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Ɋɚɡɪɚɛɨɬɚɧ ɜɚɪɢɚɰɢɨɧɧɨ-ɪɚɡɧɨɫɬɧɵɣ ɦɟɬɨɞ ɪɚɫɱɟɬɚ ɭɫɬɨɣɱɢɜɨɫɬɢ ɬɨɧɤɢɯ ɩɥɚɫɬɢɧ ɧɚ ɢɧɟɪɰɢɨɧɧɵɟ ɧɚ-
ɝɪɭɡɤɢ, ɞɟɣɫɬɜɭɸɳɢɟ ɜ ɛɚɡɢɫɧɨɣ ɩɥɨɫɤɨɫɬɢ. Кɪɚɟɜɚɹ ɡɚɞɚɱɚ ɩɪɢɜɨɞɢɬɫɹ ɤ ɨɛɨɛɳɟɧɧɨɣ ɩɪɨɛɥɟɦɟ ɫɨɛɫɬɜɟɧɧɵɯ 
ɱɢɫɟɥ. ɉɪɢ ɷɬɨɦ ɮɨɪɦɢɪɭɸɬɫɹ ɦɚɬɪɢɰɵ: ɩɟɪɜɚɹ – ɦɚɬɪɢɰɚ ɠɟɫɬɤɨɫɬɢ – ɨɫɧɨɜɚɧɚ ɧɚ ɛɢɝɚɪɦɨɧɢɱɟɫɤɨɦ ɭɪɚɜ-
ɧɟɧɢɢ ɋ. ɀɟɪɦɟɧ, ɚ ɜɬɨɪɚɹ ɦɚɬɪɢɰɚ ɩɪɟɞɫɬɚɜɥɹɟɬ ɢɡɦɟɧɟɧɢɹ ɜɧɭɬɪɟɧɧɢɯ ɧɚɩɪɹɠɟɧɢɣ ɢɥɢ ɜɧɭɬɪɟɧɧɢɯ ɭɫɢɥɢɣ, 
ɜɨɡɧɢɤɚɸɳɢɯ ɜ ɩɥɚɫɬɢɧɟ. ɉɪɢɥɨɠɟɧɢɟ ɦɟɬɨɞɚ ɤɨɧɟɱɧɵɯ ɪɚɡɧɨɫɬɟɣ ɤ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɣ ɩɨɫɬɚɧɨɜɤɟ ɡɚɞɚɱɢ 
ɩɨɤɚɡɚɥɨ ɫɥɟɞɭɸɳɟɟ. Ɇɚɬɪɢɰɚ ɠɟɫɬɤɨɫɬɢ ɜɫɟɝɞɚ ɫɢɦɦɟɬɪɢɱɧɚɹ ɢ ɩɨɥɨɠɢɬɟɥɶɧɨ ɨɩɪɟɞɟɥɟɧɚ ɞɥɹ ɡɚɤɪɟɩɥɟɧ-
ɧɨɣ ɩɥɚɫɬɢɧɵ. ȼɬɨɪɚɹ ɦɚɬɪɢɰɚ – ɦɚɬɪɢɰɚ ɜɧɭɬɪɟɧɧɢɯ ɭɫɢɥɢɣ ɩɪɢ ɚɩɩɪɨɤɫɢɦɚɰɢɢ ɩɪɨɢɡɜɨɞɧɵɯ ɮɭɧɤɰɢɣ  
ɫ ɩɪɢɦɟɧɟɧɢɟɦ ɰɟɧɬɪɚɥɶɧɵɯ ɪɚɡɧɨɫɬɟɣ, ɨɬ ɞɟɣɫɬɜɢɣ ɫɢɥ ɢɧɟɪɰɢɢ ɮɨɪɦɢɪɭɟɬɫɹ ɧɟɫɢɦɦɟɬɪɢɱɧɨɣ ɨɬɧɨɫɢɬɟɥɶ-
ɧɨ ɝɥɚɜɧɨɣ ɞɢɚɝɨɧɚɥɢ, ɬɚɤɠɟ ɦɨɝɭɬ ɜɵɪɨɠɞɚɬɶɫɹ ɢ ɫɬɪɨɤɢ ɷɬɨɣ ɦɚɬɪɢɰɵ – ɬɚɤɨɜɚ ɨɫɨɛɟɧɧɨɫɬɶ ɢɧɟɪɰɢɨɧ-
ɧɵɯ ɧɚɝɪɭɡɨɤ. ɇɟɫɦɨɬɪɹ ɧɚ ɜɨɡɦɨɠɧɨɫɬɶ ɮɨɪɦɢɪɨɜɚɧɢɹ ɫɢɫɬɟɦ ɭɪɚɜɧɟɧɢɣ ɦɟɬɨɞɨɦ ɤɨɧɟɱɧɵɯ ɪɚɡɧɨɫɬɟɣ 
ɛɨɥɶɲɢɯ ɪɚɡɦɟɪɧɨɫɬɟɣ, ɜɨɡɧɢɤɚɸɬ ɨɩɪɟɞɟɥɟɧɧɵɟ ɬɪɭɞɧɨɫɬɢ, ɟɫɥɢ ɩɥɚɫɬɢɧɚ ɢɦɟɟɬ ɫɜɨɛɨɞɧɵɟ ɤɪɚɹ; ɫɥɟɞɭɟɬ 

ɢɫɤɥɸɱɚɬɶ ɜɬɨɪɨɣ ɪɹɞ ɡɚɤɨɧɬɭɪɧɵɯ ɭɡɥɨɜ ɫɟɬɤɢ, ɱɬɨ ɭɫɥɨɠɧɹɟɬ ɩɪɨɰɟɞɭɪɭ ɜɵɱɢɫɥɟɧɢɣ, ɨɫɨɛɟɧɧɨ ɜ ɭɝɥɚɯ ɩɥɚ-
ɫɬɢɧɵ, ɜɧɟɲɧɢɯ ɢ ɜɧɭɬɪɟɧɧɢɯ. ɉɨɷɬɨɦɭ ɜɵɩɨɥɧɟɧ ɩɟɪɟɯɨɞ ɨɬ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɣ ɮɨɪɦɭɥɢɪɨɜɤɢ ɡɚɞɚɱɢ ɤ ɢɧɬɟ-
ɝɪɚɥɶɧɨɣ ɮɨɪɦɭɥɢɪɨɜɤɟ ɫ ɞɢɫɤɪɟɬɢɡɚɰɢɟɣ ɜɚɪɢɚɰɢɨɧɧɨ-ɪɚɡɧɨɫɬɧɵɦ ɦɟɬɨɞɨɦ. ɉɪɢ ɷɬɨɦ ɩɨɞɯɨɞɟ ɩɪɢ ɮɨɪɦɢ-
ɪɨɜɚɧɢɢ ɦɚɬɪɢɰɵ ɠɟɫɬɤɨɫɬɢ ɧɚ ɫɜɨɛɨɞɧɵɯ ɤɪɚɹɯ ɧɟ ɜɨɡɧɢɤɚɟɬ ɜɬɨɪɨɝɨ ɪɹɞɚ ɡɚɤɨɧɬɭɪɧɵɯ ɭɡɥɨɜ, ɜ ɭɝɥɚɯ ɧɟ 
ɜɨɡɧɢɤɚɸɬ ɞɨɩɨɥɧɢɬɟɥɶɧɵɟ ɭɡɥɵ ɫɟɬɤɢ; ɦɚɬɪɢɰɚ ɜɧɭɬɪɟɧɧɢɯ ɭɫɢɥɢɣ ɜɫɟɝɞɚ ɫɢɦɦɟɬɪɢɱɧɚ – ɬɚɤɨɜɚ ɨɫɨɛɟɧ-
ɧɨɫɬɶ ɩɪɢɥɨɠɟɧɢɹ ɢɧɬɟɝɪɚɥɶɧɨɝɨ ɩɨɞɯɨɞɚ. Ɇɚɬɪɢɰɚ ɜɧɭɬɪɟɧɧɢɯ ɭɫɢɥɢɣ ɦɨɠɟɬ ɛɵɬɶ ɩɥɨɯɨ ɨɛɭɫɥɨɜɥɟɧɧɨɣ, 
ɨɞɧɚɤɨ ɷɬɨɬ ɮɚɤɬɨɪ ɧɟ ɜɥɢɹɟɬ ɧɚ ɪɟɲɟɧɢɟ ɡɚɞɚɱɢ ɨɩɪɟɞɟɥɟɧɢɹ ɫɨɛɫɬɜɟɧɧɵɯ ɱɢɫɟɥ. 
ȼ ɥɢɬɟɪɚɬɭɪɟ ɩɪɢɜɟɞɟɧɨ ɦɧɨɠɟɫɬɜɨ ɬɟɨɪɟɬɢɱɟɫɤɢɯ ɢɫɫɥɟɞɨɜɚɧɢɣ ɢ ɪɟɲɟɧɢɣ ɩɪɚɤɬɢɱɟɫɤɢɯ ɡɚɞɚɱ ɪɚɫɱɟɬɚ 

ɭɫɬɨɣɱɢɜɨɫɬɢ ɤɨɧɫɬɪɭɤɰɢɣ, ɜ ɬɨɦ ɱɢɫɥɟ ɢ ɩɨ ɪɚɫɱɟɬɭ ɩɪɨɞɨɥɶɧɨ-ɩɨɩɟɪɟɱɧɨɝɨ ɢɡɝɢɛɚ ɬɨɧɤɢɯ ɩɥɚɫɬɢɧ. Ɉɞɧɚɤɨ 
ɜ ɛɨɥɶɲɟɣ ɦɟɪɟ ɷɬɨ ɡɚɞɚɱɢ, ɢɦɟɸɳɢɟ ɩɨɥɨɠɢɬɟɥɶɧɨ ɨɩɪɟɞɟɥɟɧɧɵɟ ɨɩɟɪɚɬɨɪɵ. Ɂɞɟɫɶ ɜɵɩɨɥɧɟɧɚ ɨɩɪɟɞɟɥɟɧɧɚɹ 
ɩɨɢɫɤɨɜɚɹ ɢ ɢɫɫɥɟɞɨɜɚɬɟɥɶɫɤɚɹ ɪɚɛɨɬɚ ɩɪɢɥɨɠɟɧɢɹ ɜɚɪɢɚɰɢɨɧɧɨ-ɪɚɡɧɨɫɬɧɨɝɨ ɦɟɬɨɞɚ ɤ ɪɚɫɱɟɬɭ ɭɫɬɨɣɱɢɜɨ-
ɫɬɢ ɤɨɧɫɬɪɭɤɰɢɣ ɧɚ ɪɚɡɥɢɱɧɵɟ ɧɚɝɪɭɡɤɢ. Ⱦɢɮɮɟɪɟɧɰɢɚɥɶɧɚɹ ɮɨɪɦɭɥɢɪɨɜɤɚ ɤɪɚɟɜɨɣ ɡɚɞɚɱɢ ɩɪɟɨɛɪɚɡɨɜɚɧɚ  
ɜ ɜɚɪɢɚɰɢɨɧɧɭɸ ɮɨɪɦɭɥɢɪɨɜɤɭ; ɩɪɢɜɟɞɟɧɵ ɤɪɢɬɟɪɢɢ ɭɫɬɨɣɱɢɜɨɫɬɢ ɢ ɪɟɲɟɧɵ ɜɨɩɪɨɫɵ ɚɩɩɪɨɤɫɢɦɚɰɢɢ ɞɢɮɮɟ-
ɪɟɧɰɢɚɥɶɧɵɯ ɨɩɟɪɚɬɨɪɨɜ ɞɥɹ ɞɢɫɤɪɟɬɧɨɣ ɡɚɞɚɱɢ ɫ ɤɨɧɟɱɧɵɦ ɱɢɫɥɨɦ ɩɟɪɟɦɟɧɧɵɯ. Ɋɚɡɪɚɛɨɬɚɧɵ ɚɥɝɨɪɢɬɦɵ ɞɥɹ 
ɦɚɬɟɦɚɬɢɱɟɫɤɨɣ ɫɢɫɬɟɦɵ Maple ɢ ɫɨɫɬɚɜɥɟɧɵ ɩɪɨɝɪɚɦɦɵ ɪɚɫɱɟɬɚ. ɉɪɢɜɟɞɟɧɵ ɞɜɚ ɩɪɢɦɟɪɚ ɪɚɫɱɟɬɚ ɩɥɚɫɬɢɧ. 
Ɋɚɫɫɦɨɬɪɟɧɚ ɩɥɚɫɬɢɧɚ, ɠɟɫɬɤɨ ɡɚɤɪɟɩɥɟɧɧɚɹ ɩɨ ɜɫɟɦ ɫɬɨɪɨɧɚɦ; ɞɟɣɫɬɜɭɸɳɢɟ ɫɢɥɵ ɢɧɟɪɰɢɢ ɢɡɦɟɧɹɸɬɫɹ  
ɩɨ ɥɢɧɟɣɧɨɦɭ ɡɚɤɨɧɭ. Ɍɚɤɠɟ ɪɚɫɫɦɨɬɪɟɧɚ ɩɥɚɫɬɢɧɚ, ɠɟɫɬɤɨ ɡɚɤɪɟɩɥɟɧɧɚɹ ɩɨ ɨɞɧɨɣ ɫɬɨɪɨɧɟ, ɚ ɩɨ ɬɪɟɦ ɞɪɭ-
ɝɢɦ ɫɬɨɪɨɧɚɦ ɩɥɚɫɬɢɧɚ ɫɜɨɛɨɞɧɚ ɨɬ ɡɚɤɪɟɩɥɟɧɢɣ. ɉɨɥɭɱɟɧɵ ɡɧɚɱɟɧɢɹ ɤɪɢɬɢɱɟɫɤɢɯ ɭɫɤɨɪɟɧɢɣ.  
Цɟɥɶ – ɪɚɡɪɚɛɨɬɚɬɶ ɦɟɬɨɞ ɪɚɫɱɟɬɚ ɩɥɚɫɬɢɧ ɧɚ ɢɧɟɪɰɢɨɧɧɵɟ ɧɚɝɪɭɡɤɢ. 
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The variation and differential method of calculation of stability of thin plates on the inertial loadings operating in 

