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Conservation laws were introduced into the theory of differential equations by E. Noether more than
100 years ago and are gradually becoming an important tool for the study of differential equations systems.
Not only do they allow you to qualitatively investigate the equation, but, as the authors of this article show,
they also enable you to find exact solutions to the boundary value problems. For the equations of the iso-
tropic theory of elasticity, the conservation laws were first calculated by P. Olver. For the equations of the
theory of plasticity in the two-dimensional case, the conservation laws were found by one of the authors of
this article and used to solve the main boundary value problems of the plasticity equations. Later it turned
out that the conservation laws can also be used to find the boundaries between elastic and plastic zones in
twisted rods, bent beams, and deformable plates. The proposed work found conservation laws for equations
describing the orthotropic elastic state of the twisted straight-line rod. It is assumed that the remaining
current depends linearly on the voltage tensor component. In the workit was also found an endless series of
laws of preservation, which allows you to find an elastic-plastic boundary, which arises when twisting the
orthotropic rod.
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Paszoen 1. Ungpopmamuxa, suiuuciumensuas mexuuka u ynpagienue

meopuyu nIaAcmMuYHOCMU 8 0BYMEPHOM Cyude 3aKOHbl COXPAHEHUs HauodeHbl OOHUM U3 dA8MOpOo8 Mol
cmambvy U UCHONb308AHbL 0TI peUleHUsl OCHOBHbIX KpPaegulx 3aday ypasHeHuti naacmuunocmu. Ilozonee
0KA3a710Ch, YMO 3aKOHbl COXPAHEHUS MOJICHO UCNONL30BAMb U OISl HAXOMCOCHUSL 2PAHUY MeHCOy YRPY2UMU
U NIACMUYECKUMU 30HAMU 6 CKPYYUBAEMbIX CMEPIICHAX, u3cubaemvix Oamkax u Oepopmupyemvix
nracmunax. B npeonacaemoti pabome HauiOeHbl 3aKOHbI COXPAHEHUs ON YPAGHEHUl ORUCLIBATOUUX
OpMOmMpONHoOe  YNpy2oniacmu4eckoe  COCMOSAHUE — CKPYYUBAeMO20 — NPAMONUHEUHO20  CIEepPIUCHA.
IIpeononazaemcs, ymo coxpaHaIOWUICA MOK 3A8UCUM JTUHEIIHO OM KOMNOHEHM MeH30pa HanpsadiceHul. B
pabome  Halioena  OeckoHeuHas cepus  3AKOHO8  COXPAHEHUs, KOMOopas NO380isAem  Halmu
YIPY20RAACMUYECKYI0 2PAHUYY, B03HUKAIOWYIO0 NPU KPYYEHUU OPMOMPONHO20 CIEPIICHSL.

Knioueswvie cnosa: KpydeHue cmepwc%teﬁ, Kpaeebvle 3a0aqu, 3AKOHblL COXPAHEHUAL.

Introduction. Conservation laws were introduced into the theory of differential equations by E.
Neter more than 100 years ago and are gradually becoming an important tool for the study of differen-
tial equation systems. Not only do they allow you to qualitatively investigate equations, but, as the
authors of this article show, they allow us to find accurate solutions to boundary value problems. For
the equations of isotropic theory of elasticity, the laws of preservation were first calculated by P. Olv-
er. For the equations of the theory of plasticity in a two-dimensional case, the laws of preservation are
found by one of the authors of this article and used to solve the main boundary value problems. Later
it turned out that the laws of preservation can be used to find boundaries between elastic and plastic
zones in twisted rods, plates and curved beams. It is assumed that the remaining current depends line-
arly on the voltage tensor component. As a result, an endless series of conservation laws have been
found, which allows us to find the elastic boundary that arises when the orthotrope rod is twisted.

Problem setting. Consider an elastic orthotropic prismatic rod with an arbitrary cross-section. The
side surface is stress-free, and forces equivalent to a torque of M are applied to the ends.

