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MODELING OF PLASTIC FLOW BETWEEN RIGID PLATES APPROACHING
TO A CONSTANT ACCELERATION
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In this paper we study equations describing a slow plastic flow of material. In this case the material is in the flat
state of stress. The paper presents the equations that can be used to simulate slow plastic material flows compressed
between rigid plates, converging with constant acceleration. In the above equations we neglect convective terms, which
greatly simplifies all calculations. The Lie algebra of point symmetries admitted by these equations is calculated for
reduced equations. It has dimension eight. The optimal system of one-dimensional subalgebras is constructed for this
algebra. It allows to give a view of all the different invariant solutions of rank two. That means such solutions depend
only on two independent variables. To demonstrate this we offer a table of switches of all basis operators, as well as a
table of all internal automorphisms functioning. One of the solutions, which simulates the slow plastic flow of the mate-
rial compressed between rigid plates, converging with constant acceleration, built in. Among the most popular solu-
tions in the flat theory of ideal plasticity is the Prandtl’s solution, which describes the compression of a plastic layer
between rigid plates. In this case, the plates approach at a constant speed. The popularity of the solution is explained by
its simplicity, as well as the fact that it can be used to describe various technological processes. The analogue of such a
solution for the plane stress state cannot be constructed. In general, there are big problems with finding analytical solu-
tions for the plane state of stress. It is caused by the fact that the equations describing this state are quite complex, even
in spite of their linearization. In one of the previous works, one of the authors of the present article managed to find a
solution that describes compression of a plastic layer between rigid plates which converge with constant acceleration.
In this work the analogue of such a solution is found for the plane stress state. The authors hope that the suggested so-
lution can also be used for the analysis of real technological processes.

Keywords: plane stress, the exact solution, non-stationary process.
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H3zyuaiomes ypasHenus, onucvléaiowjie Meoiennble niacmuyeckue meuenus mamepuana. Ilpu smom mamepuan na-
X0OUmMCes 8 NIOCKOM HANPSACEHHOM cocmosinuu. TIpusedenvl ypasHeHust, KOmopble MONCHO UCNOIb306AMb OISl MOOEIU-
POBAHUSL MEONEHHBIX NIACTNUYECKUX TEYeHUll MAMEPUAd, CHCUMACMO20 HCECHMKUMU NAUMAMU, COMUNCAIOWUMUCS C
NOCMOSIHHBIM YCKOpeHuem. B npusedennvix ypasnenusx mvl npenebpezaem KOHEEKMUBHBIMU YleHAMU. DMO NO3601m
3HAYUMENLHO YNPOCMUMb 8ce 8blyucienus. /s ypasrnenuil eviuuciena aneeopa Jlu moueunvix cummempuil, Oonyckae-
mas smumu ypaguenuamu. Ona umeem pasmepHocms 8ocemb. [ 9moil aneedpvl NOCMpoena ONMUMAaibHas cucmema
00HOMepHbIX nodaneebp. Imo no360.sem Npuecmit U0 6CeX PA3IUYHLIX UHBAPUAHMHBIX peuleHuli panea 06d, m. e.
MAKUX peuweHutl, KOmopble 3a8UCIN MObKO OM 08X HE3A8UCUMbIX nepeMeHHbIX. [l 9mo2o npusedena mabauya Kom-
MYymamopog ecex 6a3UCHbIX ONepamopos, a makice MmMabauya 0etucmaus 6cex GHympeHHux asmomoppuszmos. Oono u3
MAKUX pewenutl, Komopoe Mooeiupyem MeojeHHble NAACMUYecKUue meyeHuss Mamepuad, CoHCUMAemMo20 HCeCHMKUMU
NAUMAMUY, COTUNCAIOWUMUCS C NOCMOSIHHBIM YCKOPEHUeM, U nocmpoeno 6 cmamve. Camoe nonyisipHoe peuieHue 8 nio-
CKOU meopuu UdeanbHoU RAACMUYHOCIU — 9Mo peuteHue [Ipanomnus, Komopoe onucvisaem cicamue HAACMUYEcKo20
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Hnghopmamuxa, eeruuciumenvhas mexHuxka u ynpagienue

