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There are parametric and nonparametric statistical models in the literature. These models differ from each other in
levels of the prior indeterminacy in the statistical description of observations. The difference in ways these models were
created tends to smoothing by introduction of transition models. It is explained by the fact that a statistical model, as
well as any other model, is inevitable idealization and it can be only successful approximation of actual processes at its
best. Emphasizing this fact, Box writes: “All models are irregular, but some of them are useful .

When using statistical procedures it is desirable to have information about what deviations have a decisive influ-
ence on the final conclusion at statistical analysis. In case the true distribution is not normal, there can be questions
of normal theory reference procedures applicability. The recent research approach called “robast statistics” and offered
as “third generation statistics” after parametric and nonparametric statistics by American mathematician J. Tyyuki is
devoted to answer formulated above questions and create statistical procedures insensitive to deviations from assump-
tions. A number of publications on this approach constantly increases, there are already monographs, among them the
first book of Hyubera, the book by F. Hampel and others, educational literature is also available.

The “robust” term, which corresponds to the definition “rough, strong”, was introduced into statistical literature
by Box in 1953 and since the middle of the sixtieth this term has became conventional for the section of statistics where
statistical procedures insensitive to deviations from the accepted model assumptions develop. The robust idea has had a
long history, which was described in Stigler’s work. It appears in the work of K. Gauss, S. Newcomb, A. Eddington and
others. However systematic development of robust ideas began with J. Tyyuki’s works and, especially, after the work
of Hyuber in 1964.

In this work an estimation of functions with a data outlier problem is given. In case of nonparametric indeterminacy
the following steps are used to solve the problem:

1) the type of regression function with input data is set;

2) function estimation is applied.

We suggest the following reliable robust nonparametric estimation approach. The main idea is to exclude the data
which can affect estimation.
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B aumepamype paccmampusaiomes napamempudeckue U Henapamempuyeckue Cmamucmuyeckue mooen. Dmu
MOOenU OMAULQIOMCSL Opy2 Om Opyea YPOSHAMU ANPUOPHOL HEONPEOeeHHOCIU 6 CIMAMUCIUYECKOM ONUCAHUL HAOMIO-
Oenutl. Paznuuue 6 cnocobax 3a0anusi smux mooenetl umeem meHOeHYUo K CIaNCUBAHUI, 00CMUsaemomy nymem 66e-
O€HUsL NPOMEIICYMOUHBIX Mooeell. Dmo 00viCHAemc s mem GAaKmom, 4mo CMamucCmuideckds Mooensb, Kak u 6000uje
m06as MOOeb, A8NAEMCsl HeU3DEINCHOU UOCANU3AYUCH U MONCEM OKA3AMbCL 8 JyHuleM Cyuade Tuulb YOa4HOU annpok-
cumayueti peanvuvix npoyeccos. Iloouepxueas smom ¢paxm, Boxe nuwem: «Bce modenu nenpasuivhole, HO HEKOMO-
pble U3 HUX NOLE3HbLY.
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Ilpu ucnonv3oganuu cmamucmuiyeckux npoyeoyp dHCeramenbHo UMemb UHPOPMAYUIO O MOM, KAKUe OMKIOHEHUs
0KA3bI6AIOM pewaroujee eUAHUEe HA KOHEUHbIll 8b1600 NPU CMAMUCMUYECKOM ananuze. Mozym 603HUKHYMb 60NpOCHl
0 NPUMEHUMOCIMU CMAHOAPMHBIX NPOYeOyP HOPMATLHOU Meopuu, Ko20a UCIMUHHOe PacnpedeneHue He S6lAemcs Hop-
manvHvim. Omeemam Ha CHOPMYIUPOBAHHBIE BONPOCHL U NOCMPOEHUI) CIAMUCTIUYECKUX NPOYeoyp, Hewy8Cmeumens-
HbIX K OMKIOHEHUAM OM NPeOnoNONCeHUll, NOCCAUEHO HOB0E HANPAGIeHIe, HA38AHHOe PODACMHOU CIMAMUCIUKOLU,
Komopoe Obil0 8bl0eNeHO amepuKkanckum mamemamuxom [owc. Toloku 8 «cmamucmuxy mpemve20 NOKONEeHUA» NOcie
napamempuieckoll u Henapamempuieckou cmamucmuku. IIyonuxayuu no 3momy HanpaeieHuio NOCMOAHHO Y8eauyu-
earomcs, yace umeemcs psao MoHozpaguil, cpedu Hux nepseas kHuea Xwrobepa, kHuea @. Xamnens u Op., makosce
umeemcs u yuebnas 1umepamypa.

