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H3syuaemcs ynpyeo-niacmuyeckoe KpyueHue 08YXCIOUHOZ0 CMEPIHCHS NOO Oelicmeuem Kpymsauezo mo-
menma. Ilpeononazaemces, umo cmepisceHb cocmoum uz 08yx cioes. Kaoswcowiil cioti obnadaem ceoumu yn-
pyeumu ceoticmeamu, HO RAACMUYEcKuUe CeoUcmea y 06oux cloes oounakosvie. I panuya kKoHmaxkma cioes
pacnoaodcena 80oab ocu ox. bokosas epanuya cmepoicus c60000Ha om HanpsAx3CeHull, Ha epanuye pazodena
HenpepuvléHbl nepemMeujerus U Hanpsjicenus. KoMnoHenmol men3opa HanpajceHull 8 moike GulHUCTAemCs]
C NOMOWbIO KOHMYPHLIX UHMEZPAL08, NOLYVHYEHHbIX U3 3AKOHO8 COXPAHEHUS, GbIMUCIEHHbIX N0  OOKOBOI
epanuye. /lanee 6mopoti UHBAPUAHM MEH30PA HANPANCEHULL CDABHUBAECMCA C NPedesiomM meKyuecmu. B mex
MouKax, e0e 00Cmuaemcsi npedeil MeKyueCmu peaiusyemcs nIdCmuieckoe CoCmosHue, 8 OCMAIbHbIX —
ynpyeoe. Omo no3eosiem nocmpoums SpaHuyy Mexcoy niacmudeckol u ynpy2ou oonacmsmu. Jaunnas me-
MoouKa oaem cnocod 6bIYUCIUMb YIPY2O-NAACUYECKUe SPAHUYbL Ol OCHOBHbIX NPOKAMHBIX NpOoQuiell
cmepoicHell. Omo npednonazaemcs coenrams 6 nociedyrouux pabomax. Hanomunaem, umo paunee ¢ nomo-
Wbl0 3AKOHO8 COXPAHEHUS PEUleHbl OCHOGHbLEe Kpaegble 3a0auu Oisl WIACMUYEeCKOU 08VMEPHOM CPeobl, Yh-
PY2O-NIACMUYeCcK020 KpYyUeHUs U30MPONHbIX CIEPICHEN U YIPYeUux cpeo Oist mel KOHEUHbIX pa3mMepos.

Kniouegvle crnosa: 08yxcnoiinvlii ynpyeo-niacmuyeckuii Cmepoicels, 3aKOHbl COXPAHEHUsl, NMOYHble pe-
wienus.
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We study the elastic-plastic torsion of a two-layer rod under the action of torque in this article. It is as-
sumed that the rod consists of two layers. Each layer has its own elastic properties, but the plastic proper-
ties of both layers are the same. The contact boundary of the layers is located along the oh axis. The lateral
boundary of the rod is stress-free, displacements and stresses are continuous at the interface. The compo-
nents of the stress tensor at a point are calculated using contour integrals derived from conservation laws
calculated along the lateral boundary. Next, the second invariant of the stress tensor is compared with the
yield strength. At those points where the yield point is reached, the plastic state is realized, in the rest —
elastic. This allows you to build a boundary between the plastic and elastic regions. This technique pro-
vides a way to calculate elastic-plastic boundaries for the main rolling profiles of rods. This is supposed to
be done in subsequent works. We remind you that earlier, with the help of conservation laws, the main
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boundary value problems for a plastic two-dimensional medium, elastic-plastic torsion of isotropic rods
and elastic media for bodies of finite dimensions were solved.

Keywords: two-layer elastic-plastic rod, conservation laws, exact solutions.