Let the origin be at the center of gravity of the end section, and the z-axis be parallel to the genera-
trix of the rod. The boundary conditions are written as follows:

oyl +1,m=0,
Tyl +o,m=0, @

Tyl +1,,M=0,
and on the ends of therod (z=0, z=1)
erzdxdy = O,”ryzdxdy =0,
Q Q

H o, dxdy = O,Q xo,dxdy =0, )

Q

ﬂ yo,dxdy =0,

Q
Q(XTW — Y1, )dxdy =M, 3)

where Q is a cross-section.
As usual in the theory of torsion, we believe that
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The rest of the stress tensor components satisfy the equilibrium equations, which will be written as
follows:

% =0, aTYZ -0,
oz oz

61:><z + aTyZ + 662
OX oy oz

Guk's generalized law for orthotropic environments will be written as follows [16].

®)

=0.

ow du ow ov ow

Ty, = y 44T —+—, Qqu20,, =—.
a55 Xz P oz yz 8}/ oz 332z oz

a;; is an elastic constant here.

From the equations of joint deformations we get

e, 0%, 0%c, %

4
= = = 0,
ox? oyt et oxoy

0* 0 0 d
8.13%62 Z& _a44&1yz +a5551xz ) (6)

o 0 0 0
a23@(52 25 _aSSEsz +a44&":yz .

From (6) and boundary conditions (1) we obtain that o, =0 in all cross-sections.
Of the last two equations (6) it follows (6)

—ay, % T,, + s %rxz = const. (7)

Since

oW ou

_+_,

oX 0z
ov

_+_,

oy oz

ATy, =

a44'E yz =

then we have

=-20.

5 o ofau ) oo,
Ay —— Ty, —Ay T a_& =-2 oz

oy x " a
where o, is the third component of the vector rot(u,v,w). Therefore 6 is a corner of twisting,

per unit of length. It's called a twist.
The problem of elastic torsion of the prism rod was reduced to the integration of equations.

0 0
OX oy oy OX
and the boundary condition
Tyl +1,,m=0. 9)

10
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It is easy to see that the system of equations (8) is reduced to a linear equation of the second order
of the elliptical type.

In the plastic area, the equations (8) should be added to the condition of plasticity, which has the
following form:

2 2 _
2013T}, + 201537y, =1.

Here o, 3,0,5 are the constatnts, characterizing the current state of plastic anisotropy.

The result is the following task: to find conservation laws for equations (8) that allow you to solve
the problem (9). These laws will find a boundary between elastic and plastic areas.

Conservation laws for orthotropic elasticity equations. This part will provide conservation laws
for equations (8) to be used further to solve elastic problems.
For simplicity of further layouts, we will write down the system (8) in the form of:

F=u+v, - f1=0,

10
F, =au, —Bv, - f#=0, (0

where u=rt,,, v=1,,, a=as, B=3a, ,the index at the bottom denotes a derivative on the cor-

responding variable.
Let's call the vector (A, B) as a persistence current for equations (10) if

A +By =TI (R )+, (F,)=0, (11)

executed on all smooth system solutions (11). Here IT; are some non-identical linear differential

operators.

In this case (11) is the law of preservation for the system (10).

Let's set a task to find the laws of preservation for (10) if the remaining current depends only
on X,Y,u,v.

Note.Nothing also prevents us from finding conservation laws with a persistence current dependent
on any number of derivatives, but we will limit ourselves to these, since other conservation laws have
not been used for boundary problems yet.

Let
A=dlu+Bv+yt, B=alu+piv+y?, (12)
where o' ,B',y" are the functions only from x,y
Of (11) we have
o U+ o', + BV + B 7 +adu+olu, +BIv+piy, +yl = )
=81(uX +V, - f1)+82(ocuy —Bv, — fz).
From (13) we get
oy +0t§ =0, +B§ =0,a' =p? =5",p' =-3°B,
(14)

1 2
2 2.1 2 1¢1 242
@ =Sy ryy =0 o ’%z_aé'

11
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Finally we have

2
o +0c§, :O,Eai —ocly =0,v} +y§ ot f2
o o .
For simplicity we consider that y? =0 . Then we get:
1_qp2nl B 2.1 11 o 2
a =p°,p =-=ay =—J. o fr——f° |dx (15)
a (00 !
and the coefficienst o' and o are linked by equations:
oc}(+ocf,=0, Bai—aa§,=0. (16)
We find two special solutions to this system.
They have the following form.
First solution:
X
0= 2 B 2,(112= 2 [)3/ 2’
X“+00Y X“+0 Y
Second solution:
p
y
== 2 % 2’(112: 2 g 2’
x“+b0y X“+0 Y

For the simplicity of further calculations, let's put % - s = g.
5

Next, we note that equation (16) admits following symmetries
X'=X+X, Y'=Y+Yp,

where X,, Y, - are arbitrary constants.

