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A.N. Antamoshkin, A. A. Stupina
ON CLASES OF FUNCTIONS WITH BINARY VARIABLES

The scheme proposed below is often used for solving problems and developing optimization algorithms. To solve a
specific problem an efficient algorithm of optimization has been developed. The proposed algorithm combines several
classes of problems by generelasing and determining a function class. For this reason establishing correlation among
available classes of functions with binary variables in different experiments allows to apply even not perfect optimization

algorithms.

In this paper we consider a question on correlation of the function classes based on the different approaches to
classification itself. First approach offers classes of separable, modular and submodular function; second one offers
function classes based on structural features of the set of binary variables: monotone, unmonotone and weakly unmonotone
functions. It has been proven that separable functions are always unimodal and monotone ones. The results obtained in
this study will allow to use a more efficient algorithm for optimization of separable and modular functions.
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In scientific literature different classificiations for several
types of pseudoboolean functions can be found. Authors in
[1]introduced classification which separates pseudoboolean
functions by the number of local minimums and by the
characters of function meanings change (monotonecity).
Several clases of pseudoboolean functions exist: unimodal
and polymodal, monotone and unmonotone, separable,
modular, sub- and supermodular and some others. For certain
classes of pseudoboolean functions an efficient algorithms
of optimization are already proposed. This is the case for a
monotone and weakly unmonotone, both unimodal
polymodal functions. That is why if we would be able to find
in each correlation the different classes of functions, then it
would be possible to use effectively a well-known algorithms
in application to the other classes of functions.

In [2] the effectiveness of (1+1) evolutionary algorithm
in the case of separable pseudoboolean functions is analized
S =f(x,0x,)= Zgi(xl) ,

1<i<n
where f:{0,1}" > R.

The considered algorithm has shown a convergence by
order O(nIn n) . Such result is rather efficient.

A potential possibility of the optimization algorithm for
the monotone unimodal pseudoboolean functions to the
separable ones offered in [1]. Let us investigate in which
correlation classes the separable, monotone and
unmonotone pseudoboolean functions are. For subsequent
analysys besides the introduced notions let us give a number
of used notions here by Stupina [3].

Definition 1. The point set
P(X°, X")={X".X',., X', ., X'} c B} wewillcall the
way between the points X° and X" if Vi =1, .../ the point X’
is neighbor of X*'. The way P(X°, X') between the k-
neigboring points we shall call the shortest way if /= k. The
way of the largest decrease of the function f is denoted
P/(X°, X"y where VX, X' e P/(X°, X"),i=1,..,1

f(XH= min f(X)).
Xie0,(x™h ’
Definition 2. A point X eB; for which

F(X)H)< f(X),YX €0,(X") is a local minimum of the
function f'and if the function has only one local minimum on
B, , than this function is an unimodale one.
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Definition 3. An unimodale pseudoboolean function fis
called monotone on B) if VX'eO/ (X)), k=1,..,
n: f(X*H<fFXHVX eo, ,(XHNO(X") a n d
strong monotone, if this condition is fulfilled with the sign of
the strong unequality.

For optimization of unimodale pseudoboolean functions
the algorithm proposed by Antamoshkin at al. [1] reguers
(n + 1) colculations of the objective function values for the
exact location of the optimum.

Definition 4. An unimodale nonmonotone function f'on

B) is called weakly unmonotone, if
vX* €O, (X"),k=1,..,n the point X such that:
f(Xp) = min (X)),
X}je0,(X*) ’

belongs to O, ,(X").

The class of weakly unmonotone functions will be called
wu.

In [1] the following theorem has been prooved.

Theorem 1. To define the minimum point X~ of the
unimodal different meanings weakly unmonotone on B}
function fin average by the original point of search location
expects to calculate the meanings of fin 7 points on B; :

n’+4 1
o2 2
Separable and Monotone Pseudoboolean Functions.
Show that an arbitrary separable function is an unimodal
function on B, . We use theresults of Droste at al. [2] showing

that any separable function may be presented in the form
f(X)=2 wx,,
i=1

where w, e R and w, >0Vi=1,..,n (in the general case
q,(x,)=wx, +x, but since x, € B; the constant term has
no influence on the optimixation process). Then, evidently,
the function f has a minimum in the point (0, ..., 0). Supposing
that fhas another local minimum in a point X" # (0, ..., 0)

and that this point X~ € O, (0, ..., n) i. e. k componends of
X areunite. g. i,...,q,.

Hence

XY= w,.
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Lemma 1.

VX €{0,1}" AX* €0,(X),k=0,....,n:
card{0,(X*)n O, ,(X)} =k,
card{0,(X")n O, (X))} =n—k.

Then according to this Lemma % neighbouring to X~
points belong to O, (0, ..., 0) , in particular, the point X

with the unit components i,, ..., i, . Now as we presupposed
that X" was a local minimum point we obtain:

k k
SO < fXD)=2m <D
=1 1=2

For the positive values for w, it has no sense and
therefore we can conclude that separable pseudoboolean
functions here are unimodal functions.

