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We consider the task of reconstruction of  the regression function from observations with errors. Under parametric 

uncertainty conditions this problem is solved in the following sequence: first the type of regression function with accu-
racy to parameters is set, then the next stage is the estimation of these parameters based on training sample elements. 
The main problem that arises is choosing a parametric structure, i. e. the choice of parameters with an accuracy to the 
vector of parameters. At the same time more or less inaccuracy can be allowed, descriptions of many variables func-
tions with accuracy to parameters cause particular difficulties. Another known way of solving such problems, which is 
the nonparametric estimation of regression function from observations, in this case the stage of choosing a parametric 
equation of the regression function is missing. A number of publications is devoted to this area including monographs 
where the results are in most cases related to the asymptotic properties of the regression function. 

The article considers the task of reconstruction of mutually ambiguous functions of many  arguments from observa-
tions with random errors in the conditions of nonparametric uncertainty. This problem has been insufficiently studied, 
although it has a significant importance in the identification and control of objects of a Wiener and Hammerstein class. 
The control theory widely uses already known mutually ambiguous specifications that describe the work of items with  
a loop of hysteresis, backlashes and others. Some modifications of nonparametric estimates of mutually ambiguous fea-
tures including multidimensional are given. A series of computing experiments have been conducted where for simplic-
ity reasons the simpliest mutually ambiguous curves were taken, parametric structure of these curves for the algorithms 
was unknown, only observation was known. Numerical studies covered two cases: different sample sizes and various 
disturbances affecting the studied processes. The reconstruction of mutually ambiguous dependency plays an important 
role in the development of robots and various robotic systems moving on in an undefined or unknown terrain. As sepa-
rate blocks the considered algorithms can be useful in devices that are used in the aerospace industry. 
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Рассматривается задача восстановления функции регрессии по наблюдениям с ошибками. В условиях пара-

метрической неопределенности эта задача решается в следующей последовательности: сначала задается вид 
функции регрессии с точностью до параметров, на следующем этапе осуществляется оценка этих парамет-
ров на основе элементов обучающей выборки. Основная проблема, которая здесь возникает, состоит в выборе 
параметрической структуры, т. е. в выборе параметров с точностью до вектора параметров. При этом 
может быть допущена большая или меньшая неточность, описание функций многих переменных с точностью 
до параметров вызывает определенные трудности. Известен другой путь решения подобной задачи, который 
состоит в непараметрическом оценивании функции регрессии по наблюдениям, в этом случае этап выбора 
параметрического уравнения функции регрессии отсутствует. Этому направлению посвящено большое коли-
чество публикаций, включая монографии, где в большинстве случаев излагаются результаты, связанные  
с асимптотическими свойствами непараметрических оценок функции регрессии.  

Рассматривается задача восстановления взаимно неоднозначной функции многих аргументов по наблюде-
ниям со случайными ошибками в условиях непараметрической неопределенности. Данная задача исследована 
недостаточно, хотя и имеет существенное значение при идентификации и управлении объектами класса  
Винера и Гаммерштейна. Теория управления широко использует уже известные взаимно неоднозначные  
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характеристики, которые описывают работу элементов с петлей гистерезиса, люфтов и др. Приведены не-
которые модификации непараметрических оценок взаимно неоднозначных функций, в том числе многомерных. 
Также проведена серия вычислительных экспериментов, в которых из соображения простоты были взяты 
наиболее простые взаимно неоднозначные кривые, параметрическая структура этих кривых для алгоритмов 
была неизвестна, а известно только наблюдение. Численные исследования охватывали два случая: различные 
объемы выборки и различные уровни помех, действующих на исследуемые процессы. Восстановление взаимно 
неоднозначной зависимости играет важную роль при разработке роботов и различных робототехнических 
систем, движущихся по заранее не определенному или неизвестному рельефу. В качестве отдельных блоков 
рассматриваемые алгоритмы могут быть полезны в устройствах, используемых в аэрокосмической отрасли. 

 
Ключевые слова: априорная информация, непараметрическая модель, взаимно неоднозначные характери-

стики, непараметрические оценки. 
 