Tepmun «pobacmuocmey coomeemcmeyem aHenuiickoMy ciosy robust, nepegod Komopozo — «2pyoulil, culbHbll,
Kpenkuily, 6 Cmamucmu4eckyio iumepamypy smom mepmun ovin eseden boxcom ¢ 1953 200y, u ¢ cepedunuvt wecmuoe-
CAMBIX 20008 IMOM MEPMUH CMal 0OWEenpuUsHAKHLIM Ol pazoend Crmamucmuki, 8 KOMopoM pa3eusaromcs cmamu-
cmuyecKkue npoyedypel, HeUy8CmaUumenbHvle K OMKIOHEHUAM Om NPeOnoaodceHuti npunamou mooeau. Ommemum, 4mo
udeu pobacmHoOCmu umeiom OagHIoI0 Ucmopulo, Komopas npociedcena 6 pabome Cmuenepa. OHu nosisomcs
6 pabomax K. I'aycca, C. Hotoxomba, A. Dounemona u op. O0Haxo cucmemamuieckoe pazgumue uoei pooacmuocmu
Hauunaemcs ¢ pabom . Totoku, u ocobenno nocie evixooa pabomol Xotobepa 6 1964 2.

Hana oyenxa ¢pynkyuil ¢ npobaemou 6vibpoca OaHubiX. B cnyuae Henapamempuueckoii HeonpeoeienHOCU O
peuienus npodiembl UCNONBLIVIOMCA Cedylowue wazil:

1) 3a0an mun gynryuu pespeccuu ¢ UCXOOHLIMU OAHHBIMU,

2) npumensiemcs oyeHka QyHKyuu.

Ilpeonazaemcs nadedxcnvlii Henapamempuueckuti nooxo0 K oyeuke. OCHO8HAA UOes COCMOUM 6 MOM, Ymoobl
UCKTIIOYUMb OaHHble, KOMOopble MOZYM NOGIUAMb HA OYEHK).

Kniouegvie cnoea: menapamempuyeckue oyeHku QyHKYUU pespeccuu, Henapamempudeckas Mmooenvb, npoyedypa
pobacmnozo oyenusaHusl.

Introduction. The problem of restitution of regression ¢, >0, lim,_ s(c, ) =0, lim,_,, ¢, =0. 3)
function on observations with outliers is considered [1-5]. o . o ) .
When studying the task [6; 7], we use the suggested ro- In case of multi-dimensional data (k-dimensional) it is:
bust estimation procedure, which is a correction of the s k Y —x
training sample free of outliers [8—11]. Thus, we obtain A L
the function value and its restitution without outliers. Y.(x) = =l =1 Cs )

In the last decades of the last century, the intensive s s & vo—x )
development and application of nonparametric and robust ZH@ S
methods of data processing began [12—17]. The reason is i=l j=1 Cs

that on the one hand there is the need to control complex L — .
economic and social structures without parametric ¥s Yo i =15, —sample of observations; ®(v) — bell-shaped
descriptions, as well as technical objects, for which, for ~ function; v — random variable, ¢, — blur coefficient.
example, the applied methods stability is important Robust nonparametric regression function estima-
to failures and noise in the operation of recording equip- ~ tion on observations. Step-by-step experiment scheme
ment, on the other hand, the development of computing  is as followed:

technology, which makes it possible to implement labori- 1. The initial sample on an actual object is obtained.

