
 4.      

 

1.  . .   «    -

   »      

 ,  2007. 

         -

     

. . . .  . ., . . . .  . ., .  . . 

 ,  

8(905)7658738, al-kp@mail.ru 

.       

      , 

      .   -

 ,   ,  

  ,      

   ,      

  2.       

    . 

 :  ,  , -

 ,  ,  . 

 

       -

    .  ,  -

,       . 

  [1]         

         -

  .  ,    -

         

.        

          -

 .  

        

  M = M (t,  (t)),       -

,      kM ,    -

     t     ,   M (t, 

 (t))          

tMttM kk ,, ,    tk     -

,   kM ,    t     t, 

     k –   kM . 

         -

      A,      

    T.      -

  [ti, ti+1]       : 
1

)())(,()(
i

i

t

t

kk

i dttttA . (1) 

     ,     (1),   

  « »  1(15), 2013, . 4   51



 4.      

     t,   1  k.  ,    

    2M      t   

(1)  2.     (t)  (1)   ,     

        -

       . 

,     i = (ti, i) (i = 0, ..., n),   -

 .   -     

,    ,    -

   [2, 3],       -

  ,     t1, ..., tn-1 (  -

)    2.      .  

          (t0) = (tn) = 0,   

   
nt

t

dtttJ

0

2
)())(( , 

      ,   -

,   . 

   t.      

   t,     {Si (t), 

i=1,2,…,n},  : 
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   Pi-1  Pi; 
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   .       ti, 

    Si (ti)      Si (ti). -

        Si (ti)  ,  -

     ,      

 .   ,       

     –   [1, 2].  

   : 

1)   , 

2)  , 

3)  . 

     (  1) ,   

        n 

     (   .1 – 3  1): 

 9n-3,  8n-3,  4n-2. 

     , : 

1)     Si      [ti-

1; ti]   i = (t - ti-1)/hi,  hi =( ti - ti-1),  

2)   Si     . 

     Si   1)    t  -

 i          

  « »  1(15), 2013, . 4 52 



 4.      

  . 

 1 

       n  

     

1.    5n-2 4n-2 (n-1) 

2.   3n-1 3n-1 3n-2 

3.   n n 1 

4 .      i 5n 5n 0 

4 .      t 19n 28n 2n 

     

  ti, 

14n-3 13n-3 4n-2 

     

   

28n-3 36n-3 6n-2 

      2)     -

     (3   3 )  ,   

     Si        -

     i.     -

     n     -

  ( .4   1):  5n,  5n. 

 ,   n     , -

    i,   (  .1 – 4   1): -

 14n-3,  13n-3,  4n-2. 

       -

   ,      (1)    -

 {C1, C2, C3}   ,    -

 t.   C0  .       

,     i,      

 t,     ( .4   1).     

 n     ,    -

 t,   (  .1 – 3  4   1):  28n-3, -

 36n-3,  6n-2.  

   

        -

   ,     -

       t    , 

       C0.   

     . 

         

  = t – t0. 

 .   O     (n +1)   iiiP , ,   

i = 0 ,…, n.    [ ii PP ;1 ]  : 

Si ( ) = C0
i
 + C1

i
  + C2

i
 

2
/2 + C3

i
 

3
/3, i = 1, …, n. (3) 

   C1
i
, C2

i
, C3

i
   Si ( )  (i = 1, …, n)  

   2       : 

S1 (0) = 0; Sn ( n) = 0. (4) 

   C0
i
  Si ( )    , 

  Si ( )   ,    -

 : 

  « »  1(15), 2013, . 4   53



 4.      

D
i
( ) = (Si ( ))  = C1

i
 + C2

i
  + C3

i
 

2
. (5) 

 ,     (   -

 )  Si ( ),     ,   

    C1
i
, C2

i
, C3

i
, i = 1, …, n     

 {D
i
( )} (5). 

      

      C1
i
, C2

i
, C3

i
, i = 1, …, n  -

  {D
i
( )},     ,   -

 (    ,     ) 

,         -

    .    . 

   D
1
( )   ,  D

2
( ) – D

n-

1
( ) – , D

n
( ) – .     ,     

       . 

