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Hzeecmmuo, umo eciu cucmema Ouh@epeHyuanvHuix ypasHenui 0onycKaem spynny HenpepuléHbix npe-
00pa3osarull, mo cucmema moxcem 6vimsb NPeOCABIeHa 8 8ude COBOKYNHOCMU 08YX cucmem oudgepen-
yuanvHuix ypasHenull. Kak npaeuno, smu cucmemvl umerom MeHbUUll NOPOOK, YeM UCXOOHAST CUCTEMA.
Iepsas cucmema — asmomoppHas, XapaKmepusyemcs meMm, 4mo 6ce ee peuleHus NOIYYAOmMcst U3 00HO20
PpeuleHust ¢ NoMowbio npeobpazoeanuil dmotl epynnsl. Bmopas cucmema — paspewiarowas, ee pewenus noo
Oelicmeuem epynnvl nepexoosm camu 6 cebs. Paspewarowas cucmema Hecem OCHOBHYIO UHPOpMayuio 06
UCxXoOHoU cucmeme. B 0annoti pabome u3yuaomes agmomMop@hHas u paspeuaiowas CUCmembl, 08YMEPHbLE
CMayuUoOHapHvle YPAGHEHUs YIPY2OCIU, KOMopble AGIAIOMCA CUCEMAMU OUDDEePEeHYUATbHBIX YPAGHEHU
nepeoeo nopsoka. Bnepevie nocmpoenvl beckoneunvle cepuu 3aKOHO8 COXpAaHeHUs Oia paspewarujed u
aemomopgrou cucmem ypagreruil. TIoCKonbKY 08yMEPHAs cucmema YpaGHeHUil Ynpyeocmu TUHeuHd, mo
MAaKUX 3aKOHO8 UMeemcsi DeCKOHeUHO MHO20. B dannoi pabome nocmpoena beckoneunas cepus 3aKOHO8
COXPAHeHUsl TUHENHBIX NO NEPELIM NPOU3BOOHbIM. HIMEHHO dmu 3aKOHbI NO360NUNU PEeUUmb NePEyIo Kpde-
8Y10 3a0auu ONisk YPAGHEHUL MEopuU ynpyeocmu 6 08YMEPHOM Cyyde. Dmu peuleHus NoCmpoeHbl 6 Gude
Keaopamyp, Komopwle 6blUUCIIOMCS N0 KOHMYPY Ucciedyemou obracmu.

Kniouegvie cnosa: 0gymepras ynpyeocms, 3aKOHbl COXPAHEHUS, peUleHIe KPaesblx 3a0ad.
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If a system of differential equations admits a group of continuous transformations, then the system can
be represented as a set of two systems of differential equations, it is known. As a rule, these systems have a
smaller order than the original system. The first system is automorphic, characterized by the fact that all its
solutions are obtained from a single solution using transformations of this group. The second system is
permissive, its solutions, under the action of the group, pass into themselves. The resolving system carries
basic information about the source system. Automorphic and resolving systems, two-dimensional stationary
elasticity equations are studied in this work. They are systems of first-order differential equations. Infinite
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series of conservation laws for a resolving system of equations and an automorphic system are constructed
for the first time in this work. Since the two-dimensional system of elasticity equations is linear, there are
infinitely many such laws. In this paper, an infinite series of linear conservation laws with respect to the
first derivatives is constructed. It was these laws that made it possible to solve the first boundary value
problem for the equations of elasticity theory in the two-dimensional case. These solutions are constructed
in the form of quadratures, these quadratures are calculated along the contour of the studied area.

Keywords: two-dimensional elasticity, conservation laws, solution of boundary value problems.