ous algorithms [18]. 2. We set up the blur coefficient and choose the bell-
Nonparametric regression function estimatimation  shaped function .

on observations. Nonparametric estimation of regression 3. We check each sample point for estimation quality.

function on observations for a one-dimensional case is the 3.1. If the estimation quality is sufficient and inequal-

following [19; 20]: ity “more 2627 is not satisfied, then the initial sample

s Y—x becomes the working sample.
( J 3.2. If the estimation quality is not sufficient and ine-

il

—_—, (1) quality “more 2c°” is satisfied, then outliers are ex-
i ® ( X=X J cluded from the initial sample and less points will become
the working sample.
4. We restitute the regression function by means of
nonparametric estimation.
Computing experiment. y = sin (x)* is a function
x-x j deel chosen for the computing experiment. When forming the

®(v) — is the kernel. The kernel is a finite bell-shaped
square integrable function satisfying conditions [19; 20]:

training sample, outliers were artificially added.
The triangular kernel is used as a bell-shaped function
D(v):

0<d(v)<oo VYven(v), LJ@(
CS

Cs

limn_)oolq{x_xl)zﬂx—xi)a ()
CS CS

l—|v|, |V|SL

5
0, P>L ®

Dd(v) = {

¢, — blur coefficient which satisfies the following conditions:
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Further we perform the work with the entire sample
constructing the function and its restitution, we find the
criterion of accuracy. As the criterion of nonparametric
estimation accuracy we use the quadratic criterion:

S

o’ = Z(yi =V (xi))z’

i=1

(6)

y; — a true sample received on the formulas given above;
vs(x;) — is @ nonparametric estimate.

After checking the accuracy criterion, we pay atten-
tion to the points at which the restitution error is big and
they satisfy criterion (7). Elements of the training sample
that satisfy the requirement:

p; > 267,

(N

where p; =(y; —y,(x;)),i =1,s, are allocated and ex-
cluded from the initial sample.

We consider in fig. 1 — is a training sample, 2 — is
nonparametric estimation. The triangular kernel was used
as a bell-shaped finite function,

We present the results of the numerical experiment il-
lustrating the effectiveness of an algorithm. We consider
restitution of regression function on observations, which
has several outliers at a sample size 100.

(4]

For illustrative purposes, we will add the perturbation
action to some observations:

hi = lyigs
where & € [—1,1] , noise level is [ =5 %.

(®)

There are the elements of the sample, its approxima-
tion and two outliers on fig. 1. The restitution accuracy is
0.36. It is the same on fig. 2, except that 5 % noise level is
added. The restitution accuracy is 0.40. It should be noted
that restitution accuracy depends on whether there is the
noise in the function.

There are five outliers on fig. 3. The restitution accu-
racy has obviously changed and is equal to 0.54.

Using p; > 26%, we exclude outliers from the initial

sample.

Fig. 4 displays algorithm work with regard to robast
estimation. In this case the sample size decreased because
the program excluded outliers enterfering good restitu-
tion. In fig. 5 the 5 % noise level is added to the restituted
function, accuracy of restitution decreased — 0.11, that is
more than in fig. 4. Note that restitution accuracy signifi-
cantly increased, not 0.36 and 0.54, but 0.06. It means that
the given function was basically completely restituted.

As an experiment, the same function with the same
outliers but for a smaller sample size — 60 was considered.
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Fig. 1. Two-outlier restituted function
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Fig. 2. Two-outlier restituted function with 5 % noise level
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Fig. 3. Five-outlier restituted function
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Fig. 4. None-outlier restituted function

Puc. 4. BoccranoBnenHas GpyHkius 0e3 yyera BHIOPOCOB

]
15 I 1

2.0 0.5 1.0

1.5 2.0 2.5 3.0

Fig. 5. None-outlier restituted function with 5 % noise level

Puc. 5. BoccranoBnennas ¢pyHknust 6e3 yaera BHIOPOCOB, HO ¢ momexoit 5 %

Sample units, its approximation and two outliers are
also given in fig. 6. Restitution accuracy decreased
to 0.45. Fig. 7 displays sample units with five outliers, the
restitution error is 0.69. In fig. 8 the restituted function
without outliers is presented, the accuracy of restitution is 0.14.