  

      ,     

 D
i
( ) (i = 1, …, n-1)       

C3
i+1

     D
i+1

( ),   C1
i
    C2

i
  -

 D
i
( )  C3

i
: 

C3
i
 = A3

i
 C3

i+1
 + B3

i
;
 

C1
i
 = A1

i
 C3

i
 + B1

i
; 

C2
i
 = A2

i
 C3

i
 + B2

i
. (6) 

    D
1
( ),   D

2
( ) - D

n-1
( )  

 D
n
( ). 

1. D
1
( ).   S1 (0) = 0 : (D

1
(0))  = C2

1
+C3

1
0 = 0.  :  

C2
1
 = 0.      

C2
1
: A2

1
 = 2

1
 = 0. (7)

    S
1
( )   0, 000P   111 ,P  -

: 

 S1 ( 0= 0) = C0
1
 = 0;    S1 ( 1) = C0

1
+ C1

1
 1 + C2

1
 1

2
/2 + C3

1
 1

3
/3 = 1 .  

       C2
1
 = 0: 

C1
1

1 + C3
1
 1

3
/3 = 1,  1 = 1 - 0. 

      C1
1
 (C3

1
): 

C1
1
 = 1 / 1 - C3

1
 1

2
/3 = A1

1
 3

1
 + 1

1
; A1

1
 = - 1

2
 /3; 1

1
 = 1 / 1. (8)

      C1
1
  C2

1
  -

   C3
1
 : 

A1
1
 = - 1

2
 /3 1

1
 = 1/ 1         

A2
1
 = 0 2

1
 = 0.       (9)  

 (6)    C3
1
     

   D
2
( ). 

2.    D
i
( ), i = 2, …, n -1. 

       D
i-1

( )   : 

C1
i-1

 = A1
i-1

 C3
i-1

 + 1
i-1

; 

C2
i-1

 = A2
i-1

 C3
i-1

 + 2
i-1

.   (10)

  « »  1(15), 2013, . 4 54 



 4.      

  « »  1(15), 2013, . 4   55

   D
i-1

 ( )  D
i 
( )         

 = i-1   Si-1 ( )  Si ( )  (Si-1 ( i-1) = Si ( i-1); Si-1 ( i-1) = Si ( i-1)): 

C1
i-1

 + C2
i-1

 i-1 + C3
i-1

 i-1
2
 = C1

i
 + C2

i
 i-1 + C3

i
 i-1

2
; 

C2
i-1

 + 2C3
i-1

 i-1 = C2
i
 + 2C3

i
 i-1. 

      (- i-1),    .   

     : 

C1
i-1

 - C3
i-1

 i-1
2
 = C1

i
 - C3

i
 i-1

2
; 

C2
i-1

 + 2C3
i-1

 i-1 = C2
i
 + 2C3

i
 i-1. 

      (10): 

(A1
i-1

 - i-1
2
)C3

i-1
 + 1

i-1
 = C1

i
 - C3

i
 i-1

2
;                     

(A2
i-1

 +2 i-1) C3
i-1

 +
 

2
i-1

 = C2
i
 + 2C3

i
 i-1. (11) 

  Si ( i-1) = i-1; Si ( i) = i  : 

C1
i
 + C2

i
( i-1 + i) /2 + C3

i
( i-1

2
 + i-1 i + i

2
) /3 = i / i, (12) 

 i = i - i-1, i = i - i-1.  

 (12)    (11)  ,   ( i-1 + i) /2, -

 ,    C3
i-1

  C3
i
: 

(A1
i-1

 - i-1
2
)C3

i-1
 + 1

i-1
 + (A2

i-1
 + 2 i-1) C3

i-1
( i-1 + i) /2 + 2

i-1
( i-1 + i) / 2 + C3

i
( i-1

2
 + i-1 i + i

2
) /3 

= i / i - C3
i
 i-1

2
 + 2C3

i
i-1 ( i-1 + i) / 2. 