Beenenue

JluneliHble ypaBHEHUS TEOPUH YIPYTOCTH C TPYMIIIOBOM TOUKH 3pEHUS U3yYalOTCS YK€ JOCTATOYHO
nmaBHO [1; 2]. Cravana ObuTa HalifieHa TPyIIIa TOYSHYHBIX MTPeoOpa3oBaHUi U MTePEUYHCIICHB BCe HHBA-
puaHTHEIe perienns [2]. [lanee ObIIO BBHIMIOIHEHO TPYyNIOBOE paccioeHune ypaBHeruid Jlame [3]. Xors
TE€XHHUKA BBIIIOJIHEHHUsS TPYNIOBOrO PACCIOSHUs M3BECTHA YK€ JaBHO [1], He I MHOTMX CHCTEM
ypaBHEHHUI OHO BBHIMOJIHEHO. B 3TOM CMBIC/IE YpaBHEHHS TEOPUH YIPYTOCTH COCTABISAIOT MPHUSITHOE
HCKIIIOYEHUE. ['pynIoBoe pacciioeHue IMO3BOJWIO JIy4Ylle MOHSATh, MOYEMY METOJbl KOMILJIEKCHOTO
MEPEMEHHOr0 TaK MHUPOKO UCMIOIB3YIOTCA B IBYMEPHOU TEOPUU YIPYTOCTU. DTO NPOUCXOAUT MIOTOMY,
YTO paspellaromas CucTemMa JUlsl ABYMEPHBIX YpaBHEHUI TEOPUH YIPYTOCTH €CTh CUCTEMa YpaBHEHUI
Kommu — Pumana. B [4; 5] 3akoHBI COXpaHEHHSI BIIEPBBIC HCIIOIB30BAHKI IS PEIICHIS KPaeBhIX 3a1ad,
B YaCTHOCTH, YPaBHEHUH IJIaCTUIHOCTH. B [6] MOCTPOEHBI 3aKOHBI COXpaHEHUS IS IIOCKOW TEOpUH
YOPYTOCTH, HO OHHM HE OBUIM MCIOJB30BaHbI JUIS PElIeHus KpaeBhIX 3ajad. B mpesiaraemoit pabore
MOCTPOCHBI HOBBIE 3aKOHBI COXpaHEHHs Uil paspeluaromieil U aBromopdHoil cucrem. Ha nx ocHoBe
pelieHa nepBas KpaeBas 3a1a4a Ui TByMEPHBIX YPaBHEHUH YIIPYTOCTH.

IMocTanoBKa 3a1a4n
Iycts mpeiaraercs CAeAyroLIas CBA3b TEH30POB HANPSUKEHUH M TeH30pa 1ehopMaLuii:
Gy = (A +21)g); +Aey, 01, =28,
G, = (A +21)e,y, +Agy,

(1

I7ie G; — KOMIIOHCHTBI TCH30pa HANPSDKCHUI; €; — KOMIIOHEHTBI TeH30pa Jedopmauuii; A >0,u>0 —

noctostHAbIE Jlame, T. €. (1) ecTh Kitaccudeckuii 3akoH ['yKa 71 M30TPOITHOTO OJHOPOIHOTO CIydasl.
Iloxcrasmsts (1) B ypaBHEHHS paBHOBECHS, B CITydae OTCYTCTBHUSI MAaCCOBBIX CHUT TIOJTydaeM
A +2wu,, + vy, +p(uy, +v,,) =0, )
My, vy )+ 42wy, + A, =0, @)
I u,v— KOMIIOHEHThI BEKTOpa JehopMalliii, HHACKCHl BHU3Y, €CIM HE yKa3aHO WHOE, O03HAYaloT
MTPOU3BOIHBIE 10 COOTBETCTBYIOIIUM NIEPEMEHHBIM.

W3BecTHO, 4TO cUCTeMa ypaBHEHUH (2) JLIMIITUYECKOTO TUMA. DTO ONpeAeiseT BUI 3aKOHOB COXpa-
HEHUSl W pellIeHHe KpaeBbIX 3ajiad. [ pynmoBele cBoiicTBa nuddepeHINaNbHBIX YPAaBHEHHH OIUCAHBI
B pabote [1]. I'pymmoBsie CBOMCTBA ypaBHEHUH YIIPYTOCTH U3YUeHHI B padote [2]. B pabotax [7; 8] uzy-
YaIlMCh TPYIIIOBBIE CBOMCTBA TPEXMEPHBIX YPaBHEHUI JIMHEHHON TEOPHUU YIIPYTOCTH U aCHMMETPHY-
HBIX YPaBHCHUN YIPYTOCTH B JMHAMUYECKOM ciiydae. Tam, B 4aCTHOCTH, MTOKa3aHO, 4TO cucTema (2)
JIOTyCKaeT 0ECKOHEUHYIO TPYIILY TOUYEYHBIX MPeoOpa3oBaHmii, IOPOKIAEMYIO OTIEPaTOPaMHU:

X=h'0,+ha,, 3)
rae h' , h? - MIPOU3BOJIBHOE penieHne ypasHeHuid Komm — Pumana:
hy+h; =0, h,—h =0. (4)

CrenaeM rpyImnoBoe pacciioOeHHe CHCTEMbI ypaBHeHHi (2) mo Metony [1] Ha moganredpe, MOPOXK-
nmaemoit (3). Jliist 5Toro IpoAoiHKIM ortepaTopsl (3) Ha TIepBBIe TPOU3BOAHEIE. MMeem

_ 1 2 1 2
)1( =X+ho, + hyavy + hyﬁuy +h0, , (5)

Huddepennmanbapie ”HBapUaHTHI 43S (5), ¢ yueToMm (4), UMEIOT BUJT
Li=x, L=y y=u+v, I,=u,-v,. (6)

Torna aBroMop(¢Has cuctema ypaBHEHUH HMEET BUA
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u, +v, =0(x,»), u, —v, =(x,y). (7)
HammomauM HekoTopble CBOHCTBa aBTOMOPGHBIX cucteM. JIto0oe perieHne aBToMOphHON CHCTEMBI
MOXeET OBITh IOIY4€HO U3 OZHOT'O PEIIEHHs 3TOW CHCTEMBI C OMOIIBIO IIPe0O0pa30BaHuil, IOPOKAAE-
MBIX orepaTtopom (3).
[Moncrasiuss (7) B (2) momyyaeM pa3pelaroniyto CUCTEMY
F=A+2W8, —po, =0, F, =(A+2w)0, +po, =0, (8)
IToBTOpSIST MOYTH JOCIOBHO paccyXAeHHS U3 [7], MOXKHO yTBepKAaTh, YTO cucteMa (8) paBHO-
CWJIbHA CHCTEME YpaBHEHUH (2).
IToaToMy TIOCTPOUB peleHne CUCTEMBI (8) MBI TOJTYYUM peIIeHNe CUCTEMBI (2).
ITycts 11 cucremsl (8) OCTaBIIeHA CISAYIOIIAs KpaeBasl 3aa4a;
0],=60(x,y), @ ,=w,(x,»), )
rae L — HekoTopas riajKas 3aMKHyTas kpusas, 0,(x,)), ®,(x,)y) — U3BeCTHbIE IMaakue QYHKIUH.
Jnist pemieHust 3TOH 3aa4u MOCTPOUM 3aKOHBI COXPaHEHHS JJIsl CHCTEMBI ypaBHEeHUH (8§).

3aKoHBI cOXpaHeHUs!

B cuny nmneiiHocTn cuctembl (8) oHa OyneT MMeTh OECKOHEYHOE YHCIO 3aKOHOB COXPaHEHHS.
B pabote OyayT HaliIeHBI TOJNBKO T€ 3aKOHBI COXPAaHEHUS, KOTOpBIE MO3BOJAT PELIUTh KpPaeBYIO
3amaqay (9).

Onpenenenne. 3aKOHOM COXPaHEHUs IJIsl CHCTEMbI ypaBHEHHUH (8) Ha30BEM BBIpaKEHHE BUAA

4,(x,»,0,0) + B, (x,y,0,w) = aff +BF, =0, (10)

rae o, — HeKoTopble (YHKIWH, KOTOphIe HE paBHBI TOXKJECTBEHHO HYIIIO OJHOBpEeMEeHHO. A, B Ha-
3BIBAIOTCS KOMIIOHEHTAMHU COXPAHSIOLIETOCS TOKA.

