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SOLVABILITY OF AN INITIAL-BOUNDARY PROBLEM FOR A LOADED WAVE EQUATION

Solvability of an initial-boundary problem for a loaded wave equation is proved. The proof of the solution
uniqueness is based on the a priori estimate of the solution. A sequence of Galerkin approximations is constructed

for the solution existence to be proved.
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A loaded equation is an equation with partial
derivatives that contain the values of functionals of the
sought function. Such equations are encountered in
modeling certain physical processes [1] and also in
solving inverse problems of mathematical physics [2; 3].

Let us consider the following initial-boundary

problem for the function u(x,t), (x,¢)e 0:[0,/]x[0,T]:

T

u,—u, =b(x,t) [(T=t)u, (x1)dr=c(xt), (1)

u(x,0)= p(x). u, (x.0)=n(x), @

u(0,0)=u(l,t)=0, 3)

p(0)=n(0)=p(l)=n(l)=0. (@)

Here, b(x.t). ¢(x.t), p(x),and n(x) are specified
functions.

To obtain an a priori estimate of the solution, we
multiply Eq. (1) by u, and integrate the result with

respect to x fromO0to /:
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Here, |||| and (-,-)
productin L, (0,/),

j (U b )+(cn). ()

are the norm and the scalar

T
Uu=U x):j(T—r)uX(x,r)dr. (6)
0
By virtue of conditions (3), we have
(U,.bu,)=—(U,bu, +bu,). (7

Integrating Eq. (5) with allowance for Egs. (2) and (7)
from 0 to ¢, we obtain
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t
l”u[ ||2 +l U, G +J.(c,u,)dt—
2 2 0
®)

(Ut )i~ [(U,bu, )t

Here,
1
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C =
dx
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The following equality is valid:

j)‘(U(x) b(x,7)u (x,r))dt:(U(x),u

(o)b(0) -

, ©
—(U(x), J. (x ‘E))d’t
0
The following estimates are obtained:
r 112
|U(x)|<3"/2T3/2 (qu (x,‘c)dt} ,
0
flean et < [+l Yo, )
o 2 2 ’

(U ()t (1) (1)) < B[%"U”z T, j

Here, € is an arbitrary positive number and B is the
maximum value of |b(x,t)| in Q. Taking into account
Egs. (9, 10), and (8), we obtain

2
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T T 11
+(xT2J‘||u,||2 dt +[3T2J.||ux||2 dt. (h
0 0

Here, the positive constants o, B, and C, depend on the

3 (x,t)| in

O . Integrating Eq. (11) with respect to ¢ from 0 to T,

maximum values of |b(x,t)|,

we obtain

(1-ar”) j||u I de+(1-BT - BT3
0

Under the conditions

(1-a7’)28, >0, 1-BT-BT* 28, >0, (13)

where o, and &, are arbitrarily small fixed positive
numbers, we obtain the sought a priori estimate

T T
J."u, ||2 dt < const, J‘"ux ||2 dt > const . (14)
0
This estimate means that u is bounded in the space
W, (Q) of functions that have generalized first-order

derivatives integrated with a square.
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Estimate (14) immediately yields the theorem of the
solution uniqueness, because the constants in Eq. (14)
should be equal to zero for different solutions to exist.

The solution existence is proved with the Galerkin
method. We seek for the Galerkin approximation in the
form

W (x,1) = gqu (1), (x) .

where v, (x), k=1,2,... is the basis and ¢,, (0)=p,,
¢, (0)=n,, where m,, n,, k=1,2,.. are the
coefficients of the expansion of the functions p(x) and

n(x) in the basis v, (x). The basis is found by solving
the problem

vy (x)+ v (x)=0, v, (0)=v,(I)=0,

where p, are eigenvalues. Obviously, this basis has the
form
T 'k’
v (x)=sin—, p, =——
/ /
From the condition of orthogonality, we obtain a system
of ordinary differential equations for the functions g, (7)

, k=12, ..

T
u! —u” - (T-t)u” (x,t)dt—c,v, |=0, 15
( 1t xx J.( ) xx( ) kj ( )

0

which has to be solved under the conditions
(16)

After the same considerations as those performed for
obtaining the a priori estimate (14), we obtain

!

where the constants C, and C, are independent of m.

Dk (0) =Dis> Do (0) =n.

m m
u, u ||dt < C,,

T
dt<C1,I
0

From this estimate, there follows that the system of
ordinary equations (15) with conditions (16) is solvable
and that it is possible to choose a subsequence from the
Galerkin approximations, which converges to a certain
function, which is a solution of the initial problem.

Thus, a theorem follows from here. Let
c(x,1)e L, (0Q), b(x,t)eL”(Q),
b, (x,t)eL”(Q), b,(x,t)e L"(0),

m(x)eWy(Q), n(x)eL,(Q)
and condition (13) be satisfied. Then, there exists a
unique solution of problem (1-4), and

ue L, (0,7), W0.1), u, e L,(Q).

To conclude, we should note that a similar theorem is
also valid if we take for 0</<T wu=u(x,p,1),

(x,y)eG; u=0, (x,y)€dG, replace u,, in Eq. (1) by
the Laplace operator Au, and replace the functions
b(x,t) and c(x,t) by B(x,y,t) and C(x,y,t). The

basis v, =v, (x,y) and eigenvalues p,, k=1,2,... are
determined in this case by solving the following problem:

Av, +uy, =0, (x,y)eG, Vk|ac =0.

An initial-boundary problem for a one-dimensional (in
terms of the spatial variable) loaded wave equation is
considered. This equation contains a functional of the
sought function. An a priori estimate of the solution is
obtained, which is used to prove the solution uniqueness.
A sequence of Galerkin approximations is constructed; a
converging subsequence that is a solution of the initial
problem is chosen from this sequence. The results of this
paper can be used to justify the correctness of models of
some physical processes and to solve inverse problems of
mathematical physics.
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PA3PEIHIMMOCTH HAYAJIBHO-KPAEBOM 3AJIAYM
JJIs1 YPABHEHMUS, OITMCBIBAIOUIET'O BOJIHY HAT'PYKEHUSA

Jlokasana paspeutumocms HA¥aIbHO-KPaegou 3a0auu 0Jisl ypAeHeHuUsl, ONUCHIBAIOWe20 80aHY Hazpydicenus. /lokasa-
MenbCmeo eOUHCMBEHHOCMU OA3Upyemcs Ha anpuopHelx oyenkax pewenus. Ilocmpoena nocnedosamensnocms I anep-
KUHA, KOMOPAsl RO380UNLA OOKA3AMb CYUeCMEO8AHUE PEULCHUSL.

Kniouesvie cnosa: ypasHeHue, onucoslearoujee 60JIHY HACPYIHCEeHUA, eOUHCMBEHHOCTb U cywecmeosarnue peuleHusl.
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