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ɉɪɢɜɟɞɟɧɵ ɪɟɡɭɥɶɬɚɬɵ ɪɚɫɱɟɬɚ ɚɦɩɥɢɬɭɞɵ ɤɨɥɟɛɚɧɢɣ ɞɢɧɚɦɢɱɟɫɤɢ ɧɟɭɪɚɜɧɨɜɟɲɟɧɧɨɝɨ ɪɨɬɨɪɚ ɞɜɢɝɚɬɟɥɹ-
ɦɚɯɨɜɢɤɚ ɫ ɤɢɧɟɬɢɱɟɫɤɢɦ ɦɨɦɟɧɬɨɦ 1 ɇ·ɦ·ɫ, ɩɨɞɜɟɲɟɧɧɨɝɨ ɩɨɫɪɟɞɫɬɜɨɦ ɚɤɬɢɜɧɵɯ ɦɚɝɧɢɬɧɵɯ ɩɨɞɲɢɩɧɢɤɨɜ. 
Ɉɩɪɟɞɟɥɟɧɵ ɫɢɥɵ, ɬɪɟɛɭɟɦɵɟ ɞɥɹ ɭɞɟɪɠɚɧɢɹ ɪɨɬɨɪɚ ɜ ɛɟɫɤɨɧɬɚɤɬɧɨɦ ɩɨɥɨɠɟɧɢɢ, ɢ ɪɟɡɨɧɚɧɫɧɵɟ ɡɨɧɵ ɜ ɪɚ-
ɛɨɱɟɦ ɞɢɚɩɚɡɨɧɟ ɟɝɨ ɭɝɥɨɜɨɣ ɫɤɨɪɨɫɬɢ ɜ ɡɚɜɢɫɢɦɨɫɬɢ ɨɬ ɡɧɚɱɟɧɢɣ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɠɟɫɬɤɨɫɬɢ ɢ ɞɟɦɩɮɢɪɨɜɚ-
ɧɢɹ ɦɚɝɧɢɬɧɨɝɨ ɩɨɞɜɟɫɚ. Ɋɚɫɱɟɬɵ ɨɫɭɳɟɫɬɜɥɹɥɢɫɶ ɩɪɢ ɪɚɡɥɢɱɧɵɯ ɞɢɚɩɚɡɨɧɚɯ ɭɝɥɨɜɨɣ ɫɤɨɪɨɫɬɢ ɪɨɬɨɪɚ. ɋ ɩɨ-
ɦɨɳɶɸ ɪɚɡɪɚɛɨɬɚɧɧɨɣ ɩɚɪɚɦɟɬɪɢɱɟɫɤɨɣ 3D-ɦɨɞɟɥɢ ɪɨɬɨɪɚ ɞɥɹ ɤɚɠɞɨɝɨ ɞɢɚɩɚɡɨɧɚ ɨɩɪɟɞɟɥɟɧɵ ɟɝɨ ɬɪɟɛɭɟ-
ɦɵɟ ɦɚɫɫɨɝɚɛɚɪɢɬɧɵɟ ɯɚɪɚɤɬɟɪɢɫɬɢɤɢ: ɨɫɟɜɨɣ ɢ ɷɤɜɚɬɨɪɢɚɥɶɧɵɣ ɦɨɦɟɧɬɵ ɢɧɟɪɰɢɢ, ɚ ɬɚɤɠɟ ɟɝɨ ɦɚɫɫɚ. ɉɪɟ-
ɞɟɥɶɧɨ ɞɨɩɭɫɬɢɦɵɟ ɡɧɚɱɟɧɢɹ ɷɤɫɰɟɧɬɪɢɫɢɬɟɬɚ ɪɨɬɨɪɚ, ɯɚɪɚɤɬɟɪɢɡɭɸɳɟɝɨ ɫɬɚɬɢɱɟɫɤɭɸ ɧɟɭɪɚɜɧɨɜɟɲɟɧ-
ɧɨɫɬɶ, ɢ ɭɝɥɚ ɦɟɠɞɭ ɝɟɨɦɟɬɪɢɱɟɫɤɨɣ ɨɫɶɸ ɪɨɬɨɪɚ ɢ ɟɝɨ ɝɥɚɜɧɨɣ ɰɟɧɬɪɚɥɶɧɨɣ ɨɫɶɸ ɢɧɟɪɰɢɢ, ɯɚɪɚɤɬɟɪɢɡɭɸɳɟ-
ɝɨ ɦɨɦɟɧɬɧɭɸ ɧɟɭɪɚɜɧɨɜɟɲɟɧɧɨɫɬɶ, ɨɩɪɟɞɟɥɹɥɢɫɶ ɢɫɯɨɞɹ ɢɡ ɜɟɥɢɱɢɧɵ ɦɚɫɫɵ ɪɨɬɨɪɚ ɢ ɬɪɟɛɭɟɦɨɣ ɨɫɬɚɬɨɱɧɨɣ 
ɧɟɭɪɚɜɧɨɜɟɲɟɧɧɨɫɬɢ ɜ ɤɚɠɞɨɣ ɩɥɨɫɤɨɫɬɢ ɤɨɪɪɟɤɰɢɢ. ȼɵɹɜɥɟɧɨ, ɱɬɨ ɜ ɩɪɨɰɟɫɫɟ ɜɪɚɳɟɧɢɹ ɪɨɬɨɪɚ ɞɜɢɝɚɬɟɥɹ-
ɦɚɯɨɜɢɤɚ ɩɪɟɨɛɥɚɞɚɸɬ ɪɚɞɢɚɥɶɧɵɟ ɤɨɥɟɛɚɧɢɹ ɟɝɨ ɰɟɧɬɪɚ ɦɚɫɫ, ɜɵɡɜɚɧɧɵɟ ɧɚɥɢɱɢɟɦ ɫɬɚɬɢɱɟɫɤɨɣ ɧɟɭɪɚɜɧɨɜɟ-
ɲɟɧɧɨɫɬɢ. Аɦɩɥɢɬɭɞɚ ɪɟɡɭɥɶɬɢɪɭɸɳɢɯ ɤɨɥɟɛɚɧɢɣ ɪɨɬɨɪɚ ɫɨɫɬɚɜɥɹɟɬ 17 ɦɤɦ ɞɥɹ ɞɢɚɩɚɡɨɧɚ ɱɚɫɬɨɬɵ ɜɪɚɳɟ-
ɧɢɹ ɪɨɬɨɪɚ 0–9000 ɨɛ/ɦɢɧ ɢ 13 ɦɤɦ ɞɥɹ ɞɢɚɩɚɡɨɧɚ 0–18000 ɨɛ/ɦɢɧ. ɉɟɪɜɚɹ ɤɪɢɬɢɱɟɫɤɚɹ ɫɤɨɪɨɫɬɶ ɪɨɬɨɪɚ  
ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɪɟɡɨɧɚɧɫɧɨɣ ɱɚɫɬɨɬɟ ɟɝɨ ɪɚɞɢɚɥɶɧɵɯ ɤɨɥɟɛɚɧɢɣ. ȼ ɞɢɚɩɚɡɨɧɟ ɱɚɫɬɨɬɵ ɜɪɚɳɟɧɢɹ ɪɨɬɨɪɚ 
0–18000 ɨɛ/ɦɢɧ ɩɪɢɫɭɬɫɬɜɭɟɬ ɞɨɩɨɥɧɢɬɟɥɶɧɚɹ ɤɪɢɬɢɱɟɫɤɚɹ ɫɤɨɪɨɫɬɶ, ɨɛɭɫɥɨɜɥɟɧɧɚɹ ɬɟɦ, ɱɬɨ ɷɤɜɚɬɨɪɢɚɥɶ-
ɧɵɣ ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɪɨɬɨɪɚ ɩɪɟɜɵɲɚɟɬ ɟɝɨ ɨɫɟɜɨɣ ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ. ȼ ɡɚɤɪɢɬɢɱɟɫɤɢɯ ɨɛɥɚɫɬɹɯ ɧɚɛɥɸɞɚɟɬɫɹ 
ɹɜɥɟɧɢɟ ɫɚɦɨɰɟɧɬɪɢɪɨɜɚɧɢɹ ɪɨɬɨɪɚ. ɉɨ ɪɟɡɭɥɶɬɚɬɚɦ ɪɚɫɱɟɬɚ ɞɢɧɚɦɢɤɢ ɪɨɬɨɪɚ ɜ ɦɚɝɧɢɬɧɨɦ ɩɨɞɜɟɫɟ ɫɮɨɪ-
ɦɢɪɨɜɚɧɵ ɢɫɯɨɞɧɵɟ ɞɚɧɧɵɟ ɞɥɹ ɜɵɛɨɪɚ ɭɝɥɨɜɨɣ ɫɤɨɪɨɫɬɢ ɪɨɬɨɪɚ, ɜɨɡɞɭɲɧɵɯ ɡɚɡɨɪɨɜ ɜ ɚɜɚɪɢɣɧɵɯ ɨɩɨɪɚɯ, ɚɤ-
ɬɢɜɧɵɯ ɱɚɫɬɹɯ ɦɚɝɧɢɬɧɵɯ ɩɨɞɲɢɩɧɢɤɨɜ, ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɠɟɫɬɤɨɫɬɢ ɢ ɞɟɦɩɮɢɪɨɜɚɧɢɹ ɦɚɝɧɢɬɧɨɝɨ ɩɨɞɜɟɫɚ. 
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The paper presents the results of the calculation of dynamically unbalanced rotor vibration for an active magnetic 