cnos scecmrumu naumamu. Ilpu 5mom naumet COIUNCAIOMCS ¢ NOCMOAHHOU ckopocmbio. Tlonyiaprhocms pewienust
00BACHSIEMCA €20 NPOCMOMOl, A MAKNHCe MeM, YMO €20 MONCHO UCHOIb308aNMb Ol ONUCAHUS PAZIUYHBIX MEXHOL02U-
yeckux npoyeccos. Ananoe maxkozo pewienuss Oiig NIOCKO20 HANPANCEHHO20 COCMOAHUSL NOCmMpoums He yoaemcs. [a
U 6006Ue ¢ NOCMPOEHUEM AHATUMUYECKUX PEWeHUll OISl NIOCKO20 HANPSJICEHHO20 COCMOsHUs 6oNbue npooiemyl.
Omo ces3aH0 ¢ mem, YUMo ypaGHeHUs, ONUCHIBAIOUUe MO COCMOsIHIE, DOCIAMOYHO CLOJICHbIE, 0AdNCe HECMOMPSL HA UX
JuHeapuzayuio. B 00HOU u3 npedwvidyuux pabom 00HOMY U3 A8MOPO8 MOU CMAmMvl YOai0Ch NOCMPOUMsb peuieHue,
onucwlearouee cocamue NIACMUYecKo20 Clos HCeCMKUMU HAUMAMU, KOMOpble COMUNCAIOMCS ¢ NOCMOSHHbIM YCKOpe-
Huem. B omoil cmamee ananoe maxo2o peuwieHus nocmpoen u Ofis HAOCK020 HANPANCEHHO20 COCMOSAHUA. Asmopul
HAOIOMCA, YMoO NOCMPOCHHOE PeuleHue Modice YOACMCs UCROIb308amb 0N AHANU3A PedlbHbIX MEXHOA0SUHECKUX

npoyeccos.

Knouesvie cnosa: niockoe HAanpAdCeHHoe cocmosarue, novHoe peuterue, Hecmauuonapnblﬁ npoyecc.

Introduction. The most popular decision in the flat
theory of ideal plasticity is the one of Prandtl which de-
scribes compression of a plastic layer between rigid
plates. At the same time plates approach at a constant
speed. The popularity of the decision is explained by its
simplicity and also by the fact that it can be used for the
description of various technological processes as well as
rocks [1-7]. The analog of such decision for flat tension
state cannot be constructed. It is connected with the fact
that the group of symmetries allowed by equations in case
of flat deformation, differs from group of pure shear yield
stress in case of flat tension [8—15]. In general, there is a
big problem with analytical decisions for flat tension,
which is caused by the fact that equations describing this
state are rather complex, even despite linearization. In
work [8] one of authors managed to find a solution de-
scribing compression of a plastic layer between rigid
plates which approach with continuous acceleration for
the case of flat deformation. In this work the analog of
such solution is also framed for flat tension state. Authors
hope that the solution will be also used for the analysis of
real technological processes.

We will consider the equations describing flat tension
state flat state of stress

ou 0. ot ov ot Oo,
DTy T P (1)
o ox oy o Ox Oy
0.+0,-0,0,+30 =3k%, )
o v v
x __ Oy _Ox Oy 3)
26,-0, 20,-0, 6t

where o,, 6,, T — components of stress tension tensor;
u, v — velocity vector components; k — pure shear yield
stress.

System (1)—(3) is a system of five equations for five
unknown functions.

Applying the ratios (2)—(3), equations (1)—-(3) may be
written down only in terms of function u, v.

We obtain
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Group properties of the equations flat state of

stress. We will find the group of point symmetries al-
lowed by the system of flat tension equations. We will
construct the optimum system of one-dimensional subal-
gebras and also give a type of all invariant solutions of
rank one.

Theorem. Equations (4) allow the group of continuous
transformations generated by operators

2 2
A =33k (2@ @j +[2@+a—”j -

x=L x-2 x,-2,
ot Ox Oy
0 0 0 0
Y=—",Y,=—,T=x—-y—,
"o oy x@v yau
Z:y——xi+vi—ui, (5)
ox oy ou Ov
N=t£+xi+yi, M=t—+ui+v—.
ot ox T Oy ot oOu oOv

We will find the optimum system of one-dimensional
subalgebras. For this purpose we will calculate commuta-
tors of operators (5). They are presented in tab. 1.

Automorphism corresponding to X, acting on operator
X; according to formula

A(x)=x e[ xox, T [ [.x, Tk

+ %[Xia[Xf,[Xan]ﬂ +...

Here a — some valid parameter.

It is convenient to collect the influence of automor-
phisms on operators (5) in tab. 2.

Lemma. Operators Xy, X;, Y;, T generate the ideal in
Lie algebra.

