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Locally cyclic group is a group every finite set of elements of which generates a cyclic subgroup. We give examples
of periodic locally cyclic groups and locally cyclic torsion-free groups. Properties of locally cyclic groups are studied.
A locally cyclic group cannot be mixed, that is, it cannot contain elements of finite and infinite order simultaneously.
A locally cyclic group is Abelian. By their properties periodic locally cyclic groups and locally cyclic torsion-free
groups are distinguished. The Sylow subgroups of a periodic locally cyclic group are cyclic or quasi-cyclic. A periodic
locally cyclic group decomposes into a direct product of Sylow subgroups. By N. F. Sesekin and A. I. Starostin the fol-
lowing theorem is proved: a locally finite group, all Sylow p-subgroups of which are quasi-cyclic, is a complete peri-
odic locally cyclic group. Here, in addition to this theorem, we consider the structure of a complete periodic locally
cyclic group. A complete periodic locally cyclic group decomposes into a direct product of quasi-cyclic subgroups with
distinct prime numbers. A complete periodic locally cyclic group is uniquely reconstructed by its lower layer. In this
article an example is given of the fact that an arbitrary periodic locally cyclic group is not unique reconstructed by its
lower layer. A torsion-free locally cyclic group is isomorphic to a subgroup of the additive group of rational numbers.
A periodic locally cyclic group is layer-finite, that is a number of it’s elements of each order is finite. A locally cyclic
group can be either a layer-finite or a subgroup of additive groups of rational numbers. The results can be applied
when encoding information in space communications.
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JlokanvHo-yuknuveckas epynna — 5mo epynnd, CSKOe KOHEYHOe MHONCECHEO INEeMEHNO08 KOMOpOU nopoicoaem
yuxnuyeckyro noogpynny. Ilpusooamcs npumepvl NepuoOOUHecKUx JOKALbHO-YUKIUHECKUX 2PYRN U  JIOKAAbHO-
YuKIuyeckux epynn 6e3 Kpyuenus. H3yuaiomcss c60UCmEa NOKANbHO-YUKIUYECKUX epynn. JIoxkanbHo-yukiuveckas
2pynna me modicem OblMb CMEUAHHOU, M. €. OHA HEe MOJCEem CO0epicamb OOHOBPEMEHHO INeMEHMbl KOHEeUHO20
u beckoneuno2o nopsoxa. JlokaieHas-yukiudeckas epynna sgisemcs abenegou. Ilo ceoum ceolcmeam paznuyaromes
nepuoduuecKue JOKALbHO-YUKIUYECKUe 2PYRnbl U JOKAIbHO-YUKIuYeckue 2pynnvl 6e3 kpyuenust. Cunogckue nooepyninl
NePUOOUUECKOU IOKANbHO-YUKIUYECKOU 2PYNRblL SAGISIOMCS YUKIUYECKUMU Wil Keasuyukiudeckumu. Ilepuoouueckas
JIOKANbHO-YUKIUYECKAsL 2PYNNA pa3ldedemcss 8 npsimoe npousgedenue cuiogekux nooepynn. H. @. Cecexunvim
u A. 1. Cmapocmunvim 0oxazana meopema: I0KATbHO-KOHEUHAsl 2PYING, 6Ce CULOGCKUE P-NOOZPYINbL KOMOPOU K6Aa3u-
YUKTTUYHBL, SGTLeMCS NOJIHOU NePUOOUYeCcKoll IOKANbHO-YUKIUYECKOU epynnotl. 30ecb 6 OOnoHeHue K 9moi meopeme
Mbl PACCMOMPUM CIPYKIYDY NOAHOU NEPUOOUYECKOLL TOKATbHO-YUKAUYecKol epynnbl. Tloanas nepuoouyeckas 10KaIbHO-
YUKTUYECKAsl ePYNNa pasiaeaemcs 6 npsimoe Npou3eedeHue KeAsUuyuKIuUecKux p-nooepynn no pasiudHolM npoCcmvim
yucnam p. Ilonnas nepuoouueckas NOKANbHO-YUKAUYECKAS, 2PYINA eOUHCMBEHHbIM 00pA30M 60CCMAHABIUBAEMCS
no ceoemy HudicHemy cioio. Ilpueooumcs npumep mozo, 4mo NPOU3EOIbHAS NEPUOOUYECKAS JOKANbHO-YUKIUYECKAs
2PYnna He eOUHCMEEHHbIM 00PA30M 80CCHAHABIUBACHICS. N0 CE0EMY HUICHEMY ClLo10. JIOKanbHAs YUKIUYecKas 2pynna
6e3 KpyueHusi U30MOpPGHA HEKOMOPOUL nod2pynne adOUMuUGHOLU 2pynnvl PAyUoOHAIbHLIX yucel. I[lepuoouueckas 10KaibHO-
YUKIUYECKAsl 2pYnna CIOUHO KOHeuHd, M. €. @ Hell KOHEUHO HUCIO DIeMEHmO8 Kanc0o20 nopsoka. JlokanbHo-
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YUKTUYECKAsi 2pynna modicem O0bims TUOO CAOUHO KOHEYHOU, TUO0 noodzpynnou adOumuHol pynnvl payUOHAIbHBIX
yucen. Pesymbmamvl Mmocym Haumu NpUMEHeHUue Npu KOOUPOBAHUU UHPOPMAYUU, UCNOTb3VIOWEUCS 6 CeaHcax

