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Конструкции с неоднородной регулярной структурой (пластины, балки, оболочки) широко 

применяются в технике, особенно, в авиационной и ракетно-космической. В расчетах на прочность 

упругих композитных конструкций с помощью метода конечных элементов (МКЭ) важно знать 

погрешность решения. Для анализа погрешности решения необходимо использовать 

последовательность приближенных решений, построенных по МКЭ с применением процедуры 

измельчения для базовых дискретных моделей, которые учитывают в рамках микроподхода 

неоднородную, микронеоднородную структуру конструкций (тел). Реализация процедуры 

измельчения для базовых моделей требует больших ресурсов ЭВМ. 

В данной работе кратко изложен метод эквивалентных условий прочности (МЭУП) для 

расчета на статическую прочность упругих тел с неоднородной регулярной структурой, для 

которых заданы множества различных нагружений. Согласно МЭУП, расчет на прочность 

композитного тела, для которого задано нагружение, сводится к расчету на прочность 

изотропного однородного тела (имеющего такое же нагружение, как композитное тело) с 

применением эквивалентных условий прочности. При численной реализации МЭУП используются 

скорректированные эквивалентные условия прочности, которые учитывают погрешность 

приближенных решений. Здесь МЭУП реализуется на основе МКЭ. Если для композитного тела 

задано множество различных нагружений, то в этом случае применяются обобщенные 

эквивалентные условия прочности. Показана процедура построения обобщенных эквивалентных 

условий прочности. Расчет на прочность композитных тел по МЭУП с использованием 

многосеточных конечных элементов требует в 3 610 ÷ 10  раз меньше объема памяти ЭВМ, чем 

аналогичный расчет с применением измельченных базовых моделей композитных тел. Приведенный 

пример расчета на прочность композитной балки, для которой задано множество нагружений, с 

помощью МЭУП с применением обобщенных эквивалентных условий прочности показывает его 

высокую эффективность.  

 

Ключевые слова: упругость, композиты, многосеточные конечные элементы, 

скорректированные и обобщенные эквивалентные условия прочности.  
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Structures with an inhomogeneous regular structure (plates, beams, shells) are widely used in engineer-

ing, especially in aviation and rocket and space. It is important to know the solution error in the strength  

elastic calculations for composite structures using the finite element method (FEM),. To analyze the error 

of the solution, it is necessary to use a sequence of approximate solutions constructed according to the 

FEM using the grinding procedure for basic discrete models that take into account the non-homogeneous, 

micro-homogeneous structure of structures (bodies) within the micro-approach. The implementation of the 

grinding procedure for basic models requires large computer resources. 

 This paper deals with the method of equivalent strength conditions (MESC) for testing the static 

strength of elastic bodies with an inhomogeneous regular structure, for which sets of different loads are 

given. According to the MESC, the calculation of the strength of a composite body for which the loading is 

set is reduced to the calculation of the strength of an isotropic homogeneous body (having the same loading 

as a composite body) using equivalent strength conditions. In the numerical implementation of the MESC, 

adjusted equivalent strength conditions are used, which take into account the error of approximate solu-

tions. Here, the MESC is implemented on the basis of the FEM. If a set of different loads is specified for a 

composite body, then generalized equivalent strength conditions are applied in this case. The procedure for 

constructing generalized equivalent strength conditions is shown. The calculation of the strength of compo-

site bodies according to the MESC using multigrid finite elements requires 3 610 ÷ 10  times less computer 

memory than a similar calculation using crushed basic models of composite bodies. The given example of 

calculating the strength of a composite beam, for which a number of loads is set with MESC using general-

ized equivalent strength conditions shows its high efficiency. 

 

Keywords: elasticity, composites, multigrid finite elements, corrected and generalized equivalent 

strength conditions. 

 

Introduction 

As a rule, the calculation of the strength of an elastic structure is carried out according to the safety 

factor and is reduced to determining the maximum equivalent stress of the structure (body) [1–3]. For 

an elastic body 0V , the given strength conditions are of the form 1 0 2n n n  , where 1n , 2n , are given, 

the safety factor of the body 0n  corresponds to the exact solution of the problem of the theory of elas-

ticity constructed for the body 0V . It is believed that the body does not collapse during operation if its 

safety factor satisfies the specified strength conditions. The determination of the safety factor 0n  for a 

composite body (CB), where is 0 0/ ,Tn     T the limit stress 0  [1], i.e. determination of the max-

imum equivalent stress [1] CT that meets the exact solution the task of elasticity is difficult. If the 

stresses in the bodies are determined approximately, then in this case we use the adjusted strength 
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conditions [4], which take into account the error of solutions.  In stress-strain analysis (VAT) the finite 

element method (FEM) is widely used [5; 6].  

Finite element (discrete) basic models (BM), which take into account the heterogeneous structure 

of bodies within the framework of the micro approach [7], have a high dimension. In addition, to ana-

lyze the convergence and error of the solution, it is necessary to use the sequence of constructed solu-

tions using the finite element grinding (FE) procedure of BM CB, which leads to a sharp increase in 

the dimensions of discrete models. For the analysis of CB VAT, the method of multigrid finite ele-

ments (MME) [8–14] is effectively used, in which multi-grid finite elements (MNKE) are used and 

which is a generalization of FEM, since if MNKE is used in FEM, then in this case, in fact, THE CMI 

is implemented. In the areas of MnKE [8–19], the heterogeneous structure is taken into account and 

the three-dimensional VAT is described.  