Introduction. The problem of function reconstruction 

from observations when the studied process is described 
by mutually ambiguous characteristics is considered. This 
task comes to a problem of approximation, the main  
feature of which is the lack of aprior information about  
a parametrical structure of the studied process model. 
Nonparametric estimation of mutually ambiguous charac-
teristics, some modification and results of numerical studies 
are offered. 

At reconstruction of regression functions from obser-
vations nonparametric estimates are often used. At the 
same time it is supposed that the nature of its dependence 
is unambiguous on an argument. Hereafter, the problem 
of function reconstruction from observations at mutually 
ambiguous dependence is considered. This demanded the 
introductoin of some changes into the known estimation 
of Nadaraya-Watson [1].  

Aprior information. Aprior information – a set of 
known in advance data of the studied process, criteria  
of optimality and restrictions. The criterion of optimality 
expresses those requirements which have to be best satisfied 
and restrictions define our opportunities. Thus, the aprior 
information known to the researcher at an initial stage is a 
basis for a mathematical formulation of the task [2]. And 
in essence substantially predetermines a research method [3]. 

In various computer systems of modelling an impor-
tant role belongs to reconstruction of functions from ob-
servations, in particular to mutually ambiguous function 
which can be applied at creation of, for example, robots, 
robotic systems moving on in an unknown area (the area 
with an unknown terrain). 

The levels of aprior information are important during 
the modelling and control of discrete continuous process- 
ses. The processes proceeding continuously in time but 
the variables of which are controlled at discrete time 
points are related to such processes. Let us point out the 
following levels of aprior information [4]: 

1. Systems with full information. In this case an op-
erator of the process is exactly known, and the casual dis-
turbances affecting an object and connection channels are 
absent. During the solution of identification and control 
problems, the methods of mathematical theory of opti-
mum processes and also other methods of synthesis and 
analysis of control systems can be used.  

2. Systems with incomplete information. These are 
systems with independent (passive) accumulation of  
information. In this case, the effect of input influence  
is perceived as simply random influence. Disrurbances are 
usually assumed in the theory of stochastic systems as 

random impact on an object. Besides, the class of opera-
tors is not known exactly but the assumptions of density 
of distribution of all random factors are necessary. The 
density of probability of random factors affecting an ob-
ject and in channels of variables measurement are usually 
assumed normal and additive. It is clear that in this case 
the existence of selection of input and output variables of 
an object is necessary and observations are statistically 
independent. Systems with incomplete information are 
related to the class of open or neutral systems. 

3. Systems with active accumulation of information. 
The characteristic of these systems is that problems of 
identification and the task of control can be integrated 
because sample units of measurements consistently come 
to the training model and a control system. Thus in case 
of association of these tasks, the elaboration of control 
impacts has ambivalent (dual) character – they have to be 
both exploring and controlling [2; 3]. However if the dis-
turbances operating the process are additive in channels of 
measurement as well, then in general the system of dual 
control can become open, its rate of information accumu-
lation does not depend on values of input variables. Such 
systems are called leading to open or neutral. But there 
exists a class of non-neutral systems, i. e. a class of irre-
ducible systems.  

4. Systems with parametric ideterminacy. A paramet-
ric level of aprior information assumes the existence  
of a model parametrical structure and some characteristics 
of random disturbances, such as zero mathematical expec-
tation and limited dispersion which are usual. For estima-
tion of parameters various iterative probabilistic proce-
dures are used more often. Under these conditions the 
problem of identification in narrow sense, as well as in all 
previous cases, is also solved. 

5. Systems with nonparametric uncertainty. A non-
parametric level of  aprior information does not assume 
the existence of a model but demands the existence of 
some data of qualitative character about the process, for 
example, unambiguity or ambiguity of its characteristics, 
linearity (for dynamic processes) or the nature of its 
nonlinearity. Methods of nonparametric statistics are ap-
plied to the problem of identification at this level of aprior 
information solving (identification in a broad sense [5]). 

6. Systems with parametric and nonparametric uncer-
tainty. From the point of view of practice, the tasks of 
identification of multivariable systems under conditions 
when the volume of initial information does not correspond 
to any of the above described levels are important. For 
example, for separate characteristics of a multivariable 
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process on the basis of physical-chemical and energy 
regularities, a law of conservation of mass, balance ratios 
parametrical regularities can be deduced, but for others 
can not be deduced. Thus, we are in the situation when 
the task of identification is formulated under conditions  
of both parametric and nonparametric aprior information. 
Then models represent the interdependent system of pa-
rametric and nonparametric ratios. 

