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Tpexcnotinvie nracmunsl co c60000HBIMU KPASAMU UUPOKO NPUMEHSIOMCSL 8 KOHCMPYKYUSX COBPEMEHHBIX KOCMUYE-
CKUX annapamos, cocmasiisisi CULO8Yl0 OCHO8Y KOPNYCO8 HecepmMemuyHo2o ucnoanenus. OcHogHas uacmoma Koneoanuil
MPEXCAOUHOU NAACMUHBL UCTOB3YEeMCsL 0TI OYEHKU 8eCO80U IPDEKMUBHOCMU KOHCMPYKYUU, YN0 8ANCHO NPU NPOEK-
mupogoyHvix pacyemax. Paccmampusaemcs 3adaua onpedenenusi OCHOGHOU HaACMOmMbl KOACOAHUN NPIMOY20TbHOU
MPexcrouHOl NAACMUHBL CO CGOOOOHBIMU KPAsSIMU, Y KOMOPOU 8ce uemblpe yaild WAPHUPHO 3akpeniensl. [lnacmuna
UMeem CUMMEMPUUHYIO CIMPYKMYpPY NAKemd, COCMOSIYe20 U3 0OUHAKOBbIX HeCYWUX C0e6 U OPMOMPONHO20 3ANOTHU-
mens. B makoii nocmanogke 3a0aua He umeem 00 HACMOSWYE20 BPEMEHU AHATUMULECKO20 peulerusl. Dmo Ca3aHO ¢
HE0OX00UMOCHBIO MOYHO20 YOOGIEMBOPEHUST CIAMUYECKUX SPAHUYHBIX YCI06ULL HA CB0DOOHBIX KPASIX NAACHUHDBL, YMO
Kpatine 3ampyonumensvHo. Jlaemcs anaiumuyeckoe peuenue nocmagieHHol 3a0auu ¢ UCNONb308aAHUEM MOOeIU mpex-
CNOUHOU NIACMUHBL HA OCHOBE Meopul CI0UCmbIX Komnosumos muna Peticcuepa. C60600Hble KONeOaHUsi MPeXCAOUHOU
NJIACMUHbL ONUCHIBAIOMCSL 6APUAYUOHHBIM YPAGHEHUEM, NOJIVHEHHbIM HA 0CcHoge npunyuna I amuremona. J{ns pewenus
BAPUAYUOHHO20 YPABHEHUS UCNOIb308aH 0000ujernbiti Memoo I anepxuna. Memoo no3eosisiem ucnoib306ams annpox-
cumupyiowue QyHKyuu, He 0653aMenIbHO MOYHO YOOSIEMEOPAIOWUE CIMAMULECKUM SPAHUYHBIM YCI08USIM HA C80000-
HbIX KPAsX NIACMUHbL, MAK KAK MU SPAHUYHbBLE YCII08USL YOOBIeMEOPAIONC UHmMeZpaibHo. B pabome ¢ kauecmee an-
NPOKCUMUPYIOWUX BGbLOPAHbL MPUSOHOMempudeckue QyHKkyuu. Omu QyHKyuu no360J10Mm C GblCOKOU MOYHOCHbIO
npeocmagums usMeHeHUs: npoeuda u yena nogopoma 80016 COOMEEMCmeEYIowell KOOPOUHAMbl MPEXCLOUHOU NIACMUHbBL
¢ paccmampugaemMvim 3aKpenienuem. B pesynomame peanuzayuu 060b6uennozo memooa I anepkuna 3a0aua céedena K
O0OHOPOOHOU cucmeme JUHEUHbIX AleeOpaudeckux YPAGHeHUll, U3 YCI06Usi Cyuecmeo8anus HempusUaIbHO20 PeUeHUs
KOMOpOU NOKyYeHa anamumuyeckas popmyna 0si OCHOGHOU yacmombl Konebanutl. I1o ghopmyne sbluucienvl yacmomol
0J151 HeCKOIbKUX 8APUAHINOE NAACIUN C PA3TUYHBIMU COYEMAHUAMU PA3Mepo8 8 Niane U MOoJWuH cloes. Bepupurayus
NOLYUEHHBIX Pe3YIbMAmo8 AHAIOSUYHBIM PACYETNOM 8 KOHEYHO-DJIeMEHMHOM naKeme NOKA34ld 8blCOKYIO MOYHOCHIb
NOLYYEHHOU (POPMYTbL U BO3ZMOICHOCTD €€ UCNONb306AHUS 8 NPOEKMUPOBOYHBIX PACUEMAX NPU MUHUMATbHBIX GbIUUC-
JIUMENbHBIX 3ampamax.