Let us test the monotonicity condition fulfilment for a
separable function.

An unimodal function f is called strictly monotone on
0,1} if VX* €O (X)), k=1,..,n:

SO < FEOIX €0, (X )N O(XY),
where X as before is the minimum point.

Let us take again an arbitrary point X* € O,(X").Aswe
have already determined the minimum point of a separable
function is the point (0, ..., 0). Then the point X* has & unit
components Respectively, any point
X, , €0, ,(X)nO,(X") willhave k—1 unit components
B by biysen i, j=1,..., k andas w, are the positive
inequality is always fulfilled
J-1 k k
SN =+ Yow, < f(X) =Y,
=1 =1

I=j+1

T

This means that any separable pseudoboolean function
is a strictly monotone function.

Modular, submodular, monotone and weakly unmonotone
pseudoboolean functions. In [3] the effectiveness of
evolutionary algorithms on two classes of the pseudoboolean
functions — modular and submodular is analized.

Definition 5. A pseudoboolean function is called modular
(MOD), if

JX A+ f(XvY)=f(X)+ ()
forall X,Y € B,.
Definition 6. A pseudoboolean function is called
submodular (SUB) if

JX AN+ f(XVvY)< f(X)+f(T)
forall X,Y € B, .

To solve optimization problems with an objectiv function,
which belongs to the given class Individual Based
Evolutionary Algorithms is proposed in [2]. One of the
representatives of this class of algorithms is (1 + 1)
evolutionary algorithm, which was mention above.

As for the modular functions in contrast to data in [3]
there is a proof that only linealy pseudoboolean functions
belongs to this class, but the linealy functions belong to the
class of separable functions, i. e. they are unimodal and
monotone. Consequently, it is possible to atribute all that we
have shown above,it is also the spead of optimization
algorithms convergence.

The condition from the definition 6 includes the equality
from definition 5. It means that the class of submodular

functions includes the class of modular functions.
Consequently, the functions, which belong to the class
MOD < SUB are monotone unimodale.

Now we consider the submodular functions, which are
not modular. i. e. the class of functions SUB\MOD. The notion
of a weakly unmonotone function was introduce above.

We investigate the functions, which belongs to the class
SUB\MOD with the purpose of their itersection with weakly
unmonotone functions. In the case, if these functions
intersect then following correlation possible.

Variants:

a) SUB\MOD c WU ,

b) WU < SUB\MOD ,

C) WUNSUB#D -

Let us show that the variant ¢) is fulfilled, i. e. classes
SUB\MOD and WU are only intersected and no one of them
include others.

For example take three pseudoboolean functions, which
belong to each of 3 classes:

WU\ SUB, WU nSUB, SUB\WU .

1. (X)eSUB\WU .

£0,0,0,0)=0;/0,0,0,1)=8,5: /0,0, 1,0)=9; {0, 1,0,0)=9,5;
£1,0,0,0)=10;£0,0, 1, 1)= 14; /0, 1,0, 1)=15;
£0,1,1,0)=16;/1,0,0,1)=17;/1,0,1,0)=18;
£1,1,0,0)=19;/0, 1, 1, 1)=20;/1,0, 1, 1)=22;

f1,1,0,1)=23: /1,1, 1,0)=24: 1, 1,1, 1)=25.

This function is unimodal with an unique local minimum
in the point X : (0,0,0,0)

£(X")=0,in neighbouring to X~ points the function
has meaning on the segment [8, 5; 10], 1. e.

8,5< £i(X")<10.14< £(X?) <19, 20< f,(X’) <24,
f{(X4):f{(15 15 151):25 *
Wehave f(X")< £(X)< (XD < £i(X)< fi(XH).
So the function f;(X) answer the monotone condition,

i.e. £(X)eSUB\WU .
2. f,(X)e SUBAWU .

£0,0,0,0)=0;£0,0,0,1)=8,5,/0,0,1,0)=9;
f0,1,0,0)=9,5;/(1,0,0,0)=10,£/0,0,1, 1)=14;
f0,1,0,1)=15;/0,1,1,0)=16;£1,0,0,1)=17;
A1,0,1,0)=18;/1,1,0,0)=19;£0,1, 1, 1)=20;
A1,0,1,1)=22;/1,1,0,1)=23;
A1,1,1,0)0=24;/1,1,1,1)=21.

A1,1,1, 1)=21 and in the other points the meanings of
function are the same as in the previous case.

This function is unimodal one with the unique local
minimum in the point X~ = (0, 0, 0, 0).

In the point X* =(1,1,1,1) the monotone condition is
broken, so thatf, (1,1, 1,0), £, (1,1,0,1),£ (1,0, 1, 1) more
than f£,(X*)

But this function is weakly unmonotone, because for all
points on B; the monotone condition is fulfilled.