Nonparametric approach. Nonparametric estimates 
of probability density of p(x) from observations xi, 1,i s  
are the basis of this approach. Nonparametric estimates  
of multidimensional probability density were considered 
in [1; 6] in details and are given as:  

 
1 1

1 1( ) Ф ,
j jks

i
s

i s sj

x x
P x

s c c 

 
   

 
   (1) 

where Ps(x) – estimation of density of elements distribu-
tion; s – sample size; k – a vector lenth  x. 

Here Ф(v) – a kernel – the finite bell-shaped function 
integrating with a square which satisfies the conditions  
[1; 4; 6]: 

0 Ф( )v    ( )v v  , 1 Ф  1i

s s

x x
dx

c c

 
 

 
 , 

  1lim Ф i
n i

s s

x x
x x

c c
 

   
 

, (2) 

where cs – a blurring parameter defining the size of the 
carrier and “delta-shape” of a kernel Ф(v) [4]. 

In a computing experiment the bell-shaped functions 
Ф(v) of different types are used, for example:  

Rectangular kernel: 
0.5,

Ф( )
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Parabolic kernel: 
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v
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v
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
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In fig. 1, 2 function Ф(x/cs)/cs constructed for three 
values of a blurring parameter cs = 0.2, 0.4, 0.6. is pre-
sented. 

The blurring parameter sc  meets the following condi-
tions: 

 0sc  , lim ( )k
s ss c   , lim 0s sc  . (4) 

Nonparametric estimation of regression function 
from observations. For reconstruction of function of 
regression of M{y|x} from observations {xi,yi, 1,i s } we 
use nonparametric estimates of density of probability (1). 
As, M{y|x} looks as follows: 
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Replacing in (5) p(x,y) by nonparametric estimates (1) 
and using property: 
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it is easy to receive nonparametric estimation of function 
of Nadaraya–Watson regression which for a one-
dimensional case looks as follows:  
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and for a case if  x a k-dimensional vector it is equal: 
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where xi, yi, 1,i s  sample of observations; Ф(v) – a bell-
shaped function; v – unspecified variable; cs – a blurring 
parameter. 

 

 
 

Fig. 1. Parabolic kernel        Fig. 2. Triangular kernel 
 

Рис. 1. Параболическое ядро       Рис. 2. Треугольное ядро 
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At reconstruction of mutually ambiguous function  
of regression Nadaraya-Watson’s estimation has to be 
changed as follows [7; 8]: 

( )s tY x 
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1

1 1 1 1

1
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,
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s
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


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where xt–1, yt–1 values of coordinates of regression func-
tion on the previous step of its estimation.  

As numerous computing experiments showed it is 
worthwhile (7) to correct a bit as follows: 

( )s tY x 
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where Ф0(v) with an accuracy to coefficient repeats Ф(v), 
and Ф0(v) = 1, if v < 1 and 0 in other cases. In this case 
Ф0(v) will not affect a reconstruction error but will allow 
“to record” an algorithm in the previous point of the 
movement at estimation of every subsequent point. If  x 
vector of dimension of k: (x1, …, xk)Rk, the training 
sample in this case is: x1i, …, xki, yi, 1,i s . At reconstruc-
tion of mutually ambiguous function of regression non-
parametric estimation has to be changed as follows: 
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where  xj
t–1, yj

t–1 values of coordinates of regression func-
tion on the previous step of its estimation. 

Nonparametric estimation (11) can be modified as fol-
lows: 
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(12) 

where Ф0(v)  is same as above.  
A computing experiment. First, we will consider 

some ideas of the control theory. The key feature is that 
the existing theory of control needs to present the object 
equation with an accuracy to a vector [9–11]. Proceeding 
from it, regulators can be synthesized: adaptive, self-
adjusting and others [12; 13]. At application of the opti-
mum theory of control [2; 14; 15] getting the regulators 

corresponding the given control task is possible. Blocks 
with the basic purpose of reconstruction of mutually  
ambiguous characteristics according to the experimental 
data can occur to be a constituent of the received control 
systems. We give the results of some computing experi-
ment for a similar element of system below, exactly, the 
reconstruction of mutually ambiguous characteristics 
from observations. When carrying out a computing  
experiment mutually ambiguous characteristics can have 
various shapes: circles, ellipses and others. Without viola-
tion of generality, we will accept mutually ambiguous 
characteristic of dependence  y(x) (for simplicity reasons) 
in the shape of a circle:  