Kniouegvie cnosa: mpexcioiinas niacmuna, 0CHO8HAs yacmoma Kojebanuti, 060ouennviil memoo I anepxuna.
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Sandwich plates with free edges are widely used in modern aerospace constructions making power base of non-
hermetical spaceship bodies. Fundamental frequency of sandwich plate is very useful for weight efficiency assessment
of construction that is significant in engineering calculations. The article deals with the problem of fundamental
frequency calculation for rectangular sandwich plate with free edges and all corners simply-supported. The plate has
symmetrical sandwich package structure consisting of two identical face-sheets and orthotropic core. In this
formulation the problem has no analytical solution yet. This is due to the necessity of exact satisfaction of static
boundary conditions on free edges of the plate; which is very hard to do. In the article the authors provide an analytical
solution of the problem, where the sandwich plate model is based on Reissner-type layered composites theory.
Variational equation of plate free vibrations derived from Hamilton principle. Solution procedure uses generalized
Galerkin method to solve the variational equation. This method allows applying approximating functions that do not
necessarily exactly satisfy static boundary conditions on free edges of the plate, as these conditions are satisfied
integrally along each edge. In this paper trigonometric functions are applied as approximating functions. For the case
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of plate with four corners simply-supported, trigonometric functions give good accuracy in approximation of plate
deflection and rotation along the corresponding coordinate axis. The result of generalized Galerkin method
implementation is a system of homogeneous linear algebraic equations and then, an analytical formula for fundamental
frequency derives from the condition for the nontrivial solution existence of the system. Fundamental frequencies are
calculated using this analytical formula for several variants of plates with different combinations of plate dimensions.
Verification by fundamental frequency calculations for the same plates in finite-element package shows very good
correlation with obtained analytical formula results. Thereby, resulting analytical formula for fundamental frequency
could be successfully used in engineering and design calculations with minimal computational cost and enough

accuracy.

Keywords: sandwich plate, fundamental frequency, generalized Galerkin method.

BBenenune. B coBpeMEHHBIX KOCMHUYECKHX alllaparax
C KOpIIycaMU HET€pPMETHUYHOI0 UCIOJIHEHUS HMIMPOKO HUC-
MOJIB3YIOTCSI TPEXCIOMHBIE TacTuHbl. [Ipu mpoektupo-
BOYHBIX PacdeTax TPEXCIOWHBIX IUIACTHH MEpBasi 4acToTa
KOJeOaHUH CITy’)KUT YIOOHBIM KPHUTEPHEM BECOBOH 3(-
(EeKTUBHOCTH KOHCTPYKLHMH, TaK KaK €€ BEJMYMHA 3aBHU-
CHUT OT OTHOUICHUS W3TMOHOW XECTKOCTH W TOTOHHOU
macchbl. CeromHs Iiisl onpeaeeHus 4acToT u GopM KoJie-
0aHMii TPEXCIIOWHBIX TIACTUH B OCHOBHOM HMCHOJIB3YIOTCS
MaKeTbl KOHCYHO-3JICMCHTHOTO MOACIMPOBAHUSA, TaKUC
kak ANSYS, NASTRAN, COSMOS/M. OHH HO3BOJISAIOT
MIPOBOANTH CaMblii IMMPOKUI aHaIN3 TPEXCIOWHBIX KOH-
cTpykumii. Henocratkamu HMCronb30BaHHS MAKETOB SIB-
JSIFOTCS] 3HAYUTENIbHBIE BBIYUCINTEIbHBIE PECYPCHI, B He-
KOTOPBIX CITy4asX — HEOOXOJUMOCTh PUBIICUCHHUS BBICO-
KOKBAJIM(HUIIMPOBAHHBIX CIIEUAINCTOB M pa3paboTka
CIELHATIbHBIX TUIIOB KOHEYHBIX 3JIeMEHTOB. [lo3ToMy m0-
MIPEeXXHEMY AaKTyaJbHO OINpPEJCICHUE IEPBOH YacTOTHI
KoNeOaHUH TPEXCIOWHOW TUTACTUHBI aHAJTUTHUYECKUMHU
METOAAMHU. DTOMY IIOCBSIIEHBI COBPEMEHHBIE HCCIENIO-
BaHUS OTCUCCTBEHHBIX U 3apyOekHBIX aBTOpOB [1—12].
OpHako psn 3a1a4 ONpeeNeHHs MepBOH YacTOTHI TPeX-
CIIOWHBIX IUIACTMH CO CBOOOJHBIMH KpasMH HE HMEET
AQHAJTUTHUYECKOTO PEIICHUs 10 CUX MOp.