the basic plane is developed. The regional task is given to the generalized problem of own numbers. Thus matrixes are 

formed: the first, a rigidity matrix – is based on the biharmonic equation of S. Germaine, and the second matrix, 

represents changes of the internal tension or internal efforts arising in a plate. The annex of a method of final 
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differences to a differential problem definition shows the following. The rigidity matrix always symmetric is also 

positively defined for the fixed plate. The second matrix to – a matrix of internal efforts at approximation of derivative 

functions with application of the central differences, from actions of forces of inertia is formed asymmetrical rather 

main diagonal, also lines of this matrix – such is feature of inertial loadings can also degenerate. Despite possibility of 

formation of systems of the equations certain difficulties if the plate has free edges arise by method of final differences 

of big dimensions; it is necessary to exclude the second row the zakonturnykh of knots of a grid that complicates 

procedure of calculations, especially in corners of a plate, external and internal. Therefore transition from the 

differential formulation of a task to the integrated formulation with sampling by a variation and differential method is 

executed. At this approach, when forming a matrix of rigidity at free edges there is no second row the zakonturnykh of 

knots, in corners there are no additional knots of a grid; – the matrix of internal efforts is always symmetric, such is 

feature of the appendix of integrated approach. The matrix of internal efforts can be badly caused, however this factor 

doesn't influence the solution of a problem of definition of own numbers. 

The set of theoretical researches and solutions of practical problems of calculation of stability of designs, including 

by calculation of a longitudinally cross bend of thin plates is given in literature. However, in a bigger measure, these 

tasks have positively certain operators. There is  a certain search and research operation of application of a variation 

and differential method to calculation of stability of designs on various loadings is performed. The differential 

formulation of a regional task is transformed to the variation formulation; criteria of stability are given and issues of 

approximation of differential operators for a discrete task with final number of variables are resolved. The algorithms 

are developed for mathematical Maple system and programs of calculation are made. Two examples of calculation of 

plates are given. The plate which is rigidly fixed on all parties is considered; operating forces of inertia change under 

the linear law. Also the plate which is rigidly fixed on one party, and on three other parties is considered – the plate is 

free from fixing. Values of critical accelerations are received. 

The purposeof the work is to develop the method of calculation of plates on inertial loadings. 

 

Keywords: calculation of plates, stability, variation and differential method. 

 
ȼɜɟɞɟɧɢɟ. ɗɥɟɦɟɧɬɵ ɬɨɧɤɢɯ ɩɥɚɫɬɢɧ, ɢɫɩɨɥɶɡɭɟ-

ɦɵɟ ɜ ɜɨɟɧɧɨ-ɦɨɪɫɤɢɯ ɢ ɚɷɪɨɧɚɜɢɝɚɰɢɨɧɧɵɯ ɫɬɪɭɤɬɭ-
ɪɚɯ, ɱɚɫɬɨ ɩɨɞɜɟɪɝɚɸɬɫɹ ɧɨɪɦɚɥɶɧɵɦ ɢ ɫɞɜɢɝɚɸɳɢɦ 
ɫɢɥɚɦ, ɞɟɣɫɬɜɭɸɳɢɦ ɜ ɩɥɨɫɤɨɫɬɢ ɩɥɚɫɬɢɧ [1]. Ɋɟɲɟ-
ɧɢɹ ɩɪɨɛɥɟɦ ɭɫɬɨɣɱɢɜɨɫɬɢ ɢɦɟɸɬ ɩɪɚɤɬɢɱɟɫɤɢɟ ɡɧɚ-
ɱɟɧɢɹ ɩɪɢ ɤɨɧɫɬɪɭɢɪɨɜɚɧɢɢ ɪɚɤɟɬ, ɜɵɫɨɤɨɫɤɨɪɨɫɬɧɵɯ 
ɫɚɦɨɥɟɬɨɜ, ɩɨɞɜɟɪɝɧɭɬɵɯ ɡɧɚɱɢɬɟɥɶɧɵɦ ɭɫɤɨɪɟɧɢɹɦ [2]. 
ɋɥɟɞɭɟɬ ɨɬɦɟɬɢɬɶ ɜɨɡɦɨɠɧɨɫɬɶ ɩɪɢɥɨɠɟɧɢɹ ɷɬɢɯ ɪɟ-
ɲɟɧɢɣ ɞɥɹ ɩɪɨɟɤɬɢɪɨɜɚɧɢɹ ɛɚɧɧɟɪɨɜ, ɬɨɧɤɢɯ ɨɝɪɚɠ-
ɞɟɧɢɣ ɜ ɜɢɞɟ ɜɟɪɬɢɤɚɥɶɧɵɯ ɤɨɧɫɨɥɶɧɵɯ ɩɥɚɫɬɢɧ, ɧɚ-
ɯɨɞɹɳɢɯɫɹ ɩɨɞ ɞɟɣɫɬɜɢɟɦ ɫɨɛɫɬɜɟɧɧɨɝɨ ɜɟɫɚ. ɉɨɷɬɨɦɭ 
ɦɨɠɧɨ ɡɚɹɜɥɹɬɶ ɨɛ ɚɤɬɭɚɥɶɧɨɫɬɢ ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɣ ɬɟɦɵ. 

Ⱦɢɮɮɟɪɟɧɰɢɚɥɶɧɚɹ ɮɨɪɦɭɥɢɪɨɜɤɚ ɡɚɞɚɱɢ ɭɫ-
ɬɨɣɱɢɜɨɫɬɢ. Ⱦɢɮɮɟɪɟɧɰɢɚɥɶɧɚɹ ɤɥɚɫɫɢɱɟɫɤɚɹ ɮɨɪ-
ɦɭɥɢɪɨɜɤɚ ɡɚɞɚɱɢ ɨ ɩɪɨɞɨɥɶɧɨ-ɩɨɩɟɪɟɱɧɨɦ ɢɡɝɢɛɟ 
ɢɡɨɬɪɨɩɧɨɣ ɩɥɚɫɬɢɧɤɢ ɜ ɞɟɤɚɪɬɨɜɨɣ ɫɢɫɬɟɦɟ ɤɨɨɪɞɢ-
ɧɚɬ ɢɡɜɟɫɬɧɚ ɜ ɥɢɬɟɪɚɬɭɪɟ, ɨɧɚ ɩɪɟɞɫɬɚɜɥɟɧɚ ɭɪɚɜɧɟ-
ɧɢɟɦ ɪɚɜɧɨɜɟɫɢɹ [3] 
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∂ ∂ ∂ ∂
 (1) 

ɜ ɤɨɬɨɪɨɦ 3 2/12(1 ȝ )D Eh= −  – ɰɢɥɢɧɞɪɢɱɟɫɤɚɹ ɠɟ-
ɫɬɤɨɫɬɶ; ȿ – ɦɨɞɭɥɶ ɘɧɝɚ; ȝ – ɤɨɷɮɮɢɰɢɟɧɬ ɉɭɚɫɫɨ-
ɧɚ; h – ɬɨɥɳɢɧɚ ɩɥɚɫɬɢɧɤɢ; ( , )w w x y=  – ɮɭɧɤɰɢɹ 
ɩɪɨɝɢɛɚ. Ɇɟɦɛɪɚɧɧɵɟ ɭɫɢɥɢɹ ( , )x xN N x y= , 

( , )y yN N x y= , ( , )xy xyS S x y=  ɩɪɚɜɨɣ ɱɚɫɬɢ (1) ɜɵɪɚ-
ɠɚɸɬɫɹ ɱɟɪɟɡ ɩɟɪɟɦɟɳɟɧɢɹ ( , )u u x y= , ( , )v v x y=  

ɛɚɡɢɫɧɨɝɨ ɫɥɨɹ ɧɚ ɨɫɧɨɜɟ ɡɚɤɨɧɚ Ƚɭɤɚ [4]: 
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. (2) 

Ɏɭɧɤɰɢɢ ɩɟɪɟɦɟɳɟɧɢɣ ɞɥɹ (2) ɦɨɝɭɬ ɛɵɬɶ ɜɵɱɢɫɥɟɧɵ 

ɫ ɩɨɦɨɳɶɸ ɭɪɚɜɧɟɧɢɣ ɪɚɜɧɨɜɟɫɢɹ ɋɟɧ-ȼɟɧɚɧɚ [5]: 
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. (4) 

ȼ (3), (4) ɞɥɹ ɡɚɞɚɱ ɨ ɞɟɣɫɬɜɢɢ ɭɫɤɨɪɟɧɢɣ 

( , )xq x y hX= , ( , )yq x y hY= , ( , ) 0zq x y = , ɜ ɤɨɬɨɪɵɯ 
ɨɛɴɟɦɧɵɟ ɫɢɥɵ ɪɚɜɧɵ ρ xX a=  ɢ ρ yY a= , ɡɚɜɢɫɹɬ ɨɬ 
ɩɥɨɬɧɨɫɬɢ ɦɚɬɟɪɢɚɥɚ ρ ɢ ɭɫɤɨɪɟɧɢɣ ax, ay ɩɨ ɧɚɩɪɚɜ-
ɥɟɧɢɹɦ ɨɫɟɣ ɤɨɨɪɞɢɧɚɬ Ox ɢ Oy ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ.  
Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɫɮɨɪɦɢɪɨɜɚɧɚ ɫɢɫɬɟɦɚ ɬɪɟɯ ɭɪɚɜ-

ɧɟɧɢɣ (1)–(4) ɨɬɧɨɫɢɬɟɥɶɧɨ ɬɪɟɯ ɧɟɢɡɜɟɫɬɧɵɯ ɮɭɧɤ-
ɰɢɣ u, v, w. Ʉ ɷɬɢɦ ɭɪɚɜɧɟɧɢɹɦ ɞɨɛɚɜɥɹɸɬɫɹ ɫɬɚɬɢɱɟ-
ɫɤɢɟ ɢ ɝɟɨɦɟɬɪɢɱɟɫɤɢɟ ɝɪɚɧɢɱɧɵɟ ɭɫɥɨɜɢɹ. Ɉɬɦɟɬɢɦ, 

ɱɬɨ ɜ ɭɪɚɜɧɟɧɢɹ (3) ɢ (4) ɧɟ ɜɯɨɞɹɬ ɩɪɨɝɢɛɵ; ɡɚɞɚɱɚ 
ɪɚɫɩɚɞɚɟɬɫɹ ɧɚ ɞɜɟ: ɜ ɩɟɪɜɨɣ ɡɚɞɚɱɟ ɜɵɱɢɫɥɹɸɬɫɹ 
ɮɭɧɤɰɢɢ u ɢ v ɩɨ ɮɨɪɦɭɥɚɦ (3), (4), ɚ ɜɨ ɜɬɨɪɨɣ –  

ɨɩɪɟɞɟɥɹɸɬɫɹ ɮɭɧɤɰɢɢ ( , )x xN N x y= , ( , )y yN N x y= , 

( , )xy xyS S x y=  ɩɨ ɮɨɪɦɭɥɚɦ (2) ɢ ɪɟɚɥɢɡɭɟɬɫɹ ɩɪɨɛɥɟ-
ɦɚ ɫɨɛɫɬɜɟɧɧɵɯ ɱɢɫɟɥ, ɬ. ɟ. ɩɪɨɛɥɟɦɚ ɪɚɫɱɟɬɚ ɭɫɬɨɣ-

ɱɢɜɨɫɬɢ ɩɥɚɫɬɢɧɵ (1).  