Therefore, the obtained solutions can be written as:

XX

1_ 2 _
oy = oy =

Y—Yo

, , 17
(x=%)* +a(y—Y,)* (x=% ) +a(y—Y,)’ a0
aly -y X—
o == g ) 70 0 = 2 f 2 (18)
(x=%) +a(y—"Yo) (x=%)"+a(y—"Yo)
We obtain two remaining currents.
A :ocilu—qaizv+yi1, B; =oci2u+ailv,
then, two conservation laws are obtained
OxA +0,B; =0. (19)
From (19) we get:
[_ﬂAdy—Bidx=O, (20)
r

where T';is the contour that does not cover the point (Xy,Yp)-

12
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Now let the point (X, Y,) lie inside the region D, the boundary of which is the contour I" . In this
case, the formula (20) can not be applied directly. Therefore, we use the standard technique: we de-

scribe an ellipse around the point of the following form: (x— x0)2 +q(y—Yo )2 =¢? (Fig. 1).

I

Puc. 1. Beluncnenre KOHTYpHOr0 HHTETpalla BOKPYr 0cO00M TOUKU

Fig. 1. Calculation of the contour integral around a singular point

Let's denote this ellipse I'; . Then we can easily get
[ Ady — Bidx =} Ady - Bydx), 21)
r r

We calculate the integral in the right part of formula (21) for i=1,2.
Let i =1. We have:

m z[ﬂ{(x_x (2X_XO) _u- qu_)’o) )2V+Yi}dy_

n ) +a(y—yo) (x=%)"+a(y—-VYo

_( =w) ., (x=%)

( }dx=
(x=%) +a(y-yo)"  (x=%) +a(y-¥)’

:@[(X;ZXO)U_ (yg Yo), ..t ley ((v—zyo)w(x—xo)vjdx_

€ €

Let’s introduce the notation x —X, =€c0s0, y—y, =¢€sino .
So we have:

2n
m:m(q“( q) |n29 q/i]de:qj'u(xoJrgcose,yoJrgsine)de.
0

I
In the resulting expression, we aim at zero and, using the mean theorem, we get

[J] =2nqu (X, Yo ) -

I
Now from formula (21) we have

210U (%, Yo ) = j Ady — Bydx . (22)

Let's consider the case i =2. Similarly, we get:

13
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X=X
m:m[ y yo) U qg 0) 2V+Y§de—

n o +Q(y YO) (x=%) +a(y-Yo)

—{ (x=%) u+ 9y~ Yo) v]dx:
(x=%) +a(y-vo)"  (x=%) +a(y-¥)’
_m( (y- yo Q(XSEX)V”z)dy [(X—Xo)u—g()’—yo)vjdx

€

We enter the coordinates x — X, =&c0s0, y—Yy, =€sin0.

[ﬂ m{ q+1smze _qv}de:

I
2n . (23)
=—( I V(X +€€0s0, Yy, +¢sin0)d0 =—2nv(X,, Yo ) 0.
0

Now we have

Now we specify these conservation laws to twist the prism rod.
We have

2107, (%o, Yo =[_ﬂ( —qosT,, +29Io&dx) dx—(oclzrxz+ociryz)dy,
r

, (24)
2nqty, (X, Yo ) [ﬂ( Tq —QoT,, + Zejaédx) dx—(agrxz +a12ryz)dy.

Elastic-plastic boundary in a twisted rectilinear orthotropic rod.

Consider the elastic torsion of the orthotropic straight rod, the cross-section of which is limited by
the convex outline of T.

At a fairly high value of torque, the rod forms an elastic F zone and a P plastic zone (Figure 2).