Bonee moxppoOHas nHpopMaIus Mo NOCTPOSHUIO 3aKOHOB COXPAHEHUS IS IPOU3BOJIBHBIX CHCTEM
maddepeHnnaIbHBIX YpaBHEHNH MOKeT ObITh HaimeHa B [8—10]. 3ameTrM, 9TO BIIEPBBIE 3aKOHBI CO-
XpaHEHUs I YpaBHEHUH JIMHEHHOW TEOpWUH yNPYrocTH OBLIM HaifeHbl B padortax [11; 12], HO mx
HEBO3MOJKHO OBIIO UCIIOJIB30BATh AJISl peIlICHHsI KOHKPETHBIX KPaeBbIX 3aau.

[Ipenmnonoxum, 4TO KOMIOHEHTHI COXPAHSIOIIETOCS TOKa UMEIOT BUJ]

A=d"0+d’0, B=b'0+b’o, (11)
rae a',a®, b',b? — HekoTOpBIE (BYHKIMH OT X, .
Ioncrasnss (11) B (10), mocne HECTOXKHBIX TPe0Opa3oOBaHUil MoTydaeM
a' =a(h+2p), a® =pu, b' =p(r+2pn), a* =—ap,

12
al +b! =0, a? +b =0. (12)

Orcroga umeem
oax+[3y=0, ay—[sx=o. (13)

N3 (10) cnenyer
[[ (4, + B, )dxdy =[]~ Ady + Ba. (14)

s L
Pemenne nepBoii kpaeBoii 3a1a4u
ITycts (xy,¥,) €S, Takas TOuKa, B KOTOPOIl KOMIOHEHTHI COXPAHSIOLIErOCsl TOKa UMEIOT 0COOEH-

HoOCTH, Torna u3 (14) cnexyet

[f|-Ady + Bdx = {]|-Ady + Bd., (15)
L 3

rne  &€:(x— xo)2 +(y— yo)2 =g? — OKPYXKHOCTb pajyca & BOKDPYT TOUKH (x9>¥0) €S . Berancium
WHTETpal B mpaBoi yactu (15) ans pasHbix pemennii ypaBHeHuit Komm — Pumana. B xadectse perre-
HHI BEIOEpEM TaKHe, KOTOPBIE UMEIOT OCOOEHHOCTB B TOUKE (X,,),) € S . IlycTp
X=X -
&= T > B= ); 2 2°
(x=x0)" +(y =) (x=x0)" +(¥—p)

(16)
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Toraa u3 rmpasoi yactu (15) nmeem

[J]—Ady + Bdx = [J]—(a(x +21)0 + Bro)dy + (opo + B(h + 211)0)dx. (17)

IMogcraBum (16) B (17) m cpemaeM 3aMeHy MEpeMEHHBIX IO (opMmynamM X — X, =€COSQ,
Y=Y, =€sin@, Moay4yaem
2n
([ -Ady + Bdx = [ [~((%+20)0 + pw) + 2sin pcos puw)ldo = as)
€ 0
= =21 (A +2p1)0(xg, ¥o) — HO(Xg, )]
B dopmyne (18) yerpemunu € — 0 1 UCTIONB30BAIM TEOPEMY O CPETHEM.
Teneps crenaeM aHAIOTUYHBIE BBIYMCIICHHSI, TTOJIOKUB
Y=o X~ X%

= x) (=) BZ(x—xo)2+(y—yo)2'

B pe3ynbTaTe nonyyum

[j]—Ady + Bdx = —2mpo(xy, V). (19)

®Dopmynst (18) u (19) MO3BONAIOT, C YUETOM TpaHUYHEBIX yciaoBwid (9) m paBeHcTBa (15), onpene-
JIMTh 3Ha4€HHs QYHKIMIA O M ® B IPOU3BOIBHOM TOUKE (X;,),) €S . OHH UMEIOT ClIeTy IO BU:

(A +2p)(x — x9)B, H(Y = o) @
212+ 20)0(xg. p) ~ RO )] [LJ] PRIl A~
2mpe(x, vy)] = Eﬂ (k+2i)(y_yo)902 dv+ H(xz_ X)Wy .