Ɉɛɨɫɧɨɜɚɧɢɟ ɩɪɟɞɩɨɱɬɟɧɢɹ ɢɧɬɟɝɪɚɥɶɧɨɣ ɮɨɪ-

ɦɭɥɢɪɨɜɤɢ ɡɚɞɚɱɢ ɭɫɬɨɣɱɢɜɨɫɬɢ. Ʉɪɢɬɟɪɢɣ ɭɫɬɨɣ-

ɱɢɜɨɫɬɢ. ɉɪɢ ɤɨɧɟɱɧɨ-ɪɚɡɧɨɫɬɧɨɣ ɚɩɩɪɨɤɫɢɦɚɰɢɢ 

ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ (1), (3), (4), ɚ ɢɦɟɧɧɨ,  
ɩɪɢ ɪɚɫɫɦɨɬɪɟɧɢɢ ɫɜɨɛɨɞɧɵɯ ɨɬ ɡɚɤɪɟɩɥɟɧɢɹ ɭɝɥɨɜ 
ɩɥɚɫɬɢɧɤɢ, ɜɨɡɧɢɤɚɸɬ ɚɥɝɨɪɢɬɦɢɱɟɫɤɢɟ ɬɪɭɞɧɨɫɬɢ, 
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ɫɜɹɡɚɧɧɵɟ ɫ ɢɫɤɥɸɱɟɧɢɟɦ ɡɚɤɨɧɬɭɪɧɵɯ ɭɡɥɨɜ. Ƚɥɚɜ-
ɧɨɣ ɠɟ ɨɫɨɛɟɧɧɨɫɬɶɸ ɹɜɥɹɟɬɫɹ ɬɨ, ɱɬɨ ɚɩɩɪɨɤɫɢɦɚɰɢɹ 
ɜɬɨɪɵɯ ɩɪɨɢɡɜɨɞɧɵɯ ɮɭɧɤɰɢɣ ɩɪɨɝɢɛɨɜ ɜ (1) ɰɟɧ-

ɬɪɚɥɶɧɵɦɢ ɤɨɧɟɱɧɵɦɢ ɪɚɡɧɨɫɬɹɦɢ ɞɚɟɬ ɧɟɫɢɦɦɟɬ-
ɪɢɱɧɭɸ ɦɚɬɪɢɰɭ ɜɧɭɬɪɟɧɧɢɯ ɭɫɢɥɢɣ, ɱɬɨ ɡɚɬɪɭɞɧɹɟɬ 
ɪɟɲɟɧɢɟ ɩɪɨɛɥɟɦɵ ɫɨɛɫɬɜɟɧɧɵɯ ɱɢɫɟɥ ɪɚɡɪɟɲɚɸɳɟɣ 

ɞɢɫɤɪɟɬɧɨɣ ɤɪɚɟɜɨɣ ɡɚɞɚɱɢ. ɗɬɨɬ ɮɚɤɬ ɹɜɧɨ ɩɪɨɫɥɟ-
ɠɢɜɚɟɬɫɹ ɩɪɢ ɮɨɪɦɢɪɨɜɚɧɢɢ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɦɚɬ-
ɪɢɰ ɩɪɨɞɨɥɶɧɨ-ɩɨɩɟɪɟɱɧɨɝɨ ɢɡɝɢɛɚ ɫɬɟɪɠɧɟɣ [6]. ɉɨ-
ɷɬɨɦɭ ɰɟɥɟɫɨɨɛɪɚɡɧɨ ɤ ɪɚɫɱɟɬɭ ɩɥɚɫɬɢɧ ɧɚ ɭɫɬɨɣɱɢ-

ɜɨɫɬɶ ɨɬ ɞɟɣɫɬɜɢɹ ɫɢɥ ɢɧɟɪɰɢɢ ɩɪɢɦɟɧɢɬɶ ɷɧɟɪɝɟɬɢ-

ɱɟɫɤɢɟ ɩɪɢɧɰɢɩɵ. Ɂɞɟɫɶ ɫɥɟɞɭɟɬ ɨɛɪɚɬɢɬɶɫɹ ɤ ɨɫɧɨɜɚɦ 

ɬɟɨɪɟɬɢɱɟɫɤɨɣ ɦɟɯɚɧɢɤɢ ɢ ɭɩɨɦɹɧɭɬɶ ɬɟɨɪɟɦɭ  
Ʌɚɝɪɚɧɠɚ–Ⱦɢɪɢɯɥɟ ɢ Ʌɹɩɭɧɨɜɚ, ɭɫɬɚɧɚɜɥɢɜɚɸɳɭɸ 

ɪɚɜɧɨɜɟɫɢɟ ɦɟɯɚɧɢɱɟɫɤɨɣ ɫɢɫɬɟɦɵ ɢ ɨɩɪɟɞɟɥɹɸɳɭɸ 

ɤɪɢɬɟɪɢɢ ɪɚɜɧɨɜɟɫɧɵɯ ɩɨɥɨɠɟɧɢɣ [7]. Ⱦɥɹ ɞɟɮɨɪɦɢ-

ɪɭɟɦɵɯ ɤɨɧɫɬɪɭɤɰɢɣ, ɜ ɱɚɫɬɧɨɫɬɢ ɞɥɹ ɩɥɚɫɬɢɧ, ɩɪɢ-

ɥɨɠɟɧɢɟ ɷɧɟɪɝɟɬɢɱɟɫɤɢɯ ɩɪɢɧɰɢɩɨɜ ɤ ɩɪɨɛɥɟɦɟ ɭɫ-
ɬɨɣɱɢɜɨɫɬɢ ɩɪɢɜɨɞɢɬɫɹ ɜ ɛɨɥɶɲɨɦ ɤɨɥɢɱɟɫɬɜɟ ɧɚɭɱ-
ɧɵɯ ɪɚɡɪɚɛɨɬɨɤ. ɇɚɡɨɜɟɦ ɡɞɟɫɶ ɪɚɛɨɬɵ [1–5; 8–14], 

ɢɫɩɨɥɶɡɭɸɳɢɟ ɤɚɤ ɱɢɫɥɟɧɧɵɟ, ɬɚɤ ɢ ɚɧɚɥɢɬɢɱɟɫɤɢɟ 
ɦɟɬɨɞɵ ɪɚɫɱɟɬɚ. ɉɭɫɬɶ  
 Ʌ Ʌ 1 1ɗ ɗ ( , ,..., )nw w w= −  (5) 

ɮɭɧɤɰɢɨɧɚɥ Ʌɚɝɪɚɧɠɚ ɤɨɧɟɱɧɨɝɨ ɱɢɫɥɚ ɩɟɪɟɦɟɧɧɵɯ 

1 1, ,  ..., nw w w  ɤɪɚɟɜɨɣ ɡɚɞɚɱɢ. ɉɪɢɪɚɳɟɧɢɟ ɩɨɥɧɨɣ 

ɩɨɬɟɧɰɢɚɥɶɧɨɣ ɷɧɟɪɝɢɢ ɞɟɮɨɪɦɢɪɨɜɚɧɢɹ ɞɥɹ ɜɚɪɢɚɰɢɣ 

1 1 2 2δ , δ ,..., δn nw w w w w w+ + +  ɫ ɭɞɟɪɠɚɧɢɟɦ ɱɥɟɧɨɜ  
ɧɟ ɜɵɲɟ ɜɬɨɪɨɝɨ ɩɨɪɹɞɤɚ ɢɦɟɟɬ ɜɢɞ  

Ʌ Ʌ 1 1 2 2ɗ ɗ ( δ , δ ,..., δ )n nw w w w w wΔ = + + + −  

 2

Ʌ 1 2 Ʌ Ʌɗ ( , ,..., ) ɗ δ ɗ / 2.nw w w− = ∂ +  (6) 

Ɂɞɟɫɶ ɩɟɪɜɚɹ ɢ ɜɬɨɪɚɹ ɜɚɪɢɚɰɢɢ (5) ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ 
ɪɚɜɧɵ 

 Ʌ Ʌδɗ ( ɗ / )δk kw w= ∂ ∂ , (7) 

 ( )2 2

Ʌ Ʌδ ɗ ɗ / δ δk l k lw w w w= ∂ ∂ ∂  (8) 

ɫ ɫɭɦɦɢɪɨɜɚɧɢɟɦ ɩɨ ɩɨɜɬɨɪɹɸɳɢɦɫɹ ɢɧɞɟɤɫɚɦ: 

1,  2,  ...,  k n= , 1,  2,  ...,  l n= . Ⱦɥɹ ɥɸɛɨɝɨ ɪɚɜɧɨɜɟɫ-
ɧɨɝɨ ɫɨɫɬɨɹɧɢɹ Ʌδɗ 0=  [8]. ȼ ɡɚɞɚɱɚɯ ɭɫɬɨɣɱɢɜɨɫɬɢ ɨ 

ɯɚɪɚɤɬɟɪɟ ɪɚɜɧɨɜɟɫɢɹ ɫɭɞɹɬ ɩɨ ɡɧɚɤɭ ɜɬɨɪɨɣ ɜɚɪɢɚɰɢɢ 

ɮɭɧɤɰɢɨɧɚɥɚ: ɭɫɬɨɣɱɢɜɨɟ ɪɚɜɧɨɜɟɫɢɟ, ɟɫɥɢ 2

Ʌδ ɗ 0>  

ɞɥɹ ɜɫɟɯ ɞɨɩɭɫɬɢɦɵɯ ɜɢɪɬɭɚɥɶɧɵɯ ɩɟɪɟɦɟɳɟɧɢɣ;  

ɧɟɭɫɬɨɣɱɢɜɨɟ ɪɚɜɧɨɜɟɫɢɟ, ɟɫɥɢ ɯɨɬɹ ɛɵ ɞɥɹ ɨɞɧɨɝɨ 
ɞɨɩɭɫɬɢɦɨɝɨ ɜɢɪɬɭɚɥɶɧɨɝɨ ɩɟɪɟɦɟɳɟɧɢɹ 2

Ʌδ ɗ 0< . 

