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operator to translate the codes of WD values read from
the IML.

Introduction results of the automation procedures. The
developed software has completely solved the tasks in
view of independent working IML, and thanks to the
automation procedures, allowing:

— to automate the process of independent working
IMLs to 90 %, leaving the operator only the performance
and the analysis of specific checks;

— to reduce time spent for working out concrete IMLs,
from several weeks to 1-2 working days;

— to spend simultaneous working to 8 IMLs as a part
of a workplace, connected among each other on
interblock sockets and connected to the CPM;

— to check the working IML capacity during irregular
situations, by their modelling;

— to independently fulfill each complete the IML set
(basic/reserve) connected to each complete the CPM set
(basic/reserve);

— to fulfill the BM in gathering, with use regular
cables as the IML connections;

— to use the PM at any stage of REE tests thanks to
flexibility and universality.

Currently, the given software — the independent
working IML is used in space vehicle management blocks —
“Monsoon”, “Glonass-to”, “Amos-5"; and is used at the
working SV “Luch-5". During the tests, the correctness of
the construction of the software and correctness of the

approach connected with design of the automated
procedures have been confirmed.

Thus, the developed software has proved its
reliability, universality, and simplicity in use, thanks to
what it is applicable for the working of the subsequent
IML management block of perspective SVs. The
procedures of the automated software and their algorithms
are applicable for designing the software of workings
REEs.
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A MULTIDIMENSIONAL ANALOG OF THE COOLEY-TUKEY FFT ALGORITHM

In this article a recurring sequence of orthogonal basis in the n-dimensional case has been applied to derive

formulas of n-dimensional fast Fourier transform algorithm, which uses

n

N"log,N complex multiplication and

n

nN"log,N complex addition; where N =2° — is a number of counts on one of the axes.
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Recurrent sequence of orthogonal bases in space of
signals is well studied [1] and has numerous applications,
including the derivation of Fourier’s formulas of fast
transformation.

In this article the recurrent sequence of orthogonal
bases to a n-dimensional case is applied in order to
derive formulas of a fast n-dimensional Fourier

n

transformation variant, using N"log,N complex

n

multiplication and nN"log,N complex addition, where

N=2° — is a number of counts on one of the axes
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(known in studies as in [2]). This variant » FFT contains
a smaller number of complex multiplication operations
than other algorithms, where the multidimensional
Fourier transformation is carried out by repeated
application of one-dimensional FFT (for example, see
[3; 4]).

Furthermore, we give definitions and basic statements
from the theory of multidimensional signals, which are
used in the article.

To construct n-dimensional recurrent sequence of
orthogonal bases we use the scheme of the statement,
given in [1] for a one-dimensional case.
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1. The space of periodic n-dimensional signals.

Definition 1. With a fixed N, the n-dimensional
periodic signal shall be a periodic complex function of
integer argument, with the period N on each variable.

Define operations of adding the two signals x,, x, and
multiplying the signal x by a complex number c:
Y =x0)+x0);
y(j)=c-x(j),
where x(j) — is the count of a signal x at point jeZ".
Then, a set of signals C), becomes a linear complex
space. A zero element in C),

O(j)=0 for all isjeZ"

is the signal O such, that
. Scalar produce and norm of
space C), are:

L= > x(Hr(),

JeBy(N)
[F]= (x,0'"2,
where B, (N)
[0,N-1]".

Definition 2. The unit n-dimensional periodic
impulse, with the period N on each variable, is a signal

— is a set of integer vectors from

8% such, thatd), () =1, if each coordinate of a vector j

divided by N and &}, (/) =0 otherwise.
The Following statements are true for a unit impulse.

D) 8% (isers Jiu) = 8 (i sl J D5
2) 6;1\/(j1’"'7jn) = 611\/(‘]'1)"".611\/(])1) ;
3) For x € C); the equality is true:

x(j)= D X0 (j-0), (1
teB, (N)
forany je B,(N).
2mi
Letw, = exp(T) .