Lenp paboThl — aHATMTHYECKOE PEIICHUE 3aJadll OIl-
peneneHus MepBOM YacTOTHI KOJEOAHMA MPSMOYTOIBHON
TPEXCIIOWHOW TUIACTHHBI CO CBOOOIHBIMH KpasMHd, Y KO-
TOPOI BCE YETHIPE yIIa MAPHUPHO 3aKPEIUICHBI, U HOIy-
YEeHHUE IS IEPBOH 4acTOTHI yAOOHOH Ul MPaKTUYECKUX
pac4eroB GOpMyJIbI.

IHocranoBka 3amauyu. PaccMOTpUM IPsIMOYTOJIBHYIO
TPEXCIIOWHYIO IJIACTUHY, Y KOTOPOH BO BCEX UETBIPEX
yIiax peanus3yeTcd 3aKpeIvieHHe THUIa HENOJIBH)KHOTO
mapHupa. B ogHOM W3 YITIOB IUIACTHHBI PACIIONOXKHUM
Hayajo AeKapToBOH cuctemsl koopauHaT OXY. Pazmepsl
miacTUHb Mo ocsiM OX u OY 0003HaunM a U b coOoTBeT-
CTBEHHO.

BapunannonHoe ypaBHeHHE W3THOHBIX KOJeOaHMA
IUTACTUHBI, coryacHo [13; 14], 3amummercs ciexyroumm
obpazom
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YpaBHeHus (2) ABIAIOTCS OCHOBHBIMH BapHAaIllIOHHBI-
MH YpaBHEHUSIMH, KOTOPBIM MJOJDKHBI YIOBJIETBOPSTH
coOcTBeHHBIE PYHKIUH W(X,)), 0x(x,y) u By(x,y), onpene-
nsrome GopMy AEHCTBUTENBHBIX M3TMOHBIX KoJleGaHUH
TPEXCIOWHOM TUTACTUHBI.

Metoauka pemenusi. OnpeneneHrie OCHOBHOW dYac-
TOTHI KOJICOAHUN TPEXCIIOMHOW IUTACTHHBI MOXET OBITh
BBITIOJTHEHO C ITOMOIIBIO 3(PEKTUBHBIX MPUOIMKEHHBIX
METOJIOB, OJHUM H3 KOTOPBIX SBJSIETCS OOOOIEHHBIN
Mmerox ["anepkuna. B pamkax sToro merona nmporud w(x,y)
u yrisl nopopota 0,(x,y), 0,(x,y) 3aMeHsI0TCSA aHATUTHYE-
CKUMH BBIPOKEHUSIMH, ANNPOKCHMUPYIOIIMMHU TEPBYIO
¢dopmy komebaHmil TTacTHHBI BIONME oceit OX u OY.
[pencraBuM mporu® M yIiIbl HOBOPOTa B CIEAYIOLIEM
Buze [15]:

w=A4U,+BU, + CUU,,

0, =DV, +PV,U,, (5)
0,=FV,+TUV,,

rue 4, B, C, D, F', P, T — nenssecrueie uncna; Uy, Vs, U,
V, — annpokcumupyronye GyHKIHUU, UIMEIOIHE BUJ

U,(x)=sinkx,
V,(x)=coskx,
U, (y)=sink,y, (6)
V,(y)=cosi,y,
rae A =n/a, A, =n/b.