KOCMUYECKOU CBA3U.

Knrouesvie crosa: nepuoduqecmﬂ epynna, JTOKAlIbHO-YUKIUYeCKds cpynna, Kedsuyukiudeckas cpynna, nojHas cpynnd,

CIIOUHASL KOHEYHOCMb.

Introduction. The aim of this paper is to establish the
basic properties of the locally cyclic group classes.

Definition. A group is said to be locally cyclic if
every finite set of its elements generates a cyclic sub-
group. Example of locally cyclic groups is an additive
group of rational numbers, a quasi-cyclic group.

A quasi-cyclic group is a G group which is con-
structed as follows: supposing a cyclic group (a;)

of prime order p is embedded in a cyclic group (a,)
of order p?, the last group, in its turn, is embedded in

a cyclic group (a;) of order p* etc. The group is formed

by combining an infinite chain of nested groups
(a)) c{a,) <...c{a,)c.. In other words, the quasi-

cyclic group can be defined as root groups of a unit of
prime order p, order p*, order p*, etc.

The class of periodic locally cyclic groups is con-
tained in the class of layer-finite groups whose properties
are described in [1]. Layer-finite groups were investigated
by S. N. Chemnikov [24], R. Baer [5],
Kh. Kh. Mukhamedzhan [6], Ya. D. Polovitsky [7]. Near
layer-finite groups are described in the works of the
author [8-11]. As S. N. Chernikov pointed out in the
mathematical encyclopedia, layer-finite groups proved to
be the most studied ones among the groups with finite
classes of conjugate elements. This implies the finiteness
of the conjugate elements classes in periodic locally cy-
clic groups. The arrangement of layer-finite groups with
related classes is shown in the research paper [12].

Basic results. In this section we are going to consider
the properties of locally cyclic groups.

A locally cyclic group cannot be mixed, that is, it can-
not contain elements of finite and infinite order simulta-
neously:

Property 1. Locally cyclic group can be either peri-
odical or a torsion-free group.

Evidence. It is obviously seen from the definition that
a locally cyclic group cannot be mixed, that is, contain
elements of both finite and infinite orders. Indeed, the
subgroup, generated by an element of finite order and
an element of infinite order, according to the definition of
a locally cyclic group, must be cyclic. Thus there is a con-
tradiction with the theorem on the structure of subgroups
of an infinite cyclic group. It should be noted that each
non-identity subgroup of an infinite cyclic group is infi-
nite cyclic one. The property is proved.

Property 2. Locally cyclic group is Abelian.

Evidence. The validity of the statement immediately
goes from the definition of a locally cyclic group.

Periodic locally cyclic groups and locally cyclic
torsion-free groups differ substantially according to their
properties.
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At first, it is necessary to distinguish the properties of
periodic locally cyclic groups.

Property 3. Sylow p-subgroups of periodic locally cy-
clic group G are cyclic or quasi-cyclic.

Evidence. Supposing that J is a set of all p-elements
of a locally cyclic group G for some prime number p.
If 3 is a finite set, then according to the definition of a
locally cyclic group its elements generate a cyclic group.
In the case if 3 is an infinite set, we will prove that they
form a quasi-cyclic group. Indeed, let us consider that 3
is an infinite set. Let us deal with a subset
{a,,a,, ...,a,, ...} of the set J. Group (a,,a,) , generated

by the elements @, and a, is a cyclic p -subgroup, there-
fore, either (a,) ©(a,) or {(a;) ={a,). The bigger one
of these groups is defined as (ail) . The same idea can be
referred to the cyclic subgroups (g, ), (a;). The bigger
one of these groups is defined as <"i2 ).

If we continue the argumentation in the same way,
we will get an increasing chain of cyclic p-subgroups:

<ai1> - <ai2 yS <ai3> <.