bearing reaction wheel with angular momentum 1 N·m·s. Forces, required to keeping the rotor in contactless position, 

and the critical speeds in working angular velocity ranges are determined. Calculation is performed for various 

magnitudes of stiffness and damping coefficients of magnetic suspension and for various working angular velocity 

ranges. Required mass of rotor, axial and equatorial moments of inertia are determined by means of developed 

parametric 3D-model of rotor for every speed range. Maximum permissible eccentricity of the rotor, which describe the 

static imbalance, and maximum permissible angle between the geometrical axis of the rotor and its principal central 

axis of inertia, which characterize couple unbalance, are determined using the value of rotor mass and the desired 

residual unbalance in each correction plane. Calculation shows, that center of mass of spinning rotor perform mainly 

radial translations, generated due to the presence of static unbalance. The amplitude of the resulting oscillation of the 

rotor is 17 μm for a working angular velocity range 0–9000 RPM and 13 μm for the range 0–18000 RPM. The first 

critical speed of the rotor corresponds to the resonant frequency of its radial oscillations. In the range 0–18000 RPM 

there is an additional critical speed due to the fact that the equatorial moment of inertia of rotor exceeds the axial 

moment of inertia. There is the phenomenon of self-centering of the rotor in the overcritical regions. Results of rotor 
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dynamic calculation make it possible to formulate the basic data for choosing a rotor speed range, air gaps in back-up 

bearings, gaps between rotor and stator of magnetic bearings, stiffness and damping coefficients of magnetic 

suspension. 

 

Keywords: rotor dynamics, active magnetic bearings, rotor unbalance. 

 

ȼɜɟɞɟɧиɟ. ȼ ɧɚɫɬɨɹɳɟɟ ɜɪɟɦɹ ɜ ɞɜɢɝɚɬɟɥɹɯ-
ɦɚɯɨɜɢɤɚɯ ɩɪɢɦɟɧɹɸɬɫɹ, ɝɥɚɜɧɵɦ ɨɛɪɚɡɨɦ, ɲɚɪɢɤɨ-
ɩɨɞɲɢɩɧɢɤɨɜɵɟ ɨɩɨɪɵ. ɇɚɥɢɱɢɟ ɦɟɯɚɧɢɱɟɫɤɨɝɨ ɤɨɧ-

ɬɚɤɬɚ ɜ ɲɚɪɢɤɨɩɨɞɲɢɩɧɢɤɚɯ ɩɪɢɜɨɞɢɬ ɤ ɢɡɧɨɫɭ  
ɞɨɪɨɠɟɤ ɤɚɱɟɧɢɹ, ɜɢɛɪɚɰɢɹɦ ɪɨɬɨɪɚ, ɭɜɟɥɢɱɟɧɢɸ ɦɨ-
ɦɟɧɬɚ ɫɨɩɪɨɬɢɜɥɟɧɢɹ ɜɪɚɳɟɧɢɸ, ɧɟɨɛɯɨɞɢɦɨɫɬɢ ɫɦɚɡɤɢ 

ɜ ɡɨɧɚɯ ɤɨɧɬɚɤɬɚ ɲɚɪɢɤɨɜ ɫ ɤɨɥɶɰɚɦɢ ɩɨɞɲɢɩɧɢɤɚ [1]. 

