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ON NECESSARY AND SUFFICIENT CONDITIONS OF SIMPLY REDUCIBILITY
OF WREATH PRODUCT OF FINITE GROUPS
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A finite group is considered to be real if all the values of its complex irreducible characters lie in the field of real
numbers. We note that the above reality condition is equivalent to the fact that each element of the group is conjugate to
its inverse. A finite group is called simply reducible or a SR-group if it is real and all the coefficients of the
decomposition of the tensor product of any two of its irreducible characters are zero or one.

The notion of a SR-group arose in the paper of R. Wiener in connection with the solution of eigenvalue problems in
quantum theory. At present, there is a sufficient amount of literature on the theory of SR-groups and their applications
in physics. The simplest examples of SR-groups are elementary Abelian 2-groups, dihedral groups, and generalized
quaternion groups.

From the point of view of a group theory questions of interest are connected first of all with the structure of simply
reducible groups. For example A. 1. Kostrikin formulated the following question: how to express the belonging of a
finite group to the class of SR-groups in terms of the structural properties of the group itself. Also, for a long time it was
not known whether a simply reducible group is solvable (S. P. Stunkov’s question). A positive answer to the last
question was obtained in the works of L. S. Kazarin, V. V. Yanishevskiy, and E. I. Chankov. Questions concerning the
portability of the properties of a group to subgroups, factor groups, and also their preservation in the transition to
direct (Cartesian) and semidirect products or wreath products are always of interest.

The paper proves that the reality of H is the necessary condition of simply reducibility of the wreath product of the
finite group H with the finite group K and the group K must be an elementary Abelian 2-group. We also indicate
sufficient conditions for simply reducibility of a wreath product of a simply reducible group with a cyclic group of order 2.

Keywords: simply reducible group, real group, wreath product.
Cubupckuii xxypHan Hayku 1 TexHosoruid. 2018. T. 19, Ne 2. C. 212-216

O HEOBXOJIUMBbIX 1 TOCTATOYHBIX YCJIOBUAX MPOCTO NPUBOJUMOCTH
CINVIETEHUSA KOHEYHBIX I'PYIIIIL

C.T. KonecHukon

Cubupckuit rocyIapCTBEHHBIN YHUBEPCUTET HAYKHM U TEXHOJIOTHI NMeHHU akanemuka M. @. PenrerneBa
Poccutickas ®@eneparnus, 660037, r. KpacHosipek, mpoctr. uMm. ra3. «KpacHosipckuii padoumnii», 3 1
E-mail: sgkolesnikov@sibsau.ru

Koneunyio epynny nazogem eeujecmeeHHol, eciu 6ce 3HAYeHUsl €€ KOMWIEKCHbIX HenpueoOUMbIX Xapakmepos jie-
Jrcam 6 noje seujecmeeHnblx yucelr. Ommemum, 4mo chopMyIupo8anHoe Bbliie YCI08Ue BeUieCmMEEHHOCTU PAGHOCUIb-
HO MOMY, YMO KAXNCOblll DNIeMEHm SPYRNbl CONPSdiCer co ceoum obpamuvim. Koneunas epynna mazvieaemcs npocmo
npusodumou, unu SR-zpynnou, eciu ona eewyecmeenna u 6ce Kodpuyuenmol pasnoxtceHus MmeH30pHo20 NPou3sedenus
JI0OBIX 08YX €€ HeNnPUBOOUMBIX XAPAKMEPOS PAGHBL HYJIIO UL eOUHUYe.

THousmue SR-epynnei 603nuxn0 6 pabome P. Bunepa 6 céa3u ¢ pewienuem 3a0ay Ha cOOCMBEHHble 3HAYEHUS 8 K8AH-
mosotl meopuu. B nacmosiwyee epems umeemcs 00CMamoyHo umepamypsl no meopuu SR-epynn u ux npunojiceHusm 6
¢usuxe. Ilpocmetimue npumepvr SR-epynn daiom snemenmaphvle abenesvl 2-epynnvl, OudIOpalbHbvle pynnsl U 0000-
WeHHble 2PYNNbl KBAMEPHUOHOB.