It is important to note that MnKE generate discrete models whose dimensions are less than the di-

mensions of BM CB. For a number of CT (for example, for bodies with a microhedel structure), BMs 

have such a high dimension that the implementation of FEM using MnKE is also difficult. Existing 

methods for calculating CT [20–27] are based on hypotheses, have complex formulations and are dif-

ficult to implement. 

The method of equivalent strength conditions (MESC) is proposed in this paper, to calculate the 

strength of elastic bodies with an inhomogeneous, microunitive regular structure, which is reduced to 

the calculation of the strength of elastic isotropic homogeneous bodies using equivalent strength con-

ditions according to feM. Unlike the works [28; 29], the theorem that underlies the MESC is presented 

in detail here. In numerical implementation, MESC uses adjusted equivalent strength conditions that 

take into account the error of the solutions. For CB, for which many different loads are specified, gen-

eralized equivalent strength conditions are used in the calculations. Implementation of MEPM on the 

basis of FEM using MnKE requires 3 610 10 times less computer resources than FEM calculation on 

the basis of grinding BM CT. An example of CB calculation according to MESC shows its high effi-

ciency. 

 

1. Basic provisions of the method of equivalent strength conditions  

MESC is applied to CB that satisfies the following provisions. 

Regulation 1. CB consists of multi-module isotropic homogeneous bodies, the connections between 

which are ideal, i.e. at the general boundaries of isotropic homogeneous bodies, the functions of dis-

placements and stresses are continuous.  

Regulation 2. Displacements, deformations and stresses of multimodular isotropic homogeneous 

bodies correspond to the relations of the linear theory of elasticity [30].  

Regulation 3. Approximate solutions of BM CB, built according to FEM, differ from accurate solu-

tions. Such approximate decisions will be considered accurate.  

2. Equivalent strength conditions 

Let elastic bodies 1V , 2V  have the same characteristic dimensions, shape, fasteners and static loads, 

but differ in modulations of elasticity. Let  for the safety factors 1n , 2n , respectively bodies 1V , 2V   , 

be given strength conditions 

1 1
1a bn n n  ,                                                                   (1) 

                            2 2
2a bn n n  ,                                                                  (2) 
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where 1 2, 1a an n  ; 1 2,a an n , 1 2,b bn n  are given; the reserve coefficient 1n  ( 2n ) corresponds to the exact so-

lution of the problem of the theory of elasticity, built for the body 1V  (body 2V ).  

For bodies 1V , 2V  , enter the following definition.  

 

Definition. If from the fulfillment of conditions (2) for the coefficient 2n follows the fulfillment of 

conditions (1) for the coefficient 1n and vice versa, if from the fulfillment of conditions (1) for the co-

efficient 1n  follows the fulfillment of conditions (2) for the coefficient 2n , then the conditions of 

strength (1), (2) will be called equivalent conditions of strength co-responsible for bodies 2V , 1V  . 

 

  3. Basic theorem of the method of equivalent strength conditions 

Without losing the generality of judgments, we consider bodies with a fibrous structure, which are 

widely used in practice and in which the maximum equivalent stresses arise in the fibers. The MESC 

is based on the following theorem. 

Theorem 1. Let the load and strength conditions of the form F be set for the safety factor 0n  of the 

elastic CT (fibrous structure) 

               1 0 2n n n  ,                                                                   (3) 

where the values 1n , 2n are given, 1 1n  , 0 0/Tn    , T  , is the limit stress of CT (the yield 

strength of the fiber), 0  is the maximum equivalent stress of CB 0V , the stress 0  corresponds to the 

exact solution of the problem of the theory of elasticity, built for loading F  CB 0V , the body fibers 0V  

have the same modulus of elasticity. 

Let the homogeneous isotropic body bV and CB 0V have the same shape, characteristic dimensions, 

fastenings and loading F . Let the elastic modules of the body bV and the CB fibers are the same. Then 

there exists such a number 0p   (equivalence coefficient) that if the safety factor of the body bV  satis-

fies the adjusted equivalent conditions of strength  

1 2

1 1
b

pn pn
n

 

 
  

,                                                             (4) 

                          

then the safety factor 0n  CB 0V meets the specified conditions of strength (3), where , /b T bn     is 

b the maximum equivalent stress of the body
bV , corresponding to the numbered solution constructed 

for loading the body with an error b , | |  b     , where   is the upper estimate of the error b  , sat-

isfying the condition 

                                                           2 1 2 1( ) / ( )С n n n n                                                           (5) 

 

Proof. 

Safety factor 0n , 0
bn   , respectively bodies 0V  , 

bV  are found by formulas 

                                               0 0/Tn    ,                                                                  (6) 

                                 0 0/b T bn    ,                                                                  (7) 
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where 0
b is the maximum equivalent stress of the body bV  corresponding to the exact solution of 

the problem of the theory of elasticity constructed for loading F  the body bV . 

Let the coefficient 0n satisfy the conditions (3). Using (6) in (3), we have  

1 2

0

Tn n


 


.                                                                 (8)  

There is such a number 0p   (equivalence coefficient) that 

0

0
b

p





.                                                                      (9) 

Given (9) in (8), we get  

1 20

T

b

pn pn


 


.                                                             (10) 

Using (7) in (10), we have  

  0
1 2bpn n pn  .                                                              (11) 

Let the body's bV  safe  factor 0
bn  satisfies the conditions of strength (11).  

Then, substituting (7) in (11) with (9), we have 1 2

0

Tp
pn pn


 


. From where, taking into account 

(6), the strength conditions for the CB safety factor 0V  (3) follows. Let’s consider the limit cases. 