Beenenue

CraTpsl MPOJOIKAET CEPUI0 PabOT IMOCBSIIEHHBIX MCIOIB30BAHUIO 3aKOHOB COXpPaHEHUsS AJIS pe-
IIeHUS KPaeBBIX 33/1a4 YPAaBHEHWH MEXaHUKHU Ne(OpMHUPYEeMOro TBEPAOTO Teia. Y paBHEHUS YIIPYyro-
CTH ¥ TUTACTUYHOCTH YK€ JOCTaTOYHO JaBHO M3YYarOTCs C TOMOIIBI0 cummeTpuii [1; 2]. Jlanee Obuto
ITOKa3aHO, 3aKOHBI COXPaHEHHUS MOYKHO UCTIONB30BaTh U OHH OBLTH UCIIONB30BAHKI JIJIS pElIeHUs Kpae-
BBIX 3aflad IJIs JBYMEPHBIX YpaBHEHWH MIacTUYHOCTH [3—12]. DTu paboThl MOKa3aiu, 4TO 3aKOHBI
coxpaHeHUs 06oyiee XOPOIIO MOIXOAAT JUIsl pElIeHUsT KPaeBbIX 3aj7ad, YeM TOUYEYHbIE CUMMETpPUH, Ha
KOTOpBIEC paHee JeNalach CTaBka [2]. DTo 0OBsACHAETCS TeM, YTO CHMMETPUHU TI0 CBOCH MPHUpOJIE SB-
JISTFOTCS JIOKAJIbHBIMA, B OTJIMYHE OT 3aKOHOB COXpPaHEHHS — TII00ANBHBIME IO cBoel cyTH. Jlanee 3a-
KOHBI COXpaHEHUs OBLIM MIPUMEHEHBI IJISl PelIeHUs YIPYTO-TNIACTUYECKUX 33/1ad O KPy9IeHUH CTEpK-
Hel W m3rmbe KOHCOJEH, a TakKe PelIeHHI0 YIPYTro-TUIACTHYECKUX 3a/1ad ISl TJIACTHH KOHEYHBIX
pa3MepoB, ocnabiieHHbIX oTBepcTHsaMu [13—18]. B HacTosmeli paboTe moka3aHo, 9YTO 3aKOHBI COXpa-
HEHUS MOXKHO MCIIONIB30BATh U IS PEIICHHUST KPaeBhIX 3a/1a4 I MHOTOCTIOWHBIX MaTepHaloB.

ITocTanoBKa 3agaun
PaccMoTpuM TpsSIMOTMHEHHBINA CTEP)KEHD, MOTIEPEUHOE CEUEeHUE KOTOPOTO M300pakeHo Ha puc. 1.

ITycts S|, u S, obmacTH, 3aHATHIE YNPYTO-IIIACTUYECKUMH U30TPOIHBIME MaTepHalaMU, Y KOTOPBIX
MpeJieN TEKy4eCTH MPU YUCTOM CIBUTE OJMHAKOBBIA U paBeH k , a ynpyrue nocrosHHeie Jlame pas-
JIMYHBI ¥ paBHBI A, U, U A,, i, COOTBETCTBEHHO. IlycTh MMHNUSA pa3aena MaTepruanoB NPsIMOIUHEH-

Ha. Beibepem och xoopauHat OX Boonb auHHUM pasaena. [Ipenmonaraercs, kak 0ObIYHO, YTO OOKOBas
MTOBEPXHOCTh CTEPKHSI CBOOOIHA OT HAIMPSKEHUH, a CTEP)KEHb CKPYYHUBAETCS AP0 CHII C MOMEHTOM

M= ” (yO3 = XOp3)dxdy .
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Puc. 1. Kpydenue 1ByXCcI0MHOIO CTEPKHS

Fig. 1. Twisting of a two-layer rod
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B sToM ciiyuae ypaBHEHHMs, ONMCBHIBAIOLIME HANPSHKCHHOE COCTosHWe B obmactu S, =12

UMEIOT BHT
F =0,05 +6y023 =0, £ :ay613 —0,053 +H,0=0, po=K, (1)

T€ Gj3,0,3; — KOMIIOHEHTBI TEH30pa HAIPSKEHUH, @ — yroil 3aKpy4YMBaHHs, OH IPEAINONaracTcs Io-