Puc. 2. Ilonepeunoe ceueHne CKPyIHMBAEMOTO CTEPIKHS

Fig. 2. Cross-section of the twisted rod

It is known that the plastic zone begins to form on the outer contour of I". Suppose that the plastic
zone completely covers the outer contour. Let L be the boundary of the division of elastic and plastic
Zones.

The purpose of this paragraph is to build the L border in an explicit form with the help of conserva-
tion laws built in previous paragraphs.

Problem setting. In the elastic zone, the stress tensor components satisfy equations (8)

14
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ot ot ot ot

a_f+WYZ:0, 855 a;52_5144 af:—ze, (25)
on the outer contour /" to the boundary condition
Tyl +1,,m=0. (26)
and the condition of plasticity
204575, + 201,575, =1. 27)

From ratios (27) --28) you can identify the components of the tensor t,,,t,, on the /contour.

Xz
We have now
B m
r— 5 2 2’
0ly3M* + 20055
I

ro - 2 2’
\/20cl3m + 20U 5l

sz|

(28)

T

yz

Here the signs are chosen according to the torque (3).
In (24) we receive the following conservation laws.

27'l:q‘l:xz (X01 Yo ) = _[_ﬂ Aidy - Bldx ) (29)

r

2nqryz(x0,y0)=—[_ﬂA2dy—Bzdx. (30)

r
To calculate t,, (xo,yo) and t,, (Xo:Yo) we use formulas (29)-(30). From these formulas we get

7., and 1, atall points inside the rod. Now let's check the condition (27).

At those points where the expression in the first part (27) less than one will fall into the elastic
zone, and the rest of the dots in the plastic.

Conclusion. These calculations allow us to restore the desired boundary of L. with any accuracy.
For the isotropic case, this problem was solved for the first time in [12; 14]. Examples of constructing
elastic-plastic boundaries for different types of rolled profiles are considered in [10].

Bubiauorpadpuyeckue ccblIKU

1. Kupskos I1. I1., Cenamos C. 1., Axuno A. H. [Ipunokenne ciMMeTpuii 1 3aKOHOB COXPaHEHUS K
pemrenuto auddepeHnnansHeIX ypapaeHuit. HoBocubupcek | Hayka, 2001. 192 c.

2. Senashov S. |., Vinogradov A. M. Symmetries and conservation laws of 2-dimensional ideal
plasticity // Proc. Edinburg Math. Soc. 1988. P. 415-439.

3. Bunorpagos A. M., Kpacunemuk U. C., JIpruarun B. B. Cummerpun U 3aKOHBI COXpPaHEHHUSL.
M. : ®axkropuan, 1996. 380 c.

4. Aunun b. [I., beite B. O., Cenamo C. W. I'pynmoBble CBOMCTBa ypaBHEHHI yNpyroctu H
mnactuaHocTr. HoBocmbupcek : Hayka, 1983. 239 c.

5. CenammoB C. U., 'omonoBa O. B., SIxuo A. H. Maremartuueckue BONPOCH ABYMEPHBIX
ypaBHEHU uieallbHOM mactuaHocTy / Cuo. roc. a3pokocmud. yH-T. KpacHosipck, 2012. 139 c.

6. Senashov S. 1., Vinogradov A. M. Symmetries and conservation laws of 2-dimensional ideal
plasticity // Proc. Edinburg Math. Soc. 1988. P. 415-439.

15



Cubupckuii aspoxocmuueckuil socyprar. Tom 22, Ne |

7. Olver P. Conservation laws in elasticity 1. General result // Arch. Rat. Mech. Anal. 1984.
Vol. 85. P. 111-129.

8. Olver P. Conservation laws in elasticityll.Linear homogeneous isotropic elastostatic // Arch.
Rat. Mech. Anal. 1984. Vol. 85. P. 131-160.

9. CenamoB C. U., CaBoctesiHoBa WM. JI. VYmpyroe cocrosHHEe TJIACTUHBI C OTBEPCTUSIMU
npou3BoibHOW (Gopmbl // Bectnuk Yysamickoro roc. mex. yH-ta uM. W. S. SxosneBa. Cepus:
Mexanuka npenensHoro cocrosaus. 2016. Ne 3 (29). C. 128-134.