Let 0
1bn pn . Using the relations (7), (9) in the last equality, we obtain 1

0

Tp pn





 . From where , 

taking into account (6) 0
1bn pn follows. Similarly, we show that if 0 2n n , the 0

2bn pn then . 

Let 0 1n n . Using (6), (9) in the last equality, we get 10

T

b

pn





 . From where, taking into account 

(7) follows 0
1bn pn . Similarly, we show that if 0 2n n , then 0

2bn pn . So it is shown that (11) 

are equivalent strength conditions for CB 0V  (see definition of paragraph 2). Let the maximum 

equivalent stress b e be found for the body
bV  such that 

2 1 1 2| | ( ) / ( )b C n n n n        ,                                              (12) 

 

where b is the relative error for b  , i.e.  

                             .                                                            

0 0( ) /b b b b     .                                                           (13) 

From (13) follows 0(1 ) b b b     . From here, considering (7) and that /b T bn    , we get  

0 (1 )b b bn n   .                                                               (14) 

Note , that in (12) 1C  . Let 0  | |b   . Then due to (12) 

 00 | |  1b        .                                                       (15) 
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Taking in (14) 0b   , 0b   sequentially ,  enter the coefficient                                       

1 0(1 )r
bn n  ,   2 0(1 )r

bn n   .                                                (16) 

Then due to (14), (16) we get  

                                                    0
1
r

bn n or 0
2
r

bn n                                                           (17) 

Let’s enter the coefficients 1
dn , 2

dn according to the formulas 

1 (1 )d
bn n  ,   2 (1 )d

bn n   .                                                (18) 

Because of 0 1   , 0bn  , it follows from (18) 

1 2
d dn n .                                                                    (19) 

Adjusted equivalent strength conditions are of the form (4) or 

                                             2
1 2(1 ) (1 ) (1 )bpn n pn        ,                                              (20) 

where /b T bn    ,  T   , is the limit voltage of CB (the yield strength of the fiber). 

Let bn the conditions of strength (20) be fulfilled, i.e. let 1 (1 ) bpn n    and 2(1 ) bn pn    Then 

it follows that for coefficients 1
dn , 2

dn , taking into account (18), (19) inequalities are fulfilled 

1 1 2 2
d dpn n n pn   .                                                          (21) 

Comparing (16), (18) taking into accounts (15), the inequality 1 1
d rn n , 2 2

r dn n  follow. 

Hence, given, that according to (16) 1 2
r rn n , we get 

1 1 2 2
d r r dn n n n   .                                                            (22) 

Then by virtue of (21), (22) inequalities are fulfilled 

1 1 2 2
r rpn n n pn   .                                                           (23) 

From the implementation (23) taking into account (17) follows the fulfillment of the conditions of 

strength (11) for the reserve factor 0
bn , therefore, the fulfillment of the specified conditions of strength 

(3). The constraints on the parameter  are found from the condition of existence of strength condi-

tions (4), i.e. let 1 2(1 ) (1 )pn pn      .Where it comes from  

2 1 1 2( ) / ( )C n n n n      .                                                   (24) 

Since 2 1 1n n  , then from (24) it follows 0 1C  . If C    , then from (4) it fol-

lows 1 2( ) / 2bn p n n   that it is difficult to perform in practice. Therefore, you should specify such 

 that C   . 

In this case, the conditions (11) for the body
bV  safety factor 0

bn  can be met using adjusted equiva-

lent strength conditions (4) and numerical solutions that generate such errors b  for body 
bV stresses 

that | |  b     . It has been shown that the fulfillment of conditions (11) follows the fulfillment of 

strength conditions (3). The theorem is proven.  

According to theorem 1, the implementation of the MESC is reduced to the determination of the 

coefficient p  and the safety factor bn of the body
bV , i.e. to the determination of  the maximum equiv-

alent stress b of the body
bV  with an error | |  b    , /b T bn    . 
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4. Implementation of the method of equivalent strength conditions 

Without losing the commonality of judgments, for simplicity of presentation, the procedure for im-

plementing the MESC will be considered on the example of a body 0V  with an inhomogeneous regular 

structure of sizes H H H  , where 6H Nh  , N  is the whole, 1N  , h  little. CB 0V , located in the 

Cartesian coordinate system Oxyz , with 0y  rigidly fixed, i.e. at 0y  : , , 0u v w . The regular cell 

0G CB 0V , having the shape of a cube with a side 6h , is located in the local Cartesian coordinate sys-

tem Oxyz , , , 1,...,7i j k   (Fig. 1), the fibers are directed along the axis Oy by cross-section h h , the 

fiber sections are painted over. So, the body 0V is reinforced with pa-rally axes Oy of continuous fi-

bers. Strength conditions (3) are set for CB 0V . BM 0R CB 0V , consisting of finite elements (CE) h
jV  

of the 1st order of the shape of the cube with a side h  (in which the three-dimensional VAT is real-

ized), takes into account the heterogeneous structure of the body 0V  and generates a uniform grid with 

a step h . We think  that 3 MESC for CB 0V  is performed. 

 

 
Рис. 1. Регулярная ячейка 0G  

 

Fig. 1. Regular cell 0G  

Note that the implementation of the MESC is reduced to the determination of the equivalence coeffi-

cient p , the body bV  reserve coefficient bn and the construction of adjusted equivalent strength condi-

tions (4). 
 

