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HO KOHEYHBIX TPYII COBMAJaeT C KJIACCOM IIOYTH JIO-
KaJbHO HOPMAJBHBIX TPYII C CHJIOBCKUMHU MOATPYyNIIaMH,
YAOBJIETBOPSIONIMMHU YCIOBUIO MUHUMAJIBHOCTH.

JeiictBuTensHO, mycTh rpynmna G MOYTH JIOKAJIBHO
HOopMasibHa. Toraa B Hell UMeeTcs TOKaIbHO HOpMallbHast
noarpynmna /4 KoHedHoro uHaekca. Ecnu cunoBckue moj-
TpyNIbI TPyNIsl /4 yIOBIETBOPSIIOT YCIOBUIO MUHUMAIIb-
HOCTH, TO N0 TpemokeHnto 4 H cIoiHO KOHEYHa M B
OJIHY CTOPOHY. Y TBEpKIECHHE T0Ka3aHO.

IIycts Teneps rpynma G MmoyTH CIOWHO KoHedHa. Ee
CHJIOBCKHE TOJATPYIIBI YIOBJIECTBOPSAIOT YCIOBHIO MUHH-
MaJIBHOCTH IO JI0OKa3aHHOMY BBIIIIE M BBHIY TOTO, YTO
YEpHUKOBCKHE TPYMNIHBI yAOBJIETBOPSIOT YCIOBHUIO MHHU-
ManbHOCTU. CIIOMHO KOHEYHBIN paaukan rpynnsl G ume-
eT B G KOHEUHBIH MHAEKC, KaK MBI y)Ke He pa3 OTMedalH,
U SBISETCA JOKAaJIbHO HOPMAIbHOM TPYNION MO Mpeio-
xkeHuto 4. CrnenoBatenbHo, G SBIAETCS MOYTH JIOKAIBHO
HOPMAaJIBHOW TPYIION.

B pesynbprare nocTpoeHHsI BOCBMH NTPUMEPOB OTIPEe-
JICHBI B3aMMOOTHOIIEHHS KJIacca MOYTH CJIOWHO KOHEY-
HBIX TPYNN ¢ OJU3KUMHM MO CBOMCTBaM KllaccaMM TpYIIIL.
OTH B3aIMOOTHOILICHUS YTOUHEHBI IPH MOMOIIM JIOKa-
3aHHBIX CBOWCTB. Pe3ynbTarhl CTaTbu HalyT IpPUMEHE-
HHE TIpY W3YyYeHWU OECKOHEYHBIX TPYII C YCIOBUSIMHU
KOHEYHOCTH.
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3AKOHBbI COXPAHEHHUSI YPABHEHU IIJIOCKOM TEOPUH YIIPYTOCTH'
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B nacmosiyee epemst 015 nOIHOYEHHO20 UCCIE008aANUST OUDDEPEHYUATbHBIX YPAGHEHUTI KPOME Onpedeenus mund
YpasHeHull U NPAsUIbHOU NOCMAHOBKYU SPAHUYHBIX VCI08UL, BbIACHEHUSA CYUeCmBO8aHUs U eOUHCTN8EHHOCMU pelleHUl
HeobX00UMO 3HAMb cUMMempuu, donyckaemvle CUCMeMOll, U 3aKOHbl coxpaneHus. IIpu smom okazvieaemcs, 4mo Kpo-
Me 0bujeu38eCmubIX 3aKOHO8 COXPAHEHUs], CIeOVIOUWUX U3 OOUWUX MeMO008 NOCMPOEHUs VPAGHEHUU, CYWeCmEYIom U
UHble 3AKOHbI COXPAHEHUs. MU 3aKOHbL MO2Yym Oblmb NOAE3Hbl 5l PEUleHUs. KPAesblX 3a0ay U NOJYYEHUs. PA3TUYHBIX
oyeHox pewtenutl. Tlocmpoenvl HOGble 3aKOHbL COXPAHEHUsL OISl OBYMEPHBIX YPAGHEHULL TUHEUHOT YIPY2OCMU 8 CIAYUO-
Haprom cayydae. Coxpansiowuiicss MoK IUHeeH O NEPEbIM NPOU3BOOHBIM 0N UCKOMbBIX (QDYHKYUL, HO He 3a6UCUm Om

* PaGoTa BBITIONHEHA IPH TOIEP:KKe MuHICTEpCTBa 06pasoBanns 1 Haykn Poccuiickoii denepamnn, b-180-14.
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Mamemamuxa, mexanuxa, ungpopmamuxa

camux UCKOMbIX ([))/HKL;LH:[ HOC}’}’lpoeHHble 3AKOHblL COXPAHEHUS MOJCHO UCNOTb3068AMb ons peutenus Kpaeeoblx 3a0au

meopuu ynpyzocmu 051 KOHeuHvlx obaacmeil.

Krnrouesvie crnosa: 3axonol COXpAaHeHUusl, meopus ynpycocmiu, COXpaH}ZIOWulZCﬂ MOK.