10. Cenamor C. W., Konapun A. B. Pa3paborka uHGMOpMAIIOHHONW CHUCTEMBI I HAXOXKICHHUS
YIIPYTO-IJIACTUUECKONH TPaHWIBl cTepkHEeH mpokaTHoro npoduis // Becthuk Cubl'AY. 2014. Ne
4(56). C. 119-125.

11. CenamoB C. U., ®umomuna E. B., T'omonoBa O. B. Iloctpoenue ympyro-miacTudecKux
TpaHMUII C TIOMOIIBIO 3aKOHOB coxpaHeHust. // Becthuk Cubl’AY. 2015. T. 16, Ne 2. C. 343-350.

12. CenamoB C. U., YepenanoBa O. H., Konmpua A. B. O0 ynpyrormiacTiueckoM Kpy4eHUH
crepxust // Bectauk Cu6l’AY. 2013, Ne 3(49). C. 100-103.

13. Cenamos C. 1., Yepenanora O. H., Kouapun A. B. Elastoplastic Bending of Beam // J. Siberi-
an Federal Univ., Math. & Physics. 2014, No. 7(2). P. 203-208.

14. Cenamos C. W., Yepenanosa O. H., Kouapuu A. B. On Elastoplastic Torsion of a Rod with
Multiply Connected Cross-Section // J. Siberian Federal Univ., Math. & Physics. 2015. No. 7(1).
P. 343-351.

15. Senashov S. I., Gomonova O. V. Construction of elastoplastic boundary in problem of tension
of a plate weakened by holes // International Journal of Non-Linear Mechanics. 2019. Vol. 108. P. 7-10.

16. Jlexauukwuii C. I'. Teopus ynpyroctu anusorpomnHoro tena. M. : Hayka, 1977. 416 c.

References

1. Kiryakov P. P., Senashov S. I., Yakhno A. N. Prilozhenie simmetrij i zakonov sohraneniya k
resheniyu differencial’nyh uravneniy [Application of symmetries and conservation laws to the solution
of differential equations]. Novosibirsk; Nauka Publ., 2001, 192 p.

2. Senashov S. 1., Vinogradov A. M. Symmetries and conservation laws of 2-dimensional ideal
plasticity Proc. Edinburgh Math. Soc. 1988, P. 415-439.

3. Vinogradov A. M., Krasilshchik I. S., Lychagin V. V. Simmetrii i zakony sohraneniya [Symme-
tries and conservation laws]. Moscow, Factorial Publ., 1996, 380 p.

4. Annin B. D., Bytev V. O., Senashov S. |. Gruppovye svojstva uravnenij uprugosti i plastichnosti
[Group properties of equations of elasticity and plasticity]. Novosibirsk, Nauka Publ., 1983, 239 p.

5. Senashov S. I., Gomonova O. V., Yakhno A. N. Matematicheskie voprosy dvumernyh uravnenij
ideal'noj plastichnosti [Mathematical problems of two-dimensional equations of ideal plasticity].
Krasnoyarsk, 2012, 139 p.

6. Senashov S. 1., Vinogradov A. M. Symmetries and conservation laws of 2-dimensional ideal
plasticity Proc. Edinburg Math.Soc. 1988, P. 415-439.

7. Olver P. Conservation laws in elasticity 1. General result. Arch. Rat. Mech. Anal. 1984, No. 85,
P.111-129.

8. Olver P. Conservation laws in elasticity 11. Linear homogeneous isotropic elastostatic. Arch.
Rat. Mech. Anal. 1984, No. 85, P. 131-160.

9. Senashov S. I., Savostyanova I. L. Elastic state of a plate with holes of arbitrary shape Vestnik
CHuvashskogo gosudarstvennogo pedagogicheskogo universiteta im. I. YA. Yakovleva. Seriya: Mek-
hanika predel'nogo sostoyaniya. 2016. No. 3 (29), P. 128-134 (In Russ.).

