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This paper is devoted to the construction of a new class of models under incomplete information. We are talking 

about multidimensional inertia-free objects for the case when the components of the output vector are stochastically 
dependent, and the character of this dependence is unknown a priori. The study of a multidimensional object inevitably 
leads to a system of implicit dependencies of the output variables of the object from the input variables, but in this case 
this dependence extends to some components of the output vector. The key issue in this situation is the definition of the 
nature of this dependence for which the presence of a priori information is necessary to some extent. Taking into  
account that the main purpose of the model of such objects is the prediction of output variables with known input, it is 
necessary to solve a system of nonlinear implicit equations whose form is unknown at the initial stage of the identifica-
tion problem, but only that one or another output component depends on other variables which determine the state  
of the object. 

Thus, a rather nontrivial situation arises for the solution of a system of implicit nonlinear equations under condi-
tions when there are no usual equations. Consequently, the model of the object (and this is a main identification task) 
cannot be constructed in the same way as is accepted in the existing theory of identification as a result of a lack of  
a priori information. If it was possible to parametrize the system of nonlinear equations, then at a known input it would 
be necessary to solve this system, since in this case it is known, once the parameterization step is overcome. The main 
content of this article is the solution of the identification problem, in the presence of T-processes, and while the pa-
rametrization stage can not be overcome without additional a priori information about the process under investigation. 

In this connection, the scheme for solving a system of non-linear equations (which are unknown) can be represented 
in the form of some successive algorithmic chain. First, a vector of discrepancies is formed on the basis of the available 
training sample including observations of all components of the input and output variables. And after that, the evalua-
tion of the output of the object with known values of the input variables is based on the Nadaraya-Watson estimates. 
Thus, for given values of the input variables of the T-process, we can carry out a procedure of estimating the forecast  
of the output variables. 

Numerous computational experiments on the study of the proposed T-models have shown their rather high effi-
ciency. The article presents the results of computational experiments illustrating the effectiveness of the proposed tech-
nology of forecasting the values of output variables on the known input.  
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Рассмотрено построение нового класса моделей в условиях неполной информации. Речь идет о многомерных 

безынерционных объектах для случая, когда компоненты вектора выходов стохастически зависимы, причем 
характер этой зависимости априори неизвестен. Исследование многомерного объекта неизбежно приводит  
к системе неявных зависимостей выходных переменных объекта от входных, но в данном случае подобная  
зависимость распространяется и на некоторые компоненты вектора выходов. Ключевым вопросом в данной 
ситуации является определение характера этой зависимости, для чего и необходимо наличие в той или иной 
степени априорной информации. Учитывая, что основным назначением модели подобного рода объектов  
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является прогноз выходных переменных при известных входных, необходимо решать систему нелинейных  
неявных уравнений, вид которых на начальной стадии постановки задачи идентификации неизвестен,  
а известно лишь, что та или иная компонента выхода зависит от других переменных, определяющих состоя-
ние объекта. 

Таким образом, возникает довольно нетривиальная ситуация решения системы неявных нелинейных урав-
нений в условиях, когда собственно самих уравнений в обычном смысле нет. Следовательно, модель объекта  
(а эта основная задача идентификации) не может быть построена так, как это принято в существующей 
теории идентификации в результате недостатка априорной информации. Если бы можно было параметризо-
вать систему нелинейных уравнений, то при известном входе следовало бы решить эту систему, поскольку 
она в данном случае известна, раз этап параметризации преодолен. Основным содержанием настоящей ста-
тьи является решение задачи идентификации при наличии Т-процессов и при том, что этап параметризации 
не может быть преодолен без дополнительной априорной информации об исследуемом процессе.  

В этой связи схема решения системы нелинейных уравнений (которые неизвестны) может быть пред-
ставлена в виде некоторой последовательной алгоритмической цепочки. Сначала на основании имеющейся 
обучающей выборки, включающей наблюдения всех компонент входных и выходных переменных, формируется 
вектор невязок. А уже после этого оценка выхода объекта при известных значениях входных переменных 
строится на основании оценок Надарая–Ватсона. Таким образом, при заданных значениях входных перемен-
ных Т-процесса мы можем осуществить процедуру оценивания прогноза выходных переменных.  

Многочисленные вычислительные эксперименты по исследованию предлагаемых Т-моделей показали дос-
таточно высокую их эффективность. Приводятся результаты вычислительных экспериментов, иллюстри-
рующих эффективность предлагаемой технологии прогноза значений выходных переменных по известным 
входным. 
 

Ключевые слова: дискретно-непрерывный процесс, идентификация, Т-модели, Т-процессы. 
 
