. 3 BuaHO, 9TO JJIsl BCEX PACCMATPUBAEMBIX 3HAYEHNI KOHIIEHTPAIIAN
9JIEKTPOJIATA €y C Te€IEHNEM BPEMEHN OTHOIIEHNE KOHIIEHTPAIIN MOHOB BOIOPOIA
U KATUOHA COJIM C3qy/Clqy YOBIBaeT (1 He mpesbimaer 3uadenus 0.001), a orHo-
HIeHNEe KOHIEHTPAIMHA HOHOB THIPOKCHJIA U AHUOHA COJIU C4qy/Coqy BO3PACTAET 10
3HAYEHUH, CIIOCOOHBIX OKa3bIBATh 3HAUNMOE BJUSHUE Ha IIPOIECC MaCCOIEepeHOCca.
[Tpu 3TOM MeHbIIel KOHIIEHTPAIIUH C() COOTBETCTBYET GOJIbIIEE 3HAYEHUE Chqy/ Coqu,s
nanpumep, npu t = 100 ¢ misg ¢g = 10 mosb/ M® 3HAUEHHE Ciqy /Caqv =~ 0.004; nyist
co = 1 Momb /M3 — Chau /200 = 0.04; 115t ¢g = 0.1 MOTB /M3 — €440 /200 = 0.01.

Takum 06pazoM, Ipu MPOTEKAHUN TOKA B CJIOE PACTBOPA DJIEKTPOJIUTA y II0-
BEPXHOCTH KaTHOHOOOMeHHO# MeMmbOpanbl Biugune PIIPB npossisercs Bo3pacra-
HHMEM KOHIIEHTPAIMH MOHOB I'UIPOKCHJIA.

CKOpPOCTb POCTa OTHOIIEHUSI Ciqy/C2qy B pacuere ¢ yaerom DK u PJAPB s
co = 10 Monn/M? yBeMUUBAETCA TIOC/E JOCTHZKEHHS ePEXOIHOr0 BPeMeHH, IIPH
9TOM MaKCUMAJIbHOE 3HAUEHUE C4qp/C2qpy B PACCMATPHBAEMOM BPEMEHHOM J[MAlla-
some He npesbinaer 0.004 (puc. 3, ¢). [Tosromy npu ¢ < 7 orinune 3HaueHnit ckad-
Ka IOTeHIaJa B CHCTeMe He IpesblmaeT 3 %, a upu ¢ > 7 OTJIMYUEe MIHOBEHHBIX
3HAYCHUIT CKadKa MOTEHIMAaJIa MOXKET JocTuraTh 16 %, Ho amamazon Kosebamnmil
CKaJKa ITOTEHITNAJIA COBIIAIALT.

s ncemenosanus sausans P/IPB ma 9K B pacuerax ¢ yaerom u 6e3 yuera
PIPB paccuntana ycpeaHeHHas 10 JJIMHE KaHAJIA TOJIINHA IJIEKTPOKOHBEKTUB-
HOrO BUXPEBOrO ciiost dee (puc. 2, b, d, f). I'panuna 37eKTPOKOHBEKTUBHOIO CJIOsT
oIpeJiesIsiyiach 110 TOYKaM, B KOTOPBIX Pa3HUIA CPeTHEKBAIPATHIECKOIO 3HATCHUST
CKOPOCTH U €€ MaKCHUMAJbHOTO 3HAUYCHHS Viax (HA pacCMaTpHBaEMOM BPEMEHHOM
orpeske Viax ~ 0.0044 m/c) upesbiimaer 1 % or Vipax. Tak kak auanazon xoseba-
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Puc. 3. OTHOmEHNS KOHIIEHTPANI MOHOB BOJIOPOJIA W KATHOHA COJH C3qv/Clav (&) M KOHIEHTPAIWH NOHOB THAPOKCHIIA U AHUOHA COJA Cqv/C2qv (D)
Puc. (¢) —yBesmuenue dparmenta puc. (b). Pesysnbrarsr pacuera ¢ yderom (crurormHsle auHun) u 6e3 yuera DK (IyHKTHPHBIE JIMHUKM) U C yU€TOM

PIIPB s co = 10 momn /M, i = 10 A/M?,) ¢o = 1 momn /M%) 4 =1 A/M2, ¢o = 0.1 momn /) i = 0.1 A/m>

[Figure 3. The relationship between the concentrations of hydrogen ions and the cation of the salt ¢3qv/c1av (a) and the concentrations of hydroxyl
ions and the anion of the salt ciqv/c24v (b). Fig. (¢) shows an enlarged fragment of Fig. (b). The calculation results are presented with (solid lines)
10 mol/m®, i = 10 A/m?, ¢o = 1 mol/m?,

and without (dashed lines) consideration of EC, and with consideration of RDRW DRRW for ¢
i=1A/m? co = 0.1 mol/m® i =0.1 A/m?|
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HU CKadKa IMOTeHInaja npu t > 7 B pacderax ¢ yueroM u 6e3 yuera PIAPB s
co = 10 moub/ M IpUGIIH3UTEIHHO COBIAAET, KOeOaHNs dp. TAKIKE HAXOIUTCS
npubJIM3UTEILHO B OJIHOM JlManas3oHe 3HaveHuii (puc. 2, b).

B pacuere jy1g KOHIEHTpanun cg = 1 Moyb/M? 3HaYMEHNe OTHOIIEHN KOHIICH-
TpAImii C4qy /C2q0 HA HOPSIOK BEIIIE, ueM Jyist ¢ = 1 Mosn /M3 (puc. 2, b). O6paso-
BaHue JOIOJHUTE/LHBIX HOCUTENEH 3apsiia B pe3yJbTare JIUCCOLMAIUN MOJIEKYJI
BOZIBI B TAKOM KOJIUYECTBE CHUXKAET CKAYOK ITOTEHIAJa B CJI0€ PACTBOPA 3JIEK-
TposiuTa (pUc. 2, ¢), YTO YMEHBINAET TOJIIUHY 3JEKTPOKOHBEKTUBHOTO BUXPEBOI'O
ciost (puc. 2,d).

DJIEKTPOKOHBEKTUBHLIE BUXPH, B 00JIACTH y IMOBEPXHOCTH MeMOpaHbI IIepe-
MenBasi 00eIHEHHBIN PACTBOP JIEKTPOJIATA C PACTBOPOM M3 o0bema (puc. 4),
B CBOIO OYepejib, PUBOJAT K YMEHBIICHUIO CKadKa HOTeHImana (puc. 2, a, ¢, e),
B pe3yJsibTaTe 4ero yMEeHbIIAeTCsl KOHIIEHTPAIUs MOHOB ruapokcuia (puc. 3, b, ¢).
Takum obpaszom, paszsurue K B MeMOpaHHON CUCTEME CHUYXKAET MHTEHCUBHOCTD

PJIPB.

1000

| I 3 400

= — = = = 0 —————— k
0 200 400 600 800 1000 0 200 400 600 800 1000
o, pm @, pm

a b

Puc. 4. Pacnpenesenne Konmenrpanun noHoB Na© (BesTMUMHA TIOKA3AHA IIBETOM) M TEUEHUS
pactBopa (6esbie muAnN) B MOMeHT Bpemenn ¢ = 140 ¢, paccauranubie 6e3 yuaera (a) U ¢ yIeTOM
PIIPB (b) anst co = 1 moms/m®, i =1 A/m?

[Figure 3. The distribution of Nat ion concentrations (showed in color) and the flow of the
solution (white lines) at the time ¢ = 140 s, calculated without considering (a) and with
consideration of (b) for ¢o = 1 mol/m*, i =1 A/m?|

4. 3akmarogyenmne. Pazpaborana JByMepHas MaTeMATHIECKas MOIETb Tepe-
HOCA MOHOB B CJIOE PAacTBOpa OMHAPHOTO IJEKTPOJUTA Y MOBEPXHOCTH HOHOOO-
MEHHO! MeMOpPaHBbI IIPU CBEPXIIPEIEIBHBIX IIOCTOSHHBIX TOKAX C yUIeTOM Da3BU-
tusg DK u PIPB. Mojiesib mocTpoeHa Ha OCHOBE CUCTEMbI CBSI3aHHBIX YPABHEHUI
Hepucra—Ilnanka—IIyaccona—Hapre—CToKca 1 HOBOTO TAIbBAHOINHAMUIECKO-
I'0 'PAHUYHOrO yCJIOBHUs JJid HorennuaJa. [lepexoHoe BpeMsi, paccuinTaHHOE C UC-
[OJIb30BaHUEM IIPeJIaraeMoii MOJIEJIH, COBIIAIAET C BLICOKON TOYHOCTBIO (OTiinyane
meree 0.03 %) ¢ ananuruaeckoii onenkoii Canga jyist 91oit Besmunnbl. C UCHOIIb-
30BaHUEM pa3pabOTAHHON MOJIEJN BIIEPBbIE PACCUUTAHBI XPOHOIMIOTEHITHOTIPAMMBI
MeMOPAHHON CHUCTEMBI C YU€TOM BJIUSHUS IJIEKTPOKOHBEKITUU U PEAKITUH JUCCO-
[UAIH / PEKOMOUHAIMH MOJIEKYT BOJbl. CTPYKTypa PacCUUTAHHBIX XPOHOIIOTEH-
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Vsgenosa A. M.

MIOTPaAMM KadeCTBEHHO COBMIAJAET CO CTPYKTYPOU IKCIIEPUMEHTAJIBHON KPUBOIL.
ITokazaHo, 94TO OTHOIIEHNE KOHIIEHTPAIIUH IPOIYKTOB JHUCCOIMAITUN BOJIBI K
KOHIIEHTPAITIN NOHOB COJIM OIPEIEISIET PA3JINIHOE COOTHOIEeHME 3P (PEKTOB 3JIeK-
TPOKOHBEKIINU U JTUCCOIUAIIAH.
PaccMmoTpensbl ciienyolie BapuaHThl COOTHOIIEHUsT 3(DP@PEKTOB 3JIEKTPOKOH-
BEKIIUH W JINCCOIUAITINA MOJIEKYJT BOJbI:

1) 3HAUMMOE BJIMsIHEE HA MACCOINEPEHOC OKA3bIBACT JIEKTPOKOHBEKIHS, BJIUSI-
HIE PeaKIny JINUCCOIUAIINN BObI — HE3HAUNTETbHBIE;

2) 9JIEKTPOKOHBEKIIUS U JIUCCOIMAINS OKA3bIBAIOT 3HAYMMOE BJIMSIHUE Ha [PO-
Iecchl IepeHoca: obpa3oBaHUEe JIOIOJHUTENBHBIX HOCHUTENEeH 3apsijia B pe-
3yJIbTaTe JAUCCOIUAIINT MOJIEKYJT BOJIbI CHUYKAET CKAYOK IOTEHITNAJIa B CJIOe
3JIEKTPOJINTA, ITO yMEHBITTAeT WHTEHCUBHOCTDH IJEKTPOKOHBEKIINN; Pa3BU-
THe 3JIEKTPOKOHBEKITUH, B CBOIO OYePe/lb, 3aMeJJISIeT MPOIECC TUCCONATINT
MOJIEKYJT BOJIBI;

3) HPOJYKTHI MHTEHCUBHOM JINCCOIUAIINN MOJIEKYJI BOJbI IIPEISITCTBYET Pa3BU-
TUIO JIEKTPOKOHBEKITUH.

Konkypupyonine nHTepechl. KOHKYpUDYIOINX NHTEPECOB HE UMEIO.

ABTOpCKUT BKJIA 1 OTBETCTBEHHOCTD. ¢ HECY TIOJIHYIO OTBETCTBEHHOCTD 33, IIPEJI0-
CTaBJIEHUE OKOHYATE/IHHON BEPCUU PYKOIUCH B meuarh. OKOHYATEIbHAS BEPCUs PYKOIIACH
MHOIO 0700peHa.

®unaHcupoBaHue. llccieoBanne BBIIOJHEHO 3a cueT rpaHTa POCCHICKOro Hay<IHOro
domma Ne 23-29-00534, https://rscf.ru/project/23-29-00534/.

Baarogapuocts. Asrop 6Giaromapen npod. M. X. YprenoBy 3a BHUMaHUWE K JAHHON
pabore ¥ TOJIE3HbIE JIUCKYCCUM.
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Abstract

Mass transfer in electrodialysis systems during intense current modes is
accompanied by the emergence of additional transfer mechanisms that sig-
nificantly affect their operational efficiency. According to modern concepts,
for dilute electrolyte solutions, mechanisms such as electroconvection and
the dissociation/recombination reactions of water molecules are particularly
important. These processes have opposing effects on the effectiveness of elec-
trodialysis technologies.

Mathematical models that take these mechanisms into account are ac-
tively used in membrane system research; however, they typically describe
only the potentiostatic regime, in which a potential jump is established in the
system. The interpretation of a vast database of experimental data for the
galvanodynamic regime (at fixed current density) also requires theoretical
analysis tools.

The aim of this work is to develop a mathematical model of mass trans-
fer in the electrolyte solution layer at an ion-exchange membrane, consider-
ing electroconvection and water dissociation in the galvanodynamic regime.
The model is based on a system of coupled Nernst—Planck—Poisson—Navier—
Stokes equations, supplemented by a new galvanodynamic boundary condi-
tion for the potential.

Using the developed model, chronopotentiograms of the membrane sys-
tem were calculated for the first time, taking into account the influence
of both electroconvection and the dissociation/recombination reactions of
water molecules. The results showed that the ratio of the concentration of
water dissociation products to the concentration of salt ions determines the
balance of the effects of electroconvection and dissociation.
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The following options for balancing the effects of electroconvection and

dissociation of water molecules are considered:

1) electroconvection significantly influences mass transfer, while the in-
fluence of water dissociation is minimal,;

2) electroconvection and dissociation substantially affect transport pro-
cesses: the formation of additional charge carriers from the dissocia-
tion of water molecules reduces the potential jump in the electrolyte
layer, which decreases the intensity of electroconvection, while the de-
velopment of electroconvection, in turn, slows down the dissociation
process;

3) the products of intense water dissociation slow down the development
of electroconvection.

Keywords: electromembrane system, ion transport, electroconvection, dis-
sociation/recombination reaction of water molecules, galvanodynamic mode,
Nernst—Planck—Poisson—-Navier—Stokes equations.
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AHHOTaNSA

Paccmarpupatorcst MaTemMaTmdeckue MoOJIEIN KOHBEKIMN—1uddy3un—pe-
aKIMH, KOTOPBbIE OTHOCATCH K MOJIE/ISIM TEeIJIOMaCCOIEPEHOCA U ITPUMEHSTOT-
Cs TIPU UCCJIEIOBAHUU IPUPOIHBIX M TEXHOTE€HHBIX IporieccoB. st qanaoro
KJIACcCa MOJIeJIell aKTYAJIbHON sIBJIsSeTCs 3ajada UICHTH(MOUKAINA KaK [apa-
METPOB CaMOil MOJIEJIM, TaK W BXOJSAININX B Hee IPAHUIHBIX YCJIOBUI 1O pe-
3yJIbTaTaM M3MEpPEeHUN 3HAYEeHUN MUCKOMOUW (DYHKIMH B OTJEJIBHBIX TOYKAX
paccMmaTpuBaeMoil obJiacTu. 3a/1ady YCJIOXKHSIeT HAJIMYME HEIOJIHBIX H3Me-
peHuil, MCKaXKEHHBIX CJIyYalHBIMUA ITOMEXAMH.

Pemmenne zakmouaercs B pa3paboTke KOMOMHUPOBAHHOIO JBYXITAITHOTO
MeTOo/Ia MJIeHTU(MUKAIINN, OCHOBAHHOIO HA IIOCJIE0BATETLHOM IIPUMEHEHUN
MeTO0/Ia MUHUMU3AIMHA KPUTEPUs MIeHTU(MUKAINN Oe3rPaIMEeHTHOIO THITA, U
PEKYyPPEHTHOIO METOJ[a OIeHMBAHUST HEU3BECTHBIX BXOJHBIX CUIHAJIOB. JIjist
IIPUMEHEHHUsI YKA3aHHBIX METOJOB BBIMOJIHSIETCS [IEPEX0Jl OT MCXOIHON MO-
JIeJIn, ONHCHIBAEMON YPABHEHUSIMUA B YACTHBIX TPOU3BOIHBIX, K JIMCKPETHON
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JIMHEITHON CTOXaCTUYIEeCKON MOJIeI B IIPOCTPAHCTBE COCTOAHUNA, B KOTOPON
HeN3BECTHBIE I'PDAHIIHBIE YCIIOBUS PACCMATPUBAIOTCS KaK HEN3BECTHBIE BXO/I-
Hble CUT'HAJIBIL.

B pesysbrare mocTpoeHbl HOBBIE JTUCKPETHBIE JIMHEHbBIE CTOXACTHIECKHE
MOJIESIN KOHBEKITNU—Tu(My3un—peaKkiiuu Jijisd TpeX PA3HBIX TUIIOB T'PAHUY-
HbIX ycjoBuil. [Ipe/yioxkena obImast cxema Iporecca mapaMeTpuaecKoil njeH-
THOUKAIAN, BKIIIOYAIOIIAS JIBYXITAITHY O HIeHTU(OUKAIINIO HEM3BECTHBIX T1a-
pPaMETpPOB MATEeMATHIECKON MOMEJN U UACHTU(DUKAINIO HEM3BECTHBIX I'Da-
HUYHBIX YCJIOBUIA.

s mpoBepKu paboOTOCIOCOOHOCTH IIPEJIOKEHHOTO METO/Ia ITOCTPOEHBI
KOMIIBIOTEPHBIE MOJENN KOHBEKINU - TP Yy3un—peakiinu U BBIIOJIHEHA pe-
aan3aIms BCeX aJropuTMoB Ha s3bike MATLAB. IlpoBeseHa cepusi BBIUUCIIN-
TEJILHBIX YKCIIEPUMEHTOB, PE3YJILTATHI KOTOPBIX ITOKA3aJIU, 9TO Pa3paboTaH-
Hasl JIByX3JTallHasi KOMOMHUPOBAHHAS CXEMa, [I03BOJISIET UJIeHTU(DUITPOBATH
mapaMeTpbl HCXOIHON MOJIe/n, 3HadeHusT (DYHKIIUN, BXOISIINX B TPAHUIHBIE
YCJIOBUsI, & TaKXKe BBIUYHUCJIUTL 110 HEMOJHBIM 3alllyMJIEHHBIM N3MEPEHUSIM
oTeHKY (DYHKITUN, OMACHIBAIOIIEH TPOIeCC KOHBEKIMA— M Dy3un—peakiinm.

Tlosmygenmbie pe3ysibTaThl MOIYT OBITH HCIIOIB30BAHDI HE TOJBKO DU UC-
CJIEJIOBAHNU IIPOIIECCOB TEIJIOMACCOIIEPEHOCA, HO TaKsKe IIPU PENIeHNH 38,181
n/IeHTHDUKAIIY IapAMETPOB MOJIeJIEN JUCKPETHBIX CTOXaCTHIECKUX CHCTEM
C HEM3BECTHBIMU BXOJIHBIMU CUTHAJIAMU U MU HAJUYUH CIIyYalHBIX TOMEX.

KuroueBbie cioBa: mojenn KOHBEKITMU—1udy3un—peaknnm, TapaMeTpu-
JecKask UACHTH(DUKAINS, KBAIPATUIHBI KPUTEPUil WIeHTU(DUKAIINH, JTUC-
KpeTHasl JINHEeTHAsT CTOXaCTHIeCKast MOJIE/Ih B IPOCTPAHCTBE COCTOSTHUIA, OT1e-
HUBaHWE HEN3BECTHBIX BXOJHBIX CUTHAJIOB.

Ionyuenue: 5 cenrsbps 2023 1. / Vcupasnenue: 5 mexabps 2023 r. /
Ipunsarue: 11 nexabpsa 2023 r. / Ilybaukanus omnaiin: 12 cenrabps 2024 r.

BBenenmne m mocraHoBKa 3amadumn. 3aJauy [IapaMeTPUYECKONl UIeHTUdU-
Kalli¥ OTHOCATCS K KJIacCy OOpaTHBIX 3aJ1aY MaTeMaTHIeCKOI'O MOJIEJTUPOBAHMS
1 3aKJII0YAIOTCSI B OIPE/IEJIEHNH HEU3BECTHBIX ITapaMeTPOB MaTeMaTHIeCKON MOo-
Jean 00beKTa, MpPUHAJIIEKAIEl BLIOPAHHOMY KJIACCY MOJesell, 10 M3BECTHBIM
BXO/JHBIM CUTHAJIAM ¥ BBLIXOAHBIM JAHHBIM u3Mepennii. O IHUMU U3 OCHOBHBIX I10/I-
XOJIOB K UX DEIIEHUIO SIBJISIIOTCST MeTo/I oanpocTpancTs (subspace identification
method) u Meros MuHEMYyMa ommbKku npeackasanusi (minimum prediction-error
(MPE) method). ®ynmaMenT gaHHBIX HOAXOJIOB OBLI 3aJI0JKEH eIlle B CepejiuHe
npomwIoro Beka B paborax [1,2]|. BazoBble KOHIENIMI BTOPOTO MOAXO0/IA OLPEIeie-
ubl B paborax JI. JIbonra [3,4], B paMKax KOTOPOro KOHKPETHBIE METOJIbI UJIEHTH-
duKaIUy Moy IAI0TCS KaK JaCTHBIE C/IyIad B 3aBUCUMOCTH OT BbIOOpa (DyHKIINN
IOTePb, KPUTEPUSA KAUECTBA, CTPYKTYPBI MOJEIN U UUCIEHHOTO MEeTOJ/a MUHU-
Mu3anuy. B Hameil crpane 60JIbINON BKJIAJ B Pa3BUTUE TEOPUU UIEHTU(MDUKAIII
cucTeM BHeC Bblaommuiicss coperckuii yuenstit 9. 3. pmkun [5].

