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The problem of nonparametric identification of linear dynamic objects is being investigated. In contrast with para-
metric identification, the case is analyzed when equations describing a dynamic object are not specified according to
the parameters. Moreover, the identification problem is analyzed under normal object operation, opposite to the previ-
ously known nonparametric approach based on Heaviside function input to the object and further Duhamel integral
application. An arbitrary signal is inputted to the object during normal operation and weight function realizations are
represented by observations of input-output object variables measured with random interferences. As a result, we have
a sample of input-output variables. As linear dynamical system can be described by the Duhamel integral, with known
input and output object variables, corresponding values of the weight function can be found. This is achieved by dis-
crete representation of the latter. Having such realization, nonparametric estimate of the weight function in the form of
the nonparametric Nadaraya—Watson estimate is used later. Substituting this into the Duhamel integral, we obtain a
nonparametric model of a linear dynamical system of unknown order.

The article also describes the case of nonparametric model constructing when a delta-shaped function is inputted
to the object. It was interesting to find out how delta-shaped function might differ from the delta function. The weight
function was determined in the class of nonparametric Nadaraya—Watson estimates. Nonparametric models were
investigated by means of statistical modeling. In general, nonparametric models have shown sufficient efficiency in
terms of accuracy prediction by nonparametric model in relation to the actually measured output of the object. Evi-
dentally, the accuracy of nonparametric models reduces with the growing influence of interference from the meas-
urement of input-output variables or the discreteness of their measurement. Previously proposed nonparametric al-
gorithms consider the case when Heaviside function was applied to the object, which narrows the scope of nonpara-
metric identification practical use. It is important to construct nonparametric model of a dynamic object in condi-
tions of normal operation.

Keywords: duhamel integral, transient function, weight function, delta-shaped input, Nadarya—Watson estimate,
nonparametric model.
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Paccmampusaemces 3a0aua nenapamempuieckol uOeHmu@uKayuy TUHEeUHbIX OUHAMUYeCcKux 0ovexmos. B omauuue
om napamempuieckol uoeHmupurayuu, U0 ypasHeHUs, ONUCLIBAIOuec0 OUHAMUYeCKUll 00beKm, He 3a0an ¢ MOYHO-
cmvio 0o napamempos. bonee mozo, 3a0aua uoenmugurayuu paccmampueaemcs 6 YCio8UsIX HOPMAIbHO20 DYHKYUO-
HUpOGanus 06vbeKma, 6 OMAUYUE OM panee U3BECHHO20 HEeNnapamempuyeckozo nooxood, 0CHOBAHHO20 HA Nooaye Ha
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6x00 0O0vekma Gynkyuu Xegucaiioa u oanbHeliulem npumerenuu unmezpana Jfroamens. B yciosuax nopmanviozo Qynx-
YUOHUPOBAHUSL HA 6X00 00BEKMA NOOAIOM CUSHAL NPOU3B0IbHO20 6uda. TIpu smom Ha evixode obvekma Habmooaemcs
coomseemcemayrowui omxaux. Ciedyem samemumy, 4mo usmMepeHusi 6X0OHOU U 8bIXOOHOU NEPEMEHHBIX OCYUeCmeis-
I0omcs co  CayYaumviMu nomexamu. B umoce, umeem peanuzayuio (6b160pKy) 6X0OHbIX-8bIXOOHBIX NEPEMEHHDIX.
Tockonvky nunennas OUHAMUYEeCKds CUCHeMA Modcem Oblmb Onucana unmezpanrom /ioamens, mo npu uU36ecmuvix
BXOOHDIX U BLIXOOHLIX NEPEMEHHBIX 00BEKMA MO2Yym ObIMb HANIOEHbI COOMBEMCMBYIOWUE 3HAYEHUS BeCO80U (QYHKYUU.
Omo docmueaemcs npu Ouckpemuot 3anucu nocieonezo. Pacnonazas nooobnoil peanuzayuetl, 6 oanvhetiuem Ucnoib-
3Yemcst Henapamempuieckasi OYeHKa 8ecosol yHkyuu 6 eude Henapamempuyeckou oyenku Haoapas—Bamcona. I1oo-
cmagnss ee ¢ unmeepan [fioamens, HOIyYaeM mem CAMbIM — HEnapaMempudecKkylo Mooeib JUHEUHOU OUHAMUYECKOU
cucmeMmbl Heu38ecmHo20 NOPsIOKdA.