Obviously, the union 4 of these subgroups is a quasi-
cyclic p-group. If not all elements of the set I are in 4,
then the group, generated by an element be 3\ A4 and
an element a of the same order of A4 is not cyclic.
A contradiction with the definition of a locally cyclic
group means that all elements of the set 3 are contained
in A4 . The property is proved.

Property 4. A periodic locally cyclic group
decompounds into a direct product of Sylow subgroups.

Obviously, the evidence of this property follows from
the fact that the periodic locally cyclic group is Abelian
according to the property 2. The example of periodic
locally cyclic group, which is different from quasi-cyclic
group, is a direct product (a,)x{a,)x... of cyclic groups
(a;), {a,), ... of different direct orders p,, p,, ... re-
spectively.

Property 5. A4 periodic locally cyclic group
decompounds into a direct product of cyclic or quasi-
cyclic p-subgroups with distinct prime numbers.

Evidence of this property goes from the properties 3
and 4.

Locally finite groups are studied in the work of
N. F. Sesekin and A. I. Starostin [13], all their Sylow-
subgroups are quasi-cyclic.

Property 6. Locally finite group, whose Sylow p-sub-
groups are quasi-cyclic, is a complete periodic locally
cyclic group.

In addition to this theorem, we are going to consider
the structure of a complete periodic locally cyclic group:
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Property 7. 4 complete periodic locally cyclic group
decompounds into a direct product of quasi-cyclic
p-subgroups with distinct prime numbers.

Evidence. A complete Abelian group decompounds
into a direct product of quasi-cyclic p-subgroups and an
additive group of rational numbers according to the
theorem 9.1.6 from [14]. Since the additive group
of rational numbers is not a periodic group we obtain
a property statement (validity) using property 5. The
property is proved.

Property 8. A complete periodic locally cyclic group
is uniquely recovered from its lower layer.

The evidence of this property goes from the property 7.

At the same time, not every periodic locally cyclic
group is uniquely recovered from its lower layer. For
example, in two different periodic locally cyclic groups
sz X qu and pr ><Cq2 the lower layers are the same.

Let us give one more characteristic of periodic locally
cyclic groups developed by N. F. Sesekin and A. I. Sta-
rostin:

Property 9. Only periodic locally cyclic groups are
Abelian locally finite groups, all their Sylow p-subgroups
are locally cyclic [13].

Here it is necessary to give a description of a group
that can be decompounded into a semidirect product of
periodic locally cyclic groups:

Property 10. If the group G is decompounded into a
semidirect product of two periodic locally cyclic groups
G = A\LB, whose orders of elements are relatively prime,
then the G — locally finite group, whose Sylow
p-subgroups are locally cyclic, and A contain the com-
mutant of the group G [13].

Let us now describe locally torsion-free cyclic groups.

Locally cyclic groups are groups of the first rank. Tak-
ing this into account that the following property
is proved in the theorem 7.2.1 from [14]:

Property 11. 4 local torsion-free cyclic group is
isomorphic a subgroup of the additive group of rational
numbers.

Property 12. A complete locally cyclic torsion-free
group is isomorphic in relation to the additive group of
rational numbers.

Evidence. A complete locally cyclic torsion-free
group in compliance with the property 2 and the theorem
9.1.6 from [14] decompounds into a direct product of
quasi-cyclic p-subgroups and an additive group of rational
numbers. Since quasi-cyclic subgroups of the direct
product are not torsion-free groups, we can see the
validity of the property. The property is proved.

Property 13. A periodic locally cyclic group is layer-
finite.

Evidence. Let us consider that G is a periodic locally
cyclic group. If a,,a,, ..., a, are elements of the order m

of the group G, then the subgroup H , generated by
these elements, is cyclic according to the definition of a
locally cyclic group. Obviously, there is not more
thanm—1 elements of the order m in a cyclic group.
Thus, we can say that n < m—1 and this also means that
the m-layer of the group G is finite and is G is a layer-
finite group. The property is proved.

Property 14. A locally cyclic group can be either leaf-
finite or a subgroup of additive groups of rational
numbers.

The evidence of this property follows from the
properties 1, 11, 13.

Definitions. Let us define the terms that were used in
the work. A group G has a finite rank r. If r is the smallest
number with the property defining that every finite
generated subgroup of a group G is a part of a subgroup
which contains »’' components (' <r).

The lower layer of a group is the set of all its elements
of prime order. A group is said to be layer-finite if the set
of its elements of any given order is finite. The definitions
of other terms used are standard and can be found
in monographs [14; 15].

The conclusion. The main properties of locally cyclic
groups are researched in this work. Periodic locally cyclic
groups and locally cyclic torsion-free groups are
described separately. Various examples of such groups
are given.
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