Ⱦɥɹ ɭɫɬɪɚɧɟɧɢɹ ɭɤɚɡɚɧɧɵɯ ɧɟɞɨɫɬɚɬɤɨɜ ɜ ɪɹɞɟ 
ɫɥɭɱɚɟɜ ɢɫɩɨɥɶɡɭɟɬɫɹ ɚɤɬɢɜɧɵɣ ɦɚɝɧɢɬɧɵɣ ɩɨɞɜɟɫ 
ɪɨɬɨɪɚ ɞɜɢɝɚɬɟɥɹ-ɦɚɯɨɜɢɤɚ [1–3]. ɉɪɟɢɦɭɳɟɫɬɜɚ ɦɚɝ-
ɧɢɬɧɵɯ ɨɩɨɪ – ɨɬɫɭɬɫɬɜɢɟ ɦɟɯɚɧɢɱɟɫɤɨɝɨ ɤɨɧɬɚɤɬɚ 
ɜɪɚɳɚɸɳɢɯɫɹ ɢ ɧɟɩɨɞɜɢɠɧɵɯ ɱɚɫɬɟɣ ɞɜɢɝɚɬɟɥɹ-
ɦɚɯɨɜɢɤɚ, ɭɦɟɧɶɲɟɧɢɟ ɜɢɛɪɚɰɢɣ ɪɨɬɨɪɚ ɢ, ɤɚɤ ɫɥɟɞ-

ɫɬɜɢɟ, ɜɨɡɦɭɳɚɸɳɢɯ ɫɢɥ, ɝɟɧɟɪɢɪɭɟɦɵɯ ɞɜɢɝɚɬɟɥɟɦ-

ɦɚɯɨɜɢɤɨɦ, ɚ ɬɚɤɠɟ ɦɨɦɟɧɬɚ ɫɨɩɪɨɬɢɜɥɟɧɢɹ ɜɪɚɳɟ-
ɧɢɸ. Ⱦɪɭɝɢɦ ɞɨɫɬɨɢɧɫɬɜɨɦ ɹɜɥɹɟɬɫɹ ɜɨɡɦɨɠɧɨɫɬɶ 
ɭɩɪɚɜɥɟɧɢɹ ɠɟɫɬɤɨɫɬɶɸ ɢ ɞɟɦɩɮɢɪɨɜɚɧɢɟɦ ɩɨɞɜɟɫɚ 
[1; 2; 4]. Ʉɪɨɦɟ ɬɨɝɨ, ɧɟɬ ɧɟɨɛɯɨɞɢɦɨɫɬɢ ɜ ɫɦɚɡɤɟ. 
ɇɚ ɷɬɚɩɟ ɩɪɨɟɤɬɢɪɨɜɚɧɢɹ ɩɪɢ ɪɚɫɫɦɨɬɪɟɧɢɢ ɞɢɧɚ-

ɦɢɤɢ ɪɨɬɨɪɚ ɜ ɦɚɝɧɢɬɧɨɦ ɩɨɞɜɟɫɟ ɧɟɨɛɯɨɞɢɦɨ ɨɩɪɟ-
ɞɟɥɢɬɶ ɫɢɥɵ, ɬɪɟɛɭɟɦɵɟ ɞɥɹ ɭɞɟɪɠɚɧɢɹ ɪɨɬɨɪɚ ɜ ɩɨɞ-

ɜɟɲɟɧɧɨɦ ɫɨɫɬɨɹɧɢɢ, ɡɚɡɨɪɵ ɦɟɠɞɭ ɜɪɚɳɚɸɳɢɦɢɫɹ ɢ 

ɧɟɩɨɞɜɢɠɧɵɦɢ ɱɚɫɬɹɦɢ ɞɜɢɝɚɬɟɥɹ-ɦɚɯɨɜɢɤɚ, ɪɟɡɨ-
ɧɚɧɫɧɵɟ ɡɨɧɵ ɜ ɞɢɚɩɚɡɨɧɟ ɪɚɛɨɱɢɯ ɭɝɥɨɜɵɯ ɫɤɨɪɨɫɬɟɣ 

ɪɨɬɨɪɚ [1–5]. 

Ɋɚɫɱɟɬ ɭɤɚɡɚɧɧɵɯ ɯɚɪɚɤɬɟɪɢɫɬɢɤ ɨɫɭɳɟɫɬɜɥɹɥɫɹ 
ɞɥɹ ɞɜɢɝɚɬɟɥɹ-ɦɚɯɨɜɢɤɚ ɫ ɤɢɧɟɬɢɱɟɫɤɢɦ ɦɨɦɟɧɬɨɦ  

ɇ = ±1 ɇ·ɦ·ɫ ɩɪɢ ɪɚɡɥɢɱɧɵɯ ɡɧɚɱɟɧɢɹɯ ɤɨɷɮɮɢɰɢɟɧ-

ɬɨɜ ɠɟɫɬɤɨɫɬɢ c ɢ ɞɟɦɩɮɢɪɨɜɚɧɢɹ b, ɚ ɬɚɤɠɟ ɞɢɚɩɚɡɨ-
ɧɚɯ ɱɚɫɬɨɬɵ ɜɪɚɳɟɧɢɹ ɪɨɬɨɪɚ 0–nmax, ɝɞɟ nmax ɪɚɜɧɹɟɬ-
ɫɹ 9 000, 10 000, …, 18 000 ɨɛ/ɦɢɧ. ȼ ɫɬɚɬɶɟ ɩɪɢɜɟɞɟ-
ɧɵ ɪɟɡɭɥɶɬɚɬɵ ɪɚɫɱɟɬɨɜ ɬɨɥɶɤɨ ɞɥɹ ɞɜɭɯ ɞɢɚɩɚɡɨɧɨɜ 
ɱɚɫɬɨɬɵ ɜɪɚɳɟɧɢɹ ɪɨɬɨɪɚ: nmax1 = 9 000 ɨɛ/ɦɢɧ  

ɢ nmax2 = 18 000 ɨɛ/ɦɢɧ. 