CONSERVATION LAWS EQUATIONS PLANE THEORY OF ELASTICITY
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Today for a full study of differential equations in addition to defining the type of equations and the correct
formulation of the boundary conditions, determine the existence and uniqueness of solutions it is necessary to know the
symmetry allowed by the system and conservation laws. It turns out that in addition to well-known laws of conservation
of the following general methods for constructing equations, there are other conservation laws. These laws can be
useful for solving boundary value problems and get different estimates of the solutions. In the paper, we construct new
conservation laws for the two-dimensional equations of linear elasticity in the stationary case. Conserved current is
linear in the first derivatives of the unknown functions, but does not depend on the unknown functions themselves.
Constructed conservation laws can be used for solving boundary value problems of elasticity theory for finite fields.

Keywords: laws of conservation, elasticity theory, the conserved current.

Teopus ynpyroctu (JInHeiHas) — 3TO OYEHb XOPOIIO
pa3paboTaHHBIN pa3ien MeXaHWKH CIUTONIHBIX cpea. Pas-
BUTBIC B HEH METOJBI MO3/IHEE HCIIOJIL30BATINCH IIPU pe-
IIEHNH ypaBHEHUH T'MIPOJUHAMHKH, TEOPUM IIACTHUYHO-
CTH M APYTUX JUCLUIUINH.

g ypaBHeHMH TeOpUH YIPYrOCTH H3BECTHBI Cle-
JYIOIME 3aKOHBI COXPAHEHHUsS: 3aKOH COXPaHEHHs JHep-
THH, 3aKOHBI COXPaHEHMs KOJIMYECTBA IBIDKEHUS M MO-
MEHTa UMIIyJbca. B cuily NMHEHHOCTH ypaBHEHUH, ypas-
HEHHSI TEOPHH YNPYTOCTH JIOITyCKAIOT OSCKOHEYHOE KO-
JIMYECTBO 3aKOHOB COXpaHeHMs. HexoTopble M3 HUX HC-
TIOJTB3YIOTCS B MEXAHNKE pa3pyIICHUs. DTO HHBAPHAHTHBIC
J-unmezpanvr u I'-unmeepaner. B mpemmaraemoii pabote
npuBeicHa OECKOHEYHas! Cepysl HOBBIX 3aKOHOB COXPaHEHMSL.
ABTOpBI HaJCIOTCS, YTO HOBBIC 3aKOHBI COXPAHEHMs Hall-
OyT NPUMEHEHUE TPU PEIIeHUH KpaeBBbIX 3aJad TEOpUH
YIPYTOCTH, OCOOEHHO JJIsl TeJl KOHEYHBIX pa3MepoB. Pe-
IIEHHE TaKHWX 3a/1a4 sIBJIIETCS OJHOW U3 Hamboliee aKTy-
IBHBIX TPOOJIEM ISl ypaBHEHHH TEOPHH YIIPYTOCTH.

Jamum HeoOxomumele onpeaenenus. I1ycts

u

E-(x, Vo Uy Vy Uy, Viy Uy Vs ey vyy)=0, i=12

cucreMa JBYX IU(QepeHMaIbHBIX YpaBHEHHH BTOPOTO
MopsiAKa, X, y — HE3aBUCHMBIE IEPEMEHHBIE, U, V — HCKO-
Mble (YHKIIMH, UHIEKCHl BHU3Y O3HAYarOT ITPOM3BOIHBIC
10 COOTBETCTBYIOIINM MTEPEMEHHBIM.

Onpeoenenue. Haszosem Bextop (A4,B) coxpasio-
IMMCS] TOKOM, @ BEIMYMHY A, +By =0 3aKOHOM coxpa-
HEHH, €CII

A+ B, =ANF +AF, =0, (1

rae A, — Hekoropbie Au(QepeHIHaIbHbIE ONepaTopsl,

110 KpailHell Mepe, OMH U3 KOTOPBIX SIBJISIETCS HETPHUBH-
apHBIM. Bosiee mMozmpoOHO MOCTpoeHHe 3aKOHOB COXpa-
HEHUS ONMHUCaHO B [1; 2] 1 LUTUPYEMOI TaM JTUTEpaType.
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W3BecTHBI pa3Hble CIOCOOBI MOCTPOEHHS 3aKOHOB CO-
XpaHeHus. Haubonee MMpoOKo UCIONB3YETCs METO[ I10-
CTpOEHHS 3aKOHOB COXPAaHEHHS HAa OCHOBE HETEPOBCKUX
CUMMETPHH, JIOITyCKAaeMbIX YpaBHEHHEM. OTOT CII0CO0
MOCTPOESHUS ISl ypaBHEHUH IIaCTUYHOCTH U3JI0KEH B [3].

B nanHO# paboTe 3aKOHBI COXpaHEHHs OyayT CTpO-
UTBHCSA UCX0as u3 cooTHomeHus (1). DToT crocod Hanbo-
Jiee mpocT M, caMoe IJIaBHOE, OH I03BOJISIET CTPOUTH Ta-
KH€ 3aKOHBI COXPaHEHHS, KOTOPbIE MOXKHO HCIOJIb30BaTh
JUTSL pellIeHHus KpaeBbIxX 3afad [4].