 ,  C3
i-1

  C3
i
: 

C3
i-1 

[A1
i-1

 + A2
i-1

( i-1 + i) /2 + i-1 i] = C3
i
[-( i-1

2 
+ i-1 i + i

2
) /3 + i-1 i] + i / i-1 - 1

i-1
 - 2

i-1
( i-1 

+ i)/2; 

C3
i-1 

= A3
i-1

 C3
i
 + B3

i-1
;   

(i)  = i
2
; A3

i-1 
= - (i)  / (3 ); B3

i-1
 = ( i / i - 1

i-1
 - 2

i-1 
icp) / ; 

icp = ( i-1 + i) /2  ;    = A1
i-1

 + A2
i-1

icp + i-1 i. (13) 

  (13)    (11)     -

 C1
i
(C3

i
)  C2

i
(C3

i
): 

C1
i
 = (A1

i-1
 - i-1

2
)C3

i-1
 + 1

i-1 
+C3

i
 i-1

2
 = (A1

i-1
 - i-1

2
)(A3

i-1
 C3

i-1
 + B3

i-1
) + 1

i-1
 +C3

i
 i-1

2
 = A1

i
 

C3
i
 + B1

i
, 

  F
i
 = A1

i-1
 - (i-1) ; A1

i
 = A3

i-1
 F

i
 + (i-1) ; B1

i
 = B3

i-1
 F

i
 + 1

i-1
; 

C2
i
 = (A2

i-1
 +2 i-1) C3

i-1
+ 2

i-1
 - 2C3

i
 i-1 = (A2

i-1
 +2 i-1) (A3

i-1
 C3

i-1
 + B3

i-1
)+ 2

i-1
 - 2C3

i
 i-1 =A2

i
 

C3
i
 + B2

i
;   

(i-1) 2 =2 i-1; G
i
 = A2

i-1
 + (i-1) 2; A2

i
 = A3

i-1
 G

i
 - (i-1) 2; B2

i
 = B3

i-1
 G

i
 + 2

i-1
. (14) 

      C1
i
  C2

i
    -

 C3
i-1

  D
i-1

    C3
i
  D

i
 : 

(i-1) = (i-1)
 2

; (i)  = i
2
; icp = ( i-1 + i) /2 ;  i = i - i-1, i = i - i-1; 

 = A1
i-1

 + A2
i-1

icp + i-1 i; F
i
 = A1

i-1
 - (i-1) ; (i-1) 2 =2 i-1; G

i
 = A2

i-1
 + (i-1) 2; 

A3
i-1 

= - (i)  / (3 ); B3
i-1

 = ( i / i - 1
i-1

 - 2
i-1 

icp) / ; 

A1
i
 = A3

i-1
 F

i
 + (i-1) ; B1

i
 = B3

i-1
 F

i
 + 1

i-1
; 

A2
i
 = A3

i-1
 G

i
 - (i-1) 2; B2

i
 = B3

i-1
 G

i
 + 2

i-1
. 

(15) 

3.   D
n
( ). 

       D
n-1

( )  : 

C1
n-1

 = A1
n-1

C3
n-1

 + 1
n-1

; (16) 



 4.      

  « »  1(15), 2013, . 4 56 

C2
n-1

 = A2
n-1

 C3
n-1

 + 2
n-1

. 

         = 
 
n-1    Sn-

1( )  Sn( ) (S n-1 ( n -1) = Sn ( n -1); S n-1 ( n -1) = Sn ( n -1)) : 

C1
n-1

 + C2
n-1

  n-1 + C3
n-1

  n -1
2
 = C1

n
 + C2

n
  n -1 + C3

n
  n -1

2
; 

C2
n-1

 + 2C3
 n-1

  n-1 = C2
n
 + 2C3

n
  n -1. 

       (- n-1),    -

      : 

C1
n-1

 - C3
n-1

  n -1
2
 = C1

n
 - C3

n
  n -1

2
; 

C2
n-1

 + 2C3
n-1

  n -1 = C2
n
 + 2C3

n
  n -1. 

     (16): 

(A1
n-1

 - n -1
2
)C3

n-1
 + 1

n-1
 = C1

n
 - C3

n
 n-1

2
; 

(A2
n-1

 + 2 n -1)C3
n-1

 + 2
n-1

 = C2
n
 + 2C3

n
  n -1. 

