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CAUCHY PROBLEM SOLUTION FORAHYPERBOLIC SYSTEM OF THE
HOMOGENEOUS 2-DIMENSIONAL QUASILINEAR EQUATIONS®

The method of solving the boundary-value problems for hyperbolic system of the homogeneous quasilinear equations
of two independent variables with the help of conservation laws is presented. This method is applied to basic boundary
problems for the system of two-dimensional plasticity equations under Sent-Venan—Mises yield criterion, as well for the

system under Coulomb's criterion.
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Among hyperbolic systems of the nonlinear equations
with partial derivatives the systems of the quasilinear
equations of two independent variables, are most studied.
These systems in particular describe the unsteady one-
dimensional and the supersonic two-dimensional stationary
flows of compressible gases and liquids, two-dimensional
deformed plastic state of continuous medium, etc. A lot of
them are reduced to a hyperbolic system of homogeneous
quasilinear equations

u, + A(u,vu, =0,

v, + B(u,v)v, =0, (1)
where u = u(x, y), v=v(x, y), an indices the lower meaning
ofthe derivation with respect to the corresponding variables.
This kind of system can be linearized by applying a so-called
hodograph transformation if and only if the corresponding
Jacobian is not equals to zero in some domain of solution
existence.

From the other hand, the conservation laws [1] are one of
the fundamental characteristics of any mechanical process.
In the section 2 we have described a method of analytical
solving of boundary-value problems for the system (1). This
method is based on the use of conservations laws of systems
under consideration. The main features of the presnted
method consist of the possibility of problem linearization
without considering the singularity of Jacobian
transformation to obtain exact solutions for boundary-valued
problems in explicit form.

In section 3 we consider the application of this method
to some exact systems of the bi-dimensional plasticity
mathematical theory.

Conservation Laws. Let us set Cauchy’s problem for the
system (1): in something like an arc a <t <5 of a smooth
curve L

L={(x,y):x=x(1),y=y(1),1€[a,b]}
in the plane xOy it is required to find a solution of the
system (1), that takes given values on L

u(x,y) [, = u(x(t), y(v) = u’ (),
v(x, y) [, = v(x(0), y(1) = V' (1),
The characteristics equations of the system (1) look like
dx dx
2

_:Aa _:Ba
dy dy

with the relations in the characteristics u=u’, v=1°

equally.
A conservation law of the equations set (1) is searched
in the form of the relation
C,+D, =0, 3)

where C =C(u,v), D= D(u,v) should vanish from all
solutions of the system (1):

Cu +Cyv + Duuy

=-ACu,-BCyv, +Du,+D,v, =0,

+Dy, =

hence
D,-AC,=0, D,-BC,=0. 4
Equation (3), if the conditions of Green’s theorem are
satisfied, is equivalent to a relation

j—Cdy+Ddx:o,
r

where I is an arbitrary smooth closed contour.

In the plane xOy we have considered the closed path
MNK, where M(x,(a), y,(a)), N(x,(b), y, (b)el,
K(x,, y,) isthepoint of an intersection of characteristics
v=1", u=u’, drawing through the points M, N
respectively.

Then,

J. —Cdy + Ddx = IDdx—Cdy+
MNK MN

+ [ Ddx—Cdy+ [ Ddx—Cdy=0. (5)

.. N KM
Taking into account expressions (2)

dex—Cdy = j(D—AC)dx =
NK NK

=x(D—-AC)[} — [xB,(D— AC)dv.
Similarly, "

dex— Cdy = j (D - BC)dx =
KM KM

=x(D-BO) " - [ x0,(D~ BC)du.
KM

Let us put the following conditions
o.[(D-40)]

P (x(b),y(b)) j|

0,0, [(D _BC)| 0. ©6)

v=10 (x(a).p(a)) }
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Let us denote
o(w,v)=D—-AC, wy(u,v)=D-BC.
Then
D =(4y-Bo)(4-B), C=(y-)/(4-B),
where 4 # B, because the considered system (1) is a

hyperbolic one and has two different characteristics.
In the new variables, the system (4) has the form

o, +Ki(y—=9)=0,

v, +K,(y-9)=0, (7
where K, = 4,/(A-B); K, =B /(A-B).
Conditions (6) we shall take as follows

¢| _,=Const, =1, y| _,=Const, =0. (8)

Coming back to (5) and taking into account (8), we shall
obtain
j Ddx —Cdy =~(x(D— AC) [} +x(D-BC)[") =

MN

=—(x.0]

©

Ifwe find a solution of the linear system (7), that satisfied
the boundary conditions (8), then we shall define the
coordinate x, from the equation (9).