ɇɚ ɫɯɟɦɟ ɦɚɝɧɢɬɧɨɝɨ ɩɨɞɜɟɫɚ ɪɨɬɨɪɚ ɞɜɢɝɚɬɟɥɹ-
ɦɚɯɨɜɢɤɚ (ɪɢɫ. 1) l – ɪɚɫɫɬɨɹɧɢɟ ɦɟɠɞɭ ɪɚɞɢɚɥɶɧɵɦɢ 

ɦɚɝɧɢɬɧɵɦɢ ɩɨɞɲɢɩɧɢɤɚɦɢ; e – ɷɤɫɰɟɧɬɪɢɫɢɬɟɬ ɪɨ-
ɬɨɪɚ; Δ – ɡɚɡɨɪ ɦɟɠɞɭ ɜɪɚɳɚɸɳɢɦɢɫɹ ɢ ɧɟɩɨɞɜɢɠ-

ɧɵɦɢ ɱɚɫɬɹɦɢ ɞɜɢɝɚɬɟɥɹ-ɦɚɯɨɜɢɤɚ [1; 6; 7]. 

 

 
 

Ɋɢɫ. 1. ɋɯɟɦɚ ɦɚɝɧɢɬɧɨɝɨ ɩɨɞɜɟɫɚ ɪɨɬɨɪɚ  
ɞɜɢɝɚɬɟɥɹ-ɦɚɯɨɜɢɤɚ 

ɉɨɫɤɨɥɶɤɭ ɪɚɫɱɟɬ ɩɪɨɜɨɞɢɥɫɹ ɞɥɹ ɪɚɡɥɢɱɧɵɯ ɞɢɚ-
ɩɚɡɨɧɨɜ ɱɚɫɬɨɬɵ ɜɪɚɳɟɧɢɹ ɪɨɬɨɪɚ 0–nmax, ɬɨ ɞɥɹ ɤɚɠ-

ɞɨɝɨ ɞɢɚɩɚɡɨɧɚ ɨɩɪɟɞɟɥɟɧɵ ɦɚɫɫɨɝɚɛɚɪɢɬɧɵɟ ɯɚɪɚɤ-
ɬɟɪɢɫɬɢɤɢ ɪɨɬɨɪɚ ɢɫɯɨɞɹ ɢɡ ɬɪɟɛɭɟɦɨɝɨ ɡɧɚɱɟɧɢɹ ɨɫɟ-
ɜɨɝɨ ɦɨɦɟɧɬɚ ɢɧɟɪɰɢɢ Jɨ = ɇ / ωmax, ɝɞɟ ωmax – ɦɚɤɫɢ-

ɦɚɥɶɧɚɹ ɭɝɥɨɜɚɹ ɫɤɨɪɨɫɬɶ ɪɨɬɨɪɚ. Ɋɚɫɱɟɬ ɷɤɜɚɬɨɪɢ-

ɚɥɶɧɨɝɨ ɦɨɦɟɧɬɚ ɢɧɟɪɰɢɢ Jɷ ɢ ɦɚɫɫɵ Ɇ ɪɨɬɨɪɚ ɜ ɡɚɜɢ-

ɫɢɦɨɫɬɢ ɨɬ ɦɚɤɫɢɦɚɥɶɧɨɣ ɭɝɥɨɜɨɣ ɫɤɨɪɨɫɬɢ ɪɨɬɨɪɚ 
ωmax (ɨɫɟɜɨɝɨ ɦɨɦɟɧɬɚ ɢɧɟɪɰɢɢ Jɨ) ɨɫɭɳɟɫɬɜɥɹɥɫɹ  
ɫ ɩɨɦɨɳɶɸ ɪɚɡɪɚɛɨɬɚɧɧɨɣ ɩɪɟɞɜɚɪɢɬɟɥɶɧɨɣ ɩɚɪɚɦɟɬ-
ɪɢɱɟɫɤɨɣ ɬɪɟɯɦɟɪɧɨɣ ɦɨɞɟɥɢ ɪɨɬɨɪɚ (ɪɢɫ. 2). ɂɡɦɟ-
ɧɹɟɦɵɦɢ ɩɚɪɚɦɟɬɪɚɦɢ ɞɚɧɧɨɣ ɦɨɞɟɥɢ ɹɜɥɹɸɬɫɹ  
ɧɚɪɭɠɧɵɣ D ɢ ɜɧɭɬɪɟɧɧɢɣ d ɞɢɚɦɟɬɪɵ ɢ ɲɢɪɢɧɚ h 

ɨɛɨɞɚ ɪɨɬɨɪɚ. 
Ɋɟɡɭɥɶɬɚɬɵ ɪɚɫɱɟɬɚ ɦɚɫɫɨɝɚɛɚɪɢɬɧɵɯ ɯɚɪɚɤɬɟɪɢ-

ɫɬɢɤ ɪɨɬɨɪɚ ɞɥɹ ɞɢɚɩɚɡɨɧɨɜ nmax1 = 9 000 ɨɛ/ɦɢɧ ɢ 

nmax2 = 18 000 ɨɛ/ɦɢɧ ɩɪɢɜɟɞɟɧɵ ɜ ɬɚɛɥɢɰɟ. 
ɋɢɥɵ ɢ ɡɚɡɨɪɵ ɜ ɦɚɝɧɢɬɧɨɦ ɩɨɞɜɟɫɟ ɨɩɪɟɞɟɥɹɸɬɫɹ 

ɚɦɩɥɢɬɭɞɨɣ ɤɨɥɟɛɚɧɢɣ ɜɪɚɳɚɸɳɟɝɨɫɹ ɪɨɬɨɪɚ, ɜɵ-

ɡɜɚɧɧɵɯ ɧɚɥɢɱɢɟɦ ɨɫɬɚɬɨɱɧɨɣ ɧɟɭɪɚɜɧɨɜɟɲɟɧɧɨɫɬɢ. 