(17) 

   Sn( n-1) =  n -1; Sn( n ) = n  : 

C1
n
 + C2

n
( n -1 +  n )/ 2 + C3

n
( n -1

2
 +  n -1  n  +  n 

2
)/ 3 =  n /  n, (18) 

  n = n  -  n -1,  n =  n -  n -1. 

        (4)   -

 : 

C2
n
 + 2C3

n
 n = 0. (19) 

   (17) – (19)  4  : C3
n-1

; 

C1
n
; C2

n
; C3

n
.   . 

  (17) C2
n
 (C3

n
): 

C2
n
 = A3

n
 C3

n
 + B3

n
,           

  

A3
n
 = 2 n;  B3

n
 = 0.  (20) 

      (17)    C3
n 

-1
 (C3

n
): 

(A2
 n -1

 + 2 n -1)C3
 n -1

 + 2
 n -1

 = - 2C3
 n
 n + 2C3

 n
 n -1; 

C3
 n -1

 = A3
 n -1

 C3
 n
 + B3

 n -1
, 

  

A3
n -1

 = - 2 n / (A2
 n-1

 + 2 n -1); B3
 n -1

 = - 2
 n -1

 / (A2
 n-1

 + 2  n -1). (21) 

      (17),     

 C1
n
 (C3

n
): 

(A1
 n -1

 -  n -1
2
)[-(2  n C3

 n
 + 2

 n -1
)/(A2

 n -1
 + 2 n -1)] + 1

 n -1
 = C1

n
 - C3

 n
  n -1

2
; 

C1
 n
 = A1

 n
 C3

 n
 + B1

 n
,   

A1
 n
 = [-2 n (A1

 n -1
 - n-1

2
)/(A2

 n -1
 + 2  n -1) +  n -1

2
]; 

B1
 n
 = 2

 n -1
 (A1

 n -1
 - n -1

2
)/(A2

 n -1
 + 2 n -1)+ 1

 n -1
. 

(22) 

  (20)  (22)   (18),       

 C3
n
: 



 4.      

[-2 n (A1
n -1

 -  n -1
2
) / (A2

 n -1
 + 2  n -1) + n -1

2
]C3

 n
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 (n-1) = n -1
2
; G

 n
=2 n -1; H

 n
=1/(A2

 n-1
+G

 n
); 

 n
=(A1

n -1
-  (n-1) )H

 n
; F

 n
 =-2  n;  

C1
n
 = [F

 n  n
 +  (n -1) ] C3

 n
 + 2

 n -1  n
 + 1

 n -1
; 

C2
n
 = (- 2 n) A3

n
 C3

n
; 

C3
 n -1

 = F
 n
 H

 n
 C3

 n
 - 2

 n -1
H

 n
. 

(24) 

 . 

       -

 D
i
( ), i = n-1,…,1.   ,   .  

   D
i
( ) (i=n-1,…,1)      -

 C3
i+1

  D
i+1

( )   (6)    -

  C3
i 
,    –  C1

i
  C2

i
. 

      

 :   iiiP , , (i = 0, …, n), 0 = 0. 

 :   C1
i
, C2

i
, C3

i
   Si ( )  

(i = 1, …, n),          

: S0 (0) = 0; Sn -1 ( n) = 0. 

 .   {A3
i
}, { 3

i
}, {A1i}, { 1i}, {A2i}, 

{ 2i},       1  n -1.    -

        i,   

    : 

(i)  = i
2
; 1, …, n . (25)   

 1.  .    A1
1
, 1

1
, A2

1
, 2

1
   

 D
1
( ).  (9) : 

A1
1
 = - (1)  / 3;   1

1
 = ( 1 - 0)/ 1;   A2

1
 = 2

1
 = 0. (26) 

 2.  .     (i = 1, …, n -1).   

 A1
i
, 1

i
, A2

i
, 2

i
    D

i
( ),    A3

i-1
, 

3
i-1

   D
i-1

( )    (15): 

icp = ( i-1 + i) /2 ;  i = i - i-1, i = i - i-1;   = A1
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