B kacce mucKpeTHBIX JIMHEHHBIX CTOXACTHIECKUX CHCTEM C U3BECTHBIMU BXO/I-
HBIMH CUTHAJIAMHU MeTOIbl MASHTU(MUKAIINY HEM3BECTHOI'O MOIEIBHOIO MapaMeT-
pa, OT KOTOPOTO 3aBUCST CUCTEMHBIE MATPUIILI, XOPOIIO pa3BuThl. Kitaccuiaeckum
ITOJIXOJIOM K PENIeHUIO 3a/1a91 ITapaMeTPUIeCcKOi HIeHTUMUKAITTNT MOAEILHOTO Ta-
pamerpa # 0IHOBPEMEHHO C OIEHUBAHUEM BEKTOPA COCTOSTHUSA JUCKPETHOMN JIMHEH-
HOIl CTOXACTUIECKOM CHCTEMBI TI0 U3BECTHLIM BXOJIHBIM W BBIXOJIHBIM JTAHHBIM SB-
JISIeTCsl IIPUMEHeHne MeTOoJIoB ajantusHoi dbussrpanun [6]. [Ipu srom kpurepnii
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UJIEHTHOUKAIINN OIPEIeIseT PA3HUILy MEXK/y BBIXOJIAMU peajbHOM (busnueckoit
CUCTEMBbI U JMCKPETHOU JIMHEHHON CTOXAaCTUYECKOU MOJICIA C NPUCOEJTUTHEHHBIM
dunbrpom Kanmana, mapamMerpbl KOTOPOro HEOOXOIMMO HACTPOUTH TAKUM 00Opa-
30M, 9TOOBI YUCJCHHOE 3HAUECHHE KPUTEPHUs UACHTUMUKAINU CTAJIO0 ONTUMAJIb-
HbIM [3|. B Hacrosiiiee Bpemsi CyIIECTBYIOT PA3JIMYIHbIE TIOJIXOJbI K TOCTPOEHUIO
AJITOPUTMOB TIAPAMETPUIECKON MIeHTUMOUKAINY, TPEOYIOIUe MOCTPOEHUS aIall-
TUBHBIX GUILTPOB. B 0bImmil KjIacc MeToI0B MUHUMYMa ONINOKY IPeICKa3aHus
BXOJISIT XOPOIIIO M3BECTHBIE METOJ[ MAaKCHMAJILHOrO IpaBiononobus [7] u merosn
HAMMEHBIINX KBAJPATOB (8], a Takyke METOAbI MHHIMAKCHOIO OlleHHBaHus [9)].
OT/1eJIbHO OTMETHM METOJI BCIOMOraTeIbHOro (pyHKIMoHa a Kadecrsa [10,11].

Cx0IMMOCTH OTICHOK HEM3BECTHBIX MTAPAMETPOB KakK JIJIst JTUHEHHBIX, TAK W JIJIs
HEJINHEHHBIX CTOXACTUIECKUX CHCTEM TOCBSINEHbI, B 9aCTHOCTH, paboTel [12-14].
O61ne yeoBUst CXOUMOCTH OTIEHOK HEM3BECTHDLIX TIAPAMETPOB TIPU PEIeHNN 3a-
Jad IMapaMeTpUIecKol MACHTUMUKAIUN JIMHEHHBIX CTOXaCTUIECKUX CHUCTEM Pac-
cMorpensl B pabore JI. JIbtonra [12]. [Tpu penenun 3a1a4 napaMeTpudeckoil niieH-
THUDUKAINY TPEIIOJIOXKEHUS O BBITIOJHEHUN YCIAOBUI CXOIMMOCTH, CPEIH KOTOPBIX
IIOJIHAST YIIPABJISEMOCTDb U HAOII0JaeMOCTD JUCKPETHOM JIMHEIHOM CTOXaCTUIEeCKOH
CUCTEMDBI, & TakKKe HelpepbiBHas TuddepennnpyeMocTh 0 MOJEJIHHOMY I1apa-
METPY 3JEMEHTOB CUCTEMHBIX MATPHUI[ M KOMIIAKTHOCTH MHOYKECTBA JIOMYCTUMBIX
3HAYEHUN MOJIEILHOrO ITapaMeTpa, 00eCIeanBaOT TPUMEHIMOCTD UUCJICHHBIX Me-
TOJIOB JIJIsi MUHUMUBAINN KPUTEPUS [IapaMeTPUIeCKOl UIeHTU(DUKAIIY.

OrmeruM, 9TO /It KBAIPATUIECKUX KPUTEPUEB KAUYECTBA, SBJISIONIMXCA BbI-
IyKJBIMA ¥ MOHOTOHHO BO3PACTAIONUMU (DYHKIMSIMHU 10 UCKOMOMY IIapaMeTpy,
CyImecTByeT IyiobasbHbI MuHUMYM. CJie0BaTeIbHO, OTHICKAHHE TOYKH MUHU-
MyMa TPEJCTABIACTCA BO3MOXKHBIM C TTOMOIIBIO MOIXOISIINX YUCICHHBIX METO-
JoB [15].

MeTo/1bI OTIeHUBaHUS ISt JTMHEHHBIX CTOXACTUIECKUX CUCTEM C HEU3BECTHBIMU
BXOJIHBIMU CUT'HAJIAMU B TIOCJIEJTHUE JIECATUIIETHS [IPUBJIEKIIN K cebe O0JIbITIoe BHU-
MaHue OJsiarogaps UX MPaKTUYECKUM IPUJIOKEHUSM I PEIIeHns] TaKuX 3aJ1a4,
JJIsI KOTOPBIX HEJIb3sI JIeJIaTh HUKAKUX IIPEIII0JI0KEHU 00 9BOJIIONUN HEU3BECT-
HBIX BXOJIHBIX CUTHAJIOB.

st cucTeM ¢ JIMCKPETHBIM BPEMEHEM CaMble PAHHUE IOJIXOJIbI OCHOBAHBI Ha
BKJIIOYEHUH HEU3BECTHOI'O BEKTOPA BXOJIHBIX CUTHAJIOB B BEKTOD COCTOSHUS CHU-
creMbl. [Ipemonaraaocs, 4To MOJE/Ib IMHAMUAKNA BEKTOPA BXOIHBIX CUI'HAJIOB U3~
BecTHA. B 9TOM ciiyvae Jjist pelienns 3aa91 TPUMEHSIICS PACIIUPEHHbIH (PUIbTp
Kanmana.

Bosbmioit BkJa B pasBuTHE TEOPUH JIUCKPETHON (PUIIBTPAIIMA CTOXACTUUE-
CKHUX CUCTEM C HEU3BECTHBIMU BXO/IHbIMU curHajamu Baecu C. [M'unneitac u B. e-
Mop. B [16] onu pacumpuin pe3ybTarsl, mojaydennbie B (17, 18], u npeioxuim
PEKYPPEHTHBII aJrOPUTM OJHOBPEMEHHOI'O OIIEHUBAHUS BEKTOPA COCTOSIHUS CHU-
CTEMBbI U BEKTOPA HEM3BECTHBIX BXOJHDLIX CUTHAJIOB. [Ipr 9TOM 10J/IydYeHHbIE OICH-
KH UMEIOT MUHUMAJIbHYIO JIUCIEPCHUIO oImuoKu. KpoMe TOro, oHU IOKa3ajIu OINTHU-
MaJIbHOCTDb BBIUUCJISIEMBIX OIEHOK. llepednciieHabie pe3yIbTaThl OTHOCSITCS K pe-
IIEHUIO 33/1a49 OIEHUBAHUS BEKTOPA COCTOSIHUS M HEM3BECTHBIX BXOJIHBIX BO3JIEN-
crBuii. Bo Bcex mocTaHoOBKax 3aJ1ad IMPEJIIIOJIarajioch, YTO CUCTEMHbIE MATPHUIIDI,
OIIPEJIEIAIONINEe MaTEeMATHIECKYIO0 MOJE/Tb O0bEKTa U U3MEPUTEJIsI, TOYHO U3BECT-
HBL.

Taxum obpazom, 3ajada MapaMeTpUIecKoil naeHTuUKAINN JIUHEHHBIX JIAC-
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KPETHBIX CTOXACTUIECKUX CUCTEM C HEM3BECTHBIMH BXOJHBIMH CUTHAJIAMHU B YKa-
3aHHBIX paboTax He perrajgach. B qanHoil paboTe MBI paccMaTpuBaeM 0OJIee CII0XK-
HYIO IIOCTAHOBKY 33189, B KOTOPO# BBOJUTCS JIOMOJTHUTE/IbHBIN UCTOUHUK AITPHU-
OPHO#I HEOPEIEICHHOCTU MOJIE/IN, 8 UMEHHO HEeM3BECTHBII BEKTOPHBIN ITapaMeTp,
OT 3JIEMEHTOB KOTOPOT'O 3aBUCAT MaTPUIILI, OIPEIE/IAIONINe YyPABHEHUST MaTeMa-
TUYEeCKOU Mojiesiu. Takast MoCTaHOBKA 3a/1a4u IIPU YCJIOBUNA HEU3BECTHBIX BXOIHBIX
CUTHAJIOB U HAJIMIUU CJyIalHBIX TTOMEX OIUACHIBAET BHICOKYIO CTEIEHb AlPUOPHON
HEOIIPEJICJTCHHOCTHA JUCKPETHON JIMHEHHON CTOXaCTUYECKOU CUCTEMBI.

IIpakTrvdeckoe puMeHEHNE IOy I€HHOIO PEIIeHUs TOCTAB/ICHHON 3a/1a9u I10-
Ka3aHOo Ha IpuUMepe UACHTU(MUKAIIIY TaPAMETPOB MATEMATUIECKIX MO/IeJIei KOH-
BeKINU—Iu(y3un—peakinu, KOTOPbIe OTHOCATCA K MOJIE/ISIM TeILIOMaCCOIIEPEHO-
ca W MUPOKO MPUMEHSIOTCS ITPU UCCJIEJOBAHUN MPUPOIHBIX W TEXHOINEHHBIX IPO-
neccos [19]. st manHOro Kiacca Mojesiell akTyasbHOI sIBJsSeTCs 3aja4a UJeH-
TudUKAINA KaK [TapaMeTPOB CaMOil MOJE/IN, TaK U BXOJSIIINX B HEe I'DAHMIHBIX
VCJIOBHI 110 pe3y/ibTaTaM M3MepeHU 3HAUYeHUH MCKOMOH (PyHKIIUU B OT/IETbHBIX
TOYKaX paccMaTpuBaeMoil 0bsacTi. YCIOXKHAET 3a1a9y HAJU4INe CIydaifHbIX 10~
MeX B U3MEPEHUSIX.

[IpuMmenenne peKyppeHTHBIX METOIOB KAJIMAHOBCKOTO THIIA JIJIsT PEIIEHUST 3a-
Ja4d IapaMeTpPUIecKoil UIeHTU(MUKAIINT MOIEJIEH, OIMUCHIBAEMbBIX yPABHEHUSIMEI
B YACTHBIX [POM3BOJHBIX, PACCMOTPEHO B paborax [20-23|. PekyppenrHbie me-
TOJBI pEIIeHUsT 3aJa4 IapaMeTpPUIeCKol MICHTH(DUKAIIIT MOJIe/ el KOHBEKIMI—
nuddysun npeJiozkeHsl B paborax [24-27].

PasBuBasi u JI0NOJIHSISI IOy Y€HHBIE paHee Pe3y IbTarhl [24—29|, nannas pabora
CTABUT IE/IBIO TOCTPOEHNE KOMOMHUPOBAHHOTO JBYXITAIIHOTO METOAA UICHTU(DU-
Kalluu MOJIeJIeil TeIJIOMacColepeHoca, OCHOBAHHOIO Ha, COBMECTHOM ITPUMEHEHUN
METOJIOB MUHUMUBAIUKA KPUTEPHUs WjeHTU(DUKAINYT Oe3rpaMeHTHOrO TUIIA U Pe-
KYPPEHTHOT'O OIIEHUBAHUS HEU3BECTHBIX BXOJHBIX CUTHAJIOB.

PaccmoTpuM MaTeMaTHdecKyio MO b KOHBEKINU—In(Qy3nn—peakiium, 3a-
JAHHYIO YpaBHEHHEM

80(:E,75)+ oc(z,t) a@%(w,t)

875 v al’ = 8372 - IBC(.’E,t) (]')
C HaYaJIbHBIM YCJIOBUEM
c(z,0) = p(z) (2)
" 'PaHUYIHBIMU YCJIOBUAMU TPETHLETO POIa
Jc(a,t) dc(b,t)
0 ety - 1), 20D = ey o) @
JH/I6O CMEIIaHHBIMU I'PAHUYIHBIMU YCJIOBUAMU IIEPBOI'O U TPEThEro pojia
Oc(b,t
clart) = 10, 20D = New 1) — g0 (@
c(a,
T = )\[C((I, t) - f(t)]7 C(bv t) = g(t)¢ (5)

rne © € [a;b] —upocrpancrBennasi koopaunara; t € [0; 7] —Bpemst; ¢(x,t) — uc-
KOoMas (PYHKIINS; ¥ — CKOPOCTb KOHBEKIINH;, « — Ko dutmeHT auddysnu § — Ko-
sbdunuent peakiuu; o(x), f(t), g(t) —3ananusie GyHKIWH.
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B ypasuenun (1) c(x,t) MOXKeT MMETH CMBICJ TEMIEPATYPbI, KOHIEHTPAIUI
BemecTBa u T.J1. [locraBum 3a1a4y ujaeHTuduKaIIN IapaMeTPOB JTAHHON MOJIEH,
COCTOSIILYIO B OIpeiesieHnn KO3 MUIMEHTOB v, ¢, § 1 A IPHU HAJTUIUN CIyIailHbIX
[OMEeX B M3MEPEHUsAX 3HadeHuil DyHKIWN ¢(x,t) B OTIEIBHBIX TOYKAX PACCMaT-
pHBAEMOro OTpe3Ka B Pa3/MuHble MOMEHTHI BpemeHnu. IIpu srom dyukiuu f(t)
u ¢(t), Bxozsmye B rpanndHble ycaosus (3), (4) mau (5), CIUTAIOTCS HEN3BECTHBI-
ME ¥ TakxKe mojyexkar uiaentudukanyn. OyHrinus () B HAYAILHOM YCJIOBUI
(2) mpemonaraeTcsi U3BECTHOIA.

B mepsom paszesie mpesjioyKeHO HOBOE PeIlleHHe 3aJa4uu [TapaMeTPUIecKOi
uIeHTU(UKAITIT MOJIEJIell TeIIOMaCcCOIIEPEHOCa, KOTOPOe 3aKJII0UAeTCA B TIEPEXO-
J€ K JUCKPETHOHN JIMHEeHHON CTOXaCTUYCCKON MOIEJU B IIPOCTPAHCTBE COCTOAHUMN
7 pa3paboTKe KOMOMHUPOBAHHOIO JBYXITAIIHOI'O METO/a MIeHTU(MUKAIINE, OCHO-
BaHHOTO Ha IOCJIECAOBATE/IBHOM IIPUMEHEHUN METOJIOB MUHUMA3AINA KPUATEPUdA
ugenTuduKaIn 6e3rpaJueHTHOrO THIIA U PEKYPPEHTHOTO OICHUBAHUST HEM3BECT-
HBIX BXOJIHBIX CUTHAJIOB. BOo BTOpOM pasjesie MoCTpOeHbl HOBLIE JUCKPETHBIE JIU-
HEHHBIE CTOXACTUIECKUE MOJE/N KOHBEKIMU— I y3un—peakiun Jijisi Tpex pas-
HBIX TUIMOB I'PAHUYHBIX YCJIOBUU. B TpeTheM pasieiie W3JIOXKeH 3Tan 1 — uaenTu-
dpuKaImst TapaMeTrpoB JUCKPETHONH CTOXACTHIECKON Momenn. UeTBepThlil pasmen
comepkuT onucanue ramna [I — pekyppenTHOe OlleHNBAHNE HEU3BECTHBIX I'PAHIYI-
HBIX ycJIoBUi Mojienu. B marom pasjiesie mpeicTaB/IeHbl Pe3yIbTATHl KOMITLIOTEP-
HOT'O MOJIeJIUpOBaHus Ha si3bike MATLAB, a Takxke ux 0OCYKjieHUE. 3aKJIIOUEHNUE,
B KOTOPOM IIEPEYNCIICHBI ITOJIy4eHHbIE Pe3YJIbTaThl, 3aBEPIIaAeT CTAThIO.

1. KoMOuHUpPOBaAHHBIN MeTO UAeHTUMUKAIIMYN HEeM3BECTHBIX Mapa-
METPOB UM HEU3BECTHBIX IPAHUYHBIX YCJIOBUUM MOeJIell TerJjiomMaccolie-
peHoca. Maremarudeckasi MOJIe/Ib KOHBEKIMH— (b y3un—peakium, 3aIaHHast
ypaBrenustvu (1)—(5), mMeer mapaMeTpudecKyio HEOPEIeJeHHOCTh JIBYX PUH-
[UIHATBHO PA3JIMIHBIX THUIIOB:

1) memsBecTHBI BekTOpHBIH mapamerp 6 = (v, o, B,A) T € R*, anemenTs! KoTo-

POTO SIBJISTIOTCS YUCJIOBBIME KOHCTAHTAMU;
2) meussecruble byuknun f(t) u g(t), Bxonsmume B rpanuanble yciaosus (3)—(5).

B nannoii paboTe Jjisi yCTpaHEHUsI IAPAMETPUIECKON HEeOIPEeIeIeHHOCTU Ma~
TEMATUIECKON MOJIeJIN MbI IIpeJijlaraeM KOMOMHUPOBAHHYIO JIBYXITAIIHYIO CXEMY
pEIIeHus TOCTABIEHHON 321841, IPEJACTABICHHYIO Ha, puc. 1.

Obmas cxema TIpoTecca UACHTU(MUKAIMA COCTOUT U3 OJHOIO TOATOTOBUTE b
HOI'O U JIByX OCHOBHBIX 3TallOB. ANIPHOPHBIE JAHHBIE O MOJEJU BKJIOYAIOT B Ce-
6s1 HENMPepBIBHYIO HapaMeTpu30BaHHyo Mojesab M (6), 3a1aHHyIO ypaBHEHUSIMU
B YACTHBIX IIPOM3BO/IHBIX, U3MEPUTEbHY IO HHMOPMAIHIO Z , KOTOPAasi IPeJICTaB/IsI-
eT coboil m3MepeHHbIe JaTINKAMA OT/IeJIbHBIE 3HAYCHUA 11es1eBoil dyHKun c(x, t)
B 3aJIAHHBIX TOYKAX MPOCTPAHCTBA, NPUYEM U3MEPEHUsS SIBJSIIOTCA HETOYHBIMU
BBUJLY HAJUYUS CJIyIAHHBIX TOMEX.

Ha moaroroBure/bHOM dTalle ¢ MOMOIILI0 METO/a KOHEYHBIX Pa3HOCTEel ocy-
MIECTBJISIETCS IIepexol OT UCXOMHOI HelpepbIiBHON momenmn M (0) K JINCKPETHON
mozesn Mp(6), mpecTaBieHHOl PA3HOCTHBIMA YPABHEHUSIMU B IPOCTPAHCTBE CO-
CTOSIHU.

Ha nepsom srarie npu cbope n3aMepuTebHON HHMHOPMAIINN B KAYECTBE TPAHNY-
HBIX YCJIOBUI UCIIOJIB3yeTCsI U3BECTHBIN TeCTOBDIH CUTHAJI. 3aTeM 10 JOCTYIHBIM
JIAHHBIM U3MEpeHuil Z 1 TecTOBbIM curHaiaM U IpoBOJNTCS WIeHTU(DUKAIINS BEK-
TOPHOTO Tapamerpa ¢ IMOMOIIbIO YUCIEHHON MUHUMU3AINN KPUTEPUS KauecTBa,
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Puc. 1. Cxema npouecca unenrudukanun [Figure 1. Identification process diagram)|

unenrudukamy J. 110 3aBepIIeHNH IEPBOro STala HaflleHHas OeHKa 0 1CIoNb-
3yercst Jyist HacTpoiiku moiean Mp(6).