Bapuanuu ¢yHkumit nporuba u yrioB noBopora OymyT
HUMETh B

Sw=U,84+U 3B +U,U,3C,
86, =V,8D+V,U 5P, (7

80, =V,8F +U V,3T.

Ioncrasus (5)—(7) B (2), mocie rpynmAupOBKA MOy IHM
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Y4uuThIBas MPOU3BONBHOCTE Bapuanuii 64, OB, 8C,
3D, &F, 6P, 8T, noiyduM CHCTEMY M3 CEMHU pa3pellaro-
IUX ypaBHeHHH o00o00meHHoro wmeroma [amepkuHa
C €CTECTBEHHBIMH IPAHUYHBIMH YCIIOBHSIMHU:
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Bremonaus B (3) u (4) ;[H(i)(i)epeHquOBaHne, WHTET-
pUpOBaHME W PACKPHITHE CKOOOK B ypaBHeHHAX (9), mo-
JyYUM OIHOPOJHYIO CHCTEMY JHMHEHHBIX anreOpamde-
CKHX ypaBHeHHH ¢ HemsBecTHbIMH A, B, C, D, F, P, T.
Y 10BNIETBOPSISl YCIOBUE CYLIECTBOBAHUSI HETPUBHAIBHOTO
pELICHUS] CHCTEMBI, NPUPABHIEM HYJIO OIPEIEIUTENb
OCHOBHOMH €¢ MATPHIIBI H, 0003HAUNB O = M7, MONTy4HM
cienyronee KyOnueckoe ypaBHEHHe:

2,0 + 2,07 +2,Q+z, =0. (10)

OmnpenenuB HAWMMEHBIINN BEIISCTBCHHBIH KOPEHB
ypaBHeHwus (10), yauTBIBasi COOTHOIIEHHE ® = 27f, T7Ie f—
4acToTa B repuax, IMOJIYYHM OKOHYATENBHYI0 (OpMYITy
ISl TIEPBOM YacTOTHI KOJICOAHUM:

1 i/1223 (32122 —9z,z, +\/12zl3z3 —3212222 —54z52,2,2, +812§z32 +122()z§ )—823
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Baxno ormeruts, uro B (10) u (11) xoaddunmenTs
Z1, Z3, Z3 ¥ Z( OTIPEEISIOTCS TOJIBKO T'€OMETpHEH IIacTh-
HBI ¥ TapaMeTpaMH ee MaTepHara.

Pe3yabTaThl pacueToB u 00J1aCTh UX NMPHMEHEHHSI.
B kauecTBe mprMepa omnpenesuM OCHOBHYIO YacTOTy KO-
ne0aHui IJIs1 HECKOJIBKUX NPSIMOYTOJIBHBIX TPEXCIOWHBIX
IUTACTHH, MIAPHUPHO 3aKPEIUICHHBIX B YITaX U OTJIHYAIO-
IMXCS pa3MepaMu B IUTaHE, TOJIIMHAMH HECYIIHX CIIOEB
u 3anonHuTens. [lapamerpsl Marepuana HECYIIHUX CIIOEB:
E, = 54,55 TTla, E, = 54,55 I'Tla, G,, = 20,67 I'lla, G, =
= G,.= 3,78 T'a, vy, = v,, = 0,32, p = 1 500 kr/m’. Mare-
pHaj 3alOoJHUTENS XapaKTepH3yeTcsi MOIYJISIMU CIBHIA
G,. = 440 Mlla, G,, = 220 Mlla ¥ MIOTHOCTBIO p =
= 83 kr/™’. Pasmeps! mmactuns B wiane: b =1 m; a = 0,5,
I, 2 M. CymmapHas TONIIMHA HECYIINX CIIOEB ! paBHA
0,001 u 0,002 M, a TommuHa 3amomauTens 4 Oynmer 0,01,
0,05, 0,1 m.