ɇɨ ɩɟɪɜɚɹ ɜɟɪɯɧɹɹ ɤɪɢɬɢɱɟɫɤɚɹ ɧɚɝɪɭɡɤɚ ɫɨɨɬɜɟɬɫɬɜɭɟɬ 
ɩɟɪɟɯɨɞɭ ɨɬ ɭɫɬɨɣɱɢɜɵɯ ɪɚɜɧɨɜɟɫɧɵɯ ɩɨɥɨɠɟɧɢɣ  

ɤ ɧɟɭɫɬɨɣɱɢɜɵɦ, ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɞɥɹ ɷɬɨɝɨ ɡɧɚɱɟɧɢɹ 
ɧɚɝɪɭɡɤɢ ɞɨɥɠɧɨ ɛɵɬɶ [10; 14; 15] 

 2

Ʌδ ɗ 0= . (9) 

ȼɜɟɞɟɦ ɜ (8) ɨɩɟɪɚɬɨɪɵ ɜɚɪɶɢɪɨɜɚɧɢɹ 1δ  ɢ 2δ . Ɍɟ-
ɩɟɪɶ ɡɚɩɢɲɟɦ (9) ɬɚɤ:  

 

2

Ʌ 2 1 Ʌ 1 2

1 1 1 2 1 2 1 2 2 2

          δ ɗ δ (δ ɗ ( , ,  ...,  ;

δ ,δ ,  ...,  δ ; δ ,δ ,  ...,  δ )) 0.

n

n n

w w w

w w w w w w

=
=

 
(10)

 

ɍɫɥɨɜɢɟ (9) ɫ ɭɱɟɬɨɦ (10) ɷɤɜɢɜɚɥɟɧɬɧɨ ɫɥɟɞɭɸɳɟɦɭ 
ɭɪɚɜɧɟɧɢɸ 
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, (11)
 

ɜ ɤɨɬɨɪɨɦ, ɦɚɬɪɢɰɚ n × n ɫɨɞɟɪɠɢɬ ɤɨɷɮɮɢɰɢɟɧɬɵ 

ɩɪɢ ɜɚɪɢɚɰɢɹɯ ɩɟɪɟɦɟɳɟɧɢɣ ɭɪɚɜɧɟɧɢɹ (10). Ⱦɚɧɧɚɹ 
ɫɢɫɬɟɦɚ ɛɭɞɟɬ ɢɦɟɬɶ ɪɟɲɟɧɢɟ, ɨɬɥɢɱɧɨɟ ɨɬ ɧɭɥɹ, ɥɢɲɶ 
ɜ ɬɨɦ ɫɥɭɱɚɟ, ɟɫɥɢ ɨɩɪɟɞɟɥɢɬɟɥɶ, ɫɨɫɬɚɜɥɟɧɧɵɣ ɢɡ ɟɟ 
ɤɨɷɮɮɢɰɢɟɧɬɨɜ, ɪɚɜɟɧ ɧɭɥɸ [10]. Ƚɪɭɩɩɢɪɨɜɤɚ ɤɨɷɮ-

ɮɢɰɢɟɧɬɨɜ ɩɪɢ ɧɟɡɚɜɢɫɢɦɵɯ ɜɚɪɢɚɰɢɹɯ ɩɟɪɟɦɟɳɟɧɢɣ 

ɞɚɟɬ ɧɭɥɟɜɨɣ ɨɩɪɟɞɟɥɢɬɟɥɶ 
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. (12) 

Ʉɨɷɮɮɢɰɢɟɧɬɵ ɜ (12) ɹɜɥɹɸɬɫɹ ɮɭɧɤɰɢɹɦɢ ɩɚɪɚ-
ɦɟɬɪɨɜ ɠɟɫɬɤɨɫɬɢ ɤɨɧɫɬɪɭɤɰɢɢ, ɫɨɨɬɧɨɲɟɧɢɹ ɟɟ ɪɚɡ-
ɦɟɪɨɜ. Ɍɚɤɠɟ ɨɧɢ ɹɜɥɹɸɬɫɹ ɮɭɧɤɰɢɹɦɢ ɜɧɭɬɪɟɧɧɢɯ 
ɭɫɢɥɢɣ, ɡɚɜɢɫɹɳɢɯ ɜ ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɣ ɪɚɛɨɬɟ ɨɬ ɩɚ-
ɪɚɦɟɬɪɚ ɭɫɤɨɪɟɧɢɹ. ɉɚɪɚɦɟɬɪ ɭɫɤɨɪɟɧɢɹ ɟɫɬɶ ɩɚɪɚ-
ɦɟɬɪ ɧɚɝɪɭɡɤɢ, ɤɨɬɨɪɵɣ ɹɜɥɹɟɬɫɹ ɟɞɢɧɫɬɜɟɧɧɨɣ ɧɟɢɡ-
ɜɟɫɬɧɨɣ ɯɚɪɚɤɬɟɪɢɫɬɢɤɨɣ ɨɩɪɟɞɟɥɢɬɟɥɹ (12); ɩɪɢɱɟɦ 

ɟɝɨ ɡɧɚɱɟɧɢɹ, ɨɛɪɚɳɚɸɳɢɟ ɨɩɪɟɞɟɥɢɬɟɥɶ ɜ ɧɭɥɶ, ɛɭ-
ɞɭɬ ɫɨɨɬɜɟɬɫɬɜɨɜɚɬɶ ɤɪɢɬɢɱɟɫɤɢɦ ɡɧɚɱɟɧɢɹɦ ɧɚɝɪɭɡɤɢ. 

Ʉɨɪɧɢ ɫɢɫɬɟɦɵ ɭɪɚɜɧɟɧɢɣ (12) ɨɩɪɟɞɟɥɹɸɬ n ɫɨɛɫɬ-
ɜɟɧɧɵɯ ɱɢɫɟɥ, ɬ. ɟ. ɜɫɟ ɤɪɢɬɢɱɟɫɤɢɟ ɧɚɝɪɭɡɤɢ, ɜ ɬɨɦ 

ɱɢɫɥɟ ɧɚɢɦɟɧɶɲɭɸ ɢɡ ɧɢɯ. 
ɉɪɟɨɛɪɚɡɨɜɚɧɢɹ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ 

ɩɥɨɫɤɨɣ ɡɚɞɚɱɢ ɬɟɨɪɢɢ ɭɩɪɭɝɨɫɬɢ ɜ ɢɧɬɟɝɪɚɥɶɧɵɟ 
ɭɪɚɜɧɟɧɢɹ. ɂɫɩɨɥɶɡɭɹ ɨɫɧɨɜɵ ɜɚɪɢɚɰɢɨɧɧɵɯ ɩɪɢɧ-

ɰɢɩɨɜ ɦɟɯɚɧɢɤɢ [13], ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɟ ɩɨɫɬɚɧɨɜɤɢ 

ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɣ ɡɚɞɚɱɢ (1), (3), (4) ɡɚɦɟɧɢɦ ɢɧɬɟ-
ɝɪɚɥɶɧɵɦɢ ɮɨɪɦɭɥɢɪɨɜɤɚɦɢ. ȼ ɧɚɱɚɥɟ ɩɪɟɨɛɪɚɡɭɟɦ 

ɭɪɚɜɧɟɧɢɹ (3) ɢ (4). Ⱦɥɹ ɷɬɨɝɨ ɫɨɫɬɚɜɢɦ ɭɪɚɜɧɟɧɢɟ 
ɜɨɡɦɨɠɧɨɣ ɪɚɛɨɬɵ ɜɧɟɲɧɢɯ ɢ ɜɧɭɬɪɟɧɧɢɯ ɫɢɥ  
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(13)

 

ɢɡ ɤɨɬɨɪɨɝɨ ɫ ɭɱɟɬɨɦ ɝɟɨɦɟɬɪɢɱɟɫɤɢɯ ɭɪɚɜɧɟɧɢɣ  

ɢ ɡɚɤɨɧɚ Ƚɭɤɚ (2) ɞɥɹ ɩɥɨɫɤɨɣ ɡɚɞɚɱɢ ɬɟɨɪɢɢ ɭɩɪɭɝɨ-
ɫɬɢ, ɩɪɢɟɦɨɦ ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ ɜɧɭɬɪɟɧɧɢɯ ɩɪɨɢɡɜɟɞɟ-
ɧɢɣ ɩɨ ɱɚɫɬɹɦ ɜ ɩɪɹɦɨɭɝɨɥɶɧɨɣ ɨɛɥɚɫɬɢ :S 0 x a≤ ≤  

ɢ 0 y b≤ ≤  ɩɨɥɭɱɢɦ:  

– ɮɭɧɤɰɢɨɧɚɥ Ʌɚɝɪɚɧɠɚ: 



 

 
 

Ɇɚɬɟɦɚɬɢɤɚ, ɦɟɯɚɧɢɤɚ, ɢɧɮɨɪɦɚɬɢɤɚ 
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– ɟɝɨ ɜɚɪɢɚɰɢɸ 
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– ɢ ɜɬɨɪɭɸ ɜɚɪɢɚɰɢɸ ɮɭɧɤɰɢɨɧɚɥɚ 
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. (16) 

ɋɥɟɞɭɟɬ ɤ (14)–(16) ɞɨɛɚɜɢɬɶ ɝɥɚɜɧɵɟ ɝɪɚɧɢɱɧɵɟ 
ɭɫɥɨɜɢɹ: *u u= , *v v= , 

*δ δi iu u= , 
*δ δi iv v= , 1,2i =  

(ɡɚɞɚɧɧɵɟ ɡɧɚɱɟɧɢɹ ɨɬɦɟɱɟɧɵ ɫɢɦɜɨɥɨɦ «*»). ȼ (14)–

(16)  *ı x , *Ĳxy , *ı y , *Ĳ yx  – ɡɚɞɚɧɧɵɟ ɧɚɩɪɹɠɟɧɢɹ.  
Ⱥɥɝɨɪɢɬɦ ɮɨɪɦɢɪɨɜɚɧɢɹ ɦɚɬɪɢɰ ɠɟɫɬɤɨɫɬɢ ɢ 

ɩɪɚɜɵɯ ɱɚɫɬɟɣ ɩɥɨɫɤɨɣ ɡɚɞɚɱɢ ɬɟɨɪɢɢ ɭɩɪɭɝɨɫɬɢ ɜ 

ɩɟɪɟɦɟщɟɧɢɹɯ. Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɞɥɹ ɪɟɲɟɧɢɹ ɤɪɚɟɜɨɣ 
ɡɚɞɚɱɢ (3), (4) ɜɚɪɢɚɰɢɨɧɧɨ-ɪɚɡɧɨɫɬɧɵɦ ɦɟɬɨɞɨɦ ɩɪɢ-

ɦɟɧɹɟɦ Ʌ 1 ɅδΦ δ Φ 0= = , ɱɬɨ ɫɨɨɛɳɚɟɬ ɮɭɧɤɰɢɨɧɚɥɭ (14) 

ɦɢɧɢɦɚɥɶɧɨɟ ɡɧɚɱɟɧɢɟ. Ɋɚɫɫɦɨɬɪɢɦ ɩɪɢɥɨɠɟɧɢɟ 
ɮɨɪɦɭɥ (15) ɢ (16) ɞɥɹ ɮɨɪɦɢɪɨɜɚɧɢɹ ɫɢɫɬɟɦɵ ɪɚɡɪɟ-
ɲɚɸɳɢɯ ɭɪɚɜɧɟɧɢɣ ɫ ɰɟɥɶɸ ɜɵɱɢɫɥɟɧɢɹ ɩɟɪɟɦɟɳɟɧɢɣ 

( , )u u x y= , ( , )v v x y=  ɩɥɚɫɬɢɧɵ. ɉɭɫɬɶ 1( ,u u=  

2 ,..., )pu u  – ɜɟɤɬɨɪ ɩɟɪɟɦɟɳɟɧɢɣ ɞɥɹ p ɩɟɪɟɦɟɧɧɵɯ, ɚ 

1 1 1 1 2 1δ (δ ,δ ,...,δ )pu u u u=  ɢ 2 2 1δ (δ ,u u=  2 2 2δ ,  ...,δ )pu u – 

ɜɚɪɢɚɰɢɢ ɜɟɤɬɨɪɚ ɩɟɪɟɦɟɳɟɧɢɣ. Ɍɨɝɞɚ ɞɥɹ ɜɵɱɢɫɥɟɧɢɹ 
ɤɨɷɮɮɢɰɢɟɧɬɨɜ ib  ɜɟɤɬɨɪɚ ɩɪɚɜɨɣ ɱɚɫɬɢ ɫɢɫɬɟɦɵ ɪɚɡ-
ɪɟɲɚɸɳɢɯ ɭɪɚɜɧɟɧɢɣ ɡɚɩɢɲɟɦ (15) ɜ ɜɢɞɟ 
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Ⱦɥɹ ɮɨɪɦɢɪɨɜɚɧɢɹ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɠɟɫɬɤɨɫɬɢ ,i ja  

ɷɬɨɣ ɠɟ ɫɢɫɬɟɦɵ ɭɪɚɜɧɟɧɢɣ ɫɨɫɬɚɜɢɦ ɜɬɨɪɭɸ ɜɚɪɢɚ-
ɰɢɸ ɤɚɤ ɜɚɪɢɚɰɢɸ ɩɟɪɜɨɣ ɜɚɪɢɚɰɢɢ, ɪɟɚɥɢɡɭɹ (16) ɞɥɹ 
ɞɢɫɤɪɟɬɧɨɣ ɡɚɞɚɱɢ: 
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1,2,  ...,i p= ; 1,2,  ...,j p= . 