Ha BTopowm sTane mpu cbope uzMepuTe/bHON HHMOPMAIINYA TPAHUIHBIE YCJIO-
BHUSI CINTAIOTCS HeU3BeCTHBIMU. st uaeHTrUKAIMT JTOCTYIHBI TOJIBKO U3Mepe-
Husi Z. I'paHuvHbIe yCJIOBUS, TOJJIEXKAIIUE UJIEHTHMOUKAINN, PACCMATPUBAIOTCS
KaK HEM3BECTHbIE BXOJIHbIE CUI'HAJbI. [IpuMensiercss ajropuTM OIHOBPEMEHHOTO
OIIEHMBAHUS BEKTOPA COCTOSHUS MOJIEJIN U HEM3BECTHBIX BXOJHBIX CUTHAJIOB.

Takum o6pa3oM, MO 3aBEPIIEHNN TIPOIECCA UACHTUMUKAIINN MATEMATHIECKOMN
MOJIEJIA MBI TTOJTyYaeM:

1) omenky napamerpa f B COOTBETCTBHM C BBIODAHHBIM KPUTEPUEM HJICHTU-
dbukanyu J;

2) uncsiennble 3Havenust GyHkiwii f(t) u g(t), BXOAAMUX B TPAHUIHBIE YCJIO-
BUS;

3) omnenku 3HaueHuil nesnesoit pyHkyu ¢(x,t) B KaxK10i TOYKE MPOCTPAHCT-

BeHHO—BpeMeHHOﬁ CETKH B paCCManI/IBaeMOfI 00J1aCTH.

B mocsiegyronux pasmenax MpuBeIeM IOIPOOHOE OIMUCAHIE TIOAIOTOBUTEILHO-
I'0 9Tala U JABYyX OCHOBHBIX STAIOB IIPOIECCa MapaMeTPUIECKON MIeHTU(DUKAIINN.

2. IloaroroBuTeJILHBIN 3TaIl: MEpPeXoJ OT MCXO/HON MoAeau K OUuC-
KPEeTHO! JIMHENHOU JUHAMUYECKON MOJEeJN B IPOCTPAHCTBE COCTOSTHUIA.
[Tepeitnem oT MCXOMHON HEMPEPLIBHONW MOJEIN K NUCKPETHON MOJEHU, MPEICTaB-
JIEHHO JIMHEWHON JUHAMIYECKON CUCTeMOil B ImpocTpaHcTBe cocrosuuii. Cremys
[25,26], 3a1auM B paccMaTpUBaeMOi IPOCTPAHCTBEHHO-BPEMEHHON 00J1acTH KO-
HEYHO-Pa3HOCTHYIO ceTKy {(z;,tx) |i=0,1,...,N, k=0,1,..., K}, rue

ri=a+iAx, tp=kAt, Ax=(b—a)/N, At=T/K. (6)
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Beenem obosnauenust: cf = c(x;,tx), i = p(:), f¥ = f(te), ¢* = g(ts). 3a-
MEHIM YaCTHbIe NPOU3BOJHBIC B ypaBHeHHH (1) MX KOHEYHO-PA3HOCTHBIME All-
IPOKCUMAIUSMHE, MCIIOJIL3Ysl JIBYXCIOWHYIO 110 BpEMEHU U CUMMETPUIHYIO 110 TIPO-
CTPaHCTBEHHOII lepeMeHHoit cxemy. IIpejiosarasi, 4T0 COOTBETCTBYIOIIHE YCIOBUS
YCTOYIMBOCTH JIJIsi PA3HOCTHO( CXeMbl BBIIOJHSIIOTCs [30], TOJIyduM CJIe [y oIy Io
cucreMy ypaBHEHHIl:

k—1 k—1 k-1
Cf — ¢ +vcz’+1 — G
At 2Ax
k—1 k—1 k—1
c; 2c +c
+1 1 k—1
= a— AZ:CZ — B, k=1,2,...,K, (7)
et =0,1,..., N niug rpasudssix yeaosuii (3); 4 =1,2,..., N s yciosuit (4);

i=0,1,...,N —1 nua (5).
O6osmaunm r; = aAt(Az?, ro = BAL, r3 = vAt/(2Ax), 1y = 2At/Ax?

u BoipasuM m3 (7) cf:
k k-1 k—1 k-1 k-1 k-1 k-1
ci = (ri+rs)ei ) +(L—ro—ra)c; +(r1—r3)ei; =aici_ | +axcy  +asciy,

rae ay =711 +713, a2 =1—7T9 —1y, a3 =71 —T3.
C yuerom (6) Jyrst HAYATIBHOTO YCJIOBUS (2) IOJIyIaeM

C?:(,Di, 1=0,1,...,N.

Huckpernsupys rpanndnbie ycaoBus (3), moaydaem

k k k k
C1—C _ ik _ pky  CNTON-1 ik ok _
Az _)\[CO f ]7 Ax = >\[ N g ], k—].,,K

O6osnaunm ag = 1/(1 + AAx), as = AAz/(1 + AAz). Torna u3 nepsoro rpannd-
HOI'O YCJIOBHSI TI0JIyYaeM

k—1 k—1 k—1
clg :a4c’f—|—a5fk = aqaic + agazcy” " + agascy —|—a5fk, k=1,...,K,
a U3 BTOPOro —
k k—1 k—1 k—1 k
CN = G4a1Cx_o + agazcy_y +agazcy  +asg”, k=1,... K.

Jnst cirydast cMelaHHBIX IDaHUYHBIX yejoBuii (4) u (5) Haxomum cooTBeT-
CTBEHHO BBLIDAXKEHUSI

E_ ok lev_clzqu_ Ak k =1 K
CO_fa T_i [Nig]a — Ly 3
u
k k
¥ —c
ﬁ:)\[cg—fk], cf“‘v:gk, k=1,...,K,

OTKY/la OKOHYATEJIbHO IIOJIydJaeM
k k k k—1 k—1 k—1 k
co = f7, N = aga1cy_y + agascy_ +agazcy  +asg”, k=1,... K,
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clg = a4a100

+ a4a201

+ a4a302

+a5fk

k k
CN=29,

k=1

BanuiemM B MATPUIHOM BUJIE HOJIYYEHHBIE CUCTEMBbI /Il HCXOHON MOJe/H ¢
Pa3IMIHBIMU IPAHUIHBIME YCJIOBUSIMU:
1) nuckperHasi JMHelHas quHAMIYeCKas cucteMa, st Mogesn (1), (2), (3):

i)

0

NI

OO O .-

C? _ag
015 ay
ck 0
C?sz 0
C]fV—l 0
] L0

C§ [asaq

€1 ay

672“ 0
clfv_g 0
C?V—2 0
_le\/—l_ L 0

Cucremsr (8), (9) u

ai
a2
a

OO0 -

a2
ai

OO O -

as
az

OO e

a4a2
a2
ai

[asa1 asao asas

as
az

oSO O -

a4as
as
a2

OO O -

o oo

a2
a

ajsal aqa9 a4a3_

0 0 0

0 0 0

0 0 0

a9 as 0

ay a2 a3
asay a4az G403

o O

as
a2

0 0
0 O
0 O
az ag
ap az
0 aq

O O

0

as

o OO

as
az

cof

ai

0

0
+ |

0

0

0
k=1,2,.

cof

o o

0
0
il
: k )
0 g
0
a5_

K (9)

0

0
(14
: k—1]>
0 g

0
as |

LK. (10)

(10) stBISAFOTCS IMCKPETHBIMU JIMHEHHBIMUI JITHAMUIECKHU-

MU CHCTEMaMU C IIOCTOSIHHBIMU MATPHUIAMHU, B KOTOPBIX 3HadYeHust (pyHkuuii f(t)
u g(t) BXOAAT B JBYMEPHBIN BEKTOP BXOJHBIX CUTHAJIOB (BO3/IEHCTBHIL).
Mojiesb u3MepuTess 3a/1auM B BH/JIE
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rae H € R™*™ — marpuiia U3MepeHuii, OnpeeIsonast CTPYKTYPy U3MEPUTE/Is;
7, — KOJIMIECTBO KOMITOHEHT BEKTOPA COCTOSHUSI Cp, & 11 — KOJIUIEeCTBO €ro m3Me-
psieMbIX KOMIIOHEHT; & € R"" — MOrperrHocTs n3MEepUTEIs.

3. Dran I: Uaentudukanms Hen3BECTHOTO BeKTOopa mapamMeTpoB O
JUCKPETHON JIMHENHOW CTOXacCTUYECKON MOJIeJId TI0 M3BECTHBIM BXO/-
HBIM M BBIXOAHBIM AaHHBbIM. O603HaUMM 4epe3 § Hem3BeCTHBII (B 0bImeM ciry-
yae BEKTODHBII) mapaMerp JimHeiiHoi Junamudeckoil cucremsl (8), (9) nm (10),
KOTODBIIl HEOOXOIMMO MICHTHMUIMPOBATH IO JOCTYIHBIM H3Meperusim (11).

Juckperubie Mojenn kouseknnn—anddysun—peaxnuu (8), (9) nm (10) ¢ mo-
Jiesibio u3Mepuresisi (11) MOXKHO IpeICTaBUTh B OBIIEM BHJIE:

ck = F(0)cp—1 + B(O)up_1, (12)
z=Hep+ &, k=12,... K,

e 0 = (v, a, B, )\)T € R* — Hem3BecTHBII BEKTOPHBI mapaMeTp, ¢, € R™ — Bek-
TOp COCTOSAHUSA, Uj, € R” — BEKTOp BXOJHBIX CHUTHAJIOB (BO3JeiicTBmii), 2 € R™ —
BeKTOp m3Mepenunii. [Ipemookmm, ITO Iarn npoCcTpPaHCTBEHHO-BPEMEHHOM CeT-
ki Az u At 3a7aHbI, B yPABHEHUN U3MEPEHUIT aIINTUBHBIN TIiyM &, € R™ sBiseT-
Cs1 TIOCJIe/I0BATEIbBHOCTHIO HOPMAJIbHO PACIPEIe/IEHHBIX HE3aBUCUMBIX CJIyIailHbIX
BEKTOPOB C HYJIEBLIM MATEMATHIECKUM OXKHIAHUEM U U3BECTHOM IIOJIOXKUTEILHO
olIpe/IeJIeHHON KoBapuanuonHoii marpureit R € R™*™. Marpuupst F(0) € R™*",
B(#) € R™" Bxojgiiue B ypaBHEHHE COCTOSIHUSI MOJIEJIH, 3aBUCAT OT lapaMeT-
pa 6.

Paccmorpum 3azady napaMerpuueckoii ujentudukanun mogaenu (12) mo mo-
CTYIHBIM U3MEPEHUsIM Zj C IEJIbIO OIEHKU HEM3BECTHOrO (BEKTOPHOIO) Iapamer-
pa 6.

Ha srane I upeamosaraem, aro dyuknun f(t) u g(t), Bxogsamume B rpannd-
uple ycsoust (3), (4) unm (5), usBecrusl. Ilocsiennee o3Hadaer, YT0 B COOTBET-
cTByIOIEl quckperHoit Mmojesu (12) BeKTOp ug npejcraB/iser coboil u3BeCTHBI
TeCTOBBIN curHaj. TpedyeTcss BHIYUCIUTE OIEHKY 0* HemsBecTHOrO rapamerpa, 6
10 U3BECTHBIM BXOJIHBIM CUTHAJIAM UOK 1 = {ug,u1, ..., uK_1} U BHIXOTHBIM JaH-
HBIM U3MEPEHUit ZlK = {z1,...,2K} B COOTBETCTBUM C BBIODAHHBIM KPHTEPUEM
kadectBa uneHTudukanun J (6; ZlK , UOK _1).

VkazaHHasT 3a/1a9a MapaMeTPUYIEeCKON NAeHTU(MUKAIINNA CBOTUTCSA K PEIEHIIO
33149 HEJIMHEHHOTO MPOrPAMMIPOBaHUS

Omin = argmin 7 (0; 2K UK, (13)
9cD(0)

rae D(0) C R* — obmacts onpenenenns mapamerpa 0. TakuM o6pa3oM, OTEHKY 6
OIpeJIe/INM KakK 0* = émin.

Ob6macts D(0) nomyctuMblx 3HAYEHUH mapaMeTpa f ompe/IesisieTcs: U3 YCJIOBHit
CXOJIUMOCTH €r'0 OIEHOK 1pu perntenun 3aza4u (13). st IUCKpeTHBIX JMHEeHHBIX
CTOXacTHYeCKuX cucreM Bua (12) obiipe ycjoBus CXOAUMOCTH U3BECTHBI U OIPe-
nesierbl B [12, JIemmbr 2.1 u 3.1|. B mannoit pabore npejmonaraemM, 9ro 00J1acTh
D(#) snsierca kommnaxToMm B R* 11 y0BI€TBOPSIET yKA3AHHBIM YCTOBHSM CXOIMO-
CTH JIJIsE pacCMaTpUBaeMoro kiacca mogeneii: VO € D(0) muckpernast mozens (12)
SIBJISICTCSL TIOJTHOCTBIO YIIPABJISAEMOil W HAOJII0IaeMoil, a seMeHTel MaTpur F(6)
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u B(0) — umenpepsiBHo nuddepennupyembie mo 6 dyukmun. Hanpumep, cpoii-
CTBO IIOJIHOW HABJIIOIAEMOCTH O0ECIIEYNBAETCS BBIIIOJTHEHUEM CJIEJIYIONIErO YCJIIO0-
Bus [31]:

rank./\/lDT](G) =n, (14)

rie
Mpri(8)=[ HT (HF(0)T (HF2(0)T - (HF'(0)T ]'  (15)

ecTb MaTpuIa Habogaemoctu Mogiesn (12). Vesiosue (14) HakiapiBaeT orpasu-
YeHUs Ha BBIOOD CTPYKTYPBI U3MEPUTEJIs, OlpeiesisgemMoit marpureit H.

Basiaua BBIOOPA ONTUMAILHON CTPYKTYPBI U3MEPUTENIsT ¢ MUHUMAJIBHBIM KO-
JITYECTBOM CEHCOPOB MOKET OBITH pellleHa IIyTeM aHajM3a CBOHCTBA MOJTHON Ha-
6JTI0/1aeMOCTH JINHEHHOM JuHaMIIecKoil cucrembl ¢ ydaerom (14). B wactHOCTH,
B [27] nokazano, 4To st MeHTUQUKAIUE TapAMEeTPOB Mojiesieli KOHBEKTHBHO-
1 dy3HOHHOTO TIepeHoca JJOCTATOYHO BCEro JIUIIb JIBYX ceHcopoB. U3 (15) cie-
JIyeT, 9TO OYEBUJHDLIM sBJsieTcst BbIOOp H B dopMe eJMHUIHON MATpPUIBI, 9TO
O3HAYaeT HAJIUIHE N CEHCOPOB JjIsi cO0pa JAHHBIX U3MEPEHMUI.

s HaxoxK iennst perenust 3a1a9u (13) MOXKHO MCHOIB30BaTh U3BECTHBIE THC-
JIEHHbIE METO/IbI OIITUMH3AIIUI: TPAIUEHTHBII MeTo 1, MeToj| HbloToHA, MeTasBpu-
CTUYeCKHne MeTOIbI (HaHpHMep, reHeTHYeCcKnii AJITOPUTM WJIN METOJ MMUTaAIIUN
orxkura) u ap. [15]. ToroBble mporpaMMHbIe peajM3aIiu JAHHBIX METOJOB, KaK
[IPABUJIO, TPEOYIOT OT MOJIL30BATEIsl 3aJaHUs HAYaIbHOTO 3HAYEHHsI TapaMeTpa 6,
OrpaHUYeHWii Ha MEepeMeHHble M ONUCaHWs IesieBoii dyHKnuu. Borpoc BuIOOpa
KOHKPETHOI'O YUCJIEHHOTO MeTOJIa ONTUMU3AINN 3aBUCUT OT CHENUpUKH perrnae-
MO 3a/1a4u.

B kauecTse 11e/1eBoit (DyHKIMN J1J1si PEIIEeHIs 3a/1a91 YUCICHHON MUHIMUABAIIH
(13) BBIOEpPEM OTpHUIATENIbHYIO JIorapudMIUecKyo yHKIHO paBaonogaodus 7]

K
_ Km 1 _
Ful0: 25 UE) = K 2) 41 3 (1n|,,0) 427 ()55 L0 (0)). (16)
k=1
rjie BeKTOp HeBsizKu uaMepenuii vg(0) = zp — Hég(A) m ero KoBapHaloOHHYIO

marpuiy 3,5 (0) = E{v(0)v] (§)} npu sananubix sHavenusx napamerpa 6 Bbl-
YUCJISIIOT 110 U3BECTHBIM ypaBHeHusiM duiibrpa Kanmana [32].

Cremyer OTMETHTDB, YTO paHee pPENIeHUe 3aJadd TapaMeTPUIeCKOl MJIEHTH-
dukanmum Mojeell KOHBEKTUBHO-IN( (M Y3NOHHOTO IEepeHoCca ¢ U3BECTHBIMU I'pa-
HUYHBIMA YCJIOBUSMU C MOMOIIHIO METO/Ia MAKCUMAJILHOTO IIPABOII0N00Us Ha OC-
HoBe craHjaprHoro dhuibrpa Kanvana mnoaydeno B [26|. Pemenue 3amaun na-
paMeTpUYIecKOil MIeHTUMUKAINN CKOPOCTH KOHBEKIIUU B MOJIC/IM KOHBEKTHUBHO-
b PY3UOHHOTO TIEPEHOCA, C TIOMOIIHIO METASBPUCTUIECKUX AJITOPUTMOB PACCMOT-
peHo B [24] Takke ¢ npumMmeHeHmeM cramjapTHOro agropurva Kammama. B [27]
[IPEJIJIOZKEH HOBBIN MOXO/T K UJIEHTHMUKAIINN TaPAMETPOB JIMCKPETHBIX MO/Ieseit
KOHBEKTUBHO-TH(hDY3NOHHOTO TIEPEHOCA Ha, OCHOBE THCJIeHHO ycToitansoro SVD-
dunprpa Kanmana. [Ipemioxkennbie panee pemenus MOTYT ObITh HCIIOJ/IH30BAHbI
JIUTsT PEeAJIN3AIIUU IEePBOro dTara KOMOMHUPOBAHHOIO METO/Ia UACHTH(MDUKAIINNA MO-
JieJielt KoHBeKnu—auddy3un—peakiiuu.
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4. Dran II: Yucnennas uaeHTHdUKAIINS HEU3BECTHHIX I'PAHUYHBIX
ycaoBuii. Ha Bropom sTarme orieHKy mapaMerpa AuCKpeTHoi Moaenn (12) cantaem

M3BECTHOI, T. €. § = 6%, a BEKTOp U}, COOTBETCTBYIOIIHIT TPAHIIHBIM yCIOBHAM (3),
(4) nnm (5), HEU3BECTHBIM.
PacemorpuM citetyrortyio Moiesb JUCKPETHON CTOXACTHIECKON CUCTEMbI

cp = F(é*)ck_l + B(é*)wc—l, (17)
Zk:HCk+§k, k:1727"'7K)

e 6% — onenka rmapaMeTrpa MOJEJH, BLIYUCIeHHas Ha drane [; ¢ € R™ — BekTop
cocrostHus;, U € R” — BeKTOp HEM3BECTHBIX BXOMHBIX BosmeficTsumil; zp € R™ —
BEKTOP JIOCTYIHBIX u3Mepenuii. [IpeanosokumM, 4TO HOrPENnIHOCTh U3MEPUTEJIsd
& € R™, kak u Ha nepBoM dtane, umeer xapakrepuctuku & ~ N (0, R).

Pacemorpum 3aa4y nientudukanum BeKTopa uy, Mojean (17) 1mo mocTynHbiM
usMepenuaM Z¥ ¢ opHOBpeMeHHBIM OlEeHMBAHHMEM BEKTOpa COCTOSHUSA Cg. 1lo-
CKOJIBKY MBI TIPEJITOIATaeM, ITO allPUOPHAsT HHMOPMAIIHsT 00 IBOIOIN BXOTHOTO
CUTHAJIA OTCYTCTBYET, JIJIsT PEIICHUS 33/1a91 UICHTUMUKAIINN Oy/IeM HCI0Ib30BATD
nozxoz, paspaboranssiit C. M'mneitacom u B. e-Mopowm [16].

Anropur™m IM'neiinca— Ie-Mopa cocTonT u3 Tpex moc/ieI0BaTeIbHbIX MAroB,
MTOBTOPSIEMBIX B ITHKJIE:

1) oOHOBJIEHWE OIEHKU BEKTOPA COCTOSIHUS IO BPEMEHH;

2) oIleHKa BEeKTOpa HEM3BECTHOTO BXOJHOTO BO3JIEiiCTBUS;

3) OOHOBJIEHUE OIEHKH BEKTOPA COCTOSIHUS 110 TEKYIUM U3MEDEHUSIM.

B pabore [16] paccMoTpeHbl J1Ba BapuaHTa ajrOpuTMa, B KOTOPBIX Iaru 1 u 2
COBITQIAIOT, & IIArk 3 pa3JnJdaloTcs. B mepBoM BapuwaHTe Ha Iare 2 moJryIaeTcst
MVU-orerka (MVU — minimum-variance unbiased) Bekropa 1, a Ha 1mare 3 —
HeCMeIleHHasl OIIEHKa BEKTOPa COCTOSTHUS ¢;. BO BTOpOM BapuaHTe ajropuTMa Ha
mare 3 3a cueT 60jiee CJA0KHBIX BhIuucaenuit noay4daerca MV U-omenka BekTopa
cocrostaus. AJITOpUTMBI TPEOYIOT BBITOJTHEHUS YCJIOBUST

rank HB(0*) = rank B(0*) = r, (18)

rJe r — pasMep BEeKTopa .