16


http://elibrary.ru/contents.asp?issueid=1391531
http://elibrary.ru/contents.asp?issueid=1391531
http://elibrary.ru/contents.asp?issueid=1391531&selid=23454374
http://elibrary.ru/contents.asp?issueid=1402711&selid=23710519
https://www.sciencedirect.com/science/journal/00207462
https://www.sciencedirect.com/science/journal/00207462/108/supp/C

Paszoen 1. Ungpopmamuxa, suiuuciumensuas mexuuka u ynpagienue

10. Senashov S. I., Kondrin A. V. Development of an information system for finding the elastic-
plastic boundary of rolling profile rods. Vestnik SibGAU. 2014, No. 4(56), P. 119-125 (In Russ.).

11. Senashov S. I, Filyushina E. V., Gomonova O. V. Construction of elastic-plastic boundaries
with the help of conservation laws. Vestnik SibGAU. 2015, Vol. 16, No. 2, P. 343-359 (In Russ.).

12. Senashov S. I., Cherepanova O. N., Kondrin A.V. On elastic-plastic torsion of the rod Vestnik
SibGAU. 2013, Vol. 3(49), P. 100-103 (In Russ.).

13. Senashov S. I., Cherepanova O. N., Kondrin A.V. Elastoplastic Bending of Beam. J. Siberian
Federal Univ., Math. & Physics. 2014, No. 7(2), P. 203-208.

14. Senashov S. I., Cherepanova O. N., Kondrin A.V. On Elastoplastic Torsion of a Rod with
Multiply Connected Cross-Section J. Siberian Federal Univ., Math. & Physics. 2015, No. 7(1),
P. 343-351.

15. Senashov S. I., Gomonova O. V. Construction of elastoplastic boundary in problem of tension
of a plate weakened by holes International Journal of Non-Linear Mechanics. 2019, Vol. 108,
P. 7-10.

16. Lekhnitsky S. G. Teoriya uprugosti anizotropnogo tela [Theory of elasticity of an anisotropic
body]. Moscow, Nauka Publ., 1977, 416 p.

@ Bypennn A. A., Cenamos C. 1., CaBocteanosa 1. J1., 2021

Bypenun AHatoiuii AnexkcaHIpoBHY — wieH-KoppecnoHAeHT PAH, nokrop ¢usnko-mMareMaTH4eCKUX Hayk,
npodeccop, INIaBHBI HAay4dHBIH COTPYIHUK; XabapoBCkHil (exepanbHbIil nMccnenoBatenbekuii mentp JIBO PAH.
Ten.: +7 (4212) 32-79-27.

CenamoB Cepreii IBaHoBUY — JOKTOp (PHU3MKO-MaTEeMaTHUECKUX Hayk, mpodeccop, 3aBemyrouiuii kadeapoi
MH(OPMALIMOHHBIX YKOHOMHYECKUX cucTeM; CHOMPCKUI roCyIapCTBEHHBIH YHUBEPCUTET HAYKHU U TEXHOIOIMH UMEHU
axkagemuka M. @. Pemrernesa. E-mail: sen@sibsau.ru.

CaBoctbsinoBa Mpuna JleoHHI0BHA — KaHIUIAT TMEJArOrH4ecKuX Hayk, noueHT kadeapsl MUDC; Cubupckuit
roCyJapCTBEHHBIM YHMBEPCHTET HAYKH W TEXHOJNOrWi mMmeHu akamemuka M. ®. Pemernea. E-mail: savostyano-
va@sibsau.ru.

Burenin Anatoly Aleksandrovich — Corresponding Member of the Russian Academy of Sciences, Dr. Sc., Pro-
fessor; Chief Researcher of the Khabarovsk Federal Research Center of the Far Eastern Branch of the Russian Acade-
my of Sciences. Tel.: +7 (4212) 32-79-27.

Senashov Sergei lvanovich — Dr. Sc., Professor, Head of the Department of IES; Reshetnev Siberian State University
of Science and Technology. E-mail: sen@sibsau.ru.

Savostyanova Irina Leonidovna — Cand. Sc., Associate Professor of the Department of IES, Reshetnev Siberian
State University of Science and Technology. E-mail: savostyanova@sibsau.ru.

17