C mouku 3penuss meopuu spynn npesicoe 8ce2o0 npedCmasision uHmepec 80NPoChl, CéA3AHHbIE CO CIMPOEHUEM Npo-
cmo npusodumvix epynn. Hanpumep, A. U. Kocmpukun ommeyaem ciedylowuil ORpOC: KAK GbIPA3UMb NPUHAONEIHC-
HOCMb KOHEYHOU 2pynnbl K Kiaccy SR-2pynn 6 mepmuHax cmpyKmypHblX c8oucme camoul epynnsl. Taxdce npooonicu-
menbHoe 8peMsl He ObLI0 U3BECMHO, SGISEMCS U NPOCmo npusooumas epynna paspeuwumoti (éonpoc C. I1. Cmpynko-
6a). Ilonoscumenvhuviti omeem Ha nociedHull eonpoc Ovin nonyuer ¢ pabomax JI. C. Kazapuna, B. B. Anuwesckozo
u E. U. Yankosa. Bonpocui, kacarowuecs nepenocumocmu c60icme epynnsl Ha NoOZPynnbl, axmop-epynnol, a maxice
COXpAHEHUs UX npu nepexooe K NpsamviM (0eKapmoswvim) U NOIYNPAMbIM NPOU3EEOEHUSM UL CIIEMEHUAM, 8Ce20d bl-
3618a10M UHMEPEC.
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Hoxazano, umo HeoOX00UMbIM YCIOGUEM NPOCMO HPUBOOUMOCHIU CHAemeHUsT KOHeyHol 2pynnel H ¢ koneuHoil
epynnou K sensiemcs eewecmeennocms H, a epynna K Oonicna 6vimo snemenmapnoii abenesoui 2-epynnou. Taxoice
VKA3aHbl 00CMAMOYHble YCA06US NPOCMO NPUBOOUMOCIYU CHIEMEHUsl NPOCMO NPUBOOUMOL SPYNNbL C YUKAUYECKOU

epynnot nopsoxa 2.

Knroueswvie crosa: npocmo npueodu/waﬂ cpynna, 6ewlecmeernas cpynna, cnjiemenue.

Doi: 10.31772/2587-6066-2018-19-2-212-216

Introduction. Simply reducible groups introduced by
Wigner in [1] in connection with the questions of the
quantum theory have found applications in other branches
of physics as well (for example, [2—6]). The questions
formulated above were noted in [7-9]. A positive solution
of the problem of a finite simply reducible group
solvability was published in a series of papers [10-12].
Questions of the portability of various properties of
groups to wreath products were considered in [13-15].

In this paper we determine necessary and sufficient
conditions for the simply reducibility of the wreath
product of finite groups. In the first section we find
necessary and sufficient conditions for the reality of the
wreath product of two finite groups. In the second section
we give necessary and sufficient conditions for the simply
reducibility of the wreath product of a simply reducible
group and a cyclic group of order 2, and we present an
infinite series of simply reducible groups built using the
construction of a wreath product.

The standard group-theoretical notation is used in this
paper (for example, [16]). We also use the following
equivalent definition of a simply reducible group that is
more convenient for computations. A finite real group is
called simply reducible if

2.05(8)=2 1Ca()

geG geG

05(2)=ItheG|h* =g}|
centralizer of the element g .

where and Cg(g) is a

Necessary conditions for simply reducibility
of the wreath product of finite groups

Theorem 1. Let H and K be finite groups, and their
wreath product HsK is a simply reducible group. Then H
is a real group, K is an elementary Abelian 2-group.

Proof. According to its definition, a simply reducible
group is real. We show that the reality G = HsK implies
that H is real, and the group K must be an elementary
Abelian 2-group.

So, let the group G = HsK be real, k, =1,k,,....k, are
all the different elements of the group K. Let us take an
arbitrary element he H and consider the element

x=h" of the group G. According to the definition of the
reality, there will be found such an element

y=k BB ... h eH,

of the group G, that x” =x"'. We have

(WY =x = =Y (Y KT kR k=
=(h'h)" (R ) () = (B R

whence it follows that k, =1 and A" =#h'hh. Thus,

every element of the group H is conjugate in it with its
inverse and, hence, H is a real group.
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Let us prove that K is an elementary Abelian 2-group.
We assume the contrary, let [k, |=s>2for some ;.

Without restricting the generality, we may assume that
ky=k; ky=4k:,....;k, =k Let us consider the element

g=k, W of the group G, where 1#he H. Again
according to the definition of the reality there will be
found such an element

y=k ... h", h,...h eH,

of the group G, that g’ = g™'. We have

kY =g =g =
=Y (YK BNk B R =

= k;{i (hgl)knkgi ”_(hl*l)klké{i ki hlkl K ,

n

whence it follows that kf" =k;" (in particular, k, does not

lie in a cyclic subgroup (k,) ) and, therefore,
YR = ey e e e ()

that  kk,' =k

Remembering, - kyky = ks

k' = k.. kd =k

s—1°

we obtain (after comparing the
right-hand and left-hand sides of relation (1)) the system
of equations

1=h"'h 1=h'h1=0"hy,..\=h\h_,,h="h"h_,,

from which

h=(h b )bk ). (s )y B )R h) = 1,

contradiction with the choice of 4. Hence, the group K is
an elementary Abelian 2-group. The theorem is proved.