Yenosue (18) siByisieTcst JOCTATOUHBIM JIJIs CYIECTBOBAHUST HECMEIIEHHO OIeH-
KI BEKTOPA COCTOSIHUsI B aJIlOPUTMAX OJHOBPEMEHHOI'O OIEHUBAHUS BEKTOPA CO-
CTOSIHUSI ¥ HEM3BECTHBIX BXOJHBIX cHrHasos [16,18|.

OrmeTuM, 9TO paHee pelleHne 3a/1a9 UICHTUPUKAIINA HEM3BECTHBIX IPAHIY-
HBIX YCJIOBHI B MOJIEJIM KOHBEKTUBHO-IUMDY3NOHHOIO IEpeHoca HA OCHOBE aJl-
ropurmoB ['miuteiinca—le-Mopa paccmarpusasiocs B [25,29]. B [28] nosyuena
KBaJIpaTHO-KOpHeBasi MojauduKaius ajropurma I'usreitaca— le-Mopa. TIpeno-
JKEHHBIE DAHee PENIeHUs MOTI'YT ObITh UCIIOJIb30BAHbI JJIsi PEAJTH3AI[IU BTOPOrO 3Ta~
1a, KOMOMHUPOBAHHOI'O METO/1a MACHTU(DUKAIIIN MOJIes el KOHBeKITun—1udPy3un—
peakIuu.

5. HucsaeHHbIe 3KcnepuMeHThI. PaccMoTpuM miaeHTHMUKAIUIO TapamMeT-
pos mozesn Buyia (1), (2), (4):

Oc(x,t) dc(x,t) 0?c(x,t)
ot " UTow T2

Be(z,t), xe€[0;1], tel0;1];
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c(z,0) = p(z);
de(1,t)

C(O,t) = f(t)7 T = —)\[C(l,t) - g(t)L

rmev =3, a=08 =4, A=0.5, p(z) =0.

[Iponece npenTudukanun 6yaeM MoaeaupoBarh B cucreMe MATLAB. Sananaum
B paccMmaTpuBaeMoil 00/lacTu IIPOCTPAHCTBEHHO-BPEMEHHYIO ceTKy ¢ 11 y3aamu
no ocu Oz u 201 yzmom o ocu Ot (Az = 0.1, At = 0.005) u nosyunm perte-
HUE MPSAMOii 38/[a91 METOI0M KOHEUHBIX pasHocteit. CMoieiupyeM 3alnyMJIeHHbIE
U3MepeHus B y3Jax mpocTpaHcTBeHHON ceTkn & = 0.1,0.2,...,1, cooTBeTCTBYyIO-
IITIX BCeM KOMITOHEHTAM BEKTOpa cocTosrus cb, ek ... ck . Marpuia msmepenmuii
umeer sun H = Iqg.

[Mycrs dbyHKIMM, BXO/ASIIUE B FPAHUIHbIE yCJI0BUst, u3BecTHbL: f(t) = g(t) = 5.
Ha puc. 2 npuBeneHbl rpaduKn perieHns IpsSMOi 3a/1a9i U CMOJETHPOBAHHBIX
u3Mepenuil ¢ Marpureil Kopapuanun myma R = 0.052 1.

—

R

1 \ 0.6

2k

O = N W A >

1
0.8

Puc. 2. T'padurn pemenns 3amaqu (a) n 3anryMiIeHHbIX n3mepenuii (b)
[Figure 2. Plots of the solution (a) and noisy measurements (b)]

Munnmunsanust kpurepusi unenTudukanuu (16) BBIIOTHIIACH TPH TOMOIIT
dyuxnun fmincon. [IpoBeienibie IKCIIEPUMEHTDI TOKA3AJH, YTO TOYHOCTD UJIE€H-
TudUKAIINY TapaMeTpPOB 3aBHCUT KaK OT BHIA JNCKPETU3AINN ITPOCTPAHCTBEH-
HO-BPEMEHHOI 00JIACTU U YPOBHS IIyMa, TaK U OT BbIOOpA I'PAHUYHBIX YCJIOBUIA,
HaYaJbHOTO PEIeHMs], HACTPOEK (DYHKITMH MUHUMUBAINN U JAPYyTuX (haKTOPOB.
B Tabaune npuBejsieHbl pe3yabTaThl UICHTU(MUKAIUN [1aPAMETPOB JIJI Pa3JInd-
HBIX 3HAYEHWN ypoBHs myMa R mo pesymbratam 100 skcmepuMeHTOB (p— cpes-
Hee 3HaveHne, o> — nucrepcusi, RMSE — cpennexsaaparndnas onmbka, MAPE —
cpe/JiHsist abCOIOTHAS IPOIEHTHAs! omuoKa). ITonck 3HaveHnit Kax10ro mapaMer-
pa ocymiectsisiicst Ha orpeske [0.01;5]. B kauecrBe HauaabHOTO perieHus BbIOU-
pajach cepejnna orpeska. OcHoBHBbIE napamMeTpbl MyHKIMN fmincon: Specify-
ObjectiveGradient =false, Algorithm=sqp, MaxFunctionEvaluations=500.

PeSyﬂbTaTbI 9KCIIEPUMEHTOB ITOKAa3bIBAIOT, YTO C YMEHbLIIECHUEM YPOBHA IIyMa
B U3MepPUTese TOYHOCTb UACHTUMUKAIINN ITapaMeTpoB Bo3pacTaeT. IIpu aTtom ma-
pamerp B WAEHTUMUIUDPYETCS XY2Ke BCEX, 9TO MOXKET OBbITh O0bsSICHEHO MaJjIbIM
BKJIAJIOM CJIATAEMOrO Ty B KOI(MMUIUEHT Gy JUCKPETHON MOIEIH.

UcnonbayeM ueHTHOUIMPOBAHHbBIE 3HAYEHHS TApAMeTpoB v, a, [, A (B Tab-
JIMIIE BBIJIEJIEHbI YKUPHBIM ) JIJIs OIlEHUBaHNUs 3HAYeHUI Hen3BecTHBIX byHKImit f ()
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Pesynbrarer naenrndukanun [Identification results]

R Parameter i o? RMSE MAPE

v 2.990654 0.018655 0.136219 3.527277

0.052] « 0.794360 0.000096 0.011265 1.131970
) 10 I6] 2.628127 5.509623 2.708609 56.280028
A 0.500398 0.000097 0.009822 1.589091

v 2.995260 0.001055 0.032662 0.863970

0.012] « 0.798047 0.000032 0.005990 0.570405
) 10 I} 3.516434 2.039151 1.500865 28.702054
A 0.500095 0.000004 0.001965 0.318911

v 2.998785 0.000287 0.016914 0.445395

0.0052] « 0.799324 0.000010 0.003165 0.313788
’ 10 I} 3.834971 0.611877 0.795608 15.794188
A 0.500047 0.000001 0.000982 0.159357

Definition: R is the noise covariance matrix; p is the mean of data set; o is the standard devi-
ation; RMSE is the root mean square error; MAPE is the mean absolute percentage error

u g(t), BXOASIIUX B IPAHUYHBIE YCJIOBUSI.

ITycrs f(t) = 4|3t — [3t + 0.5]| (TpeyrosbHast BosHa ¢ mepuogoM 1/3 u am-
wmrynoit 2), g(t) = t.

BaJaauM B paccMaTpuBaeMoil 00/1acTH IIPOCTPAHCTBEHHO-BPEMEHHYIO CETKY
¢ 9 yanamu 1o ocu Oz u 201 y3nom mo ocu Ot (Az = 0.125, At = 0.005) u 1o-
JIyYUM peIIeHHe MpsIMOil 3a/1a4i MEeTOJI0OM KOHEeYHBIX pasnocteil. CmomesmpyeM
3allyMJIEHHbIE U3MEPEHUS B y3J1aX TPOCTPaHCTBeHHOU ceTkKn = = 0.125 u © = 1,
COOTBETCTBYIOITIX KOMIIOHEHTAM BEKTOPa COCTOsHMs ¢k 1 ck. B arom ciyuae mat-
pHIIa U3MEPEHUil IMeeT BUJ

0 00O0O0O 0O
H 000O0O0O0 1}°

1
|0

Ha puc. 3 nmpuenennt rpaduku perieHus IpsMoil 3a/1a49u 1 CMOJIETINPOBAHHBIX
u3MepeHuii ¢ Marpureii Kopapuaruu myma R = 0.01215.

JJ1st 0JIHOBpEMEHHOTO OIIeHUBAHNST 3HAYECHUI PellieHnst, a Takke GyHkmit f(t)
u ¢(t) ucosbsyem asropurm ['mineitnca—le-Mopa, pesysibrarsl paboThl KOTO-
poro mpejcrasiieHsl Ha puc. 4. VI3 npuBeieHHbIX TPadUKOB BUIHO, ITO 3HATCHUS
dbynkimn f(t) onennBaloTcs TouHee, deM 3HadeHusi dbynknun ¢(t) (RMSE; =
= 0.034908, RMSE, = 0.175363).

sl cpaBHEHUS 3aMEHUM B PAaCCMATPUBAEMON MOJIENIN JIEBOE TPAHITHOE YCJIO-
BHUE HA yCJIOBHUE TPETHETO POJIA

0c(0,1)
ox

= Ale(0, 1) — f(1)]

U CHOBa BOCHOJb3yeMcst anropurmoM I'mieitnca— Ie-Mopa. Coorsercrsyroriie
rpaduKn npuBeeHsl Ha puc. b, 6. B namHoM cirydae ommOKH ONEHHBAHUS 3Ha-
gennit f(t) u g(t) umeror onuuakoserii nopsaox (RMSE; = 0.184948, RMSE, =
= 0.175259).

6. 3akao4denue. B pabore rpeijio:keH HOBbIT KOMOMHUPOBAHHBIN JIBY X Tall-
HBII MeTo I MmapaMeTpUIecKol MIeHTHMUKAIMNI MOJejeil TelmmoMacconepeHoca,
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c(z,t)

=
0

¢ 0
a

Puc. 3. T'paduxn pemtenns 3anaun (a) U 3allyMIeHHbIX n3Mepenuii (b)
[Figure 3. Plots of the solution (a) and noisy measurements (b)]

—0.5 —0.5
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

é(w,t)

Puc. 4. Ouenxn f(t) (a), g(t) (b) u pemenns 3amaau (c)
[Figure 4. Estimates of f(¢) (a), g(t) (b) and solution (c)]
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Puc. 5. I'paduku pemenus 3a1a4n (a) 1 3alryMJIEHHBIX u3MepeHuit (b)
[Figure 5. Plots of the solution (a) and noisy measurements (b)]

Puc. 6. Ouenku f(t) (a), g(t) (b) u pemenus sanaqau (c)
[Figure 6. Estimates of f(¢) (a), g(t) (b) and solution (c)]
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Ha IpuUMepe UIeHTUPUKAINE MATEMATHIeCKIX MOje el KoHBeKIun—1udPy3un—
PeaKIyy ¢ HeN3BECTHBIMU 'PAHUYHBIMU YCJIOBUAMU IIPU HAJINYUU CJIYIaHHBIX 110-
MeX B M3MEPEHHAX 3HadeHwil nckomoil dynkmuu c(z,t). Pemenne 3axiodaercs
B IIEpEeXOo/ie OT MCXOJHOW MO, OIIMCBIBACMON ypaBHEHUSMU B YaCTHBIX IIPO-
U3BOJIHBIX, K JUCKPETHON JIMHEHHON CTOXaCTUYECKOI MOJIEJIN B IIPOCTPAHCTBE CO-
CTOSTHUII ¢ HEM3BECTHBIMHM BXOIHBIMHM CHUTHAJIAMH M Pa3paboTKe KOMOMHHPOBAH-
HOT'O JABYXITAITHOTO METO/Ia WIACHTU(MUKAIINN, OCHOBAHHOTO Ha, ITOCIEI0BATETHHOM
MIPUMEHEHNH METO/1a, MUHUMU3AIINA KPpUTepus uaeHTHdpUKaIun 6e3rpaIneHTHOrO
THIIA ¥ PEKYPPEHTHOI'O METO/1a OJHOBPEMEHHOI'O OIICHUBAHNUSA BEKTOPaA COCTOAHUST
U HEU3BECTHBIX BXOJIHBIX CUTHAJIOB.

IIpenoxkenHblii KOMOMHIPOBAHHBIN JBYXITAIIHBIA METOJ, ITapaMeTpHIecKOi
UIeHTH(OUKAIIHA SIBJISETCS HOBBIM, ITOCKOJIBKY, BO-IIEPBBIX, OH IIPEICTABISIET KOM-
OUHAIUIO ABYX MPUHIIAMIAIBHO PA3IUIHBIX METOIO0B UIEeHTU(DUKAIINH, BO-BTOPBIX,
JJIsL Kylacca MaTeMaTUIeCKUX MOJIEJIeH, IPeJCTaBICHHBIX YPABHCHUASMI B YJaCTHBIX
IPOU3BOJHBIX, JAHHBIA METO/I IIOCTPOEH U IPUMEHEH BIIEDBBIE.

OCHOBHBIMU pe3yJIbTaTaMH PabOThI SIBISTIOTCH:

1) HOBBIE IMCKPETHBIE JINHEHHBIE CTOXACTUIECKUE MOJIeIN KOHBEKIMu—1uddy-

3UU—PEAKINA JIJI PA3HBIX TUIIOB 'PAHUYHBIX YCJIOBUN;

2) obiast cxeMa IpOIECca apaMeTpuIecKoil uIeHTUhUKAIN, BKIIIOUAIOIIAsT
MTOSTAITHYIO MJICHTU(PUKAIINIO HEU3BECTHBIX apaMeTpPOB MaTeMaTUIeCKOH
MOJEIN U UACHTH(DUKAINIO HEU3BECTHBIX I'PAHMYHBIX YCIOBUIA.

C 1eJibio MpoBepKu paboOTOCIIOCOOHOCTH IPEJIIOYKEHHOTO MMOAX0/a TOCTPOEHa
KOMITBIOTEPHAsT MOJIE/Ib KOHBEKIIMU— (D Py3un—peakiiny U BBIIOJTHEHA Pean3a-
s BCceX aaropuTMoB Ha s3bike MATLAB. MaenTudukaiuss mapaMeTpoB IPOBO-
auitach Oe3rpaJIneHTHBIM YNCAeHHBIM METOIOM MUHUMU3AINN KPUTEPUS UIACHTH-
dukannm, a UAeHTU(UKAIUS PAHUYHBIX YCIOBUI — PEKYypPPEHTHBIM aJIlOPUT-
MoMm ['mnneiinca— e-Mopa. IIpoBejieHa cepusi BBIYUCIUTEBHBIX SKCIIEPUMEHTOB,
PEe3yIbTATBl KOTOPBIX HMOATBEPIKIAIOT pabOTOCIIOCOOHOCTD TPEJIOXKEHHOTO pPelie-
HUA.

Tlosyaennbie pe3ysibTaThbl MOTYT OBITH MCIIOJIB30BAHBI HE TOJILKO IIPU HCCJIE-
JIOBAHUU IIPOIECCOB TEILIOMACCOIIEPEHOCA, HO TaK2Ke IIPU PEIIEeHUU 3a/1a4 UJICHTHU-
duKanuy napaMeTpoB MoOJeIel IUCKPETHBIX CTOXACTHIECKUX CUCTEM C HEM3BECT-
HBIMU BXOJHBIMU CUTHAJIAMU U [IPU HAJIUYUAU CJIy4alHBIX IIOMEX.

Koukypupyiomnine nHTepechl. KOHKypUPYIOIUX UHTEPECOB HE NMEEM.

ABTOpCcKuil BKJaa u orBercrBeHHOCTHb. [0.B. IlbiranoBa — o01iast KOHIEIIUS CTa-
ThU; CXeMa KOMOMHUPOBAHHOI'O JIBYXITAITHOIO MeToia WIeHTUUKAIMN; paboTa ¢ dep-
HOBHUKOM ¥ IIepepaboTaHHbIM BapuanToM pykorucu. A.B. Ilpranos — nporpammuast pea-
JIN3AIUsT aJTOPUTMOB; IIOJINOTOBKA MEePBUYIHOrO Bapuanta pykonucu. A.H. Kysmunosa —
BBIYHCIATEIbHBIE SKCIIEPUMEHTHI; TIOATOTOBKA TEPBUIHOTO BapuanTa pykomucu. .B. T'a-
JIYIIKUHA — JIACKPETHBIE MOJIE/N KOHBEKIIMU—Peaknu—Iudy3un; MoJAroToBKa epBUY-
HOI'O BApHaHTa PYKOIUCU. ABTOPBI HECYT IOJIHYIO OTBETCTBEHHOCTH 38 IPEIOCTABJIEHUE
OKOHYATeJIbHOI pyKomnucu B medarb. OKOHUaTEIbHASI BEPCHUs PYKOMKUCH ObLIa 0100peHa
BCEMU aBTOPAMMU.

®unancupoBanue. llccaemoBanne BBITOJHEHO 3a cUeT rpanTa Poccuiickoro Hay<IHOTO
donpa Ne 23-21-00361, https://rscf.ru/project/23-21-00361/.
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Abstract

The study considers mathematical models described by partial differen-
tial equations, namely, convection-diffusion-reaction models, which are re-
lated to heat and mass transfer models and are used in the study of natural
and technogenic processes. For this class of models, the actual problem is
to identify both the model parameters itself and the boundary conditions
included in it based on the results of measuring the values of the desired
function at certain points of the area under consideration. The problem is
complicated by the presence of incomplete measurements distorted by ran-
dom noise.

The solution is to develop a combined two-stage identification method
based on the sequential application of a gradient-free identification criterion
minimization method and a recurrent method for estimating unknown input
signals. To apply the above methods, a transition is made from the original
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model described by partial differential equations to a discrete linear stochas-
tic state-space model in which unknown boundary conditions are treated as
unknown input signals.

In this paper, new discrete linear stochastic models of convection—diffu-
sion-reaction are constructed for three different types of boundary condi-
tions. A general scheme of the parameter identification process is proposed,
including two-stage identification of unknown parameters of a mathematical
model and identification of unknown boundary conditions.

To test the efficiency of the proposed method, computer models of con-
vection—diffusion—reaction were built and all algorithms were implemented
in MATLAB. A series of computational experiments was carried out, the results
of which showed that the developed two-stage combined scheme allows one
to identify the parameters of the original model, the values of the functions
included in the boundary conditions, and also to calculate estimates of the
function, which describes the process of convection—diffusion—reaction given
incomplete noisy measurements.

The results obtained can be used not only in the study of heat and mass
transfer processes, but also in solving problems of identifying the model
parameters of discrete-time stochastic systems with unknown input signals
and in the presence of random noise.

Keywords: convection—diffusion—reaction models, parameter identification,
quadratic identification criterion, discrete-time linear state-space stochastic
model, estimation of unknown inputs.
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HekoTopble nHTerpaJjibHble IIpeodOpa3oBaHUsI OJHOI
dyukiiuu Pokca ¢ YeTbIpbMS MapaMeTpamu

@. I Xywmosa

MHCTUTYT NPUKIIAJHON MATEMATUKA ¥ ABTOMATU3AINNA —

buimas dpenepasbHOro rocyIapCTBEHHOIO OIOIPKETHOIO HAYYHOTO YYPEXKICHUS
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AHHOTanMsA

Paccmarpusaercs dyukims Pokca ¢ 4eThIPbMs TapaMeTPaMi, KOTOpast
BO3HUKAET B TEOPUU BBIPOKIAIONNXCS T depeHnnaabHbIX YPaBHEHUN C
YACTHBIME ITPOU3BOIHBIME JPOOHOrO TIOPsiiKa. B TepMuHax yKazanHo# dyHK-
1uu ObLIM paHee 3allMCAHBI SIBHBIE PENIeHNs EPBOil U BTOPOil KPAeBBIX 3a-
Jlad B TOJIYIIOJIOCE JIjIsi YPaBHEHUsI C OlepaTopoM beccestst, MedCTBYIONIM
10 ITPOCTPAHCTBEHHON IIEPEeMEHHO, 1 JIPOOHOI ITPOM3BOHON 110 BPEMEHHU.

st paccmarpuBaeMoil GYHKIUK B CJIydae 3aBUCUMOCTH JIBYX [apaMer-
poB u3 dYeThipex B pabore mojydeHa gopmysia mpeobpasoBanus Jlamiaca,
KOTOpasl BhIParkaeTcs depe3d crenumaiabHyio ¢yukmuio Makmonanbmra. Tak-
JKe TIOJIy9eHbl (pOPMYJIbI HHTErPaIbHBIX MPEeOOPA30BAHUI, BHIPAYKAIOIIIECS
qepe3 0b6obiennyio dyukimio Paiita u 6osee obmyio H-dyuknuio Pokca.