1 (x=x)"+(y—p) (x=x0)" +(y—x0)
Teneps, mociie BOCCTAHOBIIEHHSI PEIIEHUI pa3pelaromieid CUCTEMbI, HaliieM penieHnss aBTOMOPd-
HOUM CHCTEMBI, T. €. PEIICHUS UCXOTHOUW cUCTEeMBI ypaBHeHuH (2). Umeem
Fy=u,+v,-0(x,»)=0, F,=u, —v, —o(x,y)=0. (20)

b

31ech B MpaBOi 9acTH CTOST W3BECTHBIC (DYHKITHH, KOTOPHIE HAHICHBI B MPEIBIAYIIEM ITYHKTE.
Hatinem 3akoHbI coxpaneHus ypaBHeHwui (20) B ciuenyromeM BUae:

A=a’0+a*w+c', B=b0+b'e+c?, (21)

% — HeKoTOpBIe (YHKIHH OT X, V.

rae a3,a4, b3,b4,c1,c
Nmeem
A, (x,y,u,v)+ B, (x,y,u,v) =oF; +pF, =0,. (22)
Pacmerss cuctemy ypaBHeHHi (22), Torydaem
a’ =aq, a =P, b’ =, b* =aq,

23
@+ =0, at b =0, ¢+ =—ab o 29
Otcrona nmonyyaem
a, +B,=0, a,-B,=0. (24)
[ycte s cuctemsl (2) HOCTaBIeHA CIEAYIOAs KpaeBasl 3aa4a:
ulp=ug(x,»), v|=v(x,»),. (25)
PaccMoTpuM 3aKOH COXpaHEHHUS B BHIE
([~ Ady + Bdx =[]~ Ady + Ba. 26)
L €
[lyctp pemenue ypaBaeHuit (24) umeer Buj
X~ Xo Y=o
2 2 27

a= 2 - 2
(x—x0)" +(y—o) (x=x0)" +(¥y— o)
IToacrasmsiem (27) B IpaByto 9acTh (26), moaydaeM
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[_ﬂ—Ady+de= [_ﬂ—(au —Bv+c)dy + Bu+ow+c?)dx =

€

. . (28)
= m—(occosd) —Bsind+c')dy — (Bsin ¢+ ocos§ + ¢ )dx = —2mu(xy, ) -
€
[TycTs pemenue ypaBHeHUH (24) IMeeT BU
Y= X~ X
== , b= > (29)
(X_xo)2+(y—)’o)2 (x—x0)2+(y—y0)2
[oncrasnsem (29) B mpaByto 9acTs (26), moxydaem
[ﬂ—Ady + Bdx = m—(au —Bv+cdy + (PBu+av+c?)dx =
- i’ o (30)
= [ﬂ—(—u sing—veosdp+c )dy —(ucosp—vsin+c”)dx =-2nv(x,,,) -
€
B pesynbrare nonydaem GopMyJibl s BEIYHCICHUS KOMIIOHEHT BEKTOpa AedopMariyu
2mu(xy, ) = [J]—Ady + Bdx, 2mv(xy,y,) = m—Ady + Bdkx,
L L (31)

e ¢! =Ioc9dx ,c2 = Idex.

3akiouenue

B craThe moirydeHsl HOBbIE OECKOHEUHBIE CEPUH 3aKOHOB COXPaHEHUS TS Pa3pellaroIieil CHCTEMBI
ypaBHEHUM, a TaKXe NIl aBTOMOP(HON CUCTEMBI, IIOCTPOCHHBIC JJISl IBYMEPHBIX YPABHEHUH YIIPYTrO-
CTH. DTH 3aKOHBI TO3BOJIMIN ITOCTPOUTH AHATUTHICCKOE PEIICHUE KPaeBOH 3amayu IS ypaBHEHUI
JIBYMEPHOW TEOPWUH YIPYTOCTH B CTAI[MIOHAPHOM cCiy4ae. B cTaThe MpOMOIDKEHO pelieHHe KPaeBBIX
3aJ1a4 ¢ TIOMOIIBI0 3aKOHOB COXpaHEeHHMs, HadaToe B padorax [13—15].
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