CTOSHHBIM.
Ha 6okoBoii MMOBCPXHOCTHU CTCPIKHA BBIINIOJIHAOTCA YCIIOBUA

2

2 )
G131 +0x3n, =0, O3 +05; =k",

KOTOpbIE 03HAUYAIOT, YTO OOKOBask IOBEPXHOCTh CBOOOAHA OT HANPSHKEHUN U HAXOIUTCS B ILIACTHYE-
CKOM COCTOSTHHH.
U3 (2) nomxyyaem
Gy = kn,,6,, =—kn,. 3)

Taxxe mpeanonaraem, 4yTo Ha JHHAN pasnena CD KOMIIOHEHTHI TEH30pa HalpsKeHUH HeTpephIB-
HBI, 3TO 03HAYAET OTCYTCTBUE Pa3pblBa HAIPSLDKCHUM JJIsl JaHHOTO CTEpKHA BlIoyb CD.

3aKoHbI COXpaHEHUS
3aKO0H COXpaHEHHMS UILEM B BUJE
A+ B, =pF +p, 1[5, 4

rAC pPg,p, — HEKOTOPBIC (I)YHKI_II/II/I, OAHOBPEMCHHO TOXACCTBCHHO HC pPAaBHBLIC HYIIIO, GYKBCHHI)IG HnH-

JIEKChl BHU3Y O3HA4arOT IIPOU3BOJHBIE 110 COOTBETCTBYIOLIUM IIEPEMEHHBIM.
3ameuanue. bBonee monpodHy0 HHPOPMAMIO O 3aKOHAX COXPAHEHHS, UX BBIYHCICHUS U MCIOJb-
30BaHMS MOYKHO HAWTH B IUTUPOBAHHOMU BBIILIE JINTEPATYPE.
IlycTts

A=d'u+ao*v+a’, B=pu+p>v+p°, %)

rjae Ui yaoOCTBa HONOKUIN Gy =U,Cy3 =V, o',a%,0’, B',p%,B° — npennonararorcs GyHKIMAMK

TOIIBKO X, .
[Moacrasnsst (5) B (4) monydaem
o =|32, o’ =—[31, (XL —oci =0, ocly +oci =0, oci +Bi :—oczKl., ©)
ITyctb
ol — 20 20, @ +620 =0, o2V +p = —a’K,, i=12 (7)

3nech HHAEKC i B CKOOKaxX COOTBETCTBYET 007acTH S;-
[IpenmnonaoxkuM, 4To B TOUKE X,,), MOABIHTETPAIbHbIC (PYHKIHMH HMEIOT OCOOCHHOCTh M 3Ta TOUKA

HAXOJWTCS B Kpyre paanyca €:(x — xo)2 +(y-— yo)2 =g’ (puc. 2), Toraa u3 (4) noxydaem
”(Ax + B, )dxdy = j j (A', +B')dxdy + j j (A2, + B2 )dxdy = - j A'dy—B'dx +
S S S2 €
+[ dldy—Bldx+ [ Ady—-Bdx + [ A'dy—Bldx + [ £dy—Bdx=0
L Ly cD DC
Nmeem Brons CD

[ dldy—Blax + [ Ldy-Bdx= [ (@'Pu+o®Pv+0*)dy— (o Vu+ o' Ov+ fO)dx +
CD DC CD

+ I (ocl(z)u +aPy+ oc3(2))dy - (—ocz(z)u +a'@y+ B3(2))dx =0
DC
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Fig. 2. The scheme of taking integrals over the cross section

ITockoneky Bmons CD dy=0, TO momaraeM B3(i) =0, oci(i) = (xz(i)Kl. , TO3TOMY o' =o!®,
020 = 2@
B pesynbraTe nonydaem
jAldy—Bldxz IAldy—Blder J.Azdy—Bzdx. (8)
€ I L

