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The question of the possibility of restoring information on the group by its bottom layer is considered. The problem
is classical for mathematical modeling: restoration of missing information on the object employing part of the saved
data. This problem will be solved in the class of layer-finite groups. A group is said to be layer-finite if it has a finite
number of elements of every order. This concept was first introduced by S. N. Chernikov. It appeared in connection with
the study of infinite locally finite p-groups in the case when the center of the group has a finite index in it. The bottom
layer of the group G is the set of its prime order elements. By the bottom layer of the group, you can sometimes restore
the group or judge about the properties of such a group. Among these results one can name those that completely
describe the structure of the group by its bottom layer, for example: if the bottom layer of the group G consists
of elements of order 2 and there are no non-unit elements of other orders in the group, then G is the elementary
Abelian 2-group. V. P. Shunkov proved that if the bottom layer in an infinite layer-finite group consists of one element
of order 2, then the group G is either a quasicyclic or an infinite generalized quaternion group. We will restore the
information on the group by its bottom layer. This problem will be solved in the class of layer-finite groups. Group G
is said to be recognizable by the bottom layer if it is uniquely recovered by the bottom layer. Group G is said to be
almost recognizable over the bottom layer if there is a finite number of pairwise nonisomorphic groups with the same
bottom layer as in group G . Group G is said to be unrecognizable by the bottom layer if there is an infinite number of
pairwise nonisomorphic groups with the same bottom layer such as in group G . In this work conditions under which the
group is recognized align the bottom layer have been established.
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Paccmampueaemces 6onpoc 0 8603MOANCHOCIU 60CCMAHOGACHUSL UHDOPMAYUU O epynne No ee HUudcHemy ciok. Bo-
npoC AGIAEMCS KIACCUYECKUM Ol MAMEMAMU4ecKo20 MOOeIUpOBanus: B0CCmManosienue nedocmarouell uHgpop-
Mayuu 0b obvexme NO HACMU COXPAHUBUUXCA OAHHBIX. DMom 6onpoc Oyoem peuamv 8 KiAcce CIOUHO KOHEUHbIX
epynn. I pynna naswieaemcs CiotHO KOHEYHOU, eClu OHA UMeem KOHEeYHOe YUCLO INEMEHMO8 Kaxico020 nopaokd. Jmo
nouamue enepevie 6wia0 66edeno C. H. Yepnuxogvim. OHO noasuiocs 6 ces3u ¢ uzyieHuem 6eCKOHeUHbIX JOKAIbHO KO-
HEUHbIX P-2PYNN 8 cyuae, K020a YeHmp 2pynnbl umeem KOHeuHwlll unoexc 6 nel. Huocnum croem epynnot G Hazvlea-
emcst MHOMCECMBO €€ INeMeHMO8 NPOCmbIX NOpAOKos. 11o HudcHemy €100 2pynnbl UHO20A MOJICHO 80CCMAHOBUMb
2PYRNY, UHO20A MOJICHO YMO-MO CKa3amv 0 ceoticmeax maxou epynnsl. Cpedu dmux pe3yromamos MON’CHO HA38AMb
me, KOMopbvle ONUCHIBAION NOHOCIbBIO CMPOEHUE 2PYINbL NO ee HUMCHEMY C0I0, HANpUMep, eCii HUMICHULL CLOU epYnnbl
G cocmoum u3 nemenmos nopaoka 2 u @ epynne Hem HeeOUHUUHBIX INeMeHMOos8 Opyaux nopsaokos, mo G — snemen-
mapuas abenesa 2-epynna. B. II. [lIynkosbim 00KaA3aHO, YMO eClu HUICHUL CIOU 68 OeCKOHeYHOU CIOUHO KOHEUHOU
epynne cocmoum u3 00H020 dnemenma nopsoka 2, mo epynna G aubo keazuyukiuveckas, aubo beckoneunas 0600-
WeHHas 2pynna KeamepHuoHos. Mol 6ydem 6occmanagiusams UHGOPMayuio o spynne no ee HudCHemy cioio. Imy 3a-
dauy bydem pewams 6 Kiacce ciotno koneunwvix epynn. I pynny G HA308eM pacno3nasaemou no HUXCHeMy CIoI0, eciu
OHA OOHO3HAYHO 60CCMAHABIUBAEMCS NO HudcHeMy caolo. I pynny G Ha308emM NOUMU PACIO3HABAEMOU NO HUNCHEMY
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CII0I0, eclu cyuecmayen KOHeuUHoe YUCIO NONAPHO HeU30MOPEHBIX SPYNNI C OOUHAKOBBIM HUNCHUM CIOeM MAKUM dce, KaK )
epynnvl G . I'pynny G Hazosem Hepacno3Hagaemou no HUNCHEMY COI0, eci Cywecmeayem 0ecKoHeuHoe YUCI0 NONAPHO
HeUu30MOPDHLIX 2PYNN ¢ OOUHAKOBLIM HUNCHUM CTIOeM MAaKum dce, kak y epynnel G . Yemanoenenwvl yciosus, npu Ko-