Finding the equivalence coefficient p 

According to the MESC, we will introduce an isotropic homogeneous body
bV  and CB as 

0R  are 

follows that the bodies
bV ,

0R and 0V have the same shape, characteristic dimensions, given fastenings 

and loads, but differ in modulations of elasticity. The moduluses of elasticity of the body 
bV are equal 

to the modules of elasticity of the CB 0V fiber. For the body 
bV  (for CB

0R ) we define discrete models 

b
nV  (models 0

nR ) that form sequences 1{ }b N
n nV  , 0

1{ }N
n nR  . The model b

NV  is BM body
bV . The model b

nV  

(model 0
nR ) consists of CE ( )n

jV  1st order of cube-shaped FE with a side nh in which a three-

dimensional stress state is realized and that generates a uniform grid with a dimension
( ) ( ) ( )
1 2 3 ,n n nn n n   

step nh , where 

( )
1 6 1nn n  ,   ( )

2 6 1nn n  ,   
( )
3 6 1nn n  ,   1,...,n N .                                 (25) 
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According to (25), the model b
nV  (model 0

nR ) consists of a finite number of isotropic homogeneous 

bodies b
nG s (CT 0

nG ) of the same shape and size , with dimensions 6 6 6n n nh h h   , where  

/ (6 )n nh H n h   ,                                                             (26) 

where 6H Nh , /n N n  , 1,n N  at n N : 1n  , nh h , when n N   we have nh h , 

Nh h . 

CB 0
nG  has the same number of grid nodes (343 nodes), the number of fibers (cross-section n nh h ) 

and the same mutual arrangement as a regular cell 0G  (Fig. 1). Fibers and matrix CB 0
nG  and 0G  have 

the same modules of elasticity 1,n N , (Fig. 2), where nh h at n N , , , 1,...,7i j k  .  

C B 0
nG , 0G , (their heterogeneous structures) geometrically differ only in scale. For the convenience 

of reasoning, formally for CT 0
nG , 0G ,  let’s write down the ratio 

0
0n nG G ,                                                                 (27) 

where n is the scale coefficient, /n N n  , 1,n N , at n N : 1n  , 1N  , 0
0NG G .   

 
 

 

Рис. 2. КТ 0
nG  (регулярная ячейка модели 0

nR ) 

 

Fig. 2. CB 0
nG  (regular cell body 0

nR ) 

 

Note that since in the regular cell 0G  the heterogeneous structure  is taken into account, then due to 

(27) and in CB 0
nG  ( 1,n N )the heterogeneous structure using the CE ( )n

jV  of the 1st order of the 

shape of the cube with a side nh   is also taken into account, i.e. the model 0
nR takes into account the 

heterogeneous structure. Note that CB 0
nG , in fact, is a regular cell of the model. So, the models b

nV , 

0
nR have the same shape, dimension, the same characteristic dimensions, uniform grids with a step nh , 

fastening and loading, like CB 0V , i.e. models b
nV , 0

nR , differ from each other only in modulations of 

elasticity. Note the following advantages of the models b
nV , 0

nR  . 

1. Dimensions of models 
b

nV , 0
nR   with n N the force of (25), (26) less than the dimension of 

BM 0R . 

2. When building models
0

1{ }N
n nR  , BM 0R grinding is not used.  

To reduce the dimensions of the models b
nV , 0

nR , multi-grid FE are used.  
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Due to (26), (27) at n N  ( Nh h , 1N   i.e. 0
0NG G  ) models b

NV , 0
NR  , and BM 0R CB 0V have 

the same dimension, and models 0
NR and 0R in force (27) coincide, i.e. 0

0RNR   . Since, according to 

(27), at n N we have 0
0nG G  , then we get   

0 0
0Rn NR R    at n N .                                                    (28) 

Since the models 0
NR , b

NV  , have the same dimension as the BM 0R , for which the positions 3 MESC 

are executed, then we consider that the maximum equivalent stress 0
N  (stress b

N ) of the model 0
NR  

(model b
NV ) differs little from the exact 0  ( 0

b ). Therefore, we believe that 

0
0 N   , 0 b

b N   ,                                                           (29) 

where 0
b  is the maximum equivalent stress of the body bV corresponds to the exact solution of the 

three-dimensional problem of the theory of elasticity constructed for the body
bV .    

The equivalence coefficient p  is found by the formula (9), i.e.  0
0 / bp     or including (29) 

0 / b
N Np    .                                                                (30) 

The approximate value of the equivalence coefficient np is found by the formula     

0 / b
n n np    ,                                                                (31)  

where 0
n  ( b

n ) is the maximum equivalent stress of the model 0
nR  (model b

nV ).  

Due to  (26)  at b b
n NV V , n N should follow . Hence, given (28), we have 

0 0
n N  ,   b b

n N     at n N .                                         (32)  

Taking into account (32), (29), (30) in (31), we get  

np p    at n N .                                                         (33) 

Let it be 1| | /n n n np p p   few where 2,3,...n   . Then we accept  

np p .                                                                     (34) 

Calculations show uniform (monotonous) convergence of stress 0
n , b

n  , and parameter np  respec-

tively to stress 0
N , b

N  , and parameter .p  

Construction of adjusted equivalent strength conditions 

Substituting the found equivalence coefficient p  and given values of  , 1n , 2n    in (4), we  deter-

mine the adjusted equivalent strength conditions for CB 0V .  