Thus, automorphisms A, ..
cients under Z, M, N operators.

., Ag cannot change coeffi-
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Table 1
Commutator table
Xo X X, Y, Y, T Z N M
Xo 0 0 0 0 0 0 0 Xo Xy
X 0 0 0 0 0 ) -X; X, 0
X, 0 0 0 0 0 =Y X, X, 0
Y, 0 0 0 0 0 0 -Y 0 )4
Y, 0 0 0 0 0 0 Y 0 Y,
T 0 -Y, Y 0 0 0 0 -T T
Z 0 X5 -X; Y, =Y 0 0 0 0
N —Xo -X; -X; 0 0 T 0 0 0
M —Xo 0 0 -Y -Y -T 0 0 0
Table 2
Table action of automorphisms
Xo Xy X Y; Y, T Z N M
AO XO Xl Xz Yl Y2 T Z N-a OXO M—a OXO
Al XO X1 Xz Yl Y2 T—a 1Y2 Z+a1X2 N—-a 1X1 M
Az XO Xl Xz Yl Y2 T+a 2Y1 Z—a ZXI N-a 2X2 M
A3 XO X1 Xz Yl Y2 T Z+a3Y2 N M*LI3Y1
A4 XO Xl Xz Yl Y2 T Z—a 4Y1 N M—a 4Y2
A5 XO X1+L15Y2 X27a5Y1 Yl Yz T A N+a5T M*LIST
A6 XO leaGYZ X2+a(,X1 YlfaGYZ Y2+L15Y1 T A N M
A, Xoexpa ; | Xiexpa, | Xyexpa; Y Y, Texp(—a 7) Z N M
Ag Xoexp a g X, X5 Yiexpag Yoexpasg Texp ag VA N M
In this respect it is necessary to consider one- Suppose
dimensional subalgebras of four types S, =T+aX,+BY,,i=12.
D,=Z+aM +BN+S, We have
D2=M+0LN+S, A1A2S1=T+OLiXi,
! —
D =N+5. A (T+a X,)=T+aX,,
Suppose

2
where S=Z(ain.+[3in.)+yT+a0Xo; o B, v, o, B —
i=1
constants.
Let us consider subalgebra D, =Z +aM +BN +S .
Under the influence of automorphisms Az, 44, Ay, 4,
we have

A, Ay, A, A, (D) =Z+o'M +B'N+y'T+op X, .
Here constants with strokes above are received as a re-

sult of action of automorphisms in tab. 2. In this case
there are only two types of disconjugate subalgebras

Z+o(M—-N)+o X, +vT, Z+aM +BN ,

where a, B, oo, Y — arbitrary constants.
We will consider D, = M + aN + S. In this case there
are three disconjugate subalgebras

(M—N)+a0X0+yT , M +aN, M+oX,.

We will consider subalgebra D; = N + S.
After the automorphisms’ influence Ay, 4;, 45, As, A¢
we obtain not only disconjugate subalgebras

N+BY.
Now we have to make calculations with the ideal.

The X, operator forms the center of the ideal. Therefore it
can be excluded from consideration for now.

S, =X, +oX, +BY,,
A4S, =X, +al,.

The last disconjugate subalgebra from ideal has ap-
pearance Y.

Now, taking into account that X is the centre of the
ideal we will write down the final optimum system of
one-dimensional subalgebras

Z+o(M~-N)+BX,+yT, Z+aM +BN ,
(M—N)+aX0+yT, M+aN, M +oX,, N+ao¥|,
T+oX, +BX,, X, +al;+BX,, ¥ +aX,, X,.

Remark 1. Dissimilar subalgebras correspond to vari-
ous values of constants a, f3, .

Remark 2. With automorphisms A4, 4g, as well as with
external automorphisms of the system (4), the number of
constants in optimum system can be reduced.

1. We will give a type of all invariant solutions of rank
2 which can be constructed on one-dimensional subalge-
bras:

Z+o(M—N)+BX,+7T,
if o #0, then
_ _ 3
u.=r 1f(5_nn)7 Vo =7F 1g(g’n)_;’yr2,
E=PBO—t, ab—Inr=n,
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if =0, then

u, = f(&n), vy=g(&n)-v0, E=po-1, n=r.
Here and further »,0 — polar coordinates; u,,v, — ve-

fagf

locity vector components in polar coordinates;

some differentiable function of two variables.
2. Z+aM +BN,

if B#0, then
Inu, -O=f(&n), Inv,—BO=g(&m),
E=(a+p)06-Int, n=06-Inr,
if B=0, then
u, = f(&mn), vo=g(&n)-1r6,
E=00—-Int, n=06—-Inr.
3. M—N+oX,+yT,
u=r"f(&n), v=r"g(&n)-3r",
E=alnr—t, n=0.