Tlpuseden maxoice cnyuail nNOCMpoeHUs HeNaApPaMempu4ecKol Mooeiu npu noodave Ha 6xo0 0elbmooOPasHoOU QyHK-
yuu. Bvlno unmepecHo 6blsACHUMb, HACKOILKO 0elbmMo0OpA3HAs (OYHKYUSL MOJCEm OMIUYAMbCS OM OelbMma-(YHKYUU.
Oyenka 6eco8oll QyHKYuU u 6 3MoM clyuae onpedensinacy 8 Kidacce Henapamempuieckux oyenox Haoapas—Bamcona.
Ilpeonooicennvie nenapamempuueckue mooenu 6l NOOPOOHO UCCIEO08AHBL CPEOCMEAMU CMAMUCIUYECKO20 MOOeTU-
posanus. B ocnoenom nenapamempuueckue mMooenu nokazanu 00CMamoyHo GblCOKYIO I GekmusHocms ¢ mouKku 3pe-
HUSL MOYHOCMU NPOSHO3Ad HENAPAMEMPUHECKOU MOOelU N0 OMHOUEHUIO K PedabHO UMEPEHHOM) BbiXx00y 00beKma.
Ecmecmeenno, mounocms nenapamempuyeckux mooened YMeHbWAemcs u3-3a pocma GIUAHUS NOMeX U3MepeHUs.
BXOOHBIX-BLIXOOHBIX NEPEMEHHbIX UMU OUCKPeMHOCMU UX usmepenusi. Panee Oviiu npednosicenvl Henapamempuieckue
aneopummbvl uoeHmuurayuu 015 cayuas, Ko20a Ha 6x00 0bvekma nodasanacv @yukyus Xesucailoa, 00HAKO Mo He-
CKOILKO CyHcaem pamKi NpaKmuiecko20 UCNoab308aHUsL CAMOTL udeu Henapamempuieckou udenmupurxayuu. Ecmecm-
6EHHO, BAJICHBIM SIGNAEMCS CYUAL NOCMPOEHUs. HeNAPAMEMPUYECKOll MOOeNU OUHAMUYECKO20 00beKma, HaX00aue20cs
8 YCNOBUSX HOPMATLHOU IKCRIYyAmMmayuu. Ima 0cobeHHoCcmy A6Is1emcsi Hauboee 8adCHON U3 PACCMAMPUBAEMbIX NpUE-
MO8 uOeHmMudUKayuL 8 YCio8UsxX Henapamempuieckoi HeonpeoeIeHHOC.

Kouesvie cnosa: unmeepan [lroamens, nepexoonas @yHkyus, 6ecogas QyHKyus, 0e1vmoodpasHoe 6Xx00Hoe 8030eli-
cmeue, oyenka Haoapas—Bamcona, Henapamempuueckas mMooens.

Introduction. The main objective of identification
theory is the model construction based on input and out-
put process variables’ observations while the data about
the object is incomplete [1-3]. The article is devoted
to dynamic objects identification under nonparametric
uncertainty [4; 5], when the dynamical model cannot
be identified up to parameters vector due to the lack
of priori data. In this case receiving of transient response
and following estimation of an object weight function are
reasonable.

The basis of this paper is Duhamel integral use, due to
the principle of superposition [6; 7]. Identification algo-
rithms of the object in normal operation conditions are
described. Three methods of obtaining weight function
estimation using Heaviside function [8; 9], delta-shaped
input and arbitrary input are analyzed.

Problem formulation. Suppose that object is a dy-
namic system and described by the equation [1]
x, = f(x_,x_,,u,), where f() — is unknown function;

u, — control input variable; x, — output variable.

In fig. 1, a block diagram of the dynamic process is il-
lustrated [2], with following notations: X, — output of

model; u, — control variable; (¢) — continuous time; ¢ —
discrete time; &,,A, — random noise acting on the object

and output variable measuring channel, with zero mathe-
matical expectation and limited dispersion.

Variables control is carried out through time inter-
val At . Thus, it is possible to obtain initial input — output

variables sample {x,,u,,i =1,s}, where s — sample size.

Non-parametric identification algorithm when
standard signals can be inputted to the object. Suppose
that the object is described by a linear differential equa-
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tion of unknown order. In this case, for zero initial condi-
tions, x(¢) is found as

x(1) :jh(t—'c)u(r)dr, (1)

where A(t—1) — weight function, that is derivative of
transition function A(t) =k'(¢) .