Finding a safety factor bn  for a homogeneous isotropic body 
bV   

Let  it be 1| | /b b b
n n n n


     few and | |  n


    , where C   , 2,3,...n  . Then we assume 

                                                                       b
b n   .                                                                   (35) 
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Using (35) in the formula / ,b T bn     we determine the safety factor bn for the body  bV   

                                                                      / b
b T nn    .                                                             (36) 

Checking the specified strength conditions 

Let the safety factor of the isotropic homogeneous body bV found by the formula (36), i.e., corre-

sponding to the numerical solution of the elasticity problem, satisfies the adjusted equivalent strength 

conditions (4) constructed for CB 0V . Then, according to theorem 1 (see paragraph 3), the safety factor 

0n of CB 0 ,V  corresponding to the exact solution of the elasticity problem satisfies the specified condi-

tions of strength (3). 

 

The procedure for constructing generalized equivalent strength conditions for CB 0V , for which 

many different loads are specified, without losing the commonality of judgments, will be considered 

with the CB 0V example. Let on the surface S  of the CB  the loading of the form xq , yq , zq  acts, 

where , , x y zq q q are the surface loads acting respectively in the direction of the coordinate axes Ox , 

Oy , Oz ; , , x y z xyzq q q Q , xyzQ is a set of different loads given for CB 0 ,V   

{ , , :    , ,  гладкие функции, заданные на }xyz x y z x y zQ q q q q q q S    (37) 

smooth functions given on S.  ВСТАВИТЬ ТЕКСТ                                                

To find the (upper, lower) boundaries for the set P of equivalence coefficients corresponding to the 

load set (37), we calculate for a number of characteristic loads of CB 0V : ( )n
x xq q , ( )n

y yq q , 

( )n
z zq q  ( ( )n

xq , ( )n
xq , ( )n

zq smooth functions),  01,n N , 0N - given. Enter the coefficients  

                        ( )
1 min( )np p , ( )

2 max( )np p , 01,n N , т. е. :p P  1 2p p p  .                    (38) 

Let the condition for CT 0V  be met  

            2 1 1 2p C p C ,                                                                 (39) 

where is 1 1 / (1 )C n    , 2 2 / (1 )C n    . 

For the equivalence coefficient 1 2[ , ]qp p p  , which is found by FEM for body load-

ing , , x y z xyzq q q Q , the strength conditions (4) take the form 

                1 2q b qp C n p C  ,                                                            (40) 

where bn  is the safety factor of the isotropic homogeneous body
bV .  

According to (38) we have 1 2 1qp C p C , 1 2 2qp C p C  . Using these inequalities and (39), we 

get 1 2 1 1 2 2q qp C p C p C p C    . Let the loading of the body , , x y z xyzq q q Q  be such that  

  1 2 1 1 2 2q b qp C p C n p C p C    ,                                                (41) 

i.e. the following conditions of strength are met for the body 
bV safety factor bn  

2 1 1 2bp C n p C  .                                                            (42)  

Let the coefficient bn   for the body
bV satisfies the conditions of strength (42) for load-

ing , , x y z xyzq q q Q . Then the conditions (41) are met for the coefficient bn , i.e. the conditions of 

strength (40). According to theorem 1 (see paragraph 3), from the fulfillment of the conditions of 
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strength (41) follows the fulfillment of the specified strength conditions (3) for load-

ing , , x y z xyzq q q Q  CB 0V . Note that according to the MESC, the body bV  and the CB 0V  have the 

same loads (see paragraph 4). Thus, it is shown that from the fulfillment of the conditions of strength 

(42) for a body having a load, the fulfillment of the strength conditions (3) follows for loading 

, , x y z xyzq q q Q CT 0V . Conditions (42) will be called generalized equivalent conditions of strength. In 

fact, the following statement is proved above. 

Theorem 2. Let for the set Q  of different loads given for CB 0V , according to the MESC, general-

ized equivalent strength conditions (42) are constructed. Let for the reserve factor bn  of an isotropic 

homogeneous body bV  having a load F Q , the strength conditions (42) are met. Then the specified 

strength conditions (3) for loading F CB 0V  are met. 

6. Results of numerical experiments 

Consider the model problem of calculating the strength of a cantilever composite beam 0V , the di-

mensions H L H   , where hH 96 , 1152L h , h  is given (Fig. 3). The regular cell 0G of CB 

0V has the shape of a cube with a side 6h , the fibers h h  are parallel to the axis Oy  (Fig. 4), the fiber 

sections in the plane Oxz  are painted over. So, the body 0V  is reinforced with parallel axes Oy with 

continuous fibers, the distance between the fibers is 2h  . When 0y   CT 0V is rigidly fixed and at 

z H has a load of the form xq , zq  , where xq  ( zq ) is the force acting on the beam in the direction of 

the axis Ox  (axisOz ). 
 

 

Рис. 3. Размеры тела 0V  (тела ,bV  моделей ,b
nV  

0
nR ) 

 

Fig. 3. Dimensions of the body 0V  (body ,bV  models ,b
nV  

0
nR ) 

 

The basic discrete model 0R  of CB 0V , consisting of single-grid finite elements (1 cCE) h
jV of the 1st 

order of the cube shape with a side h  [5; 6] (in which the three-dimensional VAT is implemented [30]), 

takes into account the heterogeneous structure of the body 0V  and generates an equal-dimensional (basic) 

grid with dimension 97 1153 97  step h  . Fig. 4 shows the base grid of the regular cell 0G . Since the 

BM 0R  has 32517504  (over 32 million) unknown FEMs and since / 1h H   

( / / (96 ) 0,0104h H h h  ), we will assume that the maximum equivalent voltage of the BM 0R differs 

little from the exact solution, i.e. put. 3 MESC for CB 0V  is performed (see paragraph 1).  
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Рис. 4. Регулярная ячейка 0G  

 

Fig. 4. Regular cell 0G  

 

For the CB 0V  safety factor 0n , the strength conditions of the type are set  

.                                                              01,3 3,5n  .                                                               43)   

Initial data for CB 0V : 0,2083h  ; 5T  ; 0,3c v     1cE  , 10vE   , where cE , vE  ( c , 

v )are the Jung modules (Poisson coefficients) respectively of the binder material and fiber, on the 

surface {0,5 ,   }S L y L z H     of the CB 0V  there is a uniform loading 0,000285z xq q  , T   is 

the yield strength of the fiber.  