Bocnonezyemcest popmynoii (8) mst HaxoxaeHust GyHKUUH U, V B TOUKE

J51g 3TOrO paccMOTpUM pelieHue ypaBHeHu# (7) B BUae

I= );—xo 5> a’=- );_yo 5> a3=wu1arctgx_x°.
(x=%)" + (¥ =) (x=%)" +(¥ =) Y=Y

o

)

[oxacrasmss (9) B (8) momywyaem

[A'dy—B'dx= [(a'u+0o*v+o’)dy - (-o’u+o'v)dx =

X=X, Y=Y X —Xg Y=o
= u— v+ o arctg de—( u}der
E[(x—x0)2+(y—y0)2 (x—x0)2+(y—y0)2 Y=>X (x—x0)2+(y—y0)2

X=X,
i(u—mz ) V}'x

Iycte x —x), =€cosd,y —y, =€sing.

Torna nonyyaem

2n 2n
IAldy —B'dx =J- [(ucosd+vsind)cosd + (usind +vcosh)sindldd = j udd =2mu(xy,y,).
€ 0 0
B nocneiHeM paBeHCTBE HCIIOJIb30BaHa TEOPEMa O CPEHEM U TpeaebHbIi epexon & —> 0.
B pesynbrate u3 popmyisl (8) cienyer

21615(x),Yp) =

J{ );_xo 5 kny + );—yo 5 kn, +mu1arctgx:x0 de—
1 (x=x)"+(y=>0) (x=x0)" +(¥y =) Y=>o

(10)

—( );_yo 2kn1— );—xo 2knzjabc+
(x=x0)" +(y—¥0) (x=x0)" +(y =)
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+J.{ );—xo —~kn, + );—yo an2+mu2arctgx:x0de—
I (x—=x0)" +(y—¥) (x=x0)" +(¥y—¥) Y=W
Y—XYo X=X
((x—x0)2+(y—yo)2 (x=xp)* +(y =)
PaccmoTtpum pemienue ypaBHeHuit (7) B Buae
- X=X, 1 (11
“ (x—x, )); +)(/())/—y )’ @ - (x—x,)° ‘*‘(i")’o)2 a4 T In((x=5)” +(r=70)°):
0 0

Ioncrasnsiem (11) B (8) momyyaem

216,53(x9, V) =

Y~ % kn, — * % kn +10) In((x - x,)* —y))dy —
K, 2 Wy In((x = x0)”™ + (v —yp) )y
le T ST R OIS C TS
X — X, Y—=)o
—(= 2 kn, + kn, )dx +
-x)?+ (-3 (=x)’ (=) (12)
Y= , X—X 1 2 2
+| (= wny + kny + —op, In((x —x)" + (¥ —y)")dy -
LJ; (x—x0)2+(y—y0)2 (x—x0)2+(y—y0)2 2

X — X Y=o
—(= 2 kn, + kn, )dx.
(x—x0)2+(y—y0)2 (x—x0)2+(y—y0)2

3aximo4yenne
®Dopmynst (10), (12) MO3BONSAIOT BRUUCIUTS 3HAUEHUS KOMIIOHEHT TE€H30pa HAIPSHKEHUH BO BCEX

TOYKax IMOMNCPEYHOI'0 CCUCHUA. ]Iaﬂee B Kan(,uoﬁ TOYKE Xg,Vo HPOBEPSCTCS YCIOBUC INIACTUYHOCTU

2, 2 2 2, 2 2 .
63 +05 =k". Te ToukH, rae GOj; +05; <k”. NpUHAMIEKAT YHNpyroil 30HE, a OCTAaJIbHBIE TOUKH —

TUTACTHYECKON oOmacTi. TeM caMbIM ONMHMCaHHAs MPOIEAypa MO3BOJISAET BBIAECIUTH IUIACTHUECKUE H
yOpyTHEe 30HBI M TIOCTPOUTH yNPYTO-IDIACTUYECKYIO0 TPAHMILYy, KOTOpas 3apaHee Obljla HEM3BECTHA U
MOJIeKaNa OTPEICTICHHIO.
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