On the other hand, for y-coordinate

D
Ddx —Cdy = [——dey=
[pe—er= |15
- | yo, ( jdv
yﬂ I A
Similarly,

IDdx—Cdy = J. (B—dey =
KM KM B

\
oo Jae

_x”¢ |u:

=X, —X,.

0 W0 +xm\V|V:Vo —X | 0)

u=u ,v:vo

0

u=u ,v=v

A

ym
=¥

Yk

Let’s assume

2, H } -0,
A uzzto(x(b),y(b))

) {E } - 0. (10)
B0 vtayyian

The conditions (10) we can note are the following

b= AG" W), w|_,=0. (11)
From (5) taking into account (10) we have
dex—Cdy=—yki ¢‘
N ll:llo V= V u= ll
_ym% +yk_‘ :yn_yk' (12)

The solution of the problem (7), (l 1) makes possible to
find the coordinate y, from the equation (12). Thus, we
shall define the coordinates ofthe point K, where the values
of the functions #,v can be restored.

Let us notice, that the same steps can be applied for the
Riemann problem [2].
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Examples of applying the method. In this work [3] we
have found all the conservations laws of the bi-dimensional
plasticity system under the Sent-Venan—Mises yield criterion:

c, -2k (Ox c0s20+0 sin 29) =

cy—2k(9x sin20-6, cos29)= (13)
where o isthe hydrostatic pressure; 9 isthe angle between
the first main direction of a stress tensor and the ox-axis; k is
a constant of plasticity. Here we have described the special
class of conservation laws that are used for solution for
Cauchy problem system (13).

The system (13) in the form (1) looks like this:

€, +E,tg0=0,n,—n, ctgb=0,
where 260=n-§;, o=k(M+&). The solution of the
problem (7), (8) has a form ¢ =p/cos6, v =2p,/sin0
where:

p(Em) = R &y, m)cos[”‘) é)j

——jR(& ao,n,r)sm[ §°j

Accordingly, the solution of the problem (7), (11) is:

p(&,M) = R(E,E,.m, T]O)sm[no aoj
+%£R(&aaoan,f)cos[‘t;§0 de,
where R(E,n,&,,M,) =1, ( (E-&)(M —no)) is the Bessel

function of the zero order of an imaginary argument;
1,(00=1,1,(0)=0.

The generalization of (13) shows that it is a system of
ideal plasticity equations under Coulomb’s yield criterion of
the form:

6, (1+cos2acos20)+c  cos2asin20 =
=2(ccos2a+ksin2a)(0, sin20 -0  cos20),
G, cos2asin20 + o, (1-cos2a.c0s20) =
—2(ccos2a +ksin2a)(0, cos20 + O, sin 20),

where 5/2-20, is a constant angle of internal friction;
®=0+n/4.If aa=mn/4. Then wehave the system (13). In
the system described above there is a stress state of granular
materials.

This system in the form (1) looks like this:

£, +Etg(©®-0)=0,n,-ntg(O@+a)=0,
where ¢ = %tg 2aIn(cctg 20+ k) - 0;
n= %tg 2aln(octg 20+ k) +©. The solution of problem
(7), (8) has a form [4]:
o =v(=&-V(En)/ cos(O-a),
7(&M) = exp(~(E+n)2ctg 20,

where
V= 'Y(Esoano)R(E.» &o,naﬂo)COS((no - &0)/2 —0(.)—
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— [REE MO,

x[sin((t —&))/2—0)—ctg 2acos((t—&,) /2~ oc)]dt. (14)
The solution of the problem (7), (11) is:
V= 'Y(Egoano)R(E.w ao’nano)Sin((no _E.>o)/2_ OL) -

— [RE&mIE,

x[ ctg 2asin ((1—&,)/2—a)—cos((t-&,) /2 - a) |dr, (19

where R(E,n,8,,0,) =1, ( (E—£,)(n-"n,)/sin 2a) . From
the equation (9) taken into account (14) we have discovered
coordinate x,. Using (15), and from equations (12) we have
received coordinate y,. This way, we have determined point
K, in which the values of functions &,n are restored.
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C. W. Cenamos, A. SIxHo