Ɋɟɲɟɧɢɟ ɫɮɨɪɦɢɪɨɜɚɧɧɨɣ ɫɢɫɬɟɦɵ ɭɪɚɜɧɟɧɢɣ 

ij j ia u b=  ɞɚɟɬ ɜɟɤɬɨɪ ɩɟɪɟɦɟɳɟɧɢɣ ju , ɩɨ ɤɨɦɩɨɧɟɧ-

ɬɚɦ ɤɨɬɨɪɨɝɨ ɜɵɱɢɫɥɹɸɬɫɹ ɜɧɭɬɪɟɧɧɢɟ ɭɫɢɥɢɹ xN , yN , 

xyS  ɫɨɝɥɚɫɧɨ (2). 

ɉɪɟɨɛɪɚɡɨɜɚɧɢɹ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ 

ɩɪɨɞɨɥɶɧɨ-ɩɨɩɟɪɟɱɧɨɝɨ ɢɡɝɢɛɚ ɜ ɢɧɬɟɝɪɚɥɶɧɵɟ 
ɭɪɚɜɧɟɧɢɹ. Ⱦɥɹ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɣ 
ɮɨɪɦɭɥɢɪɨɜɤɢ ɡɚɞɚɱɢ (1) ɜ ɢɧɬɟɝɪɚɥɶɧɭɸ ɮɨɪɦɭɥɢ-
ɪɨɜɤɭ ɜɨɫɩɨɥɶɡɭɟɦɫɹ ɭɪɚɜɧɟɧɢɹɦɢ ɪɚɜɧɨɜɟɫɢɹ, ɩɨɥɭ-
ɱɟɧɧɵɦɢ ɩɨ ɞɟɮɨɪɦɢɪɭɟɦɨɣ ɫɯɟɦɟ ɜ [3]: 
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ɇɚ ɨɫɧɨɜɚɧɢɢ (19) ɫɨɫɬɚɜɢɦ ɜɚɪɢɚɰɢɨɧɧɨɟ ɭɪɚɜɧɟɧɢɟ  
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, (20) 

ɝɞɟ ( )æ ȝæx x yM D= + , ( )æ ȝæy y xM D= + , xy yxH H= =  

( )1 ȝ χ xyD= −  – ɢɡɝɢɛɚɸɳɢɟ ɢ ɤɪɭɬɹɳɢɟ ɦɨɦɟɧɬɵ; 
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χ xy
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∂
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∂ ∂
, /x w xϑ = ∂ ∂ , 

/y w yϑ = ∂ ∂  – ɤɪɢɜɢɡɧɵ ɤɪɢɜɨɣ ɥɢɧɢɢ ɢ ɭɝɥɵ ɩɨɜɨɪɨ-
ɬɚ; δ ( , )w x y  – ɜɨɡɦɨɠɧɨɟ ɩɟɪɟɦɟɳɟɧɢɟ ɛɚɡɢɫɧɨɣ ɩɨ-
ɜɟɪɯɧɨɫɬɢ ɩɥɚɫɬɢɧɵ; dS dx dy= . ɋɱɢɬɚɹ ɜɧɭɬɪɟɧɧɢɟ 
ɫɢɥɵ xN , yN , xyS  ɢɡɜɟɫɬɧɵɦɢ ɮɭɧɤɰɢɹɦɢ, ɜɵɩɨɥɧɢɜ 
ɩɪɨɰɟɞɭɪɵ ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ ɜɧɭɬɪɟɧɧɢɯ ɩɪɨɢɡɜɟɞɟɧɢɣ 
ɜ ɢɧɬɟɝɪɚɥɟ (20) ɩɨ ɱɚɫɬɹɦ, ɩɨɥɭɱɢɦ ɜɚɪɢɚɰɢɨɧɧɨɟ 
ɭɪɚɜɧɟɧɢɟ 
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           + 2 1 ȝ χ δχ δ
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R w M dyϑ
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⎤− − −⎦
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( )
0 0
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δ δ

  ( )δ

y b
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y y y

x y

x a y b

xy yx yx

R w M dx

H H w

ϑ
==

= =

= =

==

− − +

+ + +

∫
 

( )
0 0

δ δ ( δ δ )

y bx a

x x x y y y xy y x x y

x y

N N S dx dyϑ ϑ ϑ ϑ ϑ ϑ ϑ ϑ
==

= =

+ + + + −∫ ∫

 ( )
0 0

δ
x a

y b

x x xy y

y x

N S wdyϑ ϑ
==

= =

− + −∫  

 ( )
0 0

δ 0,

y b
x a

yx x y y

x y

S N wdxϑ ϑ
==

= =

− + =∫  (21) 

ɝɞɟ δ – ɨɩɟɪɚɬɨɪ ɜɚɪɶɢɪɨɜɚɧɢɹ; x xR Q= + /xyH y∂ ∂ , 

/y y yxR Q H x= + ∂ ∂  – ɪɟɚɤɰɢɢ. ɂɡ (21) ɫɥɟɞɭɸɬ ɮɭɧɤ-
ɰɢɨɧɚɥ Ʌɚɝɪɚɧɠɚ  

( )

( )

2 2 2

Ʌ
0 0

0 0 0 0

1ɗ æ 2ȝæ æ æ 2 1 ȝ χ
2

          

y bx a

x x y y xy

x y

x a
y b y bx a

z x x x

x y y x

D dx dy

q wdx dy R w M dyϑ
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= =

== ==

= = = =

⎡ ⎤= + + + − −⎣ ⎦

− − − −

∫ ∫

∫ ∫ ∫
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y b
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x a y b

y y y xy yx yx
x y

R w M dx H H wϑ
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= =

==
= =

− − + + +∫  

( )2 2

0 0

1
2

2

y bx a

x x y y xy y x

x y

N N S dx dyϑ ϑ ϑ ϑ
==

= =

+ + + −∫ ∫  

( )
0 0

x a
y b

x x xy y

y x

N S wdyϑ ϑ
==

= =

− + −∫  

 ( )
0 0

y b
x a

yx x y y

x y

S N wdxϑ ϑ
==

= =

− +∫  (22) 

ɢ ɜɬɨɪɚɹ ɜɚɪɢɚɰɢɹ ɷɬɨɝɨ ɮɭɧɤɰɢɨɧɚɥɚ 

2

Ʌ 2 1 2 1 2 1

0 0

δ ɗ δ æ δ æ ȝ(δ æ δ æ δ æ δ æ )

y bx a

x x x y y x

x y

D

==

= =

⎡= + + +⎣∫ ∫

( )2 1 2 1δ æ δ æ 2 1 ȝ δ χ δ χy y xy xy dx dy⎤+ + − +⎦  

( 2 1 2 1

0 0

δ δ δ δ
y bx a

x x x y y y

x y

N Nϑ ϑ ϑ ϑ
==

= =

+ + +∫ ∫  

 )2 1 2 1(δ δ δ δ )xy y x x yS dx dyϑ ϑ ϑ ϑ+ + , (23) 

ɝɞɟ δi, i = 1, 2, – ɨɩɟɪɚɬɨɪɵ ɜɚɪɶɢɪɨɜɚɧɢɹ; 
2

2

δ
δ æ i

i x

w

x

∂
= −

∂
, 

2

2

δ
δ æ i

i y

w

y

∂
= −

∂
, 

2δ
δ χ i

i xy

w

x y

∂
= −

∂ ∂
; 

δ δ /i x i w xϑ = ∂ ∂ , δ δ /i y i w yϑ = ∂ ∂  – ɜɚɪɢɚɰɢɢ ɤɪɢɜɢɡɧɵ 

ɥɢɧɢɣ ɢ ɜɚɪɢɚɰɢɢ ɭɝɥɨɜ ɩɨɜɨɪɨɬɚ. 
Ɏɨɪɦɢɪɨɜɚɧɢɟ ɦɚɬɪɢɰ ɠɟɫɬɤɨɫɬɢ ɢ ɦɚɬɪɢɰ 

ɜɧɭɬɪɟɧɧɢɯ ɭɫɢɥɢɣ ɩɪɨɛɥɟɦɵ ɭɫɬɨɣɱɢɜɨɫɬɢ.  

ɇɚ ɨɫɧɨɜɚɧɢɢ (9) ɜɵɪɚɠɟɧɢɟ (23) ɩɪɢɪɚɜɧɹɟɦ ɤ ɧɭɥɸ, 

ɱɬɨ ɩɪɢɜɨɞɢɬ ɤ ɩɨɫɬɚɧɨɜɤɟ ɡɚɞɚɱɢ ɭɫɬɨɣɱɢɜɨɫɬɢ ɞɢɫ-
ɤɪɟɬɧɨɣ ɡɚɞɚɱɢ. ɉɭɫɬɶ 1 2( , ,  ..., )pw w w w=  – ɜɟɤɬɨɪ 

ɩɟɪɟɦɟɳɟɧɢɣ ɞɥɹ p ɩɟɪɟɦɟɧɧɵɯ, ɚ 1 1 1δ (δ ,w w=  

1 2 1δ ,  ...,δ )pw w  ɢ 2 2 1 2 2 2δ (δ ,δ ,  ...,δ )pw w w w=  – ɜɚɪɢɚ-
ɰɢɢ ɜɟɤɬɨɪɚ ɩɟɪɟɦɟɳɟɧɢɣ. ɋɮɨɪɦɢɪɭɟɦ ɞɥɹ ɞɢɫɤɪɟɬ-
ɧɨɣ ɡɚɞɚɱɢ ɫɢɫɬɟɦɭ (12) ɩɨɞɨɛɧɨ (18):  

  Ʌ 1 2

1 2

1 1

ɗ ( ,δ ,δ )
δ δ 0

p p

ij l k

k lk l

w w w
C w w

w w= =

⎛ ⎞∂∂
= =⎜ ⎟∂ ∂⎝ ⎠
∑ ∑ ,  (24) 

2

1, ɩɪɢ ;
δ

0, ɩɪɢ ,
k

k i
w

k i

=⎧
= ⎨ ≠⎩

 
1

1, ɩɪɢ ;
δ

0, ɩɪɢ ,
l

l j
w

l j

=⎧
= ⎨ ≠⎩

 

1,  2,  ...,i p= ; 1,  2,  ...,j p= . 