mopulx epynna pacno3iaemcst N0 HUMNCHEMY CJ010.

Kniouesvie cnosa: epynna, cnoiinas KOHeYHOCMb, HUNMCHULL CTIOU, NOJIHAA 2PYNNA, NOPAOOK SPYNNbL.
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Introduction. A group is said to be layer-finite if it
has a finite number of elements of every order. This
concept was first introduced by S. N. Chernikov in his
work [1] and appeared in connection with the study
of infinite locally finite p-groups in the case when
the center of the group has a finite index in it. In 1948
S. N. Chernikov [2] described construction of an arbitrary
group in which number of elements of every order is
infinite and the term layer-finite groups was used here for
the first time. The main result describing the structure of
layer-finite groups has been obtained by S. N. Chernikov:
group is only layer-finite when can be presented in the
form of product of two element-wise permutable
subgroups from which the first is layer-finite complete
Abelian group, and the second is a layer-finite group with
finite Sylow subgroups. The results of layer-finite groups
can be found in works [3-7].

The bottom layer of the group is a set of its elements
of simple order. By the bottom layer of the group it is
sometimes possible to restore the group, or to judge about
some properties of such a group. Among these results
can be named those which fully describe the structure
of a group by its bottom layer, for example: if the bottom
layer of a group consists of elements of order 2 and the
group lacks nonidentity elements of other orders, then
it is the elementary Abelian 2-group; if the bottom
layer consists of the elements of orders 2, 3, 5 and in the
group there are no nonidentity elements of other orders,
then A. S. Kondratyev and V. D. Mazurov have proved
that this is the group of even substitutions on five
elements [8].

V. P. Shunkov has proved that if the bottom in the
infinite layer-finite group consists of one element of
order 2, the group is either the quasicyclic or infinite
generalized group of quaternions [9]. Many results for
groups with given bottom layer describe only some
properties of groups. For example, V. D. Mazurov has
proved that a group with the bottom layer consisting of
elements 2, 3, 5 in which all other nonidentity elements
have order 4, is locally finite [10].

We shall restore information on the group by its
bottom layer. This problem will be solved in the class of
layer-finite groups.

Main result. In the article the term bottom layer in the
group is discussed and by means of obtained information
the group structure is restored. We shall refer to the group
G as to recognizable by the bottom layer if it can be
definitely restored align the bottom layer. We shall refer
to the group G as to almost recognizable by the bottom
layer if there is a finite number of pairwise nonisomorphic
groups with the identical to the group bottom layer. We
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shall refer to the group G as to unrecognizable by the
bottom layer if there is an infinite number of pairwise
nonisomorphic groups with the same bottom layer.

We shall consider finite non-Abelian simple groups
with the bottom layer consisting of elements of orders 2,
3, 5. In case we add information on the group order,
the group G will be recognizable by the bottom layer on

condition that its order is |G|=27-3-5 (this is4;)
and unrecognizable by the bottom layer on condition that
its order is |G]=2’-3%-5
becomes 4, ) [11].

We shall consider the examples describing properties
of groups with given bottom layer. N. D. Gupta
and V. D. Mazurov have proved that for the group G,
which without identity element coincides with the bottom
layer consisting of elements of orders 3, 5, one of the
statements is true: 1) G=FT; where Fis normal
nilpotent with no more than two 5-subgroup of a class and
|T|=3; 2) G contains normal nilpotent with no more

(one of these groups

than three 3 subgroup of a class and 7 is G/T — 5-group
[12]. In the same work it is shown that the group without
identity element coincides with the bottom layer
consisting of elements of orders 2, 5 either contains the
elementary Abelian 5-subgroup of the index 2, or the
elementary Abelian normal Sylow 2-subgroup.