828

It is worth noticing that the sample size considerably
influences restitution accuracy. For example, the accuracy
of 100 elements sample size with regard to two outliers
was 0.36, in the same case of 60 elements sample size
it was 0.45.
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For descriptive reasons we will consider one more
similar function: y = cos(x)” - sin(x) with 100 elements
sample size.

Sample units with one and three outliers respectively
are given in fig. 9-11. Restitution accuracy at one outlier
is 0.31, and at three — 0.41.

In fig. 10 the 5 % noise level was added to one-outlier res-
tituted function. The restitution accuracy — 0.33. In this case,
accuracy of restitution was not strongly affected by the noise.

Fig. 12 shows the restitution of function without
outliers, the accuracy of restitution is 0.04. And in fig. 13
there is already 5 % noise level, restitution accuracy
is 0.12. In this case, accuracy significantly decreased.

outliers
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Fig. 2. Two-outlier function estimation
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Fig. 8. None-outlier restituted function

Puc. 8. BoccranoBnenHas GpyHKuust 6€3 yduera BHIOPOCOB

829



Cubupckuil scypHan Hayku u mexvonoeuu. Tom 18, Ne 4

1.0 —
05 1 ;’"_‘dﬂ:j/ -t
0.0 4 :
. |
051 \ N\
10+ ;
91 outliers
B e e B S S S e T e }
0.0 0.5 1.0 1.5 2.0 2.5 3.0
Fig. 9. One-outlier restituted function
Puc. 9. BoccranoBiieHHast yHKIMSI C y9ETOM OJHOTO BEIOpOCca
1.0
a E N
1.0 4+ .
] outliers
45 F——— ettt} —t—
0.0 0.5 1.0 1.5 2.0 2.5 3.0
Fig. 10. One-outlier restituted function with 5 % noise level
Puc. 103. BoccranoieHHast pyHKIHUS C y4€TOM OJHOTO BBIOpOca 1 IIOMeXo0ii 5 %
0T outliers

———

0.0 0.5 1.0 1.5 2.0 25

Fig. 11. Three-outlier restituted function

Puc. 11. BoccraHoBineHHass QYHKIHS ¢ YIETOM TPEX BHIOPOCOB

3.0



Mamemamuxka, mexanuxa, ungopmamuxa

0.5 4+ oty oy
A - i
A
0.0 ) L
*&\_ Vd v
0.5 4 'i-;
AN
. A
1.0 4+ h"mﬁ*
0.0 G.TE TS 1.I5 .'!TG ._I5 STS
Fig. 12. None-outlier restituted function
Puc. 12. BoccranoBnenHast pyHKIus 6e3 ydera BBIOPOCOB
1.0
= A
0.5 T e
e A
S\ & '\,&q‘
0.0 N =
AR Lt 2
0.5 = I i
~ 4
*®
1.0 W p |
@+ } + t t } }
0.0 0.5 1.0 5 2.0 2.5 3.0

Fig. 13. None-outlier restituted function with 5 % noise level
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Conclusion. The main result of the article is that
by means of the robast estimation approach it is possible
to obtain significantly better function restitution quality
on observations. It is worth noticing that restitution accu-
racy considerably increased after we excluded outliers.
For descriptive reasons of the experiment several func-
tions for restitution were considered. For the first function
two sample sizes 100 and 60 were considered, we were
visually convinced that the sample size has not small
value for restitution. The restitution accuracy is signifi-
cantly higher if the sample size is equal to 100 rather than
if it is equal to 60.
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