Ɂɞɟɫɶ ɤɚɠɞɵɣ ɤɨɷɮɮɢɰɢɟɧɬ ij ij ijC B sA= − , ɫɨɝɥɚɫ-
ɧɨ (23), ɫɨɞɟɪɠɢɬ ɯɚɪɚɤɬɟɪɢɫɬɢɤɢ ɠɟɫɬɤɨɫɬɢ ( ijA )  

ɢ ɜɧɭɬɪɟɧɧɢɯ ɭɫɢɥɢɣ ( ijB ); s – ɤɨɪɧɢ ɭɪɚɜɧɟɧɢɹ (12). 

ɍɦɧɨɠɢɜ ɧɚɣɞɟɧɧɵɟ ɢɡ (24) ijC  ɧɚ ɜɟɤɬɨɪ jw , ɩɨɥɭɱɢɦ  

 0ij jC w = , (25) 

ɱɬɨ ɩɪɟɞɫɬɚɜɥɹɟɬ ɮɨɪɦɭɥɢɪɨɜɤɭ ɨɛɨɛɳɟɧɧɨɣ ɩɪɨɛɥɟ-
ɦɵ ɫɨɛɫɬɜɟɧɧɵɯ ɡɧɚɱɟɧɢɣ 

 [ ]{ } [ ]{ }B w s A w= , (26) 

ɝɞɟ [ ]B  ɧɚɡɨɜɟɦ ɦɚɬɪɢɰɟɣ ɜɧɭɬɪɟɧɧɢɯ ɭɫɢɥɢɣ; [ ]A  – 

ɦɚɬɪɢɰɚ ɠɟɫɬɤɨɫɬɢ; { } 1 2( , ,  ..., )pw w w w=  – ɫɨɛɫɬɜɟɧ-

ɧɵɣ ɜɟɤɬɨɪ ɞɥɹ  p ɩɟɪɟɦɟɧɧɵɯ;  s – ɫɨɛɫɬɜɟɧɧɵɟ ɱɢɫɥɚ. 
Ⱦɢɫɤɪɟɬɢɡɚɰɢɹ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɨɩɟɪɚɬɨɪɨɜ 

ɤɨɧɟɱɧɨ-ɪɚɡɧɨɫɬɧɵɦɢ ɚɧɚɥɨɝɚɦɢ ɢ ɚɩɩɪɨɤɫɢɦɚ-
ɰɢɹ ɤɨɧɬɢɧɭɚɥɶɧɨɣ ɨɛɥɚɫɬɢ ɫɟɬɨɱɧɨɣ. ȼɵɩɨɥɧɢɦ 
ɞɢɫɤɪɟɬɢɡɚɰɢɸ ɭɪɚɜɧɟɧɢɣ (15), (16), (23). ȼɵɛɟɪɟɦ ɧɚ 
ɨɛɥɚɫɬɢ ɩɥɚɫɬɢɧɤɢ ɩɪɹɦɨɭɝɨɥɶɧɭɸ ɪɚɜɧɨɦɟɪɧɭɸ ɫɟɬ-
ɤɭ { }ω ( Ȝ , Ȝ ), 0,1, ..., , 0,1,  ...,ij i x j yx i y j i m j n= = = = =  

ɧɚ ɨɬɪɟɡɤɚɯ [0, ]xl  ɢ [0, ]yl . Ɂɞɟɫɶ ix x=  ɢ jy y=  – 

ɭɡɥɵ ɫɟɬɤɢ; Ȝ /x xl m=  ɢ Ȝ /y yl n=  – ɲɚɝ ɫɟɬɤɢ, ɚ xl   

ɢ yl  – ɪɚɡɦɟɪɵ ɩɥɚɫɬɢɧɤɢ ɩɨ ɧɚɩɪɚɜɥɟɧɢɹɦ ɨɫɟɣ ɤɨ-
ɨɪɞɢɧɚɬ x ɢ y. ɗɬɭ ɫɟɬɤɭ (ɪɢɫ. 1) ɫ ɭɡɥɚɦɢ i, j ɧɚɡɨɜɟɦ 
ɨɫɧɨɜɧɨɣ ɫɟɬɤɨɣ. ȼɜɟɞɟɦ ɞɨɩɨɥɧɢɬɟɥɶɧɭɸ ɫɟɬɤɭ ɫ 
ɭɡɥɚɦɢ ξ, η: {ξη ξω ( Ȝ / 2 Ȝ , Ȝ / 2 Ȝ ),x x j y yx i y j= = + = +  

}0,  1, ..., 1, 0,  1,  ..., 1 .i m j n= − = −  ɂɧɬɟɝɪɚɥɵ ɩɨ ɨɛ-
ɥɚɫɬɢ ɜ (15) ɢ (16) ɢ ɜɬɨɪɨɣ ɢɧɬɟɝɪɚɥ ɨɬ ɜɧɭɬɪɟɧɧɢɯ 
ɭɫɢɥɢɣ ɜ (23) ɡɚɦɟɧɢɦ ɱɢɫɥɟɧɧɵɦ ɢɧɬɟɝɪɢɪɨɜɚɧɢɟɦ 

( ) ( )
1 1

ξη
ξ 1 η 1

m n

S

dx dy S
− −

= =

=∑∑∫∫  (ɡɞɟɫɶ ξηS  – ɩɥɨɳɚɞɤɚ  

ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ, ɪɚɜɧɚɹ Ȝ Ȝx y  ɜɨ ɜɧɭɬɪɟɧɧɢɯ ɭɡɥɚɯ 
ɨɛɥɚɫɬɢ ɩɥɚɫɬɢɧɵ), ɚ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɟ ɨɩɟɪɚɬɨɪɵ 
ɡɚɦɟɧɢɦ ɤɨɧɟɱɧɨ-ɪɚɡɧɨɫɬɧɵɦɢ ɚɧɚɥɨɝɚɦɢ [16]:  
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Ⱦɚɥɟɟ, ɜ ɩɟɪɜɨɦ ɢɧɬɟɝɪɚɥɟ (23) ɢɧɬɟɝɪɢɪɨɜɚɧɢɟ 
ɞɥɹ ɱɥɟɧɨɜ, ɫɨɞɟɪɠɚɳɢɯ ɜɚɪɢɚɰɢɢ ɤɪɢɜɢɡɧɵ δ æk x   

ɢ δ æk y , ɡɚɦɟɧɢɦ ɫɭɦɦɢɪɨɜɚɧɢɟɦ ɩɨ ɭɡɥɚɦ ɨɫɧɨɜɧɨɣ 

ɫɟɬɤɢ ( ) ( )
1 1

m n

ij

i jS

dx dy S
= =

=∑∑∫∫  ɢ ɩɪɢɦɟɧɢɦ ɰɟɧɬɪɚɥɶ-

ɧɵɟ ɪɚɡɧɨɫɬɢ. Ɂɞɟɫɶ ɩɥɨɳɚɞɤɢ ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ ,i jS  

ɪɚɜɧɵ: Ȝ Ȝx y  – ɜɨ ɜɧɭɬɪɟɧɧɢɯ ɭɡɥɚɯ ɨɛɥɚɫɬɢ ɩɥɚɫɬɢ-

ɧɵ; Ȝ Ȝ / 2x y  – ɜ ɭɡɥɚɯ, ɪɚɫɩɨɥɨɠɟɧɧɵɯ ɧɚ ɤɨɧɬɭɪɟ; 
Ȝ Ȝ / 4x y  – ɜ ɭɡɥɚɯ, ɪɚɫɩɨɥɨɠɟɧɧɵɯ ɜ ɭɝɥɚɯ ɩɥɚɫɬɢɧɤɢ: 

2
1, , 1,

2 2

,

δ 2δ δδ
Ȝ

k i j k i j k i jk

xi j

w w ww

x

+ −− +⎛ ⎞∂
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2 2
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δ 2δ δδ
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k i j k i j k i jk

yi j

w w ww
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+ −− +⎛ ⎞∂
=⎜ ⎟∂⎝ ⎠

. 

Ʉɪɢɜɢɡɧɭ ɤɪɭɱɟɧɢɹ δ χk xy  ɜɵɱɢɫɥɢɦ ɜ ɭɡɥɚɯ ɬɢɩɚ ξ, j : 

2
1, 1 , 1 , 1 1,

ξ,j

δ δ δ δδ
2Ȝ Ȝ

k i j k i j k i j k i jk

x y

w u u uw

x y

+ + + − +− + −⎛ ⎞∂
=⎜ ⎟∂ ∂⎝ ⎠

 

ɢ ɜ ɭɡɥɚɯ ɬɢɩɚ i, η: 

2
1, 1 1, 1 1, 1,

,η

δ δ δ δδ
2Ȝ Ȝ

k i j k i j k i j k i jk

x yi

w u u uw

x y

+ + − + − +− + −⎛ ⎞∂
=⎜ ⎟∂ ∂⎝ ⎠

. 

Ɂɞɟɫɶ 1,2k = . 

 

 
 

Ɋɢɫ. 1. Ʉɨɧɟɱɧɨ-ɪɚɡɧɨɫɬɧɚɹ ɫɟɬɤɚ: ɫɩɥɨɲɧɵɦɢ ɥɢ-

ɧɢɹɦɢ ɨɛɨɡɧɚɱɟɧɵ ɥɢɧɢɢ ɨɫɧɨɜɧɨɣ ɫɟɬɤɢ; ɲɬɪɢɯɨ-
ɜɵɦɢ ɥɢɧɢɹɦɢ ɨɛɨɡɧɚɱɟɧɵ ɥɢɧɢɢ ɞɨɩɨɥɧɢɬɟɥɶɧɨɣ  
 

ɫɟɬɤɢ 

 

ɉɪɢɦɟɪɵ ɪɚɫɱɟɬɚ. Ⱦɥɹ ɪɚɫɱɟɬɚ ɩɪɨɞɨɥɶɧɨ-
ɩɨɩɟɪɟɱɧɨɝɨ ɢɡɝɢɛɚ ɬɨɧɤɢɯ ɩɥɚɫɬɢɧ ɢɫɩɨɥɶɡɭɟɦ ɦɚ-
ɬɟɦɚɬɢɱɟɫɤɢɣ ɩɚɤɟɬ Maple [17], ɩɨɡɜɨɥɹɸɳɢɣ ɜɵɱɢɫ-
ɥɹɬɶ ɫɨɛɫɬɜɟɧɧɵɟ ɱɢɫɥɚ ɢ ɫɨɛɫɬɜɟɧɧɵɟ ɡɧɚɱɟɧɢɹ ɦɚɬ-
ɪɢɰ. ɉɪɢɜɟɞɟɦ ɞɜɚ ɩɪɢɦɟɪɚ ɪɚɫɱɟɬɚ ɭɫɬɨɣɱɢɜɨɫɬɢ ɨɬ 
ɫɢɥ ɢɧɟɪɰɢɢ. 

ɉɪɢɦɟɪ 1. ɉɥɚɫɬɢɧɚ ɠɟɫɬɤɨ ɡɚɳɟɦɥɟɧɚ ɩɨ ɜɫɟɦɭ ɤɨɧ-

ɬɭɪɭ; ɨɛɴɟɦɧɵɟ ɫɢɥɵ ɪɚɜɧɵ ρ 1xX a= =  ɢ ρ 0yY a= = . 

Ɋɚɡɦɟɪɵ ɜ ɩɥɚɧɟ: 0,8xl =  ɦ; 0,6yl =  ɦ; ɬɨɥɳɢɧɚ 

0,01h =  ɦ. Ɇɚɬɟɪɢɚɥ ɩɥɚɫɬɢɧɤɢ ɢɦɟɟɬ ɯɚɪɚɤɬɟɪɢɫɬɢ-

ɤɢ ɠɟɫɬɤɨɫɬɢ: 1010 ɉɚE =  ɢ ȝ 0, 45= . ɉɥɨɬɧɨɫɬɶ ɦɚ-
ɬɟɪɢɚɥɚ ρ 3=  ɝ/ɫɦ3. ɉɭɫɬɶ ɞɨɩɭɫɤɚɟɦɨɟ ɭɫɤɨɪɟɧɢɟ [ ]a  

ɪɚɜɧɨ 50 g. 