Z(r)

X :
1= . -
¥, Object x(2)
2
(1) -
b
K
ul x”
i Model —

Fig. 1. Identification scheme

Puc. 1. brok-cxema cucteMsl HACHTUDUKALUT

This problem reduces to the weight function estima-
tion, so, firstly, it is needed to obtain the transition func-
tion.

As it was mentioned, weight function can be obtained
by various means.

First case. Suppose that the object is described by lin-
ear differential equation of unknown order. In zero initial
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conditions, x(¢) is found as (1). Transition function is an

object reaction on input impact, namely as Heaviside
function u(¢) =1(¢) .

() = 0,u(t) <0, 5
= Lu(t) = 0. @)

After obtaining transition function, it is needed to find
its nonparametric estimation [10; 11]:

ZkH[ ) (3)

_510

k()=
where k, — transition function estimate; k, — transition
function; ¢, — discrete time of measurements; s — sample
size; ¢, — kernel smoothing; H — kernel function; 7' — time

observation period [2].
We note that kernel function and kernel smoothing
satisfy the following terms [10; 11]:

B e

—cp(t)H(tctho, @)

¢, >0, lim sc, > oo,limc, — 0,
Cg—>0 §—>00
where ¢(t;) — an arbitrary function.
In particular, kernel function would be considered as
Sobolev function (5):
0,)t—t|>c,

(t-1,)? _
()827 [(r tt)t ] |t t|<c (5)

c

s

H =

Since weight function %(7) is derivative of transition
function (), then

Z(r)— ZkH[ ] (6)

510

Second case. The weight function could be obtained
when a delta-shaped function is inputted. It has a step
function type (7), Af— discretization interval (fig. 2):

SA(t):{i,teAt, (7)

where At
At=t"—1t"

Identification algorithm under normal object op-
eration. Constructing an adaptive object model often re-
quires identification of measuring channels under normal
object operation [2; 12]. This means that inputted impacts
must be small enough so that the effect on production
would be minimal. This is necessary for keeping the proc-
ess in acceptable limits [8].

Thus, the third case has the priority in solving the
problem of nonparametric identification [4; 6]. The fol-
lowing algorithm when input impact has sinusoidal type
function (as an example) is analyzed below.

for example, is an equation At=¢-0, or

M

w4+ 1 A
At

3 +

5 +

4 1

2 4

o+ . : ~
T T -
0 At 59 [

Fig. 2. Delta-shaped function example

Puc. 2. Ilpumep nenpTo06pa3HOro BXOAHOTO BO3AEHCTBUS
Third case. If control action and object output are

known, weight function may be described by (1).
In a discrete form:

h, =xt—[iuiAr+Zslhoj,i=l,_s, (8)
i=1 i=1

where s — sample size; At — variables control time inter-

val; u; — control variable; x, — object output; s, — value
of the weight function on previous iteration steps.
Thus, nonparametric process model is following:
X (t):—jZkH ( ]u(r)dr
g 0 i=l

or

T (<

x,(6)=— [ > hu(v)dx, 9)

C 0 =l
where k, — transition function; %, — weight function;
¢, — kernel smoothing; s — sample size; T — observation

period.

Computer experiment. Suppose that dynamical ob-
ject is described by third-order differential equation. It
can be represented as:

x,=0.5x,_5—x_, +x,_,—0.5u,. (10)

Let us note that the equation (10) is used for obtaining
sampling points. Nonparametric algorithm does not as-
sume the known form of the differential equation, only
information on the linearity of an object is known, in con-
trast with [13; 14].

The first method of obtaining weight function is to
take the derivative of transition function (fig. 3), if
Heaviside function is submitted to the object, then object
output is a transitional feature: x(¢) =k(¢), further it is

necessary to find the value of transition function and
weight function according to formulas (3) and (6):

In fig. 3: k(¢t)— transition function, A(f) — weight
function.

Put known values of transition and weight functions
into Duhamel integral (1) and get an object model, fig. 4.
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Fig. 3. Weight and transition response when u(f) = 1(7)

Puc. 3. BecoBas 1 nepexoHas XapakTepHcTHKa nporuecca npu u(f) = 1(¢)

if (.’)

Fig. 4. Weight response when input is a delta-shaped function

Puc. 4. BecoBas xapakTepucTHKa Mpoliecca Ipu nojaue
Ha BXOJ] 00BEKTa ICNbTO00Pa3HOTr0 BXOAHOTO BO3/ICHCTBUS

Let us change the order of differential equation
that describes the object and conduct computer experi-
ments.