Lemma 1. Then

8y (/)=

Z (j,t) , )

Nn teB, (N)

where (j,t) — is the scalar product of vectors ;j and ¢.

Equation is checked (2) by direct calculation.
Definition 3. The n-dimensional discrete Fourier

transform is called a depiction: F), : C}, — C}, take each
signal x to asignal X , where:

X(H= D x®w", jeB,(N).

1B, (N)

Note that, for DFT the formula of inversion is true:

=L (/t)
x(1) G D> X()w

JjeBy (N)
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and the Parseval identity:
if X=F,(x), Y=F,(),

- L
() = (XY,

2. The recurrent sequences of orthogonal bases.

LetN=2", N,=2"", A, =2"". We shall construct
recurrent sequence of bases f,, fi,..., f., where f, — t-th
keB (N). We
Si(k)  at

basis, consisting of N" signals f,(k),

will denote a value of a signal

Countj:(jlﬂ"'ajn)s jEBn(N) by f;(k,j)

Let B!(N) by a set of integer vectors from

[0,N, —1]" and B2(N) by a set of integer vectors from
[0,A, —1]". We will define the sequence of orthogonal
bases as:

Jolks j) =83, (j =) =8y (j, — k)
X8 (s =ky) .. 83 (j, =k, ). k. j € B
-fv(ll+GlAv+pl v+l’l +GA +p2 v+l ’ln+anv+pnAv+l):

n

ZII (l;+0;Ay)

1
= Z...Zw&v‘il S %
1=0 1,=0
(L +2A,p+TA,, L +2A,p, +T,A)), 3)
Where p = (p1’~-~,pn) € Brlz(N)al = (lln“'sln) € an(N)aGi
isequaltoOor1forall i=1,..,n,v=1,..,5.

For studying the properties of recurrent sequence of
bases, we can use reverse rearrangement [1].

Let j by an integer from set J ={0,1,...,2" -1} be
equal to j, ;2" +..+j, 2+ j, in a binary system, where
J; =0,1 for alli=0,...

called a binary code of number j . We compare number

,v—=1.A vector (j, j,.es Ji»Jy), 18

ji€J with number j, which is set by a binary

code (jy, j;»---» jy_1 ), - Rearrangement rev, ()= j, for set

J is called reverse rearrangement. For reverse
rearrangements the following equalities are true:
2rev, (q) = rev,(q);
“)

2rev, (q)+1=rev, (A, +q).

Using a reverse rearrangement we can prove that:

f (Z +p1Av+1""’ln +pnAv+1):

w11 Ayl zl""v(qz
Z Z

p=(p,...p,) €B,(N),
v=1,..,s

f;)(ql + plAvH ERRA] qn + pnAvH )’

where 1)eB:(N),

1=(,,..,

In particular, if v=1s we have:

n
Nol o N-l zlrevv(q[)

8y (Ui

n
zlirevv (11)
i=

f(l ]) _qla"~sjn_qn):wN70

ql0 n=
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Theorem 1. For all v=0,..,s, ke B (N), a set of

signals f, = f, (k) is orthogonal and || £, (k)|’=2"".
The solution. Let v =0 . Then:

B, fo (k)= D 83 (i=k)- 8y (=K

JjeB, (N)

the last sum can be distinct from zero only when k=£%',
in other case it is equal to 1 and the theorem is proved.
Let’s now v=1,..,s andk,k’e B, (N), which are
presented in the following way:
k=(k,..k)=U0+pA,

K =(kiy.k))=U+DpA,.

where 1= (I,,...1,), I'=(I[,..

ln + pnAvH) >
Zr; +p;;Av+1) s
,I') belongs to B.(N), and

p=(pip,)s P =(p,...p)) belongs to B)(N).