ɉɟɪɜɵɣ ɷɬɚɩ ɪɚɫɱɟɬɚ ɜɤɥɸɱɚɟɬ ɜ ɫɟɛɹ ɜɵɱɢɫɥɟɧɢɟ 
ɜɧɭɬɪɟɧɧɢɯ ɦɟɦɛɪɚɧɧɵɯ ɭɫɢɥɢɣ (2), ɷɩɸɪɵ ɤɨɬɨɪɵɯ 
ɩɪɢɜɟɞɟɧɵ ɧɚ ɪɢɫ. 2. ɉɨ ɧɚɣɞɟɧɧɵɦ ɩɟɪɟɦɟɳɟɧɢɹɦ 

ɛɚɡɢɫɧɨɣ ɩɨɜɟɪɯɧɨɫɬɢ ɩɥɚɫɬɢɧɵ (ɪɢɫ. 3) ɩɨɫɬɪɨɢɦ ɟɟ 
ɞɟɮɨɪɦɢɪɨɜɚɧɧɵɣ ɜɢɞ (ɪɢɫ. 3, ɚ). Ɋɟɲɟɧɢɟ ɨɛɨɛɳɟɧ-

ɧɨɣ ɩɪɨɛɥɟɦɵ ɫɨɛɫɬɜɟɧɧɵɯ ɡɧɚɱɟɧɢɣ (26) (ɷɬɨ ɜɬɨɪɨɣ 

ɷɬɚɩ ɪɚɫɱɟɬɚ) ɩɪɟɞɫɬɚɜɥɹɟɬ ɩɟɪɜɚɹ ɮɨɪɦɚ  
ɩɨɩɟɪɟɱɧɨɝɨ ɢɡɝɢɛɚ (ɪɢɫ. 3, ɛ). 

 

 
ɚ 

 
ɛ 

 
ɜ 
 

Ɋɢɫ. 2. ɗɩɸɪɵ ɜɧɭɬɪɟɧɧɢɯ ɭɫɢɥɢɣ: ɚ – ɩɪɨɞɨɥɶɧɵɟ Nx; 

ɛ – ɩɪɨɞɨɥɶɧɵɟ Ny; ɜ – ɫɞɜɢɝɨɜɵɟ Sxy (ɪɚɡɦɟɪɧɨɫɬɶ  
 

ɜɧɭɬɪɟɧɧɢɯ ɭɫɢɥɢɣ ɇ/ɦ) 
 

 
ɚ 

 
ɛ 

Ɋɢɫ. 3. Ⱦɟɮɨɪɦɢɪɨɜɚɧɧɵɣ ɜɢɞ ɩɨɜɟɪɯɧɨɫɬɢ ɩɥɚ-
ɫɬɢɧɵ: ɚ – ɩɟɪɟɦɟɳɟɧɢɹ ɥɢɧɢɢ ɫɟɬɤɢ ɫɪɟɞɢɧɧɨɝɨ 
ɫɥɨɹ; ɛ – ɜɵɩɭɱɢɜɚɧɢɟ – ɩɟɪɜɚɹ ɪɚɜɧɨɜɟɫɧɚɹ ɮɨɪɦɚ 
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ɂɧɟɪɰɢɨɧɧɚɹ ɧɚɝɪɭɡɤɚ ɡɞɟɫɶ ɬɚɤɨɜɚ, ɱɬɨ ɮɨɪɦɢ-

ɪɭɟɦɚɹ ɦɚɬɪɢɰɚ ɜɧɭɬɪɟɧɧɢɯ ɭɫɢɥɢɣ ɢɦɟɟɬ ɧɚ ɝɥɚɜɧɨɣ 

ɞɢɚɝɨɧɚɥɢ ɧɭɥɢ ɢ ɷɬɚ ɦɚɬɪɢɰɚ ɧɟ ɢɦɟɟɬ ɨɛɪɚɬɧɨɣ ɦɚɬ-
ɪɢɰɵ. 

ɇɚɣɞɟɦ ɭɫɤɨɪɟɧɢɟ, ɨɬɜɟɱɚɸɳɟɟ ɩɟɪɜɨɦɭ ɫɨɛɫɬ-

ɜɟɧɧɨɦɭ ɡɧɚɱɟɧɢɸ, ɪɚɜɧɨɦɭ 304 ɇ/ɦ3: 
304

ρxa = =  

3

304
1000

3 10−= =
⋅

 ɦ/ɫ2. ɍɫɤɨɪɟɧɢɟ ɫɥɢɲɤɨɦ ɜɟɥɢɤɨ  

ɢ, ɜɢɞɢɦɨ, ɛɥɢɡɤɨ ɤ ɭɞɚɪɧɵɦ ɧɚɝɪɭɡɤɚɦ. Ɂɚɤɥɸɱɚɟɦ, 

ɱɬɨ ɡɚɞɚɧɧɚɹ ɩɥɚɫɬɢɧɚ ɧɟ ɩɨɬɟɪɹɟɬ ɭɫɬɨɣɱɢɜɨɫɬɶ, ɬɚɤ 
ɤɚɤ ɩɨɥɭɱɟɧɧɨɟ ɤɪɢɬɢɱɟɫɤɨɟ ɭɫɤɨɪɟɧɢɟ, ɪɚɜɧɨɟ 100 g, 

ɦɟɧɶɲɟ ɞɨɩɭɫɤɚɟɦɨɝɨ [ ] 50a g= . 

ɉɪɢɦɟɪ 2. ȼ ɤɚɱɟɫɬɜɟ ɜɬɨɪɨɝɨ ɩɪɢɦɟɪɚ ɪɚɫɫɦɨɬɪɢɦ 

ɩɥɚɫɬɢɧɭ, ɡɚɤɪɟɩɥɟɧɧɭɸ ɬɨɥɶɤɨ ɫ ɨɞɧɨɝɨ ɬɨɪɰɚ, ɤɨɝɞɚ 
ɬɪɢ ɞɪɭɝɢɯ ɤɪɚɹ ɫɜɨɛɨɞɧɵ ɢ ɧɟ ɡɚɤɪɟɩɥɟɧɵ. ȼ ɟɟ 
ɩɥɨɫɤɨɫɬɢ ɞɟɣɫɬɜɭɟɬ ɩɨɫɬɨɹɧɧɨɟ ɭɫɤɨɪɟɧɢɟ. Ⱥɧɚɥɨ-
ɝɢɱɧɚɹ ɡɚɞɚɱɚ ɪɚɫɱɟɬɚ ɩɪɨɞɨɥɶɧɨ-ɩɨɩɟɪɟɱɧɨɝɨ ɢɡɝɢɛɚ 
ɛɵɥɚ ɩɪɢɜɟɞɟɧɚ ɜ [2], ɝɞɟ ɢɡɭɱɚɥɨɫɶ ɞɟɣɫɬɜɢɟ ɧɚ ɜɟɪ-
ɬɢɤɚɥɶɧɭɸ ɤɨɧɫɨɥɶɧɭɸ ɩɥɚɫɬɢɧɤɭ ɩɨɫɬɨɹɧɧɨɝɨ ɭɫɤɨ-
ɪɟɧɢɹ; ɞɥɹ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ ɩɪɢɦɟɧɟɧ ɦɟɬɨɞ Ɋɢɬɰɚ.  
ɉɥɚɫɬɢɧɚ ɢɦɟɟɬ ɪɚɡɦɟɪɵ ɜ ɩɥɚɧɟ 0,6×0,8 ɦ ɢ ɬɨɥ-

ɳɢɧɭ 0,1·10–3 ɦ; ɦɨɞɭɥɶ ɘɧɝɚ ɦɚɬɟɪɢɚɥɚ ɪɚɜɟɧ 2·1011 ɉɚ; 
ɤɨɷɮɮɢɰɢɟɧɬ ɉɭɚɫɫɨɧɚ –0,25; ɩɥɨɬɧɨɫɬɶ 780 ɤɝ/ɦ3. 

ɍɫɤɨɪɟɧɢɟ ay (ɷɬɨ ɩɚɪɚɦɟɬɪ) ɧɚɩɪɚɜɥɟɧɨ ɩɨ ɨɫɢ ɚɛɫ-
ɰɢɫɫ. Ɍɪɟɛɭɟɬɫɹ ɨɩɪɟɞɟɥɢɬɶ ɤɪɢɬɢɱɟɫɤɢɟ ɭɫɤɨɪɟɧɢɹ. 
ɇɚ ɪɢɫ. 4 ɨɬɨɛɪɚɠɟɧ ɞɟɮɨɪɦɢɪɨɜɚɧɧɵɣ ɜɢɞ, ɩɨɥɭɱɟɧ-

ɧɵɣ ɧɚ ɩɟɪɜɨɦ ɷɬɚɩɟ ɪɟɲɟɧɢɢ ɡɚɞɚɱɢ ɞɨ ɜɨɡɧɢɤɧɨɜɟ-
ɧɢɹ ɤɪɢɬɢɱɟɫɤɢɯ ɭɫɤɨɪɟɧɢɣ. ɇɚ ɪɢɫ. 5 ɩɪɢɜɟɞɟɧ ɜɢɞ 
ɮɭɧɤɰɢɣ ɜɧɭɬɪɟɧɧɢɯ ɦɟɦɛɪɚɧɧɵɯ ɭɫɢɥɢɣ, ɩɪɢɜɨɞɹ-
ɳɢɯ ɤ ɩɨɬɟɪɟ ɭɫɬɨɣɱɢɜɨɫɬɢ. ɇɚ ɪɢɫ. 6 ɩɪɨɞɟɦɨɧɫɬɪɢ-

ɪɨɜɚɧɵ ɩɨɥɭɱɟɧɧɵɟ ɮɨɪɦɵ ɩɨɬɟɪɢ ɭɫɬɨɣɱɢɜɨɫɬɢ ɩɥɚ-
ɫɬɢɧɵ, ɬɚɦ ɠɟ ɨɬɦɟɱɟɧɵ ɱɟɬɵɪɟ ɩɟɪɜɵɯ ɤɪɢɬɢɱɟɫɤɢɯ 
ɭɫɤɨɪɟɧɢɹ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɷɬɢɦ ɮɨɪɦɚɦ. Ɍɚɤɢɦ 

ɨɛɪɚɡɨɦ, ɱɬɨɛɵ ɞɨɫɬɢɱɶ ɩɪɢ ɪɚɡɝɨɧɟ ɭɫɤɨɪɟɧɢɹ, ɪɚɜ-
ɧɨɝɨ, ɤ ɩɪɢɦɟɪɭ, 41 ɦ/ɫ2, ɫɥɟɞɭɟɬ ɧɟ ɞɨɩɭɫɬɢɬɶ ɩɪɟɞɵ-

ɞɭɳɢɯ ɤɪɢɬɢɱɟɫɤɢɯ ɭɫɤɨɪɟɧɢɣ 30 ɢ 40 ɦ/ɫ2. ɋɥɟɞɭɟɬ 
ɨɛɪɚɬɢɬɶ ɜɧɢɦɚɧɢɟ, ɱɬɨ ɫɢɫɬɟɦɚ Maple ɩɟɪɜɨɟ ɢ ɱɟɬ-
ɜɟɪɬɨɟ ɫɨɛɫɬɜɟɧɧɵɟ ɱɢɫɥɚ ɩɨɞɨɛɪɚɥɚ ɨɬɪɢɰɚɬɟɥɶɧɵɦɢ 

ɢ ɜɵɞɚɥɚ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɢɦ ɮɨɪɦɵ (ɪɢɫ. 6, ɚ, ɝ)  
ɜ ɩɪɨɬɢɜɨɩɨɥɨɠɧɨɦ ɧɚɩɪɚɜɥɟɧɢɢ. ɇɚ ɩɟɪɜɵɣ ɜɡɝɥɹɞ, 

ɨɬɪɢɰɚɬɟɥɶɧɨɟ ɡɧɚɱɟɧɢɟ ɫɨɛɫɬɜɟɧɧɨɝɨ ɱɢɫɥɚ ɩɪɨɬɢɜɨ-
ɪɟɱɢɬ ɤɪɢɬɟɪɢɸ ɩɨɬɟɪɢ ɭɫɬɨɣɱɢɜɨɫɬɢ, ɱɬɨ ɟɫɥɢ ɦɢɧɢ-

ɦɚɥɶɧɨɟ ɫɨɛɫɬɜɟɧɧɨɟ ɡɧɚɱɟɧɢɟ ɩɨɥɨɠɢɬɟɥɶɧɨ, ɬɨɝɞɚ 
ɤɨɧɫɬɪɭɤɰɢɹ ɭɫɬɨɣɱɢɜɚ. Ɂɞɟɫɶ ɪɚɫɫɦɚɬɪɢɜɚɥɚɫɶ ɨɛɨɛ-
ɳɟɧɧɚɹ ɩɪɨɛɥɟɦɚ [ ]{ } [ ]{ }*A w s B w=  ( * 1/s s= ).  