4. M +aN ,
if a#—1, then
~(1+a) f(& n) ~(1+a) (a n) &:%), nzl‘(Ha)x,

if ao=-1, then
u=tf (x,y), v=tg(x,y).
5. M+oX,,
u:mx1+f'(x,y), v:ax1+g(x,y).
6. N+alt,

u:—alnt-irf(%a%)’ V:g(%’y/)'

7. T +oX, +BX,,
if o #0, then

u :_X%—i-f(y,ﬁx—(lt), V:_ixz +g(y,[3x—0tt) .

If a=0,#0, then
X +g(xy).

u:—%+f(x,y), v

If =0, B=0, then there are no invariant solutions.
8. X, +aY +BX,,
u:—ocx+f([3x—t,y), v:g(ﬁx—t,y).
9. Y +oX,,
u :—oct+f(x,y), v=g(x,y).

10. X,

u:f(x,y), v=g(x,y).

Solution describing compression of the plastic layer
between rigid plates approaching with continuous ac-
celeration. We will find the system of equations describ-
ing plastic currents with continuous acceleration. These
solutions are invariant to subalgebra

M:tg+ui+v—
ot u

a

nd are written as follows
uztu(x,y), v:tv(x,y). (6)

Inserting (6) in (4) we obtain the system of two equa-

tions in function u, v:

O A[,0u Ov O M Ou Ov
2— 4+ — [+—=| —+—|,
6x3 ox oy) oy6\oy ox ™
on(ou ov) o n[,ov ou)
=——|—+—|[+—=| 2—+— |,
ox6\oy ox) oy3\ oy Ox
where
— 28u+8v G - 8u 2@ ’
30 ox oy ) oy
[6y axj
x=3ﬁk[[2@ @] +[ il a—”]
oy Ox
(®)
_ 26_u 6\/ 6\/ au
ox 8y 8x ax ay ’
2f
d 1 ”?
Y «/g Af
dy 'g +/f12
By differentiating equation (8) at y, we have
’g +/f/2
©))

!

2g'=

dy \/g +/fl2.

Further, for simplicity we take &k =1and enter new

variables
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f'=20(y)cosh(y), g'=o(y)sinh(y).

The system (9) will be written as follows:

20cosh(y)= (cosh(y))" )
o (10)

osinh(y)=(2 sinh(y))nw . .

Dividing the second equation of the system (10) by
the first, we receive

sin(h) :2(sin(h))”.
2cos(h) (cos(h))"

After simple transformations we receive the ordinary
differential equation of the second order which coeffi-
cients do not depend on y:

h"(4cos’ (h)+sin® (h))-3h" cos(h)sin(h)=0.
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After standard replacement p = &', h" = pp’, we obtain Fig. 1 demonstrates dependence of function % on vari-
, . able y.
P _ 3c2s(h)s1r.1 (zh) . Now we calculate the components of the tension ten-
p  4cos’ (h)+sin” (h) sor. The graphs are provided in fig. 2—4.
We have

By integrating the equation, we have i
3 r=—=2kcos(h(y)),

In p = ———arctg/3 cos(h)+c. 21/
p== a3 cos(h) SRV

After the second integration, we have an implicit de- _ .
pendency /& = h(y): o, =2k sm(h(y)) ’

0
CJ‘exp(\/garctg\/g cos(h))dh =y. (11) . 22 —3ci -37’ .
0

Fig. 1. Dependence of function / on variable y

Puc. 1. I'paduk 3aBucumoct GYHKUUH /i OT IEPEMEHHOU
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Fig. 2. Dependence of function t on variable y

Puc. 2. I'paduk 3aBUCHMOCTH T OT EPEMEHHOI1 y
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Fig. 3. Dependence of function o, on variable y
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Fig. 4. Dependence of function ©, on variable y

Puc. 4. I'paduk 3aBUCUMOCTH G, OT IIEPEMEHHOM )

Conclusion. From the graphs and formulas it is clear
that the solution provided can be used to describe com-
pression of a plastic thin layer which is in conditions flat
state of stress. Thickness of the layer does not exceed
0.06, however, the plates which compress the layer with
continuous acceleration are characterized by constant
pressure.
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