Then:
SR, £ (KDY = f, (L + A5
fv (11, + pl’AvH""s

N
vl Ayl erevv(qi)
Z Wi,

ln + pnAvH)!
Zrz +pr’1Av+1)> =

f;) (ql + plAv+1 EEEEE) qn + p,,AV+1 )s

Ayy-1 Ayyp-l Zli'revv(%)
D 2wl Foldi + PiA s @y + PIALD) =
qi=0  g,=0
Ayl Ayyr 1Ay -1 Aygg-l Z””V gi)=ljrevy (a)
PP D WD IS
q1=0 4,=0 qi= 4, =0
x 83 (¢ =41 + (P = PDA 0y =4, + (P, = PALL)-

Arguments of a unit impulse 8} on the module do not
exceed N—1. For p, = p/ and at the some ¢ arguments

are distinct from zero for all ¢,,q/€0:A , -1,

i=1,..,N, as lg;—q <A, 1. Therefore
(LK), [ (KN =0,if p, # p’.
Let p; = p}.Forall j=1,..,n then:
Ayt~ -1 Ayy1-l Z(I _[’!)rev"(qf)
S Sy =3 e S Wit -
q1=0 ‘1')1:0

4171 Ayy -l Z"l

Z Z =0 A8, G

v+1

—0nl =),

From the last formula it is concluded, that the
scalar product (f,(k,f, (k")) 1is distinct from zero

=p;, L, =1/, where i,j=1,.,n. In the

| £, (ks k)| = A, A,, =2 for  all
=0:N—1. The theorem is now proved.

only, if p;

last case
A

129

3. Sequence application of orthogonal bases to denote
the fast discrete Fourier transform.

Letx(j)=x(j,»....j,) €Cy, j€B,(N). We compare

a signal x(j) a to signal x,(j)= x(rev,(j,),....rev,(j,))
and we will spread out x, () on basis f,:
X = 2 %K)/ (k) (5)

nv
2 keB, (N)

1
( 2VIV
parts (5) by f, (/) scalar/ e B, (N) . Then

(x> £, (D) = x, (D),
x,()="Y x()f, k)=

Je€By (N)

= Z x(rev,(j,),..,

JE€By (N)

— is a normalizing multiplier). Multiplying both

rev, (), (K /),

and coefficients x, (k) in (5) are determined.
In particular, for v=0 we have from (1):
2 ()= Y x(rev,(j)swsrev, (j,)8 (—k) =
jeBy (N)

= x(rev, (k)),...,

(6)
rev (k,)).

From (3) we get the following:
xv(ll +81Av +p1 v+l ’ln +8 A +pnAv+]) =
= <x0’f;/(ll +61Av + pl v+1""’ln + 8nAv +pnAv+l)> =

n

i Zt (l;+0;4y)
(Xgo foui (G +2A,p +T AL+
©0 (7

n

ZTi(Ii+6iAV)
+2A,p, +T,A\)) = Z ZW‘jLI x

1
=0

T

wl, F2A,p, +T,A)),

vatteatn n—v

xx, (l, +2A,p, + 7, A

where p=(p,,...p,) € B,II(N) , I=(,.,1)e Bf(N) ,
v=1,..,s and G,,...,0, are equal to 0 or 1.
As
x, (k) =x(k,....k,) =
Zk revg (Jji)
= Z x(rev,(j,),-...rev,(j,)) - wy'™° =
JeBy(N)
*Zkifi
= > x(hw = X(k),
J€B, (N)

where keB, (N)and coefficients x (k) define

components of a spectrum for a signal x on a basic
period.