ȿɫɥɢ ɜɫɟɝɞɚ [ ] 0A > , ɬɨɝɞɚ ɛɨɥɶɲɟ ɧɭɥɹ ɞɨɥɠɧɨ ɛɵɬɶ 

ɩɪɨɢɡɜɟɞɟɧɢɟ [ ]* 0s B > , ɚ ɧɟ ɫɨɛɫɬɜɟɧɧɨɟ ɡɧɚɱɟɧɢɟ *s . 

Ⱦɨɩɨɥɧɢɬɟɥɶɧɨ ɨɬɦɟɬɢɦ ɜ ɷɬɨɣ ɡɚɞɚɱɟ ɨɫɨɛɟɧɧɨɫɬɶ 
ɩɪɢɥɨɠɟɧɢɹ ɜɚɪɢɚɰɢɨɧɧɨ-ɪɚɡɧɨɫɬɧɨɝɨ ɩɨɞɯɨɞɚ. ɇɚ 
ɫɜɨɛɨɞɧɵɯ ɤɪɚɹɯ ɩɥɚɫɬɢɧɵ ɩɪɢ ɮɨɪɦɢɪɨɜɚɧɢɢ ɦɚɬɪɢɰ 

ɠɟɫɬɤɨɫɬɢ ɡɚɩɢɫɵɜɚɥɢɫɶ ɭɪɚɜɧɟɧɢɹ ɪɚɜɧɨɜɟɫɢɹ ɤɚɤ ɜ 
ɭɡɥɚɯ ɧɚ ɤɨɧɬɭɪɟ, ɬɚɤ ɢ ɜ ɡɚɤɨɧɬɭɪɧɵɯ ɭɡɥɚɯ, ɩɨɷɬɨɦɭ 
ɪɚɡɦɟɪɧɨɫɬɢ ɫɮɨɪɦɢɪɨɜɚɧɧɵɯ ɦɚɬɪɢɰ [ ]A  ɢ [ ]B  ɜ (26) 

ɧɟ ɫɨɜɩɚɞɚɥɢ. Ⱦɨɩɨɥɧɢɬɟɥɶɧɵɟ ɭɪɚɜɧɟɧɢɹ ɨ ɪɚɜɟɧɫɬɜɟ 
ɧɭɥɸ ɢɡɝɢɛɚɸɳɢɯ ɦɨɦɟɧɬɨɜ ɢ ɨɛɨɛɳɟɧɧɵɯ ɪɟɚɤɰɢɣ 

ɧɚ ɤɨɧɬɭɪɟ ɩɨɧɢɠɚɥɢ ɪɚɡɦɟɪɧɨɫɬɶ ɦɚɬɪɢɰɵ [ ]A  ɞɨ 

ɪɚɡɦɟɪɧɨɫɬɢ ɦɚɬɪɢɰɵ [ ]B . ɗɬɢ ɞɨɩɨɥɧɢɬɟɥɶɧɵɟ ɩɪɨ-
ɰɟɞɭɪɵ ɫɥɨɠɟɧɢɹ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɫɬɪɨɤ ɦɟɠɞɭ ɫɨ-
ɛɨɣ ɢ ɫɬɨɥɛɰɨɜ ɦɚɬɪɢɰ ɛɵɥɢ ɚɜɬɨɦɚɬɢɡɢɪɨɜɚɧɵ ɞɥɹ 
ɫɟɬɨɤ ɪɚɡɥɢɱɧɨɣ ɝɭɫɬɨɬɵ, ɱɬɨ ɧɟɫɤɨɥɶɤɨ ɭɫɥɨɠɧɹɥɨ 
ɨɛɳɢɣ ɚɥɝɨɪɢɬɦ. Ɋɟɚɥɢɡɚɰɢɹ ɠɟ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɣ 

ɮɨɪɦɭɥɢɪɨɜɤɢ ɡɚɞɚɱɢ (1) ɦɟɬɨɞɨɦ ɤɨɧɟɱɧɵɯ ɪɚɡɧɨ-
ɫɬɟɣ ɞɥɹ ɩɥɚɫɬɢɧɵ ɫɨ ɫɜɨɛɨɞɧɵɦɢ ɤɪɚɹɦɢ ɡɚɬɪɭɞɧɢ-

ɬɟɥɶɧɚ. 
 

 
 

Ɋɢɫ. 4. Ⱦɟɮɨɪɦɢɪɨɜɚɧɧɵɣ ɜɢɞ ɩɥɚɫɬɢɧɤɢ 
 

 
ɚ 

 
ɛ 

 
ɜ 

 

Ɋɢɫ. 5. ɉɪɨɫɬɪɚɧɫɬɜɟɧɧɵɣ ɜɢɞ ɷɩɸɪ  
ɜɧɭɬɪɟɧɧɢɯ ɭɫɢɥɢɣ: ɚ – Nx; ɛ – Ny; ɜ – Sxy   



 

 
 

Ɇɚɬɟɦɚɬɢɤɚ, ɦɟɯɚɧɢɤɚ, ɢɧɮɨɪɦɚɬɢɤɚ 
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    ɚ      ɛ 

    
    ɜ     ɝ 

 

Ɋɢɫ. 6. Ɏɨɪɦɵ ɩɨɬɟɪɢ ɭɫɬɨɣɱɢɜɨɫɬɢ ɩɪɢ ɭɫɤɨɪɟɧɢɹɯ:  
a – –29 ɦ/ɫ2;  ɛ – 30 ɦ/ɫ2;  ɜ – 40 ɦ/ɫ2;  ɝ –  –43,3 ɦ/ɫ2

 

  

 

Ɂɚɤɥɸɱɟɧɢɟ. Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɪɚɫɫɦɨɬɪɟɧɧɵɣ ɩɨɞ-

ɯɨɞ ɤ ɪɚɫɱɟɬɭ ɩɥɚɫɬɢɧ ɦɨɠɟɬ ɛɵɬɶ ɢɫɩɨɥɶɡɨɜɚɧ ɞɥɹ 
ɩɨɞɛɨɪɚ ɢ ɚɧɚɥɢɡɚ ɝɟɨɦɟɬɪɢɱɟɫɤɢɯ ɢ ɩɚɪɚɦɟɬɪɨɜ ɠɟ-
ɫɬɤɨɫɬɢ ɩɚɧɟɥɟɣ ɩɪɢ ɡɚɞɚɧɧɨɦ ɭɫɤɨɪɟɧɢɢ ɢɥɢ ɬɨɪɦɨ-
ɠɟɧɢɢ, ɩɪɢɦɟɧɹɟɦɵɯ ɜ ɚɷɪɨɤɨɫɦɢɱɟɫɤɨɣ ɬɟɯɧɢɤɟ. 
Ɇɚɬɪɢɰɚ ɠɟɫɬɤɨɫɬɢ ɢ ɦɚɬɪɢɰɵ ɜɧɭɬɪɟɧɧɢɯ ɭɫɢɥɢɣ 

ɮɨɪɦɢɪɨɜɚɥɢɫɶ ɫ ɩɨɦɨɳɶɸ ɩɪɢɤɥɚɞɧɨɣ ɩɪɨɝɪɚɦɦɵ 

ɢɧɬɟɪɩɪɟɬɚɬɨɪɚ Maple, ɱɬɨ ɨɝɪɚɧɢɱɢɥɨ ɜɨɡɦɨɠɧɨɫɬɢ 

ɫɝɭɳɟɧɢɹ ɤɨɧɟɱɧɨ-ɪɚɡɧɨɫɬɧɨɣ ɫɟɬɤɢ ɢ ɱɢɫɥɟɧɧɨɝɨ 

ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ ɛɨɥɶɲɨɣ ɪɚɡɦɟɪɧɨɫɬɢ, ɢɫɫɥɟɞɨɜɚɧɢɹ 
ɫɯɨɞɢɦɨɫɬɢ ɪɟɡɭɥɶɬɚɬɨɜ. ɉɨɷɬɨɦɭ ɞɥɹ ɞɚɥɶɧɟɣɲɢɯ 
ɢɫɫɥɟɞɨɜɚɧɢɣ ɠɟɥɚɬɟɥɶɧɨ ɢɫɩɨɥɶɡɨɜɚɧɢɟ ɩɚɤɟɬɨɜ ɩɪɨ-
ɝɪɚɦɦ, ɨɫɧɨɜɚɧɧɵɯ ɧɚ ɚɥɝɨɪɢɬɦɢɱɟɫɤɢɯ ɹɡɵɤɚɯ ɜɵɫɨ-
ɤɨɝɨ ɭɪɨɜɧɹ. 
ɇɟɨɛɯɨɞɢɦɨ ɫɤɚɡɚɬɶ, ɱɬɨ ɧɚ ɩɨɢɫɤ ɜɫɟɝɨ ɫɩɟɤɬɪɚ 

ɫɨɛɫɬɜɟɧɧɵɯ ɱɢɫɟɥ ɢ ɮɨɪɦ ɩɪɨɝɪɚɦɦɚ Maple ɡɚɬɪɚɱɢ-

ɜɚɥɚ ɧɚ ɞɜɚ ɩɨɪɹɞɤɚ ɛɨɥɶɲɟ ɜɪɟɦɟɧɢ, ɩɨ ɫɪɚɜɧɟɧɢɸ  

ɫ ɜɪɟɦɟɧɟɦ ɮɨɪɦɢɪɨɜɚɧɢɹ ɦɚɬɪɢɰ ɫ ɩɪɢɦɟɧɟɧɢɟɦ 

ɩɪɟɞɥɨɠɟɧɧɵɯ ɡɞɟɫɶ ɦɟɬɨɞɨɜ. Ⱦɥɹ ɨɛɟɫɩɟɱɟɧɢɹ ɞɨɫ-
ɬɨɜɟɪɧɨɫɬɢ ɛɵɥ ɩɪɢɦɟɧɟɧ ɦɟɬɨɞ ɫɤɚɥɹɪɧɵɯ ɩɪɨɢɡɜɟ-
ɞɟɧɢɣ, ɩɨɡɜɨɥɹɸɳɢɣ ɜɵɱɢɫɥɹɬɶ ɦɚɤɫɢɦɚɥɶɧɨɟ ɫɨɛɫɬ-
ɜɟɧɧɨɟ ɱɢɫɥɨ. Ɉɞɧɚɤɨ ɷɬɨ ɬɪɟɛɨɜɚɥɨ ɜɵɱɢɫɥɟɧɢɹ ɨɛ-

ɪɚɬɧɨɣ ɦɚɬɪɢɰɵ ɠɟɫɬɤɨɫɬɢ, ɬɨɝɞɚ ɤɚɤ ɦɚɬɪɢɰɵ ɜɧɭɬ-
ɪɟɧɧɢɯ ɭɫɢɥɢɣ ɨɛɪɚɬɧɵɯ ɦɚɬɪɢɰ ɧɟ ɢɦɟɥɢ.  
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