Let us prove that if G is the layer-finite complete
group, on the bottom layer of which p"—1 element
of order p, than the group G is a direct product of
n -quasicyclic p-groups (i. e. it is definitely recognizable
by the bottom layer.)

Let the group G satisfies given conditions. As
according to the proposition 1 (the known theorems to
which we refer to as to propositions with the
corresponding numbers are listed at the end of article)
each complete subgroup of the layer-finite group G is in
the center of the group G, the group, being complete, is
the Abelian one. According to the proposition 2 the
complete Abelian group G is split into the direct sum of
subgroups, isomorphic to additive group of rational
numbers or quasicyclic groups, perhaps, on various
prime numbers. In this splitting of groups, presence of
rational numbers can’t be possible as it is the layer-finite
group G and, therefore no elements of infinite order are
present. Since on the bottom layer of the group G only
order p" —1 elements present, than quasicyclic groups
can be only on one number p. Since on the bottom layer
of the group G p" —1 element of order p, these are n
quasicyclic factors in G (direct product has n

quasicyclic p-group p" —1 element of order p). Thus,
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we have proved that random finite complete Abelian p-

group can be detected align the bottom layer.

Let us prove that if in the locally solvable group G
is subject to maximality and the bottom layer, consisting
of p—1 element of order p, and g—1 element of

m _n

order g, where there are elements of orders p”q”,
for m=0,1,2, .., n=0,1 2, ...,
other orders, the group G is detectable align the bottom
layer.

Objectively, according to the proposition 3 the locally
solvable group G with minimality condition is extension
of direct product of finite number of quasicyclic groups
with help of a finite group. Due to its bottom layer
structure, group G contains at list one quasicyclic p-

and no elements of

group and one quasicyclic g-group. Since in the group G
p—1 element of order p, it has a single subgroup of
order p. Then, according to the proposition 4 any finite
p-subgroup of the group G is cyclic. According to the
proposition 5 it must be cyclic and quasicyclic [13]. Now,
on account that in the group G there are elements with all
degrees p, it can be concluded that Sylow p-subgroup of
the group G is quasicyclic. Similarly, Sylow g-subgroup
of the group G is also quasicyclic. Then, taking into
account the structure of the group G, we conclude that all
the Sylow subgroups of the group G are in direct product
of quasicyclic groups, the group G itself coincides with
direct product of its two Sylow p- and g-subgroups.

Similarly, it can be proved that if in the locally
solvable group G with minimality condition with the

bottom layer, consisting of p* —1 elements of order p,
and ¢' —1 elements of order ¢, where there are elements
of orders p"¢", under m=0,1,2,.., n=0,1,2,..., with
no elements of other orders, then, the group G is

recognizable by the bottom layer (group G coincides
with the direct product of k& quasicyclic p-subgroups
and / quasicyclic g-subgroups).

Hence, as additional restrictions to the tasks of the
bottom group layer group completeness and its layer-
finite structure can be used: if G is a complete layer-
finite group with the bottom layer consisting of its
elements orders p,,p,,...,p, and the group G contains

p' —1 elements of order p;, i=L2,..,n, then, G is
the direct product of quasicyclic p, -groups, i=1,2,....n,
taken under £, factors for each p, respectively. Thus G

is recognizable by the bottom layer.

When proving the results given in the article the
following theorems were employed, with reference to the
propositions and their correspondent number.

Proposition 1. (Lemma 3.1. [14]). Each complete
subgroup of locally normal (layer-finite in particular)
group G is hold in the centre of the group G .

Proposition 2. (Theorem 9.1.6. [15]). Non-zero
complete Abelian group G extends in direct sum of
subgroups, isomorphic to additive group of rational
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numbers or quasicyclic groups, perhaps, on various prime
numbers.

Proposition 3. (Theoreme 1.1 [14]). Infinite locally
solvable group G subject to minimality is the extension
of the direct product of finite number of quasicyclic
groups applying the finite group.

Proposition 4. (Theorem 12.5.2 [16]). Finite p -group,
containing only one subgroup of order p, is cyclic or
generalized quaternion group.

Proposition 5. (Theorem 4.2 [13]).

subgroups of the periodically local cyclic group G are
cyclic or quasicyclic.

Conclusion. The work has determined conditions,
under which the group is ditected align the bottom layer.
The provement of the group restoration from the layer-
finite group class has been considered. Restoration of the
group under given bottom layer consisting of the elements
of simple order p has been proved.
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