Introduction. In numerous multidimensional real 

processes output variables are available to measure not 
only at different time periods but also after a long time. 
This leads to the fact that dynamic processes have to be 
considered as non-inertial with delay. For example, while 
grinding the products time constant is 5–10 minutes, and 
control of output variable, for example fineness of grind-
ing, is measured once in two hours. In this case investi-
gated process can be presented as non-inertial with delay. 
If output variables of the object are somehow stochasti-
cally dependent, then we call such processes T-processes. 
Similar processes require special view on the problem of 
identification different from existing ones. The main thing 
is that identification of such processes should be carried 
out differently from the existing theory of identification. 
We should pay special attention to the fact that the term 
“process” is considered below not as processes of prob-
abilistic nature, such as stationary, Gaussian, Markov, 
martingales, etc. [1]. Below we will focus on T-processes 
actually occurring or developing over time. In particular 
technological process, industrial, economic, the process of 
person’s recovery (disease) and many others.   

Identification of multidimensional stochastical proc-
esses is a topical issue for many technological industrial 
processes of discrete-continuous nature [2]. The main 
feature of these processes is that vector of output vari-
ables  1 2, ,  ..., nx x x x , consisting of n component is 

such that the components of this vector are stochastically 
dependant unknown in advance way. We denote vector  
of input component –  1 2, ,  ..., mu u u u . This formula-

tion of the problem leads to the fact that the mathematical  
description of the object is represented as some analogue 
of the implicit functions of the form  , 0,jF u x 

 

1,j n . The main feature of this task of modeling is that 

class of dependency  F   is unknown. Parametric class of 

vector functions  , , , 1,jF u x j n  , where α is a vector 

of parameters, does not allow to use methods of paramet-
ric identification [3; 4] because class of functions accurate 
to parameters cannot be defined in advance and well 
known methods of identifications are not suitable in this 
case [3; 4]. In this way the task of identification can be 
seen as solving of non-linear equations:  

  , 0, 1,jF u x j n   (1) 

relatively component vector  1 2, ,  ..., nx x x x
 
at known 

values of u. In this case it is expediently to use methods  
of nonparametric statistics [5; 6].   

T-processes. Nowadays the role of identification of 
non-inertial systems with delay is increasing [7; 8]. This 
is explained by the fact that measurement of some of the 
most important output variables of dynamic objects  
is carried out through long periods of time, that exceeds  
a constant of time of the object [9; 10].    

The main feature of identification of multidimensional 
object is that investigating process is defined with the 
help of the system of implicit stochastic equations:  

 
      , , 0, 1,jF u t x t t j n     , (2) 

where  jF   is unknown, τ is delay in different channels 

of multidimensional system. Further τ is omitted for sim-
plicity.  

In general investigated multidimensional system  
implementing T-processes can be presented in fig. 1.  
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Fig. 1. Multidimensional objects 
 

Рис. 1. Многомерный объект 
 
In fig. 1 the following designations are accepted: u 

 
 1,  ..., mu u

 
– m-dimensional vector of input variables, 

 1,  ..., nx x x  – n-dimensional vector of output variables. 

Through various channels of investigated process depend-
ence of j component of vector u can be presented as de-

pendence on components of vector u:   ,j j
jx f u   

 
1,j n .  

Every j channel depends on several components of 

vector u, for example  5
1 3 6, ,u u u u   , where 5u 

 is a 

compound vector. When building models of real techno-
logical and industrial processes (complexes) often vectors 
x and u are used as compound vectors. Compound vector 
is a vector composed from several components of the  

vector, for example  2 5 7 8, , ,ju x x x x    or another set 

of components. In this case, the system of equations will 

be       ˆ , 0, 1,j j
jF u x j n .  

T-models. The processes, which have output variables 
that have unknown stochastic relationships, were called  
T-processes, and their models were called T-models. Ana-
lyzing the above information it is easy to see, that descrip-
tion of the process in fig. 1 can be accepted as a system of 
implicit functions:   

  , 0, 1,j j
jF u x j n      , (3) 

where ,j ju x     are compound vectors. The main fea-
ture of modeling of such a process under nonparametric 
uncertainty is the fact that functions (3) 

 , 0, 1,j j
jF u x j n       are unknown. Obviously the 

system of models can be presented as following:  

      
 ˆ , , , 0, 1,j j

j s sF u x x u j n ,  (4) 

where ,s sx u
 

 are temporary vectors (data received  

by s time moment), in particular  1,  ...,s sx x x 


 
 11 12 1 21 22 2 1 2, ,  ..., ,  ..., , ,  ..., ,  ..., , ,  ...,s s n n nsx x x x x x x x x , 

but even in this case   ˆ , 1,jF j n  are unknown. In the 

theory of identification such problems are not solved and 
are not set. Usually parametric structure is chosen (3), 
unfortunately it is difficult to fulfill because of lack  
of apriori information. Long time is required to define 
parametric structure, that is the model is represented as:   

  , , 0, 1,j j
jF u x j n       ,  (5) 

where α is a vector of parameters. Then follows the 
evaluation of parameters according to the elements of 

training sample , , 1,i iu x i s
 
and solution of the system 

of nonlinear interrelated relations (5). Success in building 
a model will depend on qualitative parametrization of the 
system (5).  