Suppose that the object is described by differential

equation of the second order represented as follows:
x,=0.25x,_,-0.33x,_, +0.33u, . (11)

Suppose the integral of delta-shaped function differs
from 1.
Fig. 5 illustrates the experiment when the integral of

delta-shaped 8*(¢) equals 1, u(t):it delta-shaped in-
A

put, x(t) — object output, Af — discretization interval,
X(¢) — output object model.
Note that when At €[0.1;1] Are[0.1;1], input u(¢)

takes values from 1 to 10, it can conform to the techno-
logical requirements.

Consider the case when delta-shaped function integral
8*(¢t) differs from 1. As a result, delta-shaped function

becomes “pseudo-delta-shaped”, in particular integral of
delta function does not equal 1 (fig. 6).
Fig. 5 illustrates discretization interval A¢ = 0.1, inte-

gral of delta-shaped function &"(¢) equals 1, recovery
error w=4.2 %.

In fig. 6 discretization interval At = 0.1, integral of
delta-shaped function 3*(¢) > 1, recovery error w = 40 %.

Hence, in order to construct the appropriate model, the
following term should be kept — integral of delta-shaped
function must be equal 1.

In conditions of normal object operation as an arbi-
trary input signal we take the following function:

u,=t—t/2—A%*sin (0.5¢),
where 4 — oscillation amplitude.

(12)
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Fig. 5. Algorithm work with delta-shaped input
Puc. 5. Pe3ynbpraT paboTs! anropurma
TIpU IeTT000Pa3HOM BXOJHOM BO3AeHCTBHI
x(7)
300 (o
S| i)
100 4
x(1)
’ S
: : : : : : : >
0 2 4 g g 10 12 t

Fig. 6. Algorithm work with “pseudo-delta-shaped” input

Puc. 6. Pesynprar paboTs! aaropurma
HPH «IICEBAOEIBTO0OPA3HOMY BXOJHOM BO3/EHCTBUM

Let us add a random noise that arising in the channel
of output signal measurement x(¢)
h =Ix¢E,,

where &, e[-1;1] , noise level / =5 %,10 % .
Calculate the recovery error — w according to the for-
1

(13)

th — arithmetical mean, X(¢) —

i=1

mula (14), where X

object model output:

s

Z'xt _)et |

i=1

s b
Z' X -x |
i=1

Fig. 7 appeals to the following definitions: u(¢) — in-

(14)

w=

put impact, x(f) — object output, X(¢) — model output.
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Noise level =5 %, recovery error w — 0.067, according to
the chart and recovery error, this model could be consid-
ered as satisfactory.

Thus, table illustrates that lowering oscillation ampli-
tude leads to model accuracy decreasing.

Dependence between recovery error
and oscillation amplitude

A /4
10.5 0.5 %
3.5 1.4 %
2.5 2%
1.5 33%
1 4.9 %
0.5 9.8 %
0.1 53.4%




Cubupcrkuii scypnan nayku u mexnonoauu. Tom 19, Ne 3

W

Fig. 7. Object output when input is an arbitrary signal

Puc. 7. PeSyIIbTaTbI BbIXOJa o0bekTa 1Ipu MPOU3BOJIBHOM BXO/THOM BO3Z[eﬁCTBPIPI

Let us change the input signal and answer the question
of how the quality of constructed model depends on the
oscillation amplitude:

u, = A*sin(0.1¢) ,

where 4 — oscillation amplitude.

We conduct computer experiments, in table following
descriptions are analyzed A — oscillation amplitude,
W — recovery error.

Conclusion. The problem of nonparametric identifica-
tion of linear dynamical objects in conditions of incom-
plete data is analyzed. The main result of this paper is
resolving of identification problem in an object’s normal
operation conditions. The nonparametric linear dynamical
system models that based on Duhamel integral estimation
by means of Nadaraya—Watson statistics are submitted.

The main conclusions that could be made on the basis
of extensive numerical research of nonparametric models
are as follows: although in practice delta function cannot
be submitted to the object input, sometimes it is possible
to submit delta-shaped input signal and then construct a
satisfactory model. Certainly, noise increase in input-
output variables measurement and increase in discreteness
of input-output variables control, in natural way, worsen
accuracy of nonparametric models [15-17].

In addition, it is important to note that the algorithm
does not require particular object equation and known
differential equation order, all equations that have been
described are analyzed as the examples. Thus, algorithm
is not dependent on the type of input impact, the main
condition is observance of the superposition principle.

(14)
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