PEIIIEHUE 3AJIAYY KON U1 TUITEPEOJIMYECKON CUCTEMBbBI
OIHOPOJHBIX IBYMEPHBIX KBASUJIMHEHMHBIX YPABHEHUI

Onucan memoo pewienus 2paHuyHbIX 3a0a4 071 2UNePOOIULECKOl CUCHEMb] OOHOPOOHBIX K8AZUTUHEUHBIX YPAGHEHUT
08YX HE3ABUCUMbBIX NEPEMEHHBIX C NPUMEHEHUEM 3AKOH08 COXPAHEHUsl. Dmom mMemoo npumensiemcs Kk 3a0ave Kowu ons
cucmemvl 0gymepHol naacmuurocmu c yciosuem Cen-Benana—Muszeca, a maxoice onst cucmemol ¢ yciosuem Korymoa.

Knrouesvie cnosa: 3axombl COXpAaHeHUA, deyMepHaﬂ uUOeanbHAs NACTMUYHOCHb
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A. B. Jlonatus, P. B. ABakymoB

YCTOMYUBOCTH OPTOTPOITHOM IVIACTHUHBI C IBYMS CBOBOJIHBIMHA
KPASIMH, HATPYKEHHOM U3T'UBAIOIIIUM MOMEHTOM B ILIOCKOCTH"

Pewena 3adaua ycmoiiuueocmu npu uucmom uzeube OpmomponHou niadcmunbl, y KOmopou 08d RPOMUEONOI0ICHbIX
Kpasi c60000HbL, @ 064 Opy2ux Kpas WAPHUPHO 3aKpeniensl. [l peuenus 3a0auu UCnOIb308A1Cs MEMOO KOHEYHbIX

pasHocmel.

Knrouesvie cnosa: opmomponHras niacmuna, Mmemoo KOHe"—tHblxpa3’HOcmeuv.

3amaya yCTOWYMBOCTH IMPSMOYTOJIbHON IUIACTUHBI, Ha-
IPY’KEHHOH 110 IBYyM MPOTHBOIIOJIOKHBIM KpasiM YCHIIHSMH,
pacIipenesieHHbIMH TI0 JIMHEHHOMY 3aKOHY, BIIEpPBBIE ObLIa
petena s u3orporHoi iactudel Y. I ByonoseM [1] u
C. I1. Tumornenko [2]. 115t OpTOTPOMHOM IIIACTUHBI ATA 3a]1a-
4a Obuta BrepBble copmynupoBana u pemena C. I Jlex-
HULKUM [3]. DTH KITacCU4ecKue pelieHus ObUIN TTOyYeHbI
JUISL CITydasi IIApHUPHOTO 3aKPETUICHHsT KpaeB IUIACTHHBI B
(opMe TBOMHBIX TPUTOHOMETPUYIECKHX psiioB. Jlis orpere-
JIEHUSI KPUTHYECKOTO YCUIIHS B 3TUX PEIICHUSIX ObLI HCTIONb-
30BaH dHEpreTHYecKuid MeTon Putia. Dto cBs3aHO ¢ TeMm,

yT0 nudpepeHIrnaNTbHOE YpaBHEHHE YCTONYHUBOCTH IUTACTH-
HBI UMEET MEePEMEHHBIA KOA((GUIIMEHT U MOTOMY €ro HH-
TETpUPOBAHKE OKa3bIBACTCS 3aTPYIHUTEIBHBIM. Metos Put-
1a ObUT TaK)Ke MCIIOJIb30BaH B [4] u [S] s pelieHus pac-
CMaTpUBaeMON HAMM 3a/1aud MPUMEHUTEIHHO K KOMIIO3UT-
HBIM [UTACTHHAM C IIAPHUPHO 3aKPETUIEHHBIMU KPasiMH, KOTO-
pble HarpyXeHbI PAaBHOMEPHBIMU CKUMAIOIIUMHU YCUITUSMHU.

Takxum 00pa3oM, MOXKHO YTBEPIKIATh, YTO YCTOWYHBOCTD
TUIACTUHBI ITPY U3THOE B TNIOCKOCTH HauOoIIee IIOTHO UCCIie-
JIOBaHa TOJIBKO JAJIS1 CAMOT0 paclpOCTPaHEHHOIo BUJA Tpa-
HUYHBIX YCIIOBUH — IIAPHUPHOTO 3aKPEIUIEHUS! CTOPOH. DTO
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