Further we will consider the problem of building  
T-models under nonparametric uncertainty, when the sys-
tem (5) is unknown up to the parameters.  

Let the input of the object receive the input variables 
values, which, of course, are measured. Availability of 

training sample , , 1,i ix u i s  is necessary. In this case 

evaluation of vector components of output variables x   
at known values of u, as noted above, leads to the need to 
solve the system of equations (4). If dependence of output 
component from vector components of input variables  
is unknown, then it is natural to use the methods of non-
parametric evaluation [5; 11]. 

 At a given value of the vector of input variables 
u u , it is necessary to solve the system (4) with respect 
to the vector of output variables x. General scheme of 
solution of such a system:  

1. First a discrepancy is calculated by the formula:  

 
  , , , , 1,j j

ij j s sF u x i x u j n     
 

, (6) 

where we take   , , ,j j
s sF u x i x u     

 as nonparametric 

evaluation of regression of Nadaraya–Watson [10]: 

            ,j
j j ji F u x i 

    

 

  1 1

1 1

[ ]
[ ] Ф

,
[ ]

Ф

k

k

ns
k k

j
sui k

j
ns

k k

sui k

u u i
x i

c
x i

u u i

c

 

 

 

 

  
  
  

  
  
 

 


 (7) 

where 1, , ,j n m    is dimension of a compound vec-

tor  ku , m m   , further this designation is also used 

for other variables. Bell-shaped functions 
[ ]

Ф
k

k k

su

u u i

c

  
  
 

 

and parameter of fuzziness 
ksuc  satisfy several conditions 

of convergence and have the following features:  
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    
 

1 1Ф ; Ф 1;s s i
u

c c u u du 



      

    1 1lim Ф , lim 0,s s s i i s sc c u u u u c 
     

 
lims ssc   . 

2. Next step is conditional expected value: 

  | , 0 , 1,j
jx M x u j n     . (8) 

We take nonparametric evaluation of regression  
of Nadaraya–Watson as an estimate (8)  [10]: 

ˆ jx  

1 1 2

1 2

1 1 2

1 2

1 1 1

1 1 1

[ ] [ ]
[ ] Ф Ф

,   1, ,
[ ] [ ]

Ф Ф

n ms
k k k

j
su si k k

n ms
k k k

su si k k

u u i i
x i

c c
j n

u u i i

c c

   

  

   

  

    
    

    
    

   
   

  

 
 (9) 

where bell-shaped functions  Ф   are taken as triangular 

core: 

1 1 1 1

1 1

1 1

[ ] [ ]
1 , 1,

[ ]
Ф

[ ]
0, 1.

k k k k

k k su su

su k k

su

u u i u u i

u u i c c

c u u i

c

  
  

  
      




 

 

2 2

2

2

[ ] [ ]
1 , 1,

[ ]
Ф

[ ]
0, 1.

k k

k s s

s k

s

i i

i c c

c i

c

 





  
  

  
      




 

Carrying out this procedure we obtain the value of 
output variables x under input influences on the object 
u u , this is the main purpose of a required model, 
which further can be used in different management sys-
tems [8], including organizational one [12].  

Computational experiment. For computational  
experiment a simple object with five input variables 

 1 2 3 4 5, , , ,u u u u u u  taking random values in the interval 

[0, 3]u  and with three output variables  1 2 3, ,x x x x  

where 1 [ 2; 11]x   , 2 [ 1; 8]x   , 3 [ 1; 8]x    was cho-
sen. We will develop a sample of input and output vari-
ables based on a system of equations:  

 

2
1 1 2 5 3

2 4 5 1

3 2 3 5 1 2

2 1.5 0.3 0;

1.5 0.3 0.6 0.3 0;

2 0.9 4 6.6 0.5 0.6 0.

x u u u x

x u u x

x u u u x x

     
     


        

(10) 

As a result we get a sample of measurements ,s su x
 

 

where ,s su x
 

 are temporary vectors. It should be noted 
that the process described by the system (10) is only nec-
essary to obtain training samples, there is no other infor-
mation about the process under investigation. Dealing 
with a real object, a training sample is formed as a result 
of measurements which are carried out with available 
control measures. In the case of stochastic dependence 
between output variables, the process is naturally 

described, for example, by the following system of 
equations:  

 

 
 
 

1 1 3 1 2 5

2 1 2 4 5

3 1 2 3 2 3 5

0

0

0

 
 




ˆ , , , , ;

ˆ , , , ;

ˆ , , , , , .

x

x

x

F x x u u u

F x x u u

F x x x u u u
 

(11)

 
The system of equations (11) is a dependence, unlike 

the system (10), known from the available a priori 
information. 