BcenomorareibHBIM CpeJICTBOM JIJIsT JIOKa3aTe/IbCTBA IOy YeHHBIX (HOp-
MyJ1 siBJIsieTcss wHTerpas Mesmmaa—BapHca, ¢ MOMOIIBIO KOTOPOIO 3alliChl-
BaeTCs paccMaTpuBaeMasi creruaibHast Qynknus. CXoauMocTs HecOOCTBEH-
HBIX WHTErPAJIOB MPU STOM CJIEJYET U3 ACUMITOTUYECKUX OIEHOK, TaK¥Ke
MIPUBEIEHHBIX B paboTe.

Tlokazano, 9To IpyU YACTHBIX 3HAUYEHUAX U3 (HPOPMYJIbI ITPEOOPA3OBAHUST
Jlamiaca ciieiyror m3BecTHbIE (POPMYJIbI IIPEOOpPa30BaHUNl SKCIIOHEHIINA b
HO¥ yHKIMK u pyHKIMU Paiita co cTeneHHbIMI MHOXKUTEJISIMU.

KuaroueBbie cioBa: dpyukimus Pokca, dyukius MakgoHaabmaa, GyHKIsS
Paiira, onteparop Beccensi, npobHast mpousBojHasi, HTErpaJbHbIe Tpeodbpa-
3oBaHus:A, Ipeobpaszosanue Jlamaca.
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Beegenne. Ilycrs 0 < p < 2, u, o u v € C, (0 +v)/2 ¢ Z. Paccmorpum
byHKIIIO

o 21| 2] (1=0/2,1), (p—pa/2,p
() = Hys [4 gu/2,1), (2—(0/2,1), (—)1//2,1) ’ (1)
rje H22§[ -+ | — H-¢pynruyusa Pokca [1-3].

Oyukupust (1) BOBHHKAET B TEOPHM BBIPOKJIAIONMXCs ubdepeHIaibHbIX
YPaBHEHUl C YaCTHBIMU ITPOU3BOJIHBIMU JPOOHOTO TOpsiKa. B gyacTHOCTH, B TEP-
MuHAX yHKIuE (1) 3alUChIBAIOTCS PEIeHnsT HEKOTOPBIX KPAEBbIX 3ajad Jist
auddepeHnnaaIbHOTO ypaBHEHUsT

Byu(z,y) — Dgyu(xv y) =0, (2)

e

— onieparop Beccens, |b] < 1, Doo‘y—onepaTop apobuoro auddepeHImpoBaHusT
B cMbicsie Pumana—JInysuiuist nopsiika o, 0 < o < 1[4, § 0.1]. Hanpuwmep, perire-
HUe IepBoil Kpaesoii 3a1aun (3anauu Jupuxiie) st ypasaerust (2) B moJIynoJoce
Q={(z,y):0<x<00,0<y<T}

lim y'%u(z,y) =0, 0<z < oo,
y—0

u(0,y) =7(y), 0<y<T,
nmeer BuJ 5]

u(z,y) = /Oy Ki(z,y —n)7(n)dn,

rue
J;By—aﬁ/Q—l
2°T(B)

I'(8) — ramma-dynknus Ditepa |6, § 1], |7, § 1.1, dopm. (1)].
Perrenne BrOpoit kpaeBoii 3amaun (3amaun Heiimana) B obmactu €2

Ky(z,y) = T ay=e?), B=(1-10)/2

lim ¢! %u(z,y) =0, 0<z < oo,
y—0

lim 2%u,(z,y) = v(y), 0<y<T,
z—0
nmeer By 8]
y
u(z,y) 2/0 K(z,y —n)(n)dn,

rjae

- < a7a72fﬁ —a/2
1T )Y (wy~'7).

Ky(x,y) =
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Hexkoropsie narerpaasubie npeobpasopanus ogqHoi yaknun Pokca ¢ YeThIPbMS IapaMeTPaMu

Hexkoropeie cpoiicrBa dyuknuu (1), Takue Kak NpejcTaBlIeHHe UYepe3 KOH-
TYPHBIH WHTErpaJs, aCUMIITOTUIECKIE CBOWCTBA, (HOPMYJIbl muddepeHITnpOBaAHNST
U MHTErPUPOBAHUsI, PEKYPPEHTHBbIE COOTHOIIEHUs, PACCMOTPEHbI B paborax [9—
13]. Ormernm mpu 5TOM, YTO OCHOBHBIE cBOjicTBa (yHKIMU (1), Takme Kak, Ha-
puMep, MpeJICTaBJIeHe Yepe3 KOHTYPHbBII nHTerpai Meumuaa—bBapHca, acuMir-
TOTHYECKUE CBOICTBA, PA3JIOKEHUE B CTEIEHHBIE PsJIbl, CJIEAYIOT U3 CBOMCTB 6O-
Jsiee obmeit H-dyukun. Hekoropble naTerpaibubie npeobpazoBanus H-dyHxmun
Dokca uccsieioBanbl B paborax [1-3].

Cpeu 60J1e€ O3 IHUX PabOT, TOCBSIIIIEHHBIX HHTETPAJIbHBIM [TPE00PA30BAHUSIM
C PA3IMIHBIME CIEIUATBHBIMI (DYHKITUSIMU TUIIEPTeOMETPUIECKOT0 THUIIA B s/Ipax,
OTMETHM, HAIpUMeED, paboThl [14-23].

B pa6orax [24-26] pasBuThl METO/BI ONIEPATOPOB MPEOOPAZOBAHUS IS DJLIHII-
TUYIECKUX U HapabonIecKuX ypaBHEHU ¢ omeparopaMu becces.

1. BconomoraresbHble cBegeHud. laee B pabore

z

“+100 _9s
Ky(2) = — /V P2+ 9T (~v/2+s) (2) ds. > Revl/2. (3)
vy

T dmi ), 2
— dynxyua Maxdonaavda |27, § 5.7], [28, § 6, dopm. (6.36)];

o k
z

— ynxyua Patima [29,30];

T (s) lp_[ I'(a; — Ajs)

Eé’:é’i)]zzlm / ﬁj?wj_gjs) (Cosds. (1)

J=1

p¥q {Z

— obobwennasn pynkyus Patima [3, § 1.8, dopm. (1.140)], p, ¢ = 0,1,2,...,
PP+ #0,ai,b; €C, A;, Bj €R (a;,b; #0;i=1,2,....p;5 =1,2,...,q).
@yuxrus (1) MoxkeT ObITH IIPEJCTABICHA € MOMOIIBIO HHTErpaa MesuimHaa—
Bapmuca [11]:
Z\ —2s

TH0 (2) = % /Lm @(5)<§) ds, zeC, (5)

rje Lico = (w —i0o,w + i), w; < w < we, w; = —min{Rev/2, 1 — Reo/2},
we = Reo /2,

Fw/2+s)T'(1—0/24s)T(c/2—5)
F'(p—po/2+ps)T(1+v/2—25)

O(s) =
s dysknnu (1) cripaBe/yimBBl aCHMITOTHYECKHE pa3sioykennst [11]

gero @) =ao(2) +i0(3) T +ol), =0, (6
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rie 0 = min{Rev,2 — Reo},

rl—(v+o0)/2)T((v+0)/2) b '(v+o)/2-1)

T T pvro)TA+r) P T-pL2+-0)2)
TP () = c0<g> - +o0(z77), z— o0, (7)
e I'((v+0)/2)

CTTWTO+w—-0)/2)

Takke majiee TOHAIOOITCS IACTHDBIE CJIYIaM:

2

T = (3) en(-3). o
VETHITP(2) = Vom ¢(—p, i3 —2). (9)

2. OcHoBHBIE pe3yJbTaThl. JlokaxkeMm ciemyoniue (GOpMYIIbL.
2.1. /[aa mobozo Re p > 0 umeem mecmo paserncmeo

/ e PP Y271 FovE2(4=Pl2) gt = 2K, (2). (10)
0

Hoxasamenwvcmeo. Cxogumocts nnrerparia B (10) ciaeayer us (6) u (7).
Coruyacuo (5) MozkeM 3ammcarThb

—p/2\ —2s
gpre ety = o [ e () s
Ly

21

rae
F'wv/24+s)T(-v/2+s)

D(u—p—pv/2+ps)’
L = (w—ioo,w +1i00), w > |Rev|/2.

@1(8) =

(11)

Torna sieBast gacts (10) 3anumercs B Bue
oo
/ efttufpfpV/Qfljgyu,wr?(zfp/?) dt =

0

L[ /2-1

= e HTPTPYIET / @1(8)(
271 0 L1

St P/2

—2s
> dsdt. (12)
Memnstst B (12) OpPSI0K MHTErPUPOBAHUS, TIOJTY TUM

o0
/ e—ttu—p—pV/Q—ljlfj’u,vJﬂ(Zt—p/Q) dt =
0

1

2\ —2s [° e e B
S z prep=Pv/24ps=1as gs (1
2mi 61(8)<2) /0 ¢ s (13)
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Coruacuo dopmyite |31, dopm. 2.3.3.1]
o0 b
/ t e P dt = b~1p~*T(a/b), b, Rea, Rep > 0, (14)
0
BHyTpeHHUiT uaTerpasi B (13) pasen
o0
/ e PPV /24 lgr — T (1 — p— pr /2 + ps).
0
[Moncrasiss naiientoe 3uadenue B (13) u yaursiBas npeacrasiaenus (11) u (3),
upuxoaum K (10).
B repmunax npeobpaszosanus Jlamiaca dopmysty (10) MOXKHO 3aII1CaTh B BUJIE
oo
/ efpttufpfpl//%lj,/j,u,uﬂ(tfp/Z) dt =
0
= P HPVI2 K (pP/?), Rep >0. (15)

Ipu p=p =1 u3 (8) u (15) noayuum dbopmyy
oo
/ t*l/flefptfl/(h)dt — 2l/+1pu/2KV(\/Z;)’ Rep > 0,
0

KOTOpasl COBIAJAeT ¢ npuseeHHoi B [31, dopwm. 2.3.16.1].
U3z (15) upu p =268, p =+ 9, v = —1/2 ¢ yuerom upezcrasiennii (9) u

Ki1po(2) = v/m/(22)e”"

TOJTy IuM (POPMYJTy

/ e (=B, 6, —tP)dt = p~’e™, Rep >0,
0

KOTOpasl COBIIaJIaeT ¢ npuseenHoii B [32, § 3.2, dopwm. (3.2.7)]. O

2.2. Ilycmov svinoansemes odno u3d ycaosuti: —1 < Rev < 2 — Reo aubo
2 —Rev < Reo <4+ Rewv. Tozda dasn Rez > 0 umeem mecmo gopmyaa

00
/0 e—zt2/4tu+1j£,u,a(t) dt =

_ 2y+lz(a—u)/2—12\1,1 |:Z

E(a+u)/2,1)a(1=1) . (16)

14, )

Aoxasamennvcmeo. Cxogumocts nurerpaia B (16) caeayer us (6) u (7).
U3 unTerpasbHoro npejcraBienus (5) uveem

o 1 o
/ TP () dt = / 22:9(s) / e gy s, (17)
0 L 0

211
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U3 dopmyuer (14) umeem

/OO prHl=2so=at®/Agqy — gv=2sHID (1 4 1y /9 — g) 25 7/271,
0

[Moycrasisist HajijenHoe 3uadenue B (17), Haxoum

© 1
/ e—zt2/4tl’+1j£“u’0(t) dt = 2”+1z_”/2_1,/ O1(s)z°ds,
0 2me Jp,

F(V/2+S)F(1—0/24—8)1—‘(0'/2—8)‘

L(p—po/2+ps)
Cuenaem 3ameny 7 = 0 /2 — s. [omyunm

rie O1(s) =

o 1
/ e LR (1) dt = 27102l [ ey () Tdr, (18)

0 211 Lo
e
Ly = (w—ioo,w+i00), 0<w < min{Re(oc+r)/2,1},
I'lc+v)/2—7)I'(1 —7)I'(7
o7y = Dl +1)/2 = 01— ()
D(p—prt)
CpasuuBast npaByio Jacth (18) ¢ mpeacrasiennenm (4), mpuxoaum K (16). O

2.3. Ilycmob svnoanaemea 00no u3 yeaosuti: —Rea < Rev < 2 — Reo aubo
2 —Rev < Reo < 2+ Rea. Tozda das Rez > 0 umeem mecmo dopmyaa

oo

/ e~HFOT gl (1) dt =
0

2

22 |

= zaH3’3 [

: (1—a.2), (1=0/2,0), (1=pa/2.p) | 1)

(v/2,1), (1-0/2,1), (—v/2,1)

Aoxasamenvcmeo. Cxogumocts nnrerpaia B (19) caenyer us (6) u (7).
U3 uHTerpasasHoro npejcrapieHns (5) mveem

00 1 o0
/ e_t/zta_ljﬁ’”’a(t) dt = / 2256(5)/ to=25=Lo—t/2 4 dg. (20)
0 L 0

21

3 dopmyisr (14) mveem

oo
/ o2 et 2 gt = Do — 28) 2% 25,
0

[Moncrasiss maiigennoe s3uatenne B (20), moxyvaem

Za

> —t/z 00— NN _ Z\ 72
/O TP () bt = L@2(3><§) ds, (21)
e v/24+8)I'(1—0/24 s)T'(0/2 — s)I'(a — 2s)

M(p—po/24+ps)I'(14+v/2—5)

Oq(s) = I(
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Hexkoropsie narerpaasubie npeobpasopanus ogqHoi yaknun Pokca ¢ YeThIPbMS IapaMeTPaMu

CpasHauBas npasyio dactb (21) ¢ npeacrasnennem H-dyuknnn Pokca [1, dopwm.
8.3.1.1], [3, § 1.2, dopwm. (1.2)], npuxomum k (19).

3aksouenue. B pabore mosyueHbl HEKOTOPbIE HHTETIPAJIbHBIE TTPe0bpa30Ba-
Hus crenuanabuoit dyuknun Pokca, KOTOpasi 3aBUCAT OT YeThIPEX IIapaMeTPOB.
PaccmarpuBaemasi pyHKIINS IIPEJICTABIISAET UHTEPEC B CBS3U C €€ IPUMEHEHHEeM
B TEOPUU BBIPOKIAIONIUXCA MudDepeHnnajibHbIX YPABHEHUII B YaCTHBIX ITPOU3-
BoaHbIX. [lokazano, 4To pe3yJibTaThl pacCMaTPUBAEMbIX HHTEIPAJIbLHBIX IIpeobpa-
30BaHUIl MOXKHO 3aIUCATh B TEPMUHAX U3BECTHBIX CIEIUAJIBHBIX (DYHKIIHIA.

Konkypupyoniye nHTepechl. KOHKYpPUDYIOINX NHTEPECOB HE MMEIO.

ABTOpCKUIT BKJIA 1 OTBETCTBEHHOCTD. ¢ HECY IOJIHYIO OTBETCTBEHHOCTD 33, IIPEJI0-
CTaBJIEHUE OKOHYATE/IHHON BEPCUH PYKOIUCH B mtedarh. OKOoHYATEIbHAS BEPCUsT PYKOIIACH
MHOIO 0700peHa.

®PunHaHcupoBanmue. VccienoBanue BhIIOIHAIOCh 6€3 (DUHAHCUPOBAHMUSI.
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Abstract

The study examines the Fox function with four parameters, which arises
in the theory of degenerate differential equations with partial derivatives of
fractional order. In terms of this function, explicit solutions to the first and
second boundary value problems in a half-space were previously derived for
the equation with the Bessel operator acting on the spatial variable and a
fractional derivative with respect to time.

For the function under consideration, when two of the four parameters
are dependent, a Laplace transform formula has been obtained, expressed in
terms of the special MacDonald function. Additionally, integral transforma-
tion formulas have been derived, expressed through the generalized Wright
function and the more general H-function of Fox.

An auxiliary tool for proving the obtained formulas is the Mellin—Barnes
integral, which is used to express the special function under consideration.
The convergence of the improper integrals follows from the asymptotic esti-
mates also provided in the work.

It is shown that for specific values from the Laplace transform formula,
known transformation formulas for the exponential function and the Wright
function with power multipliers follow.
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Beenenune. Nzrubunie kojebannsi ©MEIOT OIPOMHOE 3HAYEHUE B PA3JIMIHBIX
00JIaCTAX HAyKU W TEXHUKU. B MeXaHWKe W MHXKEHEPUU OHU UCIOIL3YIOTCSH JIJIs
aHaJIn3a 1 IIPOECKTUPOBAHUA PA3ITNIHBIX KOHCprKL[I/IfI, TaKNX KaK MOCTBI, 3/IaH1d,
METaJIJIMYECKNE KOHCTPYKIUU U T.II. I/ISyquHe I/IBFI/I6HbIX KOJ'[e6aHI/II7I ImoMoraeT
IPOEKTUPOBIIIKAM U WHYKEHEPAM [MOHNMATh, KAK KOHCTPYKIIUU OYIyT cebsi BecTu
B YCJIOBUSIX MEXaHUIECKUX HATIPY30K, BUOpAIUil 1 BETPOBBIX HArPY30K. B dusnke
n3rubHble KOJIEOAHUST UCCIAEYIOTCA B paMKax ydeHus o6 yrupyrux rejnax. OHu
UTPAIOT BaKHYIO POJIb B TEOPHUH YIPYTOCTH M MOTYT OBITH KCIIOJIB30BAHBI JIJIsS
U3MEPEHUs MEXaHUYECKUX CBOMCTB MaTepuaJsioB. V3ydenne nsarnbubIx KosjeOaHmii
BAayKHO JIJIsI TIOHUMAHUsI MHOTHX (DU3UUECKUX M WHYKEHEPHBIX CUCTEM U MOYKET
IPUBOJUTH K CO3JaHN0 60siee 3(hhEKTUBHBIX U 6e30IaCHBIX KOHCTPYKIWMii [1].

CobcTBeHHbIEe 9acTOTHI KOJIEOAHMI UTPAIOT CYIIECTBEHHYIO POJIb DU JETAb-
HOM BBISIBJICHHHU IIapaMeTpPOB M3ydaeMoro obbekTa, Hampumep jgedexktoB. Ha-
npumep, B paborax [2, 3| mccieoBaHa SBOJIONUST XapaKTEPUCTUK COOCTBEHHBIX
MIPOJIOJIbHBIX KOJIEOAHUIT KPYIJIOrO CTEP2KHS IPU yBeJIUIeHUU JePEeKTa ero Iore-
peuHoro cedenusi. B [4] paccmarpuBaioTcst cOGCTBEHHBIE TIONEPEYHbIE KOJIeOaHMsI
CTEPXKHS C IONEPEIHBIM CEYEHUEM MIPAMOYTOJIHLHON (DOPMBI, UMEIOIIUM ITOCTOSH-
HYIO BBICOTY M HEPEMEHHYIO IIMPUHY, U3MEHSIONIYIOCH 0 SKCIIOHEHITHAIbHOMY
3akony. McciiemoBanbl cOOCTBEHHBIE KOJIEOAHUS CTEPXKHSI, 3aIeMJIEHHOIO Ha Jie-
BOM KOHIIE U IIIAPHUPHO OIEPTOI'0 HA IMIPABOM, & TaKKe 3allleMJIEHHOTI'O Ha JIEBOM U
npaBoM KoHIrax. B [5] paccMorpen dnciieHHBINH METOJI pelieHus 3a1a91 U3rMOHbBIX
KoJlebaHmii cTepKHsl ¢ TepeMeHHbIM Mojysiem FOura. B ormane or [5| B Hacro-
dameil paboTre IpUBEIEH METOM, MO3BOJSIIONINI HAWTH aHAJIUTHYECKOE DPeIleHIe,
KOoTOpOe JlaerT GoJiee TOUHBIN pe3yinbrar. Pabora [6] mokasbiBaer, Kak, OCHOBBI-
BasICh Ha MOJIEJIMPOBAHUU JedeKTa cedeHusl Kak U3BECTHON (DyHKIUM, MpudIm-
JKEHHO OIIPEJIJISIOTCS OCHOBHBIE [TAPAMETPBI, €r0 XapaKTepU3yIoIine, TaKue Kak
MECTOIIOJIOKEHNE U 00beM IO JABYM HU3IIUM YacTOTaM KojeOaHUil CBOOOIHOTO
1 KOHCOJILHO 3aKPEIIEHHOTO cTep2KHeil. C IMOMOIIBIO YUCIEHHOTO MOJEJTMPOBAHUS
[IOKA3aHO, YTO JIJI YJIOBJIETBOPUTEIHLHOTO OIPee/IeHns CBOMCTB JedekTa J10cTa-
TOYHO UCIIOJIB30BATH HECKOJIBKO HU3NIMX 4acToT. B 7] npoBeeHo cpaBHeHne K-
[IEPUMEHTAJIbHBIX JIAHHBIX C PA3JIUIHBIMU TEOPETUIECKUMU MOJIEJISIMU JIJIsT OIU-
caHuUs POJIOJIbHBIX KoJsiebanuit crepxkusi. B [8] uccienyercst moseenne cobersen-
HBIX YaCTOT M3rUOHBIX KOJIEOAHUI CTEPXKHHA [IPU U3MEHEHUU pa3Mepa IOJOCTH.
[Tokazano, Kak MeCTOIIOJIO?KEHUE TOJIOCTU BJIUSET Ha YACTOTHBIE XapPAKTEPUCTHU-
K1 Kojiebanuii. JlokazaHno, 9To OHOrO CIEKTPa JacTOT U3TMOHBIX KojebaHuii erre
HeaI0CTaTO4YHO JJIdA I/I,ZLeHTI/I(bI/IKaL[I/II/I MECTOIIOJIO?KEHU A U Pa3MEPOB IIOJIOCTH. ﬂﬂﬂ
UJIEHTUOUKAIIANA [TOJIOCTU TPEJJIOKEHO UCIOJIB30BAHUE COOCTBEHHBIX YaCTOT U3
JIBYX CIIEKTPOB M3IHOHBIX KoJebaHuil (OTHOCHTE/NLHO pasHbIX oceii). Pabora [9]
ITOCBSAIIEHa UJIeHTHMOUKAINN JJIMHBL ITPOJIOJILHOIO HaJIpe3a 110 COOCTBEHHBIM Ya-
CTOTaM M3TUOHBIX KOJIeOaHII KOHCOJIBHO 3aKPEIJIEHHOTO cTepkHs. [lokazaHo, 1To
3a/1a9a UMeeT OECKOHEUHOE KOJIMIECTBO PEIeHuil, HO B CUJTy (DU3UIECKOI 1ToCTa-
HOBKHU MOYKHO BBIJICTUTH €IMHCTBEHHOE DEIeHUe, IPUIEM JIJIs PEIIeHUsT 33 1a9u
JIOCTATOYHO OJIHOI COOCTBEHHON YaCTOTHI.