We show that the conditions formulated in Theorem 1
are sufficient for the realness of the group G = HsK. Let
G = HsK, where the group H is real, and K is an
elementary Abelian 2-group. We choose an arbitrary
element g € G and establish its realness.

Situation 1. Let g:hlkl...hf”, where h,,....,h, e H.
From realness H it follows that there exist such elements
Biy...,r,€H, that Bi=h", i=1,...,n. The element

k k . .
y=rt..r", obviously, inverts g.

Situation 2. Let g= k-hlk1 ...h:” , Where keK wu
h,....h, € H. Without restricting the generality, we may
assume, that the elements of the group K are arranged in
such a way that kk =k, 1,...,m=n/2. According
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to this the element g (and any other element from K )
can be expressed by the following product

o=k T
i=1

We sort out for each product ik, ,, i=1,...,m, such

an element f;, € H, that (hh )fi =(hnh

i i+m i"Yi+m

)" and assume
y=k- ﬁ[(f;h,-)k" U )
Then
¢ =10 £ ) ke
)

X I |h,k'h,,2fn k-l I(fihi)ki (hi_lf,-)kik _
=l i1
o § (O O A R AN O R A R
i=1
= k[T b o) iy ) =
i=1

=k T (" =g
i=1

A sufficient condition of simply reducibility
of the wreath product of a simply reducible group
and a cyclic group of order 2

Theorem 2. In order that the wreath product G=HsZ,
of a simply reducible group H and a cyclic group of
order 2 be a simply reducible group it is necessary and
sufficient that the equality

Y. (365,00 Cyw) | 4367, ()| Cy ) +] Cy )[) =

(u,v)EHxH,uevH

=4a1|Y|c,mf+3 >

heH (h.f)eHxH hef!

M. @)

be satisfied.
In the following three lemmas, the structure of the
centralizers of the group G elements is determined.

Lemma 1. If g=(h,f), f,heH, and f"=h for
some ve H ,then

Co(g)={(t,w), 0wy, |t e C,y(h),u e C,y ()}
in particular,
|Co(2) =2:|C,y (M)

Proof. Let ze C,(g). Let us cosider two situations.
Situation 1. Let z=(x,y), x,ye H. Then

z gz =y ) ) )= (0 )= (, f),
from which x € C,(h) and y e C, (f).

Situation 2. Let z=o(x,y), x,yeH. Then

7 =o(a),

z'gz=o(y " x " )(h, )o(x,y) =
= Ly O = (0 = (),

from which f*=h and A’ = f. From the equalities
S =h and f"=h it follows, that x=uv, ueC,(f).
Similarly, from the equalities 4 = f and B = f it
follows, that teCy(h). Thus,

z=o(uv,tv"), where t e C,,(h) and ueC, (f).
The second assertion of the lemma follows from the
isomorphism C,, (h) = C,, (f). The lemma is proved.
Lemma 2. If g=(h,f) and the elements h and f
are not conjugate in H , then

Co(g) ={(x.») [x € Cy(h),y € Cu ()},

in particular,

y=tv', where

|Cs(2)|=|C)|C ().

Proof. Let zeCy(g). If z=(x,y), then

g =Ly D ) y) =, f7) = (B, ).
From which xeC,(h)and y e C,(f). If we assume
that z =o(x,y), then
g =o(y L, x )h, fo(x,y) = (f*h") = (h, ).

which contradicts the disconjugacy of 4 and f. The

lemma is proved.
Lemma 3. If g =o(h, f), then

Cs(g)=
={0" I yeC, (- HIU{o(f Lt ™) te C,u(f-h)},
in particular,
|Co(@)]=2:[Cyy (k- ).