According to the MESC, we will introduce an isotropic homogeneous body bV and CB
0R  such 

that the bodies bV , 
0R  and 0V  have the same shape, characteristic dimensions, given fastenings and 

loads, but differ in modulations of elasticity. Body bV elasticity modules are equal to fiber elasticity 

moduluses CB 0V . For the body bV  (for CB
0R ) define discrete models b

nV  (models 0
nR ) that form se-

quences 16
1{ }b

n nV  , 0 16
1{ }n nR  . The model b

nV  (model 0
nR ) consists of a 1st order cube shaped 1cCE ( )n

jV  

with a side nh  in which the three-dimensional VAT is realized and which generate a uniform grid with 

a dimension ( ) ( ) ( )
1 2 3

n n nn n n  step nh , where 

( )
1 6 1nn n  , ( )

2 12 6 1nn n   , 
( )
3 6 1nn n  , 1,2,3,...n  .                             (44) 

The steps ( )n
xh , ( )n

yh , ( )n
yh  of the grids of the model b

nV  (model 0
nR ) respectively along the axis Ox , 

Oy , Oz  ,  are equal to ( ) / (6 )n
xh H n , ( ) / (72 )n

yh L n , ( ) / (6 )n
zh H n  . Since 12L H , 

then ( ) ( ) ( )n n n
n x y zh h h h     . From here, given that 96H h  , we get  

                                      n nh h  ,                                                                   (45) 

 where 16 /n n  , 1,2,3,...n  , at , 15n   1n  , nh h .  

According to (44), the model b
nV  (model 0

nR ) (Fig. 3) consists of a finite number of isotropic ho-

mogeneous bodies b
nG  (CB 0

nG ) of the same shape and size 6 6 6n n nh h h   (Fig. 5). 
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Рис. 5. Регулярная ячейка 0
nG  

 

Fig. 5. Regular cell 0
nG  

 

CB 0
nG has the same number of fibers (cross-section n nh h ) and their same mutual arrangement as 

a regular cell 0G  (Fig. 4), fibers and binder material CB 0
nG  and 0G  have the same modules of    

elasticity 1,16n   . So, CB 0
nG , 0G , (their heterogeneous structures) geometrically differ only in 

scale. Then, for the convenience of reasoning, taking into account (45), for CB 0
nG , 0G  we formally 

write down the ratio 

                  0
0n nG G ,                                                                   (46) 

where n  is the scale coefficient, with 16n  , we have 1n  , 16 1    , i.e. 0
16 0G G  .  

Note that since the regular cell 0G takes into account the heterogeneous structure, then due to 

(46) and in CB 0
nG  ( 1,2,3,...n  )  the heterogeneous structure  is also taken into account with the 

help of 1cCE ( )n
jV  of the 1st order of the shape of the cube with a side nh , i.e. the model 0

nR  takes 

into account the heterogeneous structure. Note that CB 0
nG  is essentially a regular cell of the mod-

el 0
nR , 1,2,3,...n   . So, the models b

nV , 0
nR have the same shape and dimension, the same character-

istic dimensions, uniform grids with step nh , fastenings and loads like CB 0V . 

In the calculations we use two-grid FE (2sKE). When constructing a 2sCE 
(2)

dV with dimensions 

6 6 6h h h   [15–19], we use two nested grids: a small uniform grid dh with dimension 7 7 7   step 

h and a large grid dH of dimension 2 3 2  , d dH h  . Along the axes Oy ,Oz  the grid dH has a 

step 6h , along the axis - a step. 3h  On Fig. 6 grid dH nodes marked with dot 12 knots. The grid dh  is 

generated by the basic partition of dR  2cKE, which consists of 1cCE h
jV of the 1st order of the cube 

shape with a side h  (in which the three-dimensional VAT, 1,...,j M is realized, M  is the total num-

ber of 1sKE h
jV  , 216M  ) and takes into account the heterogeneous structure of the 2sKE

(2)
dV . 
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Рис. 6. Мелкая и крупная сетки 2сКЭ (2)
dV  

 

Fig. 6. Small and large grids 2gFE (2)
dV  

 

On the partition dR we build a superelement SV  using the condensation method [5]. The total poten-

tial energy SП  of the superelement SV is represented in the form of 

             
1

[ ]
2

T T
S S S S S SП K q q q F ,                                                   (47) 

where T is transposion; [ ]SK  is the matrix of stiffness (dimension 654 654 );   SF , Sq  are the 

vectors of nodal forces and displacements (dimensions 654 ) of the superelemen SV t. The basic func-

tion ( , , )ijkN x y z  for the node , ,i j k of a large grid dH  using Lagrange polynomials is written in the 

form ( ) ( ) ( )ijk i j kN L x L y L z , where  

                             
2

1,

( )i

ii

x x
L x

x x



 





 ,

3

1,

( )j

jj

y y
L y

y y



 





 ,

2

1,

( )k

kk

z z
L z

z z



 





 , 

where , ,i j kx y z are the coordinates of the grid dH node , ,i j k  in the coordinate system Oxyz ; ijk    

is an integer coordinate system introduced for grid nodes dH , , 1,2i k  ; 1,2,3j   (see Figure 6).  