Ob6parnble 3aga4un UAeHTUMUKAINN TAKUX 1ePEKTOB, KaK TPEIInHA, UMEIOT
GOJIBIIY IO TIOIYJISIPHOCTD |2, 3,6, 10-17]. ITonepevnble pacKpbiThble TPEIIUHbI, Ha-
unHas ¢ padbor [10-12], kKak npaBusIo, MOJEIUPYIOT YCIOBHUIMU CONPSIZKEHUS [IPY-
JKUHBL. B cOBpeMeHHOI JimTeparype MpejlaraloTcs U JPyTHhe YCJIOBHUS COIPSIXKe-
HUS JIJIsT OTIIUCaHUsI oepevHbiX jgedektos [13-15]|. OqHako npojosibHast TperuHa,
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KOTOpas B JaHHOI paboTe MOJETUPYETCS I1a30M, HE MOXKET ObITh OIUCaHa IIPY-
YKUHOM.

1. Ilpsmaa 3ama4da. PaccmarpuBaeTcss OZHOPOIHBINA HU30TPOIHBIN IIPSIMO-
YTOJIBHBIH cTepKeHb JUInHbL L = 1 ¢ IpOMOIbHBIM IPAMOYTOJIBHBIM a30M, IIPO-
XOAAIMI HE 110 BCEH JJINHE CTEPXKHA, & OT HEKOTOPOI TOYKHU I, A0 IIPABOrO KOHIA
(em. puc. 1). Ipeamonaraercs, 9T0 0OCH CUMMETPUY HOIIEPEYHOTO CEYEHUST Y IACTKA
cTepKHs 0e3 Ma3a M ¢ Ia30M COBIAJIAIOT, & CTEPXKEHb 3a/ie/IaH Ha 00X KOHIAX.
[Tonepeunoe ceuenne nmeeT BoicoTy H u mmpuny B. [IpgaMoyroabHBII a3 nMeeT
amuny | = L — x., tmyouny h u mmpuny b. B ciygae masioro b ciemqyer paccmar-
puBaTh IPAMOYIOJIBHBINA I1a3 KaK IIPOJOJILHYIO TPEIIUHY.

E Yy
L $h
S iRl
P LY
0 Te L B

Puc. 1. Uzobpakenne cTep:KHS C MPOIOJTHHBIM TA30M

[Figure 1. Image of a rod with a longitudinal groove]

Tpebyercst onpeneuTb COOCTBEHHBIE YaCTOTHI M3IMOHBIX KOJIEOAHUN CTEpIK-
HeI OTHOCUTEJIHLHO BEpTUKAJILHON ocu Oy u ropusoHTabHOi ocu Oz, yCTAHOBUTH
3aBHCHMOCTD Pa3MEpPOB U MeCTa HadaJa 1a3a Ha 9TH 9aCTOTHI.

Paccmorpum kosrebanust orHOCHTEIbHO BepTuKabaoit ocu Oy. M3rubusie Ko-
JlebaHUs CTEPXKHSI C IMIOCTOSTHHBIM ITOTIEPEYHBIM ceueHneM F' OIUChIBAIOTCS ypaB-
HeHueM [18]

4 2
d*U(x,t) N Fd U(x,t)

EJ
dxt p dt?

=0, (1)
rje U(z,t) — monepeunoe cMerenne oraocuresibHo ocu Oy, E — momnyss yupyro-
cra, J — MOMEHT MHEPINH IONEPETHOrO CEUEHNsI, p — IVIOTHOCTD CTEPIKH.

Pemtenne ypasrenus (1) umem 8 Buze U(x,t) = y(z) coswt, rue w — Kpyrosast
gacrora. Torma (1) cBoguTcst K ypaBHEHUIO

y () = s'y(x), (2)

e s* = pFw?/(EJ). TlockobKy CTepKeHb cjieBa W CIpaBa OT TOYKH T, HMeeT
pa3Hyio GOopMy IOLEPETHOrO CeUCHH s, ypaBHEHHs (2) ciieBa U CIpaBa 0T TOUKH T
3aIUIIyTC B CIAEIyIONieil popme:

g = aiaty, gt = aity., (3)

e df = F_/Jy—, d3 = Fy/Jy4+, A = pw?/E; y_ — nonepeunoe cMermenue jesee
TOYKHU Z. (yUACTOK CcTepxKHs 0e3 1asa), Y4 — IpaBee TOUKU T, (C ma3oMm).
MoMeHTBI HHEPIUN OTHOCUTEIbHO ocu Oy HAXOMUM 10 (DOpMYyIaM

B3H b3 B3H
-2 7 =2 4
Ty+ 12 127 7Y 12 (4)
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Ycaosue COIIPAKEHU A IIOJIYHIUM, IIPpUPaBHAB B TOYKE I, IIOIIEPpEYHbIC CMEIICHNI,
YIJIBI IIOBOPOTAQ, I/ISI‘I/I68,IOHH/IG MOMEHTBI U IIepepe3bIBaroOue CUJIbI:

y,(:L‘c) = 3(/]+($C)> y'_(:vc) = y/ ($0)7
) = ), 92 () = T o) (5)

Tak Kax cTep:KeHb 3ajejlaH Ha JIEBOM W IIPABOM KOHIIAX, KPAEBbIE YCJIOBUS CJle-
JYIOLIHE:
y—(0)=0, ¥ (0)=0; wy4(1)=0, ¥\ (1)=0. (6)

Ob6iee pemenne ypasHenuii (3) npumvem B BHjie

y— = Cnyi— + Craya— + Ci3ys— + Craya—, (7)
Y+ = Cory1y + Cooyor + Cozysy + Coayay,

rae y1— = cos(diAx), ya— = sin(diAx), ys— = cosh(diAx), ys— = sinh(diAz),
Y14+ = cos(daAx), Yot = sin(daAz), y3+ = cosh(daAz), yay = sinh(da2Ax).

[Moncrasus (7) B (5), (6), momydnM cucTeMy, KOTOpasi NMeeT HETPHBHAIBHOE
pelieHne OTHOCUTENBHO K03bdurmenTos Cj; TOIIa I TOJIBKO TOL/IA, KOTIa OIIpeie-
JTe b 31Ol cucteMbl A () paBeH HyJII0, BBIYUCIsAst KOTOPBII, TI0JIy UM 4aCcTOTHOE
ypaBHeHHe oTHocuTeabHO ocn Oy:

1
= ToMdi 2 4~
6 ley— Y2
X (—2Jy_Jy+e*d-”“\xcedy1Mce*d?ﬂ)‘“edQ)‘zC sin(dygx\)zdzldzz -

+ J7, sin(dy Aze)? sin(dyoAae) e~ W2 e A dy,) = 0. (8)

AN

ITo ropusonTambmoit ocu Oz IaCTOTHOE YpPABHEHUE TOJYJAeTCs AHAJOTHIHO,
Pa3HUIA 3aK/II0YAETCA TOJbKO B MOMEHTaX WHEPIIAN:

_ B?H*—4h(H? —1.5Hh + h*)HhB + b*h* g BH?3

Jor 12(HB — hb) = )

1.1. Ilpumep pemreHusi npsimoii 3agauu. [Ipumvem ciremyrorye BXOHBIE
nmamueie: H = B = 0.1, h = 0.01, b = 0.02, L = 1, 2. = 0.5. [Ipu 3amanubx
napamerpax MoMeHTbl uHepiuu (4), (9) ornocurensro oceit Oy u Oz, a TakKe UX
OTHOIIEHUsI K ILIOIIAIN CEYEHUs CJIe/YIOIITe:

Jy+ = 8.326666 - 1075, J,_ =8.333333- 1076,
J.4 =17.918401-1076, J._ =8.333333-1075;
dy1 = 5.88566191, dy2 = 5.85718206,
d.1 = 5.88566191, d»o = 5.93126244.

I/ICHO.H]:>3yH 9TU 3Ha4YeHUud, IIoJIydaeM YaCTOTHbIC YPaBHCHHA OTHOCUTEJIbLHO
oceit Oy m Oz, U3 KOTOPHIX C MOMOIIBIO MATEMATHIECKOro MakeTa Maple dwmc-
JIEHHO HAXOJIUM COOCTBEHHBIE 3HAYCHUS U3TMOHBIX KOJICOAHMIL:

Ay = 0.80559430, Aoy, = 1.33754047, A3, = 1.87272027 — ornocurensno ocu Oy;
A1, = 0.80053059, Ao, = 1.32919190, A3, = 1.86093715 — orHocurennuo ocu Oz.

1H3-3& 0oJIBIIIOr0 06'bemMa BbIpaKeHue IIpuBeJIeHO0 He IIOJTHOCTBIO.
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Ha puc. 2—4 npusenenn! rpadudeckne 3aBUCUMOCTH IIEPBBIX TPEX COOCTBEH-
HBIX 3HAYEHNN CTEPKHsI OT JJINHBI Ia3a. PUCYHKHN MOKA3BIBAIOT, YTO IpaduK coO-
CTBEHHBIX 3HAYEeHMI M3TUOHBIX KOJIeDaHU OTHOCUTEIbHO ocu Oy pacTer, a OTHO-
curesibHO ocu Oz yObIBaeT MO0 Mepe YBeJIUUIeHUs IJIMHBI a3a. JTO 00yCJIOBJIEHO
TeM, UTO OTHOIIEHNE M3rUOAINUX MOMEHTOB W ILIOMIA/U MOIEPEYHOTIO CEUEHUS
oTHOCUTEIbHO ocu Oy pacTeT ¢ yBeJIUIeHNeM JJINHBI [1a3a, a 1o ocu Oz yMeHbIIa-
ercst. Bugmo, 910 mepBoe cobcTBeHHOE 3HaYEHNe OTHOCUTEIHHO ocu Oy TIpH JITHHE
maza or 0 10 0.4 u ot 0.8 1m0 1 Bo3pacraer HecymecTBeHHO. COOCTBEHHBIE 3HAUTE-
HUs OTHOCUTENBHO ocu Oz 3HAYUTEIHLHO YMEHbBIATCA B 3Hadenusx [ ot 0 mo 0.1
u or 0.9 10 1. B ocTasbHbIX MPOMEXKYTKaX COOCTBEHHDbIE 3HAYCHUS yMEHDLITAIOT-
cs 6e3 CUIbHBIX OTKJIOHeHHI. V3 aHam3a rpaduKoB CJeyeT, 9TO IPU PelIeHun

0.805

T TN

0 0.2 0.4 0.6 0.8 1

— A — Ay

0.795

Puc. 2. 3aBucumocTs A\ OT JJIMHBI I1a3a
[Figure 2. Dependence of A1 on the groove length)]

~—]

0 0.2 0.4 0.6 0.8 1

—_— Dy —— Ay

Puc. 3. 3asucumocts A3 OT AIMHBL I1a3a
[Figure 3. Dependence of A2 on the groove length]

/_.

—
\_\

0 0.2 0.4 0.6 0.8 1

~—_

1.85

— A3: = Agy

Puc. 4. 3aBucumocts A3 OT HIMHBI Ha3a
[Figure 4. Dependence of A3 on the groove length]
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0OpaTHBIX 3aJa4 C HMCIOJH30BAHHEM YaCTOT TOJBKO M3 OJIHOIO CIEKTPa MOTYT
BOSHMKHYTH TpyaHocTu. Hampumep, nmpu ompeneseHHbIX [IMHAX T1a3a COOCTBEH-
Hble 3HAYEHUS MEHSIOTCA HECYIIECTBEHHO, ITO IPUBOIUT K MHOXKECTBY BaPUAHTOB
perreHnit 0OpaTHON 3aIa9u.

2. O6parunas 3aga4da. Paccmorpum npumep pererust oOpaTHON 3aJiadu.
[TycTb mMeeTcst IPSIMOYTOJIBHBIN CTEpP2KEHb MIuHBI L, = 1 ¢ IpPSMOYTOJIBHBIM TIa-
30M [, MPOXONAIINM He I10 Beeil jyune. Tpebyercss HaiiTH mapaMerpbl Ia3a 110
COOCTBEHHBIM TaCTOTaM U3TMOHBIX Kojiebanmit. Takrke HEOOXOIMMO OIPENeInTh
HaUMEHbIIee KOJIMIECTBO ITUX YACTOT JIjIsI PEIIeHUsT 38, aqMn.

st onrpesiesieHust JJIMHBL, MTUPUHBI ¥ TJTyOWHBI T1a3a UCIIOJIb3yeM COOCTBEHHbBIC
3HAYEHUsI C JBYX B3aMMHO IepreHuKyJisipabix oceit Oy u Oz. lpuuem myist bostee
TOYHOI'O PEIIeHNS HYXKHO UCII0/JIb30BaTh IIePBble COOCTBEHHDbIE 3HAYEHU, TO €CTh
C HAUMEHBIINM ITOPSIAKOBBIM HOMepoM. [lanHoe TpeboBaHMe BBITEKAET W3 IPaK-
TUIEeCKUX COOOparkeHuil, MOCKOIbKY IPUOOPBI /I U3MEPEHHUS JacTOT HAambojee
TOYHO OIPEIE/ISIOT IIepBble COOCTBEHHBIE YaCTOThI.

BosbMmeM Tpu coO6CTBEHHBIX 3HAUEHUSA KOJIEOAHUS CTEPKHS OTHOCUTETHLHO OCU
Oz, nojiydeHHble B pe3yjbTaTe perieHus mnpsMmoil 3amaqdnm: A, = 0.80037439,
A2, = 1.32665822, A3, = 1.85699429. IToncrasisis ux B 9acTOTHOE ypasHenue (8)
B IIPE/INOJIOXKEHNY, UTO MUpUHA b, riiydbuHa h, HavaJI0 a3a T, HEU3BECTHDI, IOJTY-
YUM CHUCTEMY HEJMHEHHDLIX ypaBHEHUN OTHOCUTEJIHHO MCKOMBIX HmapameTpon. 13
dbusngecknx coobpakeHuil UIeM BelnecTBeHHble 3Hadenus z. € [0, 1], b € [0,0.1]
u h € [0,0.1]. B Tabn. 1 npusejgen HaGOp 3HAYEHMIA, MOJYUYEHHBIX C [TOMOIIBIO
MaTeMaTu4eckoro nakera Maple.

JL1s1 BBISIBJIEHUSI €UHCTBEHHOI'O PEIIeHUs IPEeIaraeTcs MPUMEHUTD TOIXO0/T,
peJUIOKeHH b aBTopaMu B pabore [16], KoTopblii 3aKI09aeTCs B TOM, 9TO Tpeby-
€TCsl PEIIUTH HECKOJILKO CUCTEM YPABHEHUI C YUCIOM YPaBHEHUMN, COBIAIAIONIAM
C YMCJIOM HEM3BECTHBIX, a 3aTeM HaillTh mepecedeHue sTux perrenuii. CpaBHUBas
JaHHbIe Ta0J. 1, 2, BUAUM, UTO OIHO PEIIeHue sIBASeTCs OOIIUM W 3TO PeIleHne
€CThb CyTh peIeHus MOCTaBIeHHO 3amaun (Toanoe perrerne b = 0.01, h = 0.01,
z. = 0.2).

Jutst orpesie/ieHnsT HAUMEHBIIEro KOJMYecTBa cOOCTBEHHBIX 3HAUEHUH, Tpedy-
€MBIX JIJIsl PeIeHusi o0paTHOl 3aatuM, BO3bMEM II0 JIBa COOCTBEHHBLIX 3HAYEHUS
13 CIIEKTPOB YaCTOT KOJIeOaHUT OTHOCUTEILHO B3aUMHO IEPIEHINKYAIPHBIX Ocei

Tabsmma 1
Habop pemrennit obparHOit 3802491 I \1,, Ao, U A3,
[A set of solutions to the inverse problem for Aq,, Aa., and As,|
no. T h b

0.19999999 | 0.00999999 | 0.02000000
0.32114148 | 0.02823376 | 0.01738215
0.41343226 | 0.07987103 | 0.08653772

W N =

Tabsmuia 2

Habop pemenuii 06paTHOIl 330840 IS A1y, A2y U A3y
[A set of solutions to the inverse problem for Aiy, Aoy, and Az,
no. T, h

1 0.19999999 | 0.00999999 | 0.02000000
2 0.47243139 | 0.01926569 | 0.09219030
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Oy u Oz. B T1aby. 3 npuBeieHbl pe3yabTaThl JIJisd CIydasi, KOIJIa JIBe COOCTBEHHbBIE
9acTOThI B34aThI 110 ocu Oz u omHa mo Oy, a B Tabj1. 4 — Juid cIydasi, KOIa JIBe
COOCTBEHHDBIE YaCTOTHI B3ATHI 0 ocu Oy u oara 1o Oz.

Tabauma 3
Habop pemenmit 06paTHOl 3a0a490 JJIA A1, A2, T Aqy
[A set of solutions to the inverse problem for A, A2, and A1y

no. Te h b
1 0.18623568 0.00985498 0.02020706
2 0.20000000 0.01000000 0.01999999
3 0.39887811 0.09925593 0.09964666
Tabsmumna 4

Habop permennii 06paTHOM 3a0a40 I A1y, Aoy B A1,
|A set of solutions to the inverse problem for Aiy, Aoy, and Aq.|
no. T, h

1 0.20000000 0.01000000
2 0.48204891 0.02422458

0.01999999
0.01478118

W3 mamubix Tabs. 3, 4 BUAUM, ITO UCKOMOE PEIICHUE CHOBA, SIBJISIETCST OOIIIIM.
Orcroma caeayer BbIBOJ, UTO JIJIsi OJJHOZHAUHOIO HAXOXKJIEHUS [ApPaMETpPOB I1a3a
JIOCTATOYHO YeThIpeX CODCTBEHHBIX 3HAYECHMI, J[BA U3 KOTOPBIX B3ATHI U3 CIIEKTPA
KoJiebanuii oraocurTe/ibHo ocu Oy u JiBa oTHOCUTEIbHO ocu Oz.

3. Omnenka norpemntaocTu. [IposegeM BBIMUCTUTEIBHDIN S9KCIIEPUMEHT 10 3a-
Iy MJIEHHIO BXOJIHBIX JJAHHBIX aHaJIornaHO pabore [17]. st oneHKn morpentHocTy
MeTona OyJ/ileM OIeHUBATH MOTPEITHOCTD HAXOXKIEHUS IOJIO2KEHUST TOYKUA HAdasIa
mmasa x.. B KadecTBe BXOJHBIX JIAHHBIX [IPUMEM IIEPBOE COOCTBEHHOE 3HAUEHUE,
3ajmanHoe B Buzue A\jy = Aj(1 4+ v1;), rme A\j — coOCTBeHHOe 3HAUEHUE, BBIUIC-
JIEHHOE C TOYHOCTBIO JIO 8 3HAYAIIUX HUMP; Y — aMILIUTY/1a 3allyMJICHHu; §; —
caydaiiHasg BeJUYMHA C PABHOMEPHBIM 3aKOHOM PAacCIIPEIe/IeHUs, OlpeIe/cHHAs
Ha orpeske [—1, 1]. OTHOCHTE/IbHASI OIPEITHOCTD IPUBEJIEHHOTO B JAHHON Pabo-
Te MeTOo/a UCCaeayeTcs B 3aBucuMocTr oT v = 107", n=3,...,9.