From (6) and (7) we have received the recurrent
scheme for the -calculation of a spectrum for a

. n o,
signal x e C} :
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X, (k) = x(rev, (k,),..
xv (ll + GIAV + pl v+l

n

ZII (li+o;Ay)
- z z v+1

=0 r1,=

([, +2A,p, + 1A,

rev (k)

L+ A +pALD)= (8)

v-I1
Wl +2A p, +T,A)),

p:(pla-"apn)EBrlz(N)s l:(lla-wln)EBj(N)»
o, are equal to O or 1.

where
v=1,..,
Let’s find a number of complex addition and
multiplication operations necessary for finding a spectrum
of the signal for scheme (8).
Lemma 2. For some r vectors f=

s and o,...,

(t,....t.) and
c=(0,,...,0,), where ¢,0, em. Then the calculation

of all the values of some function:
S(o) = f(O(-1)"
t

requires r-2" additions (subtractions).
The solution. To prove we apply an induction on .
Let »=2. Then:

S(o)=S(o,,0,) = ZZf(tl,t) (=)o =

= £(0,0)+ f(1,0)(=D)"" + f(0,D(=1)** +
+£(1, (=12,
Let’s define:

5,(6)=8(0,0)= £(0,0)+ £(1,0)+ f(0,1)+ f(1,1) =
=(£(0,0)+ £(1,0)+(f(0,1)+ f(1,1))= S, +S;;
5,(c)=8(1,0) = £(0,0)— £(1,0)+ £(0,1)— £(1,1)=
=(£(0,0)— £(1,0)+(f(0,)— f(1,1)) = S, +5,;
S5(0) = 8(0,0)= £(0,0)+ £(1,0)— £(0,1)— £(1,1) =
=(£(0,0)+ £(1,0) = (f(0,1)+ f(1,1)) = S, - S;;
S,(0) = 8(0,0) = £(0,0)— £(1,0)— £(0,1)+ f(1,1)=
=(£(0,0)- £(1,0) - (f(0,1)— f(1,1)) =5, - S,
where:
S; = £(0,0)+ £(1,0),S; = £(0,0)- f(1,0),
Sy = £O,D)+ f(1,1),8; = £(0,1)- £(1,1).

For calculating S , i=1,2,3,4 it is required to apply
4 additions (subtractions); to calculate all values S it
requires 8 such operations and then the statement of the
lemma is correct.

Let the statement of the lemma be correct, if » = k ; for

any function g(¢) i. e. all values of the function:
S(Gl ERARS] Gk) = Zg(t)(_l)wJ>
t

are calculated by 2-2° additions (subtractions), where
t=(t,.0t,) .

Let’s considerr =k +1.
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1 1
S(61,00011) = D e D flyyeeistyy) - ()R =
n

k+1)
=0 4170

1 1
= Z"'Zf(tl""’tk ’O) . (_1)01t1+..,+0k;k i

1n=0 =0

1 1
DD Sty 1) - (D)7
n=0 =0
Let’s denote:
§(0,0,,...

Gk30)=S(61362, Gk)=

—Z Zf(t,, 1 0) - ()R

4=0 1=

+Z Zf(tl, S 1) (= 1) ok =

n=0 =
--Z(f(fl,.~~,fk,0)+f(fl,-n,tk,l))'(—1)Gltl+”'w"t";
=0

S(Glacza Gkal):S (GI,GZ, 9Gk):

—Z Zf(tl, 1,,0)- (=1)1T TR

4=0 1=

_z...Zf(tl,,,,’[k’l).(_1)G1t1+...+ckrk _

7=0 1,=0
1 1
=Y D ([ (teanst,0) = f (st 1)) - (D)7
7=0 ;=0
Let’s define how many operations of addition
(subtraction) are required for calculating S, and S, .
Let’s denote ST ent)= [t ,0) +,

S KGR VY s (T T (AN ) S (SRR AN O

For calculating all values f* required are 2 additions

1 1
and to calculate Sl = sz“' (tl yeens tk ) . (_1)6111 Ol

7=0 1=0

required are k2* according to the induction assumption.

Then the total sum of addition (subtraction) operations
for calculation S, requires k2 +2". Such a number of
operations it is necessary for S, .