Denote: e ijkN N ,  e ijku u ,  e ijkv v , e ijkw w  , where ,ijku  ijkv , ijkw are the values of the 

movements u, v, w in the grid dH , , 1,2i k  , 1,2,3j  , 1,...,12e   node , ,i j k , Then the approximation 

functions of displacements 
(2)u , 

(2)v , (2)w  , 2sKE
(2)

dV  represent  

12
(2)

1

e e

e

u N u


 ,   
12

(2)

1

e e

e

v N v


 ,
12

(2)

1

e e

e

w N w


 .                                      (48)  

Denote: dq – vector of nodal displacements of a large grid dH  (dimension 36), i.e. vector of nodal 

unknown 2sKE
(2)

dV  . Using (48), the vector Sq of nodal displacements of the superelement SV is ex-

pressed through the vecto dq r , i.e.  

                         [ ] d
S S dAq q ,                                                               (49) 

where [ ] d
SA  is the rectangular matrix (dimensions 654 36 ). 

Substituting (49) in (47) we get П П ( )S S d q . From the execution П / 0S d  q  we obtain the 

equality [ ] d d dK q F , where [ ] [ ] [ ][ ]d T d
d S S SK A K A  , where[ ]dK , dF , is the matrix of stiffness (di-

mension 36 36 ) and the vector of nodal forces (dimension 36) 2cCE
(2)

dV . 
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The solution built for the 2cCE (2)
dV  grid dH is projected using the formula (49) on the grid of the 

superelement SV , then using the ratios of the condensation method - on a fine grid dh of 2cKE (2)
dV  

which allows you to find voltages in 1sKE h
jV    basic partitioning dR 2cKE (2)

dV .  

On the model b
nV  ( 0

nR ) we build a two-grid discrete model, which consists of a 2cCE type (2)
dV  of size 

6 6 6n n nh h h  , where 16 /nh h n , 1,  11n  and which we denote 0
nV  ( nR ). Note that the models 0

nV , 

nR  , have the same dimension. For models 0
nV , nR , we find (according to the 4th theory of strength 

[1]) respectively the maximum equivalent stresses b
n , 0

n , 3,5,...,11n  . . The results of the calcula-

tions are presented in Table. 1, where  

                   2(%) 100% | | /p
n n n np p p    ,                                                (50)  

where 5,7, 9, 11n ; 0 / b
n n np    ; o

nN , o
nb are  the dimension and width of the tape SU FEM model 

0
nV , 3,5,...11n  .  

The analysis of the results of the calculations shows a uniform monotonous convergence of the 

stress b
n , 0

n , parameter np  and error p
n . Let’s consider the calculation of CB 0V on the basis of BM. 

Note that in CB calculations, as a rule , three (or more) discrete models are used to analyze the con-

vergence and error of numerical solutions. In this case, we use three models: 1 0R  R , models 2R and 

3R obtained by grinding BM 0R . On a discrete model Rn , using a 2cCE type (2)
dV  of 

size 6h 6h 6hn n n  , define a two-grid discrete model oRn  , where is the step of the uniform grid of the 

model Rn , h /n h n , 1,2,3n  . 

The results of calculations for models Rn , oRn  are given in Table. 2, where Nn , bn  , is the dimen-

sion and width of the tape SU FEM model Rn ; oNn  and obn   are the  dimension and width of the model 

tap oRn ; 1,2,3n  . e;. The coefficient k n  is found by the formula o o
11̀ 11k (N b ) / ( )o o

n n n N b    , 

where o oN bn n  is the amount of computer memory required for the model oRn ; 1,2,3n  ; 11 11
o oN b    – 

the amount of computer memory required for the model 0
11V , where 11 114048oN  , 11 906ob  , which is 

used in the calculations of CB 0V according to MESC (see Table 1). So, the implementation of MESC 

in the calculation of CB 0V 0V  requires 31,169 10 several times less computer memory than the im-

plementation of the calculation of CB 0V based on the grinding of the BM 0R  (see Table 2). Find the 

voltage b  for the body 
bV and the equivalence coefficient p . Since the stresses 

9 0,477b  and 11 0,515b   differ by a small amount (0,515 0,477) / 0,515 0,07379     (see Table 

1), let 11
b

b    , i.e.  0,515b  . Test calculations show that the stress 11
b  is found with an error of 

no more than15 %  . Then we assume 0,15   . Note that the condition (24) is fulfilled, i.e. we 

have 0,15 0,458C      . Since  11 0,221 (%)p   is the small value (see Table 1), we take 

11 4,54183p p  . 
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Table 1 

 

 

 

CB 0V  calculation results 
 

n 0
nV  o

nN  o
nb  b

n  nR  0
n  np  p

n (%) 

3 0
3V  3456 114 0.319 3R  0.169 0.52907 – 

5 0
5V  12960 240 0.383 5R  1.741 4.54020 88.35 

7 0
7V  32256 414 0.434 7R  1.979 4.55590 0.345 

9 0
9V  94800 636 0.477 9R  2.173 4.55185 0.089 

11 0
11V  114048 906 0.515 11R  2.339 4.54183 0.221 

 

                            Table 2  

Calculation results for models Rn , o
Rn  

 

n  hn  Rn  Nn  bn  oRn  oNn  obn  kn  

1 h 
1R  32517504 28524 o

1R  332928 1791 5.77 

2 h/2 
2R  257465088 112332 o

2R  2509056 6639 161.21 

3 h/3 3R  865945728 251436 o
3R  8297856 14559 1169.18 

 

Substituting in the representation (4) 4,54183p  , 1 1,3n  , 2 3,5n  , 0,15   , for CB 0V we 

obtain  the adjusted equivalent strength conditions 

6,95 13,82bn  .                                                         (51)   

For a body bV , the reserve factor bn  is determined by the formula /b T bn    , taking into account 

that 5T  , 0,515b   , we obtain 5 / 0,515 9,71bn   . The reserve factor 9,71bn   of the body 

bV satisfies the conditions of strength (51). Then the safety factor 0n  of CB 0V  satisfies the conditions 

of strength (43) (see theorem 1 of paragraph 3). 