B Tab. 5 nmpuBeseHbl pe3yJabTaThl HATH 3KCIEPUMEHTOB C PA3JIMIHBIMU 1)j
JIIA T TIPU KaKJIOM 3HAYCHUH aMILTATY/BI Y. SHAYCHH 1); IOy IeHBI C TIOMOIIBIO
reHepaTopa CJIydailHbIX duce MaTeMaTudeckoro nakera Maple. Jls uck/oderus

Tabauma 5

OTHocuTe/IbHAST MOTPEITHOCTh HAXOXKJIEHUSI TOYKM HadaJia 11a3a T. B 3aBUCUMOCTU OT

3anyMieHns: BXoaHbIX gaHHbIX [The relative error in determining the starting point of
the groove z. depending on the noise in the input data]

’Y 537c (1/’)7 %
1073 13.401911 13.790595 14.779052 16.650421 13.790595
1074 1.043232 0.675387 0.661847 0.792041 1.165774
1075 0.021450 0.038733 0.068768 0.155276 0.119227
10-¢ 0.001472 0.014118 0.014660 0.006625 0.014113
1077 0.000500 0.001080 0.001173 0.001131 0.000920
1078 0.000078 0.000076 0.000157 0.000133 0.000099
1079 0.000014 0.000030 0.000010 0.000013 0.000007
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JIOXKHBIX PEIIeHNIl TONCK ITapaMeTpa T IPOU3BOAUTC B DoJiee Y3KOM MHTEPBAJIE:
z. € [0.45,0.55]. 13 Tabu. 5 ciemyer, 9TO NPH HOTPENTHOCTH BXOHBIX JIAHHBIX He
Gostee v = 10™* morpentHOCTL BOCCTAHOBIICHHS T, MEHEe JBYX IIPOIEHTOB.

Sakarouenue. Perennl mpsiMast 1 odpaTHast 3aa91 KOJIeOaHU TPAMOYTOIb-
HOTO CTEPXKHSI C TPOJOIBLHBIM MPSIMOYTOTHHBIM TTa30M, KOTOPBIH TPOXOIUT HE IO
Beeit gune. [Ipeamoxen MeTon MOJIEIUPOBAHNS, B KOTOPOM CTEPXKEHB COCTOUT U3
JIBYX 1acTeil, rje meppasi 9acTh C [1a30M, a BTOpast 0e3 1as3a, 9acThU COeJUHEHBI C
ITOMOIIBIO YCJIOBHUI cotipsizkenusi. JIJaHHBIN METOJT TO3BOJISIET PEIUTh KaK MPSIMYTO
3aJady, TaK U 00paTHyI0. AHAJIU3 3aBUCHMOCTH COOCTBEHHBIX YaCTOT U3IUOHBIX
KOJIEOAHUH OT JJIMHBI TIa3a OTHOCHTEIBHO PA3HBIX OCEil MOKA3aJl, ITO COOCTBEH-
HBIE 3HAYEHUs] OTHOCUTEJILHO OHON OCH PACTyT, & OTHOCUTEJIBHO JPYTOil MMa atoT.
[Ipetoxken MeTo 1 pelrteHust 0OpaTHOM 3a/1a9H, TO3BOJISTIONINN ONPEJIEISITh UCKO-
MbI€ IMapaMeTPhl IO KOHETHOMY YUC/Iy COOCTBEHHBIX 3HAUEHUN M3rNOHBIX KOJIeha-
HUH, B3ATBIX U3 JBYX CIEKTPOB YacTOT. AHaIN3 rpaduKOB U TPUMEPDI PEIeHUsT
obpaTHOM 3a/1a9n TIOKA3AJIN, ITO PENIeHe OJHOZHAYHO B CIYYIae MCIOIH30BAHUST
IIEPBBIX YaCTOT M3 CIEKTPOB OTHOCUTEJIBHO B3aMMHO HEPHEHAUKYJIAPHBIX oceiqi.
N3 onieHKYU TOIPEITHOCTHU CJIEMLYET, UTO IIPU 3AIMYMJICHUU BXOIHBIX JTaHHLIX He 00-
7ee 1074 1OrpenHocTh BOCCTAHOBIICHHST OIHOTO U3 KOI(DMHUIMEHTOB COCTAB/ISAET
menee 2 %. JlanHbIil MeTO IIPUMEHNM JIJIsi MJIeHTUMDUKAIUI TPOJAOTHHBIX TPEIIHH,
T7le TPEIUHA MPOXOINT He MO BCel JJTMHE CTEePIKHS.

Kounkypupyromnime natepechbl. Koudimkra nHTEpECOB HE NMEETCS.

ABTOpCckuii BKJIaJ] U OTBETCTBEHHOCTH. KasKplit aBTOp BHEC PaBHBII BKJIAJ B Ha-
nucanue crarbu. OKOHYATEIbHAST BePCUs PYKOIICH ObLia 0/100peHa BCeMHU aBTOPAMHU.

®unancupoBaHue. lcciesioBanne BBIIOJHEHO 3a cUeT rpanta Poccuiickoro nay<THoOro
donma Ne 23-21-00420, https://rscf.ru/project/23-21-00420/.
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Abstract

The inverse coefficient problem involves determining the geometric pa-
rameters of a longitudinal rectangular groove based on the natural frequen-
cies of the bending vibrations of a rectangular rod. It is assumed that the
groove does not extend along the entire length of the rod, but rather from
a certain point to the right end. To solve the problem, the rod with the
longitudinal groove is modeled as two sections: the first section without a
groove and the second section with a groove.

Mating conditions are applied at the connection point, where deflection
values, rotation angles, bending moments, and shear forces are equated. The
behavior of the natural frequencies of bending vibrations when changing the
length of the groove was investigated. A solution method is proposed that
allows for determining the required parameters based on a finite number of
natural frequencies of bending vibrations. It is shown that the solution is
unambiguous when using frequency spectra with respect to mutually per-
pendicular axes.
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JauTenapHoe pa3pyllleHUEe COCTABHOI'O CTE€PXKHS
IPU PACTA>KEHUM B yCJIOBUAX MOJI3y4YECTH
B IIPUCYTCTBUU aKTUBHOI Cpebl

JI. B. ®omun, FO. I. Bacaaos

MockoBckuit rocynapcrBennsiil yuusepcurer umenu M. B. Jlomonocosa,
HayuHo-uccienoBaTesbCKuil MHCTUTYT MEXaHUKH,
Poccus, 119192, MockBa, MudypuHcKuii npocrexT, 1.

AnHHOTanNsA
PaccemarpuBaercs nampsizkeHHO-1eDOPMIPOBAHHOE COCTOSTHUE U JJTUTEITb-
Hasl IPOYHOCTb COCTABHOI'O PACTATUBAEMOIrO CTEPKHSI IIPH [I0JI3Y 9€CTH B YCJIO-
BUU BO3/EHCTBUS HA HETO aKTUBHOW OKpYyKalomeh cpeibl. KOHCTpyKITUs
COCTOUT W3 IIEHTPAJBHOIO CTEPKHSI U JIBYX CUMMETPUYHO PACIIOJIOXKEHHBIX
CTepKHEl OTHOCUTEJIBHO [EHTPAJIBHOIO, COEIMHEHHBIX C UJIEAJIbHON are3u-
etr. [lo3ydecTs KaxK10#1 M3 Tpex YacTell CTEP:KHSI OMUCHLIBAETCS CTEIECHHOMN
PEO0JIOrTYIeCKOil MOJIEJIBIO C PA3INIHBIMU 3HAYeHAsIMA TapameTpa. s ompe-
JleJIeHUsT BPEMEHU JI0 PA3PYIIEHNs UCIOJIb3YeTCs KNHETHIECKOe YPaBHEHNE,
OIIHCHIBAIOIIEe HAKOILJIEHNE TIOBPEXKIEHMIT B IIPOIIECCE O3y IECTH, CTPYKTY-
pa KOTOPOI'o OJIHA W Ta Ke JIJIsi BCeX CTepKHeil. BiiusiHue akTUBHOI Cpejbl
ompeiesisiercst udy3nOHHBIM TPOHUKHOBEHUEM €€ 3JIEMEHTOB B MaTepHhaJl
crepxkHs. Vcmomb3yercs TpubIMKEeHHBI METO/T PEIlieHst ypaBHEeHUs Tud-
dysun, ocHoBaHHBIN Ha BBejeHNN Juddy3noHHOr0 hpoHTa. AHATU3UpYeT-
CsI pacIipejieieHIe HAIPS)KEHNI BO BPEMEHH IPHU YCJIOBUM TPOHUKHOBEHUS
aKTUBHOI CpeJibl B PA3HbIE YACTU CTEPXKHS C PA3JINIHBIMU KOIDDUINEHTA-
Mu uddy3un. BeImoiHeH mapaMeTpuyecKuii aHAJIN3 BJIMSHIS HAIIPSAYKEHUH
U TIApaMETPOB PEOJIOTUIECKUX MOJIeJIell MaTePUAJIOB COCTABHOIO CTEPYKHSI Ha,
HAIPSKEHHO-1e(DOPMUPOBAHHOE COCTOSHUE U JJIMTEIBHYIO IMTPOYHOCTH KakK
9JIEMEHTOB CTEPYKHEBOI CHCTEMBI, TAK W TPEXCTEPYKHEBOM CHCTEMBI B IIEJIOM.
OrnpesiesieHa 3aBUCUMOCTh BPEMEHHU JI0 PA3PYIIEHUsT OT COOTHOIIEHHsT KOI]-
durmentoB mudHy3un aKTUBHOI CPEIbI B 9JIEMEHTAX COCTABHOTO CTEPXKHSI.

KurouyeBbie cjioBa: COCTaBHOI CTEPXKEHB, MOJI3YYIECTb, MOBPEXKICHHOCTD,
JUIATEIbHAS TPOYHOCTD, AKTUBHAS Cpelia, TuddY3NMOHHBII (HPOHT.
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JlnurenbHOE pa3pylneHne COCTaBHOIO CTEPIKHSL. . .

IMosnyuenne: 6 mast 2023 1. / Ucnpasnenne: 23 wostopst 2023 1. /
Mpungarue: 17 aasaps 2024 r. / [y6aukaiusa omnaitn: 26 mapra 2024 r.

BBenenmne. AKTYaJIbHOCTD UCCTIETOBAHNI BBICOKOTEMITEPATYPHON TPOYHOCTH
MaTepPUAJIOB U KOHCTPYKIuii [1], B TOM 4mciie HAXOMISIIUXCS B YCIOBUSIX BO3/Ieii-
CTBUSI AKTUBHBIX cpeJl [2,3], He mojyiexut coMHeHno. CoBpeMeHHbIe MaTepPHAJIbI
U JIEMEHTBI KOHCTPYKITUHN JTOJYKHBI 00eCIIeunBaTh HAJIE2KHOCTb U PADOTOCIIOCO0-
HOCTB U3JIeJINiI B TEUEHHE BCETO CPOKA CJIY2KOBI B PAOOUUX YCJIIOBUSAX C YIETOM UX
B3AMMO/JICHCTBHUS C BHEIIHUMHU u/ujan pabounmu cpepavu. Hanbosee gacrto st
JIONIOJIHUTEILHOM 3aIlUThl 3JIEMEHTOB KOHCTPYKIIUNA OT JIECTPYKTUBHOI'O BO3JIEi-
CTBUSI BHEITHEH aKTUBHON CpeJIbl IMPUMEHSFOTCSI TUIIOBBIE JIEMEHTBI COCTABHOTO
Tuna. BuernmHuit cyioit Takoit cocTaBHONW KOHCTPYKIINU, KaK IIPABUJI0, KOHTAKTUPY-
€T C arpeCcCUBHBIM BEIECTBOM U 3AIUIIAET OCHOBHBIE JIEMEHTHI KOHCTPYKITUH OT
€ro pa3pyuTeIbHOIO BO3IENCTBHUS.

B crarbe [4] paccmoTpeno HanpsizKeHHO-1eDOPMUPOBAHHOE COCTOSIHUE, KUHEe-
TUKa HAKOILJIEHWS TOBPEXKIEHUI B IIPOIECCE MOI3YIECTH U OIPEIEIeHbI BPpeMeHa
JI0 Pa3pylIeHUus] COCTABHOIO CTEPKHS IIPU PASJIMIHBIX 3HAYCHUSIX MaTEPUAIbHBIX
KOHCTAHT B yPABHEHMSX COCTOSIHUS MOJI3YUIECTH U JJIMTEIBHOTO PAa3PYIIEHUs] ero
3JIEMEHTOB.

B pabore [5| npoBejien aHam3 BAMSIHUS SKCILTYaTAIMOHHBIX YCJIOBUI Ha pa-
00Ty JiomaToK TYpOWHBI B COCTaBe JBHUraTejss. ABTOPHI OTMEYaloT, 9TO OCOOEH-
HOCTBIO PabOThI JIONATOK TypOWH HTPAKTUYECKH BCEX JIBUTATENIEH SIBISIOTCH IIe-
PEMEHHBbIE HAIPY3KHU, BBICOKUE TEMIIEPATYPHI Ta3a repej TypPOUHOi, HAJIMIre Bbl-
COKOCKOPOCTHOT'O Ta30BOT'0 MOTOKA, KOTOPBIE B 3HAYUTEIHHON MEpe YCIOXKHSIOT
yCJIOBUS PabOTHI JIONATOK, & COBMECTHOE JICHCTBUE TEMIIEPATYPbI, HAIPSIKEHUN U
OKUCJIUTEIbHOM cpe/ibl TPUBOAUT K 1D y3MOHHBIM IIPOIECCAM B IIOBEPXHOCTHBIX
CJIOSIX JIOTIATOK, OI'PAHMYIUBAIONINX UX JOJITOBEYHOCTD.

B crarbe [6] mpuBeieHbl pe3ysibTaThl 9KCIEPUMEHTAIBHBIX NCCIIEI0BAHMI BN~
sIHUsI BBICOKOTEMIIEPATYPHBIX IIOKPBITAN Ha JIOIATKAX TYPOUHBI U KOMIIPECCOPa U3
2KapPOIPOYHBIX HUKEJIEBBIX U TUTAHOBBIX CIIJIABOB HA XapPaKTEPUCTUKH JIOJTOBEY-
HOCTH IIPU ra30BON KOPPO3UH, TEPMUYECKUX U TEPMOMEXAHUYECKUX ITUKJITIECKUX
HAIPy3Kax: KOJUIeCTBEHHBIE XapaKTEPUCTUKHI TPEITUHOCTONKOCTH, BA3KOCTH Pa3-
PYIIeHusT, MUKJIAIECKON T0JTOBETHOCTH.

B uccienosanuu [7| onpeiesieHbl yeJioBust, Mpu KOTOPBIX 06paboTKa 060109k
rertoBbLesomux aemerToB (TBIJI) uz crutaBa 9110 morabiM yibTpadmo-
JIETOBBIM WJIM MH(MPAKPACHBIM JIA3EPHBIM H3JIYUYEHUEM IIPUBOJUT K ITOBLIIIEHIIO
KOPPO3UOHHOI1 cTojikocTu 1pu BeicokoTeMieparypaoM (1100°C) oxkucienun, Mo-
JeJUPYIONEM YCIOBUS aBapuu ¢ norepeit Temsonocutess. VcenaenoBano mosege-
Hue 3amuTHbIX TOKpeITHE Al, AloOs3 u Cr, HaHECEHHBIX METOJIOM HUMITYJILCHOTO
Jla3epHOro ocaxkJieHus Ha ctajb D11823. [lokazambr METO/IBI IPAKTUYECKHU [TOJTHO-
I'0 MOJABIEHNST KOPPO3UH B XKUIAKOM cBuHIE 10 Temieparypbr 720 °C.

B crarpe [8] paccmarpuBaercst pajuaiontas nosusydecrb 1TBDJla u3 aByx-
caoitnoit obosoukn UN-SiC. IlpoBenenn! ucciaeoBatus apaMeTpoB ¢ TOYKA 3pe-
Husi ckopocTu nojsydectu SiC npu obJydYeHUr U CKOPOCTH OTXKHUTA. ABTOPBI OT-
MEeYAIOT TEIIOBYI0 3ddekTuBHOCTL 06010uKn SiC.

Mownorpadust [9] seMoHCTPUPYET METOABI NPOTUBOJAEHCTBUSI TEILIOBBIM (-
dexTaMm OBICTPOIl KOPPO3UH U JAerPalallid OTKPBITHIX MAaTEPUAIOB U 000PYI0Ba~
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HHs, KOTOPBIE MOI'YyT BOSHMKHYTH IIPH BBICOKHX pabOvYnX TeMIlepaTypax. DTo Iep-
BO€ HACTOsIIEe MPAKTUIECKOE PYKOBOJCTBO 110 UCIOJIH30BAHUIO TEPMO3AIUTHBIX
HOKprTI/Iﬁ JUId TPUMEHEHU A B YCJIOBUAX BBICOKUX TEMIIEPpATYP, BKJ/IIO1Iasd IMOCJIEI-
Hue pa3paboTKu B 00/1aCTU CO3AHUS MATEPUAJIOB, UCIIOIb3YEMbIX I 3aITUTHBIX
HOKPBITHI.

Hacrostimast ctaTbs mocBsiliieHa MCCIeIOBAHNI0 HAIIPSXKEHHO-1e(OPMUIPOBAH-
HOT'O COCTOSTHHUSI M MOJEJIUPOBAHUIO IIPOIECCOB PA3PYIIEHUsT TAKON THIIOBOM KOH-
CTPYKIUH, KAK COCTABHON CTEP:KEHb, HAXOSAIIUICI B yCIOBUSX HOs3ydecTu [1]
pU PaCTsZKeHUU U BO3JEHCTBUN HA YaCTU CTEPXKHsI aKTHBHOI cpejibl [2, 3.

1. TlocranoBka 3aga4du. PaccMaTpuBaercss COCTABHON NPU3MATHIECKUN
CTEPXKEHb JJIUHOU L IPsSMOYTOJIBHOIO monepednoro cedennst H xb, L > H >> b,
B cucreme kKoopauuar Ozyz (puc. 1), HAXOAAMUNCS B COCTOSTHUN YCTAHOBUBIIEHCST
MMOJI3YYECTH TIOJT JeUCTBUEM ITOCTOSTHHOM pacTATUBaoNell cuibl P, TPUI0XKEHHON
K ero topram. PacrojiokeHne dacTeil CHMMETPUYHO OTHOCHUTEJIBHO CPEIMHHOI
wiockoctu Oxz. Marepuassl 1ienrpasbHoii (1) u nepudepuiinoit (2) gacreii co-
CTABHOIO CTEP:KHs (CM. puc. 1) yJIOBJIETBOPSIIOT PA3HBIM 3aKOHAM IOJI3YYECTH.
JlomoTHUTE/IbHO TIPUMEM CJIeJIYIONIeE YCJIOBUE: BCE YAaCTU COCTABHOIO CTEPXKHS
JKECTKO, 06e3 IPOCKaIb3bIBAHUSI COSINHEHBI MEXK Ty CODOiA.

N

Fhip—A 1

7’11 ‘

Puc. 1. Cxema pacnosokeHnst 4acTeil B COCTABHOM CTEPXKHE
[Figure 1. Scheme of the arrangement of parts in a composite rod]

PaccmoTpuM mosi3yvecTsb JAHHOTO COCTABHOIO CTEPIKHsSI, KOTOPBIA JTOITOJIHI-
TEJILHO K JIeHICTBUIO PACTITUBAIOIIEN CHUJIBI HAXOINTCSI B AKTUBHOM cpefe. Bansiaue
AKTUBHOI cpebl onpeesnsercs ee 1ud@y3nOHHbIM TPOHNKHOBEHUEM B MaTEPHUAJT
COCTABHBIX 371eMeHTOB cTepkHud. [lockonbky L > H > b, Bnuganem nuddy3un
C TOPIIOB CTEPXKHsI MOXKHO IIpeHebpedhb, aHAJOIMYHO, BJAUSHAEM IIPOIOIbLHON KO-
OpAUHATLI CTEPKHA Ha MU Dy3NOHHBIN IpoIece MOXKHO mpeHebpednb. Taxkum 06-
pazowm, mporiecc nuddy3un ABJIsIeTCst OHOMEPHBIM 10 KoopauHaTe z. BBumay mnpu-
HATBIX OJIMHAKOBBIX I'PAHUYHBIX YCJIOBUH 1nddy3un Ha FPAHIX CTEPXKHS B ILJIOC-
koctu xOy tiporiecc mudpy3un sIBJISIETCST CHMMETPUIHBIM OTHOCUTETBHO ocu Oy.
[TpumemM pazindHbIe XapaKTEePUCTUKH AU Y3UOHHOIO IIPOIIECCa, sl IeHTPaIb-
HOIl YaCTW U JABYX KpalHuxX dacTeil crepkHs. [lycTh akTUBHAsS cpejia IPOHUKAET
B IIeHTpaJIbHYI0 YacTh (1) ¢ koapdbunuenrom nuddysun D = const, a B Kpaiinue
gactu (2) — ¢ koaddurnmenrom juddysun Dy = const.

Takum obpasom, pacrpejiesieHne KOHIIEHTPAIINNA 3JIEMEHTOB aKTUBHON cpebl
B KaxKJOW YaCTH COCTABHOIO CTEP:KHS IOIYMHSIETCS OJHOMEPHBIM yPABHEHUAM

muddy3un:
ot; 12022’
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rae Z = 22/b, t; = 48D;t/b?, € = c/co; co — paBHOBeCHAs KOHICHTPAIMs (IKCITe-
pUMeHTaJIbHAsT KOHCTAHTA), JocTuraeMasi npu ¢ — oo. HadajbHble U rpaHUYHbBIE
YCJIOBUSI 3aIIUCHLIBAIOTCSA B BHJIE

oz, -
S-(0.) =0.