YacToTbl KoneOaHUil TPEXCIOWHBIX TUIACTHH, BBIYHC-
nenHble 1o ¢Gopmyne (11) s nmpUBEEHHBIX Pa3MEpPOB,
MIpUBEICHHI B Ta0M. 1.

Jl1st IpoBEpKU IOJIyYEHHBIX PE3YJbTaTOB OIPEAEIUM
OCHOBHYIO YacCTOTY KOJeOaHHU TPEXCIIOWHOW TUIACTHHBI,
LIAPHUPHO 3aKpEIUICHHOW B YeTHIpeX YIilaX, METOJIOM
KOHEYHBIX 351eMeHToB (MKD). Pacuer BbimosHuM B make-
Te ANSY'S, ucnonb3ys TpeXCoiHbIM BapuaHT KOHEYHOTO
anemenTa SHELL181. 3nadyeHns wacToT B repuax, BbI-
yuciieHHbIx MKD, — B 1a0i1. 2.

CpaBHHBas COOTBETCTBYIOIIME YacTOTHI M3 Tabm. 1
1 2, MOXKHO BHJETh, YTO Pa3HMIA HE MpeBbImaeT 5 %.
3TO MO3BOJIAET AOCTOBEPHO PACCUMUTHIBATH IO IOIYUYCH-
HOW QopMyne MEepByI0 YacTOTy MHPSIMOYTOJBHOW Tpex-
CJIOMHOW IUIACTUHBI [IPU IPOEKTUPOBAHUU KOHCTPYKLIUM,
B COCTaBC€ KOTOPBIX TaKasd IJIaCTUHA TPUMCHACTCA.

Tabnuya 1
YacToTbl KoJIeOaHNH TPeXC/10iHOI NJIACTUHBI,
paccYUTAHHBIE N0 NOJyYeHHOH (popmy.ie

a=05mb=1wmM a=1lmb=1m
L™ h= h= h= h= h= h=
=0,0lm|=005m| =0,1m |[=0,0lMm|[=0,05m| =0,1 M
0,001 | 39,904 | 120,45 | 177,69 | 30,591 | 93,175 | 137,72
0,002 | 45,867 | 149,48 | 225,48 | 35,444 | 115,85 | 175,07
Tabnuya 2
YacToTbl KoJIeOaHUH TPeXC/10iHOI NJIACTUHBI,
paccuutannbie B ANSYS
a=05mb=1mM a=1mb=1wm
t, M h= h= h= h= h= h=
=0,0lm|[=0,05m| =0,1Mm |=001M|=005Mm| =0,1m
0,001 | 38,902 | 117,13 | 173,52 | 29,686 | 90,609 | 134,49
0,002 | 43,783 | 145,19 | 216,77 | 33,835 | 112,53 | 168,25

3akiaouenne. B crarbe ¢ momoipio 0000IIEHHOTO
Merona ["anepkuHa pelieHa 3ajada ONpeieieHHs OCHOB-
HOW YacTOTHI KOJEOaHUH NMPSIMOYroJbHOW TpPEXCIOHHON
IUTaCTHHBI, KOTOpas LIAPHUPHO 3aKpeIuIeHa B YETHIpEX
yrnax. Iloxydena JnOCTaTOYHO MpoCTas aHAIWTHYECKas
(dhopMyna I IepBOM YacTOTH KOJIEOaHHUH TITaCTHHBI.

Bepu¢ukanns pe3ynpTaToB IO3BOJSET CAENATH BBI-
BOJ O TOM, YTO IO TIOJy9eHHOH (popMylie ¢ TOCTaTOYHOM
TOYHOCTBIO U MUHUMAJIBHBIMHU BBIYHCINTEIBHBIMU 3aTpa-
TaMH MO>KHO OIPENENISATh OCHOBHBIE YACTOTHI KOJIeOaHUH
IUTaCTHH, MIAPHUPHO 3aKPEIUICHHBIX B YETBIPEX YIJIax.
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