7. Application of generalized equivalent strength conditions 

Let us consider the construction of generalized equivalent strength conditions for CB 0V  (Fig. 3), for 

which a set of different loads xzQ of the form  

 { , :  ,    ,   0 , }xz x z x zQ q q q q         .                                       (52) 

 is given at the CB 0V  boundary {0,5 ,   }S L y L z H     .  

To find the (upper, lower) boundaries for the set P  of equivalence coefficients corresponding to the 

load set (52), calculations are made for a number of characteristic loads of CB 0V : ( )n
x xq q , ( )n

z zq q  

( ( ) ,n
xq  ( ) сonstn

zq  ). The results of the calculations are given in Table. 3, where the equivalence coef-

ficient ( )np  is found for loading ( )n
xq , ( )n

zq  , using the models 0
11V , 11R , see p. 6 1,4n  , . 
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Table 3 

Calculation results for loadings ( )n
xq , ( )n

zq , 
 

n ( ) 310n
xq   ( ) 310n

zq   ( )np  

1 (1) 0xq   (1) 0,225zq   4.53868 

2 (2) 0,180xq   (2) 0,325zq   4.54185 

3 (3) 0,275xq   (3) 0zq   4.55305 

4 (4) 0,750xq   (4) 0,750zq   4.54129 

 

Because of the linearity of the problem of the theory of elasticity and the relation (30), the equiva-

lence coefficient p  , which is defined for loading ( )
0

n
x xq q  , ( )

0
n

z zq q   does not depend on 0 , 

where 0 const  , 00     , 1,4n   . Then, for any 0 0  for loads (3)
0x xq q  , 0zq  0xq  , 

(1)
0z zq q   ( (2)

0x xq q  , (2)
0z zq q   and (4)

0x xq q  , (4)
0z zq q  , where (4) (4)

x zq q )  respectively 

we get (3)p p  и (1)p p  ( (2)p p  и (4)p p ) (see Table 3). It follows that if x zq q , then 

(4)p p ; if 0zq    , 0xq    then (1)p p ; if 0xq   , 0zq   , then (3)p p  , if x zq q , 

, 0x zq q  , then (1) (3)p p p  ,  that is confirmed by the calculations. So, for any loads xq , zq , in (52) 

we have :p P  (1) (3)p p p  . 

Enter the coefficients  

( )
1 min( )np p , ( )

2 max( )np p , 1,4n  , т. е. :p P  1 2p p p  .                  (53) 

For CB 0V , the condition (39) is met, i.e. we have   

              2 1 1 2p C p C ,                                                                       (54) 

where is 1 1 / (1 )C n    , 2 2 / (1 )C n    .  

In fact, following the initial data for CB 0V  and the results of Table. 3, we have 1 1,5294C  , 

2 3,0435C  , (1)
1 4,53868p p  , (3)

2 4,55305p p   . We get 2 1 6,963p C  , 1 2 13,81p C   , i.e. 

condition (54) for CB 0V  is met. For the body 
bV reserve factor bn , the generalized equivalent strength 

conditions are of the form (42), i.e.,  

2 1 1 2bp C n p C  .                                                              (55) 

Thus, the calculation of strength according to MESC CB 0V , for which many different loads are 

given (52), is reduced to the construction of generalized equivalent strength conditions (55). Accord-

ing to theorem 2, if the reserve factor bn  of a body
bV  having a load ,x z xzq q Q  satisfies the general-

ized equivalent strength conditions (55), then the coefficient reserve 0n CB 0V  meets the specified 

conditions of strength (43) for loading ,x z xzq q Q .  

For CB 0V , the generalized equivalent strength conditions (55) are of the form  

6,96 13,81bn  .                                                             (56) 
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In this example 1 4,53868p  , 2 4,55305p   , and since 2 1 0,01437p p p     is little, the 

strength conditions (51) and (56) are almost the same (see paragraph 6).  

The advantage of the generalized equivalent strength conditions (55) is that they are applied to all 

different loads of the CB 0V  set xzQ . Consequently, there is no need to define equivalent strength con-

ditions (40), i.e. the equivalence coefficient qp  for each given load ,x z xzq q Q , which leads to a reduc-

tion in the time spent on the implementation of the MESC when using different loads ,x z xzq q Q  in 

the calculations for the strength of the CB 0V . 

 

Conclusion 

We briefly described the method of equivalent strength conditions for calculating the strength of a 

body with an inhomogeneous, microunhomogeneous regular structure, for which many different static 

loads are specified. The proposed method is implemented on the basis of FEM using multi-grid finite 

elements and is reduced to the calculation of the strength of isotropic homogeneous bodies using gen-

eralized equivalent strength conditions. The implementation of the method requires low time and 

computer resources. 
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