PaccMoTpuM nByMepHblE ypaBHEHHs JIMHEHHOW CTa-
LIHOHAPHOM TEOPUH YIIPYTOCTH

F=(A+20)u, +(M+p)v,, +pu, =0,

2
By =, +(A+p)u, +(h+2u)v,, =0, @

rae U,V — KOMIIOHEHTHI BEKTOpa IeopManuu; A, |l —
noctosHuble Jlame.
NieM coxpaHsIOIUIACS TOK B BUIE

A=o (k + 2u)ux + Bluuy +yluvx +8' (K + 2p)vy, 3

2 2 2 2
B=a"u, +Bu, +yv, +8%,,

rae o ,B',y',8" — Hekotopsie QyHKIHH OT X, ). Koad-
¢bupenTsl Jlame BBefieHbI B KO3(Q(UIIMEHTH KOMIIOHEH-
Thl A 171 y100CTBa JANbHENHIIMX BBIKIAIOK.

B cuny (1) nmmeem

o (A 20) e, oty (420, +Blyae, +

+|3Lpuy Y,y +8' (A+2p) Vy

+3) (M+20) v, + 0y, +ou, +Buy, +

4)
B, +Y7v, +Yov, +8v,, +80v, =o' F +y'F.

U3 cooTHOMmIECHMI (4) TOTydaeM
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—(7»+u)0tl +8' +y2 =0, —pa' +p* =0,
~(A+p)y' +8' +a? =0, ~(A+p)y' +8 =0,
(A+2u)ay +o =0, By +By =0, py, +v, =0,
1, 52
8, +6;,=0. (5)
U3 (5) cnemyer
o =B, +(h+pn)y', p? =po,
v =8 +(A+p)dl, 8% =(h+2u)y.
[ozcTaBUM 3TH COOTHOIICHHUS B TIOCTEIHUE HYETHIPE
ypaBHeHH (5). Umeem

(A+2u)al +(A+p)y, —p), =0, ©
wl-i—()»-i—p)aly—éily =0,

nu
By +pal, =0, 8, +(A+2u)y, =0. (7)

Huddepenunpyem mnepBoe ypaBHeHue (6) mo X,
a BTopoe — 10 ), ¢ yueToM (7) moiaydaem

(A + Zu)(xix +(A+ u)y;y + ualyy =0,

(®)
H”Y}vx + (7“ + u)uiy + (>“ + 2”)Y§y =0.

U3 (8) cnenyer, uto (al,yl) — MPOM3BOJIBHOE pelie-

HHUe cucteMbl (2), a (Bl,él) BOCCTaHABJIMBAIOTCS 10

¢dopmynam (7) U, B CBOIO 0Yepesb, TOXKE SBISIOTCS pelie-
HueM ypasHeHuil (2). Ilocmexnee HeTpyAHO HPOBEPUTH.
Hus atoro mocratouHo mpoauddepeHnrnpoBaTh MepBoe
ypaBHeHue (7) I0 X , a BTOpoe — [0 ) ¥ BOCIIOIB30BaThCA

cooTHOMEHUsAMU (6).
W3BecTHO, 4TO JIFOOBIE pemIeHus ypaBHEHHH (2) MOX-
HO 3aI1caTth ¢ MOMOIIBIO TPEX TapMOHHYECKUX (YHKIIHH

o’ @', 2.

Nmeem
1 ol 1 1 2 0
a' =@ —4(1_V)(xq>x+yq>x+q>x),
{ )
1_ g2 1 2 0
y' = 4(1_V)(xCDy+yCDy+CDy),
vE

rane V — koaddunuent Ilyaccona, A =——————;
(1 + v) (1 - 2v)
E — Monyns ynipyrocts npu pacTsyKeHMH U CKATHH.

3anaBas rapmonmueckne dyukmun O’ @' O u pe-
IIasi COOTBETCTBYIOIINE ypaBHEeHUs (7), TONyYUM SIBHBIN
BU/JI 3aKOHOB COXPaHEHHSI.

B wactHoctn, e ®' = ®* =0, 6e3 TpyJla IOJy4aeM
0OECKOHEUHYIO CEPHIO 3aKOHOB COXPAHEHHUSI:
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1 0 1 _ g0
o =0, v =0,

o =(h+2u)y', p*=pd,
yP=-pa', 8 =(h+2p)y".
B aToM ciryyae cCOXpaHSAIOIWUNCA TOK UMEET BUT
A=(a+2p)a’ (ux +vy)+uyl (—u,+v,),

B=(a+2u)y' (ux +vy)+poc1 (= vy).
3ameuanue 1. AHAMOTUIHBIM 00pa30M 3aKOHBI COXpa-
HEHUS MOTYT OBITH IIOCTPOCHBI M B TPEXMEPHOM CIIydae.
3ameuanue 2. 3aKOHBI COXpaHEHUS, TOCTPOCHHBIC B
paboTe, MOTYT OBITH HMCIIOJIB30BAHBI IJIS PELICHHS Kpae-
BBIX 33]]a4, TaK e Kak B cTaThsx [3; 4]. D10 Oyner cue-
JIaHO B CJICIYIOIINX CTAThSX.

Bl =y, &' =(n+2p)ol,
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