Ql

(2,00 =0, &(1,0) =1,

[Ipenmonaraercs HaJIUYIMe CKaYKa KOHIIEHTPAIMK Ha TPaHUIE pasjesa aKTHBHOI
OKpY2Kalolllell cpeibl U MaTepuaJia CTEPKHs B MOMEHT BPEeMEHU ti = 0.

[peiaraercst pubIMKEHHbI MeTO | perienust ypasHenus: auddysun (1),
OCHOBAHHBIN Ha BBeJeHnn Auddy3noHHOrO (HPOHTA, KOTOPBINA HOJAPOOHO ONUCAH
B [2,3,10]. Takoil oxx0/1 IO3BOJISIET PA3/IEIUTH BECh MATEPUAJ CTEPXKHS HA BO3-
MyIIeHHYI0 (/e cpejla yzKe IIPOHUKJIA B MaTepuall) M HEBO3MYIIEHHYIO (rje ele
HET IMTPOHMKHOBEHUA Cpeﬂbl) O6.HaCTI/I n 3aTeM OIIpeJeJidATb JABUZKEHUC TI'DaHUIIbI
MeXKJy 9TUMHU 00JIacTSIMU BO BpeMmeHu. Perienue (pacnpejiejieHne KOHIEHTDAIN
10 KOOP/IMHATAM U BPEMEHH ) UINETCsI B BHJIE TOJTMHOMA, KO(hDMUIIMEHTBI KOTOPOTo
B 00I1IeM BHJIe SBJISIOTCH DYHKIMAME TPOCTPAHCTBEHHBIX KOODAUHAT U BPEMEHHU.
HpI/I 9TOM I'DaHUYHbIC U HaYaJIbHOE YCJIOBUA BBINIOJHAIOTCA TOYHO, a ypaBHEHUHE
muddy3un yIoBJIeTBOPSETCS MHTEIPAIbHO BO BCeM 00beMe CTEPIKHS.

PaccmarpuBatorcest e mocsegoBarTesibHbIe cTajun mporiecca auddysun: cra-
Jlusl TIPOHWKHOBeHUst (PpOHTa (mepBasi CTajus) W CTaJus HACBHIIEHUs (BTOpast
cranust). Ha mepBoil craum HEeBO3MYIIEHHAS U BO3MYIIEHHAsT O0JIACTH CTEPIKHS
pasnesieHsl IBIKYIeiicsa rpanuneit x = [(t), coorBercTByfomieit muddy3noHHO-
My (PPOHTY; HA BTOPOU CTAAUU KOHICHTPAIUS CPEIbl PACIIPOCTPAHAETCS Ha, BECDH
CTEpIKEHb.

Ha ocuoBe npejmaraeMoro mojixo/a moJIry9eHO COOTHOIIEHHE JIJI HHTEIPAJIbHO
cpeHuX 6e3pa3sMepHBIX KOHIEHTPAIWH Cpyj, OIPEIEISTEMbIX COOTHOIIEHUEM

1
cmizcm(fi)z/ é(z,t;)dz, i=1,2.
0

st paccmaTpuBaeMoil 381891

(2)

Cmi = Em(gz) — 1—

L/ 0< <1,

wWIN Wl
@]
[}
o]
—~

[
S|

Sh
N
~—
~
N

2. Omnpenendoiue U KUHETUYECKNUE COOTHOINeHus. lcronab3yst npu-
HATOE YCJOBHE JJINHHOMEDHOCTH CTEpKHA, & TaKxKe yIuTbiBad npuHmun CeH—
Benana, paccMoTpuM HapsAKeHHO-AePOPMUPOBAHHOE COCTOSTHAE BIAJIH OT MECT
MIPUJIOXKEHUsT CUJIBI K TOPIIAM CTep:KHsl. AHAJOMHIHO [4] n C JIOHOJHUTEJbHBIM
ycaoBueM cuMMeTpunt 1uddy3n0oHHOTIO IPOIEcca OTHOCUTEIBHO IIEHTPAILHOM ILJI0C-
KOCTH CUMMETPHUU IIPUMEM OTHOMEPHBIi BIJ HAIIPSIXKEHHO-1e(POPMUPOBAHHOIO CO-
CTOSHUA B COCTABHOM CTEPKHE.

IIycts cooTHOIEHNST, OMUCHIBAIONINE CKOPOCTDH J1e(OPMAIMH TIOI3yIeCTH CO-
OTBETCTBEHHO I€PBOii (IEHTPAJIBHON) U JBYX KPailHUX dacTeil, UMEeIOT BHI

. Bio}' .
pZ (1 _ (/Ji)n’ ? y < ( )
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rjie 0] — HAIpsiPKeHue B HepBoil (IeHTPaJIbHON) YacTH CTEPXKHsI, 09 — HAIIPSIZKe-
HUS B JBYX KpallHUX YacTIX CTEPXKHS; W], Wy — COOTBETCTBYIOIINE TapaMeTPhI
noBpexkaenunoctu; By, Bs, n — MaTepuabHble KOHCTAHTDI; TOYKa, 03HAYAET IIPO-
U3BOJHYIO II0 BpEMEHU ¢.

Bsenem 6e3pa3zmMepHble TTepeMEHHbBIE:

o1 =o01/00, 02 =02/00, t= Biogt,

rJie 09 — HEKOTOPOe XapaKTepHOe HAlIps2KeHue, HAIIPUMeED, II0JIOBUHA, IIpeiesia
KPaTKOBPEMEHHON HPOYHOCTH op (09 = 0p/2) UpU COOTBETCTBYIOMIEH TeMIe-
parype. Torya onpezensitomue coorromenus (3) 6yyT UMeThb CJIeyOMuii BUI:

dpy _ o} dpy _ _ Boy
dt (1 —wl)”’ dt (1 —(A.)Q)n7

rie B = By/By.

3. Yder BaAMAHUSA aKTUBHOM Cpebl. BOJILIIMHCTBO IKCIEPUMEHTATHHBIX
JAHHBIX TTOKA3bIBAET, YTO AKTHUBHAs CPeJla JEeCTPYKTUBHO BJIASAET Ha MaTepHUal,
YMEHBITIAET BpeMs JI0 Pa3PyIIEeHUs 110 CPABHEHUIO C dKCIIyaTallueil MaTepUaJioB
U 3JIEMEHTOB KOHCTPYKIINN B HEUTPATbLHBIX yCIOBUAX.

IIpomeccr! paspyirennst THATIUUPYIOTCSA POCTOM TOBPEXKIEHNN B MaTepualie.
YVarem BiMsHUE aKTUBHON CPeJbl B KUHETHYECKUX yPABHEHHUSAX HAKOIJIEHUS 110~
BPEXKIEHHOCTH:

dw; Ac™ )
? N =1.2: 4
dt (1 Z)mfl(cml)7 1 727 ( )

wi(0) =0, wi(t]) =1,

rie w; = w;(t); ] — BpeMs 10 pa3pyIleHus IeHTPaJIbHOIl JacTH CTepXKHs, 15 —
BpeMs JI0 pa3pyllleHus] KpalHuX JacTeil crepKHsi; A, m — MarepuajibHble KOH-
CTAHTBI, KOTOPBIE ONPENEISIOTCS Ha OCHOBE HCIBITAHUN HA JJIUTEIBHYIO IIPOY-
HOCTB 0€3 BJINSIHYS AKTHBHOIT CpeJIbl (B HEHTPAJIbHBIX YCIOBHSIX ), IPU 3TOM f;(Crni)
1.

B ypasuenusix (4) BBeJieHbI Bo3pacTaroniye byHKIINHA OT HHTEIPAJIbHO CPEJIHIX
KOHIleHTpaIwii f;(¢mi) Takume, aro f;(0) = 1.

C y4eToM eIMHOrO JUIst ONPEAENAIONAX I KHHETUIECKUX ypaBHeHnH Oe3pas-
MEPHOTO BpeMeHu ¢ ypasHeHus (4) IpUMyT CJICIYIONUi BT

dwi CYC_TZm _ .
dF mfz(cmz)a i=1,2, (5)

re C = Ao ™"/ B.

[TockosbKy KuHeTmueckue cooTHomreHusi (5) u coorHornennst (2) jisi MHTe-
I'PAJIBHO CPeJIHEl KOHIIEHTPAIUH Cpy, 3aIUCAHBI B PA3JINIHBIX Oe3pa3MepHBIX Bpe-
MeHax t, £ 1 to, TS TaIbHEHATTIK pacuaeToB HeoGXOIUMO TIepeiiT K OJIHOMY €JTH-
HOMY Ge3pa3sMepHOMY BPEMEHH JUIsl 3aJ1a4u ¢:

48D;

Ei = Kzfa K; = Bla_nb27
0

=1,2.
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Ormermm, uto Ko/ K1 = Do/Dy = D
Torga coornomenust (2) npumyT Bug (i = 1,2)

1 _

LK 0<F<1/K;
— 't — 3 Yy _ _\ ~ 19 6
sz(_> { 1— Kt)’ > 1/Kz ( )

Kunernveckue cooTHomeHust /st 1epBoil (IEHTPAJIBHOI) U JIByX BTOPBIX (Kpaii-
HUX) 9acTell COCTABHOIO CTEPXKHSI B €IUHOM OE3pa3sMEpHOM BPEMEHU f IIPUMYT
BUJ -

dw; Caom _ .

fzilfl(cmz(f)% 121727

dt (1 — wi)m
rJe Cmi(t) oupenenenst B (6).

[IpunsATOE YCIOBHE YKECTKOI'O COCMHEHH YacTeil cTep:KHs 6e3 IPOCKaIb3blBa~

HUsI U TUNOTE3a IJIOCKUX CeYeHUH JIAI0T BO3MOXKHOCTH IIPUHATE yeaosue py(t) =
= po(t). C yuerom sToro dakra m 3amaHHOro HavdaabLHOro yciaosust p;(0) = 0,

1= 1,2, umeeM B
f

=B dr. 7

/0(1—w1 /1—w2 ! @)

Bruimuiem ypaBHeHHEe paBHOBECHS C YIETOM BBIPAXKEHWH 1T Oe3pasMepHbIX
HAIIPAXKEHUI 01 U 02:
Yo =ao1 + (1 — a)oq, (8)
rae 20 = P/(bHUo), a = 2h1/H
Beipasum a9 u3 (8):
Yo — oy

09 =
l—«

C yuerom ypastenwuii (5)—(7) mojaydum cucremy ypaBHeHHUii:
dw 6_'671” _
— = f(@m(l)), =0; 9
2 e @), (0 =0 )
@ _ 6(20 — Oéa'l)m
dt (1 —a)™(1 —wy)m

ti = _ B b (S0 —aoy)" -
/0 T _B/o - (1 — )™ (11)

rie wy = wi(t), we = wo(t) m 61 = 1(t) — HEM3BECTHDBIE BEJMYUHDI.
B pacueTax NpHHAT JMHEHHDIH B (DYHKIMH OT UHTEIPATIbHO CPEIHUX KOH-
neHTpaIyit f(Cpmi):

f(@ma(t)), wa(0) =0; (10)

f@mi(t)) =14 acp(t), i=1,2,

I7ie KOHCTAHTa @ OIPEIEsIseTCs U3 IKCICPUMEHTa Ha JJINTEIbHYIO ITPOIHOCTH 00-
pasloB MarepuaJia, HAXOIANUXCsl B aKTUBHON cpejie. B [11]| jyist ucnbiranuii Ha
JUIATEJIbHYIO POYHOCTH 00PA3IOB U3 YIJIEPOJIUCTON CTaJ, HAXOISIINXCH B BbI-
COKOTEMIIEpaTyPHOIT Bo3ymHOl cpejie [12], onpeseneno 3uaveHne JaHHOI Besn-
9UHBI, paBHOE a = 9.5.
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Paspymienne Kaxkj10it qacTu CTEpxKHsA onpejie/saercs ycuosuamu wi(t)) = 1
u wa(t5) = 1. Obree BpeMmst 10 paspyIIeHUs] BCETO COCTABHOIO CTEPIKHS OIpeie-
JsieTcst BelmanHoOM ¢* = min{t}, 5}

PezynbraTom periienns 3aja4du sIBASIOTCS 3aBUCUMOCTU BEJIUUUH 0; = 5i(f),
Wy = wi(f), 1= 1,2.

4. IIpumep 4YuciaeHHOro pacdera. Umciennoe pemrenne 3azgadn (9)—(11)
OCYHIECTBJIAJIOCH METOJIOM <«IIaraMM IIO BpEMEHN», HIMPOKO IIPUMEHAEMBIM B T€O-
PUE HEYIIPYTOr'O PEOJIOTUIECKOTO JehOPMUPOBAHUSI.

B kavecTBe mpumepa il 9UCAEHHOIO pactdeTa MCIOJIb30BAJNCH CIIEYIOIITe
MO/IeJIbHBIE 3HAUCHUS ITapaMeTpoB, dburypupyomue B coorHorennsx (9)—(11):

m=n=3, C=2 K =1 Ky,=2 B=2 a=05 =05

TunuuHbIe PACUETHBIE 3ABUCUMOCTH Ui BeqmuuH o; = 04(t), w; = w;(t),
1 = 1,2, noka3aHbI Ha pUC. 2.

1.0

0.8

0.6

T, w

0.4

0.2

Puc. 2. T'pacduku 3aBucumocreit esmaun &; = 6;(t), wi = w;(t), 1 = 1,2
[Figure 2. Graphs of dependences of quantities 5; = 7;(f), w; = wi(f), i = 1, 2]

5. AHaIu3 NOJIy4YEeHHBIX Pe3yJIbTaTOB. BrlloJinen napaMeTpuiecKuit ana-
JIN3 334U JJIs PA3INIHbIX 3HadeHuit m, n, K1, Ko, a n Xg.

IIpenBapurenbubIil aHAIN3 TTOKA3AJ CJIEIYIOIIEE:

1) ¢ pocrom snadenus D = Dy /D1, XapaKTepu3yIomero oTHomenne Koabdu-
1neHToB uddy3un aKTUBHON CPeJIbl B YACTH COCTABHOI'O CTEPXKHS, BpeMs
JI0 pa3pylIeHus t* COCTABHOIO CTEPYKHS yMEHDBITACTCS;

2) C POCTOM IIOKa3aTeJIe CTEIIeHER 1 = 1M B OIPEACTAIONNX U KUHETUIECKUX
COOTHOIIIEHUAX BPeMs JI0 PA3PYIIeHUs COCTABHOTO CTEPXKHS YBEJIUINBACT-
csl.

B crarbe [4] BbITO/IHEHO HCCIE0BAHTE AHATIOTTIHOTO COCTABHOTO CTEPXKHS 6e3
BJIUSHIA aKTHBHON CpeIbl W TTOKa3aHo, uTo Kodddutment B = By/B) Biuser Ha
XapaKTep HaKOILJICHUs] IOBPEXKJICHHOCTH U Ha OYePEHOCTL Pa3pyIlleHus dacTeit
COCTABHOTO CTEPXKHSI. DTOT XapaKTep BJIUsSHUS KO3 dunmenra B Ha 09epeHOCTD
pa3pyIieHust YacTeil COCTABHOIO CTEPKHS TAKXKe CIIPABEJJIUB U JIJIsT HACTOSIIErO
uccienosanus. Ho B omimame or [4] B HacTosIell crarbe onpe/iesieHne BpeMeH J10
pa3pyIIeHus COCTABHOIO CTEPXKHS JOMOJHUTEIBHO 3aBUCUT elre oT Jinddy3uoH-
HBIX IIPOIECCOB B YACTHAX COCTABHOI'O CTEPIKHSI.
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JlnurenbHOE pa3pylneHne COCTaBHOIO CTEPIKHSL. . .

3akmiouenue. [IpoBesieHo wuccieoBanne HAIPIKEHHO-1eHOPMUPOBAHHOTO
COCTOAHUS U OLPEIEJeHO BpeMsl 0 Pa3pylIeHud COCTaBHOI'O CTEPXKH IIPU II0JI-
3y4eCTHU B YCJIOBUAX BO3/EUCTBUA Ha HEr'0 aKTUBHON OKPY2KalOIlell cpeabl U pac-
TATABAONIECH HATPY3KMU.

W3zydenune u MomeiupoBaHue TAKUX ITPOIECCOB SIBJSETCI IPEIBAPUTETLHBIM
OIIOPHBIM HCCJICIOBAHUEM [EPCICKTUBHON 3aJa4i O 3alllUTe BHEIIHUX YacTeid co-
CTaBHOI'O CTEPXKHSI IPU €ro KOHTaKTe ¢ pabodeil aKTUBHOHM Cpeoil B yCJIOBHSX
JJINTEJIbHOrO NeCTBUA HArPy3KU U IIOBLIIICHHBIX TEMIICPaTyP.

Ha ocnoBe kuHeTn4eckoil Teopuum MOJIBYUECTH U JJIUTEIHLHON HPOYHOCTU
10. H. PaboTHOBA 110/Ty9€HBI 3aBUCUMOCTY HAKOILJIEHHUS TOBPEXKICHHOCTH OT Bpe-
MEHU B 3JIEMEHTaX COCTABHOI'O CTEPXKHSI, IIPU TOM yUTeHO nuddy3uoHHOE TPO-
HUKHOBEHUE JIEMEHTOB aKTHUBHOM CPEJbI B YACTH CTEPXKHS C PA3IUIHBIMU KOID-
durnmentavu auddys3un.

B pesysnbraTe mpoBeIeHHOTO HCC/ICIOBAHUS TPOAHAIU3UPOBAHO BJIUSIHUE T1a-
paMeTpoB MOJIeJIell O3y IeCTH U JJIUTEILHON TPOIHOCTH, KOIDDUIIUEHTOB Tud-
dy3un Ha BpeMsi JI0 pa3pyIIeHUs] COCTABHOIO CTEPXKHsI. Takoro pojia uccjeaoBa-
HUsI MOT'YT CIIOCOOCTBOBATH PAIMOHAJIHLHOMY BBIOOPY HEOOXO/IMMBIX MaTEPHAJIOB
COCTaBHBIX KOHCTPYKIIHIi, pabOTaIONUX B aKTUBHON Cpe/Ie.

PesynbraThl Hacrosineii paboTbl MOIYT OBITH IIPUMEHEHBI B SHEPreTUIECKOM
MaIlTHHOCTPOCHU N, ABUAITMOHHO-KOCMUYIECKO OTPAC/IN, CYJOCTPOCHUN 1 HedTeXu-
MHUYECKOM MAIIIUHOCTPOCHUN.

Koukypupyroiiiue "HTEPECHI. 3asBJseM, 9TO B OTHOIIEHUN aBTOPCTBA U IyOIHKAIn
3TOM CTaThU KOH(bJII/IKTa UHTEPEeCOB HE NMEeeM.

ABTOpCKUIT BKJIAJ 1 OTBETCTBEHHOCTDb. Bce aBTOPHI MpUHUMAJIN yIaCcTHE B pa3pa-
6OTKEe KOHIIEIIIIH CTATHI; BCE ABTOPHI CAE/IAIN SKBUBAJCHTHBIN BKJIAJI B TIOITOTOBKY I1y0-
JIUKAIU. ABTOPBI HECYT TOJTHYIO OTBETCTBEHHOCTH 3a IIPEIOCTABIEHNE OKOHYIATETHHOM
pykommcu B rredarb. OKOHUIATEIbHAS BEPCHs PYKOIHCH ObLIa 0/[00peHa BCEMU ABTOPAMU.

dunaHcupoBaHue. Pabora BeinoJiHeHa Tpu (DUHAHCOBOI TOJIIep2KKe Poccuiickoro ¢hou-
na dyHnamMeHTaNIbHBIX uccaenoBanuii (momep npoekta 20-08-00387) u rocbromKeTHOM
HUP (somep HUTUC AAAA-A16-116021110204-3; AAAA-A19-119012990120-9).
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Abstract

The stress-strain state and long-term strength of a composite tensile
rod under creep conditions in the presence of an active environment are
considered. The structure consists of a central rod and two symmetrically
arranged rods relative to the central one, connected with perfect adhesion.
The creep of each of the three parts of the rod is described by a power
rheological model with different parameter values. To determine the time to
failure, a kinetic equation is used to describe damage accumulation during
creep, which has the same structure for all rods. The influence of the active
environment is determined by the diffusion penetration of its elements into
the rod material. An approximate method of solving the diffusion equation is
used, based on introducing a diffusion front. The distribution of stresses over
time is analyzed considering the penetration of the active environment into
different parts of the rod with varying diffusion coefficients. A parametric
analysis is carried out on the influence of stresses and parameters of the
rheological models of the composite rod materials on the stress-strain state
and long-term strength as elements of the rod system and the three-rod
system as a whole. The relationship between time to failure and the ratio
of diffusion coefficients of the active environment in the elements of the
composite rod is determined.

Keywords: composite rod, creep, damage, long-term fracture, active medium,
diffusion front.
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