Аɦɩɥɢɬɭɞɚ ɤɨɥɟɛɚɧɢɣ ɰɟɧɬɪɚ ɦɚɫɫ ɪɨɬɨɪɚ ɩɨɞ 
ɞɟɣɫɬɜɢɟɦ ɫɬɚɬɢɱɟɫɤɨɣ ɧɟɭɪɚɜɧɨɜɟɲɟɧɧɨɫɬɢ [1; 7] 
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ɝɞɟ ω – ɭɝɥɨɜɚɹ ɫɤɨɪɨɫɬɶ ɪɨɬɨɪɚ. 
Ɋɚɫɱɟɬɵ ɩɪɨɜɨɞɢɥɢɫɶ ɩɪɢ ɫɥɟɞɭɸɳɢɯ ɡɧɚɱɟɧɢɹɯ 

ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɠɟɫɬɤɨɫɬɢ c ɢ ɞɟɦɩɮɢɪɨɜɚɧɢɹ b: 

– ɞɥɹ ɞɢɚɩɚɡɨɧɚ ωmax1 = 9 000 ɨɛ/ɦɢɧ: 

ɫ1 = 1·104 ɇ/ɦ; ɫ2 = 5·104 ɇ/ɦ; 

ɫ3 = 2·105 ɇ/ɦ; ɫ4 = 4·105 ɇ/ɦ; 

b1 = 10 ɇ·ɫ/ɦ; b2 = 20 ɇ·ɫ/ɦ; 

b3 = 30 ɇ·ɫ/ɦ; b4 = 40 ɇ·ɫ/ɦ; 

– ɞɥɹ ɞɢɚɩɚɡɨɧɚ ωmax2 = 18 000 ɨɛ/ɦɢɧ: 

ɫ1 = 5·104 ɇ/ɦ; ɫ2 = 2·105 ɇ/ɦ; 

ɫ3 = 5·105 ɇ/ɦ; ɫ4 = 1,5·106 ɇ/ɦ; 

b1 = 30 ɇ·ɫ/ɦ; b2 = 40 ɇ·ɫ/ɦ; 

b3 = 60 ɇ·ɫ/ɦ; b4 = 80 ɇ·ɫ/ɦ. 

ɂɡ ɝɪɚɮɢɤɨɜ ɡɚɜɢɫɢɦɨɫɬɢ ɚɦɩɥɢɬɭɞɵ ɪɚɞɢɚɥɶɧɵɯ 
ɤɨɥɟɛɚɧɢɣ ɪɨɬɨɪɚ, ɜɵɡɜɚɧɧɵɯ ɧɚɥɢɱɢɟɦ ɫɬɚɬɢɱɟɫɤɨɣ 

ɧɟɭɪɚɜɧɨɜɟɲɟɧɧɨɫɬɢ, ɨɬ ɱɚɫɬɨɬɵ ɜɪɚɳɟɧɢɹ ɪɨɬɨɪɚ 
ɩɪɢ ɪɚɡɥɢɱɧɵɯ ɤɨɷɮɮɢɰɢɟɧɬɚɯ ɠɟɫɬɤɨɫɬɢ c ɢ ɞɟɦɩ-

ɮɢɪɨɜɚɧɢɹ b (ɪɢɫ. 3) ɜɢɞɧɨ, ɱɬɨ ɞɥɹ ɢɫɤɥɸɱɟɧɢɹ ɹɜɥɟ-
ɧɢɹ ɪɟɡɨɧɚɧɫɚ ɜ ɪɚɛɨɱɟɦ ɞɢɚɩɚɡɨɧɟ nmax1 = 9 000 ɨɛ/ɦɢɧ 

ɡɧɚɱɟɧɢɟ ɤɨɷɮɮɢɰɢɟɧɬɚ ɠɟɫɬɤɨɫɬɢ ɫmin1 ɞɨɥɠɧɨ ɫɨ-
ɫɬɚɜɥɹɬɶ ɧɟ ɦɟɧɟɟ 4·105 ɇ/ɦ. Ɇɢɧɢɦɚɥɶɧɨ ɞɨɩɭɫɬɢɦɨɟ 
ɡɧɚɱɟɧɢɟ ɤɨɷɮɮɢɰɢɟɧɬɚ ɠɟɫɬɤɨɫɬɢ ɫmin2 ɞɥɹ ɞɢɚɩɚɡɨɧɚ 
ωmax2 = 18 000 ɨɛ/ɦɢɧ ɫɨɫɬɚɜɥɹɟɬ 1,5·106 ɇ/ɦ. ȼ ɡɚɤɪɢ-

ɬɢɱɟɫɤɢɯ ɨɛɥɚɫɬɹɯ ɧɚɛɥɸɞɚɟɬɫɹ ɹɜɥɟɧɢɟ ɫɚɦɨɰɟɧɬɪɢ-

ɪɨɜɚɧɢɹ ɪɨɬɨɪɚ [1; 8–15]: ɨɧ ɫɬɪɟɦɢɬɫɹ ɜɪɚɳɚɬɶɫɹ ɜɨ-
ɤɪɭɝ ɫɜɨɟɝɨ ɰɟɧɬɪɚ ɦɚɫɫ ɋ, ɚ ɧɟ ɝɟɨɦɟɬɪɢɱɟɫɤɨɝɨ ɰɟɧ-

ɬɪɚ Ɉ (ɪɢɫ. 1).  
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Ɇɚɫɫɨɝɚɛɚɪиɬɧыɟ ɯɚɪɚɤɬɟɪиɫɬиɤи ɪɨɬɨɪɚ 
 