Therefore, to calculate of all values S (k+1)2""

additions (subtractions) are required; this needed to be
proved.
Theorem 2. To calculate the recurrent scheme for a
signal spectrum x € C}, (N =2%)
X, (k) = x(rev,(k),...,rev (k,);
xv(ll +61Av +p1Av+1""’ln +G)1Av +pnAv+1) = (9)

n

Z i i +0;Ay)
- z Z v+1

©=0 rt,=

- X, X

v-1

x([, +2A,p,+ 1A,

n

Wl F2A,p, +T,A,),

-1 o
demands N"log,N complex multiplications and

nN"log,N complex additions.



Vestnik. Scientific Journal of Siberian State Aerospace University named after academician M. F. Reshetnev

The solution. First, we will find a number of complex
multiplications. Complex multiplication is multiplication

n

Z‘ri (li+o;Ay)

only by wi® . We shall define the number of
©)] all

v, =(,..,)) andp" =(p,,....,p,). For this purpose

products  required in for parameters

we shall consider products:

n

Zrl- (1; +0‘l~Av* )

i=0
Wl
Av*+1 v -l

x (L +2p, A, +TA oyl +2p AL +T,A L),

where o, € O_,l
We have to notice that:

n n
* *
E T; (I; +o;A E Tl +7;,0;A
i(j +o; V*) iti TYiSi v*

i=0 — 10,i=0 —
Wa | T Wa, : =
v + v +
1
n n n ( 0)
* *
ZTl-li ZT,-GI-AV* ZTici Til;
— 14,i=0 L pyi=0 =(—1)i=0 Li=0
=Wl W, =D Wy
v +1 v +1 v +1
That is product:
n
.
211 0 +o‘,vAv*)
pr ) * « * *
A . xv,f_l(ll +2p A, + rlAv*,...,ln +2p,A, + ‘c”Av*) .
v

Let parameters v ,I" =(/,...,.) and p" =(p,,...,p,)
by fixed; then product (10) can possibly be replaced with
complex product:

n

"
2
= . .

wi0 xv,ﬁ_l(ll +2p A+ TA

v o+l

.

(11)

+2p:AV +1,A L)

n

E Tioi

as (-1)=°
The number of complex products of a kind (11) is
equal to a number of every possible vectort = (1,,...,7,) ,

can accept values only +1.

where T, em, i. e. 2" -1, since we have a product of
real numbers for »=0. As parametervel:s, vectors
I=(,...1) and p=(pp,) (where
p,=0,1,.,N' -1 (N'=N/2)), [=0,1,.,A -1
(A, =2""), then the total complex multiplications is

2" -1

equal to: s(%-zv_')” (2" -1)= Z—nN”logzN.
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Let’s find the amount of complex addition in the

algorithm.  For fixed Vv and ['=([,..,0),

p =(p,,....,p,) we have:
x, (] +61Av* +p1Av*+1””’l" +anv* +p"Av*+1) =
n

* *
Zti (l; +o;Ay)

i=0
WA *
v o+l

y (12)

%

=0 1,=0

X
v

(B +2p A +TA Lol 2D, A +T,A L),

From (10) follows, that for calculation (12) we need to
calculate expressions:

n
*
il

fr)=wi° R (G +2p/A, +TA L],
v+

2P A, +T,A L)
which depend only ont=(t,...,T,), wherer, €0:1.
Then (12) can be presented as:

x,(I; +o,A .+ pA . 1,...,1:+GnA LA 1)=

n

1 1 ri
=D =D
1=0 1,=0

This way, complex addition is required from Lemma 2
to calculate:

Oi

S (0.

x, (Il +o,A . + pA 1,...,l:+csnA DA 1) n2".

1=(,....1,)
andp = (pls'"sp,,)» p: = 0,1,...,NV -1
(N'=N/2"), 1=0,1,..,A, -1 (A, =2""), then the

As parametervel:s, vectors

where

sum of complex additions are equal to:

N .
s(2—v-2v’l)"~(n2"):nN”log2N. The theorem is now
proved.
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