Having got a sample of observation, we can proceed 
to a studied problem, which is finding the forecast values 
of output variables x at known input u. First, discrepan-
cies are calculated (7) using the technique described ear-
lier. We introduce discrepancies as a system:   

 

   
   
   

1 1 1 3 1 2 5

2 2 1 2 4 5

3 3 1 2 3 2 3 5

 

 

 

ˆ , , , , ;

ˆ , , , ;

ˆ , , , , , .

i i l l l

i i l l

i i i l l l

i F x x u u u

i F x x u u

i F x x x u u u

 (12) 

where , 1,3j j   are discrepancies, whose corresponding 

components of an output vector cannot can’t be derived 
from the parametric equations.  

The forecast for the system (11) is carried out 
according to the formula (9) for each output component of 
the object. 

First, we present the results of a computational ex-
periment without interference. In this case, values of input 
variables of the newly generated input variables (not  
included in the training sample) go to the input of the  
object. A configurable parameter will be a parameter  
of fuzziness sс , which in this case, we take equal 0.4 (the 

value was determined as a result of numerous experiments 
to reduce the quadratic error between model and object 
output [13; 14]) the parameter of fuzziness will be taken 
the same when calculating in the formulas (7) and (9), 
sample size is 500s  . Let’s give graphs for object out-
puts by components 1 2,  x x  and 3x .  

In fig. 2, 3 and 4 the output values of the variables are 
marked with a “point”, and the output value of the model 
are marked with a “cross”. The figures demonstrate the 
comparison of the true values of the test sample of the 
output vector components and their forecasted values ob-
tained by using the algorithm (6)–(9).  

We will conduct the results of another computational 
experiment, in this case, interference   is imposed on 

values of the vector x components of the object output. 
The conditions of the experiment: sample size is 500s  , 
interference acting on the output vector components of an 
object is 5 %   , parameter of fuzziness is 0.4sc 

 
(fig. 5–7).  

The conducted computational experiments confirmed 
the effectiveness of the proposed T-models, which are 
presented not as generally accepted in the theory of model 
identification, but as some method of forecasting the  
output variables of the object at the known input u u . 
It should be noted that in this case we do not have  
a model in the sense generally accepted in the theory of 
identification [15].   
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Fig. 2. Forecast of the output variable x1 with no interference. Error 0.71   
 

Рис. 2. Прогноз выходной переменной x1 при отсутствии помех. Ошибка 0,71   
 

 
 

Fig. 3. Forecast of the output variable x2 with no interference. Error 0.71    
 

Рис. 3. Прогноз выходной переменной x2 при отсутствии помех. Ошибка 0,71   
 

 
 

Fig. 4. Forecast of the output variable  x3 with no interference. Error 0.71   
 

Рис. 4. Прогноз выходной переменной  x3 при отсутствии помех. Ошибка 0,71   
 

 
 

Fig. 5. Forecast of the output variable x1 with interference 5 %. Error 0.77   
 

Рис. 5. Прогноз выходной переменной x1 с помехой 5 %. Ошибка 0,77   
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Fig. 6. Forecast of the output variable x2 with interference 5 %. Error 0.77   
 

Рис. 6. Прогноз выходной переменной x2 с помехой 5 %. Ошибка 0,77   
 

 
 

Fig. 7. Forecast of the output variable x3 with interference 5 %. Error 0.77   
 

Рис. 7. Прогноз выходной переменной x3 с помехой 5 %. Ошибка 0,77   

 
Conclusion. The problem of identification of non-

inertial multidimensional objects with delay in unknown 
stochastic relations of the output vector components is 
considered. Here a number of features arise, which mean 
that the identification problem is considered under condi-
tions of nonparametric uncertainty and, as a consequence, 
cannot be represented up to a set of parameters. On the 
basis of available a priori hypotheses the system of equa-
tions describing the process with the help of compound 
vectors x and u is formulated. Nevertheless functions 

 F   remain unknown. The article describes the method 

of calculating the output variables of the object at the 
known input, which allows them to be used in computer 
systems for various purposes. Above some particular re-
sults of computational studies are given.  

The conducted computational experiments showed  
a sufficiently high efficiency of T-modeling. At the same 
time, not only the issues related to the introduction of 
interference of different levels, different sizes of training 
samples, but also objects of different dimensions were 
studied.  
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