Чɚɫɬɨɬɚ ɜɪɚɳɟɧɢɹ  
ɪɨɬɨɪɚ nmax, ɨɛ/ɦɢɧ 

Ɉɫɟɜɨɣ ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ 

ɪɨɬɨɪɚ Jɨ, ɤɝ·ɦ2 

ɗɤɜɚɬɨɪɢɚɥɶɧɵɣ ɦɨɦɟɧɬ 
ɢɧɟɪɰɢɢ ɪɨɬɨɪɚ Jɷ, ɤɝ·ɦ2 

Ɇɚɫɫɚ ɪɨɬɨɪɚ Ɇ, ɤɝ 

9 000 10,61·10–4 8,67·10–4 0,72 

18 000 5,31·10–4 6,04·10–4 0,58 

 

 

     
 

Ɋɢɫ. 2. Ɍɪɟɯɦɟɪɧɚɹ ɩɚɪɚɦɟɬɪɢɱɟɫɤɚɹ ɦɨɞɟɥɶ ɪɨɬɨɪɚ: 
ȾȼɁ – ɞɚɬɱɢɤ ɜɨɡɞɭɲɧɨɝɨ ɡɚɡɨɪɚ; ɊɆɉ – ɪɚɞɢɚɥɶɧɵɣ ɦɚɝɧɢɬɧɵɣ ɩɨɞɲɢɩɧɢɤ 

 

 

            nmax1 = 9 000 ɨɛ/ɦɢɧ = 150 Ƚɰ     nmax2 = 18 000 ɨɛ/ɦɢɧ = 300 Ƚɰ  

 

Ɋɢɫ. 3. Ƚɪɚɮɢɤɢ ɡɚɜɢɫɢɦɨɫɬɢ ɚɦɩɥɢɬɭɞɵ ɪɚɞɢɚɥɶɧɵɯ ɤɨɥɟɛɚɧɢɣ ɪɨɬɨɪɚ ɨɬ ɱɚɫɬɨɬɵ ɜɪɚɳɟɧɢɹ ɪɨɬɨɪɚ 
 
Аɦɩɥɢɬɭɞɚ ɜɵɧɭɠɞɟɧɧɵɯ ɭɝɥɨɜɵɯ ɤɨɥɟɛɚɧɢɣ 

ɝɥɚɜɧɨɣ ɨɫɢ ɢɧɟɪɰɢɢ ɪɨɬɨɪɚ, ɜɨɡɧɢɤɚɸɳɢɯ ɜɫɥɟɞɫɬ-
ɜɢɟ ɧɚɥɢɱɢɹ ɦɨɦɟɧɬɧɨɣ ɧɟɭɪɚɜɧɨɜɟɲɟɧɧɨɫɬɢ [1; 7], 

( )
( )( ) ( )

2
2

φ φ
2 2

2

φ ɷ ɨ φ

ω
Ɏ γ ,

ω ω
ɋ

ɫ b

ɫ J J b

+
=

− − +
 

ɝɞɟ γ – ɭɝɨɥ, ɯɚɪɚɤɬɟɪɢɡɭɸɳɢɣ ɦɨɦɟɧɬɧɭɸ ɧɟɭɪɚɜɧɨ-
ɜɟɲɟɧɧɨɫɬɶ; cφ – ɤɨɷɮɮɢɰɢɟɧɬ ɠɟɫɬɤɨɫɬɢ ɩɪɢ ɭɝɥɨ-
ɜɵɯ ɩɟɪɟɦɟɳɟɧɢɹɯ; bφ – ɤɨɷɮɮɢɰɢɟɧɬ ɞɟɦɩɮɢɪɨɜɚɧɢɹ 
ɩɪɢ ɭɝɥɨɜɵɯ ɩɟɪɟɦɟɳɟɧɢɹɯ. 

Ʉɚɤ ɜɢɞɧɨ ɢɡ ɝɪɚɮɢɤɨɜ ɡɚɜɢɫɢɦɨɫɬɢ ɚɦɩɥɢɬɭɞɵ 
ɭɝɥɨɜɵɯ ɤɨɥɟɛɚɧɢɣ ɝɥɚɜɧɨɣ ɰɟɧɬɪɚɥɶɧɨɣ ɨɫɢ ɢɧɟɪɰɢɢ 
ɪɨɬɨɪɚ, ɜɵɡɜɚɧɧɵɯ ɧɚɥɢɱɢɟɦ ɦɨɦɟɧɬɧɨɣ ɧɟɭɪɚɜɧɨɜɟ-
ɲɟɧɧɨɫɬɢ, ɨɬ ɱɚɫɬɨɬɵ ɜɪɚɳɟɧɢɹ ɪɨɬɨɪɚ ɩɪɢ ɪɚɡɥɢɱ-
ɧɵɯ ɤɨɷɮɮɢɰɢɟɧɬɚɯ ɠɟɫɬɤɨɫɬɢ c ɢ ɞɟɦɩɮɢɪɨɜɚɧɢɹ b 
(ɪɢɫ. 4), ɜ ɞɢɚɩɚɡɨɧɟ nmax2 = 18 000 ɨɛ/ɦɢɧ ɧɚɛɥɸɞɚɟɬ-
ɫɹ ɹɜɥɟɧɢɟ ɪɟɡɨɧɚɧɫɚ. ɇɚɥɢɱɢɟ ɞɨɩɨɥɧɢɬɟɥɶɧɨɣ ɤɪɢ-
ɬɢɱɟɫɤɨɣ ɫɤɨɪɨɫɬɢ ɪɨɬɨɪɚ ɜɵɡɜɚɧɨ ɬɟɦ, ɱɬɨ ɜ ɭɤɚɡɚɧ-
ɧɨɦ ɞɢɚɩɚɡɨɧɟ ɱɚɫɬɨɬɵ ɜɪɚɳɟɧɢɹ ɷɤɜɚɬɨɪɢɚɥɶɧɵɣ 
ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɪɨɬɨɪɚ ɩɪɟɜɵɲɚɟɬ ɨɫɟɜɨɣ. ɋɥɟɞɭɟɬ 
ɨɬɦɟɬɢɬɶ, ɱɬɨ ɩɪɢ ɬɪɟɛɭɟɦɨɣ ɠɟɫɬɤɨɫɬɢ ɦɚɝɧɢɬɧɨɝɨ 
ɩɨɞɲɢɩɧɢɤɚ ɫmin2 = 1,5·106 ɇ/ɦ ɭɤɚɡɚɧɧɚɹ ɤɪɢɬɢɱɟɫɤɚɹ 
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ɭɝɥɨɜɚɹ ɫɤɨɪɨɫɬɶ ɪɨɬɨɪɚ ɧɟ ɥɟɠɢɬ ɜ ɪɚɛɨɱɟɦ ɞɢɚɩɚɡɨ-
ɧɟ ɭɝɥɨɜɨɣ ɫɤɨɪɨɫɬɢ. ȼ ɡɚɤɪɢɬɢɱɟɫɤɢɯ ɨɛɥɚɫɬɹɯ ɬɚɤɠɟ 
ɧɚɛɥɸɞɚɟɬɫɹ ɫɚɦɨɰɟɧɬɪɢɪɨɜɚɧɢɟ ɪɨɬɨɪɚ [1; 8–15].  
ȼ ɞɢɚɩɚɡɨɧɟ nmax1 = 9 000 ɨɛ/ɦɢɧ ɷɤɜɚɬɨɪɢɚɥɶɧɵɣ  
ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɪɨɬɨɪɚ ɦɟɧɶɲɟ ɨɫɟɜɨɝɨ, ɩɨɷɬɨɦɭ  
ɞɨɩɨɥɧɢɬɟɥɶɧɨɣ ɤɪɢɬɢɱɟɫɤɨɣ ɫɤɨɪɨɫɬɢ ɧɟ ɜɨɡɧɢɤɚɟɬ: 
ɫɚɦɨɰɟɧɬɪɢɪɨɜɚɧɢɟ ɪɨɬɨɪɚ ɨɫɭɳɟɫɬɜɥɹɟɬɫɹ ɩɥɚɜɧɨ, 
ɛɟɡ ɜɨɡɧɢɤɧɨɜɟɧɢɹ ɪɟɡɨɧɚɧɫɧɵɯ ɹɜɥɟɧɢɣ. 

 

 

nmax1 = 9 000 ɨɛ/ɦɢɧ = 150 Ƚɰ 
 

 

nmax2 = 18 000 ɨɛ/ɦɢɧ = 300 Ƚɰ 

 

Ɋɢɫ. 4. Ƚɪɚɮɢɤɢ ɡɚɜɢɫɢɦɨɫɬɢ ɚɦɩɥɢɬɭɞɵ ɭɝɥɨɜɵɯ 
ɤɨɥɟɛɚɧɢɣ ɝɥɚɜɧɨɣ ɰɟɧɬɪɚɥɶɧɨɣ ɨɫɢ ɢɧɟɪɰɢɢ ɪɨɬɨɪɚ  
 

ɨɬ ɱɚɫɬɨɬɵ ɜɪɚɳɟɧɢɹ ɪɨɬɨɪɚ 
 

 

 

Ɋɟɡɭɥɶɬɢɪɭɸɳɢɟ ɤɨɥɟɛɚɧɢɹ ɝɥɚɜɧɨɣ ɰɟɧɬɪɚɥɶɧɨɣ 

ɨɫɢ ɢɧɟɪɰɢɢ ɪɨɬɨɪɚ ɫɤɥɚɞɵɜɚɸɬɫɹ ɢɡ ɪɚɞɢɚɥɶɧɵɯ  
ɢ ɭɝɥɨɜɵɯ ɤɨɥɟɛɚɧɢɣ (ɪɢɫ. 5). 

 

 

nmax1 = 9 000 ɨɛ/ɦɢɧ = 150 Ƚɰ 
 

 

nmax2 = 18 000 ɨɛ/ɦɢɧ = 300 Ƚɰ 
 

Ɋɢɫ. 5. Ƚɪɚɮɢɤɢ ɡɚɜɢɫɢɦɨɫɬɢ ɚɦɩɥɢɬɭɞɵ ɪɟɡɭɥɶɬɢ-

ɪɭɸɳɢɯ ɪɚɞɢɚɥɶɧɵɯ ɤɨɥɟɛɚɧɢɣ ɪɨɬɨɪɚ ɨɬ ɱɚɫɬɨɬɵ  
 

ɜɪɚɳɟɧɢɹ ɪɨɬɨɪɚ 
 

Ɋɟɡɭɥɶɬɢɪɭɸɳɚɹ ɫɢɥɚ, ɤɨɬɨɪɭɸ ɦɚɝɧɢɬɧɵɣ ɩɨɞɜɟɫ 
ɞɨɥɠɟɧ ɩɚɪɢɪɨɜɚɬɶ, ɫɤɥɚɞɵɜɚɟɬɫɹ ɢɡ ɞɢɧɚɦɢɱɟɫɤɢɯ 
ɫɢɥ, ɜɨɡɧɢɤɚɸɳɢɯ ɜ ɩɪɨɰɟɫɫɟ ɜɪɚɳɟɧɢɹ ɧɟɭɪɚɜɧɨɜɟ-
ɲɟɧɧɨɝɨ ɪɨɬɨɪɚ, ɢ ɜɟɫɚ ɪɨɬɨɪɚ Ɋ (ɪɢɫ. 6):  

( ) 2

ɷ ɨ2
Ɏ ω

ω
l

ɋ
ɞ ɋ
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           nmax1 = 9 000 ɨɛ/ɦɢɧ = 150 Ƚɰ               nmax2 = 18 000 ɨɛ/ɦɢɧ = 300 Ƚɰ  

 

Ɋɢɫ. 6. Ƚɪɚɮɢɤɢ ɡɚɜɢɫɢɦɨɫɬɢ ɚɦɩɥɢɬɭɞɵ ɪɟɡɭɥɶɬɢɪɭɸɳɟɣ ɫɢɥɵ ɨɬ ɱɚɫɬɨɬɵ ɜɪɚɳɟɧɢɹ ɪɨɬɨɪɚ  
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Ɂɚɤɥючɟɧиɟ. ɂɫɫɥɟɞɨɜɚɧɢɹɦɢ ɜɵɹɜɥɟɧɨ, ɱɬɨ ɞɥɹ 
ɢɫɤɥɸɱɟɧɢɹ ɹɜɥɟɧɢɹ ɪɟɡɨɧɚɧɫɚ ɜ ɪɚɛɨɱɟɦ ɞɢɚɩɚɡɨɧɟ 
ɱɚɫɬɨɬɵ ɜɪɚɳɟɧɢɹ ɪɨɬɨɪɚ nmax1 = 9 000 ɨɛ/ɦɢɧ ɠɟɫɬ-
ɤɨɫɬɶ ɪɚɞɢɚɥɶɧɵɯ ɷɥɟɤɬɪɨɦɚɝɧɢɬɧɵɯ ɩɨɞɲɢɩɧɢɤɨɜ 
ɫmin1 ɞɨɥɠɧɚ ɛɵɬɶ ɧɟ ɦɟɧɟɟ 4·105 ɇ/ɦ. Ɇɚɤɫɢɦɚɥɶɧɚɹ 
ɚɦɩɥɢɬɭɞɚ ɤɨɥɟɛɚɧɢɣ ɰɟɧɬɪɚ ɦɚɫɫ ɪɨɬɨɪɚ Аɋ ɜ ɞɚɧɧɨɦ 

ɞɢɚɩɚɡɨɧɟ ɩɪɢ ɫmin1 = 4·105 ɇ/ɦ ɫɨɫɬɚɜɥɹɟɬ 17 ɦɤɦ. 

Ɋɟɡɭɥɶɬɢɪɭɸɳɚɹ ɜɨɡɦɭɳɚɸɳɚɹ ɫɢɥɚ, ɤɨɬɨɪɭɸ ɦɚɝɧɢɬ-
ɧɵɣ ɩɨɞɜɟɫ ɞɨɥɠɟɧ ɩɚɪɢɪɨɜɚɬɶ ɩɪɢ ɫmin1 = 4·105 ɇ/ɦ, 

ɫɨɫɬɚɜɥɹɟɬ 18 ɇ. 

Ⱦɥɹ ɢɫɤɥɸɱɟɧɢɹ ɹɜɥɟɧɢɹ ɪɟɡɨɧɚɧɫɚ ɜ ɪɚɛɨɱɟɦ ɞɢɚ-
ɩɚɡɨɧɟ ɱɚɫɬɨɬɵ ɜɪɚɳɟɧɢɹ ɪɨɬɨɪɚ nmax2 = 18 000 ɨɛ/ɦɢɧ 

ɠɟɫɬɤɨɫɬɶ ɪɚɞɢɚɥɶɧɵɯ ɷɥɟɤɬɪɨɦɚɝɧɢɬɧɵɯ ɩɨɞɲɢɩɧɢ-

ɤɨɜ ɫmin2 ɞɨɥɠɧɚ ɛɵɬɶ ɧɟ ɦɟɧɟɟ 1,5·106 ɇ/ɦ. Ɇɚɤɫɢ-

ɦɚɥɶɧɚɹ ɚɦɩɥɢɬɭɞɚ ɤɨɥɟɛɚɧɢɣ ɰɟɧɬɪɚ ɦɚɫɫ ɪɨɬɨɪɚ Аɋ 
ɩɪɢ ɫmin2 = 1,5·106 ɇ/ɦ ɫɨɫɬɚɜɥɹɟɬ 13 ɦɤɦ. Ɋɟɡɭɥɶɬɢ-

ɪɭɸɳɚɹ ɫɢɥɚ, ɤɨɬɨɪɭɸ ɦɚɝɧɢɬɧɵɣ ɩɨɞɜɟɫ ɞɨɥɠɟɧ ɩɚ-
ɪɢɪɨɜɚɬɶ ɩɪɢ ɫmin2 = 1,5·106 ɇ/ɦ, ɫɨɫɬɚɜɥɹɟɬ 30,9 ɇ. 

ȼ ɪɚɛɨɱɟɦ ɞɢɚɩɚɡɨɧɟ ɱɚɫɬɨɬɵ ɜɪɚɳɟɧɢɹ ɪɨɬɨɪɚ 
ɞɜɢɝɚɬɟɥɹ-ɦɚɯɨɜɢɤɚ nmax2 = 18 000 ɨɛ/ɦɢɧ ɩɪɢ  

ɫ < 3·105 ɇ/ɦ ɢɦɟɟɬɫɹ ɞɨɩɨɥɧɢɬɟɥɶɧɚɹ ɤɪɢɬɢɱɟɫɤɚɹ 
ɫɤɨɪɨɫɬɶ, ɫɜɹɡɚɧɧɚɹ ɫ ɫɨɛɫɬɜɟɧɧɨɣ ɱɚɫɬɨɬɨɣ ɭɝɥɨɜɵɯ 
ɤɨɥɟɛɚɧɢɣ ɝɥɚɜɧɨɣ ɰɟɧɬɪɚɥɶɧɨɣ ɨɫɢ ɢɧɟɪɰɢɢ ɪɨɬɨɪɚ. 
ɉɨ ɪɟɡɭɥɶɬɚɬɚɦ ɪɚɫɱɟɬɚ ɞɢɧɚɦɢɤɢ ɪɨɬɨɪɚ ɜ ɦɚɝ-

ɧɢɬɧɨɦ ɩɨɞɜɟɫɟ ɫɮɨɪɦɢɪɨɜɚɧɵ ɢɫɯɨɞɧɵɟ ɞɚɧɧɵɟ ɩɨ 

ɜɵɛɨɪɭ ɭɝɥɨɜɨɣ ɫɤɨɪɨɫɬɢ ɪɨɬɨɪɚ, ɜɨɡɞɭɲɧɵɯ ɡɚɡɨɪɨɜ 
ɜ ɚɜɚɪɢɣɧɵɯ ɨɩɨɪɚɯ, ɚɤɬɢɜɧɵɯ ɱɚɫɬɹɯ ɦɚɝɧɢɬɧɵɯ 
ɩɨɞɲɢɩɧɢɤɨɜ, ɷɥɟɤɬɪɨɞɜɢɝɚɬɟɥɹ ɢ ɞɚɬɱɢɤɨɜ. 
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