Proof. Let

situations.
Situation 1. Let z=(x,y),

zeC,;(g). Again we consider two

x,y€ H. We show that
zeC,(g) when and only when yeC,(hf) and x=y".
We have

o(h, f)=z"gz=(x",y o(h, [)(x,y) =

= o(y ™, x ) )x,y) =o(y " hx,x7 fy),

therefore

y’lhx =h, x’lﬁ/ =f. 3)

Multiplying these equalities, we obtain y 'Aify = hf ,
that is, yeC,(hf). The first equality (3) in this case

gives x=y".
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Inversely, let and x=)". Then
y'hx=h x ' f=hn"y " hfy =

= h'hf = f, that is, equalities (3) are satisfied, hence,

yeCy(hf)
and, consequently,

z_lgz =g.
Situation 2. Let z=0o(x,y), x,y € H. Then

g= z’lgz = G(y’l,x’l)c(h,f)c(x, y)=
= o(y L, x ) y) = o(y fr,x " hy)

and the equality z'gz =g is equivalent to the following
two equalities:

yif=h xhy=f. )
Multiplying the first equality by the second from the
right, we obtain
_ -1
v fhy=hf =(m)"
from which y=h""t for some ¢ e C, (fh) and
x=f"yh=f"th'h=ft.

Inversely, let x=f"t and y=th"' for some

teC, (fh). Then

Yy f=ht"fft=h

and
xhy=t"fhth™" = fmh' = f,

that is, equalities (4) are satisfied. The lemma is proved.
Using lemmas 1-3, we find the sum of the squares of
the centralizers of the elements of the group G. We have

YICe(f = X 1Ca(clth fOF + 3 1 Col(h, ) P=

geG h,feH h,feH

= 2 126N+ Y 2IC, )+

hfeH (h.f)eHxH hett

Y (S WIC (N =4H] Y|, W] +

(h,f)eHxH h g1 heH

+ 2 1CMPAC NP3

h,feH (h.f)eHxH hef?

[Ca(M. (5)

Lemma 4. Let g € G . Then

1) 6,(g)=0,if g=o(u,v);

2) 0,(g)=6,w)6, (), if g=(u,v) and, u and v
are not conjugate in H;

3) 0,(2)=0,w0,(+|C,@)|, if u and v are
conjugate in H.

Proof. The assertion 1) is obvious, since the square of

any element from G liesin HxH .
Let g=(u,v) and zeG. If z=(x,y), then the

equality z*> =g is satisfied when and only when u = x*

and v=y>. If z=0(x,y), then the equality z* =g is
satisfied when and only when

u = yx, v =Xx). (6)

We show that the conditions (6) are equivalent to the
fact that both uand v are conjugate in some element
he H and

x=h't, y=uth, te C, (u). 7

Indeed, (yx)” = xy, therefore, u and v are conjugate

in H. Let v=u". Then from (6) it follows that y =ux""'

and
h _ . _ _ -1 _ X!
u'=v=xy=xux =u
From which x=/h""t, y=ut"'h for some teC, (h).
The lemma is proved.
Using Lemma 4, we find the sum of the cubes of the
values of the function 6. We have

D05(2)= D 05(cu,v)+ Y 05 ((u,v) =

geG u,veH u,veH
=2 65(ww)= D> 6,8, (v)+
u,veH (u,v)eHxH ugv'!
+ > (0,8, MFCy ) =D 6;,w)e;, () +
(u‘v)eHxH,uevH u,veH

304 10) | C, ()| + ] ®)

+
(u,v)eHXH,uev” (“'_ 363{ (u) ‘ CH (M) |2 + | CH (u) ‘3

Comparing (5) with (8) and taking into account that,
by virtue of the simply reducibility of the group H , the
following equality is true

> 0%, we )= |C )’ |Cu (A

u,veH h,feH

we obtain that condition (2) is necessary and sufficient for
simply reducibility of the wreath product of a simply
reducible group with a cyclic group of order 2. The
theorem is proved.
The proof of Theorem 2 allows us to construct the
following infinite series of simply reducible 2-groups.
Corollary 1. Let G = HsZ,, where H is an elementary

Abelian 2-group of order 2". Then G is simply reducible.

Proof. Let Z,={l1,-1}, H=7,x...xZ,
h=(h,...h). We find 6(h).
h=(l,...,1), then O(h)=|H|=2".1f h=-1 for at least

and

Obviously, if

one i, then O(4)=0, as the equation x’ =-1 is not

solvable in group Z,. As H is Abelian, then

CEn (h)‘ = |H| for any & € H . From which,

(3e;(u>|cH(u>|+ Jz
(u,v)eHxH,uevH + 395—1 (u) | CH (u) |2 + | CH (u) |3

=2"(4+3-2") =
=4H| Y |c,mf+3 Y 1CMI
heH (h,f)eHxH hef!

The corollary is proved.
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Conclusion. It is proved that the reality of H is the
necessary condition of simply reducibility of the wreath
product of the finite group H with the finite group K, and
the group K must be an elementary Abelian 2-group. We
also indicate sufficient conditions for simply reducibility
of a wreath product of a simply reducible group with a
cyclic group of order 2.
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