The condition (3) is fulfilled for any two meanings of the

function f,(X) in the same way.
Consequntly, f,(X) is a submodular function.
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3. L(X)eWU\SUB.
£0,0,0,0)=0;£0,0,0,1)=8,5;/0,0,1,0)=9;
f0,1,0,0)=9,5;/(1,0,0,0)=10; /0,0, 1,1)=14;
£0,1,0,1)=15;/0,1,1,0)=19,5;/1,0,0, 1)=17,
f(1,0,1,0)=18;/1,1,0,0)=19;/0, 1,1, 1)=20;
A1,0,1,1)=22;/1,1,0,1)=23;
f1,1,1,00=24;1,1,1, 1)=21.

£0,1,1,0)=19,5 and in the other points the meanings of
function are the same as in the first case.

For this function:

— the unimodale condition is fulfilled, so the point
X" =(0,0,0,0) is an unique point of the local minimum;

—the weakly unmonotone condition is fulfilled. For any point

X €O (X'),k=1,..,n thepoint X' €0,(X")NO,(X,)
is so that f(X,, )= min f(X)).
xleo, (x5 /

For the points 0100 and 0010 the condition (3) is not
fulfilled (the function is not submodular one).

Consequently £, (X) e WU \ SUB.

We have obtained following results.

The set of separable functions belongs to the set of
monotone unimodal functions. Our results confirm that we
can apply the algorithm of bounding search for the separable
functions. This algorithm was propose in [1] for monotone
unimodale functions. The main merit of this algorithm is of
its high efficiency (in comparison with other available
algorithms). It is equal to n + 1 calculations of the meaning
of an objective function, where n is demention of the
optimaizing pseudoboolean function. For example, an
evolutionary algorithm in application to the separable

functions converge for #-Inn steps, that considerably more
then results, which were obtained by the bounding algorithm.

It has turned out that modular functions are also belonging
to the class of monotone unimodale functions and, therefore,
all conclusions, which we made for the separable functions,
are also fulfilled for the modular functions.

Submodular functions were only intersected with each
of classes, which were described above, and do not belong
to these clases. Also none of this classes belongs to the
class of submodular functions.

The results obtained in this study are looking very
promising as they allow to get a considerable gain when
applying already known algorithms to the local search or
bounding methods of pseudoboolean functions
optimization. They also allow (when informations about
properties of separable pseudoboolean functions available)
to construct new and more qualitative procedures for this
class of functions optimization.
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A. H. Antamomiku, A. A. CrynuHa
0 KJACCAX ®YHKIU C BUHAPHBIMY TEPEMEHHBIMHU

Ipeonacaemas cxema ucmopuuecKku UCOb3yemcst OJis peueHus 3a0ay U paspabomku aieopummos OnmuMu3ayuL.
s pewsenus peanvholl 3a0auu paspaboman 00CMamoyHo d@pexmueHslli areopumm onmumusayuu. Paccmampuesae-
MblIL aneopumm 00vedunsiem 6 cebe HeCKOIbKO KIacco 3a0ay, 06obwas knaccel ynkyuil. Beaeocmesue smoeo, onpede-
JleHUe KOPPensyull yice nPeoCcmaegiieHHbIX KIACCO8 YHKYULL ¢ GUHAPHBIMU NePeMEHHbIMU NPU ROMOWU PASTUYHBIX UCCAE-
008aHULl NO38ONAEM NPUMEHAMb 0adiCe HEe YCOBEPULEHCNBOBANHbIE AN20OPUMMbL OnmumMusayuu. Paccmampusaemcsi gon-
POC 0 KOppenayuu Kiaccos QyHKYUl npu pasiuuHslx nooxodax xkiaccupuxayuu. Ilepewiti nooxood ékmouaem Kiaccwl
cenapabenbHblx, MOOYIAPHBIX U CYOMOOYIAPHLIX QYHKYULL, MOPOL — KIACCH PYHKYUL, KOMOPbIe OCHOBbIBAIOMCSL HA
CMPYKMYPHBIX CEOUCMBAX MHONCECMEA OUHAPHBIX NEPEMEHHBIX. MOHOMOHHbIC, HEMOHOMOHHbLE U CIAO0 HEMOHOMOHHbLE
@ynxyuu. Ha npakmuxe 0oxkazano, umo cenapabeivbhoie GYHKYUU YHUMOOATbHbLE U MOHOMOKHbLE. [lonyuenHble pesyivma-
Mbl RO360JI0M UCNOIL306AMb OJ151 ONMUMUSAYUU CenapadesibHblx U MOOYJAPHLIX QYHKYUL boaee Ihghexkmuenvie anco-
PUMMbBL RO CPABHEHUIO C PAHee UCTONb3YEeMbLMIU.

Kniouesvle cnosa: nceedobynegvie (hyHxkyul, ONMUMu3ayusi.
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