 
2 2 2 ,x y r   (13) 

where r – a circle radius.  
In this case the training sample was formed  in the fol-

lowing way: the initial point x' was set on a random basis 
and y'(x) was calculated according to (13). As a result,  
the sample xi, yi, 1,i s  was formed. Note that xi could be 
defined as a result of a stable step Δx on ( )x x  or of  

a random number detector ( )ix x , 1,i s . During the 
process of computer research other mutually ambiguous 
characteristics of dependence y(x) were also used. 

At reconstruction of mutually ambiguous characteris-
tic from observations unknown to the researcher, the 
question of the choice of the direction of movement is 
important, though, in principle, it can be arbitrary at an 
initial stage. But all subsequent changes of the current 
variable x are in rigorous dependence of the previous one.  

The processes characterized by mutually ambiguous 
dependences have such feature that values  xt,  t = 1,2… 
appear strictly sequentially in this or that direction. In fig. 3 
such process is presented. Let, for example, on the first 
step of x = x1, then  x2 etc. Values  xt  appear only after xt–1, 
that is “movement” xt in the arbitrary direction takes 
place. Emergence of values begins at some point of  xt 
and moves sequentially, passing points t2, t3. At the same 
time transition of x1, for example, to x5 is impossible until 
the previous four points are passed. Thus, the entity of the 
offered estimates (9), (10), is that at estimation of the next 
point, “fixing” to the previous point in the corresponding 
algorithms takes place (9), (10). 

In fig. 3 the process representing a circle is given. The 
movement along a variable happens from right to left and 
from left to right, what characterizes serial emergence  
of sample values. 

On the following step random impact of  h from  
observations yi was added  

 ,i ih ly   (14) 

where  1,1  , disturbances level 0,5,10 %.l   
As a criterion of accuracy of nonparametric estimation 

the ratio was used: 
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where 
1

1 s

i
i

y y
s 

   – arithmetic mean; ys(xi) – nonpara-

metric estimation; yi – true sample received according  
to a formula (13). 

We will give the results of a numerical research illus-
trating effectiveness of an algorithm. As a bell-shaped 
finite function the triangular kernel was used. The algo-
rithm was tested on the training samples of various sizes, 
at the same time serial increase in a sample size was per-
formed by addition of new elements to already available: 
s = 50, 100, 500. 

In all drawings we designate figure (1) – the training 
sample, (2) – nonparametric estimation.  

The operation of an algorithm (9) in fig. 4–6 under 
various conditions is shown: when the sample size  

is equal to 50, 100, 500 elements; the disturbances level  
is equal to 0 %; the experiment was conducted in the 
mode of the sliding examination. 

In fig. 7 the dependence of an error values of recon-
struction of size at various disterbance levels is presented. 

In computing experiments other mutually ambiguous 
characteristics were also used. Some fragments of a re-
search are given below. In fig. 8, 9 the experiment under 
various conditions was conducted: the sample size is 
equal to 100, 200 elements; the disturbance level is equal 
to 0 %; the experiment was made in the mode of the slid-
ing examination. 

In fig. 10–15 it is well visible how the error of recon-
struction depends on a disturbance level and on a sample 
size for a circle and for amore composite figure. 

 

 
 

Fig. 3. This sample is presented 
 

Рис. 3. Представлена данная выборка 
 
 
 

     
 

Fig. 4. S = 50; w = 0.1098  Fig. 5. S = 100; w = 0.0469 
 

Рис. 4. S = 50; w = 0,1098                  Рис. 5. S = 100; w = 0,0469 
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Fig. 6. S = 500; w = 0.0068 
 

Рис. 6. S = 500; w = 0,0068 
 
                            

  
 

Fig. 7. Dependence of the recovery errors  
on the volume at different levels of interference 

 
Рис. 7. Зависимость значений ошибки восстановления  

от объема при различных уровнях помех 
 
 

 
 

      Fig. 8. S = 100; w = 0.042                         Fig. 9. S = 200; w = 0.018 
 

      Рис. 8. S = 100; w = 0,042                         Рис. 9. S = 200; w = 0,018 
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Fig. 10. S = 50; l = 5 %; w = 0.2173   Fig. 11. S = 50; l = 10 %; w = 0.2926 
 
Рис. 10. S = 50; l = 5 %; w = 0,2173   Рис. 11. S = 50; l = 10 %; w = 0,2926 

 

 
 

Fig. 12. S = 100; l = 5 %; w = 0.0602               Fig. 13. S = 100; l = 10 %; w = 0.0845 
 

Рис. 12. S = 100; l = 5 %; w = 0,0602               Рис. 13. S = 100; l = 10 %; w = 0,0845 
 

 
 

Fig. 14. S = 200; l = 5 %; w = 0.0308   Fig. 15. S = 200; l = 10 %; w = 0.0011 
 
Рис. 14. S = 200; l = 5 %; w = 0,0308    Рис. 15. S = 200; l = 10 %; w = 0,0011 
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For descriptive reasons, we will change places of yi 
and xi in estimation (9) in fig. 16, 17. We will be convinced 
that estimation differs a bit at points of intersection of the 
graph and an abscissa axis as could seem from fig. 10–13. 

We will demonstrate the work modified algorithm (10), 
under the following conditions: at a disturbance level 
equal to 5 and 10 %; with a sample size equal to 100 ele-
ments; in the mode of the sliding examination. Comparing 
errors of reconstruction we look at fig. 12, 13 and 18, 19 
and we see a small improvement. 

In fig. 18, 19 we see that an error of reconstruction is  
a little less than in fig. 12, 13. This means that nonpara-
metric estimation has became more accurate. 

Also in a case with a more composite function in fig. 
20, 21 it is visible that an error of reconstruction is a little 
less than in fig. 14, 15. This means that nonparametric 
estimation has became more accurate. 

It should be noted that: with decrease of an error  
reconstruction (w) the accuracy of estimation increases; 
with the increase of a sample size (s) the error of recon-
struction (w) decreases; the size of an error grows  
at increase of a disturbance level (l).  

The following question is possible: “Why was the  
circle used to check the work of an algorithm?”, because 
there are a lot of more composite shapes, and the answer 
is simple – the chsracteristic of this algorithm is its uni-
versality. This means that it is not essential for an algo-
rithm what function to reconstruct, whether it is a circle, 
an ellipse, an Archimedes spiral or a Cassini’s oval.  
“Being fixed” in the previous xt point, that is in a xt–1 
point, and following the sense of a rotation, it is always 
possible to get a nonparametric estimation of mutually 
ambiguous functions. 

 
 

 
 

Fig. 16. S = 500; l = 5 %; w = 0.0283                 Fig. 17. S = 500; l = 10 %; w = 0.055 
 

Рис. 16. S = 500; l = 5 %; w = 0,0283                 Рис. 17. S = 500; l = 10 %; w = 0,055 
 
 

 
 

Fig. 18. S = 100; l = 5 %; w = 0.057                Fig. 19. S = 100; l = 10 %; w = 0.0817 
 

Рис. 18. S = 100; l = 5 %; w = 0,057                Рис. 19. S = 100; l = 10 %; w = 0,0817 
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Fig. 20. S = 200; l = 5 %; w = 0.0301             Fig. 21. S = 200; l = 10 %; w = 0.0009 
 
Рис. 20. S = 200; l = 5 %; w = 0,0301             Рис. 21. S = 200; l = 10 %; w = 0,0009 

 
Conclusion. The main result of the present article is 

an introduction of a new class nonparametric estimation 
of mutually ambiguous functions from observations with 
errors. It distinguishes the problems of nonparametric 
estimation from the known nonparametric estimates of the 
function of Nadaraya-Vatsona regression. Some modifica-
tions of nonparametric estimates are given, under such 
conditions the attention is drawn to a method of bypassing 
of entered nonparametric estimates along a trajectory  
determined by elements of the training sample.  

For simplicity of a numerical research the function  
described by a circle was taken, though it is not essential 
to the offered algorithm. In other words, the algorithms 
offered are suitable for reconstruction of the ambiguous 
dependences described by more composite curves, the 
character of which is apriori unknown, only